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Abstract

We develop a flexible feature selection frame-
work based on deep neural networks that ap-
proximately controls the false discovery rate
(FDR), a measure of Type-I error. The
method applies to architectures whose first
layer is fully connected. From the second
layer onward, it accommodates multilayer
perceptrons (MLPs) of arbitrary width and
depth, convolutional and recurrent networks,
attention mechanisms, residual connections,
and dropout. The procedure also accom-
modates stochastic gradient descent with
data-independent initializations and learning
rates. To the best of our knowledge, this is
the first work to provide a theoretical guar-
antee of FDR control for feature selection
within such a general deep learning setting.

Our analysis is built upon a multi-index
data-generating model and an asymptotic
regime in which the feature dimension n di-
verges faster than the latent dimension q∗,
while the sample size, the number of train-
ing iterations, the network depth, and hid-
den layer widths are left unrestricted. Under
this setting, we show that each coordinate
of the gradient-based feature-importance vec-
tor admits a marginal normal approximation,
thereby supporting the validity of asymptotic
FDR control. As a theoretical limitation, we
assume B-right orthogonal invariance of the
design matrix, and we discuss broader gener-
alizations. We also present numerical exper-
iments that underscore the theoretical find-
ings.
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1 INTRODUCTION

Feature selection is the task of identifying features that
are truly relevant to the response y. It plays a dual
role in modern machine learning: it underpins sci-
entific discovery, such as identifying genes associated
with Alzheimer’s disease, and it enhances the inter-
pretability of predictive models. Two largely separate
research threads have pursued this goal, namely high-
dimensional statistics and explainable AI (XAI).

On the statistics side, a central objective has been
to provide theoretical guarantees for false discovery
rate (FDR) control (Abramovich et al., 2006; Mein-
shausen and Bühlmann, 2006; Barber and Candès,
2015; Candès et al., 2018; Xing et al., 2023; Dai et al.,
2023a,b; Du et al., 2023), often by debiasing sparse es-
timators such as the LASSO (Tibshirani, 1996). These
guarantees, albeit rigorous, typically come at the ex-
pense of strong modeling assumptions (e.g., the true
model follows a generalized linear model, or the feature
distribution is known), which can diverge from com-
plex real-world phenomena and thereby cast doubt on
the reliability of the selected features.

On the XAI side, a wealth of attribution methods,
e.g., LIME (Ribeiro et al., 2016), SHAP (Lundberg
and Lee, 2017), random forest feature importance
(Breiman, 2001), and saliency maps (Simonyan et al.,
2013), quantify the contribution of individual features
in black-box models. Thresholding such scores yields a
practical selection heuristic, yet without guarantees on
Type-I error; thus, error control has remained elusive.

This paper bridges these threads. We propose a
feature-selection procedure for deep neural networks
that approximately controls the FDR while retaining
the modeling flexibility of modern architectures. Our
approach is built upon input sensitivity ξ(t) ∈ Rn

defined by the gradient of the trained neural net-
work’s output with respect to input, and a simple
data-splitting aggregation scheme. The analysis sheds
light on when input sensitivity admits a normal ap-
proximation and how this leads to valid error control,
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irrespective of architecture details. Our main contri-
butions are:

• Flexible scope across architectures. We develop
a feature-selection method applicable to multi-
layer perceptrons (MLPs) with arbitrary width
and depth, as well as convolutional and recurrent
networks, attention mechanisms, residual connec-
tions, and dropout.

• Agnostic to the training protocol. Our guarantees
accommodate stochastic gradient descent with ar-
bitrary, data-independent initialization schemes
and learning rates.

• Normal approximation of input sensitivity. We
show that input sensitivity ξ(t) is asymptotically
normal when the feature dimension n is suffi-
ciently larger than the latent dimension q∗. This
holds regardless of the sample size m and all
the network parameters (e.g., width and depth).
Also, this result holds at each training iteration t,
enabling early stopping.

• Asymptotic FDR control via sample splitting. By
aggregating input sensitivity across splits, our
procedure achieves asymptotic FDR control with
a simple and implementable pipeline.

• General data-generating process. The theory is es-
tablished under a multi-index model as the data-
generating process with unknown nonlinearity.
This is a flexible framework that captures rich la-
tent structures beyond generalized linear models.

• New proof technique. At the crux of the analysis
is a technique relying on the recursive inheritance
of orthogonal invariance of the input sensitivity,
which may be of independent interest.

• Empirical support. Numerical experiments under-
score that the normal approximation and FDR
control hold under the stated conditions, aligning
with the theory.

On the other hand, a major limitation of our frame-
work lies in the assumption that the design matrix
X ∈ Rm×n is B-right orthogonally invariant (See As-
sumption 1 (ii) for the definition). While this assump-
tion accommodates time dependence, heavy-tailed dis-
tributions, and low-rank structures, it does not allow
us to account for specific forms of feature correlations
(See Appendix B for details). To address this limi-
tation, we discuss potential extensions to the general
correlation structures in Appendix C.

It should be noted that FDR control represents only
the minimal requirement of avoiding excessive inclu-
sion of irrelevant variables in feature selection. With

respect to the complementary criterion of Type-II er-
ror (the ability to correctly identify truly relevant fea-
tures), our analysis, like much of the existing litera-
ture, provides no theoretical guarantees, although nu-
merical evaluations are reported. For instance, a pro-
cedure that selects nothing trivially attains an FDR of
zero, yet suffers a Type-II error of one. A comprehen-
sive assessment of feature selection methods therefore
requires attention to both criteria.

1.1 Related works

FDR control in feature selection. There are two
main research streams of FDR control in feature se-
lection: estimator-based FDR control and knockoff fil-
ters. In the former, e.g., for linear regression, whether
coefficients are zero or nonzero determines which fea-
tures should be selected, and FDR control can be
achieved by invoking asymptotic normality of the es-
timators. Representative examples include the Gaus-
sian mirror (Xing et al., 2023) and data splitting (Dai
et al., 2023a). A key advantage of these approaches
is scale-free property, since they avoid estimating the
asymptotic variance, and they have been extended to
generalized linear models (Dai et al., 2023b). Simi-
lar techniques have also been applied to sliced inverse
regression under multi-index models (Zhao and Xing,
2022), although the theoretical assumptions on the fea-
ture dimension and the sparsity level are rather strin-
gent.

As the second line of research, the model-X knockoff
(Candès et al., 2018) is groundbreaking in that it can
control the FDR without assuming the structure of
y | X where y ∈ Rm is a response vector. However,
it requires knowledge of the joint distribution of X,
which is restrictive. To address this limitation, meth-
ods that estimate the distribution of X using genera-
tive networks have been proposed (Jordon et al., 2019;
Romano et al., 2020). In addition, a sequential knock-
off sampler for a given feature distribution has been
proposed (Bates et al., 2021).

FDR control via neural networks. Several studies
have proposed FDR control methods that employ neu-
ral networks, although without theoretical guarantees
and typically within restricted classes of architectures.
The Neural Gaussian Mirror (Xing et al., 2020) defines
a kernel-based conditional dependence measure and
performs feature selection with MLPs. DeepPINK (Lu
et al., 2018) is a knockoff framework with a specially
designed network architecture in which the features
are assumed to be jointly Gaussian, and DeepLINK
(Zhu et al., 2021) relaxes this distributional restric-
tion. These approaches have been shown empirically
to achieve FDR control. Nevertheless, because theo-
retical guarantees are not provided, it remains unclear
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under what conditions FDR control is achievable, and
the range of supported network architectures is lim-
ited.

1.2 Notations

Vectors and matrices are typeset in boldface (e.g.,
x,B). For n ∈ N, [n] = {1, . . . , n}. For S ⊂ [n],
Sc = [n] \ S. For a ∈ Rn and S ⊂ [n], we denote by
aS the subvector of a consisting of the entries indexed
by S. For a matrix A, let A+ be the Moore-Penrose
pseudo-inverse of A. Φ : R → R and ϕ : R → R
are the cumulative distribution function and the den-
sity function of the standard Gaussian distribution,
respectively.

2 PROBLEM FORMULATION

Suppose that we observe a response vector y =
(y1, . . . , ym)⊤ ∈ Rm together with a design matrix
X = (x1, . . . ,xm)⊤ ∈ Rm×n, where m is the sam-
ple size and n is the number of features. Our goal is
to select a relevant subset of feature indices from [n]
that are associated with y. A desirable feature selec-
tion procedure controls the false discovery rate (FDR)
(Benjamini and Hochberg, 1995), defined by

FDR = E[FDP], FDP =
#{j /∈ S : j ∈ Ŝ}
#{j : j ∈ Ŝ} ∨ 1

,

where S denotes the set of indices corresponding to the
relevant features, and Ŝ is the set of selected indices.

We consider the situation where (y,X) follows the
multi-index model defined below.

Definition 1 (Multi-index model). We say that a pair
of the response vector y ∈ Rm and the design matrix
X ∈ Rm×n follows a multi-index model if there exists
a weight matrix B ∈ Rn×q∗ , a deterministic function
g : Rq∗×R → R, and noise variables ε = (ε1, . . . , εm)⊤

independent of X such that, for each i ∈ [m],

yi = g(B⊤xi, εi). (1)

Let B = (b1, . . . , bn)
⊤. This formulation (1) encom-

passes linear regression, logistic regression, and certain
neural network models with q∗ hidden units in the first
layer. The column space of B is often referred to as
the central subspace of X.

We now consider fitting a neural network to the ob-
servations. Let fW : Rn → R denote a neural network
parameterized by the setW, e.g., including weight ma-
trices (W1, . . . ,WL), where L is the number of layers.
Given a loss function L : R × R → R, the empirical

risk minimization problem is

min
W

m∑
i=1

L(yi, fW(xi)).

For example, we may use the quadratic loss L(u, v) =
(u − v)2 for regression and the cross-entropy loss
L(u, v) = log(1+exp(v))−uv for binary classification.
The optimization is performed by (stochastic) gradi-
ent descent, starting from initial parameters W(0) and
yielding updated parameters W(t) after t iterations.

After training, we evaluate feature importance by the
partial derivative of the fitted network with respect to
each input feature. Specifically, for t ∈ N and j ∈ [n],
define

ξ
(t)
j ≡

m∑
i=1

∂

∂xij
fW(t)(xi). (2)

If the fitted network is differentiable almost every-

where, the input sensitivity ξ
(t)
j can serve as a measure

of the contribution of the j-th feature to the response

y. After computing ξ(t) = (ξ
(t)
1 , . . . , ξ

(t)
n )⊤, we then

determine an appropriate cutoff to control the FDR.

3 THEORETICAL BACKGROUND

To control the FDR, we need marginal distributional
characterizations of the input sensitivity ξ(t) under the
null. In this section, we characterize the distribution
of suitably transformed ξ(t) for each n,m, q∗, t ∈ N.
Based on this, we establish the marginal asymptotic
normality of the feature importance uniformly under
the null as n → ∞ with q∗ = o(n), for arbitrary m
and t.

In what follows, we formally define the index set Sc of
null features.

Definition 2. We say that xj for j ∈ [n] is a null
feature if,

y ⊥⊥ xj | x−j . (3)

We then define Sc as the index set of all null features.

