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Abstract

We study estimation of a class prior for un-
labeled target samples which possibly differs
from that of source population. Moreover, it
is assumed that the source data is partially
observable: only samples from the positive
class and from the whole population are avail-
able (PU learning scenario). We introduce a
novel direct estimator of the class prior which
avoids estimation of posterior probabilities in
both populations and has a simple geometric
interpretation. It is based on a distribution
matching technique together with kernel em-
bedding in Reproducing Kernel Hilbert Space
and is obtained as an explicit solution to an
optimisation task. We establish its asymp-
totic consistency as well as an explicit non-
asymptotic bound on its deviation from the
unknown prior, which is calculable in prac-
tice. We study finite sample behaviour for
synthetic and real data and show that the
proposal works consistently on par or better
than its competitors.

1 INTRODUCTION

Positive Unlabeled (PU) learning (Elkan and Noto,
2008; Bekker and Davis, 2020) is an active research
topic that has attracted a lot of interest in the machine
learning community in recent years due to a common
occurrence of data which is only partially observable.
The goal is to build a binary classification model based
on training data that contains solely positive cases and
unlabeled ones, which can be either positive or nega-
tive. Typical example is a scenario, when patients with
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a confirmed diagnosis of a disease are treated as posi-
tive cases, while patients with no diagnosis are consid-
ered as unlabeled observations, since this group may
include both sick and healthy individuals. PU data
occurs frequently in many fields, such as bioinformat-
ics (Li et al., 2021), image and text classification (Li
and Liu, 2003; Fung et al., 2006), and survey research
(Sechidis et al., 2017).

Most state-of-the-art learning algorithms for PU data,
such as nnPU (Kiryo et al., 2017), VAE-PU (Na et al.,
2020) and others (Chen et al., 2020; Zhao et al., 2022;
Luo et al., 2021) require knowledge of the class prior,
i.e. the probability of the positive class. Knowledge
of the class prior can be used to either obtain calcu-
lable representation of a risk function, or to modify
a threshold of a classification rule learned on source
data. Since the class prior is usually unknown, there
is an important line of research aimed at developing
methods for estimating it from PU data, see Jain et al.
(2016); Ramaswamy et al. (2016); Bekker and Davis
(2018) for representative examples. The task is non-
trivial, because in the case of PU data we do not have
direct access to negative observations, but only to an
unlabeled sample which is a mixture of positive and
negative observations. This implies that the prior is
not identifiable in general and one needs to impose as-
sumptions to ensure its uniqueness. Moreover, most
of the existing methods assume that the class prior is
the same for the source (training) data and the target
(test) data. This assumption is not fulfilled in many
situations. For example, imagine that the source data
is collected in the period before the outbreak of an epi-
demic, where the percentage of people with the consid-
ered disease is small, while the target data is gathered
during an epidemic, where the prevalence of the disease
may be much higher (Roland et al., 2022). The source
and target data may also be collected in different cli-
matic zones, which naturally differ in the prevalence of
diseases. In such situations, it is necessary to estimate
the class prior probability not only for the source PU
data but also for new unlabeled target data, for which
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we only observe features whereas the labels remain un-
known. Figure 1 illustrates the discussed situation. In
the example, the source class prior 7 = 0.2 whereas
the target class prior is 7’ = 0.8.
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Figure 1: Label shift visualization for PU data. Source
(training) data contains positive (blue) and unlabeled
(grey) observations. Target (test) data contains only
unlabeled observations. The class priors differ between
source data (m = 0.2) and target data (7' = 0.8). The
goal is to estimate the target class prior 7’ using source
PU data and target unlabeled data.

The problem of inference under class prior shift, known
in the literature as label shift, has been extensively
studied and several methods have been developed to
estimate the probability of the class prior for the tar-
get data as well as to modify the classifier to take the
shift into account (Saerens et al., 2002; Lipton et al.,
2018; Garg et al., 2020; Iyer et al., 2014; Vaz et al.,
2019). We note that in business applications evalua-
tion of proportion of each label on unlabeled data set
(known as quantification task) is frequently even more
needed than classification itself. This is particularly
important for applications tracking trends (see For-
man (2008) and Gonzalez et al. (2017) for the review).
However, methods developed for label shift problem
require fully labeled source data and thus cannot be di-
rectly applied to the problem considered here. Whence
the important endeavour is to estimate the target class

prior directly, possibly avoiding label prediction for
source and target samples. Surprisingly, despite its
obvious importance, this problem has been rarely dis-
cussed. The only example up to now is Nakajima and
Siguyama (2023) where an approach based on esti-
mation of ratio of densities for positive and mixture
distribution is proposed. Its authors, however, focus
mainly on properties of the ensuing classifier, not on
the properties of label shift estimator.

The main contribution of this work is the proposal
of a new estimator of the target class prior 7’ called
TCPU for which label prediction for target popula-
tion is not necessary. Our approach is based on em-
ploying the distributions matching technique and the
kernel method. The kernel method (Fukumizu et al.,
2007; Gretton et al., 2012) is a powerful approach suc-
cessfully applied for many problems of machine learn-
ing due to related universality property. For shifted
prior estimation when the data is fully observable it
has been used in Iyer et al. (2014). Here, we provide a
rigorous treatment of proposed estimator, including its
consistency, i.e. convergence in probability to the true
target class prior. Even more importantly, we provide
a non-asymptotic bound on the approximation error.
Additionally, in the paper we show how to adapt the
popular KM estimator (Ramaswamy et al., 2016), be-
ing a state-of-the-art class prior estimator for PU data,
to the case of class prior shift. Our experiments, con-
ducted on artificial and real data for different class
prior shift schemes, confirm the effectiveness of pro-
posed method TCPU.

2 LABEL SHIFT FOR PU
LEARNING

We first introduce relevant notation. Let X € X be
a random variable corresponding to a feature vector,
Y € {—1,1} be a true class indicator and Pxy their
joint distribution (called a source distribution). We
consider a problem of modeling Positive Unlabeled
data in case-control setting, which means that only
samples coming from the positive class and samples
coming from the overall population X are available.
More formally, let Px be the distribution of X and
P, = Px|y—1, P~ = Pxjy—_: the distributions of
samples from the positive class and the negative class,
respectively. We denote by Xi,...,X,, independent
samples generated according to Py and X; ..., X
generated according to Py.

Moreover, we consider the second vector (X', Y”) such
that its distribution P%,y., (called a target distribu-
tion) is a label shifted distribution of (X,Y"), which
means that the marginal distribution of Y is different
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from that of Y, i.e.
=P =1)#£PY =1)=m,

however, the covariate distributions in both the posi-
tive and the negative class remain the same:

P)/(’|Y’:i = Pxjy—=; for i=+l (1)

Thus, we have that a distribution of X’ satisfies P%, =
7' Py 4+ (1 — «’)P_ and is different from Px = 7P +
(1—-m)P_.

