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Abstract

Pooling heterogeneous datasets across do-
mains is a common strategy in representa-
tion learning, but naive pooling can am-
plify distributional asymmetries and yield bi-
ased estimators, especially in settings where
zero-shot generalization is required. We pro-
pose a matching framework that selects sam-
ples relative to an adaptive centroid and it-
eratively refines the representation distribu-
tion. The double robustness and the propen-
sity score matching for the inclusion of data
domains make matching more robust than
naive pooling and uniform subsampling by
filtering out the confounding domains (the
main cause of heterogeneity).  Theoreti-
cal and empirical analyses show that, un-
like naive pooling or uniform subsampling,
matching achieves better results under asym-
metric meta-distributions, which are also ex-
tended to non-Gaussian and multimodal real-
world settings. Most importantly, we show
that these improvements translate to zero-
shot medical anomaly detection, one of the
extreme forms of data heterogeneity and
asymmetry. The code is available on |Github.

1 INTRODUCTION

Pooling datasets from multiple institutions presents
an attractive approach for studies constrained by lim-
ited sample sizes, as is often the case in biomedical
research involving human subjects (Thompson et al.|
2014). The aggregation of data across sites yields
larger sample sizes and enhanced statistical power,
thereby facilitating more robust analyses. Frequently,
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biomedical investigations face restrictions in recruit-
ing subjects, particularly when the population of in-
terest is rare, the relevant measurements are challeng-
ing to acquire, or when logistical and financial barriers
preclude large-scale data collection. Although single-
site datasets may suffice to address primary research
questions, there is often interest in secondary analyses
aimed at uncovering subtle associations between spe-
cific predictors and response variables. Such endeavors
benefit significantly from pooled datasets, which boost
the statistical signal and enable exploration of scien-
tific questions that would otherwise remain inaccessi-
ble with smaller cohorts from individual institutions
(Zhou et al., 2018|)(Lokhande et al., 2022).

The feasibility of pooling datasets across institutions
has been demonstrated in practical settings, supported
by a mature body of statistical literature that out-
lines best practices for such analyses, including covari-
ate matching (Mahajan et al., [2021))(Lokhande et al.|
2022) and meta-analysis (Kim and Steiner, [2016).
However, careful attention is required when aggregat-
ing data from multiple sources, as increasing train-
ing data in these multi-domain scenarios can some-
times lead to diminished overall accuracy (Gulrajani
and Lopez-Paz| [2020; [Zhou et all [2022), uncertainty
in fairness outcomes, and reduced performance for the
most challenging subgroups (Shen et al.; [2024)).

These concerns extend beyond biomedical research,
appearing in machine learning and computer vision
domains where pooling distinct datasets is common,
especially in anomaly detection tasks (Huang et al.|
2024]). Unlike anomalies in natural scene data, which
are typically pronounced and readily identifiable, med-
ical anomalies are subtle and often reflect slight de-
viations within complex imaging modalities such as
chest X-rays, MRIs, CT scans, and retinal OCTs. Al-
though comprehensive frameworks exist for mitigating
sample selection bias and accounting for differences in
population characteristics, there remains a scarcity of
adaptive methodologies capable of accommodating se-
quentially added domains to facilitate robust pooled
analyses, an important consideration across a range of
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scientific applications.

In this work, we present an in-depth theoretical study
of pooled dataset construction via matching, focus-
ing on scenarios where domains are sequentially incor-
porated. We systematically compare naive pooling,
uniform subsampling, and matching as strategies for
combining data across multiple sites/domains. The
proposed matching framework adaptively selects sam-
ples relative to an evolving centroid, iteratively refin-
ing the representation. We provide rigorous guaran-
tees demonstrating that while all pooling methods con-
verge to the population mean, naive pooling and sub-
sampling retain domain-level heterogeneity, whereas
matching uniquely filters out this extra variance and
aligns with the target distribution. In finite-domain
settings, naive pooling and subsampling are suscepti-
ble to unbounded error and bias, while matching deliv-
ers explicit finite-sample robustness. Synthetic exper-
iments further validate these theoretical results, show-
ing that matching maintains stability under practical
sample sizes, whereas subsampling exhibits amplified
errors. Moreover, our findings extend robustly to zero-
shot medical anomaly detection, supporting the gen-
eralizability of the approach.

2 PRELIMINARIES OF POOLING
STRATEGIES

Let the target test distribution be it =
N(p,,0%1;), an isotropic Gaussian in RY.  Let
K Gaussian component distributions be denoted as
{Qk}kszlv where Qk = N(/J’k’02ld)7 23 Z.Z’\./dA -@,uv with
Elp,] = pw and Covlu,] = 3,. This setup can be
understood hierarchically. Firstly, we sample a do-
main mean p; from the meta-distribution Z,,. Then,
conditioned on p;,, we define the domain distribution
Qr = N(py,0%1), from which draw i.i.d. samples
X ~ Q. The complete data-generation process can
be expressed as a Bayes-style factorization:

K

p(x) = p(x | Qu)p(Qr | ) p(ps | Zu). (1)
k=1

That is py, ~ 2., Qk | i, = N (py,, 014). This intro-

duces two levels of randomness: (i) domain-level varia-
tion from 7, (inter-domain) (ii) sample-level variation
within each Qf, (intra-domain) . The Qs are not iden-
tical, because each is centered at different p;s. Their
randomness comes from drawing p; ~ Z,,. Note that
although samples x; ~ Q; and x; ~ @Q); are i.i.d. con-
ditioned on the domain mean p; and p; respectively,
x; and x; are not exchangeable.

Intuition on Eq. This factorization simply ex-
presses a sample x is generated following these steps:

i) first a domain mean py is drawn from the meta-
distribution 2, ii) this uj defines a domain Qy, (i.e.,
the distribution for that domain) iii) finally, data
x is sampled from the distribution of that domain,

p(@ | Qr),p(Qk | ), Pl | D)-

Thus, the meta-distribution &, is the distribution
over domain means py (e.g., %, is a medical imag-
ing database of all hospitals, and puj is a table in-
side 9, corresponding to one hospital). The shape
of 7, (e.g., symmetric vs. asymmetric, light-tailed vs.
heavy-tailed) fully determines whether the collection
of domains is balanced or skewed. Thus, symmetry or
asymmetry arises entirely at the level of sampling
(e.g., n1 being data from a hospital in the USA and po
being data from a hospital in India will have different
distributions). The variability across datasets comes
from variability in u (the domain heterogeneity), and
each domain then generates its own data.

We formally define three pooling strategies, naive pool-
ing (Def. , uniform subsampling (Def. , and causal
matching (Def. . Each corresponds to a different way
of aggregating samples across domains.

Definition 1 (Naive Pooling). Naive pooling aggre-
gates all available samples from every domain:

K
U(K):U{Xk’itxkyiNQk,’izl,...7Nk}. (2)
k=1

Equivalently, the pooled empirical distribution 1is
A (K K N
B (x) = st S0, S0 6(x — Xies), where N
is the sample size of domain k.

Definition 2 (Uniform Subsampling). Uniform
subsampling randomly selects domains without bias
and then samples a small subset of points from them.
Formally, let I C {1,..., K} be a set of indices chosen
uniformly at random. For each selected domain Qy,
we draw n < Ny samples (with replacement):

Z/[S(St)):U{Xk,jlxk,jNQk,j=17~--,n}- (3)
kel

The corresponding empirical distribution is Ps(fg (x) =
ﬁ Y oker Z?Zl d(x) —xp, ;). Thus subsampling intro-
duces randomness both at the domain level (random
choice of Q) and at the sample level (random choice
of n samples from each selected domain).

Definition 3 (Matching). Matching selectively in-
cludes domains based on their proximity to a adap-
tive centroid. A domain Qy is included if its mean iy
lies within a T-radius ball of the matching function M:
QreST  —  M(u,—c)<T.
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If Qf is included, then all of its samples are admitted:

ur(r;ra)tch: U {Xk,izxk,iNka Z:1,7Nk}
kesS™
A (1)
The matched empirical distribution is Pr(r;)tch(x) =

m Yhesn Lty S(x = Xg). The
centroid is updated iteratively as
m 2 kes™ Z?{:ﬁ X Thus,
sampling, matching operates via a biased domain
inclusion step, where entire domains are accepted or
rejected.

Cit1 =
unlike sub-

Specifically, matching can be viewed through the lens
of domain-level propensity scores For each domain
k, define Wy, = I(M (py, — ¢;) < 7), where W, =1 in-
dicates that all samples from domain @ are included
in the matched set. This parallels causal inference,
where W), represents treatment assignment given co-
variates (Motiian et all [2017)) (here, p;,). The “treat-
ment” is domain inclusion, and the covariate is the
domain mean. Unbiased causal estimation relies on
three well-known assumptions: ignorability, positivity,
and consistency. These map naturally into our frame-
work: ignorability requires that inclusion depends only
on observable p,, positivity requires that each rele-
vant domain has a nonzero chance of inclusion, and
consistency requires that included domains genuinely
contribute samples from their @ (which holds since
intra-domain samples are i.i.d.).

These assumptions clarify why matching succeeds
where naive pooling and subsampling can fail. Naive
pooling and subsampling, while exchangeable in the
probabilistic sense, they do not satisfy ignorability, i.e.,
do not enforce conditional balance with the target w,:
they freely include domains whose p,;, deviate system-
atically from the target, introducing target-irrelevant
variation (akin to confounding in observational stud-
ies; see Section . Matching, by contrast, leverages
exchangeability and explicitly conditions inclusion on
proximity to the adaptive centroid, thereby ensuring
ignorability and overlap with respect to the target. This
mechanism yields a form of double robustness: consis-
tency is achieved as long as either (i) the inclusion
rule (propensity model W) or (ii) the outcome model
(centroid update) is correctly specified . Consequently,
mild misspecification of the threshold 7 does not com-
promise limiting behavior, making matching a stable
strategy under domain heterogeneity.

In the subsequent sections, we analyze the aforemen-
tioned points theoretically while validating them ex-
perimentally. Particularly, Section [3| shows conver-
gence of all methods for infinte number of domains,
Section [4] demonstrates the challenges under finite K.
Section [7] and [6] shows the extension of the proposed

method to multimodal data and non gaussian settings
respectively. All the theoretical insights are validated
by the experimental results (Section with additional
explanations and experimental evidence been provided
in Appendix.

3 ASYMPTOTIC CONVERGENCE
ANALYSIS (K — oo)

Here, we show that all the pooling strategies converge
to p, when we have infinite domains, i.e., K — oco.

Theorem 1 (Asymptotic Behavior as K — o).

Let {m H, "~ 9, with Blw,] = s, and Cov(,) =
Y. Suppose each domain Q) generates i.i.d. samples
Xpi ~ N(uk,JQId), where 021, is the within-domain

covariance. Then, as K — oo: a) Naive pooling:
prE 4 Mup,, 0%1;+ ). b) Uniform sub-

pool
sampling (fized n): I:’S(:b) 4 M., 0215+ 2,).
¢) Matching (fixzed 7 > 0): If the iterative centroid
satisfies ¢, 2> 1., then Pé;)tch 4, Mu,, 0%14).
Takeaway: From Theorem (1| (see Supplementary Sec.
for proof), we see that as K — oo, all pooling
methods converge to distributions centered at p,, but
with critical differences in their covariance structures.
naive pooling and uniform subsampling converge to
N(p,,0%1;+3,), retaining the inter-domain variance
Y, that reflects domain heterogeneity. In contrast,
matching converges to N'(u,,02%1y), effectively filter-
ing out the inter-domain variance and matching the
target test distribution exactly. This shows matching’s
unique ability to eliminate domain-level heterogeneity
while preserving within-domain variability.