Assumption 1 (Multi-index model and B-ROI de-
sign). (i) The observation (y,X) ∈ Rm × Rm×n fol-
lows the multi-index model in Definition 1 with a full
rank B ∈ Rn×q∗ .
(ii) The design matrix X ∈ Rm×n satisfies X

d
= XU

for any orthogonal matrix U ∈ Rn×n such that UB =
B. We shall call this property B-ROI in the sequel.

The design assumption (ii) permits row-wise depen-
dence, heavy-tailed marginals, and low-rank struc-
tures. Still, it rules out certain forms of column depen-
dence, discrete-valued entries, and multi-modal distri-
butions. See Appendix B for further discussion. We
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also discuss the robustness to elliptical designs in Sec-
tion C. Additional mild regularity conditions under
which (3) holds if and only if bj = 0q∗ are provided in
Appendix A.4.

Assumption 2 (Loss function). Suppose that the loss
function L : R × R → R has a finite partial deriva-
tive with respect to the second argument ∂2L(u, v) for
almost every v ∈ R.

This covers most losses encountered in practice.

Assumption 3 (Architecture of the neural network).
The first layer of the network is taken to be dense and
fully connected, and we denote its weight matrix by
W1 ∈ Rn×q. The dependence of the entire network
fW(x) on any input x ∈ Rn arises solely through the
transformed representation W⊤

1 x.

This assumption still encompasses multilayer percep-
trons with arbitrary width, depth, and activation
functions. From the second layer onward, we al-
low any structures, including residual connections and
dropout, which is a pragmatic modeling choice.

Intuitively, the linear representation W⊤
1 x serves as a

surrogate for B⊤x in the multi-index model, while the
network’s subsequent nonlinearity approximates g(·).
The matrix sizes of W1 and B need not match.

Assumption 4 (SGD options). (i) Every element
of initial parameters W(0) is independent of (y,X),

W
(0)
1 and W(0)

\1 are independent, and W
(0)
1 satisfies

ŨW
(0)
1

d
= W

(0)
1 for any orthogonal matrix Ũ ∈ Rn×n.

(ii) Let the mini-batch indices It ⊆ [m] and the learn-
ing rate ηt > 0 be independent of (y,X,W(0)) for all
t ∈ N.

For instance, the entrywise i.i.d. Gaussian W
(0)
1

with any common variance, including He- and Xavier-
initializations, satisfies the assumption.

Under these assumptions, we obtain the following.

Proposition 1. Under Assumptions 1–4, for each
m,n, q∗ ∈ N and iteration t ∈ N of the
SGD with/without replacement, conditioning on the
learning-rate and mini-batch schedule,

P⊥B ξ(t)

∥P⊥B ξ(t)∥

is uniformly distributed on the unit sphere lying in
Col(B)⊥. Here, Col(B)⊥ is the orthogonal comple-
ment of the column space of B, and P⊥B = In −
B(B⊤B)+B⊤ is the orthogonal projection matrix
onto Col(B)⊥.

Figure 1 provides an illustration of Proposition 1. It
shows that P⊥B ξ(t)/∥P⊥B ξ(t)∥ is uniformly distributed

Figure 1: A schematic illustration of ξ(t) for q∗ = 1
and n = 3. U ∈ Rn×n is any orthogonal matrix such
that UB = B (i.e., rotation around B).

aroundB while maintaining a constant angle. SinceB
itself reflects the intrinsic importance of each feature,
this observation supports the consistency of interpret-
ing ξ(t) as feature importance.

The proof is completed by replacing the orthogonal
invariance to be established for ξ(t) with respect to B
by an equivalent invariance of the first-layer weights

W
(t)
1 via the chain rule, and then showing recursively

in t that this invariance is preserved by the update.

From spherical uniformity it follows that, letting Z ∼
N (0, In),

P⊥B ξ(t)

∥P⊥B ξ(t)∥
d
=

P⊥BZ

∥P⊥BZ∥
.

Together with the fact that for each null feature index
j ∈ Sc we have bj = 0q⋆ , this yields the following
asymptotic normality:

Theorem 1. Under Assumptions 1–4, for any null
feature index j ∈ Sc, we have

√
nξ

(t)
j

∥P⊥B ξ(t)∥
d→ N (0, 1), (4)

as n → ∞ while q∗ = o(n). Furthermore, the conver-
gence holds uniformly in j ∈ Sc in the sense that

sup
j∈Sc

sup
u∈R

∣∣∣∣∣P
( √

n ξ
(t)
j

∥P⊥B ξ(t)∥
≤ u

)
− Φ(u)

∣∣∣∣∣ → 0.

From this theorem, the asymptotic null distribution

of ξ
(t)
j /∥P⊥B ξ(t)∥ is identified. However, estimation of

∥P⊥B ξ(t)∥ is challenging since it depends on the un-
known structure B. In the next section, we demon-
strate that by employing the data-splitting technique,
the multiplicative factor that appears uniformly across
all j ∈ [n] can be ignored (the scale-free property),
which enables valid FDR control.
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Proofs of the assertions in this section are deferred to
Appendix A. Figure 2 exhibits that numerical results
confirm the asymptotic normality of Theorem 1.

The technical contribution underlying Proposition 1
and Theorem 1 is to extend the orthogonal-invariance-
based theory of marginal asymptotic normality—
originally developed by Zhao et al. (2022) and later
shown to be broadly applicable by Sawaya et al.
(2024)—from loss minimizers (i.e., M-estimators) to
the individual iterates of loss-minimization algorithms.
As a consequence, our asymptotic normality results do
not rely on

(i) the existence or uniqueness of a loss minimizer,

(ii) convexity of the loss function,

(iii) or convergence of the optimization path.

The availability of early stopping is also appealing, as
it may help reduce Type-II error. Points (ii) and (iii)
are particularly important in the training of deep neu-
ral networks, where convergence to a global minimum
is rarely guaranteed.

Example 3.1 (Logistic regression). The multi-index
model in Definition 1 encompasses the logistic regres-
sion model yi = g(β⊤xi, εi), where g(u, v) = 1{(1 +

e−u)−1 > v} and εi
iid∼ Unif(0, 1) independent of xi.

By taking fW(x) = w⊤1 x and the cross-entropy loss
L(u, v) = log(1 + exp(v)) − uv, our assumptions also
cover the gradient descent iterates used to compute the
maximum likelihood estimator. As shown by Candès
and Sur (2020), the maximum likelihood estimator in
logistic regression may fail to exist. Notably, because
our theory applies to each iterate of SGD, it remains
valid even in such settings where the optimization tra-
jectory diverges, and convergence is not guaranteed.

4 METHODOLOGY

In this section, we construct the actual feature selec-
tion procedure. It consists of two stages: (I) comput-
ing an importance statistic Mj for each feature that
possesses desirable distributional properties, and (II)
selecting features by applying an appropriate thresh-
olding rule that controls the FDR. The properties re-
quired for the statistic to be scale-free in (I) are as
follows:

(a) If j ∈ Sc, then Mj follows (asymptotically) a dis-
tribution symmetric around zero.

(b) If j ∈ S, then Mj takes large positive values.

According to Theorem 1, ξ
(t)
j satisfies (a) but not

(b), whereas |ξ(t)j | satisfies (b) but not (a). There-
fore, we adopt a data-splitting approach (Dai et al.,
2023a,b). Specifically, we randomly divide the data

into two equal parts and, using the quantities ξ
(t)
j1 and

ξ
(t)
j2 computed from each split, construct the impor-
tance statistics, for j ∈ [n],

Mj = sign
(
ξ
(t)
j1 ξ

(t)
j2

)
ψ
(
|ξ(t)j1 |, |ξ

(t)
j2 |
)
,

where ψ : R≥0 × R≥0 → R≥0 is a user-specified func-
tion assumed to be non-negative, symmetric, posi-
tive homogeneous, and monotone in each input, e.g.,
ψ(u, v) = uv, min(u, v), and u+ v.

The crucial point here is that, unlike p-value based
methods for FDR control, which require knowledge of
the entire null distribution, this approach only relies
on the symmetry under the null. As a result, no infor-
mation about the asymptotic variance or convergence
rate of the limiting null distribution of Mj is required.

The intuition behind why symmetry alone suffices is as
follows. We can determine the cutoff for the nominal
level α ∈ (0, 1) as

τα=min

{
u > 0 : F̂DP(u) ≡ #{j :Mj < −u}

#{j :Mj > u} ∨ 1
≤ α

}
.

This is expected to control the FDR because, if Mj is
symmetric around zero under the null, we have

FDP(u) =
#{j ∈ Sc :Mj > u}
#{j :Mj > u} ∨ 1

d
=

#{j ∈ Sc :Mj < −u}
#{j :Mj > u} ∨ 1

≤ #{j :Mj < −u}
#{j :Mj > u} ∨ 1

= F̂DP(u).

Overall procedure is summarized in Algorithm 1.

Algorithm 1 pseudocode for the selection procedure

Require: Nominal level α ∈ (0, 1), the observation
(y,X) ∈ Rm × Rm×n, the stopping time T ∈ N,
and ψ : R≥0 × R≥0 → R≥0.

1: Split the data into two equal-sized halves
(X(1),y(1)) and (X(2),y(2)).

2: For each part of the data, calculate ξ
(T )
·1 and ξ

(T )
·2

as in (2) after T update of the SGD.
3: Obtain the importance statistics Mj =

sign
(
ξ
(T )
j1 ξ

(T )
j2

)
ψ
(
|ξ(T )

j1 |, |ξ(T )
j2 |
)
for each j ∈ [n].

4: Select features above the cutoff τα = min{u > 0 :

F̂DP(u) ≤ α}.
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This selection procedure asymptotically controls the
FDR at a predetermined level under additional as-
sumptions.

Assumption 5. ψ(·, ·) is non-negative, symmetric
about two inputs, and monotone in each input. Ad-
ditionally, there exists r > 0 such that for all a ≥ 0
and (s, t) ∈ [0,∞)2,

ψ(as, at) = ar ψ(s, t).

This is the formal requirement imposed on the user-
specified function ψ.

Assumption 6. In Algorithm 1, suppose that

(X(1),y(1))
d
= (X(2),y(2)). Additionally, assume that

the construction of ξ
(T )
·1 and ξ

(T )
·2 is the same; for ex-

ample, the randomness of initializations, learning rate,
and loss function are common.

This assumption is necessary for the validity of data
splitting.

Assumption 7. Let S+(u) = #{j ∈ S : Mj > u},
S−(u) = #{j ∈ S :Mj < −u}, and S±(u) = S+(u) +
S−(u). There exist c, θ, ρ ∈ (0, 1) such that, for Kn =
⌊cn⌋, as n→ ∞,

P
(
S±(uKn) ≥ θKn, inf

0≤u≤uKn

S+(u)

S±(u)
≥ ρ

)
→ 1,

where uKn is the Kn-th largest magnitude amongMj’s.
Moreover, the following holds with the given nominal
level α:

(αρ− (1− ρ)) θ >
1− α

2
(1− θ). (5)

Such assumptions frequently appear in the related lit-
erature. Compared with Assumption 3.2 in Dai et al.
(2023b), which requires that a fixed proportion of the
true signals diverge, our assumption can be regarded
as considerably weaker.

