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Abstract

Estimating the causal effects of interventions
is crucial to policy and decision-making, yet
outcome data are often missing or subject
to non-standard measurement error. While
ground-truth outcomes can sometimes be ob-
tained through costly data annotation or
follow-up, budget constraints typically allow
only a fraction of the dataset to be labeled.
We address this challenge by optimizing which
data points should be sampled for outcome in-
formation in order to improve efliciency in av-
erage treatment effect estimation with missing
outcomes. We derive a closed-form solution
for the optimal batch sampling probability by
minimizing the asymptotic variance of a dou-
bly robust estimator for causal inference with
missing outcomes. Motivated by our street
outreach partners, we extend the framework
to costly annotations of unstructured data,
such as text or images in healthcare and so-
cial services. Across simulated and real-world
datasets, including one of outreach interven-
tions in homelessness services, our approach
achieves substantially lower mean-squared er-
ror and recovers the AIPW estimate with
fewer labels than existing baselines. In prac-
tice, we show that our method can match
confidence intervals obtained with 361 ran-
dom samples using only 90 optimized sam-
ples—saving 75% of the labeling budget.

1 INTRODUCTION

Estimating causal effects is challenging to begin with,
but a common challenge arises when outcome data is
missing but potentially observable via active querying.
In this paper, we study observational causal inference
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with missing outcomes, where we can obtain informa-
tion about ground-truth outcomes at a cost, via expert
data annotation or follow-up. Recent machine learning
tools can label outcome information from noisy text
or image observations, but naively using biased or po-
tentially erroneous label predictions as stand-ins for
ground truth can invalidate statistical inference and
confidence intervals. Small ground-truth annotation
budgets allow valid estimation on a subsample, but
introduces high variance. We build on doubly-robust
causal inference with missing outcomes to determine
where to sample additional outcome annotations to
minimize the asymptotic variance of downstream treat-
ment effect estimation.

Our methodology is motivated by a collaboration with
a nonprofit to evaluate the impact of street outreach on
housing outcomes, where rich information about out-
comes of outreach are embedded in case notes written
by outreach workers. Street outreach is an intensive
intervention; caseworkers canvass for and build relation-
ships with homeless clients and write case notes after
each interaction. These notes are a noisy view on the
ground truth of what happens during the open-ended
process of outreach. Was a client progressing towards
housing or their goals, or were they facing other barri-
ers? In our experience, outreach workers can extract
structured ground-truth information from the unstruc-
tured text of case notes. They can provide context and
recognize important milestones. Yet under-resourced
outreach workers cannot label millions of case notes.
While modern natural language processing tools can
facilitate annotation at scale, they are often inaccurate.
Given an annotation budget constraint, how can we
strategically assign expert labels while leveraging weaker
ML-predicted annotations to optimize causal effect esti-
mation? In this paper, we develop general methodology
for optimizing data annotation and we demonstrate its
effectiveness empirically, including on ground-truthed
housing outcome data.

This problem is not unique to the social work domain
and can generally apply to cases of measurement error
with misaligned modalities (such as text or images),
where we can query the ground truth for some portion
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of the data at a cost. In some settings, we can query
other data sources for ground-truth labels directly,
while in other settings, outcomes may be recorded in
complex information such as text or images. However,
due to dimensionality issues, these cannot be directly
substituted for ground-truth outcomes Y. Throughout
the paper, we refer to these as “complex embedded
outcomes”, or Y. Weaker imputation of this auxiliary
information is feasible at scale, but second-best due to
inaccuracies. For example, when an outcome variable,
wages, is only observed from self-reported working in-
dividuals, surveyors could conduct follow-up interviews
with participants to obtain wage data, but this can
be expensive. Noisy measures from the same dataset
(such as last year’s wages) or transporting prediction
models from national wage databases can be predictive.
Such trade-offs between expert annotation and scal-
able, weaker imputation are pervasive in data-intensive
machine learning, for example as in the recent “LLM-
as-a-judge” framework (Zheng et al., 2023).

This study makes the following contributions: we pro-
pose a two-stage batch-adaptive algorithm for efficient
average treatment effect (ATE) estimation from com-
plex embedded outcomes. We derive the expert labeling
probability that minimizes the asymptotic variance of
an orthogonal estimator (Bia et al. [2021). We de-
sign a two-stage adaptive annotation procedure. The
first stage estimates nuisance functions for the asymp-
totic variance on the fully observed data. We use
the estimates and functions from the first stage to
estimate the optimal labeling probabilities in the sec-
ond stage. The final proposed estimator combines the
model-annotated labels and the expert labels in a dou-
bly robust estimator for the average treatment effect
(ATE). We show that this two-stage design achieves
the optimal asymptotic variance with weaker double-
machine learning requirements on nuisance function
estimates. We leverage our closed-form characteriza-
tions to provide insights on how to improve downstream
treatment-effect estimation. We validate and show im-
provements upon random sampling on semi-synthetic
and real-world datasets from retail and street outreach.

2 RELATED WORK

Our model is closest to optimizing a validation set for
causal inference with missing outcomes, which can be
broadly useful for causal inference with non-standard
measurement error. Typical distributional conditions
for non-standard measurement error (Schennach, 2016)
are generally inapplicable to text or images, our moti-
vating application.

The most related works are those of [Egami et al.| (2023)),
which assumes that sampling probabilities for data an-
notation are known in order to obtain doubly-robust

pseudo-outcomes, and in |[Zrnic and Candes| (2024)
which does optimize data sampling probabilities, but
not for causal estimation. Both of these papers address
non-causal estimands such as mean or M-estimation,
whereas we focus on treatment effect estimation.

Our work follows the basic approach of finding outcome
annotation probabilities that optimize the semipara-
metric efficient lower bound, whether via batch or full
adaptivity. [Hahn et al| (2011) studied a two-stage
procedure for estimating the ATE with a proportional
asymptotic and showed asymptotic equivalence of their
batched adaptive estimator to the optimal asymptotic
variance. [Li and Owen| (2024)) also considers a dou-
ble machine learning version of Hahn et al. (2011)).
Other treatment-choice variants in the same frame-
work include Kato et al| (2020)); |Cook et al.| (2024]).
Crucially, all these other papers focus on allocating
treatments, while we allocate the probability of reveal-
ing the outcome; this changes the problem as well as
what objectives might be relevant. Due to missing
outcomes, our estimator is different, we characterize
the new closed-form optimal sampling probabilities,
and we have new technical challenges of finite-stable
instability from multiplied inverse importance weights.
We address these with balancing-weight methods in the
experiments. |Armstrong| (2022) proves the semipara-
metric efficiency lower bound cannot be beat in general
by adaptive designs; so this algorithmic paradigm is
the best possible for the asymptotic inference objective.

To be sure, the literature on adaptive treatment allo-
cation or outcome annotation is vast, even in causal
inference specifically. In Table [I] we provide a basic
taxonomy of approaches, contrasting them from ours
based on: whether they choose treatments vs. anno-
tate outcomes (holding treatments fixed), and what is
the objective: prediction error, decision regret, or best
estimation of the ATE (smallest asymptotic variance).
Other paradigms such as active learning or bandits
look similar but optimize different objectives from ours,
and do not solve our problem directly (Settles, [2009).
Active learning (AL) optimizes for prediction error,
which is suboptimal for best estimation of the ATE.
Prior works (Jesson et al., 2021} |[Sundin et al., 2019)
build on vanilla active learning for conditional average
treatment effect (CATE) estimation, but reduce the
problem to learning two regression functions, which
leads to suboptimal CATE estimation in general. See
Appendix [G.7] for further discussion on key differences,
and additional experiments comparing to AL baselines.

Many exciting recent works study adaptive experimen-
tation under different desiderata, such as full adaptivity,
in-sample decision regret or finite-sample guarantees
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Predictive error objective Decision objective

(MSE of E[Y(2) | X])

Inference (Optimize asymp-
totic variance for ATE)

Choose Experimental design
treatments

Annotate Active learning; regression-based
outcomes for CATE (Jesson et al.} 2021)).

Bandits for simple regret, best- (Hahn et al.,|2011;|Li and Owen,
arm identification (Lattimore and| [2024} |Cook et al. |2024; Zhao,
Szepesvari, [2020)
Best-arm identification. For CATE, Our work
(Sundin et all |[2019). Else n/a.

2023)

Table 1: Taxonomy of adaptive data collection methods for causal inference by what is sampled (treatments vs.
outcomes) and by target objective (prediction, decision, inference).

(Gao et al., 2019; |Zhao 2023; |Cook et al., 2024 |Shi
et al., 2024)|H Some desiderata for treatment allocation
are irrelevant to our work on outcome/data annotation.
Batch annotation is more relevant for querying human
annotators, instead of full adaptivity. Simple decision
regret is important when changing treatment decisions
online, but not relevant for outcome annotation of
historically collected data. However, other technical
tools like more advanced adaptive inference could be
further adapted to our setting.

Regarding the use of auxiliary information in causal
inference, many recent works have studied the use of
surrogate or proxy information. Although our use of
context Y aligns with colloguial notions of surrogates
or proxies, recent advances in surrogate and proxy
methods refer to specific models that differ from our
direct measurement /costly observation setting (Athey]
et al. [2019; Kallus and Mao, 2024; |Egami et al., 2023).
See Appendix [B]for more discussion on the distinctions.

3 PROBLEM SETUP

We study causal inference with missing outcomes,
where a simpler ground truth outcome ¥ € R can
be revealed via annotation of a more complex observa-
tion thereof (e.g., text or images), denoted Y. We also
discuss extensions to a setting where we can use Y to
enhance nuisance function estimation.

In both cases, we assume the ground-truth data-
generating process follows that of standard causal in-
ference. The ground-truth data (X, Z,Y (7)) includes
covariates X € X, a binary treatment Z € {0,1}, and
potential outcomes Y (Z) in the Neyman-Rubin po-
tential outcome framework. We only observe Y (Z)
for the historically-assigned Z and assume the usual
stable unit value treatment assumption (SUTVA). If
all ground-truth outcomes were observed, estimation
would reduce to the standard causal setting; the key
challenge is missingness. Let R € {0,1} denote the

1See (Zhao, [2024) for a survey on experimental design
in causal inference, and (Simchi-Levi and Wang} [2023} |Qin
and Russo, [2024) for discussions on trading-off bandit regret
vs. best-arm identification.

presence (R = 1) or absence (R = 0) of the outcome
Y. The observed dataset is (X, Z, R, RY), i.e. with
missing outcomes. Causal identification relies on the
following assumptions:

Assumption 1 (Treatment ignorability (Hernan and
Robins|, 2025)). Y (Z) L Z | X.

Assumption 2 (R-ignorability (Rubin) 1976} |Bia et al.|
2021)). RLY(2)]| Z, X.

Assumption [I] or unconfoundedness, posits that the
observed covariates are fully informative of treatment.
It is generally untestable but robust estimation is pos-
sible in its absence, e.g. via sensitivity analysis and
partial identification (Zhao et all 2019; Kallus and
Zhoul, [2021). On the other hand, Assumption [2 is true
by design, since we choose what datapoints are anno-
tated for ground-truth labels based on (Z, X) alone.

Though completely random sampling enables doubly-
robust causal inference, we ask: how can we optimize
our choice of annotated datapoints to improve the
variance of downstream estimation? We assume a
fixed annotation budget B € [0, 1] that determines the
fraction of the dataset that can be annotated. We
define the propensity score and annotation (outcome
observation) probability as follows:

e.(X) :=P(Z = z|X) (propensity score)
m(Z,X):=P(R=1|Z,X) (annotation probability)

We assume positivity /overlap; that we observe treat-
ment and outcome with nonzero probability.

Assumption 3 (Treatment and annotation positivity
(Hernan and Robins, 2025)). e < 7(z,X) <1—¢,z €
{0,1} and € < e1(X) < 1 — ¢, with € > 0.

Assumptions|[I] to[3| are standard in causal inference and
we point the reader to textbook references for further
discussion (Hernan and Robins|, |2025; [mbens, |2004;
Kennedy, [2020).