Corollary [1] (Supplementary Sec. shows that all
pooling strategies (naive pooling, subsampling, and
matching) are exchangeable because they are symmet-
ric functions of the ii.d. domain draws {ux}. This
holds for finite K and as K — oo: permuting domain
indices does not change the joint distribution of the
pooled estimator. Exchangeability implies that, condi-
tional on {p;, }, domain inclusion is “as if randomized,”
which corresponds to the ignorability condition used
by propensity-score methods (Rosenbaum and Rubin,
1983). The distinction lies in how exchangeability is
used. Naive pooling and subsampling do not enforce
balance with respect to the target p, and thus can suf-
fer finite-sample bias under asymmetric &,,. Matching
explicitly exploits exchangeability within a propensity
framework: by conditioning inclusion on distance to
the centroid, it secures ignorability and overlap rela-
tive to the target, aligning domain inclusion with the
causal estimand of interest. Thus, while all strate-
gies are exchangeable, only matching operationalizes
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Figure 1: Comparison of the proposed method with MVFA (]Huang et al.l, |2024|), AnomalyCLIP , and
BiLORA 2025). Performance is reported in terms of domain alignment (DA), anomaly classification (AC),
and anomaly segmentation (AS). The x-axis represents the sequential domain addition, and the y-axis represents the AUC
scores. Comparison of Domain Alignment (DA) scores across all datasets for the Base, Agnostic, and GeoDVar methods.
MVFA (Huang et al.,|2024) shows moderate alignment with DA scores clustered around 2 (e.g., 2.2365 for HIS, 2.1146 for
Chest-XRay, 2.0501 for OCT17, 2.0466 for Brain MRI AC, 2.0335 for Liver CT AC). AnomalyCLIP
yields inconsistent and often poorer alignment, with scores varying widely from 1.0102 to 3.2632 across different tasks.
BiLORA (Zhu et al[2025) achieved better DA scores than MVFA (Huang et al) [2024) and AnomalyCLIP
2023) (HIS AC-4.0, ChestXray AC-3.145, OCT17 AC-4.0, BrainMRI AC-4.0, BrainMRI AS-4.012, LiverCT AC-3.158,
LiverCT AS-4.030, RESC AC-3.081, RESC AS-4.072). In contrast, our method achieves consistently superior domain
alignment, with DA scores at or exceeding 4.0 for all datasets and tasks, including peaks of 4.0736 for Brain MRI detection
(AC) and 4.0484 for Brain MRI segmentation (AS), demonstrating its robust performance in matching complex domain
distributions.

this property to mitigate finite-sample bias. However,
K — oo is not a practical setting. In the subsequent
sections we will analyze the unbiasness/biasness of the
pooling techniques under finite K (for symmetric and
assymetric of meta distribution Z,, as seen in Def. E[)

4 CONVERGENCE ANALYSIS
UNDER SYMMETRIC %, for K

4.1 SYMMETRY OF META
DISTRIBUTION %,

Definition 4 (Distributional Symmetry). A
meta-distribution 9, is symmetric around . if p, —

d
MKy = Ky — Mg

Intuitively, symmetry means domain means are
equally likely to deviate above or below the population

center, while on the contrary, asymmetry implies sys-
tematic bias in one direction. Furthermore, Assump-
tion [2| highlights the relevance of Z,, for real world
scenarios where sampling a domain (@) that is far
away from the mean p, is highly likely and not a rare
event. In example [I} the occasional p, + 5 domains
are averaged out by the majority of p, domains as K
grows. Hence, in the infinite-sample limit, deviations
vanish and the pooled mean coincides with p,.

Example 1. Consider a one-dimensional meta-
distribution 9, defined as follows: p, = p, + c with
probability p, p, with probability 1-p. This distribu-
tion satisfies Assumption[J: it has a finite mean and
variance, sub-exponential tails, finite fourth moment,
and importantly nontrivial directional mass at p, + c.

Finite-K sampling: If K domains are drawn, the prob-
ability that at least one Qi is centered at w, + c is
1—(1—=p)X (p can be considered small based on the
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fact that as we go far from the mean ., the proba-
bility decreases). Thus, with high probability we ob-
tain at least one “outlier” domain whose mean is far
from . This illustrates that asymmetric realizations
are not rare but expected under the assumption. As
K — oo: The law of large numbers guarantees that
+ 215:1 . — . almost surely.

4.2 UNBIASED ESTIMATION FOR
FINITE K

Theorem 2 (Finite-K Unbiasedness under Sym-
metry). Suppose the meta-distribution 9, is symmet-
ric about w, in the sense of Def.|4), so that E[u,] = p,.
For any finite number of domains K > 1:
K N )

1) Naive Pooling: Let i = M,
2 k=1 Nk

Qr = N(uy,0%15). Then Eliig] = px. b) Uni-
form Subsampling: For a uniformly chosen subset
I c{l,...,K} andn samples per selected domain, the
subsample mean fi; = Yn|11Y ., Z?Zl Xg,; satisfies
Elir] = p.. ¢) Matching: If the centroid is initial-
ized at the target, ¢(9) = p_, then at every iteration

- 1 Nk )
the matched mean Hus = m Zkes(f) Zi:l Xk,i

remains unbiased, i.e. E[is] = ..

Tki ™~

Takeaway: Theorem [2| (see Supplementary Sec.
for proof.) demonstrates that under symmetric %,
(Def. , all three pooling strategies yield unbiased
estimators of the target mean u, for any finite K.
This establishes a baseline where domain heterogene-
ity is balanced around the target, allowing all meth-
ods to perform well. Furtherore, for matching even
if ¢(® £ p, appropriate selection of 7 ensures that
relevant domains are selected and fis converges to p,.

This is often rare for real world datasets, thus in the
next section we analyze the convergence rates of the
pooling methods under asymmetric Z,, (Def. .

5 CONVERGENCE ANALYSIS
UNDER ASYMETRIC %, FOR
FINITE K

While Theorem [l establishes asymptotic convergence
properties and Theorem [2| shows finite-K convergence
under ideal symmetry, real-world applications involve
finite K with distributional asymmetries that create
significant challenges. This section analyzes the criti-
cal transition from K to K + 1 domains under asym-
metric conditions.

Theorem 3 (Finite-Sample Robustness under
Domain Addition). Let iy == + 21}521 wy, denote
the empirical average of the first K domain means
(with 1y = By, [F(@)]), and let exc = || — 1 o

Fiz § € (0,1). Under Assumption [J: 1. Naive
pooling. With probability at least 1 — 6§, ex41 >
—Kﬁl EK — 751‘;5531/5) - 0 710‘%%/5) Moreover,

there exist adversarial pg 41 such that with constant
probability, ex+1 > ex + O(1) (unbounded per-step
deterioration). 2. Uniform subsampling. If m do-
mains are drawn uniformly at random and n samples

per domain are averaged, then Elef ] < &% +
Amax (Zp) + do? it E| ] < Jro(i\/ 1 )
m mn - TENCERIERL1] = EK vm mn/’

while worst-case deterioration per step is Q(1/m). 3.
Matching. Let Sk be the matched set of size |Sk|,
with centroid éx. Suppose |Sk| > Cylog(1/6). If
the domain K + 1 is excluded, then exi1 < ex +
C. [ los(1/9)

[Skl *
with probability 1 — 9, exy1 < ex +

Furthermore, if it is included, then

(5D T+

o [ *
Cg/%. If M(pgey — ps*) < ex +7/Ly, then
Pr(ex+1 <ek) > 1—exp(—Q(|Sk|)) (high-probability
non-deterioration).

Takeaway: From Theorem [3[ (see Supplementary
for proof) we get he comparison in Table [2| (see Sup-
plementary highlights the fundamental differ-
ence between matching and the other strategies. For
naive pooling, the error can jump by a ©(1) amount
even as K grows, meaning deterioration never van-
ishes. For subsampling, the worst-case increase is
Q(1/m), which shrinks only with the number of do-
mains subsampled per step. Matching limits the
worst-case increase to O(1/|Sk|), where |Sk| is the
size of the matched set. Since |Sk| typically grows
with K, perturbation vanishes as more domains are
included. Thus, matching converts constant or 1/m-
level risks into a self-shrinking 1/|Sk| bound (only
strategy with explicit non-deterioration guarantees un-
der heterogeneity).

Corollary [2] (see Supplementary Sec. provides a
practical criterion for selecting the matching thresh-
old 7 to ensure safe domain addition. By setting 7
appropriately relative to the current error ex and the
distance of harmful domains under metric M, degra-
dation is not observed under the introduciton of new
domains. Table [2] summarizes these differences: only
causal matching simultaneously provides bounded de-
terioration, explicit outlier robustness, and a non-
deterioration safety guarantee. In the following sec-
tion, we see that these theoretical guarantees of match-
ing and the properties of the matched set Sk (see Sup-
plementary translate to arbitrary distribution.

Synthetic experiments: We conducted controlled
synthetic experiments to empirically validate the guar-
antees presented in Theorems and [3] under en-
hanced challenges. Each domain was generated as
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Qr = N(uk,021;) with means pj, ~ 2, while the
target was fixed as Ziest = N(0,0%1;). All the analy-
sis done so far assumed large per-domain sample size
N, where ji, — pg. In contrast, we used small finite
N so that sample noise persists. This revealed that all
three pooling strategies degrade compared to large-
N theory, but to different extents (Nazarovs et al.|
2021)). Pooling and matching remain relatively stable,
whereas subsampling suffers the largest errors due to
\/d/N variance amplification. Experiments targeted
the three regimes: (a) Asymptotic behavior (Theo-
rem: convergence as K — oo under asymmetric do-
mains. (b) Symmetric finite-K convergence (The-
orem: error bounds with symmetric domain means.
(c) Finite-sample robustness (Theorem [3)): stabil-
ity when incrementally adding domains under asym-
metry. All strategies were implemented as defined in
Sec. |2 repeated over 10 seeds and averaged. Matching
used iterative centroid refinement with Lo metric, ro-
bust median initialization, and convergence criterion
|cii1 — c¢|2 < 107%. Additional details can be seen in
Supplementary due to space constrains.

6 USING NORMALIZING FLOW
TO GENERALIZE FOR
ARBITRARY DISTRIBUTIONS

Although analysis of matching for Gaussian distri-
bution ensures theoretical validity, extended theoreti-
cal guarantee to arbitrary distributions would demon-
strate the superiority of matching over naive pooling,
in line with transport-regularized schemes in multi-
marginal settings (Mehta et al.,[2023). Theorem 4] (see
Supplementary for proof) shows the preservation
of the properties (see Supplementary of S under
arbitrary distributional settings.

Theorem 4 (Normalizing Flow Transport The-
orem with Lipschitz Guarantees). Let pgq:. be
a compactly supported data distribution and pzy =
N(0,1;). Under Assumption there exists a bi-
jective normalizing flow T : R* — R? such that:
1) Universal Approximation: For any ¢ > 0,
Dgr(Typz || pdata) < €, where Typz denotes the push-
forward of pz by T (i.e., the distribution of T'(z) for
z ~pz), and Dgy, is the Kullback—Leibler divergence.
2) Lipschitz Control: T can be constructed with fi-
nite Lipschitz constant Lt controlled by architectural
norms; in particular, if T = Tp o--- 0Ty and the
Jacobian of layer l, ||J1,|lop < Ci (Ci represents the
mazimum operator norm of the Jacobian for the I-th
layer), then Ly < Hle Cy. 3) Variance Preserva-
tion: For any matched set Sz = {z: ||z — ¢, |2 < 7},
letting Sx = T(Sz), ﬁzxesx lz — T(Cz)”g >
L272. J) Concentration Guarantee: With T =
@ Y wesy T» we have ||z —T(c,)||2 < LrT.

N

Takeaway: Theorem (4| (see Supplementary Sec.
for proof) demonstrates that the favorable properties
of matching extend from Gaussian to real-world non-
Gaussian data through normalizing flows. The utiliza-
tion of normalizing flow is motivated by the invariance
of Bayes error under invertible transformations, as es-
tablished by (Theisen et all [2021). This allows us
to employ normalizing flows as approximately invert-
ible mappings, ensuring that the robustness bounds
of Theorem [3| remain valid beyond Gaussian distribu-
tions. The key insight is that flows preserve the geo-
metric structure of matched sets: tight clusters in the
latent space (||z — c.||]2 < 7) map to tight clusters in
the data space (variance < L2.72). This means the
theoretical guarantees for Gaussian data (bounded er-
ror, variance reduction, and concentration) carry over
to real-world distributions. The Lipschitz constant Lp
acts as a distortion factor, showing that well-behaved
flows (small L7) maintain the matching benefits. This
bridges our Gaussian analysis to practical applications
where data exhibit complex, multimodal structure.

7 EXTENSION TO MULTIMODAL
SETTINGS

The theoretical framework established thus far as-
sumes a unimodal distribution where a single centroid
c, converges to the target mean u,. However, real-
world applications, particularly in medical imaging, of-
ten involve multimodal distributions corresponding to
multiple classes of the dataset. We define multimodal
data distribution as in Def. Bl

Definition 5 (Multimodal Data Distribution). A
data distribution P is M-modal if it can be expressed
as a mizture of M wunimodal components P(x) =
Zf\y{:l TP (x), where: 1) m, > 0 are mizing co-
efficients with Zn]\le m = 1 2) Each Py, is unimodal
with mode w, and covariance ¥,, 3) The component
distributions may have different shapes and scales.

