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Abstract

Probabilities of causation are valuable con-
cepts for explainable artificial intelligence
(XAI) and personalized decision-making.
Pearl (2009) defined the probabilities of cau-
sation from the viewpoint of “necessity”,
“sufficiency”, and “necessity and sufficiency”
in the context of structural causal models. In
addition, Tian and Pearl (2000) and Kuroki
and Cai (2011) provided the identification
conditions of the probabilities of causation
under the monotonicity assumption. How-
ever, these identification conditions are de-
scribed based on “the joint probabilities of
observed random variables” and/or “causal
risks” without selection biases. Thus, they
are not applicable to studies in the presence
of confounding and selection biases. To ad-
dress this problem, this paper provides novel
identification conditions for the probabilities
of causation by using (i) two proxy covariates
and (ii) an instrumental variable and a proxy
covariate. When the probabilities of causa-
tion can be evaluated through the proposed
identification conditions, new plug-in estima-
tors for these probabilities are presented. Fi-
nally, we illustrate the application of our re-
sults on a real-world dataset.

1 INTRODUCTION

A selection bias is defined as

Bias of the estimated effect of an exposure
on an outcome due to conditioning on a
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common effect of the exposure and the out-
come (Porta, 2014).

A selection bias arises when the selected population is
not representative of the target population. It causes
the phenomenon that the statistical association be-
tween the exposure variable and the outcome variable
in the selected population differs from the statistical
association in the target population, which often leads
to serious misjudgments about the cause—effect rela-
tionship between the exposure variable and the out-
come variable. Thus, to address this issue, there has
been vigorous discussion regarding the selection bias
problem in statistical causal inference.

To establish causation in the presence of confounding
and selection biases, this paper focuses on the identifi-
cation and estimation problems of the probabilities of
causation because, in recent decades, these problems
have received increasing attention in the fields of ar-
tificial intelligence, epidemiology, legal reasoning, pol-
icy analysis, risk analysis, and statistical science (e.g.,
Byrne, 2019; Cai and Kuroki, 2005; Cox, 1984; Dawid
et al., 2017; Galhotra et al., 2021; Greenland, 1987,
Kommiya Mothilal et al., 2021; Pearl, 2009; Robins
and Greenland, 1989; Tian and Pearl, 2000; Watson
et al., 2021). For example, recently, in the field of ex-
plainable artificial intelligence (XAI), it has been noted
that “necessity”, “sufficiency”, and “necessity and suf-
ficiency” are important explanatory concepts, and the
probabilities of causation play an important role in
establishing these concepts from probabilistic aspects
(Galhotra et al., 2021; Kommiya Mothilal et al., 2021;
Watson et al., 2021).

Pearl (2009) developed formal semantics for probabil-
ities of causation based on structural causal models
and presented formal definitions for the probability
of necessity (PN), the probability of sufficiency (PS),
and the probability of necessity and sufficiency (PNS).
These probabilities of causation are formulated based
on the joint probabilities of two potential outcome
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variables. Since one cannot simultaneously observe the
results of the same subjects exposed and unexposed in
reality, even successful randomized experiments have
failed to identify these quantities. To solve this prob-
lem, Pearl (2009), Tian and Pearl (2000), and Kuroki
and Cai (2011) show how to bound the probabilities
of causation from statistical data. Pearl (2009) and
Tian and Pearl (2000) also stated that the probabil-
ities of causation are identifiable if monotonicity can
be assumed, and if the causal risks of interest are iden-
tifiable.

However, the studies mentioned above are restricted to
situations where the available statistical data are pro-
vided in the form of “joint probabilities of observed
random variables” and/or “causal risks” without a se-
lection bias. This means that the current identification
conditions do not hold in the presence of confounding
and selection biases. Although there have been signif-
icant requirements to establish causation in the pres-
ence of confounding and selection biases, much less has
been discussed about how to identify the probabilities
of causation.

To address this problem, this paper provides novel
identification conditions for the probabilities of cau-
sation by using (i) two proxy covariates and (ii) the
instrumental variable and a proxy covariate. Here, co-
variates are random variables not affected by an ex-
posure variable, and proxy covariates are a type of
covariates used instead of a set of covariates of inter-
est when such a set cannot be measured directly. In
addition, the instrumental variable is a variable that
(i) is not associated with all the observed and unob-
served covariates, and (ii) is associated with the expo-
sure variable but has no effect on the outcome variable
except through its association with the exposure vari-
able (Greenland, 2000).