Denote by X1, ..., X/, independent samples generated
from P%,. In the paper, we consider the problem of
estimation of label shifted probability 7/. Note that
the problem is nontrivial as the class indicators corre-
sponding to shifted samples are not available. How-
ever, we have at our disposal data from the positive
class and unlabeled X observations corresponding to
a different prior 7.

We note that if 7 is known the distribution P_ is
uniquely determined and the problem is well defined
in general. When 7 is unknown, the specific assump-
tions are needed under which it is identifiable, e.g. an
assumption that P_ is not a convex combination of P
and other probability measure (see e.g. Ramaswamy
et al. (2016)).

Finally, it is worth mentioning that estimation of =’
is crucial to define a classification rule for the target
set which involves a modified threshold based on 7’
(Lipton et al., 2018):

P(Y'=1X")>05
(1—m)n’
1-—mr+ (1 —mn’

P(Y = 1|X) >

A natural approach is to train PU classifier, such as
nnPU (Kiryo et al., 2017), on the source data, to esti-
mate P(Y = 1|X), and then apply the above decision
rule.

3 CLASS PRIOR ESTIMATION
FOR TARGET DATA

3.1 TCPU: a novel kernel-based estimator

In this section we introduce a novel method of estimat-
ing 7', which will be called TCPU (a Target Class
prior estimator for Positive-Unlabled data under a la-
bel shift).

Let K(-,-) be a kernel function (i.e. a symmetric, con-
tinuous and semi-positive function defined on X x X)
and let H be a Reproducing Kernel Hilbert Space
(RHKS) induced by K(-,-) (see e.g. Fukumizu et al.

(2007)). We denote an associated kernel transform by
o(x) = K(x,-) € H. A scalar product in H of ¢(z1)
and ¢(z2) is defined as < ¢(z1), p(z2) >y= K(x1,z2)
for 1,29 € X and is naturally extended for gen-
eral elements of H. Next, let ®(Px) = E¢(X) =
[ #(s) Px(ds) € H be a mean functional of Px with
a norm ||®(Px)||3, = EK(X1, X2), where X; and X,
are two independent random vectors following a distri-
bution Px. The mean functionals ®(Py) and ®(P%.)
are defined analogously. Recall that when kernel is
universal we have that ®(P) = ®(Q) is equivalent to
the fact that distributions P and @ coincide (Fuku-
mizu et al., 2007).

Let 13X, ]5+ and P’y be empirical distributions cor-
responding to observable samples. In the following we
will omit indices X and X’ in Px and Pk, respec-
tively, and the same convention is applied to their em-
pirical counterparts. We note that due to the fact that
P is a discrete distribution with mass n~! at each ob-
servation X; we have that ®(P) = n=' 30" | ¢(X;)
and analogous representations hold for <I>(]5+) and
(P").

In the above setup we have that

(1-aYP—-7P)=(1—-7a")(1-m)P_
= (1 — W)(P, — 7T/P+).

Therefore, in order to determine 7/, it is natural to
substitute v for 7/ and minimize the following objec-
tive function

LO)=A-NA-A-mBWIE (@)
A=[®(P) - 7®(Py)] and B(y) = [®(P") — 7®(Py)].

Lemma 1. Suppose that a kernel K is universal,
P, # P_ and m < 1. Then 7' is unique minimizer

of L()-

Proof. Denote by Crit(y) the function given by
Crit(y) = |7 =y x (L = m)[|®(P-) = ©(Py)|ln- (3)

Then by noting that

(P) - 7B(Py) = (1 - m)B(P_),
B(P') 7 B(Ps) = (' = 1) ®(Py) + (1 - )B(P_)

we have that £(y) = [Crit()]? and the minimiser of
Crit(y) is obviously 7. O

In the proposed method, we consider the empirical ver-
sion of (2) given as

L) = -nA-1-mBm)A, (4)

A= [@(P) - 7®(Py)] and B(y) = [8(F') —1D(Py)]
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and the estimator of 7’ is defined as its minimizer
7= argmin,yf(’y). (5)

The estimator defined above will be called TCPU fur-
ther on. Figure 2 illustrates the behavior of the objec-
tive function and TCPU estimator.

For theoretical results it will be assumed that = is
known. This assumption is plausible when the large
data base corresponding to source distribution is avail-
able.

In the following lemma we show that the proposed
estimator can be explicitly calculated using a simple
algebraic formula.

Lemma 2. Let 7 be defined by (5). Then we have

~_ < O(P) — O(Py), A >y
19(P) — @(Py)|13,
(1—m) < (P) — B(Py), B(P) — D(Py) >x
19(P) — ®(Py)|13,

(6)

1-—

)

where A = &(P) — n®(P,) — (1 — n)®(P).
Remark 1. In view of the first equality in (6), T has

a simple geometric interpretation: it is a coefficient of
projection of a function A on ®(P) — ®(Py) in H.

Proof. Simple calculations show that the expression
under the norm in (4) equals

—A[B(P) — B(P.)] + B(P) — 7 B(Py) — (1 - m)B(F)

= A[@(P) — B(P.)] + A.

Thus, the squared norm equals
V1B(P) — ®(P))|F+
2y < ®(Py) — ®(P), A >3 +[|Alf3

and the first form of 7’ follows by calculating a mini-
mizer of the above function. The second formula fol-
lows by simple algebraic manipulations. O

The kernel approach is a core of the Maximum Mean
Discrepancy (MMD) method which matches the dis-
tributions based on the features in RHKS induced by
a kernel K. It is frequently used in machine learning
and statistics to compare a data distribution with a
specific distribution, in a two-sample problem and co-
variate shift detection (see Gretton et al. (2012)). It
has been also applied for the label shift problem in the
classical framework. Namely, for the case when distri-
bution Pxy is observable the approach relies on the
equality (Zhang et al., 2014)

— (7)
argminy e 1| |®(Px) — [A@(Py) + (1 — A (P)]|I3,

(see also Iyer et al. (2014) and Dussap et al. (2023)). In
the considered scenario, a direct application of (7) to
estimate 7’ is clearly infeasible, as observations from
the negative class are not available. The estimator
(5) can be considered as a modification of the MMD
approach applied for a label shift in PU setting.

3.2 Asymptotic consistency and
non-asymptotic error bounds for the
proposed estimator

We let N = min(n,m,n’). In the next result we estab-
lish asymptotic and non-asymptotic error bounds for
7'. In its proof we also state conditions, which guar-
antee that ||®(P) — ®(Py)||3 > 0, which is implicitly
assumed in (6). The proofs of all results below are
given in the supplement.

Theorem 1. Suppose that a kernel K is universal,
P, #P_ andmw<1.

(i) Moreover, assume EK(X,X) < oo for X ~ P
and analogous conditions hold for X+ ~ Pxy—1 and
X' ~ P'. Then for N — oo we have #/ — 7’ in
probability.

(ii) Assume that M = sup, K(x,z) < oo. Moreover,
fix a € (0,1) and § < exp(—(v2 + 1)2/2) and let

16M log(1/9)
N ara— o) — (PG,

(8)

Then we have

Y
ol < 44/ 5 log(1/9)

T a(l—m)||®(P-) — ®(Py)||n > 1-34.