The target distribution in multimodal settings becomes
M *
-@test = Zmzl ﬂ-mN(lj’m’ U%Id)-

We maintain centroids {c, ., }M_; and radii {7, }}_,,
i.e., a sample x is assigned to mode m if M (x—cCpm) <
Tm and M(x — ¢, ;) > 7; for all j # m. Centroids
are updated per mode using only assigned samples.
Lemma (Supplementary Sec. ensures M-modal
convergence as M unimodal convergence under suffi-
cient separation of the M modes. Under the condi-
tions of Lemma [1} matching guarantees that adding
new domains never increases the error for any mode
VYm = 1,..., M with high probabil-
ity, where €x ,, = ||C£LK”)1 — p|l2. This follows di-
rectly from applying Theorem 3|to each mode indepen-
dently. The separation condition ensures that harm-

EK+1,m < €EKm
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ful domains affecting one mode do not interfere with
other modes. Each mode’s matching process evolves
independently and enjoys the same non-deterioration
guarantees as the unimodal case.

8 EXPERIMENTAL RESULTS FOR
ZERO-SHOT ANOMALY
DETECTION

The synthetic Gaussian experiments in Section
confirmed our theoretical guarantees while exposing
finite per-domain sample effects. Unlike the large-N
assumptions in theory, limited N introduces sample-
level noise, producing severe degradation under sub-
sampling and milder but still visible declines for pool-
ing and matching. This connects theory with practice:
robust adaptation must handle finite-N asymmetries
rather than relying solely on asymptotic guarantees.

Zero-shot medical anomaly detection provides the
strongest stress test of this setting, extending be-
yond synthetic domains to one of the most challeng-
ing real-world scenarios for distributional generaliza-
tion. Unlike natural scene anomalies (e.g., surface
defects) that are structurally consistent and visually
distinct, medical anomalies are subtle, heterogeneous,
and often overlap with normal anatomical variation.
This induces three extreme forms of heterogeneity:
(a) modality heterogeneity, as imaging technolo-
gies (X-ray, MRI, CT, OCT) generate fundamentally
distinct feature distributions; (b) pathological sim-
ilarity, as abnormal and normal samples exhibit high
feature overlap, making separation difficult; and (c)
institutional bias, where scanner protocols and ac-
quisition pipelines introduce asymmetric shifts even
within the same modality. Together, this “triple het-
erogeneity” defines the exact worst-case conditions for
naive pooling, breaking exchangeability assumptions
and amplifying asymmetry. The zero-shot require-
ment—generalization to unseen modalities and insti-
tutions. further exacerbates these challenges.

Under such conditions, three failure modes emerge
when Diegt is unseen: (1) the meta-distribution 2, is
inherently asymmetric (Def. [d); (2) finite-sample bias
becomes unavoidable under pooling; and (3) asym-
metry compounds as domains are sequentially added.
This is precisely where causal matching is critical. Un-
like domain-level pooling, our implementation oper-
ates at the sample level, using an adaptive threshold 7
in the learned feature space. The feature space filters
nuisance variability while preserving anomaly—normal
semantics, making sub-exponential sample-level be-
havior more realistic. Consequently, causal matching
provides robustness in the finite-IN regime, yielding
empirical non-deterioration exactly where pooling and

subsampling fail, and extending theoretical guaran-
tees (positivity, ignorability, consistency) beyond the
asymptotic, domain-level analysis.

Setup: The baselines and related works are described
in Supplementary Sec. We employ the BMAD
benchmark (Bao et al., 2024]) spanning five medical
domains with six datasets: brain MRI (BrainMRI),
liver CT (LiverCT), retinal OCT (OCT2017)), chest
X-ray (ChestXray), and digital histopathology (HIS).
This selection captures the extreme heterogeneity dis-
cussed in Section with BrainMRI, LiverCT, and
RESC supporting both anomaly classification (AC)
and segmentation (AS), while OCT17, ChestXray,
and HIS are used for AC only. Following the leave-
one-out strategy (Huang et al. [2024), we train on
datasets D1, Do, ..., D; 1 and evaluate on unseen D,.
This setup directly instantiates the theoretical chal-
lenges of asymmetric domain adaptation: test domains
may exhibit selective semantic alignment with specific
training domains, creating the perfect conditions for
the performance degradation predicted by Theorem
While selectively fine-tuning on aligned domains might
seem appealing, medical data scarcity necessitates us-
ing all available data making robust pooling strategies
essential.

Evaluation Metrics: We report standard Area Un-
der the ROC Curve (AUC) metrics: image-level AUC
for anomaly classification and pixel-level AUC for seg-
mentation. However, these conventional metrics fail
to capture a critical aspect of real-world deployment:
the monotonicity of improvement when incorporating
additional domains. Theorem [3| highlighted that un-
der asymmetry, the critical quantity is the per-step
deterioration k41 — £k, which can be unbounded for
naive pooling but is controlled under structured strate-
gies. To empirically measure this effect, we introduce
the Data Addition Score (DA), which translates
the theoretical notion of stepwise deterioration into an
evaluation metric at the performance level. Formally,
given performance sequence y = [y1,Y2,Ys, Y4, Y5
where y; denotes performance after incorporating ¢ do-
mains, and importance weights s = [0.1,0.2,0.3,0.4]
emphasizing later stages, the DA is defined as:

4
DA(Y) = S W{yir > i} (1 TRt ) )
=1

Here, the indicator ¥{y;y1 > y;} captures the non-
deterioration requirement—if performance drops, the
score for that step is zero—while the weighted im-
provement term rewards consistent gains. In this way,
the DA directly operationalizes the deterioration anal-
ysis of Theorem [3| providing an empirical lens on a
method’s improvements as domains are added.
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Table 1: Comparisons with state-of-the-art zero-shot anomaly detection methods. The AUCs (in %)

for AC and AS are reported. The best result is in bold, and the second-best result is underlined. * are the
results we achieved after reimplementation.
Method HIS ChestXray OCT17 BrainMRI LiverCT RESC
AC AC AC AC AS AC AS AC AS
WinCLIP (Jeong et al.|[2023] 69.85 70.86 46.64  66.49  85.99  64.20  96.20  42.51  80.56
APRIL-GAN(Chen et al.][2023] 72.36 57.49 92.61  76.43 91.79  70.57 97.05  75.67  85.23
AnomalyCLIP*(Deng and Li| 80.27 69.11 94.60  79.72  90.47  78.72  97.88  88.49  91.14
AdaCLIP(Cao et al.|[2024] - - 68.8 73.1 - - - - -
Mao et al.(Mao et al.| 2025 - - 91.2 73.7 - - - - -
MVFA-AD*(Huang et al.] [2024 78.88 69.11 96.62  75.05 90.33 80.77 98.06 88.53  91.27
BiLORA*(Zhu et al.| 2025 77.68 66.75 97.05  87.65  89.40  80.64  98.53  89.15  93.46
Ours 75.41 74.94 97.21  87.67 90.29 80.26 98.75 89.42 95.09
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Figure 2: Ablation comparing different matching metrics M: Euclidean distance (CS_L2), cosine similarity
(CS_Cosine), geodesic distance (CS_Geodesic), and geodesic distance with VACA (CS_GeodVar). Performance
is reported in terms of domain alignment (DA), anomaly classification (AC), and anomaly segmentation (AS). X
axis represents the sequential domain addition and the Y axis represents the AUC scores. CS_L2 and CS_Cosine
achieves DA of 4 for BrainMRI, LiverCT, and ChestXRay. CS_Geo achieves DA of 4 for ChestXRay and
LiverCT while achieving DA of 4.0138 for BrainMRI detection (AC) and 4.0081 for BrainMRI segmentation
(AS). CS_GeodVar achieves DA of 4.0134 for ChestXRay, 4.0163 for LiverCT detection (AC), 4.0010 for LiverCT
segmentation (AS), 4.0736 for BrainMRI detection (AC) and 4.0484 for BrainMRI segmentation (AS).

Normal Samples
@ Retina_OCT2017

Anomaly Samples
® Brain ® Retina_0OCT2017
Liver

® Retina_RESC

® Brain
Chest
@ Histopathology

Chest
@ Histopathology

Liver
® Retina_RESC

Figure 3: Illustration of modality-induced clus-

tering in CLIP feature space. Embeddings of dis-

tinct modalities form disjoint angular regions on the

hypersphere (see Table [3|in Supplementary Sec.

for more details).

8.1 MATCHING FOR ANOMALY
DETECTION

Geodesics for Matching: Zero-shot transfer is hin-
dered by the well-documented modality gap
\Gilboal, [2024; |[Liang et al., [2022)), where CLIP em-
beddings from text and image subspaces occupy dis-
joint regions of the hypersphere. Our analysis extends
this: even within the image space, modality-specific
clustering (e.g., ChestXRay, BrainMRI, Histopathol-
ogy) confines embeddings to distinct angular regions
S4=1. This creates large inter-modality angular gaps

(Figure [3]), making zero-shot anomaly detection par-
ticularly challenging. If parameters lie closer to one
modality’s cluster, the semantic gap to others is am-
plified. Because CLIP embeddings are f5-normalized,
they reside on S !, where the intrinsic metric is the
geodesic distance dg(f1, f2) = arccos(f] f2). Unlike
Euclidean distance (underestimates large gaps) or co-
sine similarity (lacks metric structure), dg respects hy-
perspherical curvature, preserves neighborhoods, and
faithfully represents modality separations. Under the
bi-Lipschitzness assumption (Assumption , this en-
sures stability of matching and underpins theoretical
guarantees.

Centroid Initialization and Update: We initial-
ize normal and anomaly centroids at ¢(©) = 0, avoid-
ing warm-start bias. For a feature f; satisfying the
geodesic matching criterion, centroids are updated by
exponential moving average (EMA): ¢+ = ac® 4+

t+1) _ _&tD _ .
(1 - a)fja ctt) = IEGRIE a = 0.5. Projec-
tion ensures centroids remain on S¢~!. Within the

spherical cap where matching occurs, dg behaves like
Euclidean distance up to small scaling, so all guaran-
tees—positivity, ignorability, consistency, and finite-
K robustness (Theorem [3)—remain intact. The geo-
metric advantage of dg is that centroid neighborhoods
expand consistently with the hypersphere, allowing a
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tighter adaptive threshold 7.

Geodesic Loss for Intra-/Inter-Cluster Struc-
ture: We directly embed dg in the learning objective:

Intra-cluster compactness: Lintra =
ﬁzjeer dG(fj7c+)2 + ﬁz:jesf dG(fjac_)Q'
Inter-cluster separation: Linter = —dg(c™,c7).

Maximizing Linter prevents mode collapse and guar-
antees identifiability. The final geodesic loss is Lgeo =
A1 Lintra + A2 Linter, A1, A2 > 0, balancing compactness
and separation. This directly addresses Lemma |[1}
which shows that minimal mode separation is neces-
sary for consistent convergence.

Variance-Aware Channel Attention (VACA):
Variance decomposition (Figure Supplementary
Sec. reveals that only a subset of embedding di-
mensions carries class-specific signal (Yu et al.| 2024),
while many encode modality-specific variance that in-
duces hyperspherical clustering (Figure[3]). We address
this with variance-aware channel attention (VACA),
which explicitly upweights class-discriminative chan-
nels and suppresses modality-driven ones. Let patch
embeddings be P € REXN*D (batch B, patches N,
channels D), normalized along the channel dimension,
and let class embeddings for normal and anomaly be
T € RP*? (L2-normalized). Broadcasting and tak-
ing their Hadamard product yields per-channel con-
tributions, aggregated into a discriminative score vec-
tor A € RP. Channels with high A, align with the
anomaly /normal axis, while low-A, reflect modality
noise. A small MLP with Softplus output produces
nonnegative gains, scaled by « to form channel weights
w = 14 ya. Reweighted patches P = P ® w em-
phasize class signal, while a variance surrogate Vargisc,
computed from weighted A, summarizes discrimina-
tive energy. This reweighting shrinks angular gaps
between modalities and strengthens “local positivity”
in hyperspherical neighborhoods, ensuring subsequent
geodesic matching (Section operates on richer,
domain-invariant features.

