
On Kernel Based Variational Autoencoders

Tian Qin Wei-Min Huang
Lehigh University Lehigh University

Abstract

In this paper, we bridge Variational Au-
toencoders (VAEs) (Kingma and Welling,
2013) and kernel density estimations (KDEs)
(Rosenblatt, 1956; Parzen, 1962) by approxi-
mating the posterior by the expectation of ker-
nel density estimator and deriving a new lower
bound of empirical log likelihood. The flexi-
bility of KDEs provides a new perspective of
controlling the KL-divergence term in original
evidence lower bound (ELBO) which enriches
the choice of the posterior and prior pairs in
VAE. We show that the Epanechnikov kernel
gives the tightest upper bound in controlling
the KL-divergence under appropriate condi-
tions (Epanechnikov, 1969; Bickel and Rosen-
blatt, 1973) in theory and develop a kernel-
based VAE called Epanechnikov Variational
Autoenocoder (EVAE). The implementation
of EVAE is straightforward as Epanechnikov
kernel lies in the “location-scale” family of dis-
tributions where reparametrization tricks can
be applied directly. Compared with Gaussian
kernel, Epanechnikov kernel has compact sup-
port which should make the generated sample
less blurry. The flexibility of new lower bound
of ELBO also enables us to employ a two-stage
training strategy to treat reconstruction and
generation separately, which is an analogue
of the idea in VQ-VAE (Van den Oord et al.,
2017). Extensive experiments illustrate the
potential of EVAE in image generation and
the superiority of EVAE over vanilla VAE
and other baseline models in the quality of re-
constructed images, as measured by the FID
score and Sharpness (Tolstikhin et al., 2018).
We also carried out additional experiments
about the application of EVAE in downstream
classification tasks.
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1 INTRODUCTION

In variational inference, an autoencoder learns to
encode the original data x using learnable function
f−1
ϕ (x) and then to reconstruct x using a decoder gθ.
Kingma and Welling (2013) proposed a stochastic vari-
ational inference and learning algorithm called Vari-
ational Autoencoders (VAEs) which can be further
used to generate new data. According to VAE, a lower
bound on the empirical likelihood, which is known as
ELBO, is maximized to encourage the fitted decoder
pθ(x|z) = N (x; gθ(x), ID) to reconstruct input x from
latent variable z accurately and force the approximate
posterior qϕ(z|x) = N (x; fϕ(x), ID) to be close to the
prior p(z).

The isotropic Gaussian priors and approximate posteri-
ors in vanilla VAEs are mathematically and practically
convenient since they make the KL-divergence term in
the ELBO analytic, allowing for direct optimization
by backpropagation. But the main drawbacks are the
lack of expressibility of latent space and the possible
posterior collapse. There are two popular directions
for extending VAEs to address these drawbacks.

One direction is to enhance the posterior expressive-
ness. For example, Normalizing flow (NF) (Rezende
and Mohamed, 2015) applied a sequence of invertible
transformations to the simple and tractable initial dis-
tribution to achieve more expressive posteriors. β-VAE
Higgins et al. (2016) introduced a new parameter β
in balancing the reconstruction loss with disentangled
latent representation qϕ(z|x). Importance weighted
Autoencoders (IWAE) Burda et al. (2015) improved
log-likelihood lower bound by importance weighting. It
approximated the posterior with multiple samples and
learned richer latent space representations than VAEs.
Saha et al. (2024) proposed the Aggregate Variational
Autoencoder (AVAE), which estimates the posterior by
Gaussian kernel density estimations (KDEs) to improve
the quality of the learned latent space.

Rather than focusing on posterior approximation, an-
other research trajectory involves replacing Gaussian
prior with other flexible distributions. For example,
Dilokthanakul et al. (2016) used a simple Gaussian mix-
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ture prior and Tomczak and Welling (2018) introduced
a mixture prior called “VampPrior” which consists of
a mixture distribution with components given by vari-
ational posteriors. The possibility of non-parametric
priors is explored in Nalisnick and Smyth (2017), which
used a truncated stick-breaking process. Hasnat et al.
(2017) and Davidson et al. (2018) attempted to replace
Gaussian prior by von Mises-Fisher(vMF) distribution
to cover hyperspherical latent space. For data with
heavy-tailed characteristics, Kim et al. (2024) replaced
Gaussian prior with heavy-tailed distributions such as
the Student’s t-distribution, which allows the model
to capture data with higher kurtosis, leading to more
robust representations. Hao and Shafto (2023) utilized
optimal transport theory design priors that enforce a
coupling between the prior and data distribution.

Most variants of VAE along these two directions re-
quire the closed-form KL divergence. This is essential
in implementation but somehow limits the potential ap-
plications of more flexible pairs of posterior and prior,
which may have no closed-form of KL divergence but
could learn versatile latent space representations and
alleviate model collapse. To improve the flexibility of
the choice of posterior and prior in VAE, in this paper,
we estimate the posterior by the expectation of kernel
density estimator and derive a corresponding upper
bound of KL-divergence, which has closed-form for
many distributions. Such elasticity makes the deriva-
tion of the optimal functional form of kernel possible
and the implementation time efficient.

It is true that we can simply employ Monte-Carlo
simulation (MC) to approximate KL-divergence for
complicated posteriors. But the price is the time
efficiency. For example, Davidson et al. (2018) em-
ployed von Mises-Fisher (vMF) distribution instead
of Gaussian to better capture latent hyperspherical
structure. With uniform prior, their proposed Hy-
perspherical Variational Auto-Encoders(HVAE) has
closed form of KL-divergence while sampling from von
Mises-Fisher (vMF) distribution requires acceptance-
rejection method, which can be time consuming for
high-dimensional latent space. Additionally, Saha et al.
(2024) directly employed a Gaussian kernel density esti-
mator to estimate the posterior, which requires a large
number of samples and is time consuming to achieve
decent performance. Many VAE type methods also
suffer from the trade-off between reconstruction and
generation.

Our main contributions can be summarized as follows:

1. We formulate the latent space learning process in
VAE as a problem of kernel density estimation.
Inspired by the results in Bickel and Rosenblatt
(1973) , we then model the posterior by the expecta-

tion of corresponding kernel density estimator and
derive an upper bound of KL-divergence, which has
closed-form for many distributions. Some asymp-
totic results are established as well. See details in
section 2.2 and 3

2. After that, we utilize the conclusion from Bickel
and Rosenblatt (1973) and show that the derived
upper bound of KL-divergence is tightest when we
employ Epanechnikov kernel. The derivation con-
nects a quadratic functional with KL-divergence,
which to our best knowledge, is the first attempt
to bridge the concept of asymptotic distribution
of KDEs with VAE.

3. We then propose Epanechnikov VAE (EVAE)
which will learn the latent space representation
from KDE based posterior. After fully training
the encoder and decoder of EVAE, a DCGAN
(Radford et al., 2015) will be fitted to learn the
Epanechnikov posterior trained in the previous
stage for the sake of generation. We conducted
detailed comparisons between the Epanechnikov
VAE (EVAE) and Gaussian VAE in many bench-
mark image datasets under the standard encoder-
decoder structure. The extensive experiments
demonstrate the superiority of EVAE over other
baselines in image reconstruction and generation
quality. Additionally, the EVAE shows strong
performance in downstream classification tasks.