We note that consistency of 7 is proved in Theorem
1(i) under weak conditions. Indeed, dropping the con-
ditions P, # P_ and 7 # 1 makes the problem ill-
posed. Finally, the restrictions imposed on a kernel
are satisfied, for instance, for a gaussian kernel.

The claim of Theorem 1 (ii) is stronger (it is
a nonasymptotic result implying asymptotic consis-
tency), so it needs more restrictive assumptions as
well. However, these conditions are reasonable as in
(i). For instance, a gaussian kernel satisfies the as-
sumption in (ii) with M = 1. The dependence of an
error bound on N, 4,7, ||®(P-) — ®(Py)||3 is stated
explicitly in (9).

Theorem 2. Assume that M = sup, K(z,z) < oo.
Then for any § < exp(—(v/2 + 1)?/2) we have that

44/ M10g(1/0)

(P) = ®(P:)llx

>1-34. (10)
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Figure 2: Visualization of the objective function behavior for 7 = 0.2. Three cases are considered: 7’ = 0.2 (no

shift), 7’ = 0.5 (moderate shift) and 7’ = 0.8 (large shift). The TCPU estimator is defined as 7’ = arg min,, £(vy).
The grey area indicates the range of estimator’s values for 20 runs.

We stress the differences between Theorems 2 and 1.
Probability inequality (10) does not require assump-
tion (8) and it yields a bound on an estimation error
which depends on ||®(P) — ®(Py)||5. Notice that this
bound can be calculated in practice. On the other
hand, the error bound in (9) is nonrandom and explic-
itly establishes the dependence on 7 and a distance
between P_ and P.

Till now we have assumed that source prior 7 is known.
In the experiments we estimate 7w using a well-known
KM2 method (Ramaswamy et al., 2016) described be-
low and then plug-in it into (4). We stress that this
requires additional assumptions implying that 7 is
identifiable, which are imposed for all PU-based ap-
proaches. The most common one is that the distri-
bution of negative samples is not a mixture of distri-
bution of positive samples and some other probabil-
ity distribution (Ramaswamy et al., 2016; Blanchard
et al., 2010).

4 RELATED WORK

4.1 Method DRPU

The most related method is DRPU (Nakajima and
Siguyama, 2023), which in the label-shift setting
considered here, constructs empirical Bayes classifier
for samples from label shifted population. Other
methods consider similar but different scenarios such
as PU covariate shift (Sakai and Shimizu, 2019) and
positive data shift (Hammoudeh and Lowd, 2020).
DRPU involves estimator of ratio r of densities of
distributions P and P for training data and of both
prior probabilities m and #’. Estimator 7 of r is a
minimiser of expected Bregman divergence functional
(cf Section 2.5 in Nakajima and Siguyama (2023))

and both prior estimators are based on an observation
(cf Blanchard et al. (2010)) that 7 and 7’ can be
recovered in PU setting by minimising P(A)/P;(A)
(respectively P'(A)/Py(A)) over all sets A for which
P,(A) > 0. In Nakajima and Siguyama (2023), ratio
P'(A)/P,(A) is minimised over sets being the level
sets of #. The estimator based on the above method
will be denoted simply as DRPU.

4.2 Adapting the KM method to label shift

As a benchmark, we also introduce a modification of
KM2 estimator (Ramaswamy et al., 2016) for label-
shift PU setting. The KM2 estimator is based on the
observation that distribution of negative class P_ can
be written as P~ = AP+(1—\)Py, where A = 1/(1—m)
and thus, analogously to (7), estimator of A can be
constructed by projecting yo(P) + (1 — v)¢(Py4) on a
convex C hull of ¢(X1),...,6(X,),d(X{), ..., 6(X;h)
and defining ) as v yielding the smallest distance. This
leads to two estimators of 7w, KM1 and KM2 inves-
tigated in Ramaswamy et al. (2016). As unavailable
positive samples for test population have the same dis-
tribution as positive observations from training distri-
bution, we can apply approach from Ramaswamy et al.
(2016) to samples X|,..., X/, X;, ..., X; and ob-
tain KM2 estimator of 7" also investigated below. The
adaptation will be called KM2-LS in the following.
Note that as KM2-LS does not use available observa-
tions from P at all, it is not expected to work well;
this observation will be confirmed in our experiments.
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5 EXPERIMENTS

5.1 Methods

We empirically evaluate the effectiveness of TCPU !
to recover the true target class prior 7’. As baselines
we used DRPU (Nakajima and Siguyama, 2023) and
KM2-LS methods described in Section 4. In the case
of DRPU, we utilised the implementation made pub-
licly available by the authors. In the case of KM2-LS,
we applied the code of the standard KM2 method (Ra-
maswamy et al., 2016) and adopted it to our setting
as described in Section 4. Note that TCPU requires
knowledge of 7. Since typically 7 remains unknown,
we estimate it using KM2 estimator (Ramaswamy
et al., 2016). Importantly, the KM2-LS method does
not require the 7w estimation. The DRPU method is
the only one that requires learning a parametric model.
As in the original work, we considered Multi-Layer
Perceptron (MLP) to this end. Technical details about
the model used in DRPU and the selection of hyperpa-
rameters are discussed in the supplement. For TCPU,
we used Gaussian kernel K (z,y) = exp(—7||z — y||?)
with the default value of parameter 7 = 1/p, where p
is the number of features.

5.2 Datasets

The experiments were conducted on 11 datasets,
including one synthetic dataset, 3 image datasets:
CIFAR-10, MNIST, and FASHION (Paszke et al.,
2019) and 7 tabular datasets from the UCI repository:
Diabetes, Spambase, Segment, Waveform, Vehicle,
Yeast and Banknote. For the synthetic dataset, nega-
tive observations are generated from a 10-dimensional
normal distribution N (0, I), and positive observations
are generated from N(a,I), where a = (1,...,1).
The characteristics of the UCI and image datasets are
provided in Table 1. Tabular datasets with multi-
ple classes were transformed into binary classification
datasets, where the most common class is treated as
the positive class, and the remaining classes are com-
bined into the negative class. For image datasets, the
binary class variable is defined according to the specific
dataset, following methods used in other PU learning
papers (Kiryo et al., 2017; Gong et al., 2021; Nakajima
and Siguyama, 2023). For MNIST, even digits form
the positive class, and odd digits form the negative
class. In CIFAR-10, vehicles form the positive class,
and animals form the negative class. For FASHION,
clothing items worn on the upper body are marked as
positive cases, and the remaining items are assigned
to the negative class. For image data, we use a pre-

'The source code: https://github.com/teisseyrep/
TCPU

trained deep neural network, ResNet18, to extract the
feature vector. For each image, the feature vector,
with a dimension of 512, is the output of the average
pooling layer. From the extracted 512-dimensional fea-
ture vector, we select the 30 most correlated features
with the class variable to reduce the dimensionality of
the problem.

Table 1: Statistics of the considered data sets.

