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Abstract

Canonical Correlation Analysis (CCA) is a
key tool for cross-modal learning, but cen-
tralized solutions are impractical due to the
heavy cost of high-dimensional covariance op-
erations and the privacy sensitivity of dis-
tributed data. To address these challenges,
we propose FedCCA, a federated frame-
work that replaces explicit inverses and in-
ner least-squares solves with a truncated von
Neumann series, reducing matrix inversions
to lightweight matrix—vector multiplications
while retaining provable convergence. This
series formulation not only improves effi-
ciency, but also provides explicit and tun-
able control of truncation error, and its struc-
ture naturally splits into client-side multi-
plications and a server-side projection step,
making it particularly suitable for federated
deployment. Building on this foundation, we
incorporate Gaussian differential privacy and
derive practical upper and lower bounds on
the required noise variance, which yield end-
to-end (g,d) guarantees together with con-
vergence stability. Empirical results on five
datasets confirm that FedCCA achieves accu-
racy comparable to centralized CCA and con-
sistently outperforms ALS/TALS baselines
in both sub-optimality gap and convergence
speed, all while maintaining rigorous privacy
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Figure 1: Federated CCA workflow. The server

broadcasts current projections; clients return low-
dimensional sketches. Optional Gaussian noise is
added client-side for differential privacy.

protection.

1 INTRODUCTION

Canonical Correlation Analysis (CCA) is a fundamen-
tal technique in multi-modal learning, widely used to
extract shared representations across different data
modalities (Sanghavi and Verma, 2022; Karampatzi-
akis and Mineiro, 2014). Despite its effectiveness, tra-
ditional CCA assumes centralized access to all raw
data, leading to two critical challenges: (1) the pro-
hibitive computational cost of forming and decom-
posing large covariance matrices, particularly in high-
dimensional vision tasks, and (2) the privacy risks as-
sociated with sharing raw multi-modal data across dif-
ferent devices.

To formalize the CCA problem, we begin with two
data matrices X € R%*" and Y € R%*™ repre-
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senting different modalities (e.g. visual features and
text embeddings). The goal is to determine projection
matrices ® € R%** and ¥ € R%** that maximize
the correlation between the projected representations
XT® and YTW¥. The empirical cross-covariance and
auto-covariances are

Coy = LXYT, Cow = 2XX T 41, Cyy = LYY 41,1,

(1)
where 7, and r, are small regularizers to ensure nu-
merical stability. The block (or k-)CCA optimization
problem is:

maximize

tr(® ' Cyy )

2
®TC,,o=V"C,V =1, @

subject to

whose classical solution can be obtained via sin-
gular value decomposition (SVD) on the whitened
cross-covariance C' = Cpp/? Cay C'y_yl/ *. However,
for high-dimensional data, directly whitening the co-
variance matrices and performing SVD is computa-
tionally prohibitive. To mitigate this, various iter-
ative methods based on stochastic gradient descent
(SGD) (Bottou, 2010), stochastic variance reduced
gradient (SVRG) (Johnson and Zhang, 2013), and al-
ternating least squares (ALS) (Ge et al., 2016; Xu and
Li, 2019) have been proposed. Improvements such as
Faster ALS (FALS) (Xu and Li, 2019) and its sim-
plified variant (Xu and Li, 2021) improve convergence
rates but remain computationally expensive.

Advanced acceleration techniques such as shift-and-
invert (Wang et al., 2016), iterative least squares (Lu
and Foster, 2014), and streaming Oja methods (Bha-
tia et al., 2018) further reduce iteration complexity in
the centralized setting, but they rely on global opera-
tors or full decompositions that do not translate into
low-dimensional, per-client communication in horizon-
tal federated learning (HFL). This gap motivates us
to propose a design that is explicitly communication-
aligned and privacy-aware.

To address these issues, we introduce AMVM-CCA,
an alternating matrix—vector multiplication scheme
that replaces explicit inverses and least-squares solves
with a truncated von Neumann series. This trans-
formation removes the need for gradient-based solvers
and explicit matrix inversions, reducing heavy linear-
algebra operations to lightweight matrix—vector prod-
ucts while preserving convergence guarantees. Im-
portantly, the series order m provides direct geo-
metric control of the residual error, turning an im-
plicit approximation into an explicit and tunable ac-
curacy—efficiency trade-off.

The AMVM formulation lends itself naturally to fed-
erated learning. In our design, each client only multi-
plies its local data with the current projection vectors,

and the server aggregates these low-dimensional re-
sults and re-orthogonalizes the global projections (see
Fig. 1). This protocol, which we call FedCCA, avoids
any exchange of raw data and communicates only k-
dimensional outputs, with k < dg,dy,n. As a result,
the method is both communication-efficient and resis-
tant to direct data reconstruction.

However, low-dimensional outputs alone do not pro-
vide formal privacy. While a single query pro-
duces an underdetermined system that cannot recover
the client’s raw data, a curious server could repeat-
edly issue carefully chosen queries to the same client
and gradually infer sensitive information. To defend
against this stronger threat, we extend FedCCA with
client-side Gaussian noise injection, which achieves
end-to-end (e, §)-differential privacy (DP) guarantees
even under adaptive queries. We refer to this exten-
sion as FedCCA-DP. It allows practitioners to tune
the series order m and the noise variance in a princi-
pled way, balancing convergence accuracy against the
strength of privacy protection.

We validate FedCCA and FedCCA-DP on five
datasets: Mediamill (Snoek et al., 2006), JW11 (West-
bury et al., 1994), MNIST (LeCun et al., 1998),
MFEAT (Dua et al., 2017), and Caltech101 (Fei-Fei
et al., 2004). Results show that FedCCA achieves
over three orders of magnitude lower sub-optimality
gap and more than 20% faster convergence than
ALS/FALS baselines, while FedCCA-DP maintains

rigorous privacy guarantees.

In summary, our contributions are threefold:

e AMVM-CCA: a new CCA paradigm based on
alternating matriz-vector multiplications. We use
von Neumann series approximation to circumvent
costly least-squares gradient computations in ex-
isting CCA methods, thereby improving compu-
tational efficiency and numerical stability, while
concurrently allowing a fine-grained control of
residual errors.

e FedCCA: a new distributed, privacy-preserving
CCA framework. We seamlessly integrate our it-
erative CCA paradigm with federated learning,
enabling large-scale multi-modal analysis across
clients without data-sharing.

e FedCCA-DP: an extension of FedCCA with dif-
ferential privacy, coupled with theoretical guar-
antees on privacy-convergence tradeoffs.  We
prove lower and upper bounds on noise vari-
ance, thereby providing a rigorous analysis of the
privacy-convergence tradeoff.
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2 RELATED WORK

CCA solvers. Since Hotelling’s original formula-
tion (Hotelling, 1935), many algorithms have been
developed to scale CCA. Alternating least-squares
(ALS/FALS) (Ge et al., 2016; Xu and Li, 2019, 2021)
and stochastic methods (Arora et al., 2017) reduce per-
iteration arithmetic but still require data-dependent
inner least-squares or multi-step CG solves. Re-
cent work has proposed stronger accelerations: Lazy-
CCA (Allen-Zhu and Li, 2017) combines polyno-
mial approximation with variance reduction for faster
convergence, shift-and-invert preconditioning (Wang
et al., 2016) converts the problem into solving regu-
larized linear systems, ILS (Lu and Foster, 2014) it-
eratively approximates inverses via least-squares, and
Gen-Oja (Bhatia et al., 2018) gives a streaming solu-
tion based on the generalized Oja’s rule. These meth-
ods achieve provable speedups in centralized settings,
but they require access to global covariance matrices or
repeated high-dimensional SVD/linear system solves,
which makes them impractical for horizontal FL. where
only local computations and low-dimensional commu-
nication are allowed.