We define the outcome model, which is identified on
the R =1 data by Assumption [2] and the conditional
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variance:

p(X) =E[Y | Z = 2z, X] Y|Z=2R=1X]

= E
asn2l
o2(X) = E[(Y — (X)) | Z = 2, X].

z

Batch allocation setup. We consider a two-batch
adaptive protocol, where n i.i.d. observations are ran-
domly split into two batches. We consider a propor-
tional asymptotic where the size of first batch, nq, is a
fixed proportion x € (0,1) of n.

Assumption 4 (Proportional asymptotic (Hahn et al.
2011; |Li and Owen, [2024))). lim,, o & = k.

n

This depends on some joint properties of x,m;, and
whether it is feasible to find second-stage batch sam-
pling probabilities 73 so that k4 (1—k)me(z) = 7*(z).
In practice, in the first batch, we randomly assign anno-
tations according to a small but asymptotically nontriv-
ial fraction of the budget. Outcomes are realized and
observed, and the nuisance models (i, (), é,(z), 52(x))
are trained on the observed data. In the second batch,
we solve for optimal annotation probabilities 7* and
sample data so that the mixture distribution over out-
come observations achieves 7*. We combine the results
from both batches and use the data for ATE estimation.

Extension to missing outcomes with context. We
provide an extension of our missing outcomes frame-
work to settings where complex-embedded outcomes
might be used not only for data annotation but also
to enhance outcome model predictions. Though our
method assumes ground-truth outcomes could be re-
vealed for each datapoint, for example via follow-up
surveys, in practice this is most likely relevant in data
annotation settings. Expert data annotation only works
when there is some data to annotate: we denote this
noisy observation Y, which could be text or images.
Given that a noisy observation Y is available, a natural
question is, when can Y be included to further improve
outcome prediction? We need an additional assump-
tion: an exclusion restriction that the direct causal
effect of treatment passes through the ground truth
Y alone. Similar assumptions are in the measurement
error literature (Shu and Yi, [2019). For example, in a
medical setting, treatment may shrink a tumor (chang-
ing Y), which is recorded in clinical notes or imaging
data Y. But the treatment does not directly effect how
text or images are recorded. This prevents collider bias,
and is testable after the first batch of data.

Assumption 5 (Complex embedded outcomes: exclu-
sion restriction ). Z LY | X, Y (Z)

Assumption [ is well-suited to medical and social ser-
vice applications, and is motivated by our street out-
reach setting. There, the treatment is whether a higher

level of outreach was delivered. Outreach levels are
not recorded in casenotes, though states mandate a
minimum, making the exclusion restriction plausible.
This assumption can be verified via standard tests of
conditional independence. We report results of these
tests on our real data in the experiments section.

In this setting, under Assumption [5] we can allow the
outcome model to depend on the complex embedded Y,
and denote puz(X,Y) := E[Y|Z, X,Y]. Note we only
need Assumption || if using Y to improve outcome
modeling of p.(X,Y). Otherwise, if there is any doubt
about Assumption [5] simply revert to the original case
and do not include Y in outcome prediction.

There are several ways of incorporating the context into
the outcome model. We denote an ML prediction based
on Y (with X covariates and treatment information)
as f.(X, f/); for example zero-shot prediction using an
LLM. If using black-box ML or LLM predictions, we
recommend ensembling with E[Y'|Z, X] or estimating
E[Y | Z,R=1, f.(X,Y)] to calibrate LLM predictions,
in order to satisfy statistical consistency conditions.
(Egami et al.| (2023) also suggests this).

Under the setting with missing outcomes and the exten-
sion to missing outcomes with context, we also assume
that the conditional variance is strictly positive.

Assumption 6 (Conditional variance positivity).
E((Y — p(X))?Z = 2 X] > € and E[Y —
pa (X, V)2 Z = 2,X] > ¢, with € > 0.

4 METHOD

We outline our method, starting with a recap of the
augmented inverse-propensity weighting (AIPW) esti-
mator for causal inference with missing outcomes. Then
we optimize its asymptotic variance, characterize the
optimal 77*, and give a feasible estimation procedure.

Recap: Optimal asymptotic variance for the
ATE with missing outcomes. We seek to estimate
the average treatment effect (ATE) on ground-truth
outcomes Y. Define

r=E[Y(1) - Y(0)].

Bia et al.| (2021) derives a double-machine learning
estimator for ATE estimation with missing outcomes:

E[Y (2)] = E[y.],
1[Z = JR(Y — (X))
e-(X)m(z, X)
and Tarpw = E[1 — o).
The outcome model p,(X) is estimated on data with

observed outcomes. Under SUTVA and Assumption [2]
EY(2)|X]=E[Y|Z=2X|=E[Y|Z=2R=1,X].

where 1), = + p=(X),
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We optimize the semiparametric efficient asymptotic
variance with missing outcomes. We express the asymp-
totic variance of (Bia et al. [2021) in terms of u,,e,,m:

Proposition 1. The asymptotic variance (AVar) is:

o2(X)
= po(X) + 2. cp01y Elen ]

AVar = Var[p; (X)
The first term is independent of 7; we focus on opti-
mizing the second term with respect to .

Remark 1. In the setting with complex embedded out-
comes where the outcome predictions (X, f/) predict
based on Y information, this only changes the outcome
model for evaluating the AIPW estimator. Since we op-
timize annotation probabilities varying in X alone, the
optimization objective and solution remain the same
in the limit, marginalizing over Y.

Characterizing the optimal 7*(z,2). We first char-
acterize the population optimal sampling probabilities
(2, x), assuming the nuisance functions are known.
We optimize the asymptotic variance over m under a
global sampling budget B € [0, 1] over all annotations.
7*(z, z) solves

min
0<m(z,2)<1,Vz,x

st. E[n(Z,X)] < B 1)

Note that in the global budget constraint, E[n(Z, X)] =
E[r(1, X)1[Z = 1] + x(0, X)1 [Z = 0]].

Additionally, the optimal annotation probability 7*
must also satisfy the overlap assumption standard in
causal estimation (similar to Assumption [3)). Here, if
0%(X) is strictly positive (Assumption then our
analysis implies that 7* is strictly positive as well.

Assumption 7 (Optimal annotation positivity). € <
m(z,X) <1—¢ withe>0

We can characterize the solution for the optimal anno-
tation rule as follows.

Theorem 1. The optimal annotation probabilities are:

VRO B (& [VAX) + VX))

e.(X)

(2, X) =

Note that sampling probabilities increase in the condi-
tional variance/uncertainty of the model, 02(X), and
the inverse propensity score. Characterizing the closed-
form solution is useful for our analysis later on. For
the full proof, see Appendix

Feasible two-batch adaptive design and estima-
tor. Our characterizations above assume knowledge
of true o2(x) and propensity scores e, (). Since these

need to be estimated, we leverage the double machine
learning (DML) framework and conduct a feasible two-
batch adaptive design (Chernozhukov et all 2018; Bia
et all) 2021). Standard cross-fitting (Chernozhukov
et al.l |2018)) splits the data, estimates nuisance func-
tions on one fold, and evaluates the estimator on a
datapoint leveraging nuisance functions from another
fold of data. We leverage a variant known as convergent
split batch adaptive experiment (CSBAE) that intro-
duces folds within each batch of data (Li and Owenl,
2024) . Figure [2| summarizes the CSBAE cross-fitting
approach; we leave details to the appendix. First, we
split the observations in each batch ¢ = 1,2 into K
folds (e.g. K =5). Let Zj, denote the set of batch and
observation indices (t,4) assigned to fold k and batch ¢.
Then within each fold, we estimate nuisance models on
observations in batch 1. We use cross-fitting to opti-
mize the sampling probabilities, i.e., 7*(=%) optimizes
asymptotic variance with out-of-fold nuisances e(=%).
Finally we adaptively assign annotation probabilities in
batch 2. This ensures independence, meaning that the
nuisance models in batch 2, fold & rely only on observa-
tions from the previous batch 1, in fold k. The adaptive
algorithm with the CSBAE cross-fitting procedure to
estimate 747pw is described in full in Algorithm

Therefore the cross fitted feasible estimator takes

the form 7Tarpw = Zt 1 Zk 1 Z(t i)ETh 1/)1 i 1/}0,1
where

5 ANALYSIS

In this section, we provide a central limit theorem for
the setting where annotation probabilities are assigned
adaptively and nuisance parameters must be estimated.
We provide some insights to improve estimation as well
as an extension to settings with continuous treatments.

Denote [|-|l, = (E[(-)2])/2. The following Assump-
tions [§ to [[0 are all standard in the double machine
learning literature (Chernozhukov et al., |2018; |Wager,
2024; |Athey and Wager] 2021} Uehara et al., [2020} Bia
et al) 2021). Assumption (also found in |[Li and
Owen| (2024])) is specific to our batch adaptive sam-
pling design and characterizes a smoothness property
of the doubly robust score. As a result, given the ex-
plicit form of our score function, it follows directly from
assumptions [§ and [0

Assumption 8 (Consistent estimation and bound-
edness). Assume bounded second moments of out-
comes and errors, [|Y(2)[l, < Cp,|p=(X)|y, < Co,
Yy — ,uZ(X))Hg < 4B,2, Vz; and consistent estima-
tion E[(p-(X)—fi.(X))? < K,n~ " for some constants
017027B0'25Kll,’rlu, Z O
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Algorithm 1 Batch Adaptive Causal Estimation With
Complex Embedded Outcomes

Input: Data D = {(XZ,Z“Y“Y)}z 1, sampling
budget B, for z € {0,1}

Output: ATE estimator 7a7pw

Partition D into 2 batches and K folds D{*), D{®) for
k=1,.... K

Batch 1:

for k=1,...,K do
On ng): Sample Ry ~ Bern(m(Z, X)), where
m1(z,2) = B,.

Estimate nuisance models: Where R = 1, estimate
ﬂgk) by regressing Y on X (or X,Y), and 52(F)
by regressing (Y — fi,)? on X. Estimate é; ) by
regressing Z on X.

end for

Batch 2:

for k = 1 , K do
On D Obtam 7 by optlmlzmg eq. (1)), plugging
in ﬂ( k) 63( k) ,and é (

Solve for Wék)(Xi) = 1%(71'*(X1) — K1)

Sample Ry ~ Bern(f, (k )(Xz)
end for
Obtain D*) for k = 1,...,
batches D(k) and D(k)

On D) re-estimate u( ) Az(k)

outcomes RY fork=1,....K

On D™ run optimization procedure to get 7*(=*)
with out of fold nuisances /l,(;k), 65(716), and égfk).
On full data D, estimate ATE by using AIPW es-

timator in eq. and out of fold nuisances 7*(—%)

AR 520 and k)

K by pooling across

,and égk) on observed

Assumption 9 (Marginal and product er-
ror rates). For nuisance functions, assume
that the following are true about marginal er-

or rates: (1) [7=(X) —p(X), = opn )
s (i) fle(X) —ea(X)lly = op(nTH); (i)
|7(z, X) —7m(z, X)|l, = op(n~3) for z = 0,1.

Assume that the products of their mean-square
convergence rates vanish faster than n~'/2: (iv)

V| (X) = pa(X)lly % (17 (2, X) =7z, X[, = 05

(fV) \/ﬁl(l)ﬂf(X)—uz(X)Hz X lex(X) —ex(X)[l, © 0

Assumption 10 (VC dimension for nuisance estima-
tion). The nuisance estimation of e, and o2 occurs
over function classes with finite VC-dimension.

Assumption 11 (Sufficiently weak dependence across

batches (Li and Owen, 2024))).

1 - ) 2
— > HIE [%(R; 7) — ¢i(R; ) \I(‘k),Xz} ‘
t.k i:(t,1) €Ly,
= Op(nii)’

where 7 is the wvector of nuisance functions
=k 7(=F) (=K and 7 is the vector of true pop-
ulation nuisance functions. Then o;(R;7) =
Yi(R; M, 70 AR and ¢ (Ryn) = oi(Rs e, 7, p).
Theorem 2. Given Assumptions [1] to [f, suppose
that we construct the feasible estimator Tarpw (Equa-
tion (2)) ) using the CSBAE crossfitting procedure with
estimators satisfying Assumptions @ to (consistency
and product error rates). Then

Vn(Farpw — 1) = N(0, Varpw),

where T is the ATE and Varpw is

X)
Z E |:(Z)():| + Var [p (X) — po(X)] -

z€0,1

Theorem [2] shows that the batch adaptive design and
feasible estimator has an asymptotic variance equal
to the variance of the true ATE under missing out-
comes and the optimal 7*. Therefore, our procedure
gives asymptotically valid level-a confidence intervals
for 7 of minimum width. The proof of Theorem [2]
proceeds in two steps. The first step establishes that
the feasible ATPW estimator converges to the AIPW
estimator with oracle nuisances. Next we show that
the oracle estimator with feasible nuisances converges
to the same estimator with oracle nuisance functions.
Together, with our convergence and product error rate
assumptions, we have that our feasible AIPW estimator
converges to the oracle (see full proof in Appendix .