Dataset | n p P =1) type
Diabetes 768 8 0.35 tab
Spambase | 4601 57 0.39 tab
Segment 2310 19 0.14 tab
Waveform | 5000 40 0.34 tab
Yeast 1484 8 0.31 tab
Vehicle 846 18 0.26 tab
Banknote | 1347 4 0.44 tab
CIFAR10 | 50000 - 0.4 img
MNIST 60000 - 0.49 img
Fashion 60000 - 0.5 img

5.3 Experimental settings

First, each dataset is split into a source and a target
dataset in equal proportions. For image data, we use
the splits defined in the PyTorch library (Paszke et al.,
2019). For synthetic datasets, we generate observa-
tions for fixed values of m and #’. For real datasets,
we simulate a label shift scenario using the downsam-
pling technique. Specifically, we randomly remove ob-
servations from one of the classes in both the source
and target datasets to control the class priors « and
7', respectively. Finally, based on the source data,
we artificially create a PU dataset by selecting some
positive observations for the labeled subset, while the
unlabeled subset consists of a mixture of positive and
negative observations. We follow a known procedure
to control the size of the source data and the labeling
frequency ¢, which represents the percentage of labeled
observations among all positive observations. The de-
tails of the procedure are provided in the supplement.

In the experiments, we consider ¢ = 0.25,0.5 for
sythetic and image datasets and ¢ = 0.5 for UCI
datasets. The entire target dataset is treated as un-
labeled. The considered methods take as input the
source PU data and unlabeled target data. For each
method, we calculate the absolute estimation error
|7’ — 7’|, where 7' is the estimator returned by the
method. We perform 20 repetitions of the above pro-
cedure and analyze the distributions of the errors as
well as the distributions of the estimators themselves.
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Figure 4: Distribution of estimators (red line indicates the true #’) for image datasets for ¢ = 0.25.

5.4 Discussion ¢ = 0.25. In the supplement, Figures 7-10 show the re-

sults for other parameter settings, whereas Tables 3-6
In the main part of the paper we present selected re- present the mean absolute value estimation errors and
sults, while the full results can be found in the supple-  their standard deviations for image and UCI datasets.
ment. Since our primary interest lies in analyzing estimation

Figures 3-4 in the main paper show the distributions

errors for small or moderate data samples, we exhibit
the boxplots for the case where the source and target

of estimators for synthetic and image datasets when
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datasets consist of randomly chosen samples of 2000
observations. When the total number of observations
in the original dataset is less than 4000, we split the
data into source and target datasets in equal propor-
tions.

Experiments indicate that the values of m and 7’ sig-
nificantly influence the quality of the 7’ estimation,
with the impact differing across methods. The box-
plots clearly indicate that KM2-LS significantly under-
estimates the true value of 7/ when 7’ is large. This
effect becomes pronounced for low ¢ and small 7 val-
ues, which is often the case in many practical appli-
cations. A similar problem with the KM2-LS method
occurs for UCI datasets, where we observe very large
estimation errors for 7 = 0.8 (see Tables 5 and 6).
Importantly, in the discussed situation, the proposed
TCPU performs much better and allows for more ac-
curate estimation of 7/, regardless of the values of 7
and c¢. The performance of DRPU depends on the par-
ticular dataset. For the synthetic dataset as well as for
the FASHION dataset, DRPU performs quite stably.
However, for MNIST and CIFAR datasets, we see that
DRPU significantly overestimates the true value of 7/,
especially for 7 = 0.1 and ¢ = 0.25. In these cases,
the proposed TCPU method returns estimators that
are significantly closer to the theoretical values of ’.
Tables 3-6, containing estimation errors, reveal that
the TCPU method returns the smallest estimation er-
rors or errors that are not significantly different from
the winning method for most datasets and parameter
settings.

Since the proposed TCPU estimator requires 7 as in-
put, we also investigated the impact of the value 7 on
the quality of the TCPU estimation of 7’. As expected
(Figures 5 and 12), the smallest errors are obtained
when the TCPU estimator uses a known 7 (this situ-
ation is marked with a blue dashed line). When the
estimator 7 deviates from the true value of 7, we ob-
tain larger prediction errors for n’. Furthermore, we
observe larger errors for m = 0.5 than for small values
of m=0.1or m=0.2.

We also analyzed the TCPU method’s robustness to
violations of the label shift assumption (1), indicating
that the feature distribution for a given value of the
target variable is the same in both the source and tar-
get datasets. To this end, we modified the synthetic
data generation method as follows. As in previous ex-
periments, negative observations are generated from a
10-dimensional normal distribution N (0, I). However,
we change the way positive observations are generated.
In the source dataset, we assume that positive observa-
tions are generated from N(a, I), where a = (1,...,1),
whereas in the target dataset, the positive observa-
tions are generated from N(a + g,I), where g is the

Synthetic dataset (m=0.1, m'=0.5)
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Figure 5: The impact of 7 estimation on the perfor-
mance of the TCPU estimator. The boxplot shows
estimation errors for TCPU target class prior estima-
tor |7/ — «’|, for different source class prior estimators
7T

disturbance parameter. The value ¢ = 0 means that
the assumption of invariance of the feature distribu-
tion within classes is met, while values other than zero
indicate that it is violated. Figure 6 in the main paper
and Figure 13 in the supplement show the distribu-
tions of TCPU estimation errors for different values
of the parameter g. As expected, the smallest errors
usually occur for g = 0. It can be seen that for small
values of the disturbance parameter g, the method is
quite robust and returns small errors. Larger distur-
bances, in line with intuition, lead to a deterioration
in the method’s performance. A more pronounced de-
terioration is observed for negative values of ¢g than for
positive ones.

The effect of dataset size on the quality of the estima-
tion is shown in Figure 11 in the supplement. DRPU
returns values close to zero for small sample sizes,
which results in large estimation errors, while for larger
sample sizes it performs comparable or only slightly
worse than TCPU. Estimation errors for the KM2-LS
method decrease quite slowly with the increase in the
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Figure 6: Robustness to violation of the Label Shift
(LS) assumption (1). The blue vertical line corre-
sponds to the situation when the assumption is met,
and non-zero values of the parameter g indicate a vio-
lation of the assumption.

sample size. The advantage of TCPU over DRPU and
KM2-LS is clear for small or moderate data sizes.

We analyzed the impact of the Gaussian kernel param-
eter 7 on the estimation quality. The value 7 = 1/p
corresponds to the default setting in the function
pairwise_kernels from the popular scikit-learn li-
brary in Python. This choice turned out to be quite
reasonable in our experiments. For example, for the
CIFAR data, with # = 0.1 and 7’ = 0.8, the aver-
aged estimation errors |7’ — 7| were 0.04, 0.02,0.07 for
T = 0.5/p,1/p,2/p, respectively. We conjecture that
there is room for further improvement. For instance, if
one could establish the asymptotic variance of TCPU,
a natural approach would be to choose 7 that mini-
mizes the estimated asymptotic variance. Minimisa-
tion can be performed over quantiles of empirical dis-
tribution of {||X;—X;||72,i # j}, see Vaz et al. (2019).