Assumption 7 requires that, within the top Kn statis-
tics Mj ’s ranked by magnitude, at least a fixed frac-
tion corresponds to non-null and, moreover, lies on the
positive side. That is, among the non-null variables, at
least a certain fraction is required to possess genuinely
positive importance scores, and this requirement is ex-
pected to hold increasingly as the iteration t advances.
Denote n0 = |Sc|.
Theorem 2. Suppose Assumptions 1–7 hold and
n0/n → π0 ∈ (0, 1]. Then, Algorithm 1 satisfies, for
any given nominal level α ∈ (0, 1),

FDP ≤ α+ op(1) and lim sup
n→∞

FDR ≤ α.

A drawback of the data-splitting method is that it
effectively halves the sample size, which may reduce
power. One remedy, known in the literature and
also applicable here, is to aggregate the selection re-
sults obtained from multiple random splits of the data
(Dai et al., 2023a), as is commonly done in stabil-
ity selection (Meinshausen and Bühlmann, 2010; Shah
and Samworth, 2013). The results obtained by ap-
plying this stabilization technique are shown in Fig-
ure 14. Related stabilization techniques include Du
et al. (2023) and Ren and Barber (2024). Later, Taka-
hashi (2025) theoretically shows that such stabilization
techniques increase power in the proportional asymp-
totics.

5 NUMERICAL EXPERIMENTS

In this section, we empirically validate the theo-
retical guarantees developed in the preceding sec-
tions. We then compare the proposed method
against relevant baselines. All code and scripts
for reproducing our results will be made pub-
licly available at https://github.com/sawaya-ka/

deep-feature-selection. Further experiments are
provided in Appendix D.

5.1 Marginal asymptotic normality

We numerically verify Theorem 1. The data are gen-
erated according to

y = g(b⊤1 x) +

q∗∑
k=2

{
h(b⊤k x) · (b⊤k−1x)

}
+ ε,

with ε ∼ N (0, 1), x ∼ N (0, In), q
∗ = 8, g(x) = (x −

2)2 and h(x) = max(x, 0). The vector b1 has its first
half of entries equal to 2/

√
n and the remaining entries

are zero, and bk = ek ∈ Rn for k = 2, . . . , q∗.

We fixed the batch size of SGD to 128 and the learn-
ing rate to 3× 10−3 except for Transformer. After ten
update steps, we constructed a histogram of the lat-
ter half of the components of

√
nξ(10)/∥P⊥B ξ(10)∥ and

compared it with the density of a normal distribution
whose mean and variance match the sample mean and
sample variance of these components, as well as with
the standard normal density N (0, 1). The resulting
plots are presented in Figure 2. Also, the correspond-
ing QQ-plots are provided in Figure 6 of Appendix D.

The settings labeled n ≪ m, n ≍ m, and n ≫ m
correspond respectively to (m,n) = (100000, 1000),
(2000, 1000), and (10, 1000). The network architec-
tures used for training in these experiments are de-
scribed below. We employ dropout with a rate 0.1.

5-layer MLP. We use a 5-layer MLP consisting of

https://github.com/sawaya-ka/deep-feature-selection
https://github.com/sawaya-ka/deep-feature-selection
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Figure 2: Histograms of the empirical distribution of√
nξ

(10)
j /∥P⊥B ξ(10)∥ for j ∈ Sc. The solid black curve

shows the N (0, 1) density. The solid red curve repre-
sents a normal density fitted to the histograms, and
the dotted blue line indicates the empirical mean.

four hidden layers of widths (1024, 1024, 512, 256) with
ReLU activations and a final linear output. All weights
are initialized with He-normal initialization.

1D-CNN. The 1D-CNN baseline first applies the lifting
layerW⊤

1 x with q = n followed by a stack of three con-
volutional layers with output channels (64, 128, 128),
kernel sizes (11, 9, 7), and stride 1. Dilated convolu-
tions with dilation rates (1, 2, 4) are used to enlarge
the receptive field. ReLU activation is applied after
each convolution. The convolutional output is flat-
tened and passed through a fully connected head with
hidden layers (128, 64) and a final linear output.

LSTM. For sequential modeling we adopt a two-layer
bidirectional LSTM with hidden size 128. Each time
step input is obtained by projecting the lifted represen-
tation W⊤

1 x into dimension 4. The last hidden states
of the forward and backward directions are concate-
nated and fed into a fully connected head with hidden
layer (64) and linear output. We use Xavier-normal
initialization for the recurrent weights.

Transformer. The input is first lifted by a trainable
dense map W⊤

1 ∈ Rq×n (Xavier initialization), pro-
ducing q tokens. Each token is embedded by a linear
ID-specific map and normalized (LayerNorm), with-
out positional encoding. We employ a Transformer
encoder with two layers, model dimension 256, four
heads, feed-forward dimension 256, and GELU activa-
tion. For sequence aggregation we use gated pooling
with hidden dimension 32 and temperature τ = 1.0,
followed by a fully connected head with hidden size
32 and linear output. Training uses AdamW with
(β1, β2, ε) = (0.9, 0.95, 10−8), weight decay 0.01, batch
size 128, base learning rate 3×10−4 with 10% warm-up,
and gradient clipping at 1.0.

These experiments were conducted on a Google Cloud
Platform VM equipped with a single NVIDIA A100
(40GB) GPU using PyTorch 2.6.0 with CUDA 12.4.
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Figure 3: Results for the false discovery rate (left)
and power (right) when performing feature selection
at each iteration using the artificial data and models
defined in Section 5.1. The solid curves represent av-
erages over 20 independent runs, and the shaded areas
indicate one standard deviation around the mean.

5.2 FDR control

We next demonstrate that Algorithm 1 is able to ap-
proximately control the false discovery rate (FDR)
at or below the nominal level α = 0.1 under the
stated assumptions. We consider the setting (m,n) =
(1600, 400); the data-generating process and learning
architectures are otherwise the same as in the previous
section. We use ψ(u, v) = u+ v.

We define the power in the feature selection problem:

Power = E

[
#{j ∈ S : j ∈ Ŝ}
#{j : j ∈ S}

]
.

We can see that the power is one minus the Type-II
error.

Figure 3 reports the results. As anticipated in As-
sumption 7, once training progresses and the power
reaches a reasonable level, the FDR is also brought
under control. The trajectory of the training loss cor-
responding to these experiments is shown in Figure 7
of Appendix D.

Experiments were conducted on a Google Cloud Plat-
form VM equipped with four NVIDIA Tesla T4
(16GB each) GPUs, using PyTorch 2.8.0 (built with
CUDA 12.8) and CUDA runtime 12.4.

Remark 5.1. In a single-index model y =
g(⟨w⋆,x⟩) + ε, if the trained network well approx-
imates the regression function then ∇xfW(t)(x) ≈
g′(⟨w⋆,x⟩)w⋆, so the averaged gradient ξ(t) converges
to E[g′(Z)]w⋆ with Z ∼ N (0, ∥w⋆∥2). While the fac-
tor E[g′(Z)] being close to zero does not affect the va-
lidity of FDR control, it cancels out the signal direction
and thereby reduces the power of Algorithm 1.
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5.3 Comparison with other methods

Competing methods. We benchmark our approach
against flexible variable-selection baselines that can (or
aim to) control FDR. Neural baselines advertised as
enabling FDR control via deep representations include
the Neural Gaussian Mirror (NGM) (Xing et al., 2020)
and DeepLINK (Zhu et al., 2021). While empirically
competitive, these methods do not offer formal guar-
antees. All methods are run at the same nominal FDR
level α = 0.1.

We ran DeepLINK (Zhu et al., 2021) with authors’ offi-
cial code1 with hyperparameters as follows: L1 penalty
10−3, learning rate 10−3, ELU activation, and mean
squared error loss. Column-wise centering and scaling
were applied by default.

Among the methods compared, NGM was thus far the
most computationally demanding. To make large-scale
experiments feasible, we employed several approxima-
tions: a preliminary screening step retaining at most
n/2 variables, a subsample-based approximation of the
kernel matrices (subsample size 800), and a coarse grid
of 6 candidate values for the scale parameter cj . The
neural network used in NGM was a two-hidden-layer
MLP with hidden widths proportional to log n, trained
for 60 epochs with batch size 256 and learning rate
10−3.

Data generating process. We fix the ambient
dimension at n = 500 and vary the sample size
m ∈ {2000, 1000, 500} to probe the effect of sample
scarcity. Unless otherwise noted, the data-generating
process follows Section 5.1 exactly, except that (be-
cause the design X is scaled by 1/

√
n) we set the

nonzero entries of the signal matrix B to 2 (rather
than 2/

√
n).

We consider four scenarios for the design matrix X ∈
Rm×n satisfying Assumption 1 (ii).

N(0,1). Entries are i.i.d. Gaussian: Xij
iid∼

N (0, 1/n), (i, j) ∈ [m]× [n].

t(3). Entries are i.i.d. standardized t: Xij
iid∼

1√
n
t(3), (i, j) ∈ [m] × [n], where t(3) denotes the t-

distribution with 3 degrees of freedom.

Spiked. Let r = 2 be the spike rank. We write X =
V1V

⊤
2 +E, where V1 ∈ Rm×r and V2 ∈ Rn×r have or-

thonormal columns (each drawn as r-columns from in-
dependent Haar orthogonal matrices of sizes m and n,
respectively), and E has i.i.d. entries Eij ∼ N (0, 1/n).

Our inferential procedures employ sample splitting: we
partition the m rows into two equal halves, X(A) ∈

1https://github.com/zifanzhu/DeepLINK

Table 1: Performance comparison for m = 2000.

Proposed DeepLINK NGM

Design FDR Power FDR Power FDR Power

N(0,1) 0.101 1.000 0.089 0.999 0.086 0.851

t(3) 0.072 0.843 0.081 0.870 0.063 0.599

Spiked 0.104 1.000 0.087 1.000 0.080 0.847

Table 2: Performance comparison for m = 1000.

Proposed DeepLINK NGM

Design FDR Power FDR Power FDR Power

N(0,1) 0.072 0.637 0.065 0.467 0.131 0.658

t(3) 0.061 0.168 0.064 0.085 0.144 0.401

Spiked 0.072 0.682 0.063 0.492 0.151 0.674

R(m/2)×n and X(B) ∈ R(m/2)×n. For N(0,1) and
t(3), closure under row-subsampling is immediate. For
Spiked, we assume a modeling convention such that,
when them rows are partitioned into two equal halves,
each half independently follows the same distributional
form as the original model (with common latent pa-
rameters), so that both X(A) and X(B) are valid
Spiked samples.

Tables 1–3 report the comparison of FDR and Power
with n = 500, averaged over 20 independent runs.
The entry labeled Proposed corresponds to the LSTM
defined in the previous section. It can be observed
that NGM fails to control the FDR except in the
m = 2000 setting, while our method achieves rela-
tively high power under FDR control. More detailed
results are provided in the Appendix D.

6 DISCUSSION

Summary of Contributions. To the best of our knowl-
edge, this paper provides the first theoretical guaran-
tee for false discovery rate (FDR) control in feature se-
lection with multilayer neural networks. This property
is crucial for ensuring the reproducibility of scientific
discoveries, and our results demonstrate that one can
achieve both model flexibility and rigorous statistical
reliability. In addition, the proposed implementation
via simple data splitting is straightforward and easy
to apply.

