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Abstract learning, many of the most effective deployments work

The most effective differentially private ma-
chine learning algorithms in practice rely
on an additional source of purportedly pub-
lic data. This paradigm is most interesting
when the two sources combine to be more
than the sum of their parts. However, there
are settings such as mean estimation where
we have strong lower bounds, showing that
when the two data sources have the same dis-
tribution, there is no complementary value
to combining the two data sources. In this
work we extend the known lower bounds for
public-private learning to a setting where
the two data sources exhibit significant dis-
tribution shift. Our results apply to both
Gaussian mean estimation where the two
distributions have different means, and to
Gaussian linear regression where the two dis-
tributions exhibit parameter shift. We find
that when the shift is small (relative to the de-
sired accuracy), either public or private data
must be sufficiently abundant to estimate
the private parameter. Conversely, when the
shift is large, public data provides no benefit.

1 INTRODUCTION

Differential privacy (DP) [Dwork et al., 2006] is a
formal privacy framework that makes it possible to
perform statistical analysis or train large models while
giving a strong guarantee of privacy to the individu-
als who contribute data. Informally, a differentially
private algorithm does not reveal too much informa-
tion about any one individual’s data. While DP has
been deployed successfully for statistics and machine

in a public-private setting in which there is access to
an additional source of public data that can be used
along with the private data. In this setting, the overall
algorithm need not be fully differentially private—its
output can reveal arbitrary information about the
public data, but must limit the amount of information
revealed about the private data. For example, the most
effective differentially private predictive and genera-
tive models are often initialized with a large pretrained
model that is not differentially private [Yu et al., 2021,
Li et al., 2021], and the best models trained from
scratch with only private data have much worse accu-
racy. This paradigm is most interesting when the pub-
lic and private data combine to be more than the sum of
their parts—by combining public and private data we
can train an accurate model even though neither source
on its own is large enough to train an accurate model.

However, not every application provides us with
a useful source of public data. Moreover, when
available, these purportedly public datasets may raise
privacy concerns of their own [Trameér et al., 2022].
As aresult there is a growing body of theoretical work
trying to understand whether the use of public data is
necessary for private training, or can be replaced with
better algorithms. These results give inconclusive
answers, either showing that combining private and
public data does help [Bie et al., 2022, Ganesh et al.,
2023] or doesn’t help [Bassily et al., 2020, Ullah et al.,
2024, Lowy et al., 2024] depending on the specifics
of the learning problem.

The prior work that most directly relates to ours stud-
ies mean estimation as a test case. Here we are given n
private samples and m public samples, all drawn i.i.d.
from a distribution P, and our goal is to design an algo-
rithm that provides DP for the private samples but can
do anything it wants with the public samples and esti-
mates ¢ =E[P]. In this setting, it is known that com-
bining public and private data doesn’t help make more
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that whenever we are able to solve the learning prob-
lem using the combination of public and private data,
then we could also have solved the learning problem
(perhaps up to some small constant loss in accuracy)
with just the public data or the private data alone.

Contributions.  The above results raise two
questions that we address in this work. First, prior
work considers public and private data from the same
distribution; we consider settings where the public and
private data exhibit distribution shift, which is a more
realistic setting for practical applications [Trameér
et al., 2022]. Second, we consider whether this
phenomenon—that public data doesn’t help make
more effective use of private data—extends beyond
mean estimation to more realistic supervised learning
problems like linear regression.

Mean Estimation with Distribution Shift. In
this setup, we assume the private samples are drawn
from a distribution P and the public samples are
drawn from some related distribution () # P, and our
goal is to estimate the mean of P. We know from
prior work that when ) and P are the same, then
there is no value to data from @ unless we already
have enough samples from @ to solve the problem.
We also know that holding the number of samples
from @ fixed, shifting @ farther from P can only make
the achievable accuracy worse. However, a priori it
might be the case that shifting ) away from P, but
giving many samples from @, would allow us to find a
sweet spot where the samples from @) are not enough
on their own because of the shift, and samples from
P are not enough because of privacy, but the two can
be combined to achieve the desired accuracy.

Our first main result shows that this is not the case—
that public data still doesn’t help, even in settings
where the public and private data come from different,
but related, distributions. That is, we show that if we
are able to estimate the mean up to some specified er-
ror, then either (1) the public data is abundant enough
and its distribution @ is close enough to P that we can
estimate the mean using only public data, or (2) the
private data is abundant enough that we can privately
estimate the mean using only the private data.

Specifically, we consider a setting where P and Q) are
both Gaussians with P=N(up,Iq) and Q=N (ug,Lq)
we promise that ||up —pgll2 <7, and our goal is to
find an estimate [ip such that ||ip — up|ls <. We
assume access to n private samples from P and m
public samples from (. Note that if we have access to
only private samples from P, then we could solve the
problem if and only if n = Q(4/a®+d/ac). Also note
that if 7 <« then, up to a factor of 2 in the error, we

can simply use the public data as if it were from the
same distribution as the private data. Thus, if we had
access to only public samples from @ then we would
need that both 7 < a and m = Q(4/a?). Our result
shows that, up to constant factors, we need either the
private or public data to be sufficient on their own,
and there is no complementarity between them.

Theorem 1.1 (Informal; mean estimation when
P # Q). When the distribution shift is small, (i.e.,
T Sa) then to solve the mean estimation problem with
error o in £o, we must have either enough public data
alone to estimate the mean (i.e., m = Q(d/a?)), or
enough total data to solve the mean estimation problem
with differential privacy i.e., n+m = Q(¢/ac+d/a?).
When the distribution shift is large, (i.e., T2 ), then
the entire sample complexity burden falls on private
data and we must have enough private data to solve
the mean estimation problem with differential privacy

(i.e., n:Q(d/a€+d/a2)).

Linear Regression without Distribution Shift.
Here, we consider the richer setting of private linear
regression with Gaussian covariates and Gaussian er-
rors. That is, the data consist of pairs (Z,y) where
the features = are drawn from a standard multivariate
Gaussian N (0,I;) and y|Z=(8,%) +v for some ground
truth predictor 8 and error v drawn from a standard
Gaussian N (0,1). Our goal is to estimate the optimal
predictor 8 with small excess squared prediction er-
ror, which in this setting is equivalent to minimizing
||3—B]|2. For now we assume that the public and pri-
vate data are both sampled from the same distribution.

Our second main result shows that the same qualita-
tive phenomenon holds in this setting, that either the
public data is sufficient to train a good predictor on
its own, or the private data is sufficient to privately
train a good predictor on its own.

Theorem 1.2 (Informal; linear regression when
Bp = Bg). To solve the linear regression problem
with excess squared prediction error o, we either
must have enough public samples alone to solve the
linear regression problem (i.e., m = Q(4/a?)), or we
must have enough total data to solve the problem with
differential privacy (i.e., n4+m=Q(d/ac+d/a?)).

Linear Regression with Distribution Shift.
Finally, we consider Gaussian linear regression with
parameter shift between the public and private
distributions. The only change to the setting above
is that, for the private data, we have y|Z=(8p,%)+v,
and for the public data, we have y|Z = (8g,%) +v
for Bp # Bg. Similar to shifted mean estimation, we
parameterize the degree of distribution shift by a
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parameter 7 with the promise that ||3p —fg]|3 < 72.
Note that, analogous to the case of mean estimation,
if 7 <, then up to a factor of 2 in the error, we can
treat the public data as if it came from the same
distribution as the private data. The goal is still to
estimate Sp with small excess squared prediction
error, or equivalently to minimize ||3—8p||2.

Analogous to the case of mean estimation with distri-
bution shift and linear regression without distribution
shift, our third main result shows that combining
public and private data doesn’t help in this setting.

Theorem 1.3 (Informal; linear regression when
Bp#Bqg). When the distribution shift is small, (i.e.,
7 < ) then to solve linear regression with excess
squared prediction error o, we must have either
enough public data to solve the linear regression
problem (i.e., m=Q(/a?)), or enough total data to
solve linear regression with differential privacy (i.e.,
n+m=Q(Yac+4/a?)). When the distribution shift is
large, (i.e., T2 ), then the entire sample complexity
burden falls on private data and we must have enough
private data to solve the mean estimation problem
with differential privacy (i.e., n=Q(Yac+4/a?)).

Proof Techniques. Our work builds on the
fingerprinting method [Ullman, 2013, Bun et al., 2014,
Dwork et al., 2015], which has been widely applied to
proving lower bounds in differential privacy, including
in the public-private setting [Bassily et al., 2020, Ullah
et al., 2024, Lowy et al., 2024]. In particular, we adopt
the recently introduced Bayesian perspective on the
fingerprinting method [Narayanan, 2023]. As a start-
ing point for our work, we can show that the Bayesian
perspective gives an especially clean and simple way
to establish lower bounds in the most basic setting
of mean estimation with public-private data without
distribution shift, recovering the result from [Bassily
et al., 2020]. This new proof allows us to extend the re-
sults for mean estimation to settings with distribution
shift (Theorem 1.1) by giving an easy way to choose
a hard distribution for the public data and easily in-
corporating the influence of the public samples on the
distribution of the private data using conjugate priors.
This viewpoint also allows us to extend the lower
bounds to settings like linear regression (Theorem 1.2),
where lower bounds were previously only known for
the private-only setting [Cai et al., 2021] and not the
public-private setting. Finally, we can combine these
two extensions to the setting of linear regression with
parameter shift (Theorem 1.3). A key technique we
employ in this setting is to reinterpret the parameter
shift in linear regression as a form of non i.i.d. noise on
the labels and then employ methods from generalized

least-squares estimation. See Section 2 for a more
thorough discussion of these techniques.

1.1 Related Work

The most closely related works to ours are [Bassily
et al., 2020, Ullah et al., 2024, Lowy et al., 2024],
which give lower bounds for mean estimation and
stochastic convex optimization in the public-private
setting using fingerprinting techniques, but only
consider the setting where the public and private data
come from the same distribution. We now review
the related work on public-private estimation and
machine learning as well as on fingerprinting lower
bounds in differential privacy.

Public-private statistical estimation. A number
of prior works have theoretically studied the benefits
of public data in other settings, including mean esti-
mation [Avent et al., 2020], query release [Liu et al.,
2021, Bassily et al., 2020, Fuentes et al., 2024], convex
optimization when gradients lie in a low-rank sub-
space [Kairouz et al., 2021, Amid et al., 2022], and
non-convex optimization [Ganesh et al., 2023]. In
particular [Ganesh et al., 2023] gives a non-convex
optimization setting where public data is necessary to
achieve high accuracy. In contrast to our work, many
of these positive results formally assume that the pub-
lic and private data come from the same distribution
and do not directly address the question of how close
the public and private data need to be in order for
these positive results to hold.

The combination of public and private data has also
been used effectively for practical machine learning
in a number of domains [Abadi et al., 2016, Papernot
et al., 2019, Tramer and Boneh, 2020, Luo et al., 2021,
Yu et al., 2021, De et al., 2022, Ke et al., 2024, Ganesh
et al., 2023, Li et al., 2021, Yu et al., 2021, Arora and
Ré, 2022, Golatkar et al., 2022, Kurakin et al., 2022,
He et al., 2022, Bu et al., 2023, Ginart et al., 2022],
however these works are primarily empirical, whereas
our work is focused on understanding whether
combining public and private data from different
distributions is necessary in the worst case.

Fingerprinting lower bounds in differential pri-
vacy. Fingerprinting methods have become the stan-
dard tool for establishing lower bounds on the cost of
differentially private statistical estimation, particu-
larly for high-dimensional problems. This method was
first introduced in Ullman [2013], Bun et al. [2014],
and was subsequently refined, used to prove lower
bounds for a wide variety of problems [Dwork et al.,
2014, Bassily et al., 2014, Dwork et al., 2015, Steinke
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and Ullman, 2015a, 2017, Kamath et al., 2019, Cai
et al., 2021, Narayanan et al., 2022, Kamath et al.,
2022, Cai et al., 2023, Narayanan, 2023, Peter et al.,
2024, Aliakbarpour et al., 2024, Portella and Harvey,
2024]. Relevant for our work is the so-called score at-
tack for parameter estimation [Cai et al., 2023], which
we adopt for our linear regression proofs. This general
method has also been used for proving lower bounds
outside of privacy, specifically for problems in adap-
tive data analysis [Hardt and Ullman, 2014, Steinke
and Ullman, 2015b, Ullman et al., 2018, Lyu and Tal-
war, 2024] and the information-cost of learning [Attias
et al., 2024]. Fingerprinting methods are also closely
related to membership-inference attacks [Dwork et al.,
2015] and privacy auditing [Jagielski et al., 2020].

2 TECHNICAL OVERVIEW

In this section, we describe the high-level structure of
our proofs and highlight the new elements we intro-
duce. We present a general technique for proving lower
bounds for public-private computations under distri-
bution shifts, starting from the private-only approach
presented in Narayanan [2023] and showing how it can
be naturally extended to proving lower bounds under
distribution shift between public and private data.