Insights and improvements

1) When is our method much better than uni-
form sampling? Prior works of (Egami et al., [2023;
Zrnic and Candes|, 2024)), though they do not study
treatment effect estimation, obtain valid inference with
uniform sampling (i.e. with the budget probability).
When do optimized data annotation probabilities im-
prove upon uniform sampling? To answer this, we
analyze the relative efficiency (RelEff) which compares
the asymptotic variance (AVar) under optimized or
uniform sampling, for the same budget.

Corollary 1 (Relative efficiency).

AVar of estimation with 7*

RelEff =

AVar of estimation with uniform prob. B
2
= (E [\/a% (X) + \/ag(X)D + Var[r(X)]

o7 (X oc2(X
E | 263 + 25| + varlr (X))
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By construction, RelEff < 1; the smaller it is, the larger
the improvement from our method. Our method’s
improvement increases if the budget is smaller (B |) or
if there are imbalanced propensities where e;(X) close
to 0 or 1. Improvements shrink for large budgets or
when treatment variances are similar.

2) Direct estimation of (en*)~! mitigates esti-
mation stability. It is well known that estimating
propensities and then inverting estimates can be unsta-
ble in practice. This problem is doubly-so for causal
inference with missing outcomes. We find many papers
on adaptive treatment allocation note this challenge
and mix their optimized allocation probabilities with
uniform in the experimental sections (Dimakopoulou
et al., 2021} |Zrnic and Candés; 2024} |Cook et al., 2024);
just as many papers in causal inference clip the weights
in practice (Wang et al.l 2017). Our closed-form solu-
tion reveals that estimating propensity scores for the
final ATE estimation on the full dataset is fundamen-
tally unnecessary, though it is needed to estimate 7*.
At 7*, observe that (e, (2)7* (2, 7))~ o \/o2()~! and
is independent of the propensity score e,(x). Therefore
estimating the optimal inverse propensity function di-
rectly can exploit its lower statistical complexity. In
causal inference and covariate shift, many methods
(such as balancing weights) avoid the plug-in approach
for inverse propensity methods in favor of direct estima-
tion of the inverse propensity score (Tsuboi et al., [2009;
Zubizarreta), 2015; Imai and Ratkovicl, [2014}; [Kallus)
2018aub; [Cohn et al., 2023; [Bruns-Smith et al. 2025)).
We recommend estimation on the final dataset with
such approaches or other types of direct estimation.
For example, even estimation of P(Z =z, R=1] X)
directly helps:
o (e, 1) = sty (Y — (X)) + (X)),
(RZ-plug-in.)
3) Insights extend to continuous treatments.
Our analysis applies readily to other static causal
inference estimands, such as those for continuous
treatments. We characterize the optimal sampling
probabilities. Consider estimating E[Y (z)], for some
z.  The estimator for continuous treatments with
missing outcomes is a direct extension of (Colangelo
and Lee| [2020) (omitted in main text - see appendix).
Let a(z,X) = m be the inverse generalized
propensity score function. The estimator for continu-
ous treatments replaces the indicator function I[Z = 2]
with a local kernel function smoother localizing around
z, Kp(Z — 2). E| The optimization problem can be
written as follows:
2The kernel function K (u), used in kernel density esti-
mation, satisfies ffooo K(u)du =1 (normalizes to a proba-
bility density) and K(—u) = K (u), for all u (symmetry),
such as the Gaussian kernel with K(u) = (27r)_%e_“2/2,

™ (z,x) €

K2 _ ~2
argmin/ als = z)a”(s, 2) 0?(s,x) fzx (s, x)dsdx
w(z,x) JX JZg ’/T(S,x)

Theorem 3. The optimal annotation probabilities for
estimating continuous treatments are:

Kp(Z—2z)a(z,X)\/02(2,X) B
E[Kh(Z—z) a2(z,x)a2(z,x)] '

(2, X) =

Crucially, note that the optimal sampling probability
is similar to the binary-treatment solution Theorem
with analogous outcome conditional variance and in-
verse propensity, but additional localization around
the treatment z. Therefore, key insights carry over to
the continuous setting. We include full details on the
estimator and proof in Appendix [D.2]

6 EXPERIMENTS

We evaluate our batch adaptive allocation protocol on
synthetic and real-world datasets. We show that our
method enables consistent and efficient ATE estimation
even under limited labeling budgets, ultimately help-
ing resource-constrained organizations obtain reliable
estimates from their data.

Baselines. Across all experimental setups, we com-
pare against completely random sampling for AIPW,
and evaluate MSE relative to an oracle full-data sky-
line (infeasible in practice). We compare MSE to the
skyline of the standard AIPW estimator with fully ob-
served outcomes, that is when the budget equals 1 or
R =1 for all data points. In our setting, completely
random sampling for AIPW is the strong baseline, be-
cause AIPW is optimal causal estimation for the ATE.
Any other sampling strategy in our 2-stage framework
with AIPW performs suboptimally (since we’ve proved
that ours is optimal). Additionally, the baselines used
in related papers are either random sampling or the
exclusion of model-based predictions (i.e. j or Y).
However, because our task is inherently causal, our
ATPW estimator relies on p. Other more complicated
methods target different objectives. We run pool-based
active learning baselines that perform worse because
their objective is outcome prediction error instead of
causal estimation. We provide more details about ac-
tive learning and baseline experiment results that we

run in Appendix [G.7]

Synthetic Data. For our simulation study, we gener-
ate synthetic data following the data generation process
defined in Appendix The synthetic data does not
include Y, but best showcases the utility of our batch

or uniform K(u) = 1/2l[lu| < 1]. We generally consider
K (u) = h K (u/h).
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Figure 1: Experiments on synthetic data (leftmost), Retail Hero (center left), and Street Outreach
data (center right and rightmost). Results of performance measure mean squared error (top) and 95%
confidence interval width on the log scale (bottom) averaged over 20 and 100 (for simulated data) trials across
budget percentages of the data. For tabular data experiments, we use random forest prediction on tabular data
alone (center right). For tabular data including LLM predictions on text, we use LLM predictions and serialized
features as covariates into model (center left and rightmost).

adaptive procedure for data annotation under a label-
ing budget. The leftmost plots in Figure [I] shows that
our approach achieves the great percentage gains at
the smallest budgets 0.1 — 0.3 with 71% — 95% aver-
age percentage gain. We also see a large reduction in
confidence interval width on the log scale.

Retail Hero Data. We study a semi-synthetic
dataset, RetailHero (X5|[2019), augmented by [Dhawan
et al.[ (2023) to include outcomes recorded in text. The
dataset contains background customer information X,
treatment Z as a text message ad sent to the customer,
and outcomes Y of whether the customer made a pur-
chase or not. |Dhawan et al.| (2023) sampled datapoints
according to an artificial propensity score and gener-
ated text from the binary outcomes prompting LLMs
to generate social media posts following personas (given
covariates) (details in Appendix. These text posts
are Y. The goal is to estimate the causal effect of SMS
communication on purchase. This illustrates our con-
textual setting: abundant social media posts provide
noisy signals, but only limited validation is feasible.

We implement our proposed methods using 1) random
forest models to estimate the outcome model fi, (X) and
2) a data-driven ensemblin of p,(X) and ji.(X,Y),
where the latter includes zero-shot LLM predictions

3We estimate the outcome model fi.(X,Y) by ensem-
bling, taking a weighted average between E[Y|X] (ran-
dom forest) and E[Y|X, f(X,Y)] (support vector machine),
choosing the best models and weights to minimize the MSE
of predicting Y on 20% of the full data.

(using Llama-70B) as a covariate (center left,
. For f.(X,Y), to save computational cost
| we cached a set of five LLM predictions for
each data point offline that we then sampled from in
the our experiments. We average the results over 20
random data splits. We compute the ATPW estimator
on all available data as a stand-in for ground-truth.
(The dataset was too small for a separate held-out
validation set).

Figure [I] shows the improved performance of our adap-
tive estimator either with a direct estimation of (er*)~!
using logistic regression that we plug-in (following Equa-
tion ) or a random forest-based estimator
of (er*)~! extracted from ForestRiesz (Chernozhukov
et al., [2022)), a random forest-based method to learn
balancing weights, over the random sampling base-
line. This highlights the relevance of our insights in
Section 5: since the optimal annotation weights lead
to an AIPW estimator independent of e, using direct
balancing weight estimates or estimating RZ jointly
can improve empirical performance. This is a nontriv-
ial improvement given the reliance of prior papers on
clipping propensities or mixing with uniform in their
experiments (Dimakopoulou et al.l 2021; Zrnic and
Candes|, 2024; |Cook et al., [2024). At budget value
B = 0.1, our batch adaptive procedure with plug-in
and balancing weights achieves a 77% and 85% average

4More detail on models and runtime in Appendix
Replication code and data for this application can be ac-
cessed at https://github.com/ezinne359/adaptive-causal-
annotations
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percentage gain (respectively) in MSE over random
sampling, while at B = 0.4 we see a ~ 73% percentage
gain for both estimators. Figure [9]in Appendix [G.6]
shows the impact of our approach most clearly when we
compute the percentage of the budget saved to reach
the same interval width. We observe a minimum bud-
get saved of ~ 10% with the adaptive plug-in estimator
and ~ 45% with the adaptive balance estimator on tab-
ular data. The LLM prediction we generate is based
on simple zero-shot learning and direct serialization
of the tabular data; further fine-tuning could improve
performance. Nonetheless, our method can provide ro-
bust valid guardrails around statistical inference using
these black-box predictions.

Street Outreach Data. Next, we demonstrate our
method on street outreach casenote data collected by
a partnering nonprofit providing homelessness services.
This analysis was approved by the Institutional Review
Boards at UC Berkeley, Fordham, and USC.

The covariate data X consists of baseline characteristics
on each client as tabular data (center right, Figure [1f),
such as the number of previous outreach engagements,
and (rightmost, Figure LLM generated summaries of
case notes recorded before treatment. We construct the
cohort in our dataset to include clients who are seen
consistently at least once per month from 2019-2021.
The binary treatment Z was based on the number of
outreach engagements within the first 6 months of 2019.
Clients with 1-2 engagements were assigned Z = 0 (131
clients), and those with 3-15 where assigned Z = 1
(355 clients). The outcome Y can take on values in
{0,1,2,3}, where 0 indicates that a client is still on
the streets and 3 indicates that a client has found per-
manent housing. Y is the highest housing placement
reached by 2021. Our final data set contained 471
clients. More information on the data can be found in
Appendix We use housing placement as an illustra-
tive example because the ground truth data is available
in our dataset. However, this is still illustrative since
it might be missing in other settings, in which case
nonprofits have to decide how to expend their limited
resources to obtain more information (i.e., caseworker
follow-up calls or analyzing more recent casenotes 17)
Similar to Retail Hero, our "Tabular Data" model uses
random forests to estimate the outcome model on tab-
ular data alone, [i,(X), and in “..4+LLM Predictions”
we include LLM predictions f, (X, }7) as additional
covariates and estimate ji,(X,Y).

We perform a conditional independence test on our
street outreach data to verify Assumption Because Y
is high-dimensional textual data, and high-dimensional
conditional independence testing is statistically hard,
we conduct our test on LLM generated predictions from

the text u(Y") rather than the raw text. We run the test

two ways: a likelihood ratio test for logistic regression
and a permutation-based test using a clsasifier. Both
fail to reject the null hypothesis of treatment Z is
conditionally independent of Y given Y.