The remaining sections of this paper are organized
as following schema. In section 2, we provide some
preliminaries involving VAE and kernel density estima-
tions. In section 3, we show that Epanechnikov kernel
gives the tightest upper bound in bounding the KL-
divergence in the functional sense under appropriate
conditions. Based on results in section 3, we propose
the Epanechnikov VAE (EVAE) in section 4. The
comparisons between EVAE, vanilla VAE and other
baselines in benchmark datasets are illustrated in sec-
tion 5. Section 6 discusses some related works of EVAE.
Section 7 raises few characteristics and limitations of
EVAE and suggests some future directions. The py-
torch codes for the implementation of EVAE and main
experiments are available in supplementary materials.
All experiments are performed on a laptop with 12th
Gen Intel(R) Core(TM) i7-12700H (2.30 GHz) ,8.0 GB
RAM and NVIDIA 4070 GPU.

2 PRELIMINARY

2.1 VAE formulation

Consider a dataset X = {x(i)}ni=1 consists of n i.i.d
samples from space X whose dimension is d. In
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VAE, we assume that every observed data x(i) =

(x
(i)
1 , x

(i)
2 , ..., x

(i)
d ) ∈ X is generated by a latent vari-

able z(i) ∈ Z whose dimension is p. Then the data
generation process can be summarized in 2 steps. It
first produces a variable z(i) from some prior distribu-
tions p(z). Then given the value of z(i), an observed
value x(i) is generated from certain conditional distribu-
tion pθ(x|z). We typically assume d > p and likelihood
pθ(x|z) are differentiable distributions w.r.t θ and z.
To maximize the empirical log likelihood logpθ(x), we
need to evaluate the integral in the form

log pθ(x) = log

∫
pθ(x, z)dz = log

∫
pθ(x|z)p(z)dz ,

which is intractable in most cases. Fortunately, we
can instead maximizing its log evidence lower bound
(ELBO) L with the help of Jensen’s inequality:

log pθ(x) ≥ E
z∼qϕ(·|x)

[log pθ(x|z)]−KL(qϕ(z|x)||p(z)) ,
(1)

where the RHS of inequality (1) is called evidence
lower bound (ELBO) and KL(·||·) represents the KL-
divergence between two distributions.

The conditional likelihood pθ(x|z), approximate pos-
terior qϕ(z|x) and the prior distribution p(z) can
be chosen independently. For convenience, most ap-
plications of VAE employ Gaussian parametrization
for all three likelihoods. Since we would like to in-
vestigate new forms of posterior and prior rather
than the form of conditional likelihood pθ(x|z), we
can assume a multivariate Bernoulli or Gaussian
model w.r.t pθ(x|z) for simplicity. For example, un-
der multivariate Gaussian, we have logpθ(x|z) =
logN (x; gθ(z), I). As to multivariate Bernoulli model,

we have log pθ(x|z) =
∑d

i=1[xilog (gθ(z)i) + (1 −
xi)log (1− gθ(z)i)] where gθ(z) : Z → X are typically
neural-network parametrizations.

To maximize ELBO, we now need to minimize the
following target function for given data x:

E
z∼qϕ(·|x)

[−log pθ(x|z)] +KL(qϕ(z|x)||p(z)) . (2)

The two terms in equation (2) are named as “recon-
struction error” and “divergence” or “regularization
term”, respectively. The “divergence” term regularizes
the mismatch between approximate posterior and prior
distribution.

2.2 Model the posterior as the expectation of
kernel density estimator

A common assumption of latent space in VAE is the
factorization of approximate posterior, i.e. dimensions
of latent space are independent with each other. Under

this assumption, we only need to consider the KDE
formulation for posterior qϕ(z|x) and prior p(z) in one-
dimensional case. Similar arguments can be applied to
multi-dimensional cases by additivity of KL-divergence
under independence. For the consistency of notations,
we still use bold letter x and z to denote x and z in
one-dimensional KDE. Given Y1, ..., Ym be i.i.d ran-
dom variables with a continuous density function f ,
Parzen (1962); Rosenblatt (1956) proposed kernel den-
sity estimate fm(y) for estimating f(y) at a fixed point
y ∈ R:

fm(y) =
1

mb(m)

m∑
i=1

K

[
y − Yi

b(m)

]
=

1

b(m)

∫
K

[
y − t

b(m)

]
dFm(t) ,

(3)

where Fm is the sample distribution function, K is an
appropriate kernel function such that

∫
K(y)dy = 1

and the positive number bm, which typically relies
on the sample size m, is called bandwidth such that
b(m) → 0,mb(m) → ∞ as m → ∞1.

On the other hand, with inequality log (t) ≤ t− 1 (for
t > 0) we can bound KL-divergence as follows:

KL(q||p) =
∫

q(z)log
q(z)

p(z)
dz ≤

∫
q(z)(

q(z)

p(z)
− 1)dz

=

∫
(q(z)− p(z))2

p(z)
dz .

(4)

Let the posterior qϕ(z|x) = E0(qm,ϕ(z)), where

qm,ϕ(z) =
1

mb(m)

m∑
j=1

Kϕ,x

[
z− Zj

b(m)

]
, Zj

i.i.d∼ p(z̃) .

is a kernel density estimator of qϕ(z|x) with kernel
Kϕ,x, given KDE sample size m, data point x and
parameter ϕ. Expectation E0 is taken w.r.t the samples
from prior distribution p(z̃). In other words, we model
the posterior as the expectation of the kernel density
estimator. The subscript ϕ of kernel function implies
that the parameters in kernel can be learned by neural
networks.

By inequality (4) and Jensen inequality, we obtain

KL(qϕ(z|x)||p(z)) ≤
∫

[E0(qm,ϕ(z))− p(z)]2

p(z)
dz

≤ E0

[∫
(qm,ϕ(z)− p(z))2

p(z)
dz

]
.

(5)

1We omit the limits of integrals if they are −∞ to ∞.
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To this end, we obtain a new lower bound of log-
likelihood of data:

log pθ(x) ≥ Eqϕ(z|x)[log pθ(x|z)]−KL(qϕ(z|x)||p(z))
≥ Eqϕ(z|x)[log pθ(x|z)]

− E0

[∫
(qm,ϕ(z)− p(z))2

p(z)
dz

]
.

(6)

Since we model the posterior as the expectation of the
kernel density estimator, the number of latent variable
Z generated from prior distribution, which is m, is
just used for theoretical derivation and we found that
sampling latent variable Z once is good enough in
practice, as suggested by Kingma and Welling (2013).

In the kernel density estimation theory, Epanechnikov
(1969) showed that the Epanechnikov kernel minimizes∫
E0[qm,ϕ(z)−p(z)]2dz asymptotically, which gives us a

hint of the functional optimization of kernel K in right
hand side of inequality (5). The main assumptions of
deriving optimal functional form of kernel are enclosed
in Appendix A.