Problem Setup and Prior Work: Private-Only
Mean Estimation. In the private mean estimation
problem we have a dataset X consisting of n samples
X4,...,X, drawn i.i.d. from a spherical multivariate
normal distribution in P = N(u,I;). Our goal is to
design an (e,d)-differentially private algorithm M (X)
that returns an estimate £ such that || — pll2 < a.
Without privacy, the standard algorithm is to
compute the empirical mean =X = %ZZXZ and we
will satisfy the accuracy goal as long as n=Q(d/a?),
which is also optimal. We want to know how the
sample requirement changes when we require that the
estimator is differentially private.

The main technique for proving such lower bounds
is the so-called fingerprinting method. In this method
we design a test statistic Z; defined as:

Intuitively, each Z; measures the covariance between
the estimate ji and a single data point X;. This test
statistic is useful because: (1) an accurate ji should
depend on many data points X;, so we would expect
>; Z; to be large on average, and (2) a private /i
should not depend significantly on the data points
X;, so we would expect the same sum to be small on
average. Using these two observations, we can derive a

contradiction showing accurate and private estimation
is impossible for certain choices of parameters.

Formalizing and proving that the statistic Z d:efZiZi
is small due to privacy is relatively straightforward
using the definition of differential privacy. The tricky
part is formalizing and proving that the statistic Z is
large for any mechanism that is sufficiently accurate,
and this is the crux of the argument, sometimes called
the fingerprinting lemma. Although there are many
proofs, we outline the main ideas in the proof of
Narayanan [2023] as a starting point, which starts
by writing the Markov chain:

p—>X1,.... Xn — [ (2)
The key property of this Markov chain is that p and
are independent conditioned on the data X. Now, a se-
ries of calculations gives us a lower bound on E,, x ;[Z]
that will depend on specific properties of: (1) the pos-
terior mean Elu | X, (2) the posterior variance Var(u|
X], and (3) the accuracy of the estimate || fi— pt||2. The
third quantity is something we control by assumption
and the first two quantities can be controlled by under-
standing the posterior distribution of y conditioned
on X. This framework makes it clear that we should
choose a conjugate prior so that the posterior p| X has
a nice closed form. Now, we outline how we apply this
purely-private framework above for establishing lower
bounds in the presence of public data, especially when
they are from a different distribution than private data.

Incorporating Public Data and Distribution
Shift (Thm 1.1). We can discuss why the above
Bayesian approach is ideal for incorporating public
data into the lower bounds. Now we have the original
distribution P with mean p and samples Xj,...,X,
that are private. We also have additional public data
Xnt1seesXn+m samples i.i.d. from the same distribu-
tion, so the total dataset size is N =n+m. We want
to design a mechanism M (X1,...,. X, Xn11, ;. Xntm)
that is differentially private as a function of the first
n samples.

Although our formal proof diverges slightly from this
outline, for this overview, we can think about the
same test statistic Z=3 """ Z; computed over both
the public and private samples. The main change
in the proof is in the upper bound: we had used the
fact that the mechanism is differentially private as
a function of each of its samples, which is no longer
true. However, we can separately bound Z?:l Z;
using privacy and get a weaker bound on Z?I$1Z ;
just using the variance of the distribution. Although
the specific calculations are beyond the scope of this
overview, we can use this outline to give a simpler
proof of the lower bounds in [Bassily et al., 2020,
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Ullah et al., 2024, Lowy et al., 2024] (captured as the
special case of Theorem 1.1 where 7=0).

Now we turn to incorporating distribution shift. Here,
we now assume that the private samples Xq,..., X,
are drawn from P=N(up,I;) and the public samples
Xn+1se-sXn+m are drawn from Q =N (ug,I4) where
lep — pglle < 7. Note that increasing T makes the
public data less useful and thus should make the
problem harder, and thus our goal is ultimately to
prove stronger lower bounds on the number of private
samples we need to solve the problem.

The main conceptual difference in the proof, and
where we require a novel idea, is in the lower bound
on Z. First, we think of ug = pup+v for some random
variable v such that ||v||2 <7 with high probability,
and we will choose the distribution of v later. Now,
if we elide the variable v, we have the Markov chain

Hnp —>X17-~-7Xn7Xn+1a---aXn+m —>ﬂ

where all these random variables are fully specified
and where X contains all the public and private
data. The key idea is to choose the random variable v
determining the distribution shift in such a way that
up has a nice distribution. Specifically, we sample
v according to a normal N (0,7%/d-I4) so that ||[v]. <7
with high probability and so that the distribution

(MP7X1a"',XnaXn+17"'7Xn+m)

becomes jointly normal in d(n+m+1) variables with
a particular block diagonal structure that makes it
easy to work with. As a result the conditional distri-
bution pp | X is now normal with a particular mean
and covariance that we can write down and use to
complete the analysis, although the exact calculations
are again beyond the scope of this overview.

Extending to Linear Regression (Thms 1.2
and 1.3). An advantage of our proof structure is
that it makes it easy to extend our lower bounds
to richer problems like Gaussian linear regression.
The main difference between our analysis of linear
regression, compared to mean estimation, is in the
choice of test statistic and in carefully defining which
parts of the experiment we fix and which we don’t.

First, in the private-only setting we have a distribution
P over labeled samples (Z,y) where we assume & has
distribution N(0,1;) and y|@ = (&, 8) + v where the
error v has distribution N(0,1). Here 3 is the true
parameter we want to estimate via a differentially
private algorithm B To prove a tight lower bound for
this setting, [Cai et al., 2021] introduced a suitable
test statistic. We start by giving a simplified Bayesian

version of their analysis. One key step in our analysis
is to think of the feature vectors #; as fized and
consider the Markov chain:

B—Y1,yn— P (3)
Note that we will have to average over the vectors Z;
at some point, but since they are normally distributed,
the covariance of these vectors is tightly concentrated
around I;, so we don’t think of this as an important
source of randomness. The advantage of considering
this Markov chain is that, for every fixed choice of
the feature vectors, y| 8 is now normally distributed.
Therefore, if we choose a normal prior for 3, we will
get that the distribution (3,y) is jointly Gaussian, and
By is Gaussian with a tractable closed form. These
observations are enough to prove the lower bound for
public-private linear regression with no distribution
shift (Thm 1.2), albeit with significant technical
challenges involved in completing the analysis.

Finally, we consider the setting with parameter shift.
Here, as before there are n private samples and m
public samples. All samples have features & chosen
from N(0,I;), but now we assume that for the private
samples we have y|Z=(Z,8p)+v and for the public
samples we have y | Z(Z,8q) +v, for ||Bp —Bgll2 < 7.
Here we can apply a similar idea as in the case of
mean estimation. We consider the parameter shift
Bq = Bp +v for a random variable v that is chosen
from N(0,7°/a-14) so that ||v]s < 7. Now we elide v
and consider the joint distribution:

(ﬁp7y17"'ayn7yn+17"'ayn+m) (4)
This distribution is jointly normal in n + m + d
variables and therefore the distribution of Bp
conditioned on all the private and public data is also
normal with tractable mean and covariance, which we
can use to complete the proof, albeit with significant
technical complexities. We overcome these technical
challenges by using techniques from generalized least
squares regression where we think of the parameter
shift as instead being a form of Gaussian label noise,
but with a non i.i.d. structure, which helps us suitably
modify the test statistic and complete the analysis.

3 PRELIMINARIES

We briefly review the definition of differential privacy
and its application in a setting with public and private
data. Let X =(X1,...,X,,) € X™ be a dataset consist-
ing of n elements. We say two datasets X, X’ € X"
are neighboring if they differ on at most one element.

Definition 3.1 (Differential Privacy [Dwork
et al., 2006]). An algorithm M : X" — )Y is
(e, 9)-differentially private if for every pair of
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neighboring datasets X, X’ € X™ and every S C ):
Pr(M(X)eS)<ePr(M(X')eS)+4.

We consider learning algorithms that have access to
both public and private data. Specifically, we have
a dataset X = (X1,....,Xn, Xnt1,-s Xnt+m), where
we think of the first n samples as private and the
last m samples as public. In this setting we say that
an algorithm M : X"t™ — Y is (¢,8)-differentially
private with public and private data if, for every pos-
sible fixed choice of the public samples ;4 1,...,Tptm,
the algorithm M (X1,..., X5, Znt1,sTntm), is (£,9)-
differentially private as a function of the first n ele-
ments. Note that M may depend in an arbitrary way as
afunction of the public samples X,y 1,...,X; 4+ Inour
analysis we will rely heavily on the following technical
lemma about random variables that are indistinguish-
able in the sense guaranteed by differential privacy.

Lemma 3.2 (See e.g.[Narayanan, 2023]). Suppose
0<e<land0 << %, and that A, B are real-
valued random wvariables such that for any set S,
e € Pr(AeS)—5<Pr(BeS)<e -Pr(AeS)+d.

Then, |E[A— B]| <2¢-E[|A[]+2V3-E[A%+ B2].

4 PUBLIC-PRIVATE
MEAN ESTIMATION
UNDER DISTRIBUTION SHIFT

In this section, we elaborate on our analysis of private
mean estimation for a Gaussian distribution with
unknown mean and identity covariance, given access
to n private samples, as well as m public samples
drawn from another Gaussian with a shifted mean.

First we give some notation to state our result and
sketch the proof. We have a matrix comprised of
m public examples X,,, € R™*? and n private
examples X,y € R"™4. In particular, we assume
that Xpuivi ~ N (fpriv, La), for every i € [n], and
Xpubi ~ N (ppub, 1), for every i € [m], such that
Hpub = fpriv +v for some vector v such that ||v||s <7.
Together, X,ub and Xy give us D available to the
learner M (where M must satisfy (e, d)-DP with
respect to the private samples).

We split the proof of Theorem 1.1 in two parts. The
most significant part is to analyze the case where the
distribution shift dominates the overall error. That
is, if we were to try using the empirical mean of the
public data fipu, = %Z;’;lXpub,i as an estimate of
the mean of the private data, then the error would be
| ttpriv — fipub ||3 =72 +4/m, where the first term comes
from the shift and the second term comes from the sam-
pling error in the public data. When the sampling error

dominates, the shift is largely irrelevant, so our anal-
ysis matches the case where 7=0 so there is no shift.
Our analysis for this case is captured in Theorem 4.1.

Theorem 4.1 (Mean estimation lower bound for
7=0). Fiz any a>0 with a=0(/d). Suppose M is
an (,0)-DP learner s.t. Ep||M (D) — pipriv|2 < e, and
D comprises Xpup and Xpriv drawn from the same
distribution with mean fipriv. When § < 52/(1, either
m:Q(d/a"’) 07‘7’L+m:Q(d/as+d/o¢2).

Note that the above theorem remains true when 7> 0,
as increasing 7 can only make it harder to obtain
an accurate estimate. However, when 7> /d/m so
that the distribution shift dominates the overall error,
we want to prove a much stronger lower bound than
what is in Theorem 4.1, showing that no amount of
public data is useful for estimating the mean of the
private data. This result is captured in Theorem 4.2.

Theorem 4.2 (Mean estimation lower bound
for large 7 > 0). Fiz any a > 0,7 > 0, and
a=0(/d). Suppose M is an (¢,8) private learner
such that Ep||M(D) — pprivl2 < o, and addition-
ally 6 < <*/a.  When the shift is large, so that

llttpub — tprivlle = 7 = w(y//m), then either T < «,
which implies m=Q(d/a?) or n=Q(d/ac+d/a?).

Proof Sketch. Our goal is to establish a minimax
lower bound on the number of public and private
samples needed for any (£,d) private learner M that is
a-accurate in its estimation of the private mean, i.e.,
|M(X)—ppll2 <a, and for a fixed value of the shift
parameter T > 0. Following the typical approach of
minimax lower bounds, we lower bound the minimax
risk with the Bayes risk under a carefully chosen
prior over the unknown parameters: pup,v, i.e., the
private mean we want to estimate and the shift vector.
The private mean pup is sampled from a spherical
Gaussian pp ~N(0,0%1,). Recall that ug = pup +v.
We define the prior over v as v ~N(0,7%/d-14). Thus,
in expectation over the sampling of v, for any value of
wp, Ellup —ugl3 =72 The fact that there is a small
probability of ||up — |3 > 72 will not impact our
proof significantly.