Distributed and privacy-preserving CCA. In the
context of distributed computation, DCCA (Bertrand,
2015) and subsequent variants rely on centralized high-
dimensional SVD, incurring heavy computation and
communication. More recent works (Fu et al., 2016;
Chen and Zhu, 2024) propose distributed estimators to
reduce cost, but these works focus on statistical esti-
mation and do not provide end-to-end protocols under
privacy constraints. For privacy, DP-based CCA (Im-
tiaz and Sarwate, 2017) and homomorphic-encryption-
based methods (Wang, 2017) exist but introduce large
utility or efficiency trade-offs. The distributed DP-
CCA method of Imtiaz and Sarwate (2019) integrates
Gaussian noise but still requires centralized SVD, lead-
ing to high overhead. Very recently, Shrestha and Fu
(2023) proposed a federated CCA framework, but it is
limited to the vertical setting where each client holds
different views of the same samples; the more practi-
cal horizontal setting remains unaddressed. Here, hor-
izontal FL refers to the scenario where each client holds
samples of the same feature space (different rows),
whereas vertical FL splits the feature space across par-
ties for the same samples.

Our contribution. FedCCA is the first framework
for horizontal federated CCA with rigorous privacy
guarantees. By reformulating CCA through a trun-
cated von Neumann series, we avoid explicit inver-
sions and full SVD, reduce updates to lightweight lo-
cal matrix—vector multiplications, and obtain explicit
and tunable error control. This decomposition makes

the algorithm naturally compatible with FL protocols,
and by integrating Gaussian DP with tight variance
bounds, we achieve end-to-end (g, §) guarantees. Com-
pared to prior centralized accelerations, distributed
approximations, or vertical FL approaches, FedCCA
simultaneously addresses scalability, privacy, and fed-
erated deployment, which none of the existing methods
achieve.

3 PRELIMINARIES

The goal of CCA is to solve equation (2), which
involves whitening the cross-covariance matrix C =
C;;/ ZnyC’;yl/ 2 and then performing a truncated
SVD. Specifically, the top k singular vectors and val-
ues are given by (U,%,V) = rank-k SVD(C), where
U € R%>*F and V € R%*F represent the top k left
and right singular vectors of C, and X% contains the
top k singular values. The final projection matrices
are: (O, V) := (C’;zl/zU, C;g,l/zV).

The maximum correlation between the projected vari-
ables is given by tr(X), the sum of the top k singular
values. In practice, directly computing covariance ma-
trices and performing k-SVD on C can be computa-
tionally expensive, especially in high-dimensional set-
tings.

Connection to alternating regressions. Under
Tikhonov regularization and whitening, the block
CCA objective is approzximately recast as alternat-
ing ridge regressions that minimize |XT® — Y TU|2
subject to the canonical constraints ®'C,,® =
1, \IITC’yy\II = I. This equivalence holds up to the
regularization terms, which vanish as r;,ry, — 0; see
Hardoon et al. (Hardoon et al., 2004) and Witten et
al. (Witten et al., 2009) for precise conditions. Hence,
equation (2) can be approzimately recast as the fol-
lowing ridge-regularized alternating least-squares ob-
jective:
Jamin a(®) = X0 =Y TWF + 5]
min fa(¥) i= X7 0~ YT 4 0],
(3)
We then iteratively compute a sequence {(®;, ¥;)}1_,

converging to an approximate solution of (3), via the
following updates:

Dy ClCuy Uy + &

1
2

Dypq By ((i);l—+1cww(i)t+1) ;
U1+ CLLCT @y + 11

Uppy + Uy (‘i’jﬂcyy‘i/tﬂ)

(4)

N

Here each ®,,1 (resp. W,y1) is an intermediate ridge
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regression solution with residual & (resp. 7:), which
is then normalized to satisfy the canonical constraints.
Although this reduces cost relative to direct SVD, the
residual terms &, n; can accumulate, leading to ap-
proximation error.

4 METHOD

4.1 Alternating matrix—vector multiplication

Gradient-based inner solvers (e.g., Nesterov’s accel-
eration) introduce residuals &;,n; because their iter-
ates deviate from the exact products C, ny\I!t and
C;ylc’;yfb These residuals are hard to quantify
and can hurt robustness: small steps slow conver-
gence, whereas large steps can cause oscillations or
divergence (Nesterov, 1983; Montavon et al., 2012).
To avoid explicit inverses and inner least-squares/CG
solves, we introduce an alternating matrix—vector mul-
tiplication (AMVM) scheme based on the von Neu-
mann series, which yields closed-form, quantifiable
truncation error.

von Neumann series realization and shape con-
sistency. To avoid explicit matrix inversions in the
regularized CCA problem, we rewrite the inverses of
the auto-covariance matrices using a von Neumann se-
ries. For any square matrix A with spectral radius
p(A) < 1, it holds that

oo

(I+A)7=> (-4

k=0

We apply this expansion to the regularized auto-
covariances. To ensure scale-invariance and numerical
stability across clients in the federated setting, we first
normalize the input matrices:

Nay TN

where the normalization factor Nz, > 0 is computed
once before training using secure aggregation (see Sec-
tion 4.1).

The regularized auto-covariance matrices then take the
form

Crz bl er—rz<I+1XXT),
nry

X
yy—ry( +—YY )

where r,,r, > 0 are small regularization constants
that guarantee numerical stability.

Let

3\1—‘

()

1 - _
XXT e Rbaxde B =
nry nry

A=

LYy e pduxa,

Applying a truncated von Neumann series, the AMVM
updates can be written as

(I—|— A Cgcy\pt ~ Z nyqjh
m (6)
(I+B)'Cypa®i~ Y (—B)*Cya®y.

k=0

This formulation ensures shape consistency: the left-
hand products (> - (—A)*)Cyy¥; € R¥EXF and
symmetrically (3" ,(=B)*)Cy,®; € R%** match-
ing the dimensions required by the AMVM updates.
Moreover, this representation reduces matrix inver-
sion to repeated matrix—vector multiplications, which
can be computed efficiently and independently on each
client in the federated setting.

Scale-invariance under joint normalization. For
reqularized CCA, scaling both views by s > 0
while rescaling the regularizers (X,Y,ry,r,) —
(sX,sY,sr,,s*r,) preserves the solution. Our nor-
malized form factors out 74,7y, so applying the same
normalization to both views does not alter the regular-
ized solution (Thompson, 1984; Hardoon et al., 2004).

A strict spectral-radius condition via operator
norm. Choose IV, so that

IXB <anre, VI3 <anr, (ac (1),

which implies ||A|l2 < « and ||Bl]2 < a. A one-shot
choice satisfying these is

max{max; [|z;||2, max; [|y;[l2}
Va min{ /7., /Ty } ’

since [ XI3 < S0, 513 < 0 max, 2,03 < anr

Ngy =

(and similarly for Y). Using the series,

Cow = 2(I+A) 1 = LY (-A)",

) (7
~— - k
Ol = ) = £ 3 )

Substituting (7) into (4) gives

(i)Hl o Zk 0( CZy\I’tv
(E)Hl — q)t+1((bt+1cz'w(p£+l) UQ, (8)
Uipr < i oo (=B) O ®ita,

Wepr ¢ Urr (U1 Cyy Uagn) 72

Truncation and privacy composition. We shall
truncate the series at order m and regard the tail as a
residual:

gt:_% Z (_A)kéxy\llh
k=m+1
m=—n Y (=B)FC], &1
k=m+1
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Because || A2, [|Bll2 < « < 1, the truncation bias de-
cays geometrically as O(a™*!/(1 — ). When Gaus-
sian DP noise is added per matrix—vector product, the
per-query noise scale o does not depend on m, but the
composed privacy loss grows linearly with the num-
ber of noisy queries, which increases with m. Thus m
tunes the accuracy—privacy trade-off without changing
the convergence mechanism.