3 CHOICE OF KERNEL

Let fm(t) be a kernel density estimate of a continuous
density function f at t, as defined in equation (3), we
construct a statistic Tm as follows:

Tm = mb(m)

∫
[fm(t)− f(t)]2a(t)dt ,

where a(t) is an appropriate weight function. We now
restate the main result of Bickel and Rosenblatt (1973)
as Theorem 3.1:

Theorem 3.1 (Bickel and Rosenblatt (1973))
Let assumptions A1 − A4 in Appendix A hold and
suppose that the weight function a is integrable piece-
wise continuous and bounded. Suppose b(n) = o(n− 2

9 )

and o(b(n)) = n− 1
4 (log(n))

1
2 (loglogn)

1
4 as n → ∞,

then b−
1
2 (n)(Tn − I(K)

∫
f(t)a(t)dt) is asymptotically

normally distributed with mean 0 and variance
2J(K)

∫
a2(t)f2dt as n → ∞, where

I(K) =

∫
K2(t)dt, J(K) =

∫ [∫
K(t+ y)K(t)dt

]2
dy .

(7)

In other words, under Theorem 3.1, we can say E[Tm]
is approximately I(K)

∫
f(t)a(t)dt when m is large.

Let mb(m)/n = 1 and b(m) satisfy the conditions in
Theorem 3.1, by the asymptotic result of Theorem 3.1,

the inequality (5) becomes2:

KL(qϕ(z|x)||p(z))

≤ mb(m)

n
E0

[∫
(qm,ϕ(z)− p(z))2

p(z)
dz

]
=

1

n
E0

[
mb(m)

∫
(qm,ϕ(z)− p(z))2

p(z)
dz

]
n large
≈

I(Kϕ,x)
∫
p(z) 1

p(z)dz

n
= B(x)

I(Kϕ,x)

n
,

(8)

where B(x) is the length of support interval of p(z)
given input data x. Note that if the prior has infinite
length of support, the inequality (8) becomes theoret-
ically useless3. Thus we assume finite B(x) in imple-
mentation. We can now find the kernel which gives the
tightest upper bound of KL-divergence i.e. the kernel
K∗

ϕ,x minimizing I(Kϕ,x) given fixed parameters and
data point x. Lemma 3.2 shows that Epanechnikov
kernel is the optimal choice.

Inequality (8) relaxes the form of the prior distribution,
making the choice of prior more flexible. In section 4,
we choose to only parameterize the support of latent
prior distribution so that it could facilitate the learning
of latent posterior, which also motivates us employ
a two-stage training strategy, as taken by VQ-VAE
(Van den Oord et al., 2017), to treat reconstruction
and generation separately. See details section 4.

Lemma 3.2 Let K be the set of all L1(−∞,∞) non-
negative functions K satisfying∫

K(t)dt = 1,

∫
tK(t)dt = µ,

∫
(t−µ)2K(t)dt =

1

5
r2

where µ ∈ (−∞,∞), r > 0. Then the functional I(K)
in equation (7) is minimized on K uniquely by

K∗(t) =

{
3
4r

(
1−

(
t−µ
r

)2)
t ∈ [µ− r, µ+ r]

0 otherwise

and minKI(K) = I(K∗) = 3
5r . The optimal kernel

K∗ is named as Epanechnikov kernel (Epanechnikov,
1969).

The proof is based on the idea of Lagrange multiplier.
See Appendix B.1.

4 EPANECHNIKOV VAE

Getting inspired by the functional optimality of
Epanechnikov kernel in controlling KL-divergence, we

2For the consistency of notations, we still use bold x and
z to denote one-dimensional variable x and z in inequality
((8)) under the context of Theorem 3.1.

3However, we also found that replacing the uniform prior
with Gaussian prior can still make kernel based VAEs work.
See extra experiments in section 5.6.
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propose the Epanechnikov Variational Autoencoder
(EVAE) whose resampling step is based on Epanech-
nikov kernel. There are two main differences between
EVAE and VAE. The latent distribution in EVAE is
assumed to be estimated by the Epanechnikov ker-
nel rather than multivariate isotropic Gaussian. And
EVAE is trained to minimize a different target function
(9):

E
z∼qϕ(·|x)

[−log pθ(x|z)] +B(x)
I(K∗

ϕ,x)

n
, (9)

where n can be the sample size or minibatch size, ϕ are
outputs of the encoding network, K∗

ϕ,x is Epanechnikov
kernel given data point x and trainable neural network
parameter ϕ, and support parameter B(x) relies on
input x. The choice of B(x) is flexible and we find that
setting B(x(i)) = r(i) simplifies the target function and
inspires us to split the training part of EVAE into two
phases, whose idea is analogous to VQ-VAE (Van den
Oord et al., 2017).

In the first stage, we optimize the sample version of
equation (9) at i-th data point x(i):

L̃(θ, ϕ,B;x(i)) ≈ − 1

L

L∑
l=1

(log pθ(x
(i))|z(i,l)) + 3

5M
,

(10)

where i ∈ {1, 2, ...,M}, p is the dimension for latent
space, M is is the minibatch size. Since 3

5M is a constant,
we can safely ignore this constant term in optimizing
equation (9). In vanilla VAE, Kingma and Welling
(2013) suggested that the number of regenerated sam-
ples L can be set to 1 as long as the minibatch size is
relatively large. Based on our experiment experience,
this is also the case for EVAE. During stage 1 training,
the encoder learns the latent posterior qϕ(z|x(i)). By
definition, the density of qϕ(z|x(i)) can be derived as
follows:

qϕ(z|x(i)) = E0

 1

mb(m)

m∑
j=1

K∗
ϕ,x(i)

(
z− Zj

b(m)

)
= E0

[
1

b(m)
K∗

ϕ,x(i)

(
z− Z1

b(m)

)]
=

∫
1

b(m)
K∗

ϕ,x(i)

(
z− z̃

b(m)

)
pz(z̃)dz̃ ,

(11)

where pz is the density of prior distribution.

Thus the latent posterior constructed from stage 1 can
be viewed a convolution between two random variables,
i.e.

Z(x(i)) = b(m)K∗(x(i)) + r(i)(x) · U , (12)

where U represents a uniform distribution in [−1, 1] and
we assume that the prior has the same support length

as the posterior, which is modeled by the Epanechnikov
kernel. Once we can construct the latent space with a
trained encoder, a DCGAN will be trained to learn the
encoded latent space distribution Z(x(i)) in the second
stage to generate a dense representation of the latent
space from random noise. In other words, we train
a DCGAN generator Gθ(Z̃) in stage 2 so that Gθ(Z̃)
could generate a similar distribution of encoded space,
where θ represents the parameter for the generator
and random noise Z̃ follows the standard Gaussian for
simplicity.