Limitations and Future Directions. Our analysis as-
sumes that the first layer of the neural network is
a dense fully connected transformation. While tech-
nically convenient, this limits the ability to exploit
the spatial locality of image data or the sequential
and positional structures inherent in natural language.
Extending the methodology to capture richer latent

https://github.com/zifanzhu/DeepLINK
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Table 3: Performance comparison for m = 500.

Proposed DeepLINK NGM

Design FDR Power FDR Power FDR Power

N(0,1) 0.047 0.040 0.019 0.003 0.242 0.380

t(3) 0.058 0.016 0.017 0.004 0.325 0.428

Spiked 0.029 0.037 0.026 0.020 0.264 0.435

structures in diverse data modalities remains an im-
portant challenge.

Moreover, we have defined the input sensitivity ξ(t) as
an average across instances. It would be interesting to
investigate how this sensitivity can be characterized
at the single-instance level, especially in domains such
as computer vision where the set of pixels critical for
classification may vary substantially across samples.

In this work, we considered the raw input gradients
of a trained neural network as a feature importance.
A promising direction for future work is to extend
our analysis to more sophisticated feature attribution
methods, including Integrated Gradients (Sundarara-
jan et al., 2017), DeepLIFT (Shrikumar et al., 2017),
and SmoothGrad (Smilkov et al., 2017). Adapting our
FDR-control framework to such attribution methods
would potentially yield more stable and interpretable
feature selection.

From a theoretical standpoint, our framework relied
on theB-right-orthogonal invariance of the design ma-
trix X. Exploring the behavior of our algorithm under
more severe correlation structures is an appealing di-
rection for future work, as is extending the theory to
regularized training regimes.

Finally, while our results establish FDR control,
an important practical question is which network
architectures—in terms of depth, width, use of atten-
tion, dropout, or residual connections—yield higher
power as functions of the sample size and ambient di-
mension. Answering this question is a promising re-
search direction, though it will likely require substan-
tially more theoretical effort.
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A Proofs

A.1 Proof of Proposition 1

Proof of Proposition 1. The basic idea of the proof is inspired by the proof of Proposition 2.1 in Zhao et al.
(2022). Since P⊥B ξ(t)/∥P⊥B ξ(t)∥ has the unit norm and lies in Col(B)⊥, it is sufficient to show that, for any
orthogonal matrix U ∈ Rn×n obeying UB = B,

UP⊥B ξ(t)
d
= P⊥B ξ(t). (6)

We proceed to show its sufficient condition UW
(t)
1 = W

(t)
1 since Assumption 3 implies that the input sensitivity

is given by, with W(t)
\1 ≡ W(t) \W (t)

1 ,

ξ(t) =

m∑
i=1

W
(t)
1 h

(
(W

(t)
1 )⊤xi;W(t)

\1

)
,

where h(·) depends on xi only through (W
(t)
1 )⊤xi, and given by

h
(
(W

(t)
1 )⊤xi;W(t)

\1

)
=

∂fW(t)(xi)

∂((W
(t)
1 )⊤xi)

.

For each t ∈ N, denote W
(t)
1 = W

(t)
1 (y,X,W

(t−1)
1 ,W(t−1)

\1 ) to clarify the dependence of SGD iterates on the

sample (y,X) and the previous iterate W(t−1) = (W
(t−1)
1 ,W(t−1)

\1 ). Then, Assumptions 2 and 3 yield, for each

t ∈ N,

W
(t)
1 (y,XU ,W

(t−1)
1 ,W(t−1)

\1 )

= W
(t−1)
1 − ηt

∑
i∈It

∂2L
(
yi, fW(t−1)

(
U⊤xi

))
·U⊤xih

(
(W

(t−1)
1 )⊤U⊤xi;W(t−1)

\1

)⊤
(7)

= U⊤W
(t)
1 (y,X,UW

(t−1)
1 ,W(t−1)

\1 ),

where we use fW(t−1)

(
U⊤xi

)
= f

(UW
(t−1)
1 ,W(t−1)

\1 )
(xi) in the last equation.

By Assumption 1 (i) and UB = B, it follows that, for each i ∈ [m],

yi = g(B⊤xi, εi) = g(B⊤U⊤xi, εi).

Hence, (y,X)
d
= (y,XU) by Assumption 1 (ii). Together with Assumption 4, we obtain

(y,XU ,W
(0)
1 ,W(0)

\1 )
d
= (y,X,UW

(0)
1 ,W(0)

\1 ). (8)

This implies

W
(1)
1 (y,XU ,W

(0)
1 ,W(0)

\1 )
d
= W

(1)
1 (y,X,UW

(0)
1 ,W(0)

\1 ), (9)
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which follows from the fact that the identical measurable function of the random elements following the same law

has again the same law. As a result, (7) for t = 1, (9), and the left-orthogonal invariance of W
(0)
1 in Assumption

4 give

UW
(1)
1 (y,X,W

(0)
1 ,W(0)

\1 )
d
= W

(1)
1 (y,X,W

(0)
1 ,W(0)

\1 ). (10)

Also for t = 2, applying (7) yields

UW
(2)
1

(
y,XU ,W

(1)
1 (y,XU ,W

(0)
1 ,W(0)

\1 ),W(1)
\1

)
= W

(2)
1

(
y,X,UW

(1)
1 (y,XU ,W

(0)
1 ,W(0)

\1 ),W(1)
\1

)
= W

(2)
1

(
y,X,W

(1)
1 (y,X,UW

(0)
1 ,W(0)

\1 ),W(1)
\1

)
.

Therefore, we have, by (8),

UW
(2)
1 (y,X,W

(1)
1 ,W(1)

\1 )
d
= W

(2)
1 (y,X,W

(1)
1 ,W(1)

\1 ),

in the same manner as (10). We can immediately generalize this argument to any t ∈ N by the recursive
argument. This implies the desired property (6).

A.2 Proof of Theorem 1

For the proof of Theorem 1, we prepare a lemma.

Lemma A.1. Assume the Assumption 1. Let z ∈ Rn be a standard Gaussian random vector. For any t > 0,
there exists a universal constant c > 0 such that

P

(∣∣∣∣∣
√

z⊤P⊥Bz

n
−
√
n− q∗

n

∣∣∣∣∣ > t

)
≤ 2 exp

(
−c
(
nt2 ∧

√
n(n− q∗)t

))
.

Proof of Lemma A.1. Since rank(B) = q∗ by Assumption 1 (i), we have ∥P⊥B ∥2F = n − q∗ and ∥P⊥B ∥op = 1.
Thus, Hanson–Wright inequality (Vershynin, 2018) implies that, for any t > 0,

P
(∣∣z⊤PBz − (n− q∗)

∣∣ > t
)
≤ 2 exp

(
−cmin

(
t2

n− q∗
∧ t
))

,

with some constant c > 0. Hence, it follows that, for any t > 0,

P
(∣∣∣∣z⊤PBz

n− q∗
− 1

∣∣∣∣ > t

)
≤ 2 exp

(
−c (n− q∗)(t2 ∧ t)

)
,

with some constant c > 0. For a > 0, we have |a2 − 1| = |a+ 1| · |a− 1| ≥ |a− 1| since a+ 1 > 1. Using this, we
obtain, for any t > 0,

P

∣∣∣∣∣∣
√

z⊤PBz

n− q∗
− 1

∣∣∣∣∣∣ > t

 ≤ P
(∣∣∣∣z⊤PBz

n− q∗
− 1

∣∣∣∣ > t

)
≤ 2 exp

(
−c (n− q∗)(t2 ∧ t)

)
,

with some constant c > 0. Change-of-variable from t to t
√
n/(n− q∗) completes the proof.

Proof of Theorem 1. From Proposition 1, we obtain

P⊥B ξ(t)

∥P⊥B ξ(t)∥
d
=

P⊥Bz

∥P⊥Bz∥
,

where z ∼ N (0, In). Here, j-th element of P⊥B ξ(t) and P⊥Bz are given by

ξ
(t)
j − b⊤j (B

⊤B)−1B⊤ξ(t) and zj − b⊤j (B
⊤B)−1B⊤z,
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respectively. Note that bj = 0 under the null by Theorem 3. Thus, for j ∈ Sc, we have

√
nξ

(t)
j /∥P⊥B ξ(t)∥ d

=
√
nzj/∥P⊥Bz∥. (11)

Here, since rank(B) = q∗ by Assumption 1 (i), Lemma A.1 implies that ∥P⊥Bz∥/
√
n

p→ 1 as n → ∞ while
q∗ = o(n). This completes the proof of (4).

Next, we show the uniform convergence. Denote σn =
√
n/∥P⊥Bz∥ for convenience. Fix an arbitrary ϵ > 0 and

define En = {|σn − 1| < ϵ}. From (11), we have

∆n ≡ sup
j∈Sc

sup
u∈R

∣∣∣∣∣P
( √

n ξ
(t)
j

∥P⊥B ξ(t)∥
≤ u

)
− Φ(u)

∣∣∣∣∣ = sup
j∈Sc

sup
u∈R

|P (zj ≤ uσn)− Φ(u)| .

Here, we have

|P (zj ≤ uσn)− Φ(u)| ≤ P(Ec
n) + |P(σnzj < u | En)− Φ(t)| . (12)

Also, since σn ∈ [1− ϵ, 1 + ϵ] under En, it follows that

P
(
zj <

u

1 + ϵ

)
≤ P (σnzj | En) ≤ P

(
zj <

u

1− ϵ

)
.

From this, we have

|P(σnzj < u | En)− Φ(u)| ≤ max

{
Φ

(
u

1− ϵ

)
− Φ(u), Φ(u)− Φ

(
u

1 + ϵ

)}
.

Taking the supremum, the mean-value theorem gives

sup
u∈R

|P(σnzj < u | En)− Φ(u)| ≤ ϵ

1− ϵ
· 1√

2πe
, (13)

where we use the fact supu∈R |u|ϕ(u) = 1/
√
2πe. Since this upper bound does not depend on j ∈ [n], (12) and

(13) yield

∆n ≤ P (|σn − 1| > ϵ) +
ϵ

1− ϵ
· 1√

2πe
.

The first term on the right-hand side converges to zero as n→ ∞ while q∗ = o(n) by Lemma A.1, and the second
term goes to zero as ϵ ↓ 0.

A.3 Proof of Thorem 2

Our argument is inspired by the proof of Proposition 3.2 of Dai et al. (2023b), but proceeds under weaker
conditions on signal strength and dimensionality. While auxiliary lemmas overlap with Dai et al. (2023b), we
provide full proofs to ensure a self-contained presentation. We prepare some notation for the proof.

• Iu(v) ≡ inf{w ≥ 0 : ψ(v, w) > u} for any u > 0 and v ≥ 0 with the convention inf ∅ = +∞.

• M̃j = sign(zj1zj2)ψ(|zj1|, |zj2|) where (z11, . . . , zn1, z12, . . . , zn2)
⊤ ∼ N (0, I2n).