Principal-angle notation. Let

0 = COS_l(U]g(UTsz(I)T))7
0 = cos_l(ak(VTny‘I’T))7
Or := max{07, 07 }.

Theorem 1. Let X,Y and CM,CW,CW,C_'M,C_'W be
as above. Suppose ||All2,||Bll2 < o < 1. If the von

Neumann order m satisfies

10g<min{\/max<ém>, Amax(Cyy)} max{sin o7, cossT})
max{y/ry/rz |27l p. \/ra/ry ¥}
m = Tog(1/a) + G,
2 2
Ik " %%+1
o IOg( 12(1—a) )
=—— =77 9
log(1/e)

then tan(f7) < ¢ can be reached in

2 1
T:O( 3 Uk2 10g )a
Ok — Ot1 g cos by

where ¢ > 0 is a target accuracy and Oy is the initial
principal-angle quantity.

4.2 FedCCA

Building on the AMVM formulation in §4.1, we next
consider scenarios where the two views of data are
distributed across different institutions or devices—for
example, multi-modal signals collected on mobile plat-
forms or biomedical datasets held by separate hospi-
tals. In such cases, centralizing raw samples is of-
ten infeasible due to regulatory and bandwidth con-
straints, making classical distributed linear-algebra
solvers unsuitable since they typically assume unre-
stricted sharing of raw data or sufficient statistics
across nodes. Federated learning (FL) offers a more
realistic paradigm: clients retain local data and com-
municate only low-dimensional, privacy-preserving in-
termediate features to a central server, enabling joint
CCA without violating privacy requirements.

The AMVM structure aligns naturally with this set-
ting. Each von Neumann term decomposes into
block-separable bilinear forms (e.g., XX'W =
>, XiX,”W), enabling clients to perform lightweight
local multiplications while the server simply aggre-
gates the results and re-orthogonalizes the projections.

Algorithm 1 FedCCA client-i:

Input: Operators Op, # local data X; € R%>"™ and Y; €
R%*"i 4 operation matrix W,,.

Op=1 Wi =W,, € R"** Out = X -W; € Ré=xF,
Op=2: Wa=W,, e Rk Out = X" - Wy € R%*F,
Op=3: Wz =W,, € R%** Out =Y - W3 € Rw*F,
Op=4: Wy=Wop e RW** Out =Y - Wy € RM*F,
return Out

Compared to ALS or CG-based solvers that require
repeated global reductions and data-dependent inner
solves, this design minimizes synchronization cost and
admits straightforward differential privacy calibration,
making FedCCA a natural extension of AMVM to the
federated regime.

FedCCA realizes the AMVM updates in equation (8)
by orchestrating local sketches and server aggrega-
tion (Alg. 1-2). In each communication round, the
server first broadcasts the current projection matri-
ces. Each client then computes and uploads a set
of low-dimensional sketches corresponding to its local
data. Specifically, four client-side sketching operators
are used to implement the components of C’zy\Ilt and
AICyy ¥, (and symmetrically for Y):

e Op 1: X;W; € R%>**_ projection of the client’s
X features.

e Op 2: X;Wg € R™*k transposed sketch for
aggregation.

e Op 3: Y;W3 € R%W** projection of the client’s
Y features.

e Op 4: YV,TW, € R"** transposed sketch for ag-
gregation.

The server then aggregates these sketches, accumu-
lates the von Neumann terms up to order m, and per-
forms a k£ x k Gram orthogonalization to update ®.
The P-update is carried out analogously with X < Y.
Because all transmitted variables are k-dimensional
projections (k < dg,dy, n;), this procedure preserves
client privacy while enabling efficient federated com-
putation.

Complexity. FEach ®-update on a client requires
(242m) local sketching operations (one Op3 — Op2
and m repetitions of Opl — Op2). The resulting per-
round communication can be separated as: server —
clients: O(M - dz - k), and clients — server: O(M -
max{n;,da} - k), with do = max{d;,d,}. Thus the
total per-round communication is O((m+1)M do k)
messages per side due to the m Neumann terms.
The actual transmitted bytes scale linearly with
(m+1)Mdzk (assuming single precision).
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Algorithm 2 FedCCA Server for Updating ®:

Input: Series order m, # client number M, # projection
matrices ®;, W;,# regularization parameters 7,1y
Federated least-square solver of ¢ (In: 1, Out:ét+1)
Initialize Pg = 0 € R%** where n = Zf\il n;.
for i =1 to M do
Receive Out; = client-i(Op = 4, Wop = Uy);
Receive Out; = client-i(Op = 1, Wop = Outy;)
L Update Po =Py + Out;

Compute Py = % Initialize &)t+l = Py.

for j =1 to m do

Initialize P; = 0 € R%**,

fori=1to M do
Receive Out; = client-i(Op = 2, W, = P;_1)
Receive Out; = client-i(Op = 1, Wop = Outy)
Update P; = P; + Out;

Pj = Pj . (I)t+1 = ¢'t+l + (—1)JP]

n-Tg

| Return <i>t+1,

Federated orthogonalization of ¢

Initialize Norm = 0 € R¥*¥,

fori=1to M do

Receive Out; = client-i(Op = 2, W,, = ®;11)
Receive Out; = client-i(Op = 1, Wop = Outy)
Update Norm = Norm + <i>:+1 - Out;

Compute Norm = % -Norm. Compute ®441 = Pypy -

1/2

| Norm™"/“. Return ®; ;.

In contrast, ALS/TALS solvers with ridge regulariza-
tion require solving (d,xd,) or (dyxd,) systems or
running multiple conjugate-gradient steps, leading to
per-iteration cost at least Q(d¥k) or Q(nnz(X)-#CG),
together with repeated global synchronizations. By
comparison, AMVM requires only (m+1) forward mul-
tiplications with X X T and YY T per side plus a server-
side O(k?) orthogonalization (via an EVD or QR of
the k x k Gram), yielding lower and more predictable
per-round cost that aligns naturally with federated set-
tings.

Privacy considerations. In FedCCA, clients never
transmit raw samples. Instead, they send only low-
dimensional linear sketches of the form X,W or
Yi—'—W7 where the multiplier W is public. The sensitiv-
ity of such sketches is determined solely by the norm of
W, which makes it straightforward to calibrate Gaus-
sian noise for differential privacy. Moreover, the num-
ber of sketches sent in each round is fixed by the cho-
sen von Neumann series order m and does not depend
on data conditioning. By contrast, LS or CG solvers
require a data-dependent number of iterations and re-
veal intermediate residuals whose sensitivity is harder
to control. FedCCA therefore yields a clean trade-
off: increasing m reduces approximation bias geomet-
rically, while the privacy cost grows only linearly with
m, enabling predictable accuracy—privacy accounting
across rounds.

4.3 FedCCA with DP guarantee

The privacy of FedCCA is partially protected during
communication because the feature dimension & is de-
liberately chosen to be much smaller than both the
data dimension d and the sample size n;, making the
system underdetermined: a single transmission pro-
vides only n; X k equations versus d X n; unknowns, and
is therefore insufficient to reconstruct the original data
X, or Y;. Nevertheless, if a malicious server repeatedly
queries the same client with sufficiently many distinct
multipliers (at least ¢ > [d/k]) and the stacked query
matrix Apgack € R XD attaing full rank, then full
reconstruction becomes theoretically possible. Even
without meeting these conditions, carefully designed
queries may still expose partial information—for in-
stance, choosing 4; = [1,0,0,0]" directly reveals z;.
Hence, FedCCA’s native underdetermination substan-
tially hinders, but does not entirely eliminate, the risk
of reconstruction attacks, motivating the integration
of formal differential privacy mechanisms.

