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Abstract

We study a correlated group testing model
where n items are infected according to a
Markov chain, which creates bursty infection
patterns. In the sparse infections regime,
where the expected number of infections
scales as O(n?) with @ € (0,1), we propose
a non-adaptive testing strategy with an ef-
ficient decoding algorithm. Our approach
outperforms an optimal yet computationally
inefficient independent testing and decoding
scheme (one that disregards correlation), un-
der certain parameter regimes. At a high
level, we use randomized block testing, where
we first sample contiguous blocks of corre-
lated items and then subsample items within
selected blocks. Decoding then proceeds in
two stages: a coarse elimination step to rule
out items appearing in negative tests, fol-
lowed by a fine thresholding step that de-
clares an item infected if its test participa-
tion count exceeds a predefined threshold.
Notably, when 6 — 0, our method achieves
asymptotically vanishing error while using a
number of tests that is within a 1/1n(2) =~
1.44 multiplicative factor of the fundamental
entropy bound—a result that parallels the in-
dependent group testing setting. Further, we
show that the number of tests reduces with
an increase in the expected burst length of
infected items, quantifying the advantage of
exploiting correlation in test design.

1 INTRODUCTION

Consider a correlated group testing problem where the
infection status of an item is correlated with the infec-
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tion status of the item next to it. We are interested in
non-adaptive group testing strategies (Balding et al.,
1996) to determine the set of infected items.

Classical group testing, introduced by Dorfman
(1943), often employs the combinatorial model, a
widely used framework. In this model, a popula-
tion of size m contains exactly k infected individu-
als, chosen uniformly at random from all possible sub-
sets of size k. An alternative approach is the prob-
abilistic i.i.d. model, which assumes that each indi-
vidual is independently infected with probability g,.
Importantly, these two models are largely equivalent
(Aldridge et al., 2019). This framework has been ex-
tensively explored in the literature (Coja-Oghlan et al.,
2020a; Scarlett and Cevher, 2017, 2018; Coja-Oghlan
et al., 2020b; Aldridge et al., 2019). In this setting,
when infections are sparse, group testing can dramat-
ically reduce the number of tests required.

However, the assumption of independence is rarely re-
flective of real-world infection dynamics. Recent stud-
ies have begun to acknowledge this limitation and have
explored the potential of leveraging known community
structures (Ahn et al., 2021; Nikolopoulos et al., 2021,
2023; Ahn et al., 2023; Bertolotti and Jadbabaie, 2020;
Arasli and Ulukus, 2023) to enhance group testing ef-
ficiency. Moreover, in many practical scenarios, infec-
tions are not uniformly distributed but tend to occur
in bursts (Colbourn, 1999; Li et al., 2023; Bui et al.,
2022). For example, people living in the same living
space or neighborhood are more likely to get infected
and tested together. Such bursty infection patterns
are naturally captured by correlated infection models.

Another important motivation for our work arises
from imaging-based spatial transcriptomics technolo-
gies such as MERFISH (Moffitt and Zhuang, 2016)
and Xenium (Janesick et al., 2023). These technolo-
gies use barcoded “probes” to simultaneously test the
expression of a group of genes. If any of the genes
tested are being expressed in a certain location on a
tissue, that location lights up when an image is cap-
tured under a fluorescence microscope. The design of
these probes can be cast as a group testing problem,
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where we can target multiple genes during each test-
ing/imaging round. Furthermore, the genes that are
tested often exhibit strong local dependencies, where
genes involved in the same regulatory pathways or lo-
cated near each other on a chromosome tend to acti-
vate together (Allocco et al., 2004), once again result-
ing in bursty patterns. This “co-regulation” has been
exploited previously in Cleary et al. (2021), with cor-
related genes being measured together to reduce the
number of tests required. Understanding correlated
group testing can thus provide insights into how an
optimal design of these probes could take advantage
of gene co-regulation, reducing the number of test-
ing rounds. Note that once the probes are designed
and introduced in spatial transcriptomics experiments,
modifying or adapting the experimental setup is in-
feasible. This further motivates the need for non-
adaptive group testing strategies for this setting. By
non-adaptive, we refer to test designs that are fully
specified in advance and do not depend on the out-
comes of earlier tests.

Delving into the problem more formally, consider a
set of n distinct items labeled {1,2,...,n}. Each item
i is assigned a binary random variable U; € {0,1},
where U; = 1 indicates that item ¢ is infected, and
U; = 0 otherwise. The collective infection status of
all items is represented by the infection vector U™ =
(Uy,Us,...,Uy,). The objective is to estimate U™ using
the outcomes of T' non-adaptive group tests. Each test
simultaneously tests a subset of items. A test returns
a positive result if at least one infected item is included
in the group; otherwise, the result is negative.

To build intuition, consider the classical independent
group testing problem, where each item in a popu-
lation of size n is independently infected with prob-
ability g,. Consider a sparse regime, where U,’s are
independent and distributed as Bernoulli(g,,), where
ngn = kn? for some constant k > 0. As 6 — 0 (referred
to as the very sparse regime (Aldridge et al., 2019)),
it is well known (Aldridge et al., 2019; Coja-Oghlan
et al., 2020a; Aldridge, 2017) that a vanishing proba-
bility of error can be achieved as n — oo, if the number
of tests T'(n) satisfies (we define log(-) := log,(-))

T(n) > ngy, logn := Ting. (1)

Importantly, the above bound is also optimal. It is
established that no algorithm can further reduce the
number of required tests while maintaining asymp-
totically vanishing error probability (Aldridge et al.,
2019).

One can extend this approach to correlated group test-
ing, where the infection vector U™ exhibits known de-
pendencies. A straightforward application of the pre-

vious scheme would disregard these correlations, ef-
fectively assuming an i.i.d. prior on U™ and yielding
the same number of tests. This raises a key question:
can incorporating correlations into test design further
reduce the number of required tests in (1)?

Prior work suggests that incorporating correlations
into test design and decoding rule can reduce the num-
ber of required tests under some assumptions. Inde-
pendent testing strategies become suboptimal in cor-
related settings, as they fail to leverage the informa-
tion an item’s infection status provides about others.
Adaptive strategies (Ahn et al., 2021, 2023; Nikolopou-
los et al., 2021, 2023) have successfully exploited these
dependencies to reduce the number of tests. However,
achieving similar provable gains with non-adaptive
strategies remains a challenge.