• ς
(t)
j1 =

√
nξ

(t)
j1 /∥P⊥B ξ

(t)
1 ∥ and ς

(t)
j2 =

√
nξ

(t)
j2 /∥P⊥B ξ

(t)
1 ∥ for any t ∈ N and j ∈ [n].

• M̆j = sign(ς
(t)
j1 ς

(t)
j2 )ψ(|ς

(t)
j1 |, |ς

(t)
j2 |).

• V +(u) = #{j ∈ Sc : M̆j > u} and V −(u) = #{j ∈ Sc : M̆j < −u}.

• F̃ (u) = P(M̃1 > u).

• τσn
α is the cutoff when we apply Algorithm 1 with M̆j instead of Mj .
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Recall that we defined the original importance statistics as Mj = sign(ξ
(t)
j1 ξ

(t)
j2 )ψ(|ξ

(t)
j1 |, |ξ

(t)
j2 |).

Lemma A.2 (Zero-symmetry of M̃j). For each j ∈ [n] and any Borel measurable function ψ : [0,∞)2 → [0,∞),
we have

M̃j
d
= − M̃j .

Proof. Write f : R2 → R for the measurable map

f(z1, z2) = sign(z1z2)ψ
(
|z1|, |z2|

)
.

We observe the oddness under a single-coordinate reflection: for all z1, z2 ∈ R,

f(−z1, z2) = − f(z1, z2),

since sign((−z1)z2) = −sign(z1z2) while the arguments of ψ are unchanged by taking absolute values.

Since (zj1, zj2)
⊤ ∼ N (0, I2), its law is invariant under the orthogonal reflection

R :=

(
−1 0
0 1

)
,

i.e., (zj1, zj2)
⊤ d
= R(zj1, zj2)

⊤ = (−zj1, zj2)⊤. Therefore, for any Borel set A ⊂ R,

P
(
M̃j ∈ A

)
= P

(
f(zj1, zj2) ∈ A

)
= P

(
f(−zj1, zj2) ∈ A

)
= P

(
−f(zj1, zj2) ∈ A

)
= P

(
f(zj1, zj2) ∈ −A

)
= P

(
M̃j ∈ −A

)
.

Since this holds for every Borel A, the laws of M̃j and −M̃j coincide; that is, M̃j
d
= −M̃j .

Lemma A.3 (Invariance under common scaling). Suppose Assumption 5 holds. For any C ∈ R \ {0}, define
scaled importance scores for each j ∈ [n],

ξ̃
(t)
j· = C ξ

(t)
j· , MC

j = sign(ξ̃
(t)
j1 ξ̃

(t)
j2 )ψ

(
|ξ̃(t)j1 |, |ξ̃

(t)
j2 |
)
.

Let the corresponding cutoff and the set of selected indices be τCα , Ŝ
C
α . Then

τCα = |C|r τα, ŜC
α = Ŝα.

Proof. At first, the sign factor is invariant since, for each j ∈ [n],

sign
(
ξ̃
(t)
j1 ξ̃

(t)
j2

)
= sign

(
(Cξ

(t)
j1 )(Cξ

(t)
j2 )
)
= sign(C2) sign

(
ξ
(t)
j1 ξ

(t)
j2

)
= sign

(
ξ
(t)
j1 ξ

(t)
j2

)
.

Also, since |ξ̃(t)jk | = |C| |ξ(t)jk |, Assumption 5 of homogeneity implies that there exists r > 0 such that

ψ(|ξ̃(t)j1 |, |ξ̃
(t)
j2 |) = ψ(|C| |ξ(t)j1 |, |C| |ξ

(t)
j2 |) = |C|r ψ(|ξ(t)j1 |, |ξ

(t)
j2 |).

Hence, for all j ∈ [n],

MC
j = |C|rMj . (14)

Then, we have, for any u > 0,

{j :MC
j > u} = {j : |C|rMj > u} = {j :Mj > u/|C|r},

{j :MC
j < −u} = {j : |C|rMj < −u} = {j :Mj < −u/|C|r}.

The counterpart F̂DP
C

of F̂DP satisfies

F̂DP
C
(u) =

#{j :MC
j < −u}

#{j :MC
j > u} ∨ 1

=
#{j :Mj < −u/|C|r}
#{j :Mj > u/|C|r} ∨ 1

= F̂DP

(
u

|C|r

)
. (15)
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From (15), it follows that

{u > 0 : F̂DP
C
(u) ≤ α} = {u > 0 : F̂DP(u/|C|r) ≤ α}

= {|C|rv : v > 0, F̂DP(v) ≤ α}.

Therefore, we obtain

τCα = |C|r τα. (16)

By (14) and (16),

ŜC
α = {j :MC

j > τCα } = {j : |C|rMj > |C|rτα} = {j :Mj > τα} = Ŝα.

Corollary A.1. Under Assumption 5, (Mj)j∈[n] and (M̆j)j∈[n] yield the same selection result after applying
Algorithm 1.

Proof of Corollary A.1. Applying Lemma A.3 with C =
√
n/∥P⊥B ξ

(t)
1 ∥ proves the claim if n ≥ 1, B ̸= 0n×q∗ ,

and ξ
(t)
1 ̸= 0n. Note that the convergence of ξ

(t)
1 to zero is allowed.

Lemma A.4. Under the assumptions of Theorem 2, as n→ ∞ while q∗ = o(n), we have

sup
u∈R, j∈Sc

∣∣∣P(M̆j > u)− P(M̃j > u)
∣∣∣→ 0.

Proof of Lemma A.4. Define

∆j = sup
u∈R

|P(ς(t)j1 > u)− P(zj1 > u)| ∨ sup
u∈R

|P(ς(t)j2 > u)− P(zj1 > u)|.

Without loss of generality, we assume u > 0. Thus, by the non-negativeness of ψ(·, ·), we have

{M̆j > u} ⇐⇒
({
ψ(|ς(t)j1 |, |ς

(t)
j2 |) > u

}
∩ {ς(t)j1 > 0}

)
∪
({

−ψ(|ς(t)j1 |, |ς
(t)
j2 |) > u

}
∩ {ς(t)j1 ≤ 0}

)
.

Using this and the monotonicity of ψ(·, ·), for any t ∈ N, we have

P(M̆j > u) = P
(
ς
(t)
j2 > Iu(ς

(t)
j1 ), ς

(t)
j1 > 0

)
+ P

(
ς
(t)
j2 < −Iu(ς(t)j1 ), ς

(t)
j1 < 0

)
≤ P

(
zj2 > Iu(ς

(t)
j1 ), ς

(t)
j1 > 0

)
+ P

(
zj2 < −Iu(ς(t)j1 ), ς

(t)
j1 < 0

)
+ 2∆j

= P
(
sign(ς

(t)
j1 zj2)ψ(|ς

(t)
j1 |, |zj2|) > u

)
+ 2∆j

= P
(
ς
(t)
j1 > Iu(zj2), zj2 > 0

)
+ P

(
ς
(t)
j1 < −Iu(zj2), zj2 < 0

)
+ 2∆j

≤ P (zj1 > Iu(zj2), zj2 > 0) + P (zj1 < −Iu(zj2), zj2 < 0) + 4∆j

= P(M̃j > u) + 4∆j ,

where the first inequality follows from ς
(t)
j1

d
= ς

(t)
j2 by Assumption 6, and the third equality follows from the

symmetry of ψ(·, ·). Hence, Theorem 1 implies that

sup
u∈R, j∈Sc

∣∣∣P(M̆j > u)− P(M̃j > u)
∣∣∣ ≤ 4 sup

u∈R, j∈Sc

|∆j | → 0,

as n→ ∞ with q∗ = o(n).

Lemma A.5. Under the assumptions of Theorem 1, as n→ ∞ while q∗ = o(n), we have,

sup
i,j∈Sc, t1,t2∈R

∣∣∣∣∣P
( √

nξ
(t)
i

∥P⊥B ξ(t)∥
< t1,

√
nξ

(t)
j

∥P⊥B ξ(t)∥
< t2

)
− Φ(t1)Φ(t2)

∣∣∣∣∣→ 0.
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Proof of Lemma A.5. We assume, without loss of generality, that t1 > 0 and t2 > 0. Using the fact that

P⊥B ξ(t)/∥P⊥B ξ(t)∥ d
= P⊥Bz/∥P⊥Bz∥ where z ∼ N (0, In) by Theorem 1, we have,( √

nξ
(t)
i

∥P⊥B ξ(t)∥
,

√
nξ

(t)
j

∥P⊥B ξ(t)∥

)
d
=

( √
nzi

∥P⊥Bz∥
,

√
nzj

∥P⊥Bz∥

)
, (17)

for i, j ∈ Sc. This follows from the fact that the j-th element of P⊥B ξ(t)/∥P⊥B ξ(t)∥ is ξ
(t)
j /∥P⊥B ξ(t)∥ under the

null since bj = 0 for j ∈ Sc. Denote σn =
√
n/∥P⊥Bz∥. From (17), it follows that

∆n ≡ sup
i,j∈Sc, t1,t2∈R

∣∣∣∣∣P
( √

nξ
(t)
i

∥P⊥B ξ(t)∥
< t1,

√
nξ

(t)
j

∥P⊥B ξ(t)∥
< t2

)
− Φ(t1)Φ(t2)

∣∣∣∣∣
= sup

i,j∈Sc, t1,t2∈R
|P (zi < σnt1, zj < σnt2)− Φ(t1)Φ(t2)| .

Fix an arbitrary ϵ > 0 and denote En = {|σn − 1| < ϵ}. Then we have

|P (zi < σnt1, zj < σnt2)− Φ(t1)Φ(t2)|
≤ P(Ec

n) + |P (zi < σnt1, zj < σnt2 | En)− Φ(t1)Φ(t2)| . (18)

Also, since σn ∈ [1− ϵ, 1 + ϵ] under En, it follows that

P
(
zi <

t1
1 + ϵ

, zj <
t2

1 + ϵ

)
≤ P (zi < σnt1, zj < σnt2 | En) ≤ P

(
zi <

t1
1− ϵ

, zj <
t2

1− ϵ

)
.

From this, we have

|P (zi < σnt1, zj < σnt2 | En)− Φ(t1)Φ(t2)|

≤ max

{
Φ

(
t1

1− ϵ

)
Φ

(
t2

1− ϵ

)
− Φ(t1)Φ(t2), Φ(t1)Φ(t2)− Φ

(
t1

1 + ϵ

)
Φ

(
t2

1 + ϵ

)}
.

Taking the supremum, the mean-value theorem gives

sup
t1,t2∈R

|P (zi < σnt1, zj < σnt2 | En)− Φ(t1)Φ(t2)| ≤
ϵ

1− ϵ
·
√

2

πe
, (19)

where we use the fact supu∈R |u|ϕ(u) = 1/
√
2πe. Since this upper bound does not depend on j ∈ [n], (18) and

(19) yield

∆n ≤ P(|σn − 1| > ϵ) +
ϵ

1− ϵ
·
√

2

πe
.

The first term on the right-hand side converges to zero as n→ ∞ while q∗ = o(n) by Lemma A.1, and the second
term goes to zero as ϵ ↓ 0.