Unlike Tian and Pearl (2000) and Kuroki and Cai
(2011), who discussed the evaluation problem of the
probabilities of causation in studies without selection
bias, the proposed identification conditions allow us to
estimate the probabilities of causation from observed
data in the presence of both confounding and selec-
tion bias, without assuming monotonicity. Thus, our
results extend Shingaki and Kuroki (2021, 2023) and
Kawakami (2021), who addressed the evaluation prob-
lem of the probabilities of potential outcome types in
settings without selection bias. Moreover, it is note-
worthy that, in certain situations, the probabilities of
the potential outcome types are also identifiable by
using an instrumental variable together with a proxy
covariate, even in studies with confounding and selec-
tion bias.

When the probabilities of causation can be evaluated

through the proposed identification conditions, the es-
timation problem of the probabilities of causation re-
duces to that of singular models, and thus, they can
not be evaluated by standard statistical estimation
methods, such as the maximum likelihood estimation
method. To solve the problem, new plug-in estima-
tors of these probabilities are also presented. Finally,
we illustrate the application of our results on a real-
world dataset. The results of this paper extend the
applicability of statistical causal inference to practical
science. Given space constraints, the proofs and nu-
merical experiments are provided in the Supplemen-
tary Material.

2 PRELIMINARIES

This section introduces the potential outcome vari-
ables used to address our problems. Here, we assume
that the readers are familiar with the basic theory of
statistical causal inference (Imbens and Rubin, 2015;
Pearl, 2009). For details on the basic theory of statis-
tical causal inference and graph-theoretic terminology
used in this paper, we refer readers to Imbens and Ru-
bin (2015) and Pearl (2009).

Letting N be the sample size, we assume that X and
Y represent the observed dichotomous exposure vari-
able and the observed dichotomous outcome variable,
respectively. For the exposure status x € {xzg,z1}
(where x; is the occurrence of an event, and where
x¢ is the non-occurrence of an event) and the outcome
status y € {yo,y1} (where y; is the occurrence of an
outcome, and where yy is the non-occurrence of an
outcome), let p(X = z,Y = y) = p(x,y) be the joint
probability of (X,Y) = (z,y), p(X = z) = p(x) be
the marginal probability of X =z, and p(Y =y | X =
x) = p(y|x) = p(x,y)/p(x) be the conditional proba-
bility of Y = y given X = x. A similar notation is used
for other probabilities. In principle, for z € {zg, 1},
the i-th of the N subjects has a potential outcome
variable Y, (i) that would have resulted if X had been
x for the i-th subject. Here, Y, (i) = y denotes the
counterfactual statement that “Y would be y had X
been x for the ¢-th subject.” For each subject, only
the observed outcome Y (i) is available, reflecting the
fact that counterfactual outcomes are not jointly ob-
servable. Separately, we assume the consistency prop-
erty (Pearl, 2009), which is formally defined as

X()=z — Yi(i)=Y() (1)

for the i-th subject.

In this work, we assume a stable unit treatment value
assumption (Imbens and Rubin, 2015), which can be
summarized as follows: (i) the exposure status of any
subject does not affect the outcome status of the other
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subjects, and (ii) the exposure statuses of all subjects
are comparable. When N subjects in the study are
considered as random samples from the population of
interest, Y, (i) is referred to as the value of a random
variable, Y,. The causal risk of X =z onY = gy is
defined as p(Y, = y).

When an ideal randomized experiment with X is fea-
sible, X is independent of (Y., Y%,), i.e., p(z, Yy, =
¥.Ye, = y) = pl@)p(Ya, = y,Ys, = y') holds
for x € {zg,x1} and v,y € {yo,y1}. The causal
risk p(Y, = y) is then identifiable and is given by
p(Yz = y) = p(y|x). Here, “identifiable” means that
the causal quantities, such as p(Y, = y), can be esti-
mated consistently from a probability of observed ran-
dom variables. In contrast, when it is difficult to con-
duct ideal randomized experiments, we can still eval-
uate the causal risk according to the conditionally ig-
norable treatment assignment condition (Imbens and
Rubin, 2015) or, graphically, the back-door criterion
(Pearl, 2009). In other words, for the exposure vari-
able X, if there exists a set Z of random variables such
that X is conditionally independent of (Y, Ys,) given
Z,ie.,

p(@, Yo, =4,Ye, =y | Z = 2)
:p(m|Z=z)p(Yx0 :yaYan :y’lZ:z)

holds for = € {xo,z1}, ¥,y € {yo,y1} and any value
of z taken by Z, then we say that the treatment as-
signment is conditionally ignorable given Z, or Z is a
sufficient set of confounders. When a sufficient set Z
of confounders is observed, the causal risks p(Y, = y)
are identifiable and are given by

p(Ye=y) = plylz,2)p(z). (2)

Generally, a confounding bias arises when a sufficient
set of confounders is unavailable, and often leads to
severe misjudgments about the cause—effect relation-
ship between the exposure and outcome variables. Al-
though other identification conditions can be used to
evaluate causal risk in such situations (e.g., Pearl,
2009; Tian and Pearl, 2002), we do not cover them
in this paper because of space constraints.