For instance, Nikolopoulos et al. (2023) propose a non-
adaptive approach that reduces tests, albeit under a
non-vanishing false positive rate. Similarly, Portnoy
and Cohen (2024) introduce a trellis-based test design
that demonstrates test reductions empirically. These
results strongly suggest that non-adaptive strategies
should, in principle, benefit from correlation-aware de-
signs. However, designing tests that provably reduce
the number of tests under vanishing error remains chal-
lenging.

To make progress in the non-adaptive correlated set-
ting, we consider the case where the infection vector
U™ is generated by a two-state Markov chain, initial-
ized according to its stationary distribution, shown in
Figure 1. For relevant parameter choices, this Markov
chain induces bursty infection patterns. Specifically,
define transition probabilities a,, = k'n? /n and 5 < 1
(a constant). The parameter (3 is the probability of the
infection process leaving a burst of infected items and
the expected burst length is 1/8. The marginal infec-

tion probability remains ¢, = %, consistent with the
sparse regime.

Figure 1: The 2-state Markov chain that generates the
infection vector U™

In this Markovian setting, we design a non-adaptive
per-item randomized testing and polynomial-time de-
coding algorithm that explicitly leverages the correla-
tion structure to minimize the number of tests. We
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focus on the sparse regime where ng, = kn’ for some
constant k > 0. Theorem 3 establishes a general
achievability bound that holds for all § € (0,1). As
a concrete consequence, when 6 — 0, one can make an
explicit parameter choice leading to a vanishing error
probability as n — oo, provided the number of tests
satisfies

B
T(n) > a3 "dn logn := Teorr, (2)
where 8 denotes the transition probability from an in-
fected item to a non-infected item.

While the above expression is a relaxed version of our
more complicated full theorem which considers all 6 €
(0,1), it highlights an important aspect of correlation.
Specificially, as § — 0, whenever

B <1n2~0.69

this strictly improves upon the independent case (1).

Furthermore, in the Markovian setting, a fundamental
general result in group testing (Wolf, 1985) implies
that for any group testing strategy and any decoding
strategy achieving a vanishing probability of error, as
f — 0 the number of tests T must satisfy the following
fundamental lower bound

T > H(U™) = Bngylogn + o(ng, logn) := Tiow, (3)

where H(:) is the entropy. Hence, our achieved
Teorr 1s within a constant of the lower bound Tjuyw
in the very sparse regime 6 =~ 0. The multiplicative
gap 1/In2 as § — 0 is expected, because we con-
sider testing strategies that employ per-item decoding
(which is sometimes referred to as separate decoding
of items (Aldridge et al., 2019)). In this approach,
the infection status of each item is determined solely
based on the information of which tests contain that
item and the test outcomes. In contrast, joint decod-
ing (Aldridge et al., 2019; Scarlett and Cevher, 2017;
Coja-Oghlan et al., 2020a) considers the infection sta-
tus of all items simultaneously, leveraging the entire
set of items tested in each test to jointly decode the
infection status of the items. Our multiplicative gap
of 1/In2 (as @ — 0) has an analogue in the classical
independent group testing model. Specifically, when
the infections are i.i.d. Bernoulli(d), any nonadaptive
design constrained to per-item (separate) decoding re-
quires
(1/1n2) ng, log(n)

tests, whereas optimal joint decoding can achieve

ngy log(n)

tests. This 1/In2 penalty for per-item decoding was
first identified by Malyutov and Mateev (1980) and
later revisited by Scarlett and Cevher (2018).
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Figure 2: Comparison of the normalized number of
tests for an expected burst length 1/8 =5 as 6 varies
from 0 to 1. The solid black curve corresponds to the
independent-testing baseline, while the dashed blue
curve shows the achievability bound from our algo-
rithm. The red region represents an infeasible regime.
The gray band between the red line and the achiev-
ability curve denotes regimes for which achievability
remains unknown. The light blue region between the
achievability curve and the independent baseline high-
lights regimes where our method is feasible but inde-
pendent testing is strictly suboptimal. Finally, in the
darker blue region above the independent curve both
strategies succeed.

The key difference from (1) is the influence of the factor
B. Specifically, in the Markovian setting, the number
of tests achieved by this algorithm is inversely propor-
tional to the expected burst length (1/8). Our general
result (Theorem 3) shows that for reasonable expected
burst lengths (for example 1/8 > 5), our algorithm
strictly improves over the independent case. Figure 2
shows that with expected burst length 1/5 = 5, our
algorithm reduces the number of tests significantly.

Our approach utilizes a two-stage strategy to create
the (non-adaptive) test matrix: a first stage that se-
lects blocks to be included in each test, and a second
stage that randomly samples items from the selected
blocks to be included in the tests. Central to this strat-
egy is our efficient, polynomial-time per-item decoder,
which operates by first performing an initial screen-
ing that considers whether a given item is part of a
non-infected tested group. If it is not, we follow up by
applying a threshold on the number of times that item
is tested to estimate its infection status. Surprisingly,
this simple decoding rule leverages the testing informa-
tion and provably reduces the number of tests required
in certain parameter regimes. In contrast to earlier
per-item decoders for the independent case, which of-
ten rely on log-likelihood or information-density statis-
tics, our rule first eliminates any item appearing in
a negative test and then applies a scalar threshold



Fundamental Limits of Non-Adaptive Group Testing With Markovian Correlation

to the number of tests containing that item. While
simpler, this rule appears to use essentially the same
underlying test information. Notably, the correlation
structure is exploited entirely through the correlation-
aware test design rather than the decoder itself. Re-
lated threshold-style ideas also appear in joint decod-
ing methods such as SCOMP (Aldridge et al., 2019).

Our main contributions are the following: (1) We in-
troduce a novel non-adaptive randomized block test-
ing strategy tailored to the Markovian setting. (2) We
introduce a simple per-item thresholding-based decod-
ing strategy that is computationally efficient. (3) We
prove that our algorithm improves over correlation-
unaware testing across a broad range of parameters.
(4) We prove that the testing and per-item decod-
ing strategy achieves within a multiplicative factor of
1/In2 of the information-theoretic lower bound, as
60— 0.