To rigorously mitigate such risks, we enforce record-
level differential privacy (DP). We adopt record-level
adjacency, where two datasets differ in exactly one
row of X; or Y;. Importantly, the server may adap-
tively choose the public multipliers W, based on past
messages, and the DP guarantee continues to hold un-
der such adaptivity by standard composition. Each
®-update on a client involves (2+2m) primitive oper-
ator calls (and symmetrically for W), so across T outer
rounds with M clients, the total number of private
queries is
Q =4(242m)TM.

We instantiate DP by applying the Gaussian mecha-
nism to each of the four client-side sketches (Ops 1-4).
Let A; denote the ¢o-sensitivity of the j-th sketch, as
determined by |[Wop|| and the normalization. Using
Rényi DP (or the moments accountant), the per-query
RDP at order ¢ > 1 is

when Gaussian noise N'(0,07) is added to the j-th
sketch. By additivity, the total RDP is

Q
Prot(q) = ije (a),
=1
and converting RDP to (g,0)-DP yields
— o log(1 /5)}
£(¢) = min {ptot(Q) + R

A formal statement is given in Appendix F.
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Theorem 2 (Noise lower bound for DP). In the T-th
iteration of the bi-level optimization, FedCCA achieves
(e, 9)-differential privacy if each client adds Gaussian
noise to the four local multiplications with variances
satisfying

b V2l [T

log(l‘?s),

oy > 2v2a || T4
0 €

ary log(l‘ss) ,

nry

% log( 1'(?5 ary log( 1‘(?5).

) 04

€
o3> 2v20 || @412 > 2v20 || @112
€ €

Theorem 2 establishes the necessary noise variance for
achieving DP. However, excessively large noise may
hinder convergence. To ensure both privacy and opti-
mization guarantees, we next derive an upper bound
on the admissible noise variance.

Theorem 3 (Noise upper bound for convergence).
Assuming a common variance o for the four Gaussian
noise terms (cf. Theorem 2), FedCCA converges with
probability at least 1 — p (cf. Theorem 1) if o satisfies

C1 - min(sin O, cos 1) — Cy

g

- e (1-4)Cs ’
o2 — o2
where  Cy = % min {A;{i(cm), A:n/ii(cyy)}
Q™m+2
Cy=T— max {\ /22 | wr], /2| r] },
C3 = Tln+; max{H‘n/TTT, HW}.

Here ®1(-) denotes the upper quantile of the standard
normal cumulative distribution function.

The two bounds together reveal an explicit trade-off
between privacy and convergence. Holding the per-
op noise level o fixed, the end-to-end privacy loss
e(9) grows linearly with the total number of queries
Q = 4(24+2m)TM (since RDP is additive). Hence,
increasing the series order m directly increases the
privacy cost. Conversely, to maintain a target (,0)
while @ grows, the required per-op noise must scale as
o =0(+/Q) (up to constants depending on «). Larger
m reduces the AMVM truncation bias but either in-
creases privacy loss or requires larger o, which tightens
the convergence upper bound in Theorem 3.

5 EXPERIMENTS

Datasets and evaluation. We compare FedCCA
(with and without DP noise) against existing dis-
tributed solvers, including ALS (Ge et al., 2016) and
the truly alternating least squares (TALS) (Xu and
Li, 2019). Five real-world datasets are used: Medi-
amill (Snoek et al., 2006), JW11 (Westbury et al.,
1994), MNIST (LeCun et al., 1998), MFEAT (Dua

et al.,, 2017), and Caltech101 (Fei-Fei et al., 2004).
Statistics are summarized in Tab. 2 (Appendix).
These benchmarks are widely used in the CCA litera-
ture and cover diverse modalities. We report relative
sub-optimality as (Xu and Li, 2021) and adopt the
metric

Fof (D) = (@] Cuy W)

f* tr(X) ’
where f* is the optimal CCA objective, tr(X) is
the sum of the top-k canonical correlations, and
tr(®, Cyy ;) is the value attained at iteration ¢. This
metric represents the relative gap to the top-k canoni-
cal correlations: it monotonically decreases as the esti-

mated subspaces align with the true ones, and smaller
values indicate more accurate solutions.

Scope and Baselines. We restrict comparisons to
solvers that are directly feasible in horizontal FL with
DP. Centralized accelerations such as LazyCCA, shift-
and-invert, ILS, Gen-Oja, or global SVD either require
direct access to global covariances or incur prohibitive
communication, and are thus not applicable in our
setting. Accordingly, we focus on ALS and TALS as
strong distributed baselines. Efficiency is reported in
standardized units: GFLOPs (C1, computation) and
MB (C2, communication), both derived from our com-
plexity analysis in Section 4.2. Reported MB assumes
single-precision storage, and the values are directly
consistent with the big-O formulas.

Comparison. Fig. 2 compares ALS-k, TALS,
AMVM-CCA (ALS-k variant!), AMVM-CCA (TALS
variant), and FedCCA across the five datasets.
AMVM-CCA (TALS) shows clear advantages: up to
several orders-of-magnitude lower gap on MNIST and
> 20% fewer passes on average across datasets with no-
table runtime savings. FedCCA achieves almost iden-
tical curves to AMVM-CCA (TALS), confirming that
federated deployment preserves both accuracy and ef-
ficiency.

Gaussian noise. Fig. 3 illustrates the effect of Gaus-
sian noise. Noise injection slightly reduces accuracy
but provides rigorous privacy. Importantly, FedCCA-
DP (o # 0) on JW11, MNIST, and MFEAT still sur-
passes ALS and TALS in accuracy, highlighting ro-
bustness to noise. As expected, larger series order
m means more noisy queries are composed, leading
to gradual accuracy degradation. Thus, moderate m
yields the best balance between DP protection and ac-
curacy.

Efficiency. Table 1 compares FedCCA against
DPCCA Imtiaz and Sarwate (2019) and DIST Chen

!Apart from replacing the least-squares step with the
von Neumann series AMVM update, all other settings re-
main identical to ALS-k. See (Ge et al., 2016) for details.
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Figure 2: Comparison of ALS methods: AMVM-CCA improves accuracy on JW11, MNIST, MFEAT, and Cal-
tech101 and significantly reduces passes and computation time. FedCCA maintains AMVM-CCA performance
without loss. AMVM-CCA denotes the centralized algorithmic idea (alternating matrix—vector multiplications),
while FedCCA is its federated realization with identical math but communication-aware orchestration.
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Figure 3: Impact of Gaussian noise on privacy and accuracy: While noise slightly degrades performance, accuracy
with some noise on JW11, MNIST, and MFEAT still outperforms ALS. Higher series order adds more noise,

further reducing accuracy.

and Zhu (2024). When k¥ <« d and k£ <« TT',
FedCCA achieves significantly lower communication
and computation than both non-gradient distributed
methods Bertrand (2015); Fu et al. (2016) and least-
squares-based alternatives Chen and Zhu (2024). Re-
sults are reported in GFLOPs (C1) and MB (C2);
the values confirm our derived theoretical complexity
O((n+ Mds)E).