For the potential outcome variables Y, and Y, ac-
cording to Lash et al. (2021), we can consider the fol-
lowing four potential outcome types:

uy = (Yz, = y1, Yz, = y1) represents a “doomed” situ-
ation where the exposure status is irrelevant in the
sense that the outcome of interest occurs (Y = y1)
with or without the event of interest.

uz = (Yz, = y1, Yz, = yo) represents a “causative”
situation where the outcome of interest occurs

(Y = y) if and only if the event of interest occurs
(X = .CL‘]_).

uz = (Yz, = yo, Yz, = y1) represents a “preventive”
situation where the outcome of interest occurs
(Y = y1) if and only if the event of interest does
not occur (X = xg).

ug = (Yy, = yo, Yz, = yo) represents an “immune”
situation where the exposure status is irrelevant
in the sense that the outcome of interest does not
occur (Y = yo) with or without the event of in-
terest.

Here, the assumption of p(uz) = 0 is called monotonic-
ity by Pearl (2009). The central aim of this paper is to
solve the identification and estimation problems of the
probabilities of causation without such an assumption.

Following Pearl (2009), we define three probabilities of
causation, namely, the probability of necessity (PN),
the probability of sufficiency (PS), and the probability
of necessity and sufficiency (PNS).

The PN is defined as

PN =p(Ye, =wol|21,Ye, = 11) = p(Yao = yo |21, 91),
(3)

which stands for the probability that the outcome of
interest would not have occurred (Y = yg) in the ab-
sence of the event of interest (X = x), given that
X =1z and Y = y; did, in fact, occur. PN has ap-
plications in artificial intelligence, epidemiology, and
legal reasoning. Epidemiologists have long been con-
cerned with estimating the probability that a certain
case of a disease is attributable to a particular expo-
sure, which is normally interpreted counterfactually as
“the probability that the disease would not have oc-
curred in the absence of exposure, given that the dis-
ease and exposure did in fact occur.” This probability
is evaluated by the PN.

The PS is defined as

PS = p(Ya, = y1 |20, Ya, = y0) = (Y, = y1 |70, %0),
(4)

which stands for the probability that the outcome of
interest would have occurred (Y = y;) in the presence
of the event of interest (X = x1), given that X = x
and Y = yp did, in fact, occur. The PS has appli-
cations in artificial intelligence, policy analysis, and
risk analysis. Policy-makers may be interested in the
dangers that a certain exposure may present to the
healthy population (Khoury et al., 1989). Counter-
factually, this notion is interpreted as the “probability
that a healthy unexposed subject would have gotten
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Figure 1: Graphical representation for the case of two
proxy covariates.

the disease had they been exposed.” This probability
is evaluated by the PS.

The PNS is defined as

PNS = p(Ymo = Yo, Ya:1 = yl)v (5)
which represents the probability that X = x; is a nec-
essary and sufficient cause for Y = y;. Therefore,

it measures both the sufficiency and the necessity of
X =z to produce Y = y;.

Since the PN, the PS, and the PNS involve joint prob-
abilities of two potential outcome variables, they are
not estimable from statistical data, even under ideal
randomized experiments, without any further causal
information (Pearl, 2009).

3 IDENTIFICATION

3.1 Two proxy covariates

According to Pearl (2009), letting U be the set of all
discrete and continuous covariates that could affect X
and Y, both observed and unobserved, we consider the
identification problem of the probabilities of causation
based on the directed acyclic graph shown in Figure 1a.

Covariates Z and W, in Figure la, are measured as
proxy covariates of U. Here, note that both Z and W
can be a set of discrete and/or continuous covariates.
In Figure la, the directed edge from X to Y (X —
Y') indicates that X could affect Y. In addition, the
absence of a directed edge from Y to X indicates that
Y cannot be a cause of X, and the directed path from
U to Y through X (U — X — Y) indicates that
some elements of U could affect Y mediated by X. In
the context of the structural causal model, Figure la
also graphically represents the data-generating process
(cause-effect relationships)

X =9.(U,Z €),
Z:gz(Uaez)’ Wzgw(U,ew),

Y = gy(X7U7€y)a
S =gs(X,Y,¢€5),

where €, €, €, €,, and €, are independent random
disturbances and are independent of U.