Ablation experiments: Figure [2] and Supplemen-
tary Sec. highlight the effectiveness of geodesic
distance in capturing faithful neighborhoods on the hy-
persphere, outperforming Euclidean and cosine met-
rics.  When combined with VACA, DA scores im-
prove consistently, as variance-aware reweighting sup-
presses modality-specific leakage and amplifies class-
discriminative channels. This shifts modality clus-
ters closer in the discriminative subspace, increas-
ing successful cross-domain matching. Geometrically,
this restores local domain overlap, directly support-
ing the positivity assumption by ensuring that normal
and anomaly features across modalities share sufficient
support for non-zero inclusion probability. Given the

scarcity of medical data, this guarantees that relevant
samples remain available for matchingﬂ The overall
framework is summarized in Supplementary Sec. [C.3.3|
(Algorithm [T).

Empirical comparison with the existing meth-
ods: Compared to the state of the art anomaly detec-
tion methods like MVFA (Huang et al.,|2024)), Anoma-
lyCLIP (Zhou et al.l [2023), and continual learning
frameworks like BILORA (Zhu et al.l|2025|) that utilize
naive pooling for incremental learning setups where
domains (finetuning as domains keeps on increasing),
our proposed method performs better due to the in-
herent advantage of matching by filtering out the con-
founding data points (see Fig. [1). We see that the DA
score, which measures the dips in performance of the
model as newer domains are introduced for finetuning
(in accordance to Theorem [3), are always above 4 (a
DA score of 4 or above indicates no decrease or increase
in the model’s performance as we keep on finetuning
on newer domains) for our proposed method unlike the
existing methods (detailed analysis is provided in Sup-
plementary Sec. [C.3.2). Table |l| demonstartes that
our method achieves comparable performance with re-
spect to the state of the art zero-shot anomaly detec-
tion methods while also surpassing them in most cases.
Takeaway: The proposed Geodesic-aware Matching
method is the only method with non-detoriative per-
formance behaviour with addition of more data com-
pared to exisitng baselines along with superior down-
stream performance.

9 CONCLUSION

Pooling heterogeneous datasets is attractive for repre-
sentation learning, but we showed both theoretically
and empirically that naive pooling or uniform sub-
sampling can amplify distributional asymmetries and
harm generalization, especially under domain addi-
tion. Our matching framework addresses this by adap-
tively selecting samples around hypersphere centroids,
ensuring double robustness and filtering confounding
domains that violate positivity. Practically, we instan-
tiated these ideas in zero-shot medical anomaly detec-
tion, an extreme heterogeneity case where CLIP em-
beddings cluster by modality. Using geodesic distance
as the intrinsic matching metric and augmenting it
with VACA, we emphasized class-discriminative while
suppressing modality-driven dimensions.

1Unlike a fixed threshold, 7 is defined adaptively as the
minimum distance of a sample to the centroids (See Sup-
plementary Sec. 4 This ensures that matching deci-
sions evolve naturally as centroids are updated via expo-
nential moving averages and as feature space transforms
while training.
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URL). [Yes]
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(¢) A clear definition of the specific measure or
statistics and error bars (e.g., with respect to
the random seed after running experiments
multiple times). [Yes]

(d) A description of the computing infrastructure
used. (e.g., type of GPUs, internal cluster, or
cloud provider). [No]

. If you are using existing assets (e.g., code, data,
models) or curating/releasing new assets, check if
you include:

(a) Citations of the creator If your work uses ex-
isting assets. [Yes]

(b) The license information of the assets, if ap-
plicable. [Not Applicable]

(c) New assets either in the supplemental mate-
rial or as a URL, if applicable. [Not Applica-
ble]

(d) Information about consent from data
providers/curators. [Not Applicable]

(e) Discussion of sensible content if applicable,
e.g., personally identifiable information or of-
fensive content. [Not Applicable]

. If you used crowdsourcing or conducted research
with human subjects, check if you include:

(a) The full text of instructions given to partici-
pants and screenshots. [Not Applicable]

(b) Descriptions of potential participant risks,
with links to Institutional Review Board
(IRB) approvals if applicable. [Not Appli-
cable]

(¢) The estimated hourly wage paid to partici-
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Supplementary Materials

A PROOFS OF THEORETICAL RESULTS

A.1 ASSUMPTIONS

Assumption 1 (Metric equivalence). Let M : R — [0,00) be the matching metric used by the algorithm. There
exist constants 0 < mpr < Lps < 0o such that mps||v]|2 < M(v) < Lag||v]|2 for all v € R?

Assumption [1| states M is locally equivalent to the Euclidean norm on the data manifold. This means that M
does not distort distances by more than a fixed multiplicative factor. If, for example, M (v) were much larger
or smaller than ||v||2, depending on v, matching could select domains with means very far from the centroid,
breaking the tight concentration of the matched set. In practice, this means distances measured under M cannot
collapse to zero or blow up arbitrarily relative to f» distances: the constants (mps, Las) control this distor-
tion. Such equivalence guarantees that concentration arguments and robustness bounds established in Euclidean
space remain valid when extended to M, since neighborhoods defined by M correspond to neighborhoods on
the manifold up to constant factors. Moreover, because compact manifolds admit finite bi-Lipschitz charts,
this equivalence allows our theoretical results to generalize from Gaussian settings in R? to arbitrary compact
Riemannian manifolds, ensuring that matching remains stable and generalizable across domains.

Assumption 2 (Moment and Tail Conditions). We assume all domain means py, are drawn i.i.d. from a meta-
distribution D with: a) Finite mean and covariance: Elug] = p. and Cov(uy) = X, < 0o b) Sub-exponential
tails: 3C, 8 > 0 such that P(||ps, — p|| > t) < Cexp(—Bt) ¢) Finite fourth moment: E[||ux — 11« ||3] < 0o d) There
exist a unit vector v € R%, constants po € (0,1] and § > 0, such that the half-space Sy 5 = {p: (1 — ps) - v > 8}
satisfies P(uy € Sys) > po.

Throughout our proofs, we use (i) the Strong Law of Large Numbers (SLLN), (ii) Lévy’s Continuity Theorem,
which states that almost sure convergence of characteristic functions implies convergence in distribution. All
applications assume the moment and tail conditions in Assumption

A.2 PROOF OF THEOREM [

Theorem 1 (Asymptotic Behavior as K — o0). Let {p, <, i3S P, with Elp,] = p, and Cov(py,) =
Y. Suppose each domain Qi generates i.i.d. samples Xj; ~ N (g, 0%14), where 0®Iy is the within-domain

covariance. Then, as K — o0: a) Naive pooling: péi?l 4, N(u*, a’l; + Eu)' b) Uniform subsampling
(fixed n): PS(;Lb) 4, ./\/'(u*, ol + Z#). ¢) Matching (fized T > 0): If the iterative centroid satisfies
cn D s, then Pé;)tch 4, Mu,, 0%14).

Proof. Naive Pooling Convergence: Let {u, } | be iid. draws from %,, with E[u,] = p, and Cov]p,] =

3. The characteristic function of Péi?l is given by (;SEDK)(t) =E [exp(it 'x)] where x~ P;Ei?l
Since I:’Igi?l = 25:11 N Zle ZZV:’“I §(x — xi,;) and each xx; ~ Qr = N(p,0%1;), we have ¢53K)(t) =

K . K )
72}9,(:11 oA iy Ni - Exeo, [exp(thx)] = Zf:l a S Nk -exp (ZtTNk _ %‘72||t“2)

Ny

SN + as K — 00), we obtain ¢E,:,K)(t) =
j=14Vj

Assuming balanced domains where Ny = N for all k& (or that
K .
% e exp (it T py — 50°(t]%) + o(1)

By the Strong Law of Large Numbers for i.i.d. random vectors: % Zszl exp(it T py) 22 Euv2, [exp(itTu)] =:

Pu(t)
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Under the moment conditions (E[u] = p,, Cov[u] = X,), the characteristic function admits the expansion:
Oult) = exp (it . — 167 5,6+ o 6])

Thus, for any fixed t € R%: ¢(K)( t) =25 exp (—202([t]|?) - exp (itTp, — 2tTE,t) = doo(t), where goo(t) is
the characteristic function of N'(u,,0?I; + X,). By Lévy’s Continuity Theorem, almost sure convergence of

characteristic functions implies convergence in distribution PpEoo)l S N(py, 0 1g+%,)

Uniform Subsampling Convergence: The uniform subsampling procedure selects domains uniformly at
random and draws n < N} samples from each selected domain. The key insight is that this process is equivalent
to P (x) = ﬁ dker 2oy 0(x =%y ;) where I C {1,..., K'} is a random subset of domains chosen uniformly.

This can be reinterpreted as: each subsampled point xy ; is obtained by 1) Sampling a domain index k ~
Uniform{1, ..., K} (through the random selection of I) 2) Sampling x ~ @, within that domain.

As K — oo, the domain selection process converges to drawing pu ~ %, then x ~ N(p,0%1,).
The characteristic function of this limiting process is (biii)() = Eu~ag, [Exw\/(u,azld) [exp(it—'—x)ﬂ =
Ep~a, [exp(it"p — L0?(|t]|*)]. This matches ¢uo(t) from the naive pooling case. The finite sample size n
affects the rate of convergence but not the asymptotic limit, as the empirical characteristic function converges

to its expectation by the Law of Large Numbers.

Matching Convergence: We analyze the matching distribution defined as P (x) =

match

mzkesm Zfi“l §(x — x4), where S = {k : M(p,, — ¢,) < 7} and c, is the running cen-
kes(T ’
troid.

The characteristic function of the matched distribution is (;Smatch(t) =E [exp(it'x)] where x~ Pr(na)tCh

Yhes(n Nk'EXNQ'k[eXP(it x)]
Lpestr N

where Qk is the empirical distribution of domain k. As K — oo and for each domain k, as N — oo (or under

the assumption that domain sample sizes are sufficiently large), the empirical characteristic function converges:

E,. o, lexp(it"x)] = Exvq,[exp(itx)] = exp(it " py — 507t]|?)

Since P( ™) tch 18 an empirical mixture over selected domains, we have ¢1(12t at) =

The matching criterion selects domains where M (p;, — ¢,,) < 7. Given that ¢, 5o, (which follows from the
iterative centroid update converging to the target mean), we have Wy, = I{M(py —c,,) < 7} & I{M (p, — 1) <

T}

By the law of large nurrllbers for the weighted average over selected domains: ﬁbg»Ztch() EN
By [{M (u—p,)<r}-exp(it T p—30°||¢]]*)]
Epngy, [{M(p—p,)<7}] '

sense that 7 can be chosen to decrease appropriately with K), we consider the limit lim,_,q gbmatch(t) =

As the matching process becomes increasingly selective (in the

. 1
B~y [8(u—p.)-exp(it " n—502[1t]%)]
Epnay [0(n—p,)]

, where 6(+) represents the limiting density concentration at ..

Under the condition that &, has positive density at p, (which holds for continuous meta-distributions), we obtain
o) (t) — exp(itTu* — 102||t)|?). This is the characteristic function of N'(p,,0?I4). By Lévy’s Continuity

match

Theorem: Prfﬂatch =N (/J,*, o21,). The double robustness property ensures that this convergence holds even with
mild misspecification of the matching radius 7, as long as the centroid estimation is consistent. 0

A.3 PROOF OF COROLLARY [i]

Corollary 1 (Exchangeability of Pooling Strategies). Fach pooling strategy is invariant to permu-

tations of domam indices under the following conditions: a) Naive Pooling: The pooled distribution
pE)

pool (X) = ZK Ny, Zk 1 ZNk 0(x — xp4) is permutation-invariant by commutativity of addition. Relabel-
ing domain mdzces leaves the sum unchanged. b) Uniform Subsampling: The subsampled distribution
Pfﬁf( ) = |I|1-n doker 2oj=10(x = Xy ;), where I C {1,...,K} is chosen uniformly at random, is exchange-
able. Uniform sampling of domains preserves the joint law under permutations of indices. ¢) Matching: The

matched distribution Pr(rla?tch( ) = m Y okes ZZV:’“I §(x — xx.4), where ST = {k : M(py, — c,) < 7}, is
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exchangeable. The centroid c,, is permutation-invariant, and inclusion depends only on distances to this centroid,
which are unaffected by relabeling.