Number of clients. Fig. 4(a) studies the effect of
client count. As M increases, data per client decreases,
reducing per-client cost. However, server aggregation
overhead grows, so total time first rises and then drops,
yielding an optimal range of M. Our experiments as-
sume balanced i.i.d. splits; handling non-i.i.d. hetero-

geneity and much larger M remains future work.

von Neumann series order. Fig. 4(b) shows that
increasing m improves accuracy but with diminishing
returns and linearly higher cost. This confirms that
moderate m values are most effective in practice.

Normalization. Fig. 4(c) analyzes the normalization
hyperparameter «. Smaller « values accelerate con-
vergence by smoothing gradients and reducing outlier
sensitivity, but excessively small « risks overfitting.
Hence, careful tuning of « is essential for balancing
convergence speed and generalization.



Luo et al.

Table 1: Computation (C1 GFLOPs) and communication (C2 MB) efficiency. Samples: n and data dimensions:
dg,dy, where di = d, + dy,dy = maz(ds,dy,). Top-k = 10, client number M = 10, out-loop T' = 40, and

inner-loop T" = 20.

Communication
Methods . MNIST JW11
complexity
C1 C2 C1 C2
DPCCA-G (Imtiaz and Sarwate, 2019) O(Md%) 28.00 | 9.28 3.64 9.57
DIST (Chen and Zhu, 2024) O(TT Mdy) 1.86 6.27 2.25 3.08
FedCCA O((n + Mds)k) 0.15 | 5.11 | 0.15 | 2.55
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Figure 4: (a) Performance of FedCCA across different client numbers: As client count increases, operation time
initially rises due to higher server workload, then falls as data per client decreases, reducing complexity per
client. (b) Effect of von Neumann series order: Higher series order enhances accuracy with diminishing returns,
while increasing the series order leads to linear growth in operation counts, underscoring the need for practical
balance. (¢) Impact of normalization hyperparameter a: Lower a values significantly improve performance.

6 CONCLUSION

We presented FedCCA, a federated CCA frame-
work that replaces least-squares solves with von Neu-
mann series—based alternating matrix—vector multipli-
cations, yielding efficient computation with provable
convergence. The federated design achieves privacy
by sharing only low-dimensional sketches, and we fur-
ther established rigorous differential privacy guaran-
tees with tight variance bounds. Experiments show
that FedCCA outperforms least-squares baselines in
our tested settings, while maintaining privacy protec-
tion. Future work includes improving convergence
rates and extending evaluation to larger, heteroge-
neous federated systems.

Limitations. FedCCA faces several limitations.
First, the current theoretical and experimental analy-

sis still requires more detailed treatment of client-side
DP accounting and system-level implementation issues
(e.g., communication cost, stopping criteria), which we
plan to expand in follow-up work. Second, our exper-
iments are restricted to balanced i.i.d. partitions with
moderate client numbers; extending evaluation to non-
i.i.d. heterogeneity and much larger scales is an impor-
tant next step, orthogonal to the AMVM mechanics.
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B ALGORITHMS OF FEDCCA

Algorithm 3 FedCCA-DP client-i:

Input: Operators Op, # local data X; € R%=*™ and Y; € R% ™ 4 operation matrix Wop.
Op=1:0ut=X-Wi +e1,e1~ N(0,0}) x Rl=xk

Op =2 :0Out = X7 . W, + €2, €9 ~ N(O,ag) x R™i %k

Op=3:0ut=Y -Ws+e3, €3 ~ N(0,0%) x RIv**

Op=4:0ut=Y" - Wy+ey, 4~ N(0,03) x R¥*F

return Out

C DETAILS OF EXPERIMENTS

Datasets: In our experiments, we compare the performance of existing methods, including ALS (Ge et al.,
2016) and the truly alternating least squares (TALS) (Xu and Li, 2019) algorithm, with our AMVM-CCA and
FedCCA, both with and without differential privacy noise. Five real-world datasets are used: Mediamill (Snoek
et al., 2006), JW11 (Westbury et al., 1994), MNIST (LeCun et al., 1998), MFEAT (Dua et al., 2017), and
Caltech101 (Fei-Fei et al., 2004).

Table 2: Statistics of Datasets

Data Description dx dy n
Mediamill images and its labels 100 | 120 | 30000
JW11 acoustic and articulation 273 112 | 30000

MNIST left and right image halves | 392 | 392 | 60000
MFEAT mfeat-fac and mfeat-pix 216 | 240 | 2000
Caltech101 | left and right image halves | 6144 | 6144 | 9144

Hyperparameters. Unless otherwise specified, the hyperparameter settings in this work are as follows: nor-
malization hyperparameter a = 0.1, regularization parameters fixed at r, = r, = 0.1, series order fixed at m = 3,
and number of clients M = 10. Client data partitioning uses random splits with the same scale. All algorithms
are implemented in Python and executed on a server equipped with a single Intel(R) Xeon(R) Gold 6240R, CPU
@ 2.40GHz and 256 GB of RAM, with no GPU involvement.

D Proof of Convergence (harmonized with Theorem 1)

Theorem 4 (Convergence of AMVM-CCA with truncated von Neumann series). Let Cy, = %X XT +r,I and
Cyy = %YYT + ryl with ry,ry > 0, and let (U,V,X) be the top-k CCA factors with canonical correlations
o1 > - > 0 > opr1. Let (&7, Vr) be the subspaces produced after T AMVM iterations, and define the

mazimum principal-angle quantity
O = max{0, 04}, 07 :=cos ! (ox(UT Cru®r)), 04 = cos " (o(V ' CyyTr)).
Normalize both views once as

Ly, v— ly o, = mex{max e, max fly;l}
Y Va min{/rz, /7y } ’

X:NW J Noy 10
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and set )
A=—XXT", B:=—YY'.

nry nry

Then p(A) < a <1 and p(B) < o < 1. Suppose the Neumann order m satisfies

] min{\/)\max(czl‘)7 \/)\max(éyy)} max{sin 67 ,cos O}
og T T oh—oh
max{y/ 2w e, ([ or ) log (Tt )
log(1/a) " Tlog(1/a)

Then there exists an absolute constant ¢ > 0 such that the principal angles contract as

_2. (9)

m >

2 2
o2 —o
tanf;, < (1—c~k72k+1) tan 6,

Ok

and consequently

2 1
T = O( 5 UkQ log )
O = Ojt1 g cos by

iterations suffice to reach tanfr <.

Proof. (i) One-shot normalization = spectral radius control. By construction, each column Z; of X
obeys ||Z;]|2 < \/arg, and similarly ||y, < /ar,. Hence

1 o= 1 - 1 — 1
Al= —|XX T < — | X2 = — 72 < — -nar, = a
141 = SRR S SR = o S el < o mars =

and analogously ||B|| < a. Therefore p(A), p(B) < a < 1.