Next, we define our test statistic Z; for our finger-
printing method, matching the general form in Eq. 1.
In particular, when i € [1,n], i.e., Z; tries to measure
the correlation between the mechanism output M (X)
and a private sample X;, the statistic is given by:
Zi=<Xi—Mp,M(X)—/J/p> 26{17’7,}

More interestingly, the statistic that measures
the correlation with a public datapoint X;, where
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je{n+1,..,n+m} is now re-weighted by a value that
depends on the degree of shift 7, i.e.,

1

Z—:i
T me a1

AXj—pp, M(X)—pp),

where j € {n +1...m + n}. Essentially, when we
compute the sum ), Z;, the weight on Z; corre-
sponding to a public datapoint is (1), when the
shift is small: 7 = O(4/d/m), and up to constants
matches the setting with no distribution shift 7=0.
On the other hand, as 7 — oo, and the error from
the shift dominates the sampling error over public
data 7 =w(y/d/m), the weight on public Z; is o(1).
Intuitively, we expect any accurate mechanism M (X)
to reduce its sensitivity over public data as the shift
increases, and a similar effect is also captured by our
test statistic. We upper bound the expected sum as

)

E =O<n£a+ﬁ-(am+a7ﬁ>>

72/

using differential privacy arguments we outline in
Section 2. Then, we lower bound the expected value of
the sum E[) , Z;] with Q(d) when 7=0(\/d/m). For
the lower bound, we use the Markov chain argument
outlined in Section 2, and compute the posterior over
wup | X given all the data, where the posterior mean
has lower order dependence on empirical mean of the
public data, as the shift grows. Together, with the
upper bound on E[} . Z;], the Q(d) lower bound gives
us the final result we need on the sample complexity
of n and m for small values of 7. For large values of 7,
the weight over public data points in our test statistic
vanishes. In addition, we also need that m=Q(d/a?),
for the public data to estimate its own mean /¢ to an
accuracy of . Along with the condition on 7, we estab-
lish when o 2 7, only then we expect the public data to

be helpful, when the shift is large (r=w(y/d/m)). O

5 PUBLIC-PRIVATE
LINEAR REGRESSION

In this section, we analyze linear regression given
access to n private and m public samples from the
same distribution. Prior lower bounds in this setting
were limited to the setting where the learner only
has access to private samples [Cai et al., 2021]. Since
the full proofs are technical, this section will only
include theorem statements and a sketch of the key
differences between the proofs in this section and
those in Section 4, and the formal proofs will be
deferred to the appendices.

5.1 Lower Bounds w/o Distribution Shift

First we consider the case where the public and private
samples come from the same distribution. Once again,
we have n private samples and m public samples where
N =n+m. In particular, we assume N > 100d, i.e.
we have enough samples to estimate the covariance
matrix. Each we assume there is some optimal linear
model 3€R? and we assume that each sample (x;,y;)
is drawn independently from the distribution defined
by y; == B4+n;, where x; ~N(0,1;) and n; ~N(0,02),
and 3 € R? is the regression parameter of interest.
Since we will need to perform linear algebra with the
data, we will use the matrix X € R"*4=[z,...xn]"
and the vector y=(y1,...,yn ).

Theorem 5.1. Let X,y be generated according to the
model above. Let M be an (g,0)-differentially private
algorithm such that Ex ,[|M(X,y)—B|,] < a for
some a=0(1). When § <&?/d, either m=Q(d/a?),
orn+m=Q(d/ae+d/a?).

Note that Theorem 5.1 corresponds directly to The-
orem 4.1, except for the problem of linear regression
instead of mean estimation. Specifically, it shows
that when public and private samples are drawn from
the same distribution, linear regression suffers the
same fate as mean estimation: either the problem
can be solved entirely using public samples, or we
need enough samples to solve the problem privately.
In the next section, we will extend this model to a
shifted setting in which the private outcomes y; are
generated from a model with parameter S while the
public outcomes are generated from a shifted model
with parameter 8 4 v for some vector v such that
lv||2 <7, which corresponds to Theorem 4.2.

Proof Sketch. The proof follows the same high-level
outline that we employ for mean estimation lower
bounds. Specifically, we will again use the Bayesian
view of the fingerprinting lemma, where we consider
B sampled from some prior N (0,1/s - 1) for some
parameter b, and analyze the posterior distribution
of B conditioned on the public and private data. We
also modify the test statistic using the score attack
from [Cai et al., 2021], specifically defining

Z;={(B—B,(yi—x] B)z:).

The main ingredient in the proof is how we show
that the test statistic is large when the estimated
parameters B are close to the true parameter 3, to
obtain a lower bound on the error. We condition
on a fixed, typical value of the features X and then
compute the mean and covariance of the Gaussian
posterior distribution S | X, which is significantly
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more technical than in the case of mean estimation due
to the presence of inverses of random matrices. O

5.2 Distribution Shift

We now consider a distribution shift setting for linear
regression. In particular, we consider the effect of pub-
lic samples drawn from a linear model with the same
covariate and noise distribution as the private samples,
but with a shifted parameter Bpup. This setting once
again fits cleanly into the Bayesian framework we have
outlined, and we reach a similar conclusion to that in
mean estimation: when 7 is small, the public data is
as useful as it is when there is no shift, but if 7 grows
too large, the problem must be solved using private
data alone. We again observe N =n+m i.i.d. samples,
but now the public data is drawn from a linear model
with a potentially different set of parameters:

Ui :x;rﬂpriv—l—m, i€[n],jE€[n+1:n+m)]
Y; :l‘;‘rﬁpub +77j :x;l' (Bpriv+v) + nj- (5>

Again, we assume z; ~ N(0,1,) and n; ~ N(0,02)
are independent. Here the private parameter is
Bpriv € R¢ and the public parameter is shifted
by an unknown v € R? such that [v||5 = 72, so
Bpub = Bpriv+v. The learner receives the full data set
X={(z1,91),--,(xN,yn)} but must be (¢,0)-DP with

respect to the private rows {1,...,n}.

Throughout we assume n,m > 100d so that the sample
covariance matrices are well conditioned. Also, as in
Section 5, the prior on the unknown regression vector
is Bpriv ~ N(O,l/d . Id). The theorem below mirrors
the structure of Theorem 4.2 for mean estimation and
of Theorem 5.1 for in-distribution linear regression.
As in mean estimation, for any 7> 0, the lower bound
in Theorem 5.1 applies. Again, we are interested in
the case where 7 is so large that no amount of public
data will be useful and the entire burden falls on the
private samples, i.e. T=w(y/d/m).

Theorem 5.2 (Linear regression lower bound for
large 7 > 0). Fiz any a > 0,e > 0,7 >0 and assume
a,e =0(1). Suppose M is an (&,8)-DP mechanism
such that E[|| M (D) — Bpriv [|2] < 2, with § <*/a When
the shift is large, so that || Bpub — Bpriv |, =w(y/d/m),
then either T < «, which implies m = Q(d/a?), or
n:Q(d/aE+d/a2).

Proof sketch. While the techniques we use for
shifted linear regression are similar to those for shifted
mean estimation, the shift introduces a correlated
(heteroskedastic) noise term into the linear regression
model. Specifically, if we fix the covariates X, then

we can write the labels as Gaussian with mean
X Boriv, and label noise coming from a Gaussian with
non-spherical covariance

S=0?Iy+Z PPT,

where P = [0, Xpup) is defined from the public
covariates. That is, the distribution of the label errors
y — X ' B follows an arbitrary correlated Gaussian
rather than i.i.d. Gaussian noise on each label. This
setting is referred to as generalized least squares (GLS)
in the literature, to contrast with the more standard
ordinary least squares setup, and we borrow tech-
niques from the analysis of this GLS problem to guide
our analysis. Appendix D adapts the Bayesian finger-
printing framework of Section 2 to the shifted linear
regression setting. To account for the non-spherical
label noise, we modify the test statistic appropriately:

ZZi:<M(D)_BpriV7XTE_1(Xﬁpriv_y)> (6)

Intuitively the purpose of multiplying by ¥~! is that
it restores the property that each of the terms in the
inner product is distributed as a spherical Gaussian,
which we relied on in the case of ordinary least squares.
The proof then follows the same general structure
but with additional technical details arising from the
presence of this correction. The main feature of the
analysis is that correction nicely interpolates between
the case where 7 is large where the public samples are
too noisy to be useful and the case where 7 is small
and the public and private samples are very similar.

6 DISCUSSION

In this paper, we discuss lower bounds on the sample
complexity requirements for private Gaussian mean es-
timation and private linear regression in the presence
of public data under distribution shift between the
public and private distributions. Across both mean
estimation and linear regression, we establish that
whenever the learning objective is achievable using
the combination of public and private data, one of the
two sources—public or private—must be sufficient
on its own whenever the distribution shift is smaller
than the accuracy budget. From a methodological
standpoint, our work extends the fingerprinting lower
bound technique to new regimes: (1) distribution shift
in public-private mean estimation, and (2) private
linear regression with and without parameter shift.
By adopting a Bayesian lens on the fingerprinting
method [Narayanan, 2023|, we simplify existing
proofs and open the door to analyzing more realistic
learning settings within the learning framework of
using public data to improve privacy-utility tradeoffs
under differentially private learning.
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A PRIVATE MEAN ESTIMATION ASSISTED WITH PUBLIC DATA

In this section, we analyze the hardness of private mean estimation for a Gaussian distribution with unknown
mean and identity covariance. In addition to i.i.d. private samples, we are given i.i.d. public samples which
can either be from the same distribution as the private samples, or from a different one. For this, we apply the
Bayesian lower framework (from Section 1) to lower bound the expected mean of the fingerprinting statistics
we will define shortly. The final lower bound on the error of any private mean estimation algorithm is then
obtained by proving a tight upper bound on the expected mean of the fingerprinting statistics.

Setup. We have a matrix comprised of m public examples X, € R™*4 and n private examples

Xopriv € R™*?_ where each row in them belong to the data universe X C R%. In particular, we assume that
Koriv,i ~N (priv, Ia),Vi € [n], and Xpub i ~N (tipub, La),Vi € [n,n+m], such that ppub = fpriv +7v. When 7>0,
then we are in the distribution shift setting, where the public and private data distributions observe a shifted
mean, and when 7 =0, then we are in the no-distribution shift setting. Together, X, and X,y give us
the dataset X available to the learner M. The learner M must run private computation over the dataset X

and output M (X) satisfying (¢,0) differentially privacy with respect to the private dataset Xpyi,. We will use
def

N =n+m to denote the total number of examples.

Our goal is to establish a minimax lower bound on the number of public and private samples needed for any
(,0) private learner M that is v accurate in its estimation of the private mean, i.e., || M (X)— pipriv|2 <. Since
minimax risk is lower bounded by the Bayes risk under any prior, we proceed by lower bounding the Bayes
risk under the following prior. For a fixed and known 7, the private mean pip,iy is sampled from a spherical
Gaussian fipriv ~N (0,021,1)7 and fipub = fpriv+70 Where the displacement vector v ~N(0,1).

A.1 Lower Bound for Mean-Estimation when Public and Private Distributions are Identical

In Theorem A.1, we present an asymptotic lower bound on the number of public and private samples needed
by any (,0) private learner M, that is « accurate in estimating the private mean ppyiv, in 5 error.

Theorem A.1 (Mean estimation lower bound when public and private datapoints are i.i.d. (7=0)). Fiz any
a>0. Suppose M is an (¢,0) private learner that satisfies Ex ... [|M(X) = pipriv]|2 < a for a prior distribution
of N'(0,021,) over pipriy. Here, the dataset X comprises of n i.i.d. private samples from N (ppriv,1a), and m
i.i.d. public samples from N (ppriv,1a). When § <&°/a, either m=Q(4/a?), or n+m=Q(¢/ac+d/a?).

Proof. We begin by providing an overview of the proof technique via fingerprinting statistics we define shortly.

Overview. First, we define the fingerprinting statistics, which are random variables, that depend on the
randomness in the learner M, the sampling of the dataset X and the unknown problem parameters fipyiv,v.
Informally, fingerprinting statistics are random variables which cannot take very high values without violating
the privacy or the accuracy of the learner. Next, we show that under appropriate priors, the sum of these
fingerprinting statistics cannot be too low without violating statistical lower bounds. Together, the privacy
and statistical error bounds give us the final result in Theorem A.1.

Fingerprinting statistics. We use {Z;}}¥ ,, one for each element in the dataset (includes both private and
public samples), to denote the fingerprinting statistic.

Zi:<M(X)_,UfprivaXi_,upriv>; VZG[N} (7)

Similarly, we define the dataset X that replaces the ith element in X priv With a random sample from N(0, Kpriv)
if i € [n] and from N (0,ppu1,) otherwise:

Zz( = <M(Xz/) _,Ufpriv»Xi_;U'priV>v Vie [N] (8)

Proposition A.2. Assume the conditions in Theorem A.1. Then, E[Z!]=0 and E[(Z))?]=0(a?),i € [n+m)],
where the expectation is taken over the sampling of pipriv, X, and the randomness in the mechanism M.

Proof. When conditioned on pipriv, X; — fhpriv i independent of M (X]) — pipriv, and E[X; — tpriv | fpriv] = 0.
Thus, we have E[Z!] = E[E[Z] | fipriv]] = 0. Next, we bound E[(Z])?|upriv] and similarly use the law of total
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expectation to get the upper bound on E[(Z/)?].