Related Work: Group testing has been extensively
studied under uniform or i.i.d. priors (Aldridge et al.,
2019; Scarlett and Cevher, 2017, 2018; Colbourn, 1999;
Berger and Levenshtein, 2002), as well as in heteroge-
neous populations with non-identical infection prob-
abilities (Hwang, 1975; Li et al., 2014; Kealy et al.,
2014). Several works have extended classical models to
incorporate infection bursts (Colbourn, 1999; Li et al.,
2023; Lin et al., 2012; Miiller and Jimbo, 2004; Bui
et al., 2021, 2022), typically by imposing deterministic
constraints on factors like burst length and number of
bursts, thereby ruling out rare long runs and enabling
explicit worst-case test constructions. Our proposed
setting can be seen as a probabilistic alternative to
these burst models, in which both the burst lengths
and the number of bursts are random under a Markov
prior. This introduces tail events absent from deter-
ministic formulations, such as unusually long bursts
that can cross block boundaries and require separate
probabilistic control in the analysis. Related deter-
ministic multi-block models have also been studied in
follow-up work (Bui et al., 2022).

Correlations between the infection status of items have
also been introduced in the context of community-
aware group testing. This setting leverages popula-
tion structure by assuming the individuals can be par-
titioned into disjoint families or by employing stochas-
tic block models with correlation-driven infection pat-
terns (Nikolopoulos et al., 2021, 2023; Ahn et al., 2021,
2023). Related approaches, such as those in Bertolotti
and Jadbabaie (2020); Arasli and Ulukus (2023); Lau
et al. (2022), incorporate subgroup structures, while
our approach utilizes a Markovian framework that op-
erates without predefined partitions. Network struc-
ture is also present in graph-constrained group testing
but, in this setting, the network imposes constraints

on the test design (Harvey et al., 2007; Cheraghchi
et al., 2012; Karbasi and Zadimoghaddam, 2012).

In Portnoy and Cohen (2024), the authors explore
Markovian correlations similar to our setting, and pro-
pose a variation of the list Viterbi algorithm, demon-
strating empirically a reduction in the number of tests.
Our work takes a complementary approach, focusing
on testing strategies that allow for rate analysis.

Adaptive strategies for group testing are explored in
(Ahn et al., 2021, 2023; Nikolopoulos et al., 2021,
2023). Notably, non-adaptive methods such as the one
proposed in Nikolopoulos et al. (2023) demonstrate re-
ductions in the number of required tests, albeit with
non-vanishing false positive rates.

2 PROBLEM SETTING

We consider a correlated group testing framework
where n distinct items, labeled {1,2,...,n}, are each
assigned a binary label U; € {0,1}. We impose a
Markovian structure on P(U™), specifically a 2-state
Markov chain with state space S = {0,1} and transi-
tion probabilities pp.1 = o and p1,0 = S as in Figure 1.
We generate the infection random vector U™ by ini-
tializing the Markov chain in its steady state

(o _P
(Q71_Q)_ <0[+6,04+5),

and then recording n consecutive states.

Let T := T'(n) be the number of tests to be conducted.
For fixed n and T, a testing strategy is encoded by a
matrix X € {0,1}7*". Specifically, X; ; = 1 if item i is
included in test ¢, and X, ; = 0 otherwise. We observe
the test outcomes in a vector Y = [Y7,...,Yr], where
each entry Y; follows

v — 1 if3ie{l,....,n}:U;=1and X;,; =1,
b 0 otherwise.

Equivalently,

Y;g =1 {Zn:Ul‘Xt)i > 0},

i=1

with 1{-} denoting the indicator function. A decoding
rule g then maps (X,Y’) to an estimate U™ € {0, 1}".
Let £ = {U™ # U™} denote the error event.

Our goal is to design a sequence of testing matrices
and decoding rules for which Pr(€) — 0 as n — oc.
As suggested by the i.i.d. result in (1), T'(n) will need
to scale as ng, logn. In the Markov setting that we
consider

an = af(a+B),



Aditya Narayan Ravi, Ilan Shomorony

is the stationary probability of an infection. Based on
this scaling, we define an achievable achievable number
of normalized tests as follows:

Definition 1 A achievable number of normalized
tests T is achievable if there exists a sequence of test
matrices X, € {0,137 and corresponding decod-
ing rules g, such that

and Pr(€) — 0 as n — co. Moreover, we let 7" be the
infimum of all achievable rates T and refer to it as the
minimal group achievable number of normalized tests.

Following the terminology in the group testing litera-
ture, we focus on the sparse regime (Aldridge et al.,
2019), which corresponds to

ngn = O(ne). (4)

To be precise, we consider the case where « is defined
as a = k'n/n, for some constant k’. We can then
compute ¢, as ¢, = a/(a + B) = kn’/n + o (n71),
where k := k’/B. For simplicity, we omit lower-order
terms of o (ng) that are added to g, and assume that
¢n = kn?/n, in the rest of this work. However, our
results remain valid even when the lower-order terms
are included.

Notation: Throughout the paper, log(:) represents
the logarithm in base 2, while In represents the loga-
rithm in base e. For functions a(n) and b(n), we say
a(n) = o(b(n)) if a(n)/b(n) — 0 as n — oo. Similarly,
we say a(n) = O(b(n)) if there exists a constant C > 0
and an integer ng such that |a(n)| < C|b(n)| for all
n > ng.

3 MAIN RESULTS

Our main results include a converse bound (adapted
from prior work) and an achievability result for our
proposed strategy. The following result, adapted
from Wolf (1985), establishes a fundamental lower
bound on the number of tests required for any group
testing strategy with a vanishing error probability.

Theorem 2 (Converse) Under the Markovian cor-
relation model, the minimal group achievable number
of normalized tests T* satisfies

T2 B(1-90), (5)

where B is the inverse of the expected infection burst
length.

The proof of Theorem 2 is based on an entropy bound
and is considered in Appendix D. In the i.i.d. setting,
where the components of U™ are independent, the cor-
responding lower bound is

7*21703 (6)

as shown in prior work (Wolf, 1985). In the i.i.d. set-
ting, this lower bound characterizes the fundamental
rate below which no non-adaptive strategy can suc-
ceed. In contrast, under the Markovian correlation
model, the achievable rate scales directly with the fac-
tor 3, reflecting the influence of correlations in the in-
fection process. The following theorem formalizes this
intuition by providing an explicit achievability bound
under this model.