(ii) Truncation residuals of the von Neumann series. AMVM replaces C;! and Cy’yl by their truncated
series

-1 . 1 Kk -1 1 k
k=0 k=0
Let the residuals at iteration ¢ be
D Dl e D DS R
: - Ty ¥t t o ry yxt
k=m+1 k=m+1

Using > pe o(—A)* = (I + A)~! (valid since p(A) < 1), we have

1 1
&= —A"TN I+ A)1CyYy, = —B" I+ B)'C,. P,

T Ty
Taking spectral norms and using [|A™H|| < o™t and ||(I + A)71|| < 1/(1 — ), we get

m—+1

1
- — |Cyz || | Dl
o o Gl

m—+1 a

1—

o
11—«

1€l <

1
NGy Nl el <

For the cross-covariance, with the above normalization,
Lootll o I, 0 1o
1Canll = || X[ < = D 125l gz < avy/rary.
j=1

Therefore
m—+2 am+2

« Ty
— || W <
T %[, el < 1_

11—«

To
&l < — [ ®4]]- (10)
Ty
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Passing to the C,,- and C,,-weighted norms using ||z]c,, := V2T Crz? < v/ Amax(Crz)||2] (and symmetrically

for Cy,), we have
amt? [
< A/ Amax 1Pl 11
6 € \PrulC)- T [E N0 )

Hft”CTT S V Amax(crm) : ?
(iii) From residual control to angle contraction. Consider the (ideal) exact AMVM updates ®;,; o
C;;Czy\llt and q’tﬂ o Cy’leyz@tH, which reduce to a block power method on the operator M :=
C;xleyC;leym with rate governed by the gap o} — o7 41~ With truncation, the one-step updates acquire
additive perturbations & and 7. A standard principal-angle perturbation argument (Davis—-Kahan/Wedin style)
implies that a sufficient condition for monotone contraction is

m—+2 Ty
=Wl [loe]
— T

2 2
Ok — Ok41

B min{sin 6y, cos6;}. (12)

max{[|&llc,., [mlle,,} <

Combining (11) and (12) and using Amax(Cuz) < Amax(Caz) and Apax(Cyy) < Amax(Cyy), We obtain the require-

ment
Oém+2 ~ T ~ T 0-]3 — O-i 1 1 1
T .max{\/)\max(cm) ﬁH\I’tH, \/)\max(C'yy)1 /T:H(I)tH} < T+ min{sin 0y, cos 6, }.

To guarantee this simultaneously for ¢ = 0,...,T — 1, it suffices to replace 8; by 67 on the right-hand side and
1D, [1¥¢]] by [|®r||r, |¥r||F on the left, yielding (9) after taking logarithms with log(1/a) > 0. Under (12),
the block power contraction

2

2 2
O, — O

tan@t_H < (1*6M) tan@t
Ok

follows, and the stated iteration bound is immediate. O

E CLIENT OPERATIONS OF FEDCCA

E.1 Federated Operations

When the operation Op = 1, the server’s goal is to compute the matrix product O; = XW,, where X € R%xn
and Wi € R"**_ In a federated learning environment, the data matrix X has already been partitioned among
M clients based on their respective data samples:

X = [X17X2>"'7XM}7

where X; € R4 and n =ng +ng + -+ +nyy.

Correspondingly, the weight matrix W, is partitioned into M submatrices W, W2, ..., WM with W} € R*k,
so that:

Wi
Wt
Wi=| .
wit
Therefore, the matrix multiplication can be expressed as:
Wy
w2l oM
Op=XWy =X, Xo,..., X0 | . | =D X;Wi.

i=1
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Since X; is already located on its respective client, each client can independently compute X;W;. The server
then collects the computed results from all clients and sums them to obtain the final output O;. This approach
ensures that each client only processes its own data and computations, adhering to the principles of federated
learning.

Similarly, when the operation Op = 2, the server’s goal is to compute the matrix product Oy = X TWs.
The weight matrix W, € R%** is not partitioned and is sent directly to all clients. Therefore, the matrix
multiplication can be expressed as:

X/ X[ W, 03

X, X, Wo 02
Or=X"Wyo=| " | Wy= ) =1 .

X X Wo oY

Since X is already located on its respective client, each client performs matrix multiplication independently:
05 = X' Ws
The server then aggregates the results by concatenating them vertically to obtain the final output:
o
0, = éQ
oy
Due to symmetry, similar federated operations can be performed for operations Op = 3 and Op = 4 on the
matrix data Y as follows.

Wi u
w2 ;
O3 =Y Wy =[¥1,Yo, -, Yul | 3| =D Y- W,
=1
Wit
and
Y," Y, W, O}
vy! Y, Wy O3
Or=Y"Wy=| _ |Wu=|". | =
Y, Vi Wy oM

The update equation of AMVM-CCA proposed in this paper is as follows:

(i)t—i-l =41 E;O:()(_A>kc_’wy\1’tv (I)t+1 = (i)t—&-l (i);r+1éww(i>t+l) 5

[N

T

U1 = 23000 (=B)FCL @1, Wppy =Ty (\ilz—+1cyy‘i’t+1)

Ty

(13)

[N

For computational efficiency, we approximate the infinite sums by considering only the first m terms, treating
the remaining terms as residual errors. The residual terms are quantified as:

{‘i)tJrl =0t Oy Vi + &, &= —7- 20,1 (—A)FCoy by

- e pos - 14
Vipr = C?Iylc;ryq)t T M= _r%, Zk:m+1(_B)kC;ry(I)t' (14

Thus, the complete update formula is shown by combining (13) with (14) as follows:
by = = o (= A)FCy Uy Jrlft, & == Y1 (A Cry Oy

2

(I)t+1 - (i)tJrl (i):+1ézwi)t+1) 3
Vi1 = oo Do (B)PCL, @+ e, e = =0 3000041 (= B)F O, .
1

U1 = i’t+1 (ql;|—+1éyy@t+l)

2
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Next, we will introduce how the complete update process can be accomplished using only the above four opera-
tions. Ignoring the residual terms, the update of ®;1; can be presented as follows:

- 1 &
Dy =—> (AXY T,
nr

T k=0

To facilitate the computation, we define a sequence of intermediate matrices Hy, as:

1
Hy=—XY T,

nry
1
H =—XXTH,= XXTXY Ty,
nry (nry)?
1 1
Hy=—XX"H, = S(XXT)Y’XY T,
nry nry)
1
H,=—XX"H, 1=——(XX")"XY Ty,
nry ! (nryg)m+t ( ) ¢
Therefore, the update formula becomes:
N m
Oy = (—1)FH;.
k=0

To express the computation using the four federated operations, we rewrite the definitions of Hy in terms of
these operations:

Hy = ! O1(04(¥4)),

nry

1
H = — H
1 nrz01(02( 0)),

Hy = %01(02(5[1))’ (15)
1
H,, = 01(02(Hpm—1)).

nry

By iteratively applying these operations, each Hy is computed using only the four federated operations, without
requiring clients to share their raw data. Due to the symmetry in the update rules, the updating of ¥, ,; can be
performed similarly by appropriately applying the federated operations as follows:

H = L 04(0u(®,),

nry

/o L !
H1 = nry03(04(H0))’

I _ L / 16
Hy = -05(O0u(HY)), (16)
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Algorithm 4 FedCCA Server for Updating ¥:

Input: Series order m, # client number M, # projection matrices ®;, U;,# regularization parameters r, 7y
Federated least-square solver of ¢ (In: ¢t+1, Out: \I!t+1)
Initialize Po =0 € Ry xk , where n = Z 1 M
fori=1to M do
Receive Out; = client-i(Op = 2, Wop = Pry1)

Receive Out; = client-i(Op = 3, Wop = Out;)
Update Po = Po + Outi
end

Compute Py =

n- ry :

Initialize ‘Ilt+1 = Py.

for j =1 to m do

Initialize P; = 0 € R%v**,

fori=1to M do
Receive Out; = client-i(Op = 4, W, = P;_1)
Receive Out; = client-i(Op = 3, Wop = Outy)
Update P; = P; + Out;

end

Compute P; m.

Update ¥y = Uy yq + (—1)P;.
end

Return ¥, ;.
Federated orthogonalization of ¢ (In: W41, Out: U,y )
Initialize Norm = 0 € RF*¥,
for i =1 to M do
Receive Out; = client-i(Op = 4, Wop = \i’t+1)
Receive Out; = client-i(Op = 3, Wyp = Outy)

Update Norm = Norm + \I~/,5T+1 - Out;
end
Compute Norm = X - Norm.
Compute Wiyq = qjt+1 . Norm /2,
Return Uy y;.