Lemma A.6. Let n0 be the number of null features. Under the assumptions of Theorem 2, as n → ∞ while
q∗ = o(n), we have

sup
u∈R

Var

 1

n0

∑
j∈Sc

1(M̆j > u)

 ≤ 1

4n0
+ o(1).

Proof of Lemma A.6. We assume u > 0 without loss of generality. It follows that

sup
u∈R

Var

 1

n0

∑
j∈Sc

1(M̆j > u)


≤ 1

n20

∑
j∈Sc

sup
u∈R

Var
(
1(M̆j > u)

)
+

1

n20

∑
j ̸=j′∈Sc

sup
u∈R

Cov
(
1(M̆j > u),1(M̆j′ > u)

)
,
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where 1(M̆j > u) is a Bernoulli variable, and its variance is bounded above by 1/4. Thus, the first term on the
right-hand side is upper bounded by 1/(4n0). For the first term, we have

Cov
(
1(M̆j > u),1(M̆j′ > u)

)
(20)

= P(M̆j > u, M̆j′ > u)− P(M̆j > u)P(M̆j′ > u)

≤
∣∣∣P(M̆j > u, M̆j′ > u)− P(M̃j > u)2

∣∣∣+ ∣∣∣P(M̆j > u)P(M̆j′ > u)− P(M̃j > u)2
∣∣∣ ,

where the second term on the right-hand side converges to zero uniformly on j ∈ Sc and u ∈ R by Lemma A.4.

Repeating the argument in the proof of Lemma A.4, it follows that

P(M̆j > u, M̆j′ > u) = P
(
ς
(t)
j′2 > Iu(ς

(t)
j′1), ς

(t)
j2 > Iu(ς

(t)
j1 ), ς

(t)
j′1 > 0, ς

(t)
j1 > 0

)
+ P

(
ς
(t)
j′2 > Iu(ς

(t)
j′1), ς

(t)
j2 < −Iu(ς(t)j1 ), ς

(t)
j′1 > 0, ς

(t)
j1 < 0

)
+ P

(
ς
(t)
j′2 < −Iu(ς(t)j′1), ς

(t)
j2 > Iu(ς

(t)
j1 ), ς

(t)
j′1 < 0, ς

(t)
j1 > 0

)
(21)

+ P
(
ς
(t)
j′2 < −Iu(ς(t)j′1), ς

(t)
j2 < −Iu(ς(t)j1 ), ς

(t)
j′1 < 0, ς

(t)
j1 < 0

)
≡ I1 + I2 + I3 + I4.

Define

∆ = sup
j∈Sc, u∈R

|P(ς(t)j1 > u)− P(zj1 > u)| ∨ sup
j∈Sc, u∈R

|P(ς(t)j2 > u)− P(zj1 > u)|.

Let Q(u) = 1− Φ(u). For I1, we have the following upper bound,

I1 = E
[
P(ς(t)j′2 > Iu(x), ς

(t)
j2 > Iu(y)) | ς(t)j′1 = x > 0, ς

(t)
j1 = y > 0

]
≤ E

[
P(zj′2 > Iu(x), zj2 > Iu(y)) | ς(t)j′1 = x > 0, ς

(t)
j1 = y > 0

]
+ 2∆ (22)

= E
[
Q(Iu(x))Q(Iu(y)) | ς(t)j′1 = x > 0, ς

(t)
j1 = y > 0

]
+ 2∆,

where the inequality follows from Lemma A.5. Similarly, we can upper bound I2, I3, and I4. Combining the
four upper bounds together, we obtain an upper bound on P(M̆j > u, M̆j′ > u) as

P
(
sign(zj2ς

(t)
j1 )ψ(|zj2|, |ς

(t)
j1 |) > u, sign(zj′2ς

(t)
j′1)ψ(|zj′2|, |ς

(t)
j′1|) > u

)
+ 8∆.

We can further decompose this into four terms as (21) by conditioning the signs of zj2 and zj′2, and repeat the
upper bound (22). This leads to

P(M̆j > u, M̆j′ > u) ≤ P(M̃j > u)2 + 16∆.

Similarly, we can show the corresponding lower bound. Since ∆ → 0 by Lemma A.4, the covariance in (20) con-

verges to zero. Note that we neither show nor use the joint asymptotic equivalence of (ς
(t)
11 , . . . , ς

(t)
n1 , ς

(t)
12 , . . . , ς

(t)
n2 )

and (z
(t)
11 , . . . , z

(t)
n1 , z

(t)
12 , . . . , z

(t)
n2 ) in the proof.

Lemma A.7. Under the assumptions of Theorem 2, we have, as n→ ∞ while q∗ = o(n),

sup
u∈R

∣∣∣∣∣∣ 1n0
∑
j∈Sc

1(M̆j > u)− P(M̃1 > u)

∣∣∣∣∣∣ p→ 0.

Proof of Lemma A.7. We have

sup
u∈R

∣∣∣∣∣∣ 1n0
∑
j∈Sc

1(M̆j > u)− P(M̃1 > u)

∣∣∣∣∣∣
≤ sup

u∈R

∣∣∣∣∣∣ 1n0
∑
j∈Sc

{
1(M̆j > u)− P(M̆j > u)

}∣∣∣∣∣∣+ sup
u∈R

∣∣∣∣∣∣ 1n0
∑
j∈Sc

P(M̆j > u)− P(M̃1 > u)

∣∣∣∣∣∣ ,
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where the second term on the right-hand side converges to zero by Lemma A.4. Also, Chebyshev’s inequality
yields, for any v ∈ R,

sup
u∈R

P

∣∣∣∣∣∣ 1n0
∑
j∈Sc

{
1(M̆j > u)− P(M̆j > u)

}∣∣∣∣∣∣ > v

 ≤ 1

v2
sup
u∈R

Var

 1

n0

∑
j∈Sc

1(M̆j > u)

 ,

where the supremum of variance converges to zero by Lemma A.6. This completes the proof.

Lemma A.8. Under the assumptions of Theorem 2, there exists a constant δ0 = δ0(α, c, θ, ρ, π0) > 0 such that

P
(
F̃ (τσn

α ) ≥ δ0
)

−→ 1.

Moreover, one can take explicitly

δ∗ :=
(1− θ)c

2π0
, U :=

(αρ− (1− ρ)) θc

π0(1− α)
, δ0 :=

δ∗ + U

2
∈ (0, 1).

Proof. Define the generalized inverse F̃←(δ) := inf{u ≥ 0 : F̃ (u) < δ} (so F̃ (F̃←(δ)) ≥ δ). Note that τσn
α , V +,

and V − are defined at the top of this section.

Step 1: An upper bound for F̃ (uKn). By Assumption 7, S±(uKn) ≥ θKn with probability 1 − o(1); hence the
number of nulls among the top Kn magnitudes satisfies

V +(uKn
) + V −(uKn

) ≤ (1− θ)Kn.

By Lemma A.7, V +(u) + V −(u) = 2n0F̃ (u) + op(n0) uniformly in u. Since n0 and n are of the same order,

2n0F̃ (uKn) ≤ (1− θ)Kn + op(n),

and dividing both sides by n yields
F̃ (uKn

) ≤ δ∗ + op(1). (23)

Step 2: Construct a subthreshold u0. Let δ0 := (δ∗ + U)/2, which satisfies δ∗ < δ0 < U by (5). By (23) and the
monotonicity of F̃ , we have u0 := F̃←(δ0) < uKn

with probability 1− o(1). Hence, by monotonicity again,

S±(u0) ≥ S±(uKn
) ≥ θKn, (24)

with probability approaching one. Moreover, Assumption 7 (applied for all u ≤ uKn
) gives

S+(u0) ≥ ρS±(u0), S−(u0) ≤ (1− ρ)S±(u0),

with probability approaching one. Lemma A.7 implies

V +(u0) = n0 δ0 + op(n0). (25)

Step 3: Upper bound for F̂DP
σn

(u0). Let F̂DP
σn

(u) denote the version of F̂DP(u) with M̆j substituted for Mj

in the definition. Using (24)–(25), Lemma A.2, and Kn = cn+ o(n),

F̂DP
σn

(u0) =
1 + V −(u0) + S−(u0)

V +(u0) + S+(u0)
≤ 1 + n0δ0 + (1− ρ)S±(u0) + op(n)

n0δ0 + ρS±(u0) + op(n)
.

Divide numerator and denominator by n and pass to lim sup using n0/n→ π0 and (24):

lim sup
n→∞

F̂DP
σn

(u0) ≤ π0δ0 + (1− ρ)θc

π0δ0 + ρθc
=: Ψ(δ0).

By the definition of U and the equivalence

Ψ(δ) ≤ α ⇐⇒ π0(1− α) δ ≤ (αρ− (1− ρ)) θc,



Provable FDR Control for Deep Feature Selection

we have Ψ(δ0) < α because δ0 < U . Hence there exists ε > 0 such that

P
(
F̂DP

σn

(u0) ≤ α− ε
)

→ 1. (26)

Step 4: Compare τσn
α to u0. By definition τσn

α := inf{u > 0 : F̂DP
σn

(u) ≤ α}. From (26) we obtain τσn
α ≤ u0

with probability 1− o(1). Since F̃ is nonincreasing and F̃ (F̃←(δ0)) ≥ δ0, we conclude

F̃ (τσn
α ) ≥ F̃ (u0) ≥ δ0,

with probability 1− o(1), which proves the claim.

Proof of Theorem 2. To begin with, we have, by Corollary A.1,

FDR = E

[
#{j ∈ Sc : M̆j > τσn

α }
#{j : M̆j > τσn

α } ∨ 1

]
= E

[
V −(τσn

α )

V +(τσn
α ) + S+(τσn

α )

]
≤ E

[
1 + V −(τσn

α ) + S−(τσn
α )

V +(τσn
α ) + S+(τσn

α )
+

|V +(τσn
α )− V −(τσn

α )|
V +(τσn

α ) + S+(τσn
α )

]
≤ α+ E

[
|V +(τσn

α )− V −(τσn
α )|

V +(τσn
α ) + S+(τσn

α )

]
, (27)

where the last inequality follows from F̂DP
σn

(τσn
α ) ≤ α by construction. Since FDR = 0 when V +(τσn

α ) +
S+(τσn

α ) = 0, we consider the case V +(τσn
α ) + S+(τσn

α ) ≥ 1. By Lemma A.7 and Lemma A.2, we have, as
n→ ∞,

1

n0

∣∣V +(τσn
α )− V −(τσn

α )
∣∣ ≤ 1

n0

∣∣∣V +(τσn
α )− n0F̃ (τ

σn
α )
∣∣∣+ 1

n0

∣∣∣V −(τσn
α )− n0F̃ (τ

σn
α )
∣∣∣ = op(1). (28)

Also, since n−10 V +(τσn
α ) = F̃ (τσn

α ) + op(1) by Lemma A.7, Lemma A.8 implies that, as n→ ∞,

1

n0
V +(τσn

α ) ≥ δ0 + op(1). (29)

Therefore, from (28) and (29), we have

|V +(τσn
α )− V −(τσn

α )|
V +(τσn

α ) + S+(τσn
α )

= op(1). (30)

Since the left-hand side is bounded by one, (27), (30), and the bounded convergence theorem yield FDR ≤
α+ o(1).