Theorem 3 (Achievability) Under the Markovian
correlation model, the minimal group achievable num-
ber of normalized tests T* satisfies

. . { 0 1
77 < min max

T ecC8 Elog(l/g)’ B élog(l — e*mln2)’

0 B
~ glog(1 — emanCC)} ¢ln2’ @
wherec=1—c€[0,1],e=1-¢€[0,1] and

m = 1+g+ﬂ+(1—g)(1—5)50 .
1-(1-p)¢

In particular, when 0 — 0, under an appropriate
choice of (e,¢,C, &) € [0,1] x [0,1] x N x [0, 1],

~ 1.448. (8)

This bound is achievable using a non-adaptive ran-
domized block testing design and a per-item decoding
rule. A per-item decoder determines whether item 4
is infected based solely on the i-th column of the test
matrix X and the test outcome vector Y.

Comparing Theorems 2 and 3, we see as § — 0 that
our testing strategy achieves a number of tests T'(n)
that is within a factor of 1/In2 of the fundamental
limit. This parallels a similar result that exists for per-
item decoders in the i.i.d. case (Scarlett and Cevher,
2018). This gap arises from the use of per-item decod-
ing, which, while computationally efficient, sacrifices
some optimality compared to joint decoding strate-
gies. Nonetheless, the proposed strategy significantly
improves upon naive designs that ignore the Marko-
vian correlation structure.

4 ALGORITHM

To exploit the correlation among items, we adopt a
two-stage testing procedure as shown in Figure 3. Par-
tition the n items into equally sized contiguous blocks
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{Bi1,Ba,...,B,c} with C items each, where C' € N
is a constant. Specifically,

B :={(i-1)C+1,(i—1)C+2,...,iC}.

First each block B; is selected with probability p;.
We then select each item within the selected blocks
independently with probability ps. More formally,
each row of the test matrix X is independently gen-
erated as follows. For each block By, £ = 1,...,n/C,
we draw independent Bern(p;) random variables W,
which determine whether the block is selected during
the coarse selection phase. For each item j =1,...,n,
we also draw independent Bern(ps) random variables
Z;, which determine whether an item within a selected
block is tested during the fine selection phase. The en-
tries on the ith row of the test matrix X are then

Xij = W[Zj, for Jj € By. (9)
In this way, X;; = 1 if and only if block B, containing
item j is selected in the first selection phase (W; = 1)
and item j is independently selected in the fine selec-
tion phase (Z; =1).

n

ut 0o—1—0—0—0—0—1—1—1—0—0—1—1—0—0
Bern(p)) | 1 ] | 0 | | 1 ] | o |
C
Bern(py) 1 —1—0—1 x 1—1—1—0 *
X" 1—1—0—1 0—0—0—0 1—1—1—0 0—0—0

Figure 3: Grouped testing which selects groups with
Bern(p;). Within selected groups, each item is selected
with Bern(ps).

We employ a per-item decoding rule that determines
the infection status of each item 7 using two indicators:
an intermediate estimate u; to flag potential infections
and a final estimate 4;. The decoding process consists
of two steps: Observe that, for each item i, if there
exists any test ¢ where the item was included (X;; = 1)
and the test result was negative (Y; = 0), the item is
not infected. In this case, we set u; = 0. If no such
test exists, set u; =1, i.e.,

_ {0,
Ui =
L,

This rule corresponds exactly to the well-known Com-
binatorial Orthogonal Matching Pursuit (COMP) de-
coding algorithm (Aldridge et al., 2019), which only
relies on the elimination of items appearing in negative
tests. In our setting, however, we go beyond COMP
by exploiting additional information available in the
following way. If @; = 0, the item is non-infected, so
set 4; = 0. If u; = 1, compute the total number of

if 3¢ such that (X;, =1,Y; = 0)

otherwise.

tests in which item ¢ participates:

T
Xi = Z Xt,i~
t=1

Compare X; to a threshold v = p(1 — ¢) - T, where
p = p1p2. This choice of v will be explained in the
error analysis section below. If X; > v, set u; = 1,
otherwise set u; = 0, i.e.

1, X >y
U; = .
0, otherwise.

Note that this decoder is polynomial time, since it
computes the sum of T ~ O(nlogn) tests, over n
items. We now theoretically analyze the probability
of error of the above testing and decoding rule.

5 PROOF OF THEOREM 3

Let &; denote the event that item ¢ is misclassified;
that is, a false positive or false negative event occurs.
Then the total probability of error is bounded as

" (@) & ()
Pr(€) = Pr <U a) < ) Pr(&) < 1 Pr(Emax) -
1=1

i=1

(10)

The step in (a) follows from the union bound, while in
(b) we define Pr(&yax) = max; Pr(&;).

To analyze the probability of error, we now focus on
a single event &;. To analyze the probability of error,
we now focus on a single event &;. The analysis be-
low is essentially independent of the specific choice of
¢ and applies uniformly up to a mild edge effect in the
block design. In particular, when C' is not an integer,
the final block may have size |C'| while the remaining
blocks have size [C], which slightly breaks exact sym-
metry across items. To avoid a technically cumber-
some treatment of this asymmetry, we work with the
worst-case per-item error event Eyax. Let V; € {0,1}
denote the random variable that indicates if block B;
is infected (i.e., contains at least one infected item).
The probability ¢ that a given block is infected is

G=1-Pr(U; =0,Uy;=0,...,Uc =0)
—1-(1-g)1-a)".

(11)

Let Prpn = Pr(Ul =0 | U; = 1) and Prpp :=
Pr(U; = 1| Uy = 0) denote the false negative and false
positive probabilities for item 1, respectively. Then

Pr (51) = ¢, Prpn + (1 — qn)Per. (12)
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A false negative error occurs when item 4 is infected
(U; = 1) but is incorrectly decoded as non-infected.
This can only arise during the thresholding step, where
u; = 0 is mistakenly assigned. This happens if the
number of tests that contains the infected item falls
below the threshold «. The false negative probability
of error, denoted by Prgy, can be upper bounded, for
any y<p-T, as

T
Prpy = Pr (Z Xe1 <7

t=1

U, = 1) < 2= T-DO/Tlp)
(13)

where D(al|b) denotes the Kullback-Leibler (KL)
divergence between the distributions Bern(a) and
Bern(b). This bound directly follows from the Cher-
noff bound (Hoeffding, 1963). To see this note that the
block structure causes the variables X;; to be depen-
dent across i for a fixed ¢, but they remain independent
across t for a fixed ¢. This independence ensures that
the sequence of indicator random variables {X; 1} ;
are 1.i.d. with distribution Bern(p), allowing us to ap-
ply the Chernoff bound.