Essentially, identity (12) decomposes the posterior into
two parts. One is the prior distribution information,
the other represents the incremental updates from new
information induced by data x(i). The Epanechnikov
kernel can be viewed as the “optimal” direction of per-
turbing the prior distribution and the coefficient b(m)
can be interpreted as “step size”, which controls the
deviation of posterior from the prior. The resampling
step in EVAE can also be divided into two parts, as de-
scribed in Algorithm 1 where we assume that the mean
parameters of the Epanechnikov kernel are absorbed
in the encoder network. For the sake of finite support
and simplicity, we assume that the step size b(m) is the
same for all dimensions. The theoretical conditions for
b(m) is demanding. In practice we found that setting
coefficient b(m) as b(100) = 100−2/9 ≈ 0.3594 is good
enough.

A DCGAN will be trained to approximate the latent
posterior qϕ(z|x) for the sake of image generation. The
detailed structure of DCGAN in learning latent space
can be found in Appendix C. We follow the main idea in
Radford et al. (2015) but replace the convolution layers
with linear layers. The intuition is that there is no
spatial relationship between latent feature dimensions.

Algorithm 1 Resampling step in a minibatch of EVAE
(Stage 1 training)

Require: Latent space dimension dz; Minibatch size
M . Step size b(m). Spread rϕ(x) is learned by
encoder networks given input x and have dimension
M × dz.

1: Encode a input x into Enc(x).
2: Sample aM×dz matrixK where each (i, j) entry of

the random matrix K is sampled from an standard
Epanechnikov kernel supported on [−1, 1].

3: Scale sampled K by the location-scale formula:
Z = rϕ(x)⊙K.

4: Return: b(m)⊙Z+ rϕ(x)⊙U, U
i.i.d∼ Unif[−1, 1].

In Algorithm 1, we apply reparametrization trick
to sample z from general Epanechnikov kernel, i.e
z(i,l) = r(i) ⊙ k(l), where k(l) is sampled from stan-
dard Epanechnikov kernel supported on [−1, 1] as it
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Algorithm 2 Sampling from centered Epanechnikov
kernel supported on [−1, 1]

1: Sample U1, U2, U3
i.i.d∼ Unif[−1, 1].

2: Set U = Median(U1, U2, U3)
3: Return: U

lies in the ”location-scale” family. We use ⊙ to signify
the element-wise product. There are many ways to
sample from standard Epanechnikov kernel, such as
accept-rejection method. For efficiency, we provide a
faster sampling procedure in Algorithm 2. The theoret-
ical proof is given in Appendix B.2. Once the encoder
and decoder are fully trained, we can get the encoded
space from Algorithm 1 and fit a DCGAN with respect
to the actual encoded space, where the generator will
generate fake encoded space from random noise and
the discriminator will judge the quality of generated
encoded space. Essentially, we train a DCGAN for the
dense encoded space from EVAE.

5 EXPERIMENTS

In this section, we will compare the proposed EVAE
model with (vanilla) VAE whose posterior and prior
are modelled by isotropic multivariate Gaussian in real
datasets. To assess the quality of reconstructed im-
ages, we employ the Frechet Inception Distance (FID)
score Heusel et al. (2017) to measure the distribution
of reconstructed images with the distribution of real
images. The lower, the better. Inception v3 (Szegedy
et al., 2016) is employed as default model to generate
features of input images, which is a standard imple-
mentation in generative models. Unlike the unbounded
support of Gaussian distribution, the compact support
for Epanechnikov kernel could help EVAE generate
less blurry images. To check this claim empirically,
we calculated sharpness (Tolstikhin et al., 2018) for
reconstructed images by a 3 × 3 Laplace filter. See
more details in Appendix E.

5.1 Benchmark datasets

We trained EVAE and VAE on four benchmark
datasets: MNIST Deng (2012), Fashion-MNIST Xiao
et al. (2017), CIFAR-10 Krizhevsky (2009) and CelebA
Liu et al. (2015). The detailed information for train-
ing parameters are attached in Section 3 of Appendix.
In terms of FID score, we observe that EVAE has
an edge in high dimensions (dz = 32, 64), indicat-
ing the better quality of reconstructed images from
EVAE. Additionally, when dz = 64, EVAE gener-
ates higher sharpness of reconstructed images for all
datasets, as illustrated in Table 5 and Table 6 in Ap-
pendix I.1. Those results empirically justify the posi-

tive effect of having compact support in posteriors and
priors. As to CIFAR-10, EVAE has larger sharpness
in high dimensions (dz = 32, 64) while it is relatively
mediocre in low dimensions. Possible reasons include
low-resolution(blurriness) of original images and defi-
cient expressibility of simple CNN models in low di-
mensions. But the validation reconstruction loss curves
in Appendix G indeed authenticate the superiority of
EVAE over benchmark datasets, including CelebA.

5.2 Reconstruction samples

Figure 1 presents some test reconstructed samples from
trained VAE and EVAE with dz = 64 of CIFAR10,
respectively. We can see many images reconstructed
from EVAE are able to pick up local features better
than the VAE. And reconstructed samples from CIFAR-
10 are clearer and closer to the original images, as
indicated by large gap between FID scores. See more
examples of MINST, Fashion-MNIST and CelebA-64
datasets in Appendix F. The statistical analysis from
binomial test based on total experiments (Appendix
E) shows that EVAE significantly outperforms VAE in
FID and sharpness.

5.3 Unconditional samples

Figure 2 demonstrates the unconditional samples from
MINST dataset with EVAE and VAE. To generate im-
ages with EVAE, we directly sample from random noise
, and feed them into the trained DCGAN generator to
obtain the latent vector sample, which is then used as
input of the trained decoder. We observe that uncon-
ditional samples from EVAE also have a higher quality
than those of VAE, as measured by the FID score,
which implies the potential of EVAE in learning dense
latent spaces. One intuition is that the generation
step in EVAE is more flexible as we learn the kernel
based posterior separately. Unlike VQ-VAE, EVAE
doesn’t require the codebook in connecting discrete
latent space and dense embedding space, providing a
new insight of latent space representation.

5.4 Comparisons with baselines

In this section we conducted extra experiments com-
paring the reconstruction ability of EVAE with open-
source variants of VAE that improve the representa-
tional capacity of the encoder such as β−VAE (Higgins
et al., 2016), IWAE (Burda et al., 2015), WAE (Tol-
stikhin et al., 2018) and HVAE (Davidson et al., 2018)
on three datasets. Note that we did not involve Nor-
malizing Flow/GAN/Diffusion in the baselines as they
belong to different types of image generation model.
We used uniform prior in EVAE and we ran all exper-
iments three times. We reported mean and standard
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(a) Real images (b) VAE reconstructed images (c) EVAE reconstructed images

Figure 1: (a) Sampled real images from hold-out samples in CIFAR-10 (b) Reconstructed images by VAE. (c) Reconstructed
images by EVAE. Dimension dz = 64 for both models.