E[(Zz{)QlﬂpriV]

=E | > (M(X]) = fipriv) i (M (X]) = prpriv ) 1 (Xi = pipriv )1 (Xi = fipriv )i | Lpriv
7,k

:ZE [(M(Xz/) _NpriV)?(Xi _NpriV)? |NpriV] =E “|M(le) _/Jprivng | NpriV] :O(a2)~
J

The equality in the second step uses: (i) the conditional independence of X; — pipriv and M (X)) — fpriv, given
priv, and (ii) the independence of (X; — pipriv); and (X; — pipriv); when j#k; and (iii) E[X; — tpriv | fpriv] =0.
The third step uses the conditional indpendence and the fact that E[(X; — ,upriv)?] =1. In the final step, we
apply the assumption on the accuracy of the mechanism M. O

Proposition A.3. Assume the conditions in Theorem A.1. Then, E[Z;]=O(e«a),Vi € [n], where the expectation
is taken over the randomness of sampling pipriv, X, and the randomness in the mechanism M.

Proof. Since X and X/ differ by a single element, and M is (g,d) differentially private, we can use the fact
that the outputs M (X) and M (X)) (and therefore, by the postprocessing property of DP, Z; and Z!) cannot
be too different. In particular, we invoke Proposition 3.2.

[E[Z:) ~E[2])| <2 E[ 2] +2V3- B[22+ (2))*) < 2(e + V) [El(2)?] +2,/5-E[22).
Next, we apply Proposition A.2.
E[Z;])<O((e+Vd)a)+24/6-E[Z2].

Next, we bound E[Z?] with Cauchy-Schwarz followed by the accuracy of M, and the concentration of X;
around the private mean:

E[Z2) < \JEIM(X) ~ tpuiv [/ Xi — ppriv 3] = O(0d)

Plugging this result into the equation above, we conclude E[Z;] = O(ca++vdda). Recall from the conditions
in Theorem A.1, §<¢’/a. Thus, E[Z;]=0(ea). O

Proposition A.4. Assume the conditions in Theorem A.1. Then, the following holds for the expected sum
of the fingerprinting statistics defined for the public samples: E[Z?Ianl] =0(avmd).

Proof. Recall the definition of the fingerprinting statistics: E[Z;]=E[(M (z) — tpriv, T; — tpriv)]. Then,

n+m n+m
E ZZJ =E <M(X)_MpriVaZ(xj_,upriv)>
i=n j=n
) n+m )
<\ | UM () = prpriv 5] D Ellla; = privl3)
j=n
n+m )
<ay| S E[Elles— mprie |3 pens ]| =O(av/imd).
Jj=n

The first inequality uses Cauchy-Schwarz, and the second uses the bound on the accuracy of the mechanism
M. Finally, the last equality uses the tower law of expectations, followed by the variance of the public data
around the public mean pipup, which matches fipriv in the no distribution shift setting. O

Corollary A.5. Under the conditions of Theorem A.1, for the expectation taken over the randommness of
fiprivs Xpriv and the mechanism M, Y77 "E[Z;] = O(nea+av/md).
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Next, we lower bound 31" Z; = (n-+m) (M (X) — fiprivs i— fpriv ), Where i=1/n+m> 1= " Z;, i.e., it is the em-
pirical mean of the public and private samples combined. It is sufficient to lower bound (M (X) — tipriv, B — tpriv)-

Lemma A.6. Forn+m>0, we can lower bound (M (X)— tipriv, B— Hpriv), i the following way:

E[(M(X) = piprivs i~ ppriv)] 2 B[ priv = Bll3] —\/E[HM(X)—/EII%]EX Epriv | X]—AlI3]- 9)

Proof. First we add and subtract the empirical mean from the first term:

(M (X) = prpriv o= ppriv) = (M (X) = i, o= ppriv) + || i prpiv |3 (10)

Next, we bound the magnitude of E[(M (X)—fi, i — tpriv)], and for this we note that conditioned on the data
X, the randomness in the mechanism M is independent of f,4,. This conditional independence trick allows
us to break the expectation down as follows:

|E[{M (X) = [, o= prprin )] | = BIE[(M (X) = i, fi— prpriv) ] | X]
=E[E[M(X)—a|X)],E[fi— pipriv | X])]

<\VEXEDL(X) ] )] 3]/ Ex [E[E—rprre | XT)13):

where the last inequality uses Cauchy-Schwarz. Applying Jensen inequality on the first term we get the desired
lower bound on E[(M (X)— &, A— tpriv)]:

E[<M(X) 7ﬁaﬁfﬂpriv>} Z *\/E “|M(X) 7ﬂ”%} ']EX [HE[/U‘priv | X] 7[1’”%] .
Plugging the above inequality into Eq. 20 completes the proof. O

Lemma A.7. Consider the setup in Theorem A.1. , Then, E[||E[upriv | X]— i3] :O(ﬁ).

Proof. Follows from gN(0,021,) being a conjugate prior over the private mean fipyiy, and the fact that ji~
N (fipriv,t/n+m-14). The mean for the posterior distribution over jipyiy | X is given by ji-(7+m)0°/(n4+-m)o?+1. Thus,

B[ Bl | X1-A18) =E{11) - 7rrgomr e =0 gy )

The last equality follows from the expected norm of i computed over X, pipriv. Note that we can bound
E il = By, [Ex 112 | tpriv]] = O/ since Ex [l tpris] = O(/Fortm) Wainwright [2019]. O
Lemma A.8. Under the conditions of Theorem A.1, where E[|| M (X)— ppriv||2] <, the number of total data
points n+m=~Q(4/a?).

Proof. Recall that for any random vector v with mean y, E[||v]|?] = E[|lo—p|?] + ||ul|* > E[[lv—p[?]. Con-
ditioned on the dataset X, M(X)— tipriv is & random sample from distribution with mean M (X)—E[upriv | X].
Applying the above inequality on this vector gives us:

E| tpriv = M (X)|3 > Ex [ E[ppriv | X] =M (X)][3].
Also, note that:
E[“Mpriv‘ﬂ”%] §2(E[||E[ﬂpriv ‘ X] _Mprivng] +E[HE[Mpriv | X] —ﬂHg]),

which implies that E||ptpriv — M (X)||3 > E || ttpriv — fill3) —2E[|E[ptpriv | X]—7[13]. From Lemma A.7, we know
that E[||E[ppriv | X]—71]13] = O(¢/(n+m)?). Since E[||ppriv —fil|3] = Q(¢/(n+m)) Vershynin [2018], we conclude
that: E||ppriv —M (X)||3=(¢/(n+m)). Thus, for o >E|| ptpriv — M (X)||3, we need n+m=Q(4/a?). O
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Corollary A.9. Under the conditions of Theorem A.1, when a:O(\/g), for the expectation taken over the
randomness of fipriv,Xpriv and the mechanism M, ZZT”E[ZZ-] =Q(d).

Proof. We can write 3 11" Z; = (n+m)-E[(M (X) = fipriv: fi— ftpriv) | » and from Lemma A.6 we know:

ERM(X)_Mprivaﬂ_Mpriv” ZE[”upriv_ﬂH%] _\/E[HM<X)_:E’H§] 'EX [HE[MPriV |X]—ﬂ‘|%]

Next, we apply the result E [||upriv - ﬂ||§] = O(4/m+n), purely from known upper and lower bounds for the
concentration of the empirical mean, when samples are drawn i.i.d. from A(0,I;) Wainwright [2019]. Similarly,
we can bound E [”M(X) _m‘%} = E[”M(X) _Nprivng] "HE[HNpriv _/1”%] =O0(a®+9/n+m). Finally, we apply
the Lemma A.7 on the concentration of the posterior mean, around fipyiy to get:

B[(M(X) i pn}] =0 ) -0 <\/ (o242 (nfm)3> . (1)

Now plugging in the condition that a=0(v/d), we get 3.7 "E[Z;] = Q(d) O

We are now ready to prove the main result in Theorem A.10. From Corollary A.5 and Corollary A.9, there
exists constants c¢;,co > 0,n0 >0, such that for all n>ng,d <<*/d, the following is true:

m-+n

Sz
=1

The above implies that either of the following conditions is true. First, nea =(d) or n = (¢/ca). Second,
av/md=Q(d) or m=Q(4/a?). Combining this result with Lemma A8, we conclude that either m=(d/a?) or n+
m=Q(4/as+9/a?). We can interpret this result as the following: either we need enough public samples to estimate
the mean jipyiv to accuracy o without the help of any private data, or we must have enough public and private data
combined, to be able to treat the public data as private, and estimate the accuracy of pip,iv to accuracy o. [

CldS]E

<co (nsa—i—a\/nﬁ).

A.2 Lower Bound for Mean Estimation when Public Distribution is Shifted from Private

First, we re-state a formal version of our Gaussian mean estimation result under distribution shift (Theorem 4.2).
Then we provide a proof overview, that defines the test-statistic, followed by a presentation of the upper and
lower bounds on the expected sum of the test-statistics.

Theorem A.10 (Lower bound on public-assisted private Gaussian mean estimation when public & private
data distributions differ). Fiz any d>0, 10vVd>a>0 and 7>0. Suppose M is an (e,0) private learner, with
§ <<°/d that takes as input dataset X and satisfies an expected accuracy of Ex||M(X) — pipriv]|2 < . Here,
the dataset X available to M comprises of n private samples X1,...,X,, ~ N (tpriv.Ia) and m public samples
Xot1ye s Xntm ~N (fpub.1a), where the public and private distributions differ, i.e., where fipub = fipriv+v and
lvlly=7. Then, the following is true:

o when 7=0(\/9/m), then either m=Q(d/a?) or n+m=Q(d/ac+d/a?),

e and when T=w(y/4m), then either a 2 7 or n=Q(4/ac+4/a?).

Proof overview. As with any minimax lower bound, we step into the lower bound calculations by constructing
a prior over ppriv,v, and then computing the lower bound on sample complexity of n,m in expectation over
this prior. The prior we choose over fipyyiy is similar to the no distribution shift with ppey ~ N(0,1;), and
v~ N(0,7/a-1,). Next, we construct our fingerprinting statistics that measure the correlation between
mechanism output M (X) and any private data point X;. This test-statistic cannot be too high, else we violate
the differential privacy guarantee, and cannot be too low, else accuracy cannot be guaranteed, since if it is
too low, it means that the mechanism affords very low sensitivity on any given data point.
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Remark on how distribution shift affects the design of test-statistic. As the distribution shift gets more severe,
i.e., as T increases, we expect public data to be less useful for any accurate mechanism M. Thus, we expect the
correlation between M (X), and any public data point X; to get lower, i.e., more generally for any test-statistic
that measures the presence of a private data point X; in the dataset X vs. not, the sensitivity of the test-
statistic should reduce as 7 increases. Motivated by this, we define the following test-statistic Z; for the
Gaussian mean estimation with distribution shift setting:

Zi=(M(X)— pprivs Xi — ppriv), 1€{1,....,n} (private X;)
1

m'<M(X)_ﬂprivaXi_ﬂpriv>v i€{n+1,...,n+m} (public X;) (12)

i =

Similar to our proof of the lower bound in the identical distribution setting, we upper and lower bound the
expected sum of the fingerprinting statistics above. We begin with the upper bound, on E[Z;] in Eq. 12, and
we bound the sum of this statistic separately for the public and private samples in Proposition A.11.

Proposition A.11. Assume the conditions in Theorem A.10. The expected sum of the fingerprinting statistics
corresponding to private samples satisfies: E[Y ;| Z;]=0O(nea), and the one corresponding to public samples

satisfies: Z;H:LE[ i]=0(avmd+arvmd).

Proof. The proof for the upper bound over E[Y ", Z;] is similar to Proposition A.3, which uses the DP
constraint to show E[>""" | Z;] = O(nea). For the second term which sums the fingerprinting statistics
corresponding to public samples, E[Z?:ﬁl Z;] we need to additionally account for the randomness in the
direction of shift v, when computing the expectation over the public mean fi,,5. Recall the definition of the

fingerprinting statistics: Z; = (M (X)— ftpriv,T; — fpriv). Lhen,

n+m n+m
> Zi| =E [(M(X)=ppriv, >, (25— pipriv))
j=n+1 j=n+1
n+m
2 2
<VENMOO) gy 2| D Bl g 2]
j=n+1
n+m n+m )
E Z Zj| <a Z E{E[ij_ﬂprivnz‘MpriV]}
j=n+1 j=n+1
n+m
=a,| > EE[z;—pipriv—v | tipriv |31 +E[|0]3] = O(aVmd+arvmd).
j=n-+1

The first inequality uses Cauchy-Schwarz, and the second uses the bound on the accuracy of the mechanism M.
Finally, the last equality uses the tower law of expectations, followed by the independence between displacement
v and private mean fipriv. Then, we simply apply the definitions for the priors over public and private means
to get the final result. O

Corollary A.12. Under the conditions of Theorem A.10, over the randomness of ipyiv,X,v and mechanism

M, S BIZ] + s S EI) =0 (neat ey (av/md o vind) ).