We now bound the probability of a false positive. A
false positive error occurs when item i is not infected
but is decoded as infected, which requires: (1) the item
passes the initial screening, i.e., @; = 1, and (2) it
exceeds the threshold ~y of tests required to set @; = 1.
Define the event

gl’Fp = {’111 = 1,X1 Z ’7}.

Recall that X; = Zthl Xt Fory=p(1—¢)T, we
have

1
Prep = Pr (El,FP|U1 = O) < 1= Pr (51,1:*13)
1 T
@ - ST Pr(a =11X =t)Pr(X; =1)
T seT
(b) 1
< 4 PI’('I.~L1:1‘X1 :pr): 1_q f(ps_T)7
(14)

where € = 1—¢ and f(v) := Pr (a1 = 1| X1 = 7). Here,
(a) uses the total law of probability and (b) uses the
fact that Pr (4, = 1|X; = t) is a non-increasing func-
tion of t. To understand (b), note that intuitively, a
non-infected item that is tested more frequently is less
likely to be mistakenly identified as infected in the first
decoding step. This is because it has a higher chance
of appearing in negative tests.

The following lemma formalizes this intuition by es-
tablishing that the probability of a false positive iden-
tification, f(), is a non-increasing function of 7. Ad-

ditionally, the lemma bounds this conditional proba-
bility as a function of U", the infection vector. Let

n/C C
V=YV, U:=)_Uj,
j=2 j=2

where each random variable V; € {0,1} indicates
whether at least one item in block Bj is infected. Note
that V™ is a deterministic function of U™.

Lemma 1 For fized p1,ps, and C, the function f(v)
is mon-increasing with respect to vy. Furthermore, it is
upper bounded by

F6) <E[(1- 0¥ 2)")]
where p; =1 —p;, 1 =1,2.

Proof of Lemma 1. We apply the law of total prob-
ability to f(v) with respect to the random vector U",
which captures the infection status of all the blocks.

F) = 32 Prin = 11X1 = 9,u") Pr (") =

un

Eyn [Pr (@ = 11X, = 7,U")] < g [g (U™)], (15)
where we define the function
g (Un) = Pr (Yl = 1|X171 = 1, Un) .

Here, for a fixed realization U™ = v, the randomness
is only over the test design. Since different tests are
drawn independently, the test outcomes are condition-
ally independent given U"™. Therefore, conditioned on
X1 =~ and U™, the event #; = 1 depends on ~ i.i.d.
tests containing item 1, so

Pr (’CLl = 1|X1 = ’Y,Un) = g(U")A’,
where
g(U") é Pr (Y = 1|X1,1 = 1,Un)

is the conditional probability that a single test contain-
ing item 1 is positive. Clearly f(7) is a non-increasing
function of 7. To evaluate f(v), we look closely at
gU")=1-Pr(Y1 =0/X1,=1,U").

In particular, Y7 = 0 occurs if no infected item in
the pool contributes to a positive test outcome. For
each block that item 1 does not belong to (namely
Bs, B3, ..., Bc¢), the event {Y; = 0} requires one of
the following scenarios:

1. The block is not infected. In this case, it cannot
contribute to a positive test.
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2. The block is infected but is not selected for test-
ing, which happens with probability (1 — p;).

3. The block is infected and is selected for testing
(which occurs with probability p; ), but none of its
infected items are ultimately tested. This last sce-
nario happens with probability (1 — pz)Ef;l UJ/',
where U] indicates whether a particular item in
that block is infected, given that the block is in-
fected.

Hence, if a block is infected, the probability it does
not contribute to a positive test is

C ’
(I-p1)+p(1 —pQ)ZFl U > (1—p1).

Discarding the second term in the above equation helps
simplify the analysis. There are Z;Li gVJ infected
blocks among those that do not contain item 1. The
probability that all those infected blocks fail to pro-
duce a positive test is (recall that V; is a deterministic
function of Uj;)

C
SV

o\ 2it
((1—p1)+p1(1—p2) jlej) '

Within the block containing item 1, the probability
that none of its other infected items are included in the
test is (1 — pg)zf:2 Ui, Putting these pieces together,
g(U™) can be upper bounded by

gU™ <1-(1-p)" 1 -p2)",

where V := Z;ﬁg V; and U := Zf:z U;. Collecting
all steps, we arrive at the bound

() =ElgU™y] <E[(1- (1 -p)¥ (1= p2)")"]

as stated in the lemma. O

> (1—p)".

Consider the total number of infected blocks V. If
the indicators V; were i.i.d., standard concentration
inequalities could be directly applied to show that V/
is close to its expectation with high probability. How-
ever, due to the Markov infection model, the V;’s are
not independent. To address this, we develop a new
concentration inequality tailored for this sum, which
may be of independent interest. Lemma 2 formalizes
this result.

Lemma 2 For any 6 > 0 and £ € (0,1), the number
of infected blocks V' satisfies

Pr(V > (14 0)mna) < g€ (1=F)S°8%/(3(1+9)) (16)
where m 1= mgs ¢ ¢ s given by

B B o ac
m_<1+g+<1+5>1_50+<1 &(1- ),

where B:=1— 3 and lims ¢, (0,0) imo 00 Mmsg.c = 1.

The proof leverages the dependencies between infec-
tion bursts and their propagation through blocks, re-
quiring a careful argument. The full proof of this the-
orem, is provided in Appendix A. Some works, such
as Gillman (1998), analyze sums of functions over de-
pendent mixing processes, which relate to the bound
derived here, though they primarily focus on sums of
functions applied on individual states and use signifi-
cantly different proof techniques.