(a) VAE(FID=12.57) (b) EVAE(FID=7.1) (c) EVAE(FID=155.6) (d) EVAE(FID=91.1)

Figure 2: (a) Unconditional samples generated from VAE (MNIST) (b) Unconditional samples generated from EVAE
(MNIST) (c) Unconditional samples generated from VAE (CIFAR10)(d) Unconditional samples generated from EVAE
(CIFAR10). Latent dimension dz is 32 for (a) and (b). Latent dimension dz is 64 for (c) and (d).

deviation of FID score (for testing set reconstruction
quality). Same for sharpness. For fair comparisons, we
used same encoder and decoder CNN architecture for
all baselines. The only difference comes from posterior
modeling and prior modeling. All latent dimensions
dz are set to 64. Other hyperparameters and training
details are the same as in the Appendices C and E.

According to Table 2, the EVAE model consistently
achieves strong performance across the board, partic-
ularly in terms of FID and sharpness metrics. The
WAE(MMD) model also performs well in many sce-
narios, which is not surprising since it extends the KL
divergence used in standard VAEs to the more general
Wasserstein distance. The IWAE model shows decent
results by using importance-weighted sampling to close
the gap between the ELBO and the true log-likelihood.
In our experiments, we used k=5 samples for this impor-
tance sampling step. In contrast, the Hyperspherical
VAE (HVAE) performed poorly, possibly due to the
complexity of the von-Mises Fisher prior and the choice
of the hypersphere manifold’s dimension. Our experi-
ments also found that the VQ-VAE performed worse
than other models. This can be attributed to its use

of only simple Convolutional Neural Networks (CNNs).
When we incorporated residual layers, as in the original
implementation (Van den Oord et al., 2017), the VQ-
VAE’s FID score on the CIFAR10 dataset improved
significantly to approximately 49. This suggests that
the high-quality image reconstruction seen in VQ-VAE
is not solely a result of its vector quantization compo-
nent.

In terms of efficiency, all models had similar running
times, with the exception of HVAE. Its use of an
acceptance-rejection method for sampling, especially
in high-dimensional settings, made it relatively more
time-consuming.

5.5 Downstream classification

Latent variables are known to be useful for downstream
tasks because they capture the underlying structure
of the data distribution (He et al., 2019; Chen et al.,
2020). To demonstrate the potential of the latent space
representation learned from EVAE, we compared our
method against VAE with respecto the downstream
classification tasks.
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Table 2: EVAE and other baselines

Models
Fashion-MNIST CIFAR10

FID Sharpness FID Sharpness

VAE 39.1(0.3) 0.016(3E-4) 142.9(1.7) 0.035(7E-4)
EVAE 12.2(0.2) 0.027(2.1E-4) 79.7(0.1) 0.036(7E-4)
β-VAE(β = 0.1) 19.5(0.5) 0.023(5E-4) 84.4(0.8) 0.035(5E-4)
β-VAE(β = 5) 74.5(2.0) 0.01(2E-4) 239.8(1.9) 0.034(1.4E-3)
IWAE(k = 5) 26.8(0.1) 0.02(3E-4) 125.4(1.6) 0.036(7E-4)
WAE(MMD) 22.1(0.5) 0.021(6E-4) 140.1(7.2) 0.034(7E-4)
HVAE 36.8(0.3) 0.016(1E-4) 195.2(0.8) 0.035(1E-3)
VQ-VAE 42.86(1.9) 0.015(2E-4) 218.92(2.2) 0.034(5E-4)

Generally, EVAE’s latent space representations lead
to better downstream classification accuracy on the
MNIST dataset than a standard VAE’s. This suggests
EVAE learns a more effective and informative data rep-
resentation, which improves performance on a related
task. The results are listed in the Table 3 and the
detailed training strategies are described in Appendix
H.

Table 3: Downstream classification testing accuracy on
MNIST dataset under different latent space dimensions

Models dz = 8 dz = 16 dz = 32

VAE 97.41± 0.05 98.38± 0.02 98.76± 0.14
EVAE 97.87±0.03 98.83± 0.03 98.76± 0.06

5.6 Extra experiments

We further replace the uniform prior with Gaussian
prior in training the EVAE. Table I.2 in Appendix
shows that the superior performance of EVAE comes
from the kernel based posterior with compact support
and not rely on the choice of prior. In addition, Tabu-
lar diffusion model (TabDiff) (Kotelnikov et al., 2023)
is another choice in learning the latent space if we
view the latent space as continuous tabular data. The
results in Table 4 illustrate that DCGAN is a better la-
tent distribution learner compared to tabular diffusion
model. Another drawback of diffusion based model
is the sequential denoising process is relatively time
consuming. Thus DCGAN is a more efficient choice.
The implementation of TabDiff follows the structure
in Kotelnikov et al. (2023).

In addition, Table 9 in Appendix I.3 demonstrates
that EVAE has the comparable time efficiency to VAE.
The slight increase in training time for EVAE results
from the sampling process of the Epanechnikov ker-
nel, which requires a few more samples to achieve the
Epanechnikov density, as described in Algorithm 2.
The difference in training time is negligible when the

latent space dimension is large, which facilitates the
application of EVAE in high-resolution datasets.

We also compare the PSNR (Peak Signal-to-Noise Ra-
tio) of different baselines on CIFAR10 to contextualize
the overall reconstruction fidelity of EVAE. All training
details follow the same setting in section E. From Table
10 in Appendix I.4, we can see that EVAE still out-
performs other baselines under PSNR, implying EVAE
has higher reconstruction quality in general.

Table 4: FID (on unconditional generated samples) on
MNIST dataset under different latent space learners
(TabDiff and DCGAN)

Models dz = 8 dz = 16 dz = 32

EVAE with DCGAN 14.27 9.63 7.86
EVAE with TabDiff 21.97 13.02 15.05

6 RELATED WORKS

Normalizing flow(NF) (Mohamed and Rezende, 2015)
transforms a simple prior distribution (like a standard
N(0, I)) into a complex target distribution via a series
of diffeomorphisms, which enhances the posterior ap-
proximations. If we replace the simple Gaussian prior
with kernel-based posterior developed in our work, it’s
possible we can let NF start from an adaptive data
manifold, reducing the flow complexity and improving
the tail modeling. Extending the implementation of
Epanechnikov kernel to more complicated generative
models such as diffusion models(Ho et al., 2020), nor-
malizing flows(Mohamed and Rezende, 2015; Horvat
and Pfister, 2021) and other variants of VAEs is one of
our future works.

Casale et al. (2018) proposed the Gaussian Process
(GP) prior to address the issue that vanilla VAE as-
sumes the latent sample representations are indepen-
dent and identically distributed, which may be too
strong for dependent data, e.g. time series. Since the
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derivation of EVAE also assumes the i.i.d latent dis-
tribution, it’s possible the idea in Casale et al. (2018)
could improve the performance in EVAE. We will leave
this as one of our future works.

Sun et al. (2024) proposed weighted standard devia-
tion of logit and performed a plug-and-play Z-score
pre-process of logit standardization before applying
softmax and Kullback-Leibler divergence in matching
logits of teacher and student models. This method
reminds us the downstream application (classification)
of EVAE where the KL is instead approximated by
asymptotic results from KDE. It’s possible that the
logit standardization could boost the downstream clas-
sification performance of EVAE if we can mode this
process as a special case of knowledge distillation.