Thus, all three pooling strategies are exchangeable, both in case of finite K and as K — 0. O

Proof. We fix any finite K and any permutation 7 : {1,..., K} — {1,..., K}. We show that permuting domain
labels leaves each pooled empirical distribution unchanged in law; in fact, for (a) it is unchanged pointwise.

a) Naive pooling. Recall P}Eoo)l( ) = ZK N Ek 1ZN’“ 0(x — Xp,;). Under the relabeling k — w(k) we

obtain
K Nz K N

1 Z (X = Xp(k),i) = ZZ& (x — Xp.4) péf)?l( ),

Zkl m(k) k=1 i=1 ZklNkklzl

since { Ny (1) 1, is just a reordering of { Ny, }1< | and addition is commutative. Thus naive pooling is permutation-
invariant (exchangeable) for every realization and hence in distribution.

(b) Uniform subsampling. Let I C {1,..., K} be chosen uniformly at random and

Ps(ubx |I| ZZ& — Xp,j5)-

kel j=1

The law of I is invariant under relabeling: for any permutation 7, 7(I) is uniform iff I is uniform. Therefore,
conditional on the data {xy ;}, the distribution of W ket > i1 0(x—xy, ;) coincides with that of P (x).

sub
Hence I:’S(:b) is exchangeable.
(c) Matching. Let S = {k: M(ux —c,) <7}, péztch(x) = m Y kes Zfi“l 0(x — Xp,;). The

centroid ¢, is a permutation-invariant statistic of the multiset of observed samples (and, recursively, of prior
matched sets); in particular, it depends on domains only through symmetric sums/averages. Consequently, the
inclusion set S (") depends on {pr} only via distances to c, and is unchanged by relabeling domain indices.

Therefore, P

match is invariant under permutations and hence exchangeable.

In all three cases, permutation of domain labels leaves the empirical distribution unchanged (pointwise for naive
pooling; in law for subsampling and matching). Thus each pooling strategy is exchangeable for any finite K,
and with even stronger guarentees as K — oo. U

A.4 PROOF OF THEOREM [2

Theorem 2 (Finite-K Unbiasedness under Symmetry). Suppose the meta-distribution 9, is symmetric
about p, in the sense of Def. 4], so that E[u,] = p,. For any finite number of domains K > 1:

Ny,
1) Naive Pooling: Let jix = M, T ~ Qr = N(py,0%1y). Then Elix] = px. b) Uniform

K Ni

k=1'k
Subsampling: For a uniformly chosen subset I C {1,..., K} and n samples per selected domain, the subsample
mean fip = Y/n|1| Y, cp E?Zl x,; satisfies E[fif] = p,. ¢) Matching: If the centroid is initialized at the target,

0) _ . . _ _ 1 N . . .
c® = ., then at every iteration the matched mean fis = SN D okes(n Dim Xki Temains unbiased, i.e.

es() Nk
Elus] = p,.

Proof. Naive Pooling: The naive pooled mean is defined as i = ﬁ ZkK 1 Zf\fl Xp,i, where xp ; ~ Qp =
N (py,0%14). Taking expectation and using linearity: E[uK] ZK o Zk 1 Ni - Elxy ] = ﬁ Zle Np, -
Elpy]. By Det. [} Elpy] = p, for all k. so Eljiye] = st ST, No- i, =

Uniform Subsampling: The uniform subsampled mean is pi; = ﬁ D oker Z?:l Xg,j, where I C {1,..., K}
is chosen uniformly at random. Taking expectation conditioned on the domain selection: E[p;] =
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E [ﬁ D kel Z?:l X;w-] =E [ﬁ D oker uk]. Since domain selection is uniform and E[p,] = p, by symme-
K K
try E {T}\ kel H}c] =& 2r Bl = 2 s me = 1,

Matching: With initialization V) = p., the matching criterion M(p, — p,) < 7 selects a symmet-

ric set of domains around p, due to Assumption The matched mean after one iteration is ﬂg) =

Ny, . . _( .
m Y okes( 2oisi Xk Taking expectation: E[ué)] = m Y okes Ni - E[py] = p, since the

selected domain means are symmetrically distributed around p,. The updated centroid c,%l) = ﬂg) remains un-

biased, and by induction, this property holds for all iterations. Thus, the matching process maintains E[g] = p,.
For matching, convergence does not critically depend on initializing the centroid at the true mean p,. Even with
a misspecified initialization cy # p., the matching rule admits correction: by choosing an appropriate threshold
7, the procedure includes domains sufficiently close to . so that their aggregate mean drives the centroid toward
the target. Thus, the iterative updates ensure that Zszl uy concentrates around p,. as K grows. In contrast,
under real-world meta-distributions %,,, which are typically skewed, the () means may not be symmetrically
distributed, and naive pooling or subsampling can remain biased away from p,. This highlights matching’s
robustness in aligning with the target distribution despite imperfect initialization. 0

A.5 PROOF OF THEOREM

Theorem 3 (Finite-Sample Robustness under Domain Addition). Let iy = % Zszl W, denote the
empirical average of the first K domain means (with py, = Ezug,[f(2)]), and let ex = ||pg — p*||2. Fiz
0 € (0,1). Under Assumption @ 1. Naive pooling. With probability at least 1 — 5, ey > KiﬂeK

Blog(2/8) _ log(1/9)
K+1 K

>. Moreover, there exist adversarial pgy1 such that with constant probability, e +1 >
ex +0O(1) (unbounded per-step deterioration). 2. Uniform subsampling. If m domains are drawn uniformly
at random and n samples per domain are averaged, then E[e%. ;] < €% + /\““"‘T(Z“) + fn—”z Hence Eleg 1] <
ex + O(ﬁ \Y ﬁ), while worst-case deterioration per step is Q(1/m). 3. Matching. Let Sk be the matched
set of size |Sk|, with centroid ¢x. Suppose |Sk| > Colog(1/6). If the domain K + 1 is excluded, then exi1 <
ex+C4/ %. Furthermore, if it is included, then with probability 1 -9, e 11 < EK+mM(|§K\+1) +C /10|g‘é1</|6)'

If M(pg 1 —ps*) < ex+7/Ly, then Pr(egy1 < ex) > 1—exp(—Q(|Sk]|)) (high-probability non-deterioration,).

Proof. We analyze the update from K to K+1 domains. To simplify geometry, we always project onto the
current error direction.

We define the current error vector vg := fixg — p* and its norm ex = ||vk|l2. If ex > 0, define the normalized
direction ug := vk /||vk||2; otherwise take any fixed unit vector. Note that (vk,ux) = ||vklle = ek, so
the inner product with ux exactly recovers the error magnitude. For any new domain, we define its projection
ki1 = (r41 — p*, ur). This scalar x4 captures how much the new domain pushes us along the error
direction.

(a) Naive Pooling. The pooled update is ﬂ??j_ll = KLH fLx + ﬁ tx+1. Projecting onto ug (the current error

direction) we get <ﬂ‘;§i‘1—,u*, ug) = KLH@K—/J*,u;d—l—ﬁ(u;{.s_l—u*,u;(). By definition, (fix —p*, uk) = €k,

— | K 1 . _ |
SO <u?§il —p, ug) = 7 €K + 7 Sxv1, where Exey = (kg — p¥,uk). Since ex gy > (S, — 1, uk),
; K 1
we obtain ex 41 > R EK T K7+1§K+1'
Because g1 ~ D), and Assumptionstates D,, has sub-exponential tails, the one-dimensional projection £ 11

also has sub-exponential tails (linear functionals of a sub-exponential random vector are still sub-ex). Therefore
for any 0 € (0,1), [€x41| < Blog(2/d) with prob. at least 1 — 4.

So far, we treated ug as fixed, but in reality, ux depends on the random average [ix. By concentration of fig
around p*, we know ||[ix — p*ll2 = O( w . This induces an additional O( W) correction in the

bound for ex 1, because the error direction ux may fluctuate slightly relative to p*.

Thus we have the high-probability lower bound: ex 41 > KLH EK — [313?7121/5) -0 (\/ log(é/é)).
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Assumption [2| also includes the “half-space clause,” which says: there exists a unit vector v and constants § > 0,
po > 0 such that Pr ((u —p) v > 5) > po. In words, the meta-distribution D/, always places nontrivial mass in
some half-space away from p*. This guarantees that with constant probability, the new domain px 1 lies in a
harmful direction relative to ug, producing £x4+1 > ¢ > 0. Substituting back, ex41 > ex — E;g_:f. Thus, even
for large K, one-step constant-size increases (©(1) jumps) occur with non-vanishing probability. This establishes

the possibility of unbounded per-step deterioration for naive pooling.

(b) Uniform subsampling. At step K+1, we select m domains uniformly at random from the available ones,

and from each chosen domain j we draw n ii.d. samples z;1,...,%;,. We then compute per-domain sample
means fi; = > ¥, El; | ] = g, Cov(fi; | pj) = +o%l4, and average them: A3%, =
1 mo o~

i 2 -

We want E[|a585, — p*[|3. Add and subtract g inside: f; — p* = (u; — p*) + (@ — pj). So, 8, — p* =

sub

1 Do (= p*) + 1 > i (1 — p17). Squaring and taking expectation, using independence across j: B35, —

w3 m E, (ﬂj ©) ) m;:l(ﬂj :U‘J) )

j=1
between-domain variance within-domain noise
2
Because p; ~ D,, are i.i.d. with covariance 2, IEH% Z;n:1(ﬂj - u*)HQ = LTr($,). Since Tr(E,) < dAmax(Ep),

we can bound L Tr(%,) < Am%(z’) (Let d =1).

Each (fi; — p;) has covariance %021,1. Averaging m of them gives variance # “m - %021{1, SO EH% >

’ 0-2 {1 * /\max ) (72
Nj)H =L. dT. Thus we get E[| 3%, — p*[|3 < # + iTn

2 m

i —

Taking square roots gives the bound on the expected error: Elexy1] < ex + O(ﬁ \Y, ﬁ) Suppose one of

the m sampled domains has mean p; far from p* with ||u; — p*||2 > ¢. That domain contributes weight 1/m,
so in projection the error shifts by Q(c/m). Thus per-step worst-case deterioration is (1/m), independent of n
(since n only reduces the within-domain noise term).

c) Matching. At step K, let Sk be the set of matched domains and éx = =— k + MK be the matched
[Sx] 2ukeSy Hk T
centroid, where ng is the estimation error due to finite within-domain samples.

By sub-exponential tails (Assumption [2), standard concentration bounds imply ||nx]|2 <
C % with probability at least 1 — 0. If the new domain pg 41 is rejected by the rule Ixy; = 0 (because
M(,uKJrl — éK) > 7’), then SK+1 = SK and éKJrl = éK. Therefore, EK+1 = ||6K+1 — /~L*||2 = ||éK — M*HQ <

ex +C %. So the error increases only by the sampling noise. If the new domain is accepted (I = 1),

then the centroid updates to ¢x 1 = %ﬁ% Subtracting p*: ¢xy1—p* = (6x —p*)+ ﬁ(,u;(“ —CK).

Taking norms and applying triangle inequality: ||éx+1 — p*lla < ||éx — p*ll2 + ﬁ llpx+1 — éxll2- By the

inclusion condition M (41 — ¢x) < 7 and metric equivalence my|[v]|s < M(v) < Las||v]l2 ((Assumption [I])),

. R r T log(1/3)
we obtain ||‘U,K+1 — CKHQ < s Hence, EK+1 S Ex + m + C W

Suppose the new domain is not too far from the truth: M (pxy1 —p*) <egx + LLM Then the perturbation term
(e Shrinks like 1 /|Sk |, while the noise term shrinks like 1/4/|Sk|. Both vanish as |Sk| grows. Therefore,

with probability at least 1 — exp(—Q(|Sk|)), the new domain reduces or preserves the error: Pr(egi1 < eg) >
1 — exp(—(|Sk]))- O

Table 2] summarizes the key points from Theorem [3]

A.6 PROOF OF COROLLARY 2

Corollary 2 (Optimal 7). Let éx be the matched centroid after K domains and ex = ||éx — p*||2. Under
Assumption[d] (bi-Lipschitz metric M with constants mar, Lar ), the matching rule Irciq = {M (pri1 — k) <
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Table 2: Comparison of error dynamics under domain addition. Only matching provides bounded deterioration,
robustness to outliers, and explicit non-deterioration guarantees.