Define the event B := {V < K}, where K := (1 +
d)mna. Using the bound from Lemma 1 and applying
the law of total probability with event B

E[(1- oY p8)"] =& (1~ plpY)"|B] Pr(s)+
B [(1 -5t s8)"[B] picB) < = [(1- 5585
+o(1/n), (17)

where (a) is due to Pr(B) < 1 and Lemma 2. Consider
the first term in the above equation. Recall that V; =
1 implies that block 1 is infected. Therefore, we obtain
the upper bound

E[(1-p5)

+E [(1 —pfpg)”\zs, Vi = 1] Pr(V; = 1|B)

B} <E {(1 —p{‘p;f)”(za, v, = o]

@) v _K O\
(S (1—5) + (1 - p555) ﬁ(l/n)
= (1-pF)" + (1 +0(1) (1-p5p%) 4. (18)

where (a) is justified as follows. Given V4 = 0, we
must have U = 0 since there are no infected items in
block 1, which implies

E[(0-p58) B Vi =0] = (1 - p)"

Now, when V; = 1, a loose upper bound is obtained
by assuming that all items in the block are infected,
i.e., U = C, which leads to

B[(1-pip8) B vi = 1] < (1- 555"
Finally, we obtain

- Pr(Vi=1) ¢
PrVi=1B) < =53 = By

Using Lemma 2, we substitute Pr(B8) > 1 — o(1/n).
Combining (14) (17), (18) and Lemma 1 we can con-
clude that

Prep <

() (ol (- 51) )

+o (i) : (19)
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Now from (10), (12), (13) and (19), the total error
Pr(€) is upper bounded by

Pr(€) < ng2 TPO/TIp) 4, (1 fp{()’y
+ (1 +o(1)ng- (1—-p%pS)" +o(1).  (20)

The following lemma then shows that under appro-
priate choices of py,p2, and C, and 7 as defined in
Definition 1 , the total probability of error vanishes as
n — 00.

Lemma 3 Let the parameters p1,ps and T be set as

_ In2

b1r=—, p2:1_67 T:T(anLlOgn)
no

where T is the achievable number of normalized tests.
Then for any T such that

. 0 1
> - ,
T ;21&5 max { elog(1/e) £log(l — e—mn2)

0 B
glog(l —emn2cC) [ ¢In2’
where ¢ ;=1 — ¢, € := 1 — g, the overall probability of
error satisfies

Pr(é‘) S nq 27T'D(7/THP) + Tl(l _p{()'y
+(1+o(1)ng(1 —p{ps)” =0, (21)

as n — oQ.

Lemma 3 is proved in Appendix B. The definition of
7* (Definition 1) implies that Lemma 3 is equivalent
to part I of Theorem 3. Part II of Theorem 3 is proved
in Appendix C.

6 CONCLUSION

In this work, we introduced a novel Markovian correla-
tion model for correlated group testing. We proposed a
novel per-item testing and decoding strategy for non-
adaptive group testing in the presence of correlated
infection patterns.

Future work could extend this framework to more
general correlation structures, such as higher-order
Markov chains or graphical models, to capture long-
range dependencies and complex item relationships, as
well as higher order-dependent bursty patterns. Ex-
ploring joint decoding strategies, which consider the
infection status of all items simultaneously, could fur-
ther reduce the number of required tests, though this
requires correlated non-adaptive test designs that re-
main analytically tractable. Another natural direc-
tion is to explore alternative test constructions that
incorporate correlations within the design itself, and
to develop converse bounds for correlated models to
better quantify the gap between simple per-item de-
coding and more powerful joint methods.
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A Proof of Lemma 2

Lemma 2 For any 6 > 0 and § € (0,1), the number of infected blocks V' satisfies

Pr(V > (1 + §)mna) < 2*”a5(17ﬁ)5052/(3(1+5))’ (16)
where m 1= mgs¢ ¢ is given by
B¢ o
m = <1+€+(1+6)1—ﬁc +(1 =81 -p)* )’

where f:=1— 3 and lims ¢, (0,0) imo 0o msg.c = 1.

Define the number of 0 to 1 transitions in the infection vector U™ as Z, given by

n—1

Z = Z 1{Uz = O;Ui-l-l = 1}

=1

A crucial observation is that whenever U; = 0, the transition (U; = 0) — (U;41 = 1) occurs with probability
«, independent of the rest of the process. Introducing an independent sequence of Bern(«) random variables
{Z;}1_,, we can rewrite the transition indicator as

1{’(1,1 = 0,ui+1 = 1} = 1{’11,‘ = 0} . Z2
This establishes the bound

n—1 n
Z:Zl{ui:0}~Zi gZZi = Z.
=1 =1

Thus, Z is an upper bound on the total number of initial infection points. Intuitively, for large values of C, we
expect most bursts of infections to remain confined within single blocks. However, if a burst of infections starts
near the end of a block, a single burst can cause multiple blocks to become infected.

To analyze this, we split the summation Z into two separate sums. Define the set of indices corresponding to
the first (1 — &) fraction of each block as

z_1

Si=J{i:ie{jC+1,jC+2,...,jC+(1-&C}}.

Jj=0

Note that |S| = n(1 — §). We can then decompose Z as

Z:ZZH— ZZi:ZS—i—ZSc.
i€S i€Se

This decomposition allows us to separately analyze the contributions from infections occurring within the main
body of each block and those occurring near block boundaries. Let M; be the number of blocks infected by the
-th

7" burst.

If j € S, then for the infection to spread beyond the current block, it must first accumulate at least £C' infections
to reach the boundary. Once the boundary is reached, each subsequent block requires an additional C' infections
for further spread. Therefore, we can bound M; using a sum of two random variables. To get an upper bound,
we assume the worst case, i.e. that all infections start from (1 — &)C. Now we can define N; ~ Bern((1 — 3)5°),
which indicates whether the infection successfully crosses the first boundary. If V; = 0, the burst of infections
remains within its initial block. If N; = 1, the burst of infections spills into the next block. After crossing the
first boundary, the infection continues spreading according to a Geometric distribution, where each subsequent
boundary crossing occurs with probability (1 — 8)¢. Let O; ~ Geom(1 — (1 — 3)°) represent the number of
additional blocks infected beyond the first successful crossing. Here we assume that the support of the Geometric
RV is {0,1,2,...}, thus accounting for the infection of the first block. Thus, we obtain a deterministic upper
bound to M; as a sum of two random variables, given by

M; < N;+0; +1.
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If j ¢ S, to obtain an upper bound, we assume all infections starts near the boundary of a block. Unlike the
previous case, the infection does not require a full £C' accumulation to reach the boundary since it is already
positioned close to the next block. This makes it more likely that the infection will at least spill over into one
additional block. To account for this, we employ a looser upper bound by assuming that at least two blocks are
infected. As before we have each subsequent boundary crossing occurs with probability (1 — 3)¢. Thus, we have
the bound

This decomposition provides an upper bound on the number of blocks an infection burst can reach. We now
assemble all the components to derive a high-probability tail bound on V', the total number of infected blocks.