Proof. Follows immediately from Proposition A.11 that upper bounds the second term in the summation and
Proposition A.3 which upper bounds the first term. [

Next, we lower bound the expected sum over the fingerprinting statistics, for the expression:

n n+m

ZE[Zi]JFﬁ- > ElZ).

1=n+1
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Our approach for the lower bound is similar to the case where there is no shift, but we explicitly account for
the distribution shift term v in our posterior calculations. Recall that our prior for v is v ~ N (O,Tjj I4). We
will see that when 7=0(y/d/m), the lower bound on the above expression scales as the one where 7=0, i.e.,
when there is no shift.

Lemma A.13. Consider the setup in Theorem A.10. Then, Elppriv | X] = Wpriv * Bpriv + Wpub * fpub, where

R o2(12/d+1/m) 2/ ‘
PUV ™ 52 (12 /44 14 1/ n) 472 Jdn+1/mn 02(72 a4+ m+1/n)+72 /nd+1/mn

and Wpup =

Proof. Let fipu, be the empirical mean of the public data and fipriv be the empirical mean of the private data
points. We can then derive the following joint distribution over priv, fpubfpriv:

(Mprivaﬂpubvﬂpriv)NN(O7Z)7E€R3dX3d and7 (13)
021(1 0'21(1 O'QId
Y= UQId (02+72/d+1/m)-1d O'2Id
UQId 021d (02+1/n)-1d,

and IE[,Ufpriv | .apuba,apriv] is given by E1222_21 ([ﬂpubyljpriv]—r - [E[Hpriv]yE[HprivHT)y where Y12, and X are given
by the top dx 2d, and bottom 2d x 2d submatrices of X. Based, on this, we get:

1 a%/n o%(r%/d+1/m)
Y12¥yy = ((02+72/d+1/m)(02+1/n)—g4Id’(a2+72/d+1/m)(02+1/n)_U4Id)

Then, the mean of the posterior distribution over p,iy is given by:

02 n
]E[Npriv | ﬂpubaﬂpriv} = ((Uz—l—TQ/d—‘rl/m/) (0’2—‘1-1/’11) e Id) . (/jpub*E[Mpub])
o?(r%/d+1/m) _
(ot ot o) Bl

— U2/”'ﬂpub+0'2ﬂpriv ’ (7'2/d+1/m)
o2(72/d+1/m+1/n) —|-72/nd—|-1/mn

From the expression above it it easy to derive wpy, and wpyiy in the statement of Lemma A.13. O

Lemma A.14. Under the conditions in Theorem A.10,

X d def?’nT2
Ex[|E[x riv|X]—X||2:O ——— |, where k=——+1,
p 2 (m/ﬁ_i_n)?) d

and the inner expectation is taken over fipriv,v | X, and X is defined as:

agop— m/(mr2 _
e o ey o
with Xpub and Xpriv being the empirical mean over public and private data points.
Proof. Directly applying Lemma A.13 we get:
E[Npri\:|X]_X )
_ 7 n Xpub+0° Xpiv - (17 /d+1/m) n T ™/ (mr? /d+1) fon (15)

(72 /d+ A n) 47 fnd+ Y mn ™ (mr? a0 mf(me? /d+1)+n

:X b< U2/n _ m/(mTz/d+1) )
pu 0'2(T2/d+1/m+1/n)+72/nd+1/mn m/(m‘r2/d+1)+n

o?(r?/d+1/m) n
0'2(T2/d+1/m+1/n)+T2/nd+1/mn B m/(mTz/d+1)+n> . (16)

+Xpriv (
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To bound the expected squared norm of the above term, we first need to bound terms «, defined as follows:

def ‘72/n _ m/(’I’VLTz/d-'rl)
o2(12/d+Ym+1n)+7"/na+1mn ™/ (mr?/d+1)+n

o?(r%/d+1/m) n

def
5_a%ryd+vm+vw+*WM+an ™/ (mr? 1)+

Let 02=1 and define x:=1+ 2 7’” . Then we can simplify in the following way:

—mk —nr?
= (nk+k+m)(nk+m)’ p= (nk+K+m)(nk+m) (17)

Thus, aX'pub —|—BX'priv can be written as:

( QZZ 1 X +“Z;l+$+m )

(m+nk+£K)(Mm+nk)

aXpub'i_ﬁXpriv: (18)

=0(md).

Applying this in the above expression, and dividing both numerator and denominator by 2 we get the final result:

E priv X *X 220 d(n—’_m/ﬁ) )
H [Hpriv | X] ||2 ((m/n+n+1)2(m/n+n)2

- ( (mi/ﬁ)"’) )

This completes the proof of Lemma A.14. O

We can bound the |-||5 for the expression, by noting that HZ?=1X1||§ =0(nd) and HZZ"tT_H

Lemma A.15. Under the conditions in Theorem A.10, the expected sum of the fingerprinting statistics is

lower bounded as follows:
(“‘*’”/ ") (nffn/;\/ (o4 ) <<n+i/n>3>>>’

E|> 7| =0

where k= (m7?/d+1) and the expectation is taken over the randomness of jipriv, X, and the mechanism M.

Proof. Similar to our previous proofs on the lower bound for the expected sum of test statistics, we manipulate
the following sum into two terms.

n n+m
E“Priv’x’” [Z ' m/d T —|—1 Z Zi

1=n—+1
:(n+m/(m72/d+1))'( [||X_/‘priVH2] <M(X)_X7X_/‘Priv>)’ (20)

Given, X, the random variable M (X) is independent of fipyiy-

Epp,.inﬂ) [<M(X) _Xv)_(_,upriv>] = IEX |:<Ep,priv,v\X [M(X) _X}?Eupr;v,ﬂX[X_ﬂpriv])]
< BBy (M (X) = X][3 /BBy a1 (X — i1 (21)
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where the inequality uses Cauchy-Schwarz. We can further use the convexity of ||-||3 in the first term above
to arrive at the following upper bound.

EﬂpriV7X7'U [<M(X) 7X7X7ﬂpriv>]
< VB o x | M (X)X /B B o ] — X 3, (22)

Next, we proceed by bounding E,, .. » x||[M (X)—X]|13.

Eupm’v,X || [M(X) _X] ||% :Eﬂprivvvyx ||Mpriv—)_(] ||§+]E/prriv7v;x || [M(X) _MpriV] H%

SEupriv,v,X||/‘priv*X||g+O‘2 (23)
Recall the definition of X:
m 2
Xd:ef)—( - /(mT /d+1) = . n 24
P e ydat) P i me? a1 (24)

with Xpup, and X,y being the empirical mean over public and private data points. Plugging this into , we get:

_ md/k;2 nd
E, . M(X)-X]|2<a?
;pm,v,XH[ (X) z2<a +(n+m//€)2+(n+m/ﬁ)2
<a’+ md/lg + nd
B (nt+m/k)? = (n+m/rK)?

:O<a2+

d
(n+mﬂ0>’ (25)

where the second inequality follows from x> 1. Finally, we do the following plugins: we plug in,
1. the result from Lemma A.14 for the bound on Ex ||E[upriv | X]— X |3 into Eq. 22,
2. the result on the bound on E[||M (X)—X||3] in Eq. 25 into Eq. 22,

3. the bound on E[||X — puyiv||3] derived as part of Eq. 25 into Eq. 20

Together, these complete the proof of the lower bound stated in Lemma A.15.

Finally, we are ready to put together the upper and lower bounds on E[) . Z;] to arrive at the final result in

Theorem A.10. From Corollary A.12 and Lemma A.15 we conclude that whenever 7=0(y/d/m), there exists
positive constants c,co and values ng,mgq, such that for n>ng,m>mg:

n n+m
co-d < Z;E[Zl]+i Zl]E[Zi] <c (naa—l—a\/@)
i= 1=n-+

This means that when either n = Q(4/ca) or m = Q(4°/a). Note that the lower bound in Lemma A.8 is
still applicable for n. Together, this tells us that when 7 = O(y/d/m), then either n = Q(4/ca + 4/a?) or
m=(4/a?). This completes the first result in Theorem A.10. For the second part, let us consider the case
where T7=w(y/d/m). Then, either there exists constants c;,ca, such that for all n >ng:

crd<conea,

in which case n = Q(4/ca) or there exists constants c;,ce and values ng,myp, such that for all n > ng,m >mq

the following holds:
atvmd+avmd

d<
- 1+mr2/d
which implies:
cd< O[Tm/mﬂj/d.

The above holds when o > 7. This completes all conditions in the proof of Theorem A.10. O
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B USEFUL LEMMAS FOR LINEAR REGRESSION

We reuse some eigenvalue tail bounds throughout the linear regression lower bounds.

Lemma B.1 (Wainwright [2019], Theorem 6.1). Let X € R"*? be drawn according to the ¥-Gaussian ensemble.
Then, for N >d, the minimum singular value omin (X) satisfies the lower deviation inequality

Umin(X) tI‘(E) A2
P[WSAmin(ﬁ)(la) N] <e NeT/2,

Specializing to the case of ¥ = I, we have

Corollary B.2.

and thus,

2
d
Pamm<X>2—Amm<XTX>SN<l 6) <o NP2

We also have the following upper tail variant:

Lemma B.3 ( Wainwright [2019], Theorem 6.1). Let X € R"*% be drawn according to the ¥.-Gaussian ensemble.
Then, for N >d, the mazimum singular value omax(X) satisfies the upper deviation inequality

Umax(X) tI’(Z) _ 2
lenmax(\/i)(uéw N} <e N2,

Specializing to the case of X =1, we have

Corollary B.4.

similarly,

2
d

The following simple lemma will be useful in converting exponential tail bounds to upper bounds involving N.

Fact B.5. For N >400 the following is true:

e N8 <1/NB. (26)

The following calculations are also useful in several parts of the proof, so we black-box them here.

Lemma B.6. Let z>100d (thus0<d<2/100), 1) =1/10 and considert=2z(1—+/d/z—1)?. Thent>63/100-z.
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Proof. We have

—Vd[z=$)*=2(9/10—/d/2)? (27)
=2(81/100— (18/10)+/d/z+d/ =) (28)
=2(81/100) — (18/10)Vdz+d (29)
> 2(81/100) — (18/10)+/22/100+d (30)
> 2(81—18)/100=63/100-z. (31)

O

Lemma B.7. Let z>100d (thus 0<d<z/100), ¢ =1/10 and considert=2z(1++/d/z+1)?. Thent<64/100-z.

Proof. We have

2(14++/d/24+9)2 = 2(9/10++/d/2)? (32)
—2(81/1004(18/10)+/d/z+d/ =) (33)

=2(81/100) 4 (18/10)Vdz+d (34)

< 2(81/100)+(18/10)+/22/100+2,/100 (35)
<2(81—18+1)/100=64/100- 2. (36)

O

C PROOFS FOR LINEAR REGRESSION

C.1 Upper bound

We first upper bound E[},Z;]. We can split this into a bound over the sum of public samples and private
samples. We will bound the private samples using the differential privacy constraint, and the public samples
using concentration.

For the private samples, we can use Proposition 3.2 as in the mean estimation case.

Proposition C.1. Assume the conditions in Theorem 5.1. Then, E[Z!]=0 and E[(Z})?]=0(a?), where the
expectation is taken over the randomness of sampling B, D, and the randomness in the mechanism M.

Proof. When conditioned on 3, (y; —x; 8)z; is independent of M (D.)— 3, and E[(y; —z, B)z; | 3] =0 (because
E[n;2;]=0). Thus, we have E[Z]]=E[E[Z]| 5]] =

Next, we bound E[(Z])?|] and similarly use the law of total expectation to get the upper bound on E[(Z/)?].
Note that we have y; =z, 3-+7;, thus

E[(Z])?|8]=E Z(M(D{-)—ﬁ>j<M<D;>—ﬂ>k<nixi)j<mxi>k|ﬂ

—ZE B); (miz:)315]
_ZE |5] [(nm)?lﬁ}

:E[HM(D;)—ﬁ)jHQw} <a?,

The second equality uses the fact the coordinates of n and x; are sampled independently, and the third equality
uses that M (D})— /3 is conditionally independent of n;x; given 8 (because z; and y; are resampled in D}). The
final step uses the accuracy of the mechanism M and the variance of 7; and ;. O
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Proposition C.2. Assume the conditions in Theorem 5.1. Then, for i € [n], E[Z;] = O(ea), where the
expectation is taken over the randomness of sampling B, D, and the randomness in the mechanism M.