For the likelihood ratio test, we fit a logistic regression
model on the full sample with x(Y) and the one-hot
encoded outcomes Y (dropping the first level to avoid
collinearity), then compare to a null model with Y’
only. The test fails to reject the null with a p-value
p = 0.93, providing no evidence that the complex-
embedded outcomes predicts treatment after condition-
ing on the outcomes. As a sanity check, we also run
a permutation based conditional independence test by
stratifying on Y. Within each stratum Y = y, we
train a classifier to predict Z from p(Y), and using
accuracy as our test statistic. We permute Z 1000
times per stratum, and for each permutation, we re-
fit the classifier to get a null test statistic. We find
no evidence of conditional independence for each Y
(po = 0.48,p; = 0.82,p; = 0.31,p3 = 0.65). Together,
both tests support the validity of the exclusion restric-
tion assumption. We acknowledge this assumption may
not hold in all settings, such as in medical contexts
where clinical notes reference treatment plans. How-
ever, this can be addressed by using only pretreatment
notes or excluding notes from the outcome model .

In Figure |1| we see that overall our adaptive approach
shows improvements over uniform random sampling.
The MSE approximately doubles when going from both
adaptive estimators to random sampling in the tabular
data setting and with LLM predictions. For budgets
B = 0.2 — 0.5, the confidence interval widths for our
causal effect estimates range from 0.31 — 0.38 for the
adaptive estimator with balancing weights, 0.47 — 0.98
for the plug-in estimator, and 0.76 — 1.56 for random
sampling. Thus, our batch-adaptive estimators yield
far more precise estimates than random sampling, and
at lower cost. Figure[I0]in Appendix shows that
we can save between 43 — 75% of the budget using
the plugin estimator on tabular data alone and by
incorporating LLM predictions, and between 53 — 91%
using the balance estimator over the random sampling
baseline.

Conclusion, limitations, and future work. We
have introduced a batch-adaptive causal annotation
procedure for efficient data labeling. Limitations in-
clude assuming that annotations reveal ground truth,
since annotators might disagree. Our theory also re-
quires LLM statistical consistency - we suggest using
them in ensembled predictions. In future work, we plan
to explore other causal estimators.
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e.g., personally identifiable information or of-
fensive content. [Not Applicable] This is not
applicable to our paper.

5. If you used crowdsourcing or conducted research
with human subjects, check if you include:

(a)

(b)

The full text of instructions given to partici-
pants and screenshots. [Not Applicable] This
is not applicable to our paper.

Descriptions of potential participant risks,
with links to Institutional Review Board (IRB)
approvals if applicable. [Yes| There is no risk
to participants as we only work with histori-
cal data, but we do disclose our IRB with the
nonprofit organization in Section 6.

The estimated hourly wage paid to partici-
pants and the total amount spent on partici-
pant compensation. [Not Applicable] This is
not applicable to our paper.
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A NOTATION

Y; Ground truth outcomes, observed when label is provided by experts

Y; Complex embedded outcomes, such as raw text

X; Covariates included in estimation

Z; Treatment assignment indicator

R; Missingness indicator, indicates whether i is expertly labeled

e;(X;) Propensity score, probability of being assigned treatment Z = z

w(Z;, Xi) Annotation probability, probability of sampling unit ¢ for expert annotation

f2(X, f/L) Estimated function of covariates and complex embedded outcomes, e.g. zero-shot LLM prediction from raw text

fi-(X;, f(Y))  Estimated model predicting Y as function of (X;, f(¥;))

B ADDITIONAL DISCUSSION ON RELATED WORK

Additional discussion on surrogate estimation In much of the surrogate literature, surrogates measure
an outcome that is impossible to measure at the time of analysis. The canonical example in |Athey et al.| (2019)
studies the long-term intervention effects of job training on lifetime earnings, by using only short-term outcomes
(surrogates) such as yearly earnings. In this regime, the ground truth cannot be obtained at the time of analysis.
In this paper, we focus a different regime where obtaining the ground truth from expert data annotators is feasible
but budget-binding.

We leverage the fact that we can design sampling probabilities of outcome observations (ground-truth annotations)
or patterns of missingness for doubly-robust estimation, aligning with some methods in the surrogate outcomes
and data combination literature (Yang and Ding), [2020; Kallus and Maol, |2024). But we treat the underlying
setting as a single unconfounded dataset with missingness. The different setting of proximal causal inference
(Tchetgen Tchetgen et all, 2024} (Cui et al.| [2024) seeks proxy outcomes/treatments that are informative of
unobserved confounders; we assume unconfoundedness holds. Recently, (Chen et al.| 2024) study the “design-
based supervised learning" perspective of (Egami et al., |2023) specifically for proxies for unobserved confounding.

Additional discussion on more adaptive allocation methods beyond batch. We outline how our
approach is a good fit for our motivating data annotation setting. Full-adaptivity is less relevant in our setting
with ground-truth annotation from human experts, due to distributed-computing-type issues with random times
of annotation completion. But standard tools such as the martingale CLT can be applied to extend our theoretical
results to full adaptivity. Additionally, many recent works primarily focus on the different problem of treatment
allocation for ATE estimation. In-sample regret is less relevant for our setting of data annotation, which is a
pure-exploration problem.

Optimizing asymptotic variance of the ATE vs. active learning. An extensive literature in machine
learning studies where to sample data to improve machine learning predictors, in the subfield of active learning.
The biggest difference is that we target functional estimation, aka improving estimation and inference on the
average treatment effect, rather than improving estimation of the black-box nuisance predictors, so our approach
is complementary to other approaches for active learning. Approaches for active learning with nonparametric
regression include [Zhu and Nowak| (2022); |(Chaudhuri et al.| (2017)). Active learning generally requires additional
structural conditions, such as margin or low-noise conditions, in order to show improvements. Our work highlights
optimality leveraging the structure of our final treatment effect inferential goal.
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Other works on causal inference and active learning for heterogeneous treatment effect estimation
Some papers combine active learning and causal inference, but they primarily focus on estimating the conditional
average treatment effect, or CATE = E[Y (1) — Y(0) | X]. Most of these papers consider estimation via the
difference of two regression functions, i.e. CATE estimators that look like 1 (X) — po(X), and therefore focus
on active learning for regression methods in general, with a twist of learning the two treated/control regression
functions. (Jesson et al.l |2021)) adapts Bayesian active learning for deep models, but modifies them to avoid
sampling in non-overlap regions. (Sundin et all 2019) focuses on sampling counterfactual outcome information
with a best-arm identification objective (type-S error, to identify the correct sign of treatment effect). While
these earlier papers also aim to reveal outcome information when treatment is already assigned, they primarily
focus on reducing regression estimation error of an inefficient/non-doubly-robust estimator for the CATE. We
instead focus on estimating the ATE, and optimizing the asymptotic variance of semiparametrically efficient
estimation of the averaged ATE functional.

Relationship to causal inference and NLP There is a large and rapidly growing literature on causal
inference with text data (Egami et al., |2022; [Sridhar and Blei, 2022} [Veitch et al., [2020). Throughout, we have
deliberately used the terminology of measurement error to characterize our approach: that text measures outcomes
of interest. (Dhawan et al. [2023) also adopt this stance towards text and note that it differs from prior works on
causal inference and NLP, which focuses on questions of substantive interest related to the text itself.

Although we can define a potential outcome Y(Z ), we are generally uninterested in causal inference in the
ambient high-dimensional space of f’(Z ) itself - corresponding to, in our examples, the effect of the presence of a
tumor on the pixel image, the effect of street outreach on the linguistic characteristics of casenotes written for
documentation, etc — Y (Z ) is relevant to causal estimation insofar as it is informative of latent outcomes Y (7).

This is consistent with viewing certain types of NLP tasks as “anti-causal learning" (Scholkopf et al., 2012)),
wherein outcomes cause measurements thereof, in analogy to anti-causal learning in supervised classification
where a label of “cat" or “dog" causes the classification covariates (e.g. image) (Jin et al., [2021)). Analogously, we
view the underlying ground-truth outcomes Y as causing the measurement thereof, Y.

C DIAGRAM OF CROSS-FITTING PROCEDURE
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Figure 2: Illustration of cross-fitting (K folds within batches)
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D ADDITIONAL RESULTS

D.1 Treatment—:z-specific budgets B,
We also consider a setting with different a priori fixed budgets within each treatment group, where
sampling budget proportion B, € [0, 1]

is the max percentage of the treated group Z = z that can be annotated. Given that we are trying to choose the
7 that minimizes this variance bound, we only need to focus on the terms that depend on 7 and can drop the rest.
Supposing oracle knowledge of propensities and outcome models, the optimization problem, for each z € {0,1} is:

o2(X)

z

i o T o | - - < Z9 ) -
O<7r(z{;rcl)lr§ll,Vz,x {IE Lz(X)W(%X)} En(z,X)| Z=2<B,,z€{0 1}} (z-budget)

Theorem 4. The solution to the within-z-budget problem is:

7T*(Z X) _ V Gi(x)/ei(x) . B
’ E [«/U?(X)/ez(x) | Z = z} :

D.2 Extension to continuous treatments

In the continuous setting, consider estimation of a counterfactual mean:

E[Y (2)].

(We can extend to contrasts for different values of treatment, in analogy to the ATE). Let (Y;, X, Z;)7; be an i.i.d.
sample from Q = (Y, X,2) € Q=Y x X x 2, C R1¥d=x1 i e consider a univariate continuous treatment Z € 2.
This can extend to the case of multiple continuous treatments dz but for ease of mathematical computation, we
start with the one-dimensional continuous treatment setting. We derive the form of the asymptotic variance as
well as the bias term for an estimator for continuous treatments with missing outcomes.

We introduce an estimator for continuous treatments with missing outcomes that is a direct extension of (Kallus
and Zhou, 2018; |Colangelo and Leel [2020), while building on the Riesz representer characterization of (Klosin,
2021))’s automatic double machine learning estimator for continuous treatment effects. We introduce what we
call the “partial" Riesz representer, a(z, X) = m which is the inverse generalized propensity score or the
balancing function for treatment alone. (We term it “partial" since we are optimizing over the 7(z, ) missingness
probabilities in the denominator). We introduce the partial Riesz representer following our earlier insight as to
the improved finite-sample performance of using balancing weights estimators on the final collected data. We
also introduce & to account for mispecification of the nuisance function. Under the correct specification of this
nuisance function, @ = a.

The following estimator for continuous treatments with missing outcomes is a direct extension of (Kallus and
Zhoul |2018; |Colangelo and Lee| [2020)), that replaces the indicator function I[Z = z] with a local kernel function
smoother localizing around z, K, (Z — z):

E[Y (2)] = E[Y:(, p)]

where,

dalanp) = oz, ;) + BB (v, (2, X)) 8)
and
1

alz,z) = m

Here fzx(z|r) is defined as conditional probability density of treatment given covariates and later we will use
fzx(z,x) to refer to the joint distribution between treatments and covariates.
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Following our analysis in the binary treatment setting, we derive the asymptotic variance of this estimator. In
the continuous treatment setting, the asymptotic variance does incur bias and we derive the expressions of both
the variance and bias terms in the following proposition.

Proposition 2. The asymptotic variance (AVar) for the continuous treatment setting is:

AVar =V, + B,,
where 'V, = h~E [(:T(Z ) faxz [ 2E[(Y —wz,2)? | Z=2X = x]] &k and B, =

2
h4<[2dz (o X) 2 fpx (2 |x>+fzx<z|x>giﬂ<z,x>+<ﬁ<z,X>—u(z,X»ngZX(zMn) |

Most notably, we see that the bias term does not depend on m(z,x). Therefore, we can focus our optimization on
V., with respect to 7(z, x).

For this optimization procedure, we consider the same assumptions required as in (Colangelo and Lee, 2020)),
standard in kernel density estimation analysis such as sufficient smoothness of the underlying function and kernel
function, and rate conditions h — 0,nh — oo, nh* — C € [0,00). Suppose that a(z, X) is well-specified. Let
0?(z,2) =E[(Y — pu(2,X))? | Z =2 X = z]. We need to optimize the expression for variance that explicitly has
the integration over Kj. The objective function arises from the asymptotic variance expression in (Colangelo and
Lee), 2020, Thm. 3); it follows readily from following their proof of Thm. 3 with our analysis of the asymptotic
variance as in Proposition [I The proof of the optimal solution follows our analysis in Theorem [I| with a few
slightly different expressions. The optimization problem can be written as follows:

: K2(s —2)a%(s,z) o
7*(z,x) € arg min / o°(s,x) fzx (s, x)dsdx
GO ol Ay ()

The closed-form solution form solution for the optimal annotation probability for the continuous treatments case
is:

Kn(Z — )a(z X) 0—2(2 X)

E[ (Z - ZX)]B.