V<ZMZ_ZM< Yo W0 )+ Y (0;+2)

jiZj=1 Jj:Z;=1,j€S J:Z;=1,5¢8
ZZN+ZO+ZHZOJ+Z2
j€Ss,Z;=1 €S, Z;=1 j€S,Z;=1 J¢S,Z;=1 i¢S,Z,;=1
Zs Z S
_ZN +ZO + Zg+ 27250 — Zsc:ZOj+ZNj+Z+ZSC.
= = ; ;

——— N——
=0 =N

The change in indices is justified by the i.i.d. assumption, which allows us to rewrite the sums of i.i.d. random
variables in terms of counts rather than specific indices. Since each Z; ~ Bernoulli(e) independently, their
expectations are:

EZs] = n(l—¢&)a, E[Zs] = néa.

Chernoff Bounds for Zs and Zg.: First we develop concentration inequalities on Zg, Zg-. Since they are
just sums of i.i.d. Bern(a) RVs, we can employ a standard Chernoff bound, to obtain

Pr(Zs > (140)n(l —¢&aor Zge > (14 0)nfa) (i) Pr(Zs > (1 4+ 6)n(l — &)a) 4+ Pr(Zse > (1 + 6)néa)

Qg n-91358* | gonerts (22)

where (a) is due to the union bound and (b) is due to the following version of the Chernoff bound from Hoeffding
(1994).

Lemma 4 For i.i.d. Bern(p) random variables X1, Xo ... X,

Pr <i dXi>(+ 5)p> < 9 s/ (140), (23)

i=1

Now define
B. = {Zs < (1+ On(l - O)a, Zs. < (1+ d)néa)}.

Bounding O and N: Conditioned on B,, we have Z < (1 + d)na, so

(1+d)na

o< > 0 (24)

This is a finite sum of Geometric random variables, which has the Negative Binomial distribution NB((1 +
S)na,1—(1—B)). The following lemma is adapted from Brown (2011) and provides a concentration bound for
this quantity when the support of O; is {0,1,...}.

Lemma 5 Let NB(n,p) be a negative binomially distributed random variable that arises as the sum of n 4.i.d.

geometrically distributed random variables with expectation 1%1’. Then,

E[NB(n,p)] = ”“p‘p)
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and for any 6 > 0,

Pr (NB(n,p) > (1+96) (1;’7) n) < exp (—2(1“125)) .

Since O; ~ Geom(1 — (1 — 3)¢), its expectation is given by

1-p°

Hol= e

Applying Lemma 5 and using the bound in (24) we obtain

(1-p)°

Pr <O >(1+46)1+ §)naw

Now consider the random variable V. Again note that conditioning on B, we have

(14+8)na(1-¢)
N< >N (25)

Jj=1

This is just a sum of i.i.d. Bern((1 — 8)¢¢) random variables. We can employ the Chernoff bound in Lemma 4
to upper bound this. Therefore using (25), we can state that

Pr (N > (1 + 5/)(1 + 5)na(1 _ 5)(1 _ ﬁ)£C|Bz) < 2—71(1—5)(1—&-5)04‘(5’)2/(1+5/)7
where 7 = (1 — 8)¢¢.

Establishing an upper bound on V: We establish an upper bound on V' by explicitly applying the union
bound. We define the following events:

Ay = {Zse < (1+d)nga},
As i ={Z < (14 d)na},

Az = {0 <(1+4d)(1+ 5)na(1_(1_ﬁ)c)} ,

(1-p)©
Ay:={N < (1481 +0)na(l — &)1 - B)*“}.

Each satisfies

—n(1-¢) %5 6° + 2—n§$527

. na(l+ 6)(6)?
Pr(45) < exp (—2(1 ) > )

PI‘(AZ) < 2—n(1—§)a7'(1+5)(6/)2/(1+5/).
By the union bound, we have:

na(148) In 2(5')2 n(l—&)ar(1+4s)

Pr(AS U AS U AS U AS) < Pr(AS) + Pr(AS) + Pr(AS) + Pr(AS)
IR L 91558 L o T ety 4 97 nRaren

<9 TR 4o
Setting &' = ¢ we obtain assuming 1 — & > &, or equivalently £ < 0.5, we conclude that:

27na(17§)52/(1+6) < 27na§52/(1+5) )
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For the fourth term, using the fact that 1“72 > %, we derive:

90 "SHBT < 9nats?/(3(1+6)
For the last term, for sufficiently large n, since r < 1, we can show:
9—nagd®/(3(149)) < g—nrags®/(3(149))
Summing all terms, we obtain the final bound:
Pr(A§ U A§ U A§ U AS) < 5. 27mratd?/(0+0),

Therefore setting § = §’, we note that

1-p)° a1 EC)
V<O+N+Zse+Z<(l+na 1+§+(1+5)17(175)C +(1-91-p) no(l +6)m,
where . o
m=mseci= (1640 +0 0T v a-ga-p).
Therefore,

Pr(V > (1 4 0)kna) < 27 o€1-0)6%/(3(1+9))

B Proof of Lemma 3

Lemma 3 Let the parameters p1,p2 and T be set as

In2
pr=-—. pp=1l-c, T=r-(ng,logn)
no

where T is the achievable number of normalized tests. Then for any T such that

. 0 1
> - 7
T 521,161'1,5 max { elog(1/e) Elog(l — e~mIn2)

- 0 } B
glog(l —e—mn2¢C) | ¢In2’
where ¢ :=1—c¢, € :=1— ¢, the overall probability of error satisfies
Pr(€) < ng2~TPO/TIP) 4 (1 — gy
+(1+0(1))ng(1 = pi*p3’)" = 0, (21)

as m — 0.

Proof of Lemma 3 We consider each term separately. Consider the first term. We can rewrite it as
ng2~T"POITIP) — pp0o=T-D(v/Tp) (@) 9flosn—T-D(v/T|lp) < poflogn—T-pelog (/<)

Here (a) follows from
D(p(1 = €)|lp) = pelog (1/e), (26)
where we retain just the first term in the definition of D(z||y). Setting

flogn
T=01+46)—F—:=Ti(n),
0 Tog(a/y = 11
allows the first term to vanish as n — co. Now consider the second term. Similar to the previous steps

n(l _ ﬁ{{)T-p(lfs) — 2logn+Tp(17€) log(lfﬁf)'
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Setting

_ logn _
e s ey (e S A

allows the second term to vanish as n — oo. Finally consider the third term. Similar to previous steps

(1+o(1))ng (1 — pi &) TP = glos D) +Tr(1=0)log 1-51"F).