A.4 A necessary and sufficient condition for the conditional null

For probability measures µ and ν on R, let W1(µ, ν) denote the 1-Wasserstein distance and dTV(µ, ν) the total
variation distance. Write BL1 := {φ : R → R : ∥φ∥∞ ≤ 1, Lip(φ) ≤ 1} for bounded 1-Lipschitz functions.

We consider the multi-index model

y = g(B⊤x, ε), x ∈ Rn, y ∈ R, B ∈ Rn×q∗ ,

with ε ⊥⊥ x, 1 ≤ q∗ < n, and rank(B) = q∗. Let the j-th row be b⊤j ∈ Rq∗ , and set u := B⊤x ∈ Rq∗ .

Assumption 8 (Minimal thickness of the projected regressor). There exists a nonempty open set O ⊂ Rq∗ such
that the law of u admits a Lebesgue density strictly positive on O.

Assumption 9 (Local kernel Lipschitzness inW1). Let K(u) := L(y | u = u) be the conditional law (a stochastic
kernel). There exists L > 0 such that

W1

(
K(u),K(u′)

)
≤ L ∥u− u′∥ for all u, u′ ∈ O.
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Assumption 10 (Bounded-Lipschitz nondegeneracy). For every nonzero v ∈ Rq∗ there exist φ ∈ BL1 and a
measurable set Av ⊂ O with positive Lebesgue measure such that the directional derivative Dvmφ(u) exists for
Lebesgue-a.e. u ∈ Av and is not a.e. zero on Av, where mφ(u) ≡ E[φ(y) | u = u].

Assumption 11 (Conditional thickness of xj given x−j). For the fixed index j ∈ {1, . . . , n} under consideration,
write x = (xj ,x−j). For almost every a−j ∈ Rn−1, the conditional law L(xj | x−j = a−j) has a Lebesgue density
that is strictly positive on some nonempty open set K(a−j) ⊂ R.
Definition 3 (Conditional null for variable j). We say that the conditional null holds for the index j ∈ [n] if

y ⊥⊥ xj | x−j .

Lemma A.9. Under Assumption 9, for every φ ∈ BL1, the map mφ(u) = E[φ(y) | u = u] is L-Lipschitz on O.
In particular, mφ is differentiable almost everywhere on O.

Proof. By the Kantorovich–Rubinstein duality for W1 on Polish spaces,

|mφ(u)−mφ(u
′)| =

∣∣∣ ∫ φdK(u)−
∫
φdK(u′)

∣∣∣ ≤W1(K(u),K(u′)) ≤ L∥u− u′∥,

since φ ∈ BL1 is 1-Lipschitz and bounded. Rademacher’s theorem ensures almost-everywhere differentiability of
Lipschitz maps mφ : O → R.

Lemma A.10. Fix j ∈ {1, . . . , n}. Under Assumptions 8, 11, and the conditional null for j in Definition 3, fix
φ ∈ BL1 and write

w :=
∑
k ̸=j

bkxk, v := bjxj ,

so that u = w + v. Then for almost every a−j ∈ Rn−1, there exists a nonempty open set

G(a−j) ⊂ w(a−j) + span{bj}

such that mφ(u) is almost everywhere constant on G(a−j).

Proof. By x ⊥⊥ ε and the definition of K,

E[φ(y) | xj ,x−j ] = E[φ(y) | u] = mφ(u).

The conditional null y ⊥⊥ xj | x−j implies

E[φ(y) | xj ,x−j ] = E[φ(y) | x−j ],

hence
mφ(w + v) = hφ(x−j) a.s.

for some measurable hφ(·).

By Assumption 11, for almost every a−j the conditional support of xj | x−j = a−j contains a nonempty open
set K(a−j) ⊂ R. Consider the linear map

T : R → Rq∗ , t 7→ bjt.

Its image is the subspace span{bj}, and T is open onto its image in finite dimensions. Therefore, for almost
every a−j , the image

H(a−j) := T
(
K(a−j)

)
is a nonempty open set inside span{bj} (with respect to the subspace topology). Consequently,

G(a−j) := w(a−j) +H(a−j)

is a nonempty open set within the affine subspace w(a−j)+span{bj} on which mφ is almost everywhere constant
(equal to hφ(a−j)).
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Theorem 3. Fix j ∈ {1, . . . , n}. Under Assumptions 8, 9, 10, and 11, the following are equivalent:

y ⊥⊥ xj | x−j ⇐⇒ bj = 0 .

Proof. (⇐) If bj = 0, then

u =
∑
k ̸=j

bkxk

is σ(x−j)-measurable. By x ⊥⊥ ε, the conditional law

L(y | xj ,x−j) = L
(
g(u, ε) | xj ,x−j

)
= K(u)

does not depend on xj , hence y ⊥⊥ xj | x−j .

(⇒) Suppose y ⊥⊥ xj | x−j . Fix φ ∈ BL1. By Lemma A.10, for almost every a−j , mφ is almost everywhere
constant on a nonempty open set inside the affine subspace w(a−j) + span{bj}. By Assumption 8, these affine
pieces intersect O on sets of positive Lebesgue measure in Rq∗ ; by Lemma A.9, mφ is locally Lipschitz on O,
hence (Rademacher) directionally differentiable almost everywhere on O. Consequently,

Dvmφ(u) = 0 for Lebesgue-a.e. u ∈ O and all v ∈ span{bj}.

If span{bj} ≠ {0}, then there exists a nonzero v ∈ span{bj}. Assumption 10 then yields some φ̃ ∈ BL1 and
a measurable Av ⊂ O of positive Lebesgue measure such that Dvmφ̃(u) exists for Lebesgue-a.e. u ∈ Av and
is not almost everywhere zero on Av, which contradicts the conclusion above (applied to φ̃). Thus necessarily
span{bj} = {0}, i.e., bj = 0.

Remark A.1 (TV-variant for classification). Assumption 9 can be replaced by the TV version
dTV(K(u),K(u′)) ≤ L∥u − u′∥ on O; then |mφ(u) − mφ(u

′)| ≤ dTV(K(u),K(u′)) for φ ∈ BL1, and Lemma
A.9 and Theorem 3 remain valid with the same proof. In particular, for the ordinal binary classification model
y = 1{h(u) + ε > 0} (e.g., logistic regression and Probit model) with q∗ = 1, h(·) locally Lipschitz and ε inde-
pendent with bounded density, the kernel is TV-Lipschitz and Assumption 10 holds with φ(y) = y whenever the
class-probability p(u) = P(ε > −h(u)) is not a.e. flat in any nonzero direction.

B On the right-orthogonal invariance

In this section, we delineate what kinds of random designs fall into the class of right-orthogonally invariant (ROI)
matrices, and what kinds do not. ROI is sometimes assumed in the literature of approximate message passing
algorithms in the proportional asymptotics where n and m diverge with m/n→ (0,∞) (Rangan et al., 2019; Li
and Sur, 2023). Subsequently, we discuss in what sense the B-ROI in Assumption 1 (ii) is relaxed.

B.1 Definition and basic consequences

Definition 4 (Right-orthogonal invariance). A random matrix X ∈ Rm×n is ROI if

X
d
= XU (∀U ∈ O(n)).

If E∥X∥2F <∞, then ROI implies the isotropy of the column Gram:

E[X⊤X] = c In, c =
1

n
E∥X∥2F , (31)

which is a necessary (but not sufficient) condition for ROI. There are several closure properties.

Lemma B.1 (Left-multiplicative closure). Let A and Z be independent random matrices. If Z is ROI, then
X := AZ is ROI.

Lemma B.2 (Right Haar mixer). For any (possibly deterministic) Y and Q ∼ Haar(O(n)) independent of Y ,
X := Y Q is ROI.

Lemma B.3 (Orthogonally conjugate mixture). Let Λ be a symmetric positive-definite random matrix, and

suppose (XU | Λ)
d
= (X | U⊤ΛU) and Λ

d
= U⊤ΛU for all U . Then the marginal X is ROI.
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B.2 Canonical ROI examples

Denote the Stiefel manifold Vn,r ≡ {W : W⊤W = Ir}.

(E1) Matrix-normal with isotropic columns. If X ∼ MN (0,Σrow, In), then X is ROI. Conversely,
MN (0,Σrow,Σcol) with Σcol ̸∝ In is not ROI.

(E2) Elliptical rows (after whitening). If each row is elliptical xi = Σ1/2zi with zi spherically symmetric, then
Z := XΣ−1/2 is ROI.

(E3) Spiked with Haar loadings plus isotropic noise. Let X = αV W⊤ +E, where W ∈ Vn,r is Haar and E is
ROI (e.g., i.i.d. Gaussian). Then X is ROI (by left Haar-invariance of W and Lemma B.1).

(E4) Linear multi-layer with an ROI rightmost factor. If X = X1X2 · · ·XL with XL i.i.d. standard Gaussian,
then X is ROI (Lemma B.1).

(E5) VAR with orthogonally invariant covariance mixing. With Xi,· =
∑ν

k=1 αkXi−k,·+ϵi and ϵi | Σ ∼ N (0,Σ),

Σ ∼ InvWishart(In), one has (XU | Σ)
d
= (X | U⊤ΣU) and Σ is orthogonally invariant, hence X is ROI by

Lemma B.3.

(E6) Stiefel-uniform columns and random right projection. If Q ∈ Vn,p is uniform and X = sQ, then XU
d
= X.

More generally, for any Y independent of Q ∼Haar, X = Y Q is ROI (Lemma B.2).

B.3 Non-ROI archetypes (counterexamples)

(N1) Anisotropic Gaussian across columns. xi ∼ N (0,Σcol) with Σcol ̸∝ In violates (31).

(N2) Columnwise scaling heterogeneity. X = ZD with i.i.d. isotropic Z and non-scalar diagonal D has
E[X⊤X] = E[Z⊤Z]D2 ̸∝ In.

(N3) Toeplitz/AR(1) column covariance. Σcol = (ρ|i−j|) breaks ROI already at the second moment.

(N4) Rademacher i.i.d. entries. Invariance holds only for the finite hyperoctahedral group (sign flips and per-
mutations), not for all U ∈ O(n).

(N5) Blockwise variance mixtures across columns. Different column blocks having different scales violate (31).

B.4 Relaxing ROI to the stabilizer

We relax the ROI assumption to invariance under the stabilizer

GB := {U ∈ O(n) : UB = B }.

Definition 5 (B-ROI). A random matrix X ∈ Rm×n is B-ROI if X
d
= XU for all U ∈ GB.

Let r = rank(B) and take Q = [QB Q⊥] with Col(QB) = Col(B). Then GB = {Qdiag(Ir,R)Q⊤ : R ∈
O(n− r) } and UP⊥B = P⊥BU for all U ∈ GB.

If E∥X∥2F <∞ and we write Q⊤ E[X⊤X]Q =
(

A C
C⊤ D

)
, then B-ROI forces

C = 0, D = c In−r,

while A ∈ Rr×r is arbitrary. In contrast, ROI requires E[X⊤X] = c In. Thus B-ROI is strictly weaker unless
r = 0 (then it coincides with ROI). At the distributional level, B-ROI is equivalent to: for all U ∈ O(n− r),(

XPB, XP⊥B
) d

=
(
XPB, XP⊥BU

)
,

i.e. the conditional law of XP⊥B given XPB is ROI.