Strategy Expected Error Change ‘Worst-case Deterioration No detoriation

Naive pooling ex + O(1) ©(1) (constant jumps, unbounded in K) No guarantee

Uniform subsampling ex + O(ﬁ \Y, \/71717) Q(1/m) per step No guarantee

Causal matching ex + O ——4— O(1/|Sk|) (bounded, vanishes with set size)  Yes: non-deterioration w.h.p.
VISkl

T} has the following properties: a) Safe exclusion (sufficiency). If ||pxi1 — p*|l2 > ex + 7/mar, then
M(pr+1 —Ex) > 7, so the domain is rejected. b) Guaranteed inclusion (sufficiency). If ||px+1 — p*|l2 <
T/Lar—ex, then M (i1 —¢éx) < 7, so the domain is accepted. This inclusion band is nonempty iff > Lysek.

In particular, any choice of T > Lyjer simultaneously (i) excludes all domains farther than ex + 7/mpr from
w* and (ii) guarantees inclusion of all domains within 7/Ly — €x of p*. Hence, choosing T slightly larger than
Lyex yields a non-deterioration regime while still admitting sufficiently close (beneficial) domains.

Proof. Let ¢k denote the matched centroid after K domains, and let ex := |[¢x — p*||2. Assumption (1 (bi-
Lipschitz equivalence of M to the Euclidean norm) states that there exist constants 0 < mjp; < Lj; < oo such
that, for all v € RY, myy ||v]la < M(v) < Ljs|lv]l2. Recall that the matching rule includes a new domain K+1
iff Ixy1 = 1{ M(pxs+1 —¢éx) < 7} = 1. We prove the two sufficient conditions.

a) Safe exclusion. Assume the new domain is far from the target in Euclidean distance: ||pxi+1 — p*ll2 >
€K + (harmfulness assumption). We will show this implies M (ux4+1 — éx) > 7, i.e., the domain is rejected.

By the reverse triangle inequality (in normed spaces), ||pr+1 — éxllz = |pr+1 — 1l — |léx — p*ll2 =
ltr+1 — 1|l — €x. Using the harmfulness assumption, ||prx41 — éxlle > (ex + ﬁ — €x = mTM. Now
applying the lower Lipschitz bound with v = px11—¢x: M(ux+1—C¢x) > mar ||pr+1—Ckll2 > mM L= = T

Therefore M (uxt+1 — ¢x) > 7, so the matching rule rejects this domain (Ix41 = 0).

b) Guaranteed inclusion. Assume the new domain is close to the target in Euclidean distance: ||pri1 —
pll2 < £ — ex (beneficial assumption). Note that the right-hand side is nonnegative iff 7 > Lyseg; this is

exactly the condition under which the “beneficial band” is nonempty. We will show that the beneficial condition
implies M (g +1 — ¢k ) < 7, i.e., the domain is accepted.

By the (forward) triangle inequality, |[ux+1 — éxll2 < [lpxs1 —pll2 + lléx — p*llz = lpxsr — p*ll2 + ex.
Using the beneficialness assumption, ||puxi1—¢éxllz < S *6}() + ex = 1—. Now apply the upper Lipschitz
bound in Assumption [l|with v = pr1 —éx: M(px+1—¢x) < Lallpr+1—¢xlle < L+ LLM = 7. Therefore
M(pg+1 — ¢éx) < 7, so the matching rule accepts this domain (Ixy; = 1). This proves the guaranteed-inclusion
part. The inclusion band is nonempty precisely when 7 > Ljsex. O

A.7 PROOF OF THEOREM {4

Theorem 4 (Normalizing Flow Transport Theorem with Lipschitz Guarantees). Let pyai, be a com-
pactly supported data distribution and pz = N(0,1). Under Assumption there exists a bijective normalizing
flow T : R — R such that: 1) Universal Approzimation: For any ¢ > 0, Dxr(Typz || paata) < €, where
Tyupz denotes the pushforward of pz by T (i.e., the distribution of T(z) for z ~ pz), and Dy, is the Kullback—-
Leibler divergence. 2) Lipschitz Control: T can be constructed with finite Lipschitz constant Lt controlled by
architectural norms; in particular, if T = Tpo---oTy and the Jacobian of layer I, | Jr,|lop < C¢ (C represents the
mazximum operator norm of the Jacobian for the I-th layer), then Lp < Hle Cy. 3) Variance Preservation:
For any matched set Sz = {z : ||z — c.||2 < 7}, letting Sx = T(Sz), ﬁzzesx lz — T(c)|3 < LA72 4)

Concentration Guarantee: With & = 573 x, we have ||z — T(c,)|2 < L77.

TESx

Proof. By the universal approximation theorem for normalizing flows (Huang et al., |2018; [Lee et al., [2021)), for
any continuous pgata with compact support and any € > 0, there exists a normalizing flow T (e.g., a compo-
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sition of coupling layers (Dinh et all 2016))) such that Dy (Tupz || Pdata) < €. This establishes the universal
approximation property, showing that normalizing flows can transform the simple Gaussian distribution pz to
arbitrarily approximate the complex data distribution pgata-

The Lipschitz constant of a normalizing flow composed of L coupling layers satisfies Ly < H1L=1 || J7, |lop, Where
|7, ||lop is the operator norm of the Jacobian of the [-th layer. For commonly used flow architectures like RealNVP
(Dinh et al., [2016) and GLOW (Kingma and Dhariwall [2018), each coupling layer has a triangular Jacobian
with bounded diagonal entries. Specifically, for affine coupling layers, the Jacobian determinant is bounded by
exp(||s]loo), where s is the scale network. By constraining the weights of the scale network (e.g., through spectral
normalization or weight clipping), we can ensure ||Jr, |lop < C; for each layer, where C; represents the maximum
operator norm of the Jacobian for the l-th layer. The overall Lipschitz constant then satisfies Ly < H1L:1 C.
The diameter of the data support appears because the flow needs to map the unit Gaussian to a region of size
diam(supp(pdata)), which imposes a lower bound on the required expansion. The constant Cgoy captures the
architectural constraints and can be made explicit for specific flow constructions.

Let Sz = {z € R? : ||z — c.|l2 < 7} be a matched set in the latent space with centroid c,. The transformed
set is Sx = T(Sz) = {T(z) : z € Sz}. Since T is Lp-Lipschitz continuous, for any z1,z2 € R, we have
|T(z1) —T(22)|l2 < Lr||z1 — 22||2- Now, for any z € Sz, we have ||z—c,||2 < 7. Then, by the Lipschitz continuity
of T, |T(z) — T(c.)|l2 < Lr||z — c.|l2 < Lr7. Therefore, for every z € Sx, we have ||z — T'(c,)||2 < Lr7. Tt
follows that @ Ysesy lz=T(e2)|3 < ﬁ Y wesy (LrT)? = L77*. This establishes the variance preservation
property, showing that the geometric structure of matched sets is preserved under the flow transformation.

Let z = ﬁ > zesy T be the empirical mean of the transformed set. Note that z = ﬁ > T'(z) because

28z
T is a bijection and Sx = T(Sz). We want to bound ||Z — T(c,)||2. Using the linearity of the mean, we have
T-T(c,) = @ >zes, (T'(2) —T(c,)). Taking the norm and using the triangle inequality, we get [|[2—T'(c.)||2 <
@ > zes, IT(2) =T(cs)[|2. Now, for each z € Sz, by the Lipschitz continuity of T', we have ||T'(2) —T'(c.)]2 <
Lr|z—c.llo £ Lyt = |$—1X| Yosesy lz=T(c.)|l3 < Lg72. Therefore, [|z—T(c.)||2 < @ > ies,
This establishes the concentration guarantee, showing that the empirical mean of the transformed set remains
close to the transformed centroid, with the deviation bounded by the product of the Lipschitz constant and the
matching radius.

LTT = LT’T.

The theorem demonstrates that the favorable properties of matching—variance reduction and concentra-
tion—extend from Gaussian to real-world non-Gaussian data through normalizing flows, with explicit control
over the distortion via the Lipschitz constant L. O

A.8 PROOF OF LEMMA [i]

Lemma 1 (Multimodal Reduction to Unimodal Problems). Assume the modes are separated as
ming; || fu;ng > 2(Tmax + Rmax + €max ), Where Tmax = MaXyy, Trn, Rimax 18 a (deterministic or high-probability)
within-mode radius, and €max = MaXy, €, m. Assume coverage: Ty > Rmax + €x,.m for each m. Then a) Samples
from different modes are never matched to the same centroid. b) The multimodal matching decomposes into M
independent unimodal problems. ¢) For each mode m, convergence holds as in Theorem . d) Non-deterioration
per mode: €xi1,m < €x.m for all m.

Proof. Disjoint Matching Sets: Let x be a sample from mode ¢ with true mean p}. By definition, ||x— @2 <
Riax. The distance from x to its assigned centroid ¢, ; satisfies ||x — ¢, 4ll2 < [|x — pfll2 + |1F — cnill2 <
Ruax + €x,i- By coverage, Rpyax + €x,; < 75, hence x is eligible for mode i. Now consider the distance from x to
any other mode’s centroid c,, ; for j # i:

% = cnjlla > lpg — pfllz — 1% = pill2 = (|15 — cnjll2
> 2(’Tmax + Rmax + 6max) - Rmax — €max

= Tmax T Rmax + €max-

Meanwhile, the matching criterion for mode i requires ||x — cp;llo2 < 7 < Tmax. Therefore |[x — ¢, jll2 >
Tmax T Rmax + €max = Tmax = Ti, which means x cannot be matched to centroid c, ;. Thus, samples from
different modes are never matched to the same centroid.
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Independence of Modal Problems: Since the matching sets for different modes are disjoint, the centroid

¢ = L x, where S contains
TS| Sexes) "

only samples from mode m. This means the M matching processes evolve independently, with no cross-talk

between modes.

updates for each mode depend only on samples from that mode: c;,

Unimodal Convergence for Each Mode: For each mode m, we have an independent unimodal matching
problem with: a) Target distribution: N'(u},,02,14) b) Domain distributions: {Qg m}_,; where Qg is the
restriction of domain k to mode m c¢) Matching radius: 7,

By Theorem as K — oo, the matching process for mode m converges: plrm) 4, N (s, 0214). Since the

match,m
modes are independent and the matching processes are disjoint, the overall multimodal distribution converges

to the target: Z 1 T P Z TN (s, 0214) = Drest-

match,m

Non-Deterioration Guarantee per Mode: Since the modes behave in accordance with unimodal convergence
when they are appropriately separated (as seen above), each mode’s matching problem reduces to an independent
unimodal case. As we have already established, in the unimodal case (Corollary , selection of T to an optimal
value guarantees non-deterioration O

B PROPERTIES OF THE MATCHED DISTRIBUTION

The matched set S = {x : M(x — ¢,,) < 7} exhibits these key properties that support the iterative refinement
process and theoretical guarantees established in Theorems [1| and

1. Monotonicity and Set Size Bounds: Under Assumption [} the size of the matched set |S| is a monotonic
function of the threshold 7. Formally, for 0 < 7 < 79:

S(11) C€8(r2) and |S(m1)] < [S(12)].

Proof: For any sample x satisfying M (x — ¢,,) < 71, it necessarily satisfies M (x — ¢,) < 7o since 71 < To.
The metric equivalence (Assumption [1)) ensures this ordering is preserved across the entire data space.

2. Concentration of Norms: Under Assumption [I} the average norm of samples in S is bounded by:

157 2 Il = lealla| < L -7

xES

Proof: By the reverse triangle inequality and Lipschitz continuity from Assumption [I} for any x € S:

Ixll2 = llenllz] < [lx = enlle < Lar - M(x =€) < L - 7.

3. Geometric Decay of Set Size: Suppose the sample distribution has a continuous density f(z) at c,, and
Assumption [T] holds. Then for small 7, the probability mass of the matched set satisfies

P(M(X —c¢,) <71) <719

where d is the ambient dimension. Consequently, the expected size of the matched set among N i.i.d.
samples scales as

E[|S]) <

Justification: The metric equivalence guarantees that the M-ball {z : M(z—c,) < 7} lies between Euclidean
balls of radii 7/ Ly and 7/my;. The volume of such balls scales as ©(7¢), and continuity of f(z) at ¢, ensures
the probability mass inside scales the same. Thus, the expected count in S is IV times this probability.

4. Variance Reduction: Under Assumption [} the empirical variance of the data in S is bounded by:
1
‘S| Z ||X p’SH2 (L]W T)
xES

Proof: Since all samples in S satisfy M(x — ¢,,) < 7, and by Lipschitz continuity ||x — ¢,|l2 < Las - 7, the
maximum possible variance around any point in S is (Lys - 7)2.
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Figure 4: Asymmetric setting: domain means (colored dots) concentrate along a biased direction, away from the
target mean p, = 0 (red star).