The situation, such as Figure 1la, is also discussed in
Kuroki and Pearl (2014) and Pearl (2010). However, in
this paper, unlike Kuroki and Pearl (2014) and Pearl
(2010), U can include an uncertain number of discrete
and continuous covariates. Thus, in many situations,
it is reasonable to assume the existence of proxy co-
variates Z and W, and that W is conditionally inde-
pendent of {X,Y, Z} given U.

In the situation shown in Figure la, S shows a se-
lection variable that selects subjects from the target
population in such a way that the ideal randomized
experiment is not successful (s; indicates the selected
population and sy indicates the non-selected popula-
tion). When the statistical data from the selected pop-
ulation labeled S = s; but not the target population
are available, such statistical data would generate the
statistical association between X and Y that differs
in the target population. However, such a selection
through S never causes X or Y because S could be
a common effect of X and Y. Taking this into ac-
count, the impact of U U {e, €y, €, €, } on Y is classi-
fied into the following four potential outcome types, u;
(“doomed”), us (“causative”), uz (“preventive”), and
ug (“immune”). When it is re-defined as a random
variable U taking a value u € {uy,us,us, us}, similar
to the setting of the non-compliance problem by Pearl
(2009, Ch.8), throughout the paper, we assume that
p(z,y, s, z,w) is given as

p(z,y,s,2,w)
=p(s|z,y)
4 (6)
X Zp(y |z, wi)p(@ | 2, ui)p(z | ui)p(w [ wi)p(u;)
i=1
according to Figure 1b. It is also assumed that other
joint probabilities of X, Y, S, Z, and W can be rewrit-
ten in a similar way. Then, this factorization implic-
itly implies that X is conditionally independent of W,
given U, denoted as X Il W | U, which is used in
the context of the impact evaluation problem of the
program (Nguyen, 2016). In addition, from the con-
sistency property, we have

p(x1, Y0, 2, w,u; | $1) =0 fori=1,2,
p(z1,y1,2,w,u; | s1) =0 fori=3,4, ™)
p(xo, Yo, 2, w,u; | s1) =0 fori=1,3,
p(xo,y1,2,w,u; | $1) =0  for i =2,4.

Thus, for example, the conditional probabilities
p(x1,y1,2,w]|s1) can be rewritten as

p<$1,y1a2,w|31)
2
= Zp(w |ug)p(z | 21, y1, wi)p(us | 1, y1)p(21, 41 | 51)-
i=1
(8)
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In addition, the other conditional probabilities of X,
Y, Z, and W given S = s; can be rewritten similarly.

To solve the identification and estimation problems of
the probabilities of causation, we derive the following
theorem:

Theorem 1. Letting S, Z, and W be random vari-
ables taking the values s € {sg,s1} for S, k(> 2)
values z € {z1,2a,...,2k} for Z, and 1(> 3) wval-
ues w € {wy,wa,...,w} for W, respectively, p(Y, =
y|',y") are identifiable for x,x’ € {xg,x1} and y,y’ €
{yo,y1} from the positive observed conditional prob-
abilities p(x,y,z,w|s1) of (X,Y,Z, W) = (z,y, z,w)
given S = sy if the following conditions are satisfied:
Condition 1. For z € {zo,z1}, v € {vo,y1},
z € {z1,22,...,2t}, w € {wi,wa,...,w;} and u €
{ul,’LLQ,U3,U4},

p(x7y751aw7zvu)
=p(s1]z,y)ply |z, w)p(z | 2, w)p(w [ uw)p(z | u)p(u)
(9)
hold.
Condition 2. For z € {xo,z1}, v € {yo,1}, z €

{z1,22,..., 2k}, and w € {wy,ws, ..., w},

1 p(3|$7ya51)
zwzy = 10
Q Y ( p('LU“T,y,Sl) p(sz‘xaywsl) ( )

are invertible.

Condition 3. For z € {21, 22,..., 2k},

‘sz1-x1y1| ?é |sz1'$oy1‘ |sz1-x1y1‘ 7& ‘sz1'$uyo|

‘QZU)Q'xl’yl | |sz2-zoy1 ‘ 7 |sz2-m’1y1 ‘ ‘QZ’LUQ'IU'!/O| ’

‘sz1'$1y0| 7& |sz1~$0y1‘ |sz1-w1yo‘ 7& ‘sz1'$0y0|

‘Qzum-ﬂﬂoyo|7
(11)

‘szz'rlyo| |sz2-$oy1 ‘ ’ |sz2-$1yo‘

where | - | denotes the determinant.