Finally, we also analyzed the computation times for
the individual methods (Table 2 in the supplement).
DRPU is the only method considered that requires

model] training on the source data, which usually leads
to longer computation times. Computing our TCPU
estimator requires calculation of the kernel matrix for
all pairs of observations, and this is the dominant
cost of the entire algorithm. The cost of this step
grows quadratically with the number of observations
in the data. For example, for the synthetic dataset
considered in the paper, the computation times were:
2.81, 5.97, 83.58, 331.56 and 3277.25 seconds for sam-
ple sizes of 500, 1K, 2K, 5K, and 10K respectively.
However, as the times reported in Table 2 show, our
method is still faster than the competing methods
(DRPU and KM2-LS). Naturally, speed-up can be
achieved using multithreaded computation: comput-
ing the kernel matrix is easy to parallelize, and such
an option is available in popular functions like pairwise
kernels in the scikit-learn library. Moreover, in order
to reduce quadratic computational costs of U-statistics
which are needed to calculate TCPU estimator, one
can use incomplete U-statistics based on random sam-
ple of pairs sampled from the set of all pairs (Schrab
et al., 2022). In the manuscript, we focused on smaller
datasets (up to 2000 observations) because class-prior
estimation is most demanding in that setting.

6 CONCLUSIONS AND FUTURE
WORK

In this paper, we introduced a novel estimator, TCPU,
for estimating the target class prior «’ under a la-
bel shift in the context of positive unlabeled (PU)
learning. Our approach, which leverages distribution
matching and kernel embedding, provides an explicitly
expressed estimate of the target class prior without es-
timating posterior probabilities via classifier training.
We proved that the TCPU estimator is asymptotically
consistent and, in Theorem 2, established a calculable
non-asymptotic error bound. Experimental results on
synthetic and real datasets show that TCPU outper-
forms existing methods, particularly in cases of small
source class prior 7 values. Importantly, TCPU avoids
the problem of significant underestimation or overesti-
mation of the target class prior, which is a drawback of
both competing methods DRPU and KM2-LS. A natu-
ral direction for future research is to further investigate
the effect of m and 7’ estimation on classification ac-
curacy and to develop testing methods for occurrence
of label shift what is of interest for the quantification
problems. Also, generalisation of the proposed method
to not necessarily binary nominal response by consid-
ering the extension of a PU scenario to a noisy data
model (Zhang and Sabuncu (2018)) is of interest.
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ting, assumptions, algorithm, and/or model.
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(time, space, sample size) of any algorithm.
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(¢) (Optional) Anonymized source code, with
specification of all dependencies, including
external libraries. [Yes]
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(b) Complete proofs of all theoretical results.
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(c) Clear explanations of any assumptions. [Yes]

3. For all figures and tables that present empirical
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reproduce the main experimental results (ei-
ther in the supplemental material or as a
URL). [Yes]

(b) All the training details (e.g., data splits, hy-
perparameters, how they were chosen). [Yes]
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cloud provider). [Yes]
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Prior shift estimation for positive unlabeled data through the lens of
kernel embedding:
Supplementary Materials

A Proofs

A.1 Proof of Theorem 1

The proof of (i) follows from Chebyshev’s inequality applied for
o(P)=n"") B(X))
i=1

as well as ®(P,) and ®(P'): fix € > 0, then

E||®(P) — ®(P)|3,
g2 '

P(||®(P) = &(P)llx > €) <
Now we focus on bounding the numerator in (11). First, we obtain
E[[®(P) - ®(P)||* = E||®(P)[f}, — 2E < ®(P), (P) >3 +||2(P)|3- (12)

Next, we consider the two first terms on the right-hand side of (12). For the first one, we have:

2

B|=D 0X)|| = —D ) <o(Xi),0(X)) >u=—> > K(X; X))
i=1 H i=1j=1 i=1j=1
1 & 1
= EZEK()@X:‘) t3 > EK(X;, X))
i=1 1<i#j<n
1 1 )
= ;EK(XlaXl) +|1- - [[@(P)|[5-
Moreover, we have
. 1 <&
E < ®(P),®(P) >u= ﬁZE < G(Xi), ®(P) >y=E < ¢(X1),®(P) > . (13)
=1

From the reproducing property we obtain < ¢(x1), ®(P) >y= [®(P)](z1) = EK(X,x1). Therefore, the right-
hand side of (13) equals ||®(P)||%,. Finally, (12) is 2[EK (X, X) — ||®(P)]|3,], so the right-hand side of (11) tends

to zero as n goes to infinity. This fact implies that ®(P) tends to ®(P) in probability. Obviously, the analogous
properties hold for ®(P;) and ®(P’). In particular, we have that ||®(P) — (P4 )||% is positive with probability
tending to one as N — oo. It follows from continuity of a norm and the assumptions that

1(P) = (L)l —p [|(P) = 2(P)lln = (1 —m)[|(P-) — ®(Py)]|n.

Thus, the second equality in Lemma 2 (main paper) and continuity of a scalar product give

(1—m) <O(P) — O(P4), (P) — ®(P4) >n _
19(P) — (P4 )l[% '

ﬁ'/—)p 1-—
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Next, we focus on the proof of (ii). From the first equality in (6) and the Cauchy—Schwarz inequality we have

< O(P) — O(Py), A — ' [®(P) — (Py)] >x
12(P) — (24|13,
o 1A —7[0P) — (Pl
|2(P) = @(Py )|l

=~/ !/
|7’ — 7

(14)

Notice that

A~ [B(P) - B(P.)] = (1 - 7)B(P) — (1 - M)(P') + (x' — m)B(P)

and
(1= 7)B(P) = (1 = MB(P') + (= — 1)(Py) = 0,

which imply that
1A =7 [®(P) — 2(Py)][|n < (1 - 7)||®(P) — 2(P)||n
+ (1 =m)||B(P) = (Pl + |7 — 7| x ||®(Py) — (P4 )|

Now we use Lemma 3 (given below) and consider the event on which all three inequalities in this lemma hold.
In this case
PR - M
1A =7'[2(P) — &(Py)][[n < 4/ 57 log(1/9) (15)

and
|1B(P) = ®(Py)|l3 > [|8(P) = ®(Py)la — |(P) — ©(P)||2 — ||®(Py) — B(Py )|,

(1= m(P-) — B(Py) I — 4/ - lo(1/6).

From the assumption (8) the above expression is not smaller than a(1 — 7)||®(P-) — ®(Py)||#. In particular,
we have that ||®(P) — ®(P;)||x is positive with high probability. Since the numerator and the denominator on
the right-hand side of (14) are bounded, the proof of (ii) is finished.

which again can be bounded by

A.2 Proof of Theorem 2

The proof is even simpler than the proof of Theorem 1 and involves bounding the numerator on the right-hand
side of (14) done in (15).