Proof. Since D and D; differ by a single element, and M is (¢,0) differentially private, we can use the fact that
the outputs M (D) and M (D)) (and therefore, by the postprocessing property of DP, Z; and Z!) cannot be
too different. In particular, we invoke Proposition 3.2.

[E(2)]~E|2!)| <20 E[| Z}]| +2V3-E[ 22 +(Z))?) < 2(e+V/8)- \[E(2)?] +2,/6 E[22).

E[Zi] <O((e+Vd)a)+2,/6-E[Z2].

Next, we bound E[Z?] with Cauchy-Schwarz followed by the accuracy of M, and the concentration of 7;z;:

Next, we apply Proposition C.1.

23] < \JE[|M (D) ppuse |41y El i 14]
= O(a?d)

Plugging this result into the equation above, we conclude E[Z;] = O(ea+ v dda). Recall from the conditions
in Theorem 5.1, § <¢”/a. Thus, E[Z;]=0(ca). O

Finally, we bound the value of Z; for the public samples.
Proposition C.3. Assume the conditions in Theorem A.1. Then, the following holds for the expected sum
of the fingerprinting statistics defined for the public samples: E[Z"+m ;| =0(avmd).

=n

Proof. Recall the definition of the fingerprinting statistics: E[Z;]=E [(M(x) —B, (y; —x?ﬁ)xi)] . Then,

n+m n+m
n+m
E[||M (D) 5ll3) ZE[Ilmxng] (38)

=0(aVmd). (39)

The first inequality uses Cauchy-Schwarz, and the second uses the bound on the accuracy of the mechanism

M and the variance of n;x;. O
Corollary C.4. Under the conditions of Theorem 5.1, for the expectation taken over the randomness of
B, X priv, Xpub,1) and the mechanism M, 3" "E[Z;] = (nfsa—i—a\/ d).

C.2 Fingerprinting lemma (lower bound)

Theorem C.5. Assume the conditions of Theorem 5.1. Then

E|Y Z:|=(d)

where the sum s taken over both the public and private samples.

(40)

To prove this theorem, we follow the same structure as in the mean estimation proof (conditioning on X,y
instead of just X).
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Hdef

Let = (XT X+ A1) "1 X Ty for some A>0. Then, we again have the breakdown:

E ZZZ- =E[(M(X,y)-8,X"y—X"Xp)] (41)
—E[(M(Xy)-B+5-8,X"X(3-8))] (42)
—E[IX58-XBI3| ~E[(M(X.y) -8, X" X (8- 5)] (43)
E|[x(-a)}| -2[0rxa-5.x7(x0)-x 7] (49)

The first term corresponds to the expected error of the nonprivate OLS estimate. We include a short proof
for completeness.

Lemma C.6. Under the assumptions of Theorem 5.1,

~ 2
B 13- o

Proof. Rewrite f=(XTX) X Ty=(XTX) 1 XT(XB+n)=6+(XTX)1XTy.
Then B—B=(XTX)"2X Tn. Hence, X (B—B)=X(XT X)X Ty.

Finally
E[[[X(XTX) 71X Tal|y] =E[Te(n” X (XTX) 71X )] (45)
=o%d (46)
O

We now proceed similarly to the mean estimation proof in order to upper bound the second term. Conditioning
on X,n we have:

Ear [(M(D)-5,XTXB-X )| X ] (47)
= (B[ M(D)-B| X.y|,Es[XTX8-X Ty| X)) (48)
= HIEM {M(D)—B | X,y} HQ-HEﬁ [(XTX8-XTy| X]|, (49)
~112
< oo e s il (50)
Removing the conditioning on X,y and applying Cauchy-Schwarz, we have
~112
\/ Ex,yon [ M(X) =B Exy| X" XE5[B1X.9]- X Ty} (51)

) )
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To bound term @, we use the triangle inequality as before:
~[12 112
Ex 0B | M(X,) = ||, =Eox.sBa [ M(X,0) = Borse +Bom =B | (52)

N ~112
<o+~
<a?+o?-d/n. (53)

We will next bound the term @

We need the posterior mean E[3]X,y]. We choose the prior 3~ N (0,b=11;) where b is the precision. This gives
the posterior 3| X,y ~N (u,A~1) where

A=aX"X+bl, p=aA'XTy. (54)

The above is a standard derivation for computing the posterior of the linear regression parameter under a

Bayesian prior (see Chapter 11.7 in Murphy [2022] for reference). The parameter a here is the noise variance o2.

Then we have,

EslB|Xyl=aA™' X Ty (55)

Now to remove the conditioning, we can expand

Exf| X XEs[81X,9]~ X Ty|l,=E|[| X T XE[3|X.y]- X Ty]}] (56)
:]E[HXTXaA’lXTy—XTyHﬂ (57)

:]E[H(XTXaA—l—Id)XTsz] (58)

Then

—E[[[(XT XaA" = 1) X Ty}] (59)

< \/IE (X7 Xah=1=Ly)|l3|E[IX Tyl (60)

ZWE (T XaA-1 A3 B[ x Ty ] (61)

<R[ Xa-n) A 1wl (62)

VB[O Ko (T o ony a1 12 1ol (63)

—

bE (A 3] E[1X Tyll3) (64)

We now derive upper bounds on E[HA‘l ||ﬂ and E[HXTyH;] .

Lemma C.7. Under the conditions of Theorem 5.1, E[HA’lnﬂ SO(W), when N =m+n=Q(d) and
b>1/N.

Proof. First, note that we can rewrite E [HA’1 ||3] as follows:

E[[la~[3] =& [l (aX T x+b0) 73] (65)

=E [ o XlT X710) 4] (66)
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We will split the expectation into two conditional expectations:
E [HA* ||‘2*} —E {||A*1 3| omin(X T X) € (O,t]} Prowmin(X T X) € (0,6)]+ (67)
_1p4
E [HA o omim (X TX) € [t,oo)]} Pr]omm (X T X) €[t,00)]. (68)
for some 0 <t < 1.

For any 0 >0 we can bound E [HA‘1 Hﬂ <1/b*, and when o >t we additionally have E {HA‘1 Hﬂ <1/(at+b)*.
Then the above simplifies to

E[[[A 3] omin (X TX) € (0,4) | Pr{omin (X TX) < 8]+ (69)
E[[[ A3 omin (X T X) € [t,00)] | Prlormin (X T X) € [£,00)] (70)
:b%Pr[O—min(XTX)<t]+mpr[o—min(XTX)2t] (71)

We approximate Pr[omi, (X T X)>t] <1, giving

1
=—P min T 72
i [0 min (X X)<t]+(at+b)4 (72)
It then remains to bound Promi, (X T X) <t].
As X T X is symmetric and PSD, we have opin (X T X) = Anin(X T X) =0min (X)2.
Now we have
Pr[omin(X T X) € (0,t]] <Pr(omin (X ' X) <t) (73)
=Pr(omin(X)*<t) (74)
We can now use Lemma B.l. Setting t = N(1 — y/d/N — ¢)? for some 0 < ¢ < 1 — 4/d/N,
Pr(omimn(X)2 <t)<e Nv*/2,
Using Fact B.5, we can upper bound this by, e.g., O(1/N?).
Thus, we have 71 Pr[omin (X T X) <t]=0(5rks ), so in total we have
—14 1 T 1
< .
E[[[A7[1y] < 75 Prlomin(XTX) <t]+ L (75)
<o(-L V4o —1_ (76)
— \bANS (at+Db)*
Assuming N >100d, we have the constraint 0 < <9/10. We set 1)=1/10. Then this gives
t=N(1—+/d/N—1/10)? (77)
=N(9/10)2—2(9/10)VdN +d (78)
Since we assume N >100d (i.e. d<N/100),
> N(81/100) — (18/10)+/N2/100+d (79)
=N(81—18)/1004+d=Q(N). (80)

Thus, for b>1/N, we have

0w ) 0 vy ) =0 ) v ) <O (avm ) o
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Lemma C.8. Under the conditions of Theorem 5.1, E[||XTy||3] =O(N?d*+N*d?/b?), where N=m+n.

Proof. Let N =m++n be the total number of datapoints (including both public and private). First, we simplify
XTy=XT(XB+1). Then, we use the identity (a+b)? <2(a?+b?) twice and get:

E[IX"yllz] <E[| X" XBo] +E[| X 712]- (82)

Now, we bound each of the above two terms separately. First, we start with the second term E[[| X %n]|3].
1
hapety

_ T T
—E[Zw,k,lemxl 2Tk mmnm]

Since n; L n; whenever i# j and E[n] =0, it is easy to see that the only non-zero terms in the expectation above
are when: (i) i=j=k=1; (ii) i=j,k=1i#k; (iii) (4,5)=(k,]),i# 4. Thus, the summation breaks down into:

(X7 714) = NE el B[] + NV - 1) (el B (7))

+N(N-1)E[ /] (E[#*])* (83)

E[|X "53] =E

= 3NE o)) + NN 1) (E[1213] ) +E[la12]

=O(N?d?).
In the above equations, the first equality uses z; L z; when i#j, and z; L 7;,Vi. The second uses the fact that
E[n*] =3 and E[?] =1. Finally, the last equality uses E[Hxﬂg} =d and E[||x||3] =0(d?).

Next, we look at the first term in Eq. 82. Using the independence of X and S, we bound this as follows:
E[|[xTx8;] <E[IxTx][511513] (84)
—E|||x7 x]|,|E[1813] (85)
Now we have E[H,@’Hg} :O(z—z). Further, we can bound IE[HXTXHﬂ =0(N*).

This gives an overall bound of E {HX TX ﬂ”ﬂ =O0O(N*d?/b?). Combining with the previous term gives the result.

]
Lemma C.9. Whenb=1/d>1/N, m4+n=Q(d), and a=0(1), the expression:
BB ()~ B L X XE[BLX 01— Xyl =0(0)

Proof. From Lemma C.7 and Lemma C.8, we derive the following:

\/EX,WEBHMX@)—BH;\/ bE[IA- 3] E[1 X Tyll3) (86)

< B By M () 5020 a0 NPT N

<\ (02d/N+a2)2 (Y(an402)- (VNI T+ VN2 ) (87)

< \/(02d/N+ )2 (an?)-(N2djbt Nd) (88)

g\/(a2d/N+a2)b. <52+;2i?v) (89)
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Note that generally we will set a=02. Let b=1/d. Also, note a=0(1). Then:

</(02d/N+a?)(1/d)-(s2d+0*/N) (90)
< V(P d/N+a?) (o' +07[(Nd)) (91)
=0(1), (92)
since a?=0(1). O

Now, we are ready to prove the final result in Theorem 1.3. For this we invoke the upper bound on E[} ", Z;] in
Corollary C.4 and the lower bound of E[} . Z;] =(d) induced by Eq. 9, Lemma A.6 and Lemma 86. This tells
us that there exist positive constants cq,co and values mg,ng such that for m >mg,n > ng, the following holds:

c-d<E|Y z §02-<nea+am> (93)

1E[N]

Thus, either m = Q(a%) orn > Q(E%) Note that, similar to Lemma A.8 for Gaussian mean estimation, a
similar statistical lower bound also applies for linear regression which implies n= Q(%) Together this tells
us, that when public and private data come from the same distribution, then for privately solving linear
regression with an &,6-DP mechanism, where § < ¢2/d, to a parameter estimation accuracy of « in fo, we
either need m = Q(d/a?) public samples or the number of public and private samples together must satisfy:
n+m= Q(&iE + %) This completes the proof of our result in Theorem 5.1.

D LINEAR REGRESSION WITH SHIFTED PARAMETER

We now consider a variation of linear regression where the public parameter Bpyp, is shifted by a random vector
v sampled from A (0,72/d-I;). The goal is to use both the public and private samples to estimate the private
parameter Bpyiv.

That is, we have n samples (z;,y;) such that

Yi =, Boriv+1i (94)
and m samples such that
Yi=2; Boub+1; (95)
=] (Bpriv+v)+n; (96)
Let XT= [X;lb X;iv]. Note that y= X+ Pv+n where
P B‘iﬂ (O7)

We can define ¥ = Pv+1 to be noise correlated with Xp,p.

Set § to be the generalized least squares (GLS) estimator [Aitken, 1936] (X T 1 X)X 721y, where
¥ =Cov(¥|X). In particular because P,v,n are independent and mean zero,

Z:E[(Pv—i—n)(Pv—f—n)WX] :E[PUUTPT]—HE[rmT] (98)
=(72/d)PP" +0°Ix (99)

Then we have (X TS 1X)3=XTx"1y.

With this in mind, we will use a modified test statistic:

E| Y 7| =E[(M(Xy)-8.XT8}(XB-y))] (100)
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D.1 Upper bound

As in the non-shifted proof, for the upper bound, we split the sum over fingerprinting statistics into public
and private samples. For the private samples we will use the differential privacy constraint to bound the sum
over samples (as in the non-shifted case), while for the public samples we can use concentration while taking
into account the parameter shift.