7 DISCUSSION AND LIMITATION

A more precise approximation of KL-divergence.
In section 2.2, we bounded the KL-term by a simple
inequality log t ≤ 1− t, which limits the potential of
EVAE in more complicated cases such as high resolution
images. It’s possible to derive sharper bounds with
higher order approximation where the Epanechnikov
kernel may not be the optimal one.

Optimal kernel under different criteria. In this
paper, we mainly focused on the L2 deviation of KDEs,
which is measured by the functional I(K) proposed
in Theorem 3.1. However, in the general theory of
KDEs, different criteria lead to different optimal kernels.
For example, if we want to minimize the asymptotic
variance of Tm, which is related to the convolution

functional J(K) =
∫ [∫

K(t+ y)K(t)dt
]2

dy defined
in section 3, the optimal kernel is just the uniform
kernel, as derived by Ghosh and Huang (1991).

In addition, the Bickel-Rosenblatt statistic Tm we de-
fined in section 3 is proposed by Bickel and Rosenblatt
(1973), which can be viewed as a “continuous version”
of the ordinary k-cell Chi-Square statistic and the KL-
divergence is also a type of Chi-Square function Berkson
(1980). Replacing KL-divergence with expectation of
another type of Chi-Square statistic makes the ker-
nel optimization (minimum Chi-Square estimation) in
section 3 possible, which supports the claim in Berk-
son (1980) that minimum Chi-Square estimate is more
general and flexible.

The factorization of approximate posterior. Our
derivation of the new target function (10) is based on
the independence among hidden dimensions, which is a
fairly strong condition in practice. Exploring the theory
of KDEs with dependent latent dimensions would be
another compelling direction. For instance, we can uti-
lize the copula theory (Hofert et al., 2018; Tagasovska

et al., 2019; Joe, 2014) to deal with the non mean-field
posterior family.
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Appendix

A Assumptions for Theorem 3.1

We mainly borrow the terminologies and assumptions in Rosenblatt (1956) which is the pioneering work
in measuring deviations of density function estimates. Note that Rosenblatt (1956) studied the asymptotic
distribution of the quadratic functional

∫
[fn(t)− f(t)]2a(t)dt under appropriate weight function a and conditions

as sampling size n approaches to infinity. In inequality (5), we just saw that the weight function is the reciprical
of prior density in our case. Assumptions A1−A4 are listed as follows:

A1: The kernel function K is bounded, integrable, symmetric (about 0) and
∫
K(t)dt = 1,

∫
t2K(t)dt <

∞,
∫
K2(t)dt < ∞. Also, K either (a) is supported on an closed and bounded interval [−B,B] and is

absolutely continuous on [−B,B] with derivative K ′ or (b) is absolutely continuous on the whole real line
with derivative K ′ satisfying

∫
|K ′(t)|kdt < ∞, k = 1, 2. Moreover,∫
t≥3

|t| 32 [log (log |t|)] 12 [|K ′(t)|+ |K(t)|]dt < ∞

A2: The underlying density f is continuous, positive and bounded.

A3: Squared density f1/2 is absolutely continuous and its derivative is bounded in absolute value.

A4: The second derivative f ′′ exists and is bounded.

We can see that the Gaussian kernel satisfies those assumptions, indicating that the kernel density estimation
theory also works for Gaussian VAE. Similarly, most priors and posteriors we listed in section 1 lie in conditions
A1−A4, demonstrating the promising applications of kernel estimate theory in variants of VAE.

B Proofs

B.1 Proof of Lemma 3.2

For simplicity, we first consider the following constraints

K ≥ 0,

∫
K(x)dx = 1,

∫
xK(x)dx = 0,

∫
x2K(x)dx =

1

5

By the method of undermined multipliers, it’s equivalent to minimize the following target functional without
constraints:

∫
K2(x) + aK(x) + cz2K(x)dz

with simplified constraints above and a, c are undermined real coefficients. We ignore the term xK(x) as it does
not contribute to the unconstrained target function now.

For fixed x, denote y(K) = K2 + aK + cx2K, (K ≥ 0). Note that the quadratic function y(K) achieves minimum
when K = − c

2x
2 − a

2 .

It follows that y(K) is minimized subject to K ≥ 0 by

K(x) =

{
− c

2x
2 − a

2 − c
2x

2 − a
2 ≥ 0

0 − c
2x

2 − a
2 < 0
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We can rewrite it as

K(x) =

{
A(B2 − x2) |x| ≤ B

0 otherwise

for some number A,B. By simplified assumptions
∫
xK(x)dx = 0,

∫
x2K(x)dx = 1

5 , we can find that A = 3
4 , B = 1.

Under general moment conditions in Lemma 3.2, optimal K∗ can be written as

K∗(x) =

{
3
4r

(
1−

(
x−µ
r

)2) |x− µ| ≤ r

0 otherwise

by location-scale formula. In literature Epanechnikov (1969), this kernel is called Epanechnikov kernel. We put
1/5 in front of the constraint of second moment in order to make the resulting support interval cleaner, which
won’t change the optimal kernel. The corresponding optimal value of I(K) is I(K∗) = 3

5r .

Plots of Standard Epanechnikov kernel and Guassian kernel

Figure S3: Red curve: Standard Epanechnikov kernel. Green curve: Standard Gaussian kernel.

B.2 Theoretical support for Algorithm 2

Given U1, U2, U3
i.i.d.∼ Unif[−1, 1], we only need to show the density of median(U1, U2, U3) is standard Epanechnikov

kernel.

Denote Y = Median(U1, U2, U3), we have

P (Y ≤ t) = P (Median(U1, U2, U3) ≤ t)

= P (Exactly two of U1, U2, U3 are less than t) + P (All of U1, U2, U3 are less than t)

=

(
3

2

)(
1 + t

2

)2 (
1− t

2

)
+

(
3

3

)(
1 + t

2

)3

=
1

2
+

3

4
t− t3

4

Then the density fY (t) of Y is

fY (t) =
3

4
− 3

4
t2 =

3

4
(1− t2)
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which is essentially the standard Epanechnikov kernel.

C Model architecture of EVAE

C.1 MNIST and Fashion-MNIST

We used fully convolutional architectures with 4× 4 convolutional filters for both encoder and decoder in EVAE
and VAE, as described following. All convolutions in the encoder and decoder employed SAME padding.