A.3 Lemma 3 and its proof

Lemma 3. Suppose that M = sup, K (z,z) < oo and § < exp(—(v/2+1)2/2) is arbitrary. Then with probability
at least 1 — 36 the following three inequalities simultaneously hold

1B(P) — ®(P)llx < 2/ los(1/6), 1B(P) — @(P)ln < 2/ los(1/6),

1B(Py) — @(Py )l < 2/ T log(1/5)

Proof. Fix § < exp(—(v/2+1)2/2). We focus on the first inequality in the lemma. The initial step is McDiarmid’s
inequality (Mc Diarmid, 1989) applied for the function

L3 6(x) - a(P)

i=1

F(Xa,. o X0) = [ 8(P) — B(P)]|3 =

H
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We are to bound a difference

2V M

n

1
[F (X1 Xa) = F(Xy X X[ < 10X = (X <
Therefore, we obtain that with probability at least 1 — §

|®(P) — ®(P)||3 < B||®(P) — B(P)||5 + %g(l/‘”.

Applying Jensen’s inequality to the expectation above, we get

El[@(P) — ®(P)|l < \/IEH‘P(P) — (P)I3

The expression under the square root has been already considered in the Proof of Theorem 1 and was bounded
there by 1 [EK (X, X)—||®(P)|3,], which is smaller than 2£. Note that for the chosen & we have 1+/21og(1/4) <
24/log(1/6), which finishes the proof. O

The similar concentration inequalities are proven, for instance, in (Tolstikhin et al., 2017, Proposition A.1 and
Remark A.2).
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B Computational times

All experiments are executed in an isolated manner on the same machine with access to 32Gb RAM and 8 cores
of an Intel(R) Xeon(R) CPU E31270 3.40GHz.

Table 2: Computational times (in seconds), for example parameter setting 7 = 0.2 and 7’ = 0.6.

Dataset | TCPU DRPU KM2-LS
Synthetic | 83.582 & 0.473  48.72 4 0.213  162.818 + 1.855
MNIST | 155.415 + 2.28 440.129 + 18.567 280.33 + 5.337
CIFAR 78.873 + 0.997 151.749 & 5435  160.437 + 1.658
Fashion | 38.371 & 0.319 48.768 + 0.291  80.313 + 0.384
Diabetes | 0.043 & 0.009  0.293 & 0.014 0.173 £ 0.019
Spambase | 0.015 + 0.004  0.023 + 0.005 0.102 £ 0.018
Segment | 0.052 + 0.012 0.039 + 0.015  0.194 + 0.033
Waveform | 0.07 + 0.004 0.087 = 0.009 0.036 = 0.006
Vehicle 0.073 + 0.015  0.091 + 0.015 0.318 £ 0.016
Yeast 0.117 + 0.016  0.22 + 0.02 0.249 + 0.018
Banknote | 0.041 + 0.011 0.026 + 0.006  0.16 + 0.033

C Technical details about the DRPU method

The DRPU method requires learning a parametric model. As in the original work, we used 5-layer Multi-Layer
Perceptron (MLP) : p — 300 — 300 — 300 — 1 (with p being the size of the feature vector) with ReLU activation,
and trained by Adam with the default momentum parameters f; = 0.9 and B2 = 0.999 and /5 regularization
parameter 5 x 102, Training was performed for 1000 epochs with the batch size 100 and learning rate 2 x 107°.
The DRPU method requires setting the hyperparameter o for non-negative correction. In the experiments, for
image datasets we used the values proposed in Nakajima and Siguyama (2023): a = 0.475,0.425, 0.6, for MNIST,
CIFARI10 and FashionMNIST, respectively. For the remaining datasets, we set the value a = 7, where 7 is the
KM estimator, using the fact that « should satisfy 0 < a < w. This is usually a sensible choice, for image
datasets there is usually no significant difference between av = 7 and the default values given above.

D Controlling the size of the source data and the labeling frequency.

We follow the procedure described e.g. in Mielniczuk and Wawrzenczyk (2024) to control the size of the source
data and the labeling frequency ¢, which represents the percentage of labeled observations among all positive
observations. Let n denote the total number of observations in the source dataset. We pick ¢ X m X n observations
from positive class and (1 —¢) x n from the whole data set. Thus cx 7 xn+7m X (1 —¢) Xn =7 X n is an expected
number of observations from the positive class in the sample and fraction ¢ of them will be labeled on average.
In order to ensure that the chosen sample has size equal to n, both sizes should be increased A = (1 —c¢(1—m))~!
times i.e. size of chosen labeled sample should be A x ¢ x m# x n and A X (1 — ¢) X n for the unlabeled one. Note
that both samples are not necessarily disjoint.



Jan Mielniczuk ', Wojciech Rejchel %, Pawel Teisseyre's®

0 Synthetic dataset (m=0.1, c=0.25)

BN TCPU
EEm DRPU .
0.8 mmm «kMm2-LS ’ 'ﬂ"

== true m’

= (2

9 0.61 ——

©

£ [} ¢

]

w0

w

0.4 -
ol |
1

0.0 ; . . !
0.2 0.4 0.6 0.8
Target class prior i’

10 Synthetic dataset (m=0.2, c=0.25)

EEm TCPU
EEE DRPU

0.81 mmm «kM2-LS
== truemn’

T e
|
!

Estimator

02t

0.0

0.2 0.4 0.6 0.8
Target class prior '

0 Synthetic dataset (1= 0.5, ¢ =0.25)

B TCPU
BN DRPU
0.81 mmm kM2-LS ’ =

- = true i’ b

506 -%H—

©

£ '

204 ¢ ===

o
IN)

0.0 " " " "
0.2 0.4 0.6 0.8
Target class prior '

Synthetic dataset (1 =0.1, c=0.5)

mmm TCPU
EEm DRPU

0.81 mmm KkM2-LS
== true i’

1.0

S 0.6 ~Fundr
©
E '
3 0.4 -i'@i-
0.2
0.0 | , | ,
0.2 0.4 0.6 0.8

Target class prior ’

1.0

Synthetic dataset (m=0.2, c=0.5)
B TCPU

0.8 mm KM2-Ls = -
- = truem

0.4 -i:'@*-

02 e

I DRPU
0.6 -'!.}q-
0.0

Estimator

0.2 0.4 0.6 0.8
Target class prior '

Synthetic dataset (m=0.5, c=0.5)

Il TCPU
I DRPU
0.8 mm KM2-Ls
== true i’

1.0

Estimator
o
o
-J-

o o
N EN
i
“+
|
|
! I
‘iI
1

0.0 : . . !
0.2 0.4 0.6 0.8
Target class prior ’

Figure 7: Distribution of estimators (red line indicates the true 7). Size of the source data and the target data
is 2000.
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Figure 8: Distribution of estimators (red line indicates the true 7’) for MNIST dataset.
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Figure 9: Distribution of estimators (red line indicates the true 7’) for CIFAR dataset.
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Figure 10: Distribution of estimators (red line indicates the true 7’) for FASHION dataset.
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Table 3: Estimation errors for image datasets for ¢ = 0.25. The winning method and the method whose error

does not differ from the winning method by more than 0.01 are bolded.