Note that ¥ is block-diagonal, so that

_ ° X X +021,,)7 ! 0
yw-1_ ( pubpub 101
O 1/0%I, (101)
Hence, X Y71 = [Xg;lb(T2 XpubX;lb +0%L,)"t 4 X;—m] This implies that we can analyze the sum over
private samples using the same analysis as in the non-shifted setting, using C.2, up to a factor of 1/02.
It then remains to bound the sum over public samples using concentration.
Lemma D.1. ]E[Z"er } <O<n5a+a\/ Lmd—2 < d Zﬂf >>
Ztoem
Proof. Let £ =(271) 1 = (%XpubXpTub—Fcr”m)*l. Then we have
n+m
E| D 2| =E[(M(X,5) =8 X, Spby (Kpu B tpun)) | (102)
i=n
:E[<M( y)—5, Xpubzpub( pubﬂ_(Xpubﬁ+XpubU+"7pub)>} (103)

S\/E[lM( )—Bll }\/ [H it Spa (X pub ¥+ pub) M (104)

We first bound just the second term.

2

B | 2 ) (105)
:]E[Tr((XpubU+77pub) Epub)(pub)(pubEpub()(pubv"""7pub)>:| (106)

= [T (250, X X, P, (o0 ) X+ ) )] (107)

—Tr(Ex [E [zpubxpubxpubzl;}b |X} B [(Xpub v+ Tpub) (X pubV-+HTpun) | |X]] ) (108)

=Tr(Ex [EpubXpubXJubE;&prubb (109)

=Ex [Tr(XT bzpubxpub)} (110)

Applying the Woodbury identity to Egulb, we get
1 d .
_EX Tr(Xpub( [ Xpub( Id+ XpubXPUb) Xpub>X) (111)

1 1 d
_EX |:Tr(Xpub QX):| ]EX |:Tr(Xpub( Xpub( Id+ XpubXPUb> 1X1—)rub)X>:| (112)
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The first term is ﬁmd by standard Frobenius norm bounds. Then we need to lower bound the second term:

1 d 1 _
Ex |:Tr(a_4(2‘[d+2Xp—)rubXPUb) 1X}—)rubXPUbX}—)rubX):| (113)
1 d
EEX ; ( Id+ XpubXpUb) XpubXPUbXpubX (114)
2
1 [ d 1 T 1
2 ;EX Amin(ﬁld'i‘ﬁxpubXpub) Tr(XpubXPUbXpubXPUb) (115)
1 1 2
=—Ex | X b X pu | (116)
4 pu p F
] [C3 =5 ane i
| 1 4
> Ky D A (X Xpun)? (117)
4 J pub“*p
| [Eee |
[ 1
>_F Amin (X ] 0 Xoun)? 118
“gt X T%+$Amax(xglbxpub)( (Xpup Xpu) )] (118)

We can break the above conditional expectation into two components, one where )\min(XpubXpub) €

(O,tl],/\max(XpTubXpub) € [t2,00),t1 <t3, and the other given by its complement, for some appropriately chosen
t1,t2>0.

1 1
—E dmin (X ubX pu
el [T Amax(XpubXpub)( Ko Xouo) )]
1 dti
>— 713 ()\min(XpubXpub)>tl) Pr()\max(XpubXpub)<t2)

0'4 d/‘r +t2/0

The two tail bounds on the eigen values of XpTubXpub that appear in the above equation can be resolved using
Lemma B.1, and Lemma B.3. When N > 100d, then with constant probability )\min(XJubXpub) =m-Q(1)
and )\max(X Xpub) =m~+0(1). Plugging this result into the above lower bound, we conclude:

pub
1 1 1 dm?
—E AAmin (X ] ¢ >—Q| — 119
04 X 7%"'0 )\max(XpubXPUb)( ( pub pub) )‘| 04 <7fi2+0'12m> ( )
Thus, in total, we have:
1 1 m?d
e i e[ < o () e

Finally, from the accuracy assumption of the mechanism M we have \/E {HM(X,y) —BH%} <a. Putting it all

together, we arrive at the inequality:

n+m

E| > Zi|=

1 1 m2d

The statement of Lemma D.1 follows from applying the non-shifted upper bound over private samples in
Proposition C.2 along with the above result.

O
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D.2 Lower bound

Transforming the test statistic appropriately gives:

2

E E[Hzmxwmﬂj —E[(M(Xy)-4, XS (X5—y)) (122)

In the above, we lower bound the first term with the non-private statistical error. For the second term, since ¥
only depends on X, and o2, we can still break the dependence in the terms as usual by conditioning on X and y.

Ex, {]EM,B,U [(M(X,y)—B,XTE’lXB—XTE’lm |X,y” (123)

:EX7y |:<EM[M(X7?/> _B | Xay]aEﬂ,v [XTE_lXﬁ_XTE_ly | Xay] >] (124)
~112

< \/EX,yEMHM(X,Z/)5H2'\/Ex,y||]EB,v [XTS1X-XTS1y| X]l; (125)

The final inequality uses Cauchy-Schwarz. Removing the conditioning on X,y we get:

~112
\/Ex,y,M1\M<X,y>—5H2-EX,y|XTElx-Eﬂ,v[mx,m—XTzlyn; (126)

@ Q@

Next, we present a lemma that lower bounds the first term in Eq. 122.

R 2
Lemma D.2. E[Hz—l/QX(ﬁ—ﬁ)M =0(d).

Proof. First, we simplify B—B:

B=B=(XTET' X)X TS (XB+Potn) - (127)
= (X" X)X TS (Putn) (128)
Then we have,
E[Hz_l/QX<B_6)Hz] =Tr(E[(Po+n) S X(XTS1X) ' X T2~ (Putn)]) (129)
=Tr(E[E ' X (X TS X)X TS (Putn)(Put+n)']) (130)

This is equivalent to:

=Tr(Ex [E[S'X(X TS X)X TS NX]E[(Pv+n)(Pv+n) " |X])] (131)
=Tr(Ex[E'X (XTSI X)X T 1Y) (132)
=TrEx[(XTZ7'X) ' X TS71X)] (133)

O

Now, we move to upper bound the second term in Eq. 122. For this, we compute the posterior mean over 3.

Lemma D.3 (posterior for generalized least squares). For a fized covariates matriz X, we are given responses
y drawn from the following Bayesian model for generalized linear regression:

B~N(0,A57),  ylB~N(XB,3),
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where X € RV*? 4y c RN Ag >0 is the prior precision, and ¥ =0 is noise covariance. Then the mean of the
posterior distribution over 8| X,y is given by:

E[B| Xyl=(XTS ' X+A0) XSy

Proof. First, lets apply the Bayes’ rule in its canonical form:
logp(B|y)=—5(y—XB) "7 (y—XB)~ 58" Aof+const. (135)
Then, we can expand the quadratic in y— X 3 to get:
(y=XB) 2 (y—Xp)=y ' S7y—28" X TS y+ATXTNTIXE. (136)
Hence, we can conclude
logp(|y)=—1 [5T (XTy X +A0)6725TXTE’1y} +const (137)

Next, we apply “completing the squares” trick, where we subtract and add y ' 271X (X TS 71X +Ag) 1 X TE 1y,
Note that this term does not contain 3. So, we can treat it as a constant when computing logp(3| X,y).

logp(8|y) =~ 3[BT (XX +A0)8
28T X Ty 4y TR TIX (X TR X 4+ Ag) X T2y | +const. (138)
For simplicity of calculations lets first define: Define the posterior precision

Apost =X TS X +Ag, fipost :=Apou X 7.

Substituting the above into Eq. 138 yields:

logp(ﬁ | y) = % (B*,upost)TApost (57,Ufpost) +C0nSta (139)

. _ vy Ty-1
since Apostfipost =X ' X7 Y.

The above posterior distribution over 8 | X,y matches the functional form of a Gaussian distribution
Bly ~ N (tipost; Apas;) With mean:

Hpost = (X TR X +A0) X TRy,

O

With the above posterior mean over 3, we are now ready to upper bound the second term in Eq. 126. Let
A= (XTE*1X+A0). Now to remove the conditioning, we can expand:

_ — 2 [ _ _ 2
Ex|| X TS XEg[B|X,y]—X TS 1y|,=E||| X ST XE[B|X,y]-XE 1y|\2} (140)
[ ~ 2
—E HXTZ_lXA_lXTE_ly—XTZ_lyH ]
2
I ~ 2
—E H(XTZ—U(A-I—Id)XTz—lyM (141)
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Then,

:]EU’(XTElX]\1—Id)XTElsz]

g\/IE_ (XTZ-lX[\—l—Id)HjENXTE—lyIIﬂ
:\/IE_ (XTz—lm—l_M—wH;‘]E[nxTz—ly|;‘}
g\/ﬁz eersex-B) & |e[xre-]

4
2

=\/ ol | |31 11

Lemma D.4 (re-stating the posterior over ). Given the following matrices:

d

2

SEX X, WE (

u

1 \!
I+ 25) R
o
we can rewrite the posterior E[3| X,y] as:
E[B | va} = (M+bld)7lm7

where we can inturn write the matriz M and vector m as:
1

o2

M

=\/E'||<XTX21—<XTE1X+Ao>>>|;‘HA1H }E[HXTEIyH;‘}

1 1 1
XTx- ;SWS, m= ;XT:U— ESWXpTubyP“b'

(142)

(143)

(144)

(145)

(146)

(147)

(148)

Proof. Matching the form of E[3| X,y] to that in Lemma D.3, we need to show: X T¥ 71X = %XTX— %SW&
and X T8~ 1y= #X Ty— 0—145' WX}Lbypub. We first rewrite the noise covariance so that the Woodbury identity

applies. Let

This means that our ¥ matrix is given by:
Y=0%I,1n+UCU".

Applying Woodbury to the above we get,
1 1

27 = S ——U(C 402U T0) U

Because UTU:X;bXpub =:5, we define W as

d -1
W= <2Id+025> ,
T
this abbreviates the inverse above and yields

11
ST =S I-SUWUT.

o o4

(149)

(150)

(151)

(152)
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With the above calculations, we start with the matrix term X ' 21X,

1 1

X' X=SX"X-=X"UWU'X (153)
g g
- 1

This matches the definition of M in the statement of Lemma D.4.
1 1
M=—XTX-—SWS.
o o
Next, we look at the vector term X T2~ 1y.
1 1
XTZ_lyzﬁXTy—;XTUWUTy (155)
1 1
ZEXTy_QSWXPTubypub' (156)
This matches the m term in the statement of Lemma, D.4.
= ;X y_gSWXpubypUb‘

Plugging this into the posterior mean for 5, we get:

E[B| X,y]= (XS X 4+bI) ' X TS by = (M +bI;) " m.

O
_ 4
Lemma D.5. Under the conditions of Theorem 5.2, E HA‘1 H <O| 15— 7 |, when
5 (UQN—a4m, %+%m+b)

n,m>100d and b>1/N.
Proof. We have A= (X Ty-lx —|—A0) where we set Ag =bly for some b. Using the previous transformations,

~ d

A= (Uz XTX—— XpubXpub( Lit—; XpubXpub)—lxljubXpub +b[d> (157)

To bound the spectral norm, we will use a series of transformations to express the spectral norm in terms of
eigenvalues of the matrices in the expression.

We have

~ 1
.- o
2 A ( LXTX =L X T Xpun (S Lat 2 X Xpun) X X +bId>
(Note that we will eventually take the expectation over the fourth power.)
We want to upper bound this quantity which involves lower bounding the denominator.

Weyl’s inequality gives that Apin (A — B) > Amin(A) — Amax(B) for real symmetric A and B. Moreover, the
original expression A is PSD and therefore the eigenvalues are lower bounded by 0, giving a stronger guarantee
than the Weyl lower bound. Hence,

1 1 d 1
Amm<2XTX XpubXpub( Lit— S X up Xpub) ™ 1XpTubXpub+bId) (159)

d
:)\min< XTX——X ubXpub( Id+ XpubXpub) 1XpTubXpub)+b (160)

1 d
>max<07)\min (O_QXTX) _)\max(o_ XpubXPub( Id+ XpubXpub)_lX;—ubXPub)>+b~ (161)
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Focusing now on the last term, which we want to upper bound in order to lower bound the previous expression:

1 d
Amax(g XpubXP‘lb( Id+ XpubXpUb) XpubXPUb> (162)
d 1 1
X ubXPUb( Id+ X ubXPUb) XpubXPUb (163)
2
2|, d
< X X 2| Fa s X Xop) ™! (164)
o4 H P 72 o2 “rpubip )
The last line follows from the submultiplicativity of operator norm.
Bounding even further,
d 1 1
(=5 Lo+ —5 X g Xpun) M| = (165)
H T2 52 “rpubip 2 Amin((Zlat+% XpubXpub))
1
_ 166
% + o2 /\mln (XpubXpub) ( )
Putting it all together, we arrive at:
~ 1
|5, < 2 (167
1y Tyy_ 1 ||%vT 1
max (070.2)\m1n (X X) P XpubXp“b ’2 T%_"_U%)\mm(xg“‘bxpub)) +b

= Amax (X Xpub). We now have the expression in terms of min and max eigenvalues of

Note H pub pub pub

-
X' X and XpubXpub.
Moreover since the expression is positive and monotonic, we also have
- 4 1

[3-],=

2
(max (0, LA (XTX)— 4

(168)

‘vaub‘XPP‘lb

4
1
+b
’2 ng"!‘alg)\min(X;ubXpub))

This expression is upper bounded by 1/b* when the max term goes to 0.