(2, X) =

E PROOFS

E.1 Optimal annotation probability analysis

Proof of Proposition[] . We simplify the expression for the asymptotic variance of the ATE with missing outcomes
to isolate the components affected by the data annotation probability.

First the variance of the ATE defined in terms of the efficient influence function 1, for z € {0,1} is

vt =l = o) - HE G )
o [UZ =11 RV — (X)) 1[Z=0]-R-[Y — po(X)]
_Var[ el(X).W(LX)l +u1(X)} +var{ eO(X)-w(O,X)O +uo(X)}
% Va
[Z=1]-R-[Y — 1 (X)] [Z=0]-R-[Y — pio(X)]
— QCOV|: e (X) (LX) + w1 (X)), @) ~7T(O7X)O —|—u0(X)]
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For V3:
200y [ L Bt ), HE =S B hol )
- lE [el([ )Wl(] ',i) E[Y|Z = 1,R::01,X] — 1 (X)] ]
+|E {ul(X) T B2 = 0. R = 1.X] - o(X) + MO(X)] ]
& | L B Y12 = 1R = 1]~ (0] + ()
< E _(mm V|Z=0,R=1,X] - o(X)] + o(X) ]
=20 (X) 10 (X)] = Epn(rn(x)]
For Vi:
Var [H[Z :611])-(5%.-%— l;l(X)] + m(X)}
= Var P[Z 611])'(?;?1 — ’;1(X)q + Var[u (X)] + 2 Cov 11z ef&?ié){ﬁ;l()()] : m(X)}

o {n[z— 1]~R.~[Y’f m(X)]] ] B {mm[waR 1,X]u1(X)}]

g 1Zz=1-R

B | i I~ mOOP] +E (0] - B (X)
LA 2

5| e Y~ mOOP] +E [ (0?) ~ B (X)

Lastly, V1 = V5. So the full variance term is

Var[i, —1p] = E [M Y - ,Ul(X)]z] +E {W Y - NO(X)]Q}

+E [(11(X) = p0(X))?] = E [ (X) — po(X))?
1
=" [eu(X) (LX)

- Var i () — ()|

I = (XOP| 4B | s I~ (X0

Rewriting the bound from Hahn (1998), we get
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1
eo(X) - 7(0,X)

1

61(X)'7T(1,X) [Y_MO(X)]Q

v ¥ - (0P| +E |
Vo 1 (X) = ()|
O

Proof of Theorem[]] . Finding the optimal 7 can be separated into sub-problems for each treatment z € {0, 1},
since the objective and dual variables are separable across z. We first look at a solution for w(z, X) for a given z:

o] o2(X) S budec
Jpin B {ez<x>w<z7x>} (a-budget)

st. E[n(2,X) | Z = 2] < B,,
0<m(z,z) <1, Va

We define the Lagrangian of the optimization problem and introduce dual variables A for the budget constraint
and 7 and v for the the constraint that 0 < 7(z, X) < 1:

_ (Y B :uZ(X))2 _ z z
L=E LZ(X)W(LX)} +M(E[r(z,X) | Z=2]—-B,)+ ;{(Vx(ﬂ'(z, z)—1) —nin(z,z))

Define the conditional outcome variance 0%(X) = E [(Y — u(z,1,X))?|X]. Note that by iterated expectations,

Y P -{C.ON (z - e ) 1) oo
£_E|:62(X)7T(Z7X):| +)\Z(E[ ( ’X)|Z ] BZ)+Z( ac( ( ) ) 1) Nz ( ) ))

T€X
We can find the optimal solution by setting the derivative equal to 0. Since p(X =z | Z = z) = %
oL o*(X) e-(x)p(z)
= — )\27 — 1Ny = 0, h 0
T X) e, X)) T A g = 5 TV e = 0 where pla) >

) Ao (WE-)
T M (5 X)  pZ=2) " p@)es(w)

z

=0

Therefore

o?(x)

(z,x) = __
€2(2) (53 + k)

Next we give a choice of A that results in an interior solution with 0 < 7(z,x) <1, so that vZ,nZ can be set to 0
without loss of generality to satisfy complementary slackness.

We posit a closed form solution

™(2,X) = ELSYEED) -B
’ E [\/05<X>/63(X) | Z = z} :

Note that this solution is self-normalized to satisfy the budget constraint such that

. Vo X/ (x)
E[r*(z, X)[[Z = 2] = E B.|Z=z| =8,
E {\/aﬂX)/eg(X) | Z = z]
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o2
This solution corresponds to a choice of A} = p(Z==2) [\/ (X)/e20)|Z= Z] /B2 in the prior parametrized expression.

m(z, X) =7%(z, X)
02(X) B Voi(X)/e2(x) B
2(X) ;i E [\/05<X>/83<X) | Z = z} ’

We can check that the KKT conditions are satisfied at 7*(z, X) and A*. We note that since 7*(z, X) is an interior
solution then w.l.o.g we can fix v,,n, = 0 to satisfy complementary slackness.

It remains to check that W = 0, we have that:

or 2(x) EXE [\/ozm/ez(X) 1 Z = z] ‘K {,/o%X)/ez(X) | Z = Z] * 02(X)es (X)

== . 0=0.
(= X) | e(X) o2(X)- B2 " o2(X) - B2 i
Thus we have shown that 7*(z, X) is optimal.
O
Proof of Theorem[]]. Proceed as in the proof of Theorem [
The Lagrangian of the optimization problem (with a single global budget constraint) is:
(Y — pa(X))?
L= E|l————% z -1
> B S|+ S ekt - 0 - i)
z€{0,1} TeEX
+ AME[#(1,X)I[Z = 1]+ #(0,X)I[Z = 0]] — B)
Again by iterated expectations,
L=E .0 + AME [7(1, X)e1(X) +7(0, X)eg(X )+ Z — 1) —nin(z,x))
e.(X)m(z, X) ’ ! ’ 0 2 T(Z,

reX

We can find the optimal solution by setting the derivative equal to 0.

aﬂ(aZcX) _ _ez(X;( 7552 TP () Awla)es(2) 7 a7 =0, where p(x) >0
_ o oX) i —mg) _
- e2(X)m2(z, X) HAS+ p(z)e.(z)

Therefore we obtain a similar expression parametrized in A, but this parameter is the same across both groups
under a global budget.

_ o*(z)
(@2) =\ 2 (vi—n2)
@)X+ 35

We can similarly give a closed-form expression for a different choice of A yielding an interior solution, so that we
can set vZ,nZ = 0 without loss of generality.

2
B {11[ Z =1/ X)x) +1[Z = (] "3<X>/63<X>}
A =
B2

Notice that this satisfies the normalization requirement that E[z*(1, X)I[Z = 1] + 7*(0, X)I[Z = 0]] < B, and
similarly note that the partial derivatives with respect to 7(z, z) are 0. O
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Proof of Proposition[d. We simplify the expression for the asymptotic variance of the ATE with missing outcomes
and continuous treatments. We derive the variance and the bias terms and isolate the components affected by the
data annotation probability. Again, here fz|x (z|z) is defined as conditional probability density of treatment given
covariates and later we will use fzx(z,z) to refer to the joint distribution between treatments and covariates.

And the "partial" Riesz representer is «a(z,x) = m and we introduce @ to account for mispecification.
Kn(Z — X
Varfi] = Var| u(z, X) + 22 ﬁé)i?(f By u(zyX))]
= Var | EZ_2OR (v — (2, X)) | + Varlu(z, X))
Ky(Z — z)a(z, X)R
2 Y — X X
+2Cov | SHE_HEREIR (e, X)), 2. X)

=0
We focus on the first term as it is the part that depends on 7(z, x):

Ky(Z — 2)a(z, X)R

v (2, X)

V=V +E

E [Kh(Z —2)a(z, X)R

m(z, X) (Y_M(Z’X))ll

¥ = e )

(Law of total variance)

| (e[ e ) |- (efe[SE25 o wem]]

2
. @{KMZ@M@XM%Y_M&Xw>

m(z, X) } m(z, X)
2 2
B Kn(Z —2)a(z, X)R B B Kn(Z —2z)a(z, X)R ., B
_E|E ( ey u<,X>>> ] (E[ﬂa[ ot u(JQ)”)

B,

(canceled out first and fourth term of expansion)
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— 2\ ’ h — 2)a%(z ’
(et | - L ]

22(s. ) R2
(s, )R E[(Y — u(s,2))?|Z = 5,X = z] fzx(s,7)dsdz

— h—l/ ME (Y — u(s,2)* | Z =z +uh, X = x| fzx(z + uh,z)dudz
xJo )

(change of variables: u=s-%/n,s=z-+uh)

)

(taylor expansion and mean value theorem for z, 2’ between z, z + uh)

d 2
=h" //( (Y — pz, @) |Z:z,sz]—Fuh@]E[(Y—u(z,x)) | Z =2,X =z

x <fZX(Zam)+Uh;lZfZX(Z7x) _

R a?(z,7)R?

- [ e
a%(z,z)R?

ht / G B[ — (2,00 | Z = 2,X = o] fax(z,a)do + olh?) (& = [ F*(w))

x m(z1)

il

/72 FPE[(Y — pu(z,2))* | Z =2,X =2 fzx(z,2) + o(hz)du] dx

Foix(z | DE[(Y - p(z2))? | Z = 2, X = x}} &

_ 3R [ W((j j)) x| DR [V = p(z,2))? | Z = 2, X = m]] &  (E[RIX] =E[RIX] = n(21))
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For B,:

(E T | T )}
:(EP@JNMKMZ—@W—u@Jm|Z:mR:LXﬂ>2 (E[R|X] = n(z,2))
= [ Kuls = 2)(ae X) — e X sl (i(=X) =E[Y | Z = 2,R = 1, X))
- /Q k(u) (i + uh, X) — p(z, X)) f21x (2 + uhlz)du (change of variables)

’LL2 2 72
= [ (0620 = e X0) + wh e, X) 4 5 )

Q
d u?h? d?
(fZX(Z|$)+UhdeZX(Z|$) 5 1 —fz1x (2 x)) (taylor expansion)

x k(u)du + O(h®)
= 3 X) = o X))+ | 3. X) = e X))y () + k() )
J uk(u)du=0 J uk(u)du=0
12 B0 X) = e XONROE P (10) + $uPb(0) e Gl e X) + 07K 0) e X) el

+O(h®)
= (f(z, X) — p2(X)) fz)x (2]7)

02 0 Fae(ele) +  fae o) G X) 4 0 X) = 1. GOV Lo o)

dz

X /OO uw?k(u)du + O(h®)

= E[(3(= X) — p(z, X)) fo1x (Gl)az, )] +h4<[2jzu<z,x>;ifzx<z|x> ¥ Fapx (ele) (2, X)

=0

9 2
(20 X) = e XV Frix o) ) (= [ u?k(u)du)
2 2 2
= ' ( 228 e, X0 (2 + Fape (o) (3 ) + (A X) = e X0V T Glo)| )

O

Proof of Theorem[3 . The objective function arises from the asymptotic variance expression in (Colangelo and
Lee), 2020, Thm. 3); it follows readily from following their proof of Thm. 3 with our analysis of the asymptotic
variance as in Proposition [I] The proof of the optimal solution follows our analysis in Theorem [I] with a few
slightly different expressions, discussed as follows.