We resized images in MNIST and Fashion-MNIST from 28× 28 to 32× 32 at beginning. In the last conv layer,
the sigmoid activation function was used to restrict the range of output as we assumed Bernoulli type model of
pθ(x|z) and the binary cross entropy loss employed used (reduction to sum). Dimensions dz for latent space :
{8, 16, 32, 64}

Encoder qϕ:

x ∈ R32×32 → 32 Conv, Stride 2 → BatchNorm → ReLU

→ 64 Conv, Stride 2 → BatchNorm → ReLU

→ 128 Conv, Stride 2 → BatchNorm → ReLU

→ 256 Conv, Stride 2 → BatchNorm → ReLU

→ Fully connected (1 ∗ 1 ∗ 256× dz) for each parameters

Decoder pθ:

z ∈ Rdz×dz → Fully connected (dz × 1 ∗ 1 ∗ 256)
→ 128 ConvTran, Stride 1 → BatchNorm → ReLU

→ 64 ConvTran, Stride 2 → BatchNorm → ReLU

→ 32 ConvTran, Stride 2 → BatchNorm → ReLU

→ 1 ConvTran, Stride 2 → Sigmoid

C.2 CIFAR-10

Again, we used fully convolutional architectures with 4× 4 convolutional filters for both encoder and decoder in
EVAE and VAE for CIFAR-10 model. In encoder, we employed a layer of Adaptive Average pool filter. Other
settings are the same with MNIST and Fashion-MNIST.

Encoder qϕ:

x ∈ R32×32 → 32 Conv, Stride 2 → BatchNorm → ReLU

→ 64 Conv, Stride 2 → BatchNorm → ReLU

→ 128 Conv, Stride 2 → BatchNorm → ReLU

→ 256 Conv, Stride 2 → BatchNorm → ReLU

→ AdaptiveAvgPool2d

→ Fully connected (1 ∗ 1 ∗ 256× dz) for each parameters

Decoder pθ:
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z ∈ Rdz×dz → Fully connected (dz × 1 ∗ 1 ∗ 256)
→ 128 ConvTran, Stride 1 → BatchNorm → ReLU

→ 64 ConvTran, Stride 2 → BatchNorm → ReLU

→ 32 ConvTran, Stride 2 → BatchNorm → ReLU

→ 3 ConvTran, Stride 2 → Sigmoid

C.3 CelebA

For CelebA dataset, we used 5× 5 convolutional filters for both encoder and decoder in EVAE and VAE. Simiar
to CIFAR-10, we employed a layer of Adaptive Average pool filter before the fully connected layer in encoder.
We first scaled images with Center Crop to 140× 140 and resized them to 64× 64.

Encoder qϕ:

x ∈ R64×64 → 64 Conv, Stride 2 → BatchNorm → ReLU

→ 128 Conv, Stride 2 → BatchNorm → ReLU

→ 256 Conv, Stride 2 → BatchNorm → ReLU

→ 512 Conv, Stride 2 → BatchNorm → ReLU

→ AdaptiveAvgPool2d

→ Fully connected (1 ∗ 1 ∗ 512× dz) for each parameters

Decoder pθ:

z ∈ Rdz×dz → Fully connected (dz × 8 ∗ 8 ∗ 512)
→ 256 ConvTran, Stride 1 → BatchNorm → ReLU

→ 128 ConvTran, Stride 2 → BatchNorm → ReLU

→ 64 ConvTran, Stride 2 → BatchNorm → ReLU

→ 3 ConvTran, Stride 2 → Sigmoid

D DCGAN structure (latent distribution learning) for MNIST and CIFAR-10

Generator G:

z ∈ RB×dz → Linear(dz, 64 * 2) → BatchNorm1d → GeLU

→ Linear(64 * 2, 64 * 4) → BatchNorm1d → GeLU

→ Linear(64 * 4, 64 * 8) → BatchNorm1d → GeLU

→ Linear(64 * 8, dz) → BatchNorm → Generated latent vector

Discriminator D:

Latent vector z̃ ∈ RB×dz → Linear(dz, 64) → GeLU

→ Linear(64, 64 * 2) → BatchNorm1d → GeLU

→ Linear(64 * 2, 64 * 4) → BatchNorm1d → GeLU

→ Linear(64 * 4, 64 * 8) → BatchNorm1d → GeLU

→ Linear(64 * 8, 1) → Sigmoid
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Note that the real latent vector is the encoded mean parameter of posterior and the fakte latent vector is generated
by the generator G. The discriminator in our case will be used to judge whether or not the latent vector is the
actual mean parameter.

E Datasets and Training details

We list details for each benchmark dataset in following table

Datasets # Training samples # Hold-out samples Original image size
MNIST 60000 10000 28*28
Fashion-MNIST 60000 10000 28*28
CIFAR-10 50000 10000 32*32
CelebA 162770 19867 178*218

Note that for MNIST,Fashion-MNIST and CIFAR-10, we used default splittings of training sets and testing sets
provided in Pytorch (torchvision.datasets). For CelebA, we used default validation set as hold-out samples.

As to the training details, we used same training parameters for all algorithms and datasets, as described in
following table

Latent space dimensions dz 8,16,32,64
Optimizer Adam with learning rate 3e-4
Batch size 100
Epochs 50

Calculation of Sharpness

We follow the way in Tolstikhin et al. (2018) in calculating the sharpness of an image. For each generated image,

we first transformed it into grayscale and convolved it with the Laplace filter

0 1 0
1 −4 1
0 1 0

, computed the variance

of the resulting activations and took the average of all variances. The resulting number is denoted as sharpness
(larger is better). The blurrier image will have less edges. As a result, the variance of activations will be small
as most activations will be close to zero. Note that we averaged the sharpness of all reconstructed images from
hold-out samples for each dataset.

Binomial test for two models

If EVAE and VAE have similar performance in FID score, the probability that EVAE has lower FID score should
be 0.5 in each independent experiment. (Same hypothesis for sharpness). However, according to Table 5 and 6,
EVAE wins 15 experiments for FID score among all datasets. The p-value of winning 15 experiments under null
hypothesis is

P (X ≥ 15) =

(
16

16

)
(0.5)16 +

(
16

15

)
(0.5)16 ≈ 2.6× 10−4 < 0.05.

P-value is smaller than 0.05 significance level thus EVAE significantly outperforms VAE in FID. Similar calculation
can be applied to sharpness, whose p-value of winning 12 experiments is P (X ≥ 15) =

∑16
i=15

(
16
i

)
0.516 ≈

2.6× 10−4 < 0.05 and we achieved the same conclusion for the significance of EVAE’s superiority in sharpness.

Training details for Figure 2

To generate unconditional images, we need to train a DCGAN for learned posterior from stage 1. For MNIST,
we set the latent dimension be 32. As to CIFAR10, we set the latent dimention be 64 to cater to the more
complicated latent space structure of RGB images. Other hyper parameters are the same in table above. The
network structures are described in Appendix D. GeLU represents the Gaussian Error Linear Unit activation
function (Hendrycks and Gimpel, 2016).
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F Sampled reconstructed images

(a) Real images (b) VAE reconstructed images (c) EVAE reconstructed images

Figure S4: (a) Sampled real images from hold-out samples in MNIST (b) Reconstructed images by VAE. (c) Reconstructed
images by EVAE. Dimension dz = 64 for both models. See section C for Model architectures.

(a) Real images (b) VAE reconstructed images (c) EVAE reconstructed images

Figure S5: (a) Sampled real images from hold-out samples in Fashion-MNIST (b) Reconstructed images by VAE. (c)
Reconstructed images by EVAE. Dimension dz = 64 for both models.