To bound this, we will do something similar to the non-shifted setting but instead of bounding a single constant
¢, we will instead want to bound the three eigenvalue terms with ty,t5,t3 > 0. (Note that all the involved

matrices are PSD.) Specifically: Let A; :=Apin (X T X), Ao ::/\maX(XpubXpub), A3 ::)\min(XpubXpub). Then

EMA‘lHj (169)
:E[HA*H;MI € [1,00) Ada € [0,t2] Ag € [tg,oo)]
Pr(A1 € [t1,00) Ada € [0,£2] AAs € [t3,00)) (170)
E U]Aluiul €[0,£1)V As € (£2,00)V A3 € [o,tg)]

PI‘()\lE[O,tl)\//\QE(tQ,OO)\//\ge[O,tg)) (171)

Again, we will coarsely upper bound the first probability by 1 and use a union over tail bounds to bound the
second probability.

1
< +— Pr A €[0,t1) Vs €(te,00)VA3€](0,t 172
maX(O,%tl 4t2 = + 1 ts )+b)* b M €[0.11)VA2 € (F2,00)V A5 €[0.85)) (172)
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We will eventually want t1 =Q(N),to=0(m),t3 =(m), and we would like the second union over tail bounds
to be vanishingly small. Following Lemma B.6 and B.7, we set t; = N(1—+/d/N —)?, to=m(1++/d/m+1)?,
and t3 = m(1—+/d/m—1)?. We assume n,m > 100d and set 1) =1/10 in all cases. The lemmas then give
t1>63/100- N ,ta <64/100-m,t3 >63/100-m.

We can lastly confirm that with these values of ¢1,t2,t3 we can drop the max in the denominator of the first
term, as follows:

1 1 1 1 63 1,64 1 ?
—t——tr >~ N——(—m)? >0 173
2 2 om0 ™ o 0™ 2 I (637 100)m (173)
(174)
Since d/7% >0,
1 63 1 64 1 1 63 1 64 1 ?
———N——(7-m)? >—— N——(—m)?4——>0 175
100" o1 100™ < +1.(63/100)m ~ o2 100 (100" 243(63/100)m (175)
Omitting algebra, and noting that N =n+m, this leads to the condition
n>((64/100)*(100/63) —1)m=—0.349m (176)

which is true. Given that this term is therefore strictly greater than 0 for the values of ¢1,t5,t3 we have chosen,
we can drop the max(0,-).

We can then bound the relevant tail probabilities using Lemma B.1, Lemma B.3, and Fact B.5 and take a
union bound to conclude that

Pr(A €[0,1)V As € (f2,00)VAg €[0,45)) = O (J@) .

Thus, we have

1 1
e S — —— +O(b41\18) (177)

d 1
S +=5m
T2+0'2

~ 4
|4 <0

and the first term dominates, giving the result.

O
Lemma D.6 (bound on IE{HXTE’lyH;L] ). We can boundE[HXTZ*IyH;l] with the following expression:
1 1 2 !
E[[ X7y, =0 | 5N- o | (@54 ). 178
I vl o2 P - (d”/b+d”) (178)

Proof. Using the block-diagonal structure of ¥ (and therefore ¥71), we can decompose X 'Y~y into
XgubE;bypub +X;iv2];rlivypriv. (Xpub is the upper-left block of ¥ corresponding to public data and X, the
-1

corresponding lower-right block for private data.) Here, X iy 1s simply %In, so we can reuse the upper bound

from Lemma C.8 with an additional factor of 0—18
The term incorporating public data is more complicated.

. . . . . -1,
We first note the following useful transformation (applying the Woodbury identity only to Epub).

1 1 d R o
) L=~ Xpun ( 5 Lat 5 X Xoun | Xyl (179)

pub ™ -2 4 72
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Note: For notational convenience, in the following, we will drop the “pub” term from the subscript since we

only need to bound XpubEpubypub

We will use the following bound in several places:

[ 4
1 1 d 1 -t
E[[ X2 X ][] <E ||XT <2Im—4X<2Id+2XTX> XT>X (180)
g g T g )
1 1 d 1 -1
=E 2XTX—4XTX( Ii+— XTX) X'Xx (181)
g g
2
o 1 ) g \
SE <2HXTX||2_4)\min<XTX( Id+ XTX> XTX>> (182)
g g
r 4
<e|(L |XTX| SN (XTX)Q; (183)
— 0_2 2 0_4 min %_‘_#”XTX”z

Note that the third inequality follows from the fact that X T $~!1X =0, so we can upper bound the full term
by applying an upper bound on the term within (-)* since the term inside it is always positive. Next, we can
break the expectation into two conditional expectations.

4

1 1

E XTX Amin( X TX)2omrno—
(U XX, L >72+;2HXTXH2)

1

4
T T
+||XX||> i (XTX) 2 1 A (X TX) <1

1 1
< (T, ol
o ot
'Pr()\min(XTX)Ztla/\max(XTX)Sté)
Using Lemma B.1, we can upper bound the above expression by applying a high probability tail

bound on Ayin (X TX). When N > 100d, then with constant probability Amin(XTX) = m — Q(1) and
Amax (X T X)=m—0(1). Plugging this result into the above expression, we conclude:

4 4
1 Ly 1 1 1 m?
E X'x Amin(X X2 —— | | <[ - . 184
<02|| o= G A ! T2+;2||XTX||2) —<a2 ot ) (184

When 7 — 0 the term || X T X1 X 3||* goes to m* (giving the correct contribution of m*d? when combined with the
contribution of ) and when 7 — 0o the second part of the term cancels sending the public sample contribution to 0.

Once again, we decompose the term

E[[|XTS 7yl =E[| XTS5 X8+ Xo-+)],] (185)
<E[| XS X8|, +E[[ X TS (X)) (186)

<E[|[X TS X8 +E[ [ x TS x| +E[||X TS ] (187)

<E[| X771 X|I813] +E[| X TS X ol +E[[X TS s (188)

—E[||x "= x| [1815]+ (189)

B[ X7 X[ E[loll;] +E[|X TS [, E i3] (190)
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Since B ~ N(0,+14) we have E[Hﬁ”;} < d?/b?. Similarly, for v ~ N(0,1;) we have E[||v]|,] < d?. Finally,
n~N(0,I) gives E[[|n]|,] <m?

We also need the following bound:

E[lXTs L] <E[Ixisls ) (191)

From Gordon’s theorem [Vershynin, 2018] we have E [HXHﬂ (vVm++Vd)* <8(m?+d?). With a small variation
on the earlier analysis of X T¥~'X, bounding HX||2 (\F—i— v/d)? using Gordon’s theorem, we also have

el 1)< (- 2B ) < (-2

Overall, this gives:

E[HxTz—lyuﬂ <0 (78( 2d%+nd? /b?)+ (192)
1 1 2 ! 1 1 !
m m
—_-m—-— d? /b +d? —_——— 24 d? 2)). 193
(UQm v Td2+012m> (d°/b"+ )+<02 ! Td?_~_012m> (m + )(m )) ( )

The first two terms follow from using Lemma C.8 with only private samples (as they are not shifted and the
same bound applies).

We can simplify, combining the first two terms and dropping lower-order terms (note that we assume m > d)
to arrive at a form that will later be more convenient:

1 m?

<O <0_12(n+m)—

4
—— | (@*/0*+d?) |. (194)
ot Lt m )

~12 R 2
Lastly, in order to bound E |:HM(X7y)—ﬁH2:| , we will need a bound on E [HB—ﬁHQ] .

. 2
7. - <O(—L- =mr? .
Lemma D.7 ]E[HB ﬁHQ] 7O<n+m/n), where k=m7?/d+1

Proof. Recall that B is the GLS estimator, where 3 = (XTY1X)~1XTx~1y. Throughout the proof, we
assume d,n>>d, and that the matrix X " ~!'X is full rank with constant probability.

def

Let A X TY~1X. Fixing 3, and taking the expectation over X,y, we can simplify the expression as follows:
E[5-5]| ~ElICT =20 1y
=E[||A 1XT2 y—A"TAB|3]
<E[|AH (X TS XB+n) - AB)|13]
=E[JA7H(XTETH(XB+n) - X TS XB)|I3]
=E[[A7Y( XTE n)13] (195)
E[IA X TS i3] =Ex [|A 3B, [1X TS ]3] X]| (196)

Ey [||A*1 112 tr(XTZ’lEE’lX)]

x [IA7 3 ex(a)]. (197)
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where the second equality follows from the fact that E[nn'|X] = . Since [[A7'||3 = 1/Anin(A)? and
tr(A) < dAmax(A),

A= 3ur(A) < et

< (A (198)

1/2

For Gaussian designs whitened by >7/“ one has, with constant probability,

Amin(A) =Q(n+m/k), Amax(A)=0(n+m/k). (199)
Substituting Eq. 199 into Eq. 198 and taking expectations,

B[1-813) < L) _o( e,

(n—i—m//@)2 ntm/x

for an absolute constant C'>0. This concludes the proof. O
Lemma D.8. Whenb=1/d, m+n=Q(d), and a=0(1), the expression:

~112
JEX,WEBHM(X,y>—6H2-Ex,n||XTz—1XEw|X,m—XTz—lynS—ou).

Proof. Let v(1)=d/7?+m/o?. Note that when 7 — oo, v(7) approaches m/o? (such that m/o? — 7(17) —0
negating the effect of public samples), and when 7— 0, v(7) — oo (such that m /o2 — ﬁ —m/o? so that public
and private samples contribute equally).
From Lemma D.5 and Lemma D.6, we derive the following;:
12 4 - A
Ex o5 M () B b4E[HA—1ME[Hx £-1y3] (200)

We first simplify just the inner square root. Using the previous lemmas and applying the identity

VIFYSC- (a4 3):

2 1 Lo mAN

<b 0<(;2N_;4%+b)2> 0((02N 047(7)> (/b2 +d )) (201)
: ! Ay Lmy

<b 0((012N_;4;?j)+b)2>0<<0_21v g v(7)> (d/b+d)> (202)
) 1 1 1 m?\?

Substituting b=1/d and making cancellations:

<(d*4d)/d*<1+1/d (204)

Finally, we substitute into the original expression, combining with Lemma D.7 (recall that k=m7?/d+1 and
a=0(1)):

EX,WEBHM@,y)—BHj%41[«:[Hﬂ—lujﬁ{||xw—ly||;‘] (205)

< ¢ (o(njn /H) +a2> 0(1+1/d)=0(1) (206)

since a?=0(1). O
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Now, we are ready to prove the final result in Theorem 1.3. For this we invoke the upper bound on E[} ", Z;]
in Lemma D.1 and the lower bound of E[}", Z;] = (d) induced by Lemma D.2 and Lemma 200. This tells
us that there exist positive constants ¢1,t2 and values mg,ng such that for m >mg,n>ng, the following holds:

1 1 2d
ti-d<E| Y Z;| <to-| neata de—4<dml> (207)
€[N 7 7\ tem

The upper bound interpolates between the private-sample-only regime when 7— oo and the all-samples regime
when 7 — 0 (no distribution shift). In particular, we can analyze the term inside the square root. It can be

written as:

m27_2

md— ,
K

when 0 =1 and k=m72/d+1. Now, consider two regimes for the shift parameter 7:
. . 2 . o, .
e Large shift regime: Suppose k=) (mTT), which corresponds to the condition 7=w (\ / d/m) Then:

m27_2

‘md— =o(1).

Hence, the only dominant term on the right-hand side becomes nea, yielding the bound:

d
n>—.
1%}

Note, that n = Q(d/a?) is implied by the statistical non-private linear regression lower bound. Thus, in
all nZQ(d/sa—I—d/ozz).

e Small shift regime: Suppose T:O(\/d/TTL). Then:

m2,7_2

md— =0(md),

and therefore the right-hand side becomes:
o (nea—i—a\/ md) ,

which matches the bound in the no-shift case. Thus, the sample complexity requirements in the small shift
setting of 7=0(y/d/m) matches the no-shift setting.

e Finally, we note that in the large shift setting, when a > 7, then the OLS estimator that only uses public
samples already satisfies an accuracy of « in the ¢ norm.

This completes the proof of our result in Theorem 5.2.
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