The Lagrangian can be written as follows:

2 N\A2
L= / Ki(s = 2)a"(s,z) o?(s,x) fzx (s, 2)dsdx
Zo (s, @)

+/\// 8, 1) fmsxdsdx—&—u// s,x) —1) fZXsmdsdas—l—n// (s,2))fzx(s,x)dsdx



Batch-Adaptive Causal Annotations

We can take the pointwise derivative w.r.t. 7(s,z) to obtain the FOC

aﬂ(?:x) - =l jrlo([sffc}x)o (5.2) fzx(s,2) + A +v—=n)fzx(s,2) =0

Solving the FOC, we obtain

K32 (s — z)a%(s,x)0?(s, z)

A+v—=n)fzx(s,z) = (s, ;) — fzx)(s, @)
K32(s — z)a%(s,x)o2(s,z)
V(s x) \/ pNE—

T (5,2) = \/Kﬁ(s — 2)a2(s,x)02(s, x)
’ A+v—n

We can solve for \* and set v and 7 to be zero:

=B

\/K2 —2) ZX)UZ(Z X)

E [K(Z — )& (Z NP Z X))
BQ

A* =

Then plug back into our optimal 7*(Z, X),

K(Z - 2)a%(Z. X)o(Z.X) _  JEK}(Z - 2)a%(Z, X)o*(Z, X)

[z IR R |KZ - 2) /@7, X)0% (2 X))

W*(ZaX) = WA(ZvX) =

We can check that aanﬁ* =0

| KA(Z - 2)a(2,X)0*(2,X)

+A+v—n)=0

m2(Z, X)

2

KX(Z - z)a*(Z,X)o*(z,X) E [Kh(Z —2)\/a*(Z, X)UQ(Z,X)] 70
 K2(Z—2)a%(2,X)0%(Z,X) B2 + B2 -
]E[K;L(Z—z)\/o?Q(Z,X)o2(Z,X)]2
2 2
E [Kh(z — /a2 (Z, X)o2(Z, X)} E [Kh(z — )& (Z, X)o2(Z, X)]

B B? * B? =0

E.2 Estimation analysis

Proof of Theorem[Z . Proof sketch.

The proof proceeds in two steps. The first establishes that the feasible AIPW estimator converges to the AIPW
estimator with oracle nuisances. It follows from standard analysis with cross-fitting, in particular the variant
used across batches.
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Preliminaries In the analysis, we write the score function as a function of R in addition to other nuisance
functions:
1[Z; = 2|Ri(Yi — p(Xi))

Vzi(Ris e, m,p) = ex(X;)m(z, X;)

+NZ(XZ')

The AIPW estimator can be rewritten as a sum over estimators within batch-¢, fold-k, TXIIICD)W, as follows:

2 K
Farpw = ZZ e g 7{% e ) = doa(Roem ph = Y0 Y PR,
t=1 k=1 k=1

tiez, ok t=1

We introduce an intermediate quantity. The realized treatments are sampled with probability #(X;), R; ~
Bern(#(Z;, X;)). In the asymptotic framework, we study treatments sampled from a mixture distribution over
the two batches, R; ~ Bern(r*(Z;, X;)).

- Nt ks Lo sy R
TarPw Z Z =Y Tk{¢1,i(R7 &, 7, f1) — to,i(R, &7, 1)}
t
k
We also denote the AIPW estimator with oracle nuisances, 7} ;pyy, as

2

. n ~

TAIPW = ZZ = Z 7{1/)1 i(R e, ) — o (R e,m, )}
t=1 t,k

(t,3)ETLy,

We study convergence within a batch—t, fold—k subset; the decompositions above give that convergence also
holds for the original estimators.

The first step studies the limiting mixture distribution propensity arising from the two-batch process and shows
that the use of the double-machine learning estimator (AIPW), under the weaker product error assumptions,
gives that the oracle estimator is asymptotically equivalent to the oracle estimator where missingness follows
the limiting mixture missingness probability. The latter of these is a sample average of iid terms and follows a
standard central limit theorem. Recalling that R; = I[U; > 7*(X;)], we wish to show:

N Ealtrei(R, 6,7, 1)) = Bl o(Roe,m, )] = 0p(n”2).

Next we show that the estimator with feasible nuisance estimators converges to the estimator with oracle knowledge
of the nuisance functions

~(t,k) -, (k)
VT aipw = Tatpw) —» 0-
The result follows by the standard limit theorem applied to the estimator with oracle nuisance functions.

Step 1

Let R; = [U; > n*(Z;, X;)]. Restricting attention to a single treatment value z € {0,1}, we want to show that:
2 K ) )
ZZ Lk Z o {¢17i(R’é77}7ﬂ) _¢1,i(Raé7ﬁ'7ﬂ)}
n Ntk
t=1 k=1 (t,3)€T, >
2 K . . )
=3y Ttk 3 1 JUZi = 2R (Y — (X)) 1[Zi = 2Ri(Yi — pa(Xa)) | _ (n1/2),
t=1 k=1 n (t,4) €L t,k éZ(X7)7AT(Z7 Xz éz(Xz)ﬁ'(Z, XZ) p

Without loss of generality we further consider one summand on batch-¢, fold-k data, the same argument will
apply to the other summands and the final estimator.

Note that by consistency of potential outcomes, for any data point we have that

1[Zi = 2 Ri(Y: — f=(X2))  1[Zi = 2| Ri(Yi — (X)) _ 1[Zi = Z}(R R )(Yz(Z) — A=(Xi))

éZ<XZ)7?('(Z,Xl ez( ) X)

('b>
A
\_/
vl\z
|5
N~—
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For each batcht =1,...,T and fold k =1, ..., K, according to the CSBAE crossfitting procedure, we observe that
conditional on Z_y, for a given batch and the observed covariates, the summands (namely R; = I[U; < #(=F)(X;)])
are independent mean-zero. The final estimator will consist of the sum over batches and folds. We start by
looking at the estimator over one batch ¢ and one fold k£ and the rest follows for the other batches and folds.

1 1[Z; = 2|(R; — R;)(Yi(2) — fin(X;
Z [ I( )(Yi(2) — (X))

Nk e é.(X)w(z, X;)

=

n
t,k (t,3)ELy,

e —— 3 WZi= 2] (B 7 (2, X0) + (7"(X0) = #(2, X)) + (7(2, X2) = Ry)) (¥il2) = f1=( X))

bk (4 iyeTn

Applying Cauchy-Schwarz to each of these terms, we obtain product error rate terms. For the second term, we
obtain that

v 30 (X)) ~ R (Yi(2) — (X))
N (t,0)ezs
SVﬂﬂJl 3 <7r*<xz->—fr<xi>>2J LS i) - (X))
Mtk (t,i)€TZ Mtk (t,i)€T7

= VeYor [|77(Xi) = (Xl [1Yi(2) = iz (XI5,
= op(n_%) ( Assumption [9)

Analogously, we conclude that the first and third terms are op(n*%), applying Cauchy-Schwarz to each of them
in turn.

Step 2 (feasible estimator converges to oracle)

If we look at one term for one treatment and datapoint in the above (the rest follows for the others), we obtain
the following decomposition into error and product-error terms:

ZiRi(Y; — n(Xy)  ZiRi(Y: — m(Xi) .
(X1, X)) e(X)r(1,X; + (11 (Xi) — pa (X))
- Z;R; . X 1 L
= (m(X:) — i (X3)) (W — L F AR - X)) G R xy T e X e X))

ZiR; (Yi—fi1 (X))
(by = w15 )

ZiR; 7 , 1 — ! )
61(Xi>ﬁ'(1,Xi) el(Xi>7T(1,Xi)

1
e (X)m(1, X;) el(Xi)w(l,Xi))

(by :tZiRi'ul(Xi)(é1(Xi)71AT(1~,Xi) - el(Xi)}T(LXi)))
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We want to show that
A (t,k) 2%, (t,k)
Vi (Tarpw — TaTpw) —p 0

Now that we have written out this expansion for one datapoints, we can write out this expansion within a batch-t,
fold-k subset, and write out the cross-fitting terms for reference:

A (t,k) %, (E,k)
Ve \Tarpw — TAIPW

1 ~ (k) ZiR;
= Xi) — 1, X; e
VIt k i:(tzi):elk(,ul( S ) (el(Xi)ﬂ-(laXi)
1 ~
T e > ZiRi(Yi — pm(X0))x
(i) ETh

(fr<—"‘>(1,Xi)—l(égf’“)(Xi)_1 —a(X) ) +eaX) T EER LX) - W(LXz‘Vl))

Z ZiRi(p (X:) — i (1, X0)) ¢
t,i)€L

-1

(fr(‘k)(l,Xi)_l(égfk)(Xi)_l — e (X)) + e (X) T FETP (LX) W(l’Xi)_l))

Bound for third term:

= Y 2R () - V)0, ) - (X))
R (t,0) €Tk

+en (X)) T EED (1, X)) T w1, X))

r > ZRa TP X) T () — P E))ETV )T — e
((t,4)ETy

+ ZiRier (X)) " (X)) — AP (X)) FCR (1, X) 7 - w1, X))

<Ontm) e 3 () - AP E ) - e
(i) €Ty
+ (i (X) — iV (X)) R (LX) T = (1, X))
< (A + Ve)énn_1/2

where the last inequality makes use of product error rate assumptions 5-6 and nuisance function convergence
rates from Lemma [4] Thus, we find that this term is o,(1/y/n)

Bound for the first term:

The key to bounding the first term is that cross-fitting allows us to treat this term as the average of independent
mean-zero random variables. We will bound it with Chebyshev’s inequality, which requires a bound on the second
moment on the summands in the first term.
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B > (wxo—ﬂ%‘“(m(m—1))2I<_k>,{Xi}]

-~ 7. R.
=V Xi) = i) [ e 1) | I AXG
ar{ (o Z (2 (X3) = (X)) e (X)m(1, X;) | Z—ry {Xi}
4:(t,3)ELy
! Ry Zil 2
= ]E X7, - X’i - 1 I -~ , Xz
Mtk o {(Ml( ) AT (X) er(Xq)m(1, X;) | Lo, LX)
2:(t,3) €L )
(expectation of (m —1)?)
1 1-— el(Xi)W(Zsz) L (—k) 9
- (na(Xe) — i (X3))
Mk i:(t,1) €Ly, @1 (XZ)W(LX’L) !
1-vedr 1 ~(—k) 2 _ 1
= TN D (X)) =gy (X0))? = 0 (537,
w:(t,i)ELy
where for the third equality, we use the fact that
Ziki 2R ZiR, i

E[(

T )2 T, (XM =E —9 VT o {XiY=——— 1
e (X)m(1, X;) ) w11 [(ef(xi)ﬂa,x,-) e (X)r(L X)) | Zwy AXH e (X)m(1, X;)
Since 7, > 0, we can conclude by Chebyshev’s inequality that the first term is op(n_l/ ).

Bound for the second term: We bound the second term following a similar argument as above.

2

[\/7 Z (ZR (Y; — 11 (X3)) (ﬁ—(*k)(l,Xi)fl(é(l—k)(Xi)*l B el(Xi)ﬂ))
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where the last inequality is because o2(X) is bounded above, 0?(X) < B,2, by Lemma [4l Thus, by similar
argument to the first term, since this term is a sum of zero-mean random variables and since r.,r. > 0, we can
apply Chebyshev’s inequality and get that this term is also 0,(1/4/n). This holds for both treatments. Therefore,

A (K ok, (K
vnt,k(T,(aup)W - T:H(PV[)/) —p 0.

Putting these results from Step 1 and Step 2 together, along with the fact that — %, gives the theorem. [

Ntk
n

F ADDITIONAL LEMMAS

F.1 Results appearing in other works, stated for completeness.

Lemma 1 (Conditional convergence implies unconditional convergence, from (Chernozhukov et al., [2018)).
Lemma 6.1. (Conditional Convergence implies unconditional) Let {X,,} and {Y.,} be sequences of random
vectors. (a) If, for €y — 0,Pr (|| Xonl| > €m | Yim) —pr 0, then Pr (|| X > €n) — 0. In particular, this occurs
if B Xml? /€4, | Y] = pr O for some g > 1, by Markov’s inequality. (b) Let {A;,} be a sequence of positive
constants. If | X || = Op (Ay,) conditional on Yy, namely, that for any £, — 0o, Pr (| Xm|| > bmAm | Yim) = pr
0, then || X,n|| = Op (A) unconditionally, namely, that for any £, — oo, Pr (|| Xm|| > bmAm) — 0.