New important examples under B-ROI.

• Fixed-loading spike + isotropic noise: X = FΛ⊤ + E with Col(Λ) = Col(B) and E isotropic on
Col(B)⊥. Here Λ may be deterministic (no Haar randomness needed).
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Figure 4: Histograms of the empirical distribution of
√
nξ

(10)
j /∥P⊥B ξ(10)∥ for j ∈ Sc. The solid black curve shows

the N (0, 1) density. The solid red curve represents a normal density fitted to the histograms.

• Anisotropy/discreteness only along Col(B): X = ZΣ1/2 with Q⊤ΣQ = diag(ΣB , σ
2In−r), where

ΣB is arbitrary SPD; or XPB is discrete/binary while XP⊥B is continuous isotropic (Gaussian/t/elliptical).

• Row dependence with conjugate mixing on the complement: VAR-type rows with innovations
covariance Σ satisfying Q⊤ΣQ = diag(ΣB , σ

2In−r).

• Partial random right projection: X = Y Q⊥ with Q⊥ ∈ Vn,n−r uniform and Col(Q⊥) = Col(B)⊥.

When r = n, GB = {In} and the assumption is vacuous; Col(B)⊥ = {0} so our directional statements are
degenerate. Conversely, r = 0 reduces to ROI.

C Elliptical designs

This section presents the asymptotic normality and feature selection results for designs that violate the B-right
orthogonal invariance assumption, and provides numerical evidence that our theoretical results remain valid in
more general settings.

As an instance of elliptical distributions, we examine a design where each row of X is independently drawn from a

multivariate normal distribution with an AR(1) covariance structure. That is, xi
iid∼ N (0,Σ) with (Σ)ij = ρ|i−j|,

ρ > 0 for any i ∈ [n]. We conducted experiments with (m,n) = (2000, 1000). To address potential instability
induced by strong correlations, we set the learning rate and weight decay to 10−3 and 10−4, respectively, for
the MLP and 1D-CNN, while keeping all other configurations identical to those in Section 5.1. Figure 4 presents
the results, showing that the asymptotic normality of Theorem 1 for null variables is numerically preserved,
irrespective of the correlation strength among features.

Next, we examine the iteration-wise evolution of the FDR and Power observed during the numerical experiments.
We fix the correlation parameter at ρ = 0.5, set the learning rate and weight decay as described above, and keep
all other settings identical to those in Section 5.2. The results are shown in Figure 5, indicating that FDR control
is successfully achieved despite the presence of feature correlations. On the other hand, the detection power of
LSTM begins to decay after a certain number of iterations, suggesting that early stopping could be beneficial.

D Additional numerical experiments

This section provides additional and more detailed results complementing the experiments presented in Section 5.

QQ-plots. As further evidence supporting the asymptotic normality demonstrated in Section 5.1, Figure 6

shows the QQ-plots of
√
nξ

(10)
j /∥P⊥B ξ(10)∥ for j ∈ Sc.
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Figure 5: Results for the FDR/power (left) and the training loss (right) when performing feature selection at
each iteration. The solid curves represent averages over 20 independent runs, and the shaded areas indicate one
standard deviation around the mean.
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Loss trajectories. Figure 7 presents the evolution of the training loss corresponding to the FDR and Power
trajectories shown in Figure 3.
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Figure 7: Training loss trajectories of each method across iterations (corresponding to the methods plotted in
Figure 3).

Detailed tables. Next, we report the detailed results corresponding to the comparisons in Tables 1–3. In
addition to the results of LSTM (which corresponds to Proposed in the main text), we include those of the
MLP and 1D-CNN variants of our proposed framework. Furthermore, the values in parentheses below each entry
denote the standard deviations computed over 20 independent random seeds. Tables 4–6 show the results. These
results suggest that the occasional exceedance of the nominal FDR level α = 0.1 by our proposed method is
likely due to random variation arising from averaging over a relatively small number of 20 trials. In contrast,
the fact that NGM consistently yields FDR values above 0.1 with small standard deviations indicates a genuine
failure in FDR control.

Table 4: Performance comparison for m = 2000.

MLP 1D-CNN LSTM DeepLINK NGM

Design FDR Power FDR Power FDR Power FDR Power FDR Power

N(0,1)
0.075
(0.019)

0.830
(0.049)

0.094
(0.028)

0.998
(0.002)

0.101
(0.025)

1.000
(0.000)

0.089
(0.021)

0.999
(0.000)

0.086
(0.015)

0.851
(0.013)

t(3)
0.043
(0.042)

0.363
(0.305)

0.047
(0.044)

0.512
(0.382)

0.072
(0.040)

0.843
(0.343)

0.081
(0.030)

0.870
(0.218)

0.063
(0.031)

0.599
(0.151)

Spiked
0.076
(0.034)

0.808
(0.070)

0.099
(0.028)

0.998
(0.003)

0.104
(0.026)

1.000
(0.000)

0.087
(0.021)

1.000
(0.000)

0.080
(0.016)

0.847
(0.017)

Table 5: Performance comparison for m = 1000.

MLP 1D-CNN LSTM DeepLINK NGM

Design FDR Power FDR Power FDR Power FDR Power FDR Power

N(0,1)
0.060
(0.030)

0.186
(0.069)

0.075
(0.031)

0.546
(0.093)

0.072
(0.024)

0.637
(0.089)

0.065
(0.021)

0.467
(0.122)

0.131
(0.031)

0.658
(0.041)

t(3)
0.053
(0.057)

0.080
(0.068)

0.040
(0.039)

0.122
(0.111)

0.061
(0.043)

0.168
(0.130)

0.064
(0.076)

0.085
(0.107)

0.144
(0.612)

0.401
(0.127)

Spiked
0.047
(0.036)

0.187
(0.066)

0.070
(0.023)

0.571
(0.094)

0.072
(0.021)

0.682
(0.089)

0.063
(0.028)

0.492
(0.126)

0.151
(0.031)

0.674
(0.046)

Classification problem. Next, as an application to a different data-generating process, we consider a multi-
class classification problem. Each entry of X ∈ Rm×n is drawn from an i.i.d. standard Gaussian distribution. We
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Table 6: Performance comparison for m = 500.

MLP 1D-CNN LSTM DeepLINK NGM

Design FDR Power FDR Power FDR Power FDR Power FDR Power

N(0,1)
0.087
(0.092)

0.031
(0.029)

0.087
(0.079)

0.057
(0.033)

0.047
(0.068)

0.040
(0.034)

0.019
(0.58)

0.003
(0.010)

0.242
(0.049)

0.380
(0.093)

t(3)
0.074
(0.133)

0.012
(0.015)

0.041
(0.098)

0.009
(0.010)

0.058
(0.098)

0.016
(0.012)

0.017
(0.061)

0.004
(0.013)

0.325
(0.04)

0.428
(0.076)

Spiked
0.116
(0.223)

0.028
(0.033)

0.138
(0.214)

0.059
(0.046)

0.029
(0.059)

0.037
(0.036)

0.026
(0.065)

0.020
(0.049)

0.264
(0.039)

0.435
(0.056)
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Figure 8: Histograms of the empirical distribution of
√
nξ

(10)
j /∥P⊥B ξ(10)∥ for j ∈ Sc under the multi-class

classification model. The solid black curve shows the N (0, 1) density. The solid red curve represents a normal
density fitted to the histograms, and the dotted blue line indicates the empirical mean.

construct a weight matrix B ∈ Rn×3 by drawing a Gaussian matrix in R(n/2)×3, orthonormalizing its columns
via QR, and embedding it into the top n/2 coordinates while filling zeros in Sc. For K = 3 classes, let the class-k
score be

hk(x) = αk sin
(
ωk (B

⊤
·1x)

)
+ βk cos

(
νk (B

⊤
·2x)

)
+ γk(B

⊤
·3x) + bk,

where (αk, βk, γk) control the relative contributions, (ωk, νk) set the frequencies and bk balances class prior. Class
probabilities follow a softmax with temperature τ > 0,

Pr(yi = k | xi) =
exp

(
hk(xi)/τ

)∑K
ℓ=1 exp

(
hℓ(xi)/τ

) ,
and labels are sampled accordingly. We keep τ and the amplitudes fixed across trials unless stated otherwise
and vary the random seed to average over data realizations.

The configurations of the MLP, 1D-CNN, and LSTM models are the same as those used in Section 5. The choices
of m and n follow the same setting as well. Figures 8 and 9 present histograms and QQ-plots that confirm the
asymptotic normality of the proposed statistics. Figure 10 presents the results of feature selection whenm = 4000
and n = 400. In this setting, the power remains nearly zero for all methods, and in some cases the training loss

does not decrease. This behavior is likely due to the non-null distribution of ξ
(t)
j not being sufficiently separated

from its null counterpart, suggesting that further investigation is needed to determine whether this issue can be
mitigated through adjustments to the network architecture or optimization strategy.

Sensitivity to the choice of ψ(u, v). We consider the same setting as in Figure 3 and vary the aggregation
function ψ(u, v) among min(u, v), max(u, v), uv, and u + v. The resulting performance for each architecture is
shown in Figures 11–13, labeled as min, max, prod, and mean, respectively. While Dai et al. (2023a) proved in
Proposition 1 that ψ(u, v) = u+ v is optimal, our results are broadly consistent with this finding.
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(10)
j /∥P⊥B ξ(10)∥ under the multi-class classification model.
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Figure 10: Results for the FDR/power (left) and the training loss (right) when performing feature selection at
each iteration under the multi-class classification model. The solid curves represent averages over 20 independent
runs, and the shaded areas indicate one standard deviation around the mean.
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Figure 11: Under the same setting as in Figure 3, we present the false discovery proportion and power of the
selected features at each SGD step for theMLP architecture, for each choice of ψ(u, v) ∈ {min(u, v),max(u, v), u+
v, uv}.
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Figure 12: Under the same setting as in Figure 3, we present the false discovery proportion and power
of the selected features at each SGD step for the 1D-CNN architecture, for each choice of ψ(u, v) ∈
{min(u, v),max(u, v), u+ v, uv}.
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Figure 13: Under the same setting as in Figure 3, we present the false discovery proportion and power of the se-
lected features at each SGD step for the LSTM architecture, for each choice of ψ(u, v) ∈ {min(u, v),max(u, v), u+
v, uv}.
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Figure 14: Under the same setting as in Figure 3 (plotted as dotted lines), we present the false discovery
proportion and power of the selected features at each SGD step for the multiple data-splitting method (Dai
et al., 2023a) over 20 random splits for each architecture.

Stabilizing technique. Finally, we present the results of multiple data splitting (Dai et al., 2023a), which
enhances stability and power by aggregating feature selection results across multiple random splits. Specifically,
the results in Figure 3 are depicted by dashed lines, and the corresponding aggregated results over 20 random
splits under the same setting are overlaid and shown in Figure 14. We can see numerically that this approach
simultaneously reduces the false discovery rate while improving power. The computation required approximately
9 hours on a Google Cloud Platform VM equipped with four NVIDIA Tesla T4 (16,GB each) GPUs, using
PyTorch 2.8.0 (built with CUDA 12.8) and CUDA runtime 12.4.
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