Again, setting

log (ng)
T=—-(14563) ——— :=T5(n),
p(1 —¢€)log (1 — pfpg)
allows the third term to vanish to as n — oo. Therefore recall the definition of

and combining the above bounds we can claim that

T T T:
7= lim (| ———— | max (71,7%,73) = max | lim 1(n) , lim 2(n) , lim &
n—oo \ gy logn n—o0 Ngy logn’ n—oc ngy, logn’ n—o ng, logn

Now we evaluate each limit. Recall that ng, = kn? and na = k'n? The first limit is evaluated as follows

. Ty (n) ) 0
lim ——— =1 1+46)———— 27
M g togn O g o 172 o
@) K'0 ®)
= (146 = (146 28
A0 T rmeoee T o) = orlos/e)” (28)
where (a) follows from the choice of p; = 2 and py = 1 — ¢. The second limit is evaluated as follows (recall
K := (14 é)mna)
lim To(n) —(1+62)na
n—oo ngy logn n—o0 ng,(In2)(1 —€)log (1 — (1 — In(2) /na)¥)
@ _ (14 6) s

(1—-¢€)(In2)(1 —¢)log(l — e—mn2)’
where recall that from Lemma 2 that

(29)

_a\C
mim (146 + 00T L -9 -5)).
2

Here (a) follows from the fact choice of py = and noting that

log (1—(1— ln(2)/na)K) — log(1 — exp(— In(2) K /na)) = log(1 — exp(—m In(2)),
since K = nma. The third limit is evaluated as follows
. T3(n) (14 93)k" log (nq)
lim ———— = — =
n—o0 ngy logn n—oo k(logn)(In2)pa(1 — €)log (1 — p1*ps)
 lim (1 + d3)k'8(log n + log C) (a)

n—oo k(logn)p2(In2)(1 — €)log (1 — ﬁ{(ﬁg) T nbeo k(In2)ps(1 — €)log (1 —ﬁ{(ﬁg)
®) (1+63)k'0 1 B (1+43)0

T hpa(n2)(1—€) nooo log (1 — pEpY) | (1—c)In2(1—¢)log(l— e-mm2cC)’

(1+65)k'0(1 + o(1))

where we note that po =1 — ps = 1 — (1 — ¢) = ¢ Therefore setting §; — 0 for 7 € {1,2,3}, we obtain the first
part of Theorem 3, which is

. . { 0 1
7° < min max

4 B
e,c,C\¢ elog, (1/e)” (1 —¢)log (1 —emm2)" (1 —¢)log (1 — e—mln%c)} ¢ln2’ (30)

O
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C Proof of part II of Theorem 3

Ly LW o \Vles(3)
Ef\FC’ 072 log(9>, c=2 , €=460,

CC _ 2—(]./10g(%) _ 2—%log(%) — \/é’

and note that ¢ =1—c — 1 as § — 0. Moreover, since { = 1/v/C with C' = 1,/log(1/6), we have £ — 0; also,
because 0 < 1 — 8 < 1 we obtain (1 — )¢ — 0 and similarly (1 — 5)¢¢ — 0. Hence,

_ \C
m= <1+5+(1+5)1£1(1f)6)c+(1—§)(1-ﬁ)€0> — 1.

‘We choose

so that

Substituting € = ¢ into the bound

L { 6 1 0 }ﬂ
77 < min max — —

e C¢ elog, (1/e)” (1 —¢)log(l—emm2)"  (1—¢)log(l—emm2cC) | Eln2’

the first term becomes m — 0; with m — 1 we have e™™!"2 — 1/2 so that the second term is

1 ! .
TU-flg(1-1) (-0

while the third term, using ¢ = v/# and approximating log (1 — %\/@) ~ —%\/5, becomes —% — 0. Thus the

maximum is 1 and, accounting for ¢ — 1, we conclude that

LB

T_m.

D Proof of Theorem 2

Proof of Converse 2. We begin by considering a lower bound on the minimal group testing rate, as derived
in Wolf (1985). The result is given by:

HU"
75> lim (") (31)
n—oo ngy logn
where ¢, = % represents the infection rate, and H(U™) is the entropy of the infection pattern U™ =
(U1,Us,...,Up).

Under the Markovian correlation model parameterized by « and 3, the entropy H(U™) can be expanded using
the chain rule for entropy:

H(Un):H(Ul)‘*‘zn:H(UﬂUifl)- (32)

=2

Since the Markov chain is stationary, the conditional entropy H(U;|U;_1) is the same for all i > 2, and equals
H(U|Uy). Therefore, the total entropy simplifies to:

H(U”) :H(U1)+(n— 1)H(U2|U1) (33)
Next, we expand H (Us|U7) using the Markov transition probabilities. By definition:

H(Us|Uy) = qH(Us2|Uy = 1) + (1 — q)H(Uz2|Uy = 0), (34)
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where ¢ is the stationary probability of U; = 1. For the conditional entropy H(Us|U; = 1), note that Us|U; =
1 ~ Bern(1l — ). Hence,

H(Us|Uy =1) = —Blog 8 — (1 — B) log(1 — B). (35)
Similarly, for H(Uz|U; = 0), we have Us|U; = 0 ~ Bern(c). Thus,

H(Us|U; =0) = —aloga — (1 — a)log(l — a). (36)
Substituting these results into the expression for H(U2|Uy), we obtain

H(Uz|Ur) = q(—Blog B — (1 — B3)log(1l — B3))
+(1—q)(~aloga— (1 —a)log(l - a)). (37)

For large n, the infection rate o = % dominates due to its asymptotic behavior. Specifically, the leading term
of H(U3|Uy) is given by

1 1
H(U2|U1):alog+0<alog> . (38)
a «
Substituting o = kln—”e, we obtain
k'n? n n?logn
H(U:|U) = n IOg(k’n9)+0< n >
"1 — 01 91
_ K1 —6)n ogn+0<n ogn). (39)
n n

Thus, for large n, the entropy H(U™) is approximated as

/ o 6
HU™) = n. KA OnTlogn 0100 )
n

=Fk'(1—0)n’logn + o (n’logn). (40)

Returning to the bound in (31), we substitute H(U™) and ng,, = klogn, where k = %', to obtain:

. .. K(1—=0)nlogn+o(n’logn)
75> lim
n—00 knf IOg n

=p5(1-19). (41)

This completes the proof. O