These properties provide the mathematical foundation for the robustness guarantees in Theorem [3}

e Monotonicity ensures stable iterative refinement under Assumption
e Concentration guarantees coherent matched sets using the Lipschitz property
e Geometric decay explains sample efficiency trade-offs under the tail conditions

e Variance reduction directly enables bounded error guarantees through metric equivalence

C EMPIRICAL ANALYSIS

C.1 SYNTHETIC VALIDATION OF THEORETICAL GUARANTEES

We conduct synthetic experiments to validate Theorems[I] 2} and [8] Throughout, the target test distribution is
Drest = N (b, 0%1) with p, = 0 and o = 0.8. Each training domain is Q = N (., 0%1;), where domain means
{p;} are drawn from a meta-distribution Z,, that satisfies Assumption (finite moments, light tails) and—when
we model asymmetry—the directional-mass condition (Sec. . Unless stated otherwise, asymmetric settings use
an asymmetry strength o = 1.5. All results are averaged over 10 random seeds.

Implementation details. We instantiate the three strategies exactly as in our definitions: Naive pooling
(Def. [), Uniform subsampling (Def. 2), and Matching (Def. [B). For matching we use M(-) = || - |2, initialize
the centroid with the sample-wise coordinate wise median, and iterate until convergence [c(*+1) —c® ||y < 1074,
with fixed radii 7 € {1.0,1.1,1.2}).

Asymptotic regime (K — o). For K € {5,10,20,30,40,50} under an asymmetric 2,, (Fig. {4, we sample
n = 150 points per domain and set 7 = 1.2 for matching. Figure [5| shows that the bias ex = ||ix — .2
decreases fastest for matching and is lowest at K = 50, confirming Theorem I} matching filters out inter-domain
heterogeneity (converging to N'(pu,, 021,)), whereas naive pooling and subsampling converge to limits with added
covariance X,,.
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Figure 5: Asymptotic behavior (Theorem . Left: bias ex = ||[fix — Hy]|2 versus number of domains K €
{5, 10, 20, 30,40,50}. Right: final bias at K = 50. Matching achieves the smallest bias as K grows, in line with
its convergence to N'(u,,021,), while other strategies retain inter-domain variance.

Symmetric Domain Means Distribution (Theorem 2 Setting) Theorem 2: All Methods Show Small Bias under Symmetry
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Figure 6: Finite-K symmetry (Theorem . Left: symmetrically oriented domain means around p,. Right: all
methods exhibit negligible bias at K = 15.

Finite-K with symmetric meta-distribution. With K = 15 and a symmetric %,, (spread parameter
v = 1.5), we again draw n = 100 points per domain and set 7 = 1.0. Figure |§| confirms Theorem [2} all three
strategies are (nearly) unbiased for finite K under symmetry, as the domain means balance around p,.

Finite-K with asymmetric addition (one-step robustness). Starting from K=5 and growing to K=30,
we add a new domain at each step; every third domain is a harmful outlier with |[p;, — p,||2 & 2.5. We use
n = 100 samples per domain and set 7 = 1.1 for matching. Figure El shows: (i) naive pooling exhibits occasional
©(1) jumps when an outlier arrives; (ii) subsampling blunts spikes but still incurs €(1/m) worst-case steps; and
(iii) matching yields the most stable curve and the smallest final error. The Aeg panel (bottom-right) highlights
that matching’s per-step changes are tightly controlled and often non-positive, aligning with the high-probability
non-deterioration guaranteed by Corollary

Takeaway. Across all regimes, the empirical trends match the theory: matching removes inter-domain vari-
ance in the limit, is unbiased under symmetry, and crucially in finite, asymmetric settings keeps per-step error
changes bounded by O(1/|Sk|) with frequent non-deterioration, whereas naive pooling and subsampling can
suffer persistent spikes.

3(Classical robust estimation methods, such as the tail-based filtering of Diakonikolas and Kane
(Chapter 2), rely on sub-Gaussian concentration inequalities to exclude outliers whose deviation exceeds a
probabilistic threshold. This procedure assumes a Euclidean sample space where distance and variance share a direct linear
relationship. However, on non-Euclidean manifolds, these concentration bounds no longer hold, since distances do not scale
linearly with variance and curvature alters the shape of confidence regions. Consequently, tail-based filtering can either
reject valid domains located along high-curvature directions or retain distant ones that appear close under Euclidean
metrics, thereby breaking domain inclusion consistency. Our 7-based selection operates purely in geometric space: a
domain is included if its geodesic distance from the centroid lies within a fixed radius 7. Because compact manifolds are
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Theorem 3: Error under Domain Addition
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Figure 7: Finite-sample robustness under domain addition (Theorem . Top-left: error trajectories as K
increases from 5 to 30 with every third domain an outlier (||, — .||z = 2.5). Top-right: final errors at K = 30.
Bottom-left: domain means at the final K. Bottom-right: per-step error changes Aex. Matching is the most
stable: bounded, shrinking perturbations and frequent non-deterioration steps.

C.2 ZERO-SHOT ANOMALY DETECTION

C.2.1 RELATED WORKS

Propensity score matching techniques: Classical propensity score matching (PSM) (Rosenbaum and Rubinl,
and its extensions (e.g., inverse propensity weighting, covariate balancing, kernel balancing) are widely
used in observational studies to reduce selection bias. These methods rely on the assumption of overlap between
treated and control distributions, ensuring that propensity scores do not concentrate near 0 or 1. When overlap
holds, balancing based on estimated scores yields consistent treatment effect estimates. However, in multimodal
or high-dimensional feature spaces, such as CLIP embeddings, these techniques often become unstable. First,
distinct modality clusters (e.g., ChestXRay vs. BrainMRI) occupy disjoint regions of the hypersphere, violat-
ing overlap (positivity) and causing propensity weights to explode or degenerate. Second, high dimensional
propensity estimation requires strong parametric assumptions, and misspecification in multimodal settings leads
to extreme variance in weights. Third, traditional balancing aligns global distributions, which in hyperspher-
ical embeddings may force artificial alignment across unrelated modes, distorting semantic structure. Recent
works have attempted to stabilize causal balancing under such conditions, for example through representation
learning with generalization bounds (Shalit et al. |2017)), or by introducing optimal transport weights for causal
inference (Dunipace, [2021} |Gunsilius and Xul 2021). While these provide more flexible mechanisms, they remain
global and do not explicitly respect local manifold geometry. By contrast, our framework performs centroid-based
geodesic matching directly in hyperspherical feature space. Instead of relying on global balancing, it adaptively
selects samples within geometry-consistent neighborhoods around centroids. Furthermore, we introduce variance-
aware channel attention (VACA), which distinguishes class-discriminative from modality-driven variance. This
yields cleaner neighborhoods for matching and avoids the instabilities that plague PSM and OT-based balancing
in multimodal regimes.

Difference from Continual Learning: While our experimental protocol superficially resembles continual
learning (CL), the fundamental challenges differ in scope and difficulty. In standard CL, the learner receives
a sequence of tasks or domains and must avoid catastrophic forgetting of previously acquired knowledge
2025)). Techniques such as parameter-efficient fine-tuning, replay buffers, or regularization are designed
to preserve past performance while adapting to new tasks. Crucially, CL typically assumes task boundaries
are well-defined and that past and present tasks share at least partial feature overlap. Our setup is strictly
more challenging. We consider the zero-shot anomaly detection problem under domain addition, where each new
domain may introduce fundamentally different modalities with disjoint embeddings on the hypersphere (e.g.,
ChestXRay vs. BrainMRI). Unlike CL, there is no guarantee of feature overlap (positivity may be violated), and
performance must generalize to entirely unseen modalities without labeled adaptation. In this sense, our problem
can be viewed as a hardest-case subset of continual learning, where not only must past knowledge be retained, but
the learner must construct geometry-consistent neighborhoods that ensure transfer across disconnected domains.
Matching with variance-aware geodesic centroids directly addresses this difficulty, going beyond CL methods

bi-Lipschitz equivalent to Euclidean spaces locally, this deterministic threshold guarantees bounded inclusion even when
global sub-Gaussian assumptions fail. Hence, our method preserves inclusion—exclusion consistency under curvature.
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Table 3: Pairwise cosine similarity matrix between dataset centroids in the CLIP feature space. High diagonal
values highlight narrow intra-modality clustering, while low off-diagonal values reflect inter-modality separation.

BrainMRI LiverCT 0OCT2017 RESC ChestXray HIS

BrainMRI 0.820 0.240 0.540 0.431 0.479 0.468
LiverCT 0.240 0.371 0.201 0.110 0.290 0.208
0CT2017 0.540 0.201 0.820 0.645 0.785 0.816
RESC 0.431 0.110 0.645 0.594 0.591 0.651
ChestXray 0.479 0.290 0.785 0.591 0.908 0.840
HIS 0.468 0.208 0.816 0.651 0.840 0.898

like BILORA (Zhu et al., 2025)) that focus only on preventing forgetting but do not resolve modality-induced
separations.

Existing architectures for zero-shot anomaly detection: Medical anomaly detection faces extreme het-
erogeneity and cross-domain asymmetry, making robust zero-shot generalization a fundamental challenge. Tra-
ditional anomaly detection approaches, such as reconstruction-based methods (Deng and Li, [2022} [Roth et al.|
2022; Salehi et al., |2021)), often suffer from ambiguous decision boundaries (Bergmann et al., [2019). Patch-based
frameworks like PatchCore (Roth et all [2022) and UniAD (You et al. |2022) achieve strong performance in
single-domain settings but lack adaptability to unseen domains. One-class classification methods (Bao et al.|
2024} |Jiang et al., 2023)) also struggle to generalize across modalities, limiting their practical impact in heteroge-
neous medical environments. Recently, vision-language models (VLMs) have emerged as a powerful alternative.
Methods such as AnomalyCLIP (Zhou et al.| [2023) and AdaCLIP (Cao et all 2024) leverage CLIP embeddings
and lightweight adapters to enable anomaly detection without per-domain retraining. These approaches show
promise but remain challenged by modality-specific feature clustering, as anomalies often differ structurally
across modalities. MVFA-AD (Huang et al., |2024) further adapts CLIP to medical images via modality-specific
adapters, improving robustness but still susceptible to performance degradation when confounding domains are
introduced.

We adopt and extend this VLM-based direction for three principled reasons: (1) Semantic grounding, where
VLMs encode pathological concepts beyond modality-specific appearances; (2) Transferable representations,
as large-scale pretraining provides resilience against distribution shifts; and (3) Zero-shot capability, enabling
generalization to unseen modalities without retraining. Our framework builds directly on AnomalyCLIP (Zhou
et al., [2023), incorporating both its task-agnostic prompts and adapter modules, but enhances it with a theoret-
ically grounded geodesic matching mechanism that mitigates modality-induced clustering.

Finally, since our evaluation protocol resembles continual domain addition, we also benchmark against BILORA
(Zhu et al.| 2025, a parameter-efficient fine-tuning (PEFT) framework for continual learning that uses adapter-
based LoRA to prevent catastrophic forgetting. Unlike BILORA (Zhu et al.l [2025) and related baselines, our
method explicitly prevents performance deterioration under domain addition, achieving robustness consistent
with our theoretical guarantees.

C.2.2 MODALITY SPECIFIC CLUSTERS

Following the findings and technique introduced by (Liang et al.| [2022), we find the cosine similarites among
the images of the datasets (modalities). 500 images for each dataset was chosen and the image features from
the fourth adapter layer (the deepest adapter layer) of the CLIP image encoder for calculating the intra and
inter domain cosine similarities. Table [3] reports the pairwise cosine similarity between dataset-level centroids
in the CLIP embedding space. The diagonal entries are consistently dominant, indicating that each modality
occupies a relatively narrow region of the hyperspherical feature space. In contrast, the off-diagonal similarities
are substantially lower, reflecting limited overlap across modalities. This directly supports our observation
of modality-specific clustering: embeddings from the same modality are tightly grouped, whereas embeddings
from different modalities are separated by large angular gaps. Consequently, zero-shot generalization becomes
challenging, as models must traverse long distances across disjoint clusters to adapt from seen to unseen domains.
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Figure 8: Variance decomposition of image embeddings for the last adapter layer across modalities for Reti-
naOCT2017. A subset of channels carries class-specific variance (normal vs. anomaly), while the majority encode
modality-specific variance. This induces hyperspherical clustering and motivates VACA (see Section , which
reweights channels to amplify discriminative signal.