Therefore, the update formula becomes:

m

qlt+1 = Z(_]‘)kHl/c

k=0

Besides, the orthogonalization process can also be performed by appropriately applying the federated operations

easily as follows:
1

2

1 - .
q);+101(02(‘1’t+1))> ,

Bpg =Pppq [ ——
+ HA\nor,

and

o !
Vi1 =Wy <
n - T'y

@:+103(O4(‘i’t+1))>

To summarize, due to the convenience brought by the von Neumann series decomposition, the update process
of AMVM-CCA can be fully expanded into matrix multiplication and addition operations. By mapping these
operations into the above four federated operations, we can easily implement Federated CCA.

In addition, we present the FedCCA Server algorithm for Updating ¥ as follows:

E.2 Client Complexity

Then we want to demonstrate the computational efficiency of FedCCA that the entire update process can be
efficiently carried out using only the four federated operations.
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Computation complexity: Each client in FedCCA performs one of the four matrix multiplication operations
when invoked. The computational complexities for these operations on a client are as follows:

e Opl (X;W}): Multiplying X; € R%=*"i by Wi € Rmi*k,
resulting in complexity: O(d,n;k).

e Op2 (X, W): Multiplying X, € R®*d by W € RdaxF
resulting in complexity: O(n;d;k).

e Op3 (Y;W3i): Multiplying V; € R%>™ by Wi € R*k,
resulting in complexity: O(dyn;k).

e Op4 (YV,'W): Multiplying Y;" € R"*% by W € R%v>F
resulting in complexity: O(n;dyk).

n
Assuming that n; = — and dy = max(d,,d,), and considering that k < d; < n;, all operations have similar

computational complexities. Therefore, the per-client computational complexity is dominated by:

dak

Storage complexity: Each client in FedCCA needs to store its local data X; € R%*™ and Y; € R%*m:,
requiring permanent storage space of O ((d, + dy)n;). During computation, clients only need temporary storage

n
for input and output matrices of size up to max(d,k, dyk, n;k). Given the assumptions n; & — and k <

d, < n;, the temporary storage O(n;k) is significantly less than the permanent storage and can be considered
negligible. Therefore, the overall space complexity at each client is dominated by the storage of local data,
nd
resulting in a space complexity of O ((d, + dy)n;) = O (]\41> ydi =dy +dy.
Communication complexity: In each round of FedCCA, a client communicates with the server by receiving
an input matrix W and sending back the result of a matrix multiplication. The communication complexity per
client per round is determined by the sizes of these matrices. Specifically, the input matrix W has dimensions
n
up to max(n; x k, da x k), where n; ~ i and dy = max(dg, dy). The output matrix, resulting from the matrix

multiplication, also has dimensions up to max(n; X k, d2 x k). The total communication between clients and
server complexity per round is O(M (n; + dz)k), which simplifies to O ((n + Mds)k). This accounts for both the
data sent from the server to the client and the results returned from the client to the server.

F Detailed Proofs of Differential Privacy

We give the detailed proof using Rényi DP / moments accountant, which is equivalent to the direct Gaussian-
mechanism analysis in the main text. The final noise lower bounds coincide with Theorem 2.

F.1 Setting, adjacency, and query counting

Record-level adjacency. Two datasets are adjacent if they differ in exactly one row of X or Y on a given
client. We add Gaussian noise to each of the four client-side sketches (Ops 1-4) per outer round, on both ®- and
W-sides.

One-shot normalization and operator bounds. Following Sec. 4.1, define X = X/N,,, Y = Y/N,, with

Ny = max{‘\rg‘él‘ilj{j\“/?ly;il}“yjuﬂ, so that ||z;]|2 < \/ar, and ||y;|l2 < \/ar,. We use the standard covariances
x> Y

Coz=2XXT 41,0, Cypy=LYYT 41,1
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Query count. FEach ®-side update uses (2+2m) primitive ops (one Op3— Op2 and m repetitions of Opl —
Op2); symmetrically for U-side. With T rounds and M clients,

Q = 4(2+2m)TM

total (private) queries are issued. We also denote N1 = Ny = N3 = Ny = (24+2m)T'M as the number of calls of
each op type.

F.2 Exact {>-sensitivity calculations (Ops 1—4)

We work with neighboring datasets (X,Y) and (X’,Y) that differ in one row of X (the Y case is symmetric).
We carefully bound the operator norm effects and keep constants explicit.

Lemma 1 (Sensitivity of Opl: X - A). Let Opl(X) = XA with A € R™** of the form
(XTX)Y YTy,

AJ:W’ ]:O,l,...,m.

For adjacent X, X' differing in the first row,

= |[XA-X"All2 < 20/ 55 [ W42

nry

Proof. Write XA—X'A = (z1—') A1,y (only the first row contributes). Hence | X A—X'Aly < ||z —2 |2 ||All2.
By normalization, ||z — ' ||2 < 2\/ar,. For Aj,

T el
1450 < S| [, el < o9 TR
Moreover Y| = V]2 < mary, so [|Ajll2 < o - 7“nmy||\llt||2 = me ||‘~I/tH2 Since o € (0,1),
maxo<j<mald = 1 at j = 0, thus ||Allz2 < vO”qy||\llt||2 Combining gives A1 < 2/ar, - ”M”||‘I’t||2 =
2000 ) 7= |02 0O
Lemma 2 (Sensitivity of Op2: X" - A’). Let Op2(X) = X T A’ with A’ € R%=>** of the form
;o (XXT)Y XY Ty, .
Aj = ()i , 7=0,1,...,m.

Then
Ay = || XTA = X'TA |y < 2a/ar, |V

Proof. [|[XTA = X'TA |y <||X = X'||2- [|A]l2 and | X — X'||2 < |21 — 2} ||2 < 2y/ar,. For A,

xxT

nry

bedl

nry

145z < |

2.
A

Use || XX <aand | XY T2 < | X|2]|Y |2 < /nar,/nar, = na,/faT,, hence [A%]2 < o - "anV::T” 1P¢]|2
(Jﬂ"‘l,/r—‘z [¥:¢]l2. Mazimizing over j at j = 0 gives ||A']]2 < « :—ZH\IJtHg, so Ag < 2, /ar, - 1/r;||\l’t||2
200, /Ty || Wy|2. O

Lemma 3 (Sensitivity of Op3: Y - B). For Op3(Y) =Y B with B; = %, we have

= |[YB-Y'B|s < 2

e [ Pega ]2

Proof. Symmetric to Lemma 1 with X <Y, vy <> 1y, and Wy <> @4y, O

Lemma 4 (Sensitivity of Op4: Y - B'). For Op4(Y) =Y " B’ with B} = %, we have

Ay o= |[YTB —Y'TB |, < 2a/ar, |12

Proof. Symmetric to Lemma 2. O
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F.3 Rényi DP (RDP) for Gaussian, adaptive composition, and conversion

Lemma 5 (Per-query RDP of Gaussian mechanism). For a function f with ly-sensitivity A and Gaussian
mechanism M(x) = f(z) + N(0,0%I), the RDP at order q > 1 is

_

pla) = 202"

Proof. Let P = N (f(z),0%I) and Q = N(f(2'),0%I). The order-q¢ Rényi divergence is Dg(P|Q) = 5% || f(x) —
f@)3 < % O

Lemma 6 (Adaptive composition for RDP). Let mechanisms {My}L_, be applied adaptively (the (-th mechanism
may depend on previous outputs). If My is pe(q)-RDP at order ¢ > 1, then the composition is (Z(L:l pg(q))—RDP
at the same order. Proof. Standard; follows from the additivity of Rényi divergence under product measures and
the post-processing invariance. O