2

Lemma 2 (Chebyshev’s inequality). Let X be a random variable with mean p and variance o*. Then, for any

t >0, we have

2
o
P(|X_.U|Zt)§t7

Lemma 3 (Theorem 8.3.23 (Empirical processes via VC dimension), (Vershynin|, [2018)). Let F be a class of
Boolean functions on a probability space (Q, %, p) with finite VC dimension ve(F) > 1. Let X, X1, Xo, ..., X, be
independent random points in () distributed according to the law . Then

S3 ()~ EA(X)

ve(F)

n

<C

E sup
feF

F.2 Lemmas

Lemma 4 (Convergence of 7). Assume that with high probability, for some large constant K, ||é(X) —e(X)|, <
Kn=" ||6%(X) — UQ(X)H2 < Kn~". Assume Assumption . Assume that 0?(X) > 0 so that its inverse is
bounded 1/02(X) < 7,. Recall that Theorem gives that

O'2 02
1[Z = 1] e%(())i)) +1[Z = 0] eg((if())b

-1

(2, X) = ‘;2((;))3 (E

Define w*(z,x) to be a plug-in version of the above (with 6%,é, and E,, []). Then

7 (2, X) = 7 (2 X), = 0y (n~ minCrer1/2),

Proof. Let a= %83, b=E [H[Z = 1)/ZY) 11z =]
"z 1

Let c = Z50, d=E, [H[Z =1]

Then [|7*(z, X) — 7" (2, X)[l, = lla/b —c/dll, .

Positivity of 02(X) gives the elementary equality that T—9= (“T’b) + (d;"’).
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Therefore, by triangle inequality and boundedness
I (2, ) = 7 (2, X) |, < 7 ||V (X)/(X) = V@ (X)/@(X) |
70 |E, |1[Z = 1] Z%Q((;()) +1[Z = 0] Zgg)) ~E lH[Z = 1] Zggg +I[Z =0 Zgg;] ‘ (4)
Next we show that for z € {0,1}
|VaEX)/EX) - VX)X, < veBoa(|VEIX) = VX +lle-(X) — (0l ()
In the below, we drop the z argument.
By the triangle inequality, boundedness of 1/é(X) < v, and of 6%(X) < B,a:
|V - Vo )fe )H
)£ 1/02(X)/e2(X) — o2(X)/e2(X H
1

-

- \/02(X)H +B
2 2
For the second term
1 1 1 1
o? N >~ Dg2 || =75 = % —BGzVEHe(X)_e( )H
e(X)  e(X)ll, e(X)  e(X) |l ?
since 1/e(X) is Lipschitz on the assumed bounded domain (overlap assumption)
For the first term:
v | V&P X) = Vo) < veBas [|63(X) = a*(X)],
02(X) is Lipschitz.

)

since 02(X) is bounded away from 0, then
This proves Equation which bounds the first term of Equation For the second term, denote for brevity
o, e),

=E, |I[Z =1] 20

Blo,e)
and (o, e) to be the above with E [-] instead of E,, [-]. Then the second term of Equation (4) is 5(5,¢é) — 8(

and decomposing further, that
B(6,€) — B(o,e) = B(6,¢) — B(o,e) + B(o,e) — B(o, e).
Note that by Cauchy-Schwarz inequality, and Lemma [3| (chaining with VC-dimension)
ve(F =)
~ VX + llex(X) = &:(X) ) + 20—

B(0,¢) < 20 By (Hw}g(x

And another application of Lemma [3] gives that

B(,¢) —

ve(F 2)
al(X) vV %
i) <20\

0'2 X
— »
D

3 8(,¢€) = (E, — E) [H[Z = 1]

5(0-7 6) -
Combining the above bounds with Equation , we conclude that ||[7*(z, X) — #*(2, X) ||, = 0p(n~ min(rero:1/2)
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G ADDITIONAL EXPERIMENTS, DETAILS, AND DISCUSSION

G.1 Additional details

All experiments using our full algorithm [I] were conducted on a 2021 13-inch MacBook Pro equipped with a 2.3
GHz Quad-Core Intel Core i7 processor and 32 GB of memory. This setup was used to train standard nuisance
models using machine learning, evaluated our algorithm, and conduct the analysis tasks reported in this paper.
The average compute time for the experiments on real world data with 20 trials was less than 30 minutes, while
the simulated data with 100 trials took less than 60 minutes. Additionally, for all experiments, we allocate 55%
of the data to batch 1 and 45% to batch 2.

We run the ML nuisance models, logistic regression, random forest and support vectors machines, using popular
Python packages (i.e. sklearn and scipy). We use logistic regression to estimate the propensity scores. For the
outcome and variance models, we use random forest with the following hyperparameters:

e max depth: None

e min samples leaf: 4

e min_samples split: 10

e n_estimators: 100

e random _state: 42

We also use support vector machines for the outcome models incorporating LLM predictions, and we use the
following hyperparameters:

e kernel: 'rbf’

e C: 1

We chose these hyperparameters by doing a grid search over hyperparameters and chose the ones that performed
the best. We ensemble predictions from the best performing random forest model trained on X and the best
performing SVM model trained on X and f(X,Y") for our outcome model p,(X,Y).

We run LLM calls on Together.Al since they provide enterprise-secure deployments of local models, which is
required for sensitive data. Because we need to use local LLMs for the real-world street outreach data, we also
use the same local LLMs for the other experiments. We use “Llama-3.3-70B-Instruct-Turbo" for all experiments
using LLMs. (Larger models provide effectively similar performance).

To solve our optimization problem, we used the python package CVXPY and we specifically used the Splitting
Conic Solver (SCS) solver.

Once the experiments are run, we display the means and 95% confidence interval bands, obtained through
bootstrapping, in each of our figures.

G.2 Synthetic Data

Before running our batch adaptive algorithm, we split the data into a validation set (35% of data), which we use
to estimate the oracle ATE. Then we use the remainder (65%) of the data to run our algorithm, which splits that
data into the two batches in the way we described previously.

Data Generating Process. We generate a dataset D = {X, Z,Y,Y(1),Y(0)}, of size 1000 and where the
true ATE 7 = E[Y (1)] — E[Y(0)] = 3. We sample each covariate X € R® from a standard normal distribution,
X ~ N(0,I5). Treatment Z is drawn with logistic probability v, (X) = (1 + e~ X27X:10:5)  We define 02(X) as
follows:

07 (X) := max[1.3 + 0.4sin(X}), 0]

05 (X) := max[3.5 + 0.3cos(X3), 0].
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Finally, the outcome models are defined as:

Y(0) =5+ X1 — 2Xs + €
Y (1) = Y(0) 4 6 + €1,

where ¢y ~ N (0,02(X)) and €; ~ N(0,0%(X)). The observed outcomes are Y = Z - Y (1) + (1 — Z) - Y(0).

1 .
6 estimator

adaptive-plugin
14 adaptive-balance
random

12

10

MSE
o

01 02 03 04 05 06 07 08 09

Figure 3: Mean squared error between estimated ATE and true ATE averaged over 100 trials across varying
budgets.

log(IW
=

01 02 03 04 05 06 07 08 09
B (budget contraint or fraction of labeled data)

Figure 4: Average confidence interval width averaged over 100 trials across varying budgets.

Results. We see the greatest advantage with our adaptive estimation for budgets between 0.1 and 0.4. While
for larger budgets, even as the MSE for both estimators converge, the interval width for the adaptive estimator
is still relatively small. Adaptive annotation with a larger budget introduces additional variation in inverse
annotation probabilities, as compared to uniform sampling, which is equivalent to full-information estimation at a
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Figure 5: Boxplots of ATE estimates compared to skyline 747 pw when the labeling budget is the entire dataset
in red and the grey dotted line is 7.

marginally smaller budget. This regime of improvement for small budgets is nonetheless practically relevant and
consistent with other works.

To stabilize the estimation of the inverse annotation probabilities, we use the plug-in estimator following eq. (RZ]
and the ForestReisz method to estimate the balancing weights (Chernozhukov et al.l[2022)). This approach
provides an automatic machine learning debiasing procedure to learn the Reisz representer, or unique weights
that automatically balances functions between treated and control groups using a random forest model.

G.3 Real-world Dataset Details

We provide further details about the treatment, covariates and outcomes for each dataset. Table 2] and table [3]
describe the variables in the retail hero and outreach datasets, respectively. We refer the reader to
for further details about the dataset. For the outreach data, we constructed the binary treatment variable
by binning the frequency of outreach engagements for each client within the first 6 months of the treatment period.
We checked for overlap in propensity scores and decided to use treatments in the middle of the distribution as
they had the most overlap. Additionally, by corollary [} our method does well even when the propensity scores
do not have good overlap.
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Variable Description Discrete Category

Outcome

Purchase whether a customer purchased a product [Yes,No|

Treatment

SMS communication whether a text was sent to encourage customer to continue [Yes, No]

shopping

Covariates

avg. purchase avg. purchase value per transaction [1-263, 264-396, 397-611,
> 612]

avg. product quantity avg. number of products bought £7,>7

avg. points received avg. number of points received [£5, > 5]

num transactions total number of transactions so far [§] 8,9-15, 16 - 27, >
28

age age of user [< 45, > 45]

Table 2: Covariate, treatment, and outcome descriptions and discrete category definitions for RetailHero dataset.
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Variable Description Discrete Category
Outcome
Placement The greatest housing placement attained by the client between — [3:permanent housing,
20192021 2:  shelter/transitional
housing, 1: other (e.g.,
hospital), 0: streets]
Treatment

Street outreach

Covariates
DateFirstSeen

Program

BelievedChronic

Gender

Race

Ethnicity
Age

Was311Call
Was911Call
Removal958

Housing application
Service refusal
Important documents
Benefits

num contacts

max Placement

Binned frequency of outreach within the first three months of
2019

Ordinal date when the client was first seen by the outreach
team

Outreach or service program the client belonged to

Perceived by outreach workers as chronically homeless indi-
vidual

Perceived or disclosed gender of client

Perceived or disclosed race of client

Perceived or disclosed ethnicity of client
Perceived or disclosed age range of client

Whether outreach workers were responding to a 311 city call
Whether 911 was called to the scene

Whether outreach workers were responding to removal hotline
call

Whether any mention of the housing application was found
in casenotes

Whether outreach worker documented that a client refused
their services in casenotes

Whether there was mention of any important documents (i.e.
social security card, drivers license, etc,) in casenotes

Whether there was any mention of social service benefits in
the casenotes (i.e. foodstamps, SSI)

number of engagements with an outreach worker prior to 2019

maximum housing placement reached before 2019

[More outreach (3-15),
Less outreach (1-2)]

NA

[Brooklyn Library,
Grand Central Part-
nership, Hospital to
Home, K-Mart Alley,
Macy’s, MetLife, Penn
Post Office, Pyramid
Park, S2H Bronx, S2H
Brooklyn, S2H Man-
hattan, S2H Queens,
Starbucks, Superblock,
Vornado, Williamsburg
Stabilization Bed]

[Yes, No]

[Female, Male,

Transgender|

[American Indi-
an/Alaskan Native,
Asian, Black/African
American, Native Hawai-
ian /Pacific Islander,
White/Caucasian]

[Hispanic/Latino, Non-
hispanic/latino]

[< 30 years old, 30-50
years old, > 50 years old|

[Yes, No|
[Yes, No]
[Yes, No|

[Yes, No]
[Yes, Noj
[Yes, No]
[Yes, No]

NA

[3:permanent housing,
2:  shelter/transitional
housing, 1: other (e.g.,
hospital), 0: streets|

Table 3: Covariates, treatment, and outcome descriptions and discrete category definitions for the Street Outreach

dataset.
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G.4 Additional Context on Street Outreach

In New York City alone, approximately $80,000,000 per year is invested in homeless street outreach to an
unclear effect. It is a time-consuming process, and it is unclear how the impacts of such intensive individualized
outreach might compare to other proposed approaches, such as those focusing on placing entire networks of
individuals together. While the nonprofit reports key metrics such as number of completed placements in housing
services, these can be somewhat rare due to length of outreach, delays in waiting for housing, matching issues,
etc; moreover, much of a successful placement is out of the control of outreach due to highly limited housing
capacities. Measuring the impacts of street outreach on intermediate outcomes such as accessing benefits and
services, completing required appointments and interviews, can better reflect the immediate impacts of street
outreach.

G.5 Robustness Check on Street Outreach Data

To further demonstrate the utility of our approach, we run experiments on the Street Outreach data with Y. To
recap, our setup consists of covariates X, which includes client characteristics at baseline and LLM-generated
summaries of case notes recorded before the treatment period. In the main text, we used LLMs to summarize
casenotes prior to outreach during the interventional period, and used them in zero-shot prediction of later
placement outcomes. Here we also incorporate LLM-generated summaries of case notes recorded post-treatment.
These represent Y in our framework.