C.3 COMPARISON OF THE CLASS DISCRIMINATIVE POWER OF THE IMAGE
FEATURE DIMENSIONS

From Figure [8] (RetinaOCT2017), we observe that only a subset of embedding dimensions contributes substan-
tially to the class-specific variance (normal vs. anomaly), consistent with our formulation in Section These
dimensions capture discriminative structure aligned with pathology, while the remaining dimensions encode
modality-specific variance and are responsible for forming modality-specific clusters on the hypersphere (see also
Section [8.1). This validates the need for variance-aware channel attention (VACA), which explicitly reweights
channels by their discriminative contribution A and aggregates them through the variance surrogate Vargisc.

To provide intuition, consider a simplified 3D sphere. If the embeddings of two modalities lie along orthogonal
axes, e.g., (1,0,0), (0,1,0), and (0,0, 1), then each point is supported by a distinct single dimension. Although all
points lie on the same sphere, they are maximally separated in terms of discriminative variance and cannot overlap
meaningfully. In contrast, if embeddings are distributed across dimensions, such as (%, %, %) and (%, %, %), then
both share support across multiple dimensions, leading to closer angular separation. The first case illustrates
modality-dominated variance (dimensions act independently), while the second corresponds to discriminative

variance (dimensions contribute jointly).

VACA operationalizes this principle by amplifying channels that show consistent discriminative alignment (like
shared multi-dimensional support) and downweighting those that act as independent modality indicators. Ge-
ometrically, this shrinks modality-induced angular gaps on S¢~!, thereby making geodesic neighborhoods more
semantically consistent. Empirically, applying VACA increases the effective discriminative energy across all
embedding dimensions, enhancing robustness in the zero-shot anomaly detection setting.

C.3.1 ABLATION EXPERIMENTS

Figure [2] illustrates the impact of the choice of matching metric M on both alignment and downstream perfor-
mance. Consistent with our geometric analysis in Section [8.1] geodesic distance dg outperforms Euclidean and
cosine metrics across most settings. This aligns with the theoretical guarantees of Section [8:I] where d¢ was
shown to faithfully represent angular separations on the hypersphere, thereby preserving local neighborhoods
and strengthening the positivity condition in Theorem

Moreover, integrating Variance Aware Channel Attention (VACA, Section with geodesic matching
(CS_GeodVar) yields further gains. VACA reduces modality-induced variance by upweighting class-discriminative
channels, effectively tightening the semantic neighborhoods used in the matching step. This ensures that matched
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sets satisfy a stronger form of local positivity, as spurious modality-specific dimensions are attenuated. Empiri-
cally, this manifests as consistently higher DA scores, with AC and AS performance following the same upward
trend. For these ablation plots, we deliberately adopt the most difficult sequence of domain addition, where do-
mains are introduced in order of increasing angular distance—first the closest domain, then progressively more
distant ones (see Table|3]). This design produces the hardest-case incremental generalization setting, where dete-
rioration is most likely. The strong performance of dg and VACA under this protocol underscores the robustness
of our approach. Together, these results validate our design: geodesic distance serves as the theoretically princi-
pled matching metric on S¥~!, while VACA enhances the robustness of matching by ensuring that the effective
feature space better aligns with the discriminative axes rather than modality-specific ones.

C.3.2 COMPARISON WITH EXISTING STATE-OF-THE-ART METHODS

Figure |1 highlights the comparative performance of MVFA (Huang et al., [2024), AnomalyCLIP (Zhou et al.
2023)), BILORA (Zhu et al.,[2025), and our approach under sequential domain addition for anomaly classification
(AC), anomaly segmentation (AS), and domain alignment (DA). MVFA (Huang et al.,|2024)), which naively pools
all domains, consistently produces only moderate DA scores (2.0-2.2), confirming our theoretical results that
naive pooling amplifies distributional asymmetries and degrades generalization under domain shifts. Anomaly-
CLIP (Zhou et al., |2023)), built on text-agnostic prompts, fares worse—its DA scores swing erratically from 1.01
to 3.26—demonstrating the instability of heuristic prompt tuning when confronted with heterogeneous domains.
BiLORA (Zhu et al.,2025)), a continual learning framework with parameter-efficient fine-tuning (PEFT) designed
to mitigate catastrophic forgetting, improves upon both MVFA and AnomalyCLIP. Yet, because it still relies
on naive pooling across sequentially added domains, its DA values remain below the critical threshold of 4 in
several cases (e.g., 3.145 for ChestXRay AC, 3.158 for Liver CT AC, 3.081 for RESC AC). This leaves BILORA
vulnerable to performance dips whenever the introduced domains are misaligned with prior ones—catastrophic
forgetting may be mitigated, but confounding from domain misalignment is not. Furthermore, Table [I| shows
that our method achieves performance on par with, and often surpassing, existing state-of-the-art approaches
for anomaly detection. Importantly, it attains this level of accuracy while simultaneously guaranteeing stability
under sequential domain addition, ensuring no deterioration in performance as new domains are introduced for
fine-tuning.

In contrast, our method achieves DA scores consistently at or above 4.0 for every dataset and task, including peaks
of 4.0736 for Brain MRI detection (AC) and 4.0484 for Brain MRI segmentation (AS). Crossing this threshold is
significant: DA > 4 implies that alignment is never compromised by domain addition, ensuring no risk of collapse
or instability across heterogeneous sources. This robustness stems directly from our design. Variance-Aware
Channel Attention (VACA) selectively amplifies discriminative channels while suppressing spurious modality-
driven variance, and geodesic matching on the hypersphere adaptively filters samples so that only label-consistent
features refine centroids. Together, these mechanisms enforce stable, geometry-consistent clustering and prevent
centroids from drifting toward confounded or ambiguous features.

Theoretically, this aligns with the ignorability and positivity assumptions underpinning our framework. Unlike
MVFA (Huang et al) [2024]), AnomalyCLIP (Zhou et all [2023)), and BiLORA (Zhu et al.| 2025)—which indis-
criminately pool domains and violate ignorability by letting confounded features dominate—our method ensures
that updates satisfy positivity and ignorability, which are the two fundamental assumptions of causality for an
unbiased estimator. This principled integration of geometry and variance-aware filtering explains why our DA
never dips below 4 and has a higher chance of increasing, providing provable stability under domain addition
and superior practical robustness.

Note: All experiments were conducted using the hardest sequence of domain addition, where the domain closest to
the test domain (as determined from Table@ was introduced first for fine-tuning, followed by the second closest,
and so on. This ordering makes performance gains progressively harder with each added domain. To further
evaluate robustness, we also tested two additional sequences for both our method (matching) and BiLORA (Zhu
et al.,|2025) (naive pooling): a) Reverse sequence (easiest case): The order was inverted, starting with the farthest
domain and moving toward the test domain. This maximizes the chance of performance improvement at later
stages, since domains closer to the test set are utilized later, generally yielding higher DA scores. b) Arbitrary
sequence: A randomly chosen order of domain addition was used to test invariance to sequencing. The purpose
of these tests was to examine exchangeability (Corollary , i.e., whether the final performance after all domains
are introduced remains the same regardless of order. Since exchangeability is a necessary assumption for pooling
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methods to ensure ignorability, verifying this empirically is important. We observed that the final performance
for both BiLORA (Zhu et all |2025) and our proposed method differed by at most +1.06 AUC across sequences.
This confirms that exchangeability holds in practice.

C.3.3 OVERALL FRAMEWORK

Algorithm [l summarizes our pipeline integrating variance-aware channel attention (VACA), intrinsic (geodesic)
matching on the unit hypersphere, and multi-task objectives. Given patch embeddings P € REXNXD and class
text embeddings T € RP*2 we first adapt P with task-specific lightweight adapters for segmentation and detection
to disentangle subspaces. VACA then emphasizes class-discriminative channels while suppressing modality-driven
variance via learned gains derived from channel-wise semantic contrasts, yielding reweighted features Pscg (used

for matching) and Pae; (used for image-level scoring).

Next, we perform geodesic matching on the unit hypersphere with normal and anomaly centroids denoted by ¢™
and ¢, respectively. For a image feature f; corresponding to the image sample z;, we compute d* =dg(fj,c*)
and d~ =dg(fj,c™), where d¢ is the geodesic distance. We employ an adaptive 7: 7(f;) = min(d+, d_).

A sample updates only its label-consistent centroid when it is strictly closer than the other, i.e., for normal
samples update if d+ < d~ and for anomaly samples update if d~ < dT; otherwise we skip the sample. This
label-consistent, threshold-free rule prevents ambiguous pulls and yields stable prototype refinement as centroids
evolve via exponential moving averages (EMA).

In parallel, pixel-level losses (Dice, Focal) and image-level BCE align adapted visual features with text em-
beddings. To prevent mode collapse and guarantee identifiability, we push ¢t and ¢~ apart with the geodesic
loss
1 1 _ _
Lintra = W Z dG(‘f’C+)2 + @ Z dG(fvc )25 Linter = 7dG(c+7c )7
fes+ fes—

and
Egeo = A Lintra + A2 £inter7

with A1, A2 >0 balancing compactness and separation (consistent with Sec. discussion). The full objective
is
»Ctotal = 51 ['Dice + ﬁZ »CFocal + 63 »CBCE + ['geo + »Cvar )
——— N ~—

Lseg Laet centroids VACA reg.

where (31, B2, 83 >0 weight the task losses, and Ly, is the VACA variance regularizer. L,,, is only used to update
the parameters of M LPy. All hyperparameters (A1, A2, 51..3, Avar) are selected via extensive experimentation per
modality.
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Algorithm 1 Variance-Aware Geodesic Matching for Zero-Shot Medical Anomaly Detection

Require:
Require:
Require:
Require:

Patch embeddings P € RBXNXP: class embeddings T € RP*2

Initial centroids czB), C&)) € R? (unit-norm or zero-init then normalized)
EMA factor « € (0,1); channel amplification v > 0

Loss weights (1, B2, 83> 0; A1, A2 > 0; variance weight A s >0

1: Initialize: c+<—czt)), e cpp, ST+0, 8«0
2: for each batch (P, T, Yseg, Vaet) do

(1) Task-Specific Adapters and Normalization
Py < Adapter,

(P); Paet < Adaptery, (P)

seg

Prorm < fa-normalize(Pyeg);  Thorm < f2-normalize(T")
(2) Variance-Aware Channel Attention (VACA)

C<—P® T; é%ﬁ Zb,n Con,:,: € RDx2

4

5

6

7 P« broadcast(Pyopm) € REXN>X1xD. T t_hroadcast(Thomm) € RIX1XD*2
2 <

9

Ay +— ’édmormal — éd,anomaly| > channel discriminability
10: a < Softplus(MLPy(A)); w <+ 1+ ~a
11: Pyeg < Prorm © w5 Paet < Paet
12: VACA variance regularizer: Vargisc < Var(A © w); Lyar <= Avar - (Vargeg + Varges)
13: (3) Geodesic Matching with Adaptive Gate

14: for each feature f; in ﬁseg with label y € {normal, anomaly} do

15: d™ < dg(f;,c") = arccos((fj,c*)); d~ < da(f;,c™) = arccos({fj, c7))

16: 7(f;) < min(d*,d™) > adaptive, sample-specific
17: if y = normal and d* < d~ then

18: St StuU{f;}; ¢t < act +(1—-a)fj; ct+ct/ller|-

19: else if y = anomaly and d~ < d* then

20: ST« S U{fj}; ¢ «—ac+(1—-a)fj; ¢ ¢ /|Ic7 |2

21: else

22: skip > ambiguous sample; no centroid update
23: end if

24: end for

25: (4) Losses

26: Segmentation: jﬂseg — softmax(}gsegTIer); LDice 1—Dice(3>Seg7 Vseg); Lrocal FocalLOSS(yseg, Vseg);
ACseg — 51£Dice + B2£Focal _

27: Detection: Sqet maxpatch(PdetTrI)rm); Laet < B3 BCE(0(Sdet); Vet )

28: Geodesic (centroids): Lingra < ﬁ Zfes+ dg(f,ct)? + ﬁ ZfES* dg(f,c™)?; Linter < —dg(cT,c7)

29:

‘Cgeo <~ Alﬁintra + )\2£inter

30: Total: Etotal — ‘Cseg + ‘Cdet + ‘Cgeo + Evar
31: end for
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