Lemma 7 (RDP— (g, 6) conversion). If a mechanism is p(q)-RDP for some q > 1, then for any ¢ € (0,1) it is
(€,0)-DP with

log(1/9)
g—1 "

£(d) = plg) +

Moreover, minimizing over ¢ > 1 yields the tightest bound: €(§) = mings, {p(q) + los( 1/5)} Proof. Standard;
see RDP literature / moments accountant. O

F.4 Total RDP for FedCCA and closed-form sufficient noise bounds

By Lemma 5 and Lemma 6, after () queries with possibly mixed types j € {1,2,3,4} and per-op noises o,

q A2
prot(@) = Y Nj- N; = (242m)TM.

j=1

By Lemma 7,

L gN;A2 o
£(5) = min{;qQ:f?J + 15“/1‘”}. (%)

Sufficient bounds by fixing ¢. Fix any ¢ > 1 such that ¢ > loi(% (otherwise increase ¢). A sufficient

condition for (x) is to enforce each term to be individually below ¢ — loi(%:
N;A? log(1/6
qinJ < 5,M’ j=1,2,3,4.
20]- qg—1
Solving for o; yields
N,
o5 = A o (17)

9 (E _ log(w)) '
q—1



Luo et al.

Plugging the sensitivities from Lemmas 1-4 and N; = (242m)TM gives the explicit four inequalities:

2+
o> | L2H2m)TM ) (20y/72 will2)),

2(e — log(l/é)

24+2m
o9 > 4 1 )1 s (QO‘mﬂqthQ)’
2(e—=2 /))
2+2m
S T (202 I 8enall).
2(e -2 )
24+2m)T M
O ) (204\/0793”(I)t+1”2)‘

\ 9 ( log(l{ts))

Relation to the textbook (g, d)-Gaussian bound. If one prefers to avoid the optimization over ¢, upper-
bound (x) by taking a crude min, upper envelope yields the familiar sufficient condition

1.25

A
O'j>7 2N10g(S

which is the closed form used in the main-text DP lower-bound theorem (after grouping constants). We emphasize
that our (17) with a small grid over ¢ typically gives a tighter (smaller) noise for the same (g, ).

Theorem 5 (DP noise lower bounds, RDP form). Under record-level adjacency and the one-shot normalization,
the FedCCA protocol with per-op Gaussian noises o1,02,03,04 is (€,0)-DP provided there exists ¢ > 1 such that
the four inequalities in (17) hold with N; = (2+2m)TM and sensitivities (A1, Ag, Az, Ay) given by Lemmas 1-4.
Equivalently, using the textbook Gaussian bound yields the sufficient conditions

> W2alWe fmoTe s 2V2alWill
3 * 3

o > 2\/§a ||(I)t+1||2 /7:; log%7 o4 > 2\/504 ||‘I>t+1||2 log 1. 25
£ v IS

F.5 Consistency with convergence-side noise upper bounds

125

o1 ry log =5

The RDP analysis above shows the privacy-side dependence of o; on the total query count @) and the series order
m (via N;). As noted in Sec. 4.3, holding ¢; fixed implies €(d) grows linearly in @); keeping (¢, §) fixed while @
increases forces 0; = ©(1/Q), which tightens the convergence upper bound in Theorem 3. This establishes the
stated privacy—accuracy trade-off.

F.6 Adaptivity and post-processing
All multipliers Wy, broadcast by the server may be adaptive functions of past messages. RDP composition

(Lemma 6) is valid in this fully adaptive setting. Post-processing by the server (e.g., k X k re-orthogonalization)
does not weaken privacy.

F.7 Notation remarks

We consistently use von Neumann for the series in Sec. 4.1 and keep the RDP order symbol ¢ distinct from the
spectral-radius parameter .

G CONVERGENCE OF FEDCCA WITH DIFFERENTIAL PRIVACY

The introduction of noise significantly impacts the convergence of FedCCA. This impact is reflected in the
addition of noise to the update formula.
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The noisy update formula for H), , is given by:
1 T
H, .= . (X (X "H), +e2) +e1), (18)

where H), is the perturbed version of H,,, and €, €3 are Gaussian noise matrices introduced to guarantee
differential privacy.

We define H), as:
H! = H, + BLel + 2 e0+ B3 es+ B2 ca, (19)

where 37, are coefficients to be determined, and ¢; are Gaussian noise terms.

Substituting (19) into (18), we expand H), , ;:

4
1 _
Hvln+1 = X|XT|H,+ Zﬁfrﬁj +ea | +e1
T =1
1 4
=— XX"H, +Xx7 Z B+ Xeg+er |- (20)
T j=1

Recognizing that the original (noise-free) update is:

1
Hpyr = n—XXTHm,

Tz
we rewrite (20) as:
1 4
Hyyy = Hy1 + — XXTY Blej+Xea+e |- (21)
Our goal is to express the perturbations in terms of the noise terms €;. We initialize the coefficients as:
1
Bo=—, B3=0, B3=0, B5=-—.

nry’ nry
By iteratively applying (21), we derive the expressions for 37 :
1 _ 1 m xx7\F
ﬁ’m T onry Zk:O nry ’
2 _ X m-1( xxT\"
ﬂm T onrg k=0 nry ’
B =0,

gL — xxT\™" x
m nre nre "

The total noise can be considered as part of the residual term in the update of <i>t+1:

m

b=y () Hp + &,
k=0

where the modified residual & is:
m 4
G=&+> (D" | DY Ble;
k=0 j=1

Assuming that all noise terms are equal, 1 = €9 = €3 = &4 = €, we can bound the norm of &;:

m

4 m 4
e < el + || DD Blef < Ieeh+ | DD B | llell-

k=0 j=1 k=0 j=1
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Using the property Hﬁ—fj H2 < a < 1, and applying geometric series approximations, we have:

i 1 & 1 1
Iy = ko &
E IIBkH_me e R
I1X] < |X| 1
< =
}jnﬁkn o~ §_:a < T a

Assuming || X || < \/nr,, we obtain:

m—i—ll—&—,/narx” I

IEE < 1€l +

From previous results, we have:
m+2

« r
el < g,
T

Since a@ < 1, the term a™*2? becomes negligible, and we can approximate ||&| ~ 0. Therefore, the bound

simplifies to:
amt? [y m+1anry +1
€] < =1/ =5 1l + T — [le]l
a\l ry o

nry

For FedCCA to converge, the residual £, must satisfy:

“1/2 (¢ op — ‘71%+1 Cres
€1 A min~ (Caz) < Tmln{sm 0¢,cos 0}, (22)

and similarly for the Y side with C,.

Assuming Gaussian noise with variance o2, and utilizing concentration inequalities for the Gaussian distribution,
we have with probability at least 1 —

el < oo™ (£), (23)

where ®~! is the inverse cumulative distribution function of the standard normal distribution. Substituting (23)
into (22), we derive an upper bound on o:

Cy min{sin 7, cosfr} — Co

TS Gei(E) >y

where:

o — o}
Cl _ M min {)\1/-2 (sz)7 >\1/'2 (ny)} ’

12 min min

(m+2)
« T Tz
Co = : max (\/7||\IJT|| Y ||@T||)
— Ty Ty

Cg:m+1max{1+ T 1t ‘nary}.

b
l1—« nry nry

Theorem 6. Assuming consistent variance o for the Gaussian noise terms, FedCCA converges with at least
1 — p probability if o satisfies the upper bound in (24).

By ensuring that the noise variance o2 is below the derived upper bound, we guarantee that the introduction of
Gaussian noise for differential privacy does not prevent the convergence of FedCCA. This balance allows us to
achieve both privacy and utility in federated learning.