Tabular Data Tabular Data + LLM Predictions

0.2 0.2
%)
D 0.1 0.1
0 0.0
01 02 0.3 04 05 0.6 01 02 03 04 05 0.6
= 0 0
>
o _ _

2 2
01 0.2 03 04 05 0.6 01 0.2 03 04 05 0.6
B (budget constraint or fraction of labeled data)

Estimator
adaptive-plugin adaptive-balance random

Figure 7: Street Outreach Data with pretreatment summaries (no Y). Mean squared error and 95%
confidence interval width averaged over 20 trials across budget percentages of the data. This plot makes use
of tabular data and the best-performing random forest outcome model (left) and text-encoded outcomes using
LLMs (right).

In Figure [7] and Figure [8] we see that our results and analysis are preserved, and qualitatively similar. Our
adaptive approach still shows improvements over uniform random sampling. The MSE is tripled when going
from our adaptive estimators to random sampling in the tabular data. The MSE is five times higher when going
from adaptive to random sampling in the setting where we have added LLM predictions using post-treatment
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Figure 8: Street outreach data with pre- and post-treatment summaries. Mean squared error and 95%
confidence interval width averaged over 20 trials across budget percentages of the data. This plot makes use
of tabular data and the best-performing random forest outcome model (left) and text-encoded outcomes using
LLMs (right).

summaries Y only and it is nearly doubled when using both pre- and post-treatment summaries.

In this experimental setup, we find that tabular estimation with ground-truth validated codes overall performs
comparably as using more advanced LLM estimation. In this setup, we use placement outcomes as the measure of
interest, in part because it is (nearly) fully recorded in our dataset, and hence we can consider it as having access
to the “ground-truth" outcome in our methodological setup. On the other hand, we also expect that casenotes
are weakly informative of placement, as compared with other outcomes we might seek to extract from casenotes
(but do not have the ground-truth for). Nonetheless, this validates the usefulness of the method, and we leave
further empirical developments for future work.

G.6 Budget Saved Plots

We compute the amount of budget saved due to our batch adaptive sampling approach. We find the sample size
required to achieve the same confidence interval width with batch adaptive annotations using balancing weights
(green) and RZ-plug-in (orange) compared to uniform random sampling.
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Figure 9: RetailHero Data. Budget saved due to batch adaptive annotation. The reduction in annotation
sample size needed to achieve the same confidence interval width with batch adaptive annotation on tabular data
(left) and on tabular data 4+ complex embedded outcomes (right) compared to random sampling.
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Figure 10: Street Outreach Data. Budget saved due to batch adaptive annotation. The reduction in annotation
sample size needed to achieve the same confidence interval width with batch adaptive annotation on tabular data
(left) and on tabular data + complex embedded outcomes (right) compared to random sampling.

G.7 Active Learning Baselines

Active learning is not a strong baseline and we argue this on theoretical and empirical fronts. Active learning
for regression can’t improve statistical rates of convergence, while the doubly-robust AIPW estimator in causal
inference can, so using AIPW is optimal. Additionally, using pool-based active learning algorithms in AIPW
blows up variance due to near-deterministic annotation probabilities. Active learning models only target p., but
the outcome model contributes % to the causal Avar, and our optimal annotation correctly balances the
effect of all factors, but active learning only considers the first.

In summary, active learning does something completely different for prediction error, suboptimal for causal
inference.

Empirically, we run active learning algorithms to learn p in AIPW and find that it totally fails for these reasons;
if these objectives line up, it can do well, but in general, the prediction and causal error objectives are different.

Theoretical comparison to active learning. As a reminder, we optimize:
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AVararp = Var[CATE(X)|+ Y E| oz (X) — =2 ]
2€{0,1} ex( ) (2, X)

(The first term is the variance of CATE = E[Y (1) — Y/(0)| X]; it is never observed.)

To go more in detail on our experiments 1) we compare to theoretical results in batch pool-based active learning,
Chaudhuri et al.|(2015) and |Gentile et al.|(2024) (henceforth GWZ), which show that active learning doesn’t
improve convergence rates for regression, only multiplicative constants. Instead, the AIPW estimator is optimal
for causal estimation: if the outcome and propensity scores can only achieve n~1/* convergence, the AIPW
estimator is O(n_l/ 2)-rate convergent, so AIPW can speed up outcome model convergence rates. Therefore using
the ATPW estimator is best, and random sampling + AIPW is a stronger baseline than active learning.

To emphasize the different objectives, consider a simple example with two regions:

e Region 1 (Poor Overlap), X > 0: Propensity score e(X) = 0.01; outcome noise o1(X),00(X)=1.

e Region 2 (High Prediction Uncertainty), X < 0: Propensity score e(X) = 0.5; outcome noise o1 (X), 0¢(X) =
10 and the outcome model is complex.

Our method compares the ATE variance contribution in either region:

e Region 1: 2L =100

e Region 2: %= 10 =20

and samples in Region 1, where the causal variance is five times higher. Uncertainty-based active learning samples
in Region 2, to the detriment of causal variance.

Active Learning Empirical Evaluations. We evaluate our method against 2-3 active learning baselines for
each experiment from two popular and well-established python packages (scikit-activeML and modAL). Different
active learning algorithms are appropriate for different outcome models, so we choose the sampling strategy
based on our modeling task, and we use pool-based active learning matching our two-batch approach. (Note
our approach is model-agnostic, while active learning methods are not). For the classification tasks on our
two real-world datasets (RetailHero/Street Outreach), we use UncertaintySampling with margin sampling and
least confident sampling as query strategies, which both choose x with highest uncertainty measure based on
classification probabilities P(Y =1 | ) (Settles, [2009). For the regression tasks, we use Expected Model Variance
Reduction (Cohn et al., [1996)), Expected Model Change Maximization (Cai et al.,[2013), and Improved Greedy
Sampling (Wu et al. |2019); these choose x that maximizes greatest future variance reduction, maximally change
the current model via the loss gradient, and diversity in feature and output space, respectively.

We run each approach over 50 trials and take the average MSE. Across the board, we see that our approach does
better than the popular active learning strategies that are not optimized for causal estimation.

Result Tables

Estimator 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
active-evar 0.313 17.3  85.1 579 1.31e+03 3.87e+03 1.27e+04 5.03e+04 8.93e+05
active-greedy 6.13  79.9 369 852  1.99e+03 5.06e+03 1.33e+04 5.09e+04 2.95e+05
active-mvar 10.6 94.3 314 883  2.17e+03 5.70e+03 1.21e4+04 3.87e+04 2.99e-+05
adaptive-balance | 0.471 0.227 0.276 0.236  0.265 0.246 0.198 0.176 0.203
adaptive-plugin 1.7 1.17  0.831 0.196 0.83 0.449 0.507 0.93 0.481
random 899 456 219 154 1.7 1.61 1.46 0.956 0.987

Table 4: Averaged MSEs for Synthetic Data.
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Estimator 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
active-margin 3.53e+03 0.047 0.087 12.5 8.38¢+03 2.25e+06 1.49¢+06 6.53e+05 1.43e+07
active-uncertain 16.1 38.9 70.4 75.9 115 112 168 250 402
adaptive-balance | 0.004 0.002 0.002 0.001 0.001 0.001 0 0 0
adaptive-plugin 0.004 0.001 0.001 0.001 0.001 0 0 0 0
random 0.027 0.012 0.009 0.006 0.005 0.003 0.001 0.001 0

Table 5: Averaged MSEs for RetailHero Data.

Estimator 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

active-margin 0.009 28.5 4.47  0.501  0.449 0.044 0.099 0412 0.209
active-uncertain | 0.017 0.009 0.018 0.008 0.017 0.018 0.025 0.023 0.024
adaptive-balance | 0.046 0.031 0.013 0.006 0.005 0.003 0.004 0.003 0.002
adaptive-plugin 0.045 0.025 0.027 0.012 0.006 0.004 0.004 0.006 0.001
random 0.113 0.061 0.037 0.045 0.014 0.012 0.011 0.003 0.001

Table 6: Averaged MSEs for Street Outreach Data.

Gentile et al.| (2024)) chooses a point x maximizing a diversity measure, D(x,S) that quantifies model uncertainty

and is directly influenced by the observation noise, o2(X). For general function approximation, they introduce

4
2
a maximal disagreement measure over the regression function class F supy ¢ r = (Sf ((;’()Z‘){ (;()2))2 1 where S is
’ z€ K

the set of already sampled points. If o2(z) is large for some z, their disagreement measure is also large. Their
diversity measure finds points where it is possible for two functions, f,g, to have similar predictions on the
already-labeled data S (a small denominator) but different predictions for a new point = (a large numerator).
When observation noise o2(x) is larger, many different functions can be considered "plausible" fits and can agree
on S but disagree elsewhere, leading to a high diversity score. In contrast, low noise tightly constrains all plausible
functions, resulting in low disagreement.

G.8 LLM Prompts

Retail Hero Prompt

You are a user who used a website for online purchases in the past one year and want to share your background
and experience with the purchases on social media.

Attributes: The following are attributes that you have, along with their descriptions.

{features}

Personality Traits: The following dictionary describes your personality with levels (High or Low) of the Big
Five personality traits.

{traits}

Your Instructions:

Write a social media post in first-person, accurately describing the information provided. Write this post in
the tone and style of someone with the given personality traits, without simply listing them.

Only return the post that you can broadcast on social media and nothing more.

{post}
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Street Outreach Casenote Summaries Prompt

Objective: Your task is to summarize a trajectory of case notes of a client in street homelessness outreach,
focusing on client interactions, the challenges they are facing, goals they are working towards, and progress
towards housing placement. These are all from the same client. This summary is designed to help caseworkers
and organizations assess client history at a glance, remind of prior personal information and important
challenges mentioned (like veteran status or other information that is relevant for eligibility for housing,
medical issues, and status of their support network), allocate resources effectively, and improve support for
individuals experiencing chronic homelessness.

xn: {task context}

The summary should be a concise overview of the client’s situation, highlighting key points from the case
notes. It should not include any personal opinions or assumptions about the client’s future or potential
outcomes. The goal is to provide a clear and informative summary that can be used by caseworkers and
organizations to better understand the client’s history and current status.

Here are the case notes for batch {batch _num} of {total batches}:

— START NOTES —

{notes}

— END NOTES —

Based *only* on the notes provided above for this batch, generate a comprehensive summary focusing
on key events, decisions, and progress during this specific period. The target length is approximately
{target length} words. Ensure the summary strictly reflects the content of these notes.
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Street Outreach Classification

You are an expert analyst specializing in predicting long-term housing stability for individuals experiencing
homelessness. Your task is to analyze client data, including demographic information, historical interactions,
and case note summaries, to predict the **most stable housing placement level** the client is likely to achieve
and maintain over the **next two years**.

**Input Data:**

You will be provided with the following information for each client:

**Prediction Task:**

Based *only™* on the provided attributes and the case notes summary, predict the single most stable housing
placement level the client is likely to maintain over the next two years.

**Housing Placement Levels (Prediction Output):**

Your prediction must be an integer between 0 and 3:

o **¥0**: No stable placement (remains on the street or in emergency shelters).

o *¥**: Transitional Housing (temporary placement with support, aiming for longer-term housing).

o **2%*: Rapid Re-housing (time-limited rental assistance and services).

o *¥3*¥*: Permanent Supportive Housing (long-term housing with ongoing support services).
**Reasoning Guidance (Internal Thought Process - Do Not Output This):**

e Consider factors that promote stability: housing application progress, possession of documents, benefit
acquisition, engagement with services (unless contacts are excessive without progress), prior successful
placements (even if temporary), positive recent developments in the case notes.

e Consider factors that hinder stability: chronic homelessness indicators, frequent service refusals, mental
health crises (Removal958), lack of documents/income, lack of prior placements, patterns of instability
noted in the summary.

e Weigh the structured data against the nuances presented in the case note summary. The summary
provides vital context.

**Client Information:**

**Prediction:**

Provide *only* the predicted number (0, 1, 2, or 3) as the output. Do not include any other text, explanation,
or formatting.

**Examples:** {examples}
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