(a) Real images (b) VAE reconstructed images (c) EVAE reconstructed images

Figure S6: (a) Sampled real images from hold-out samples in CelebA (b) Reconstructed images by VAE. (c) Reconstructed
images by EVAE. Dimension dz = 64 for both models.
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G Validation curves

(a) MNIST (b) Fashion-MNIST

Figure S7: Reconstruction validation loss curves as function of Epochs. (dz = 64). Red curve is for EVAE and yellow one
represents VAE. Binary cross entropy loss is reduced to sum for each batch (a) MNIST (b) Fashion-MNIST.

(a) CIFAR-10 (b) CelebA

Figure S8: Reconstruction validation loss curves as function of Epochs. (dz = 64). Red curve is for EVAE and yellow one
represents VAE. Binary cross entropy loss is reduced to sum for each batch (a) CIFAR-10 (b) CelebA.

H Downstream classification

In the downstream classification task, we first encode the input image into latent representation by the learned
encoder from VAE or EVAE. The mean output from encoder part is used as latent representation. After that,
a classifier network is fit to classify the digit in MNIST dataset. The learning rate, epochs, training/ testing
splitting follow the details in Appendix E. The crossentropy loss is used since this is a multiclass classification
problem. The classifier network structure follows as:

Classifier:
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Latent representation z̃ ∈ RB×dz → Linear(dz, 64) → GeLU

→ Linear(64, 64 * 2) → BatchNorm1d → GeLU

→ Linear(64 * 2, 64 * 4) → BatchNorm1d → GeLU

→ Linear(64 * 4, 64 * 8) → BatchNorm1d → GeLU

→ Linear(64 * 8, 10)

The results in Table 3 are based on three times running.

I More experiment details on EVAE

I.1 Benchmark datasets

For comparison, we applied a classical CNN architecture (Appendix C) in encoding and decoding part for all
datasets. Consequently, the main differences between EVAE and VAE in implementation stem from the resampling
step and target function in training procedure. All FID scores and sharpness are based on hold-out samples. We
also evaluated VAE and EVAE with different dimensions dz of latent spaces. Table 6 summarize the results on
CIFAR10 adn CelebA datasets with uniform prior in EVAE. More results for MNIST and Fashion-MNIST can be
found in Table 5

Table 5: VAE and EVAE results on MNIST and Fashion-MNIST datasets

Datasets MNIST Fashion-MNIST

dz
VAE EVAE VAE EVAE

FID Sharpness FID Sharpness FID Sharpness FID Sharpness

8 15.70 0.0211 14.74 0.0243 41.47 0.0157 36.18 0.0176
16 11.93 0.0252 10.49 0.0305 38.85 0.0159 26.71 0.0216
32 11.97 0.0249 7.92 0.0338 38.74 0.0163 18.47 0.0251
64 11.97 0.0246 5.13 0.0360 39.31 0.0161 12.02 0.0267

Table 6: VAE and EVAE results on CIFAR10 and CelebA datasets

Datasets CIFAR-10 CelebA

dz
VAE EVAE VAE EVAE

FID Sharpness FID Sharpness FID Sharpness FID Sharpness

8 230.1 0.0353 226.6 0.0337 198.7 0.0147 198.7 0.0154
16 181.4 0.0350 164.2 0.0355 152.5 0.0148 149.7 0.0154
32 149.7 0.0348 123.5 0.0359 110.1 0.0156 97.5 0.0162
64 144.7 0.0355 79.7 0.0369 77.2 0.0163 65.3 0.0167
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I.2 EVAE with guassian prior

The experiment details are the saem with section C. The only difference is we replaced uniform prior with gaussian
prior.

Table 7: VAE and EVAE results on MNIST and Fashion-MNIST datasets

Datasets MNIST Fashion-MNIST

dz
VAE EVAE VAE EVAE

FID Sharpness FID Sharpness FID Sharpness FID Sharpness

8 16.14 0.0217 15.22 0.0246 42.22 0.0157 35.89 0.0181
16 12.11 0.0248 10.25 0.0308 38.88 0.0167 26.65 0.0218
32 12.43 0.0247 8.22 0.0335 39.14 0.0157 18.52 0.0246
64 11.73 0.0248 5.74 0.0364 38.96 0.0159 12.18 0.0271

Table 8: VAE and EVAE results on CIFAR10 and CelebA datasets

Datasets CIFAR-10 CelebA

dz
VAE EVAE VAE EVAE

FID Sharpness FID Sharpness FID Sharpness FID Sharpness

8 228.92 0.0353 218.84 0.0355 194.36 0.0149 194.62 0.0145
16 183.03 0.0360 163.84 0.0355 144.88 0.0155 147.78 0.0157
32 146.80 0.0359 122.17 0.0364 106.02 0.0160 102.73 0.0163
64 141.22 0.0353 79.06 0.0356 80.60 0.0161 65.79 0.0164

I.3 Time efficiency of EVAE

One advantage of kernel posterior proposed in equation (11) is that the quadratic functional I(K) has a closed
form for many distributions, while the closed form of KL divergence in standard ELBO can be hard to derive
when we want to use complicated posterior and prior. For example, the KL divergence becomes piecewise for the
uniform prior and posterior. In those cases, time-consuming Monte Carlo simulations might be needed.

To explore the time efficiency of EVAE, we performed additional experiments in Table I.3 to compare the average
and standard error of the training time (in seconds) per epoch (10 epochs total for each experiment) for VAE and
EVAE in CIFAR10 and CelebA-64.

Table 9: Training time of EVAE and VAE per epoch in seconds

Latent space dimension dz
CIFAR10 CelebA-64

VAE(std) EVAE(std) VAE(std) EVAE(std)

dz = 8 7.21(0.28) 7.9(0.19) 208.94(5.95) 208.42(4.33)
dz = 16 7.22(0.43) 7.99(0.19) 209.10(5.94) 210.88(5.35)
dz = 32 7.9(0.6) 8.87(0.31) 208.02(3.22) 210.23(2.81)
dz = 64 7.56(0.4) 8.56(0.63) 206.85(5.24) 207.72(5.66)

In general, we found that EVAE has the comparable time efficiency to VAE. The slight increase in training time
for EVAE results from the sampling process of the Epanechnikov kernel, which requires a few more samples to
achieve the Epanechnikov density, as described in Algorithm 2. The difference in training time is negligible when
the latent space dimension is large, which facilitates the application of EVAE in high-resolution datasets.
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I.4 PSNR comparison for reconstruction quality

Table 10: PSNR comparison for EVAE and other baselines on CIFAR10

Models PSNR (dB)
PSNR (dB) 18.75
EVAE 21.08
β-VAE(β = 0.1) 20.87
β-VAE(β = 5) 16.57
IWAE(k = 5) 9.88
WAE-MMD 9.8
HVAE 17.15
VQVAE 16.86

For illustration, we conducted extra experiments comparing PSNR (the higher the better) of different baselines
on CIFAR10. We can see that EVAE still outperforms other baselines under PSNR, implying EVAE has higher
reconstruction quality in general
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