Dataset ‘ T ‘ i ‘ TCPU DRPU KM2-LS
0.2 | 0.109 £+ 0.021 0.507 £ 0.027 0.095 + 0.026
01 0.4 | 0.044 + 0.016 0.371 £+ 0.019 0.065 £+ 0.014
) 0.6 | 0.037 & 0.008 0.209 £+ 0.017 0.332 £ 0.054
0.8 | 0.058 + 0.011 0.083 £+ 0.014 0.695 £ 0.045
0.2 | 0.116 & 0.015 0.207 £+ 0.016 0.089 + 0.02
0.4 | 0.067 & 0.013 0.172 £+ 0.013 0.056 + 0.015
MNIST 0.2 0.6 | 0.034 £+ 0.011 0.094 £ 0.016 0.062 £ 0.015
0.8 | 0.024 £+ 0.006 0.047 £ 0.015 0.702 £ 0.033
0.2 | 0.13 &£ 0.027 0.263 £+ 0.023 0.083 + 0.019
05 0.4 | 0.082 £+ 0.016 0.172 £ 0.021 0.064 + 0.012
’ 0.6 | 0.05 + 0.009 0.143 £ 0.02 0.053 + 0.013
0.8 | 0.032 £+ 0.005 0.046 £ 0.006 0.396 £+ 0.062
0.2 | 0.06 + 0.005 0.334 £ 0.029 0.059 + 0.007
01 0.4 | 0.035 £ 0.003 0.262 £ 0.038 0.029 £+ 0.006
) 0.6 | 0.027 £ 0.004 0.183 £ 0.037 0.104 £+ 0.01
0.8 | 0.022 £ 0.006 0.073 + 0.01 0.666 £ 0.025
0.2 | 0.046 4+ 0.013 0.126 £+ 0.016 0.057 £ 0.013
0.4 | 0.033 + 0.01 0.101 £ 0.019 0.036 + 0.009
CIFAR 0.2 0.6 | 0.026 £+ 0.008 0.07 £ 0.014 0.074 £+ 0.011
0.8 | 0.03 + 0.005 0.049 £ 0.011 0.39 £ 0.053
0.2 | 0.06 + 0.012 0.169 £+ 0.031 0.062 + 0.007
05 0.4 | 0.04 + 0.009 0.115 £+ 0.021 0.04 + 0.006
’ 0.6 | 0.03 + 0.008 0.067 £ 0.016 0.027 4+ 0.008
0.8 | 0.02 + 0.005 0.041 £ 0.007 0.135 £ 0.008
0.2 | 0.04 + 0.008 0.149 + 0.024 0.042 4+ 0.008
01 0.4 | 0.03 £+ 0.006 0.085 £ 0.015 0.032 + 0.004
’ 0.6 | 0.02 + 0.004 0.055 £ 0.011 0.074 £+ 0.011
0.8 | 0.018 £ 0.006 0.043 + 0.01 0.56 £ 0.036
0.2 | 0.054 £ 0.009 0.042 + 0.008 0.053 &+ 0.007
0.4 | 0.039 + 0.008 0.047 £+ 0.012 0.037 4+ 0.008
FASHION | 0.2 0.6 | 0.025 £+ 0.007 0.024 4+ 0.006 0.042 £+ 0.007
0.8 | 0.019 £ 0.004 0.025 £+ 0.006 0.289 4 0.048
0.2 | 0.042 + 0.008 0.084 + 0.011 0.042 + 0.007
05 0.4 | 0.03 + 0.007 0.045 £+ 0.012 0.037 + 0.007
’ 0.6 | 0.024 + 0.007 0.044 + 0.01 0.016 + 0.005
0.8 | 0.024 + 0.006 0.032 + 0.006 0.119 £ 0.024
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Table 4: Estimation errors for image datasets for ¢ = 0.5. The winning method and the method whose error

does not differ from the winning method by more than 0.01 are bolded.

Dataset | = | ' | TCPU DRPU KM2-LS
0.2 | 0.094 + 0.006 0.148 +0.019  0.085 + 0.016
0.1 | 04| 0.05£0.005  0.114 & 0.02 0.059 + 0.012
106 |0.03+0.007 0.094+0.014  0.039 + 0.008
0.8 | 0.029 £ 0.004 0.06 £ 0.016 0.538 + 0.076
020116 £0.013  0.133 £0.015  0.092 + 0.014
MNIST | 02 | 04| 0078 £0.011  0.069 + 0.015 0.065 & 0.013
0.6 | 0.053 £0.007  0.064 +0.008  0.029 + 0.009
0.8 | 0.039 & 0.004 0.042 + 0.011  0.45 + 0.061
0.2 [ 0107 £0.023  0.16 £ 0.01 0.075 £ 0.015
05 | 04| 0.068 £0.017 0.108 +0.012  0.059 + 0.015
1 0.6 | 0.047 + 0.013 0.045 + 0.015 0.065 + 0.012
0.8 | 0.037 £ 0.008  0.019 + 0.008 0.209 + 0.048
0.2 | 0.061 £ 0.004 0.076 + 0.008  0.073 % 0.007
01 | 04| 0.04£0.005 0.046 & 0.013  0.042 + 0.008
1 0.6 | 0.03 +£0.005 0.03 £ 0.009 0.029 =+ 0.007
0.8 | 0.021 £ 0.004 0.033 £ 0.007  0.302 % 0.051
0.2 [ 0.053 £ 0.01  0.082 £ 0.01 0.058 + 0.009
CIFAR 0.9 | 04 0.085£0.01  0.065 £ 0.01 0.039 + 0.012
0.6 | 0.031 &+ 0.007 0.047 +0.009  0.036 + 0.007
0.8 | 0.022 4+ 0.003 0.018 + 0.004 0.11 + 0.005
0.2 [ 0.049 £ 0.01  0.109 £0.017  0.061 & 0.004
05 | 04| 0.034 £0.008 0.057 £ 0.017  0.042 + 0.006
1 0.6 | 0.026 + 0.008 0.054 +0.015  0.033 + 0.006
0.8 | 0.016 + 0.006 0.061 +0.009  0.056 + 0.01
0.2 | 0.041 £0.005  0.022 + 0.005 0.045 + 0.006
01 | 04| 0.029 £ 0.006 0.021 + 0.006 0.031 + 0.005
06| 0.019 + 0.004 0.033 +0.008  0.028 + 0.007
0.8 | 0.018 & 0.004 0.035 +0.008  0.171 + 0.033
0.2 [ 0.051 £0.009  0.049 + 0.013 0.05 £ 0.003
0.4 | 0.039 £0.006  0.02 £ 0.005  0.047 + 0.005
FASHION 1 021 56 | 0.025 £ 0.004  0.021  0.005 0.015 + 0.003
0.8 | 0.012 & 0.002  0.04 £ 0.011 0.073 & 0.013
0.2 [ 0.049 £0.008  0.025 + 0.006 0.041 + 0.004
05 | 04| 0.036 £ 0.005 0.035 + 0.004 0.038 + 0.005
106 | 0.023 £ 0.005 0.037 +0.007  0.016 + 0.003
0.8 | 0.014 + 0.003 0.05 & 0.01 0.048 £ 0.009
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Table 5: Estimation errors for benchmark datasets for ¢ = 0.5 (part 1). The winning method and the method

whose error does not differ from the winning method by more than 0.01 are bolded.

Dataset |7 | «/ | TCPU DRPU KM2-LS
0.2 | 0.072 + 0.013 0.2 + 0.0 0.071 + 0.023
01 | 04| 0.055 £ 0.019 0.4 £ 0.0 0.149 + 0.018
06| 0.104 + 0.014 0.6+ 0.0 0.404 £ 0.021
0.8 | 0.157 £ 0.014 0.8 £ 0.0 0.771 £ 0.015
0.2 0.129 £0.011  0.239 £ 0.037  0.103 + 0.011
Disbetes | 0.2 | 04 | 0072 £ 0.018 0,417 £0.016  0.088 & 0.015
0.6 | 0.044 + 0.011 0.563 £ 0.035  0.281 % 0.017
0.8 | 0.065 + 0.016 0.735 £ 0.061  0.627 = 0.052
0.2 [ 0.121 £ 0.027 0576 + 0.018  0.132 =+ 0.011
05 | 04| 0.058 +£0.011 0428 £0.014  0.055 + 0.014
1 0.6 | 0.043 +0.009 0.293 £ 0.014  0.173 = 0.019
0.8 | 0.045 + 0.011 0.138 £ 0.012  0.645 = 0.056
0.2 [ 0.021 + 0.006 0.067 £ 0.013 _ 0.024 + 0.004
01 | 04| 0.02 +0.005  0.061+0.011 0078 = 0.015
71 0.6 | 0.021 = 0.007 0.044 £ 0.008  0.299 = 0.022
0.8 | 0.031 + 0.008 0.036 + 0.01  0.592 + 0.012
0.2 [ 0.023 £ 0.005 0.046 £ 0.007 _ 0.02 + 0.003
Spambase | 0.2 | 04 | 0:021 = 0.004  0.05 + 0.01 0.039 = 0.006
0.6 | 0.014 + 0.003 0.037 £0.01  0.161 % 0.024
0.8 | 0.016 + 0.003 0.029 £ 0.003  0.469 % 0.02
02 [ 0.025 £ 0.01  0.057 £0.015 _ 0.022 £ 0.005
05 | 04| 0.025 £ 0.005 0.059 = 0.012  0.02 £ 0.005
1 0.6 | 0.015 + 0.004 0.023 £ 0.005 0.102 = 0.018
0.8 | 0.017 + 0.004 0.046 £ 0.012  0.378 = 0.026
0.2 [ 0.019 £ 0.004 _ 0.007 + 0.002 0.032 £ 0.008
0 | 04| 0.022 & 0.004 0.019 £ 0.004 0.12 +0.013
| 0.6 | 0.021 + 0.006 0.029 £ 0.007 0.18 £ 0.028
0.8 | 0.022 £ 0.004 0.042 +0.01  0.499 + 0.025
0.2 [ 0.017 £ 0.005 0.008 + 0.003 0.036 = 0.006
Segment | 0.2 | 04 | 0-022 & 0.004  0.022 £ 0.006 0.114 & 0.013
0.6 | 0.02 £ 0.005  0.037 £0.013  0.182 = 0.032
0.8 | 0.019 + 0.003 0.047 £ 0.013  0.504 % 0.017
02 [ 0.101 £0.021  0.028 £ 0.008 0.052 = 0.008
05 | 04| 0.086£0.021  0.043 £0.012 0.121 = 0.01
106 | 0.052+0.012  0.039 + 0.015 0.194 % 0.033
0.8 | 0.026 £ 0.006 0.041 + 0.013  0.493 =+ 0.024
0.2 [ 0.156 £ 0.006 _ 0.105 + 0.01 _ 0.165 =+ 0.006
01| 040107 +0.006 0101 +0018  0.091 + 0.008
71 0.6 | 0.047 £0.005  0.08+0.012  0.026 + 0.007
0.8 | 0.016 + 0.004 0.039 £ 0.007  0.445 % 0.027
0.2 [ 0.165 £ 0.005 0.215 £ 0.015 _ 0.176 = 0.006
Woveform | 0.2 | 04 | 0.117£0.007 0156 = 0.014  0.103 % 0.007
0.6 | 0.063 £0.004  0.104 + 0.016  0.026 =+ 0.006
0.8 | 0.017 + 0.003 0.07 +0.007  0.525 = 0.092
02 [ 0.169 £ 0.005 0.187 £0.02 _ 0.169 % 0.008
05 | 04| 0123 £0.006  0.156 +0.02  0.107 + 0.007
0.6 | 0.07+0.004  0.087£0.009 0.036 = 0.006
0.8 | 0.017 £ 0.004 0.054 + 0.0l 0.19 £ 0.008
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Table 6: Estimation errors for benchmark datasets for ¢ = 0.5 (part 2). The winning method and the method

whose error does not differ from the winning method by more than 0.01 are bolded.

Dataset | |’ | TCPU DRPU KM2-LS
0.2 | 0.087 £0.024  0.2+0.0 0.057 + 0.019
01 | 0-4]0.043 £ 0.016 04 £ 0.0 0.164 £ 0.015
06 | 0.072 £ 0.017 0.6 £ 0.0 0.423 £ 0.027
0.8 | 0.102 + 0.016 0.8 + 0.0 0.723 + 0.032
020194 £0.045 0462 £0.023  0.141 + 0.029
Yeast 01 | 04014240028  0.37 +0.015 0.1 + 0.015
0.6 | 0.095 = 0.019 0.216 = 0.017  0.272 + 0.022
0.8 | 0.057 & 0.015 0.102 £ 0.011  0.641 & 0.047
02 [0238£003  0.43£0.025 0.164 + 0.042
0q | 04016140022  0.356 £ 0.019  0.146 + 0.026
7106|0117 +£ 0.016  0.22 £ 0.02 0.249 + 0.018
0.8 | 0.055 & 0.015 0.065 = 0.015  0.543 + 0.04
0.2 | 0.035 &= 0.006 0.2 + 0.0 0.07 £ 0.009
01 | 0-4]0.055 £ 0.012 04 £ 0.0 0.227 £ 0.014
"] 0.6 | 0.065 + 0.017 0.6 = 0.0 0.496 =+ 0.031
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Figure 11: Estimation errors wrt size of the source data for synthetic dataset and ¢ = 0.5. We assume that the
size of the target data is equal to the size of the source data.
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Figure 12: The impact of 7 estimation on the performance of the TCPU estimator. The boxplots show estimation
errors for TCPU target class prior estimator |7/ — 7’|, for different source class prior estimators 7.
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Figure 13: Robustness to violation of the Label Shift (LS) assumption. The blue vertical line corresponds to
the situation when the assumption is met, and non-zero values of the parameter g indicate a violation of the
assumption. Boxplots show the distributions of TCPU estimation errors for different values of the parameter g.