The proof is given in the Supplementary Material.
Theorem 1 shows that both the PN and the PS are
identifiable under Conditions 1, 2, and 3. In addi-
tion, for p(s1) = 1, Theorem 1 includes Shingaki and
Kuroki (2021), which discussed the evaluation problem
of probabilities of potential outcome types in observa-
tional studies with covariate information. In contrast,
for p(s1) € (0,1), note that the PNS is not identifiable
by Theorem 1 because p(x,y) in the target population,
not p(x,y|S = s1), is not identifiable under the selec-
tion mechanism in Figure la. When p(z,y) are given
for z € {zo,21} and y € {yo,y1} in Theorem 1, the
probabilities of potential outcome types p(u1), p(uz),
p(us), and p(uy) are identifiable, that is, the PNS is
also identifiable.

Figure 2: Graphical representation for the case of the
IV together with one proxy covariate.

3.2 Proxy covariate with an instrumental
variable

Kawakami (2021) noted that the combination of the
instrumental variable (IV) and a proxy covariate plays
a powerful role in identifying probabilities of potential
outcome types from statistical data. In this section,
we show that the IV, together with a proxy covariate,
also enables us to identify the PN, the PS and the
PNS from statistical data in the presence of confound-
ing and selection biases. The main points are that (i)
we use the IV (Z) with three or more categories as a
covariate, and (ii) we use a proxy covariate (W) with
three or more categories.

To see this, for the directed acyclic graph shown in
Figure 2, we assume that X and Y are observed di-
chotomous random variables, where X represents the
treatment actually received (z € {x1,z0}; 21 is the
occurrence of an event, while x( is the non-occurrence
of an event) and Y represents the observed outcome
variable (y € {y1,yo}; y1 is the occurrence of an out-
come, while yo is the non-occurrence of an outcome).
Z is seen analogously to the randomized treatment
assignment (z € {z1,22,23}). W and U represent ob-
served proxy covariates with three or more categories
(w € {wy, w2, ws}) and a random variable indicating
potential outcome types (u € {uy,us, us, us}), that are
not affected by X or Y, respectively. In this situation,
counterfactually, Z satisfies the instrumental variable
(IV) assumption: (i) Z is not independent of X, (ii)
Z is independent of U, and (iii) for positive observed
conditional probabilities p(y, z |z, u) (z € {xo,x1},
y €{yo, 1}, z € {21, 22,23}, u € {uy,ua,us, uqg}),

Py, z |z, u) = p(z |z, w)p(y | 2, u) (12)

holds.

In this setting, equations (6), (7), and (8) also hold
in Figure 2 under the constraints p(y|z,z,u) =
Py |z, u), p(z|u) = p(z) and p(z|z,y,u) = p(z | 2,u)
for x € {zo,z1}, v € {yo, 11}, z € {#1,22,23} and
u € {uy,us,us,uqs}). This observation shows that if
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Conditions 2 and 3 of Theorem 1 and

p(xvya S1, W, Zvu)

— p(s1 |2, 9)p(y |2, (e | 2 wplw | wp()p(w) )

hold in Figure 2, then both the PN and the PS are
identifiable from the statistical data in the presence of
confounding and selection biases, which is shown as
follows:

Corollary 1. Letting S, Z, and W be random vari-
ables taking the values s € {so,s1} for S, k(> 3)
values z € {z1,29,...,2x} for Z, and (> 3) val-
ues w € {wy,wa,...,w} for W, respectively, p(Y, =
y|a',y’) are identifiable for x,x’ € {xg, 21} andy,y’ €
{yo,y1} from the positive observed conditional prob-
abilities p(x,y,w,z|s1) of (X,Y,Z, W) = (z,y, z,w)
giwen S = s1, if Conditions 2 and 3 of Theorem 1
and equation (13) hold for x € {xo,x1}, ¥y € {yo, 11},
z € {z1,22,..., 2k}, w € {wy,wa,...,w}, and u €
{ul,UQ,U3,U4}.

The proof is achieved via a similar procedure to that
of Theorem 1.

Remarkably, different from the previous section where
the PNS is not identifiable in Figure 1b because p(z, y)
is not available for any x and y, Figure 2 represents
that the PNS is identifiable through the combination of
the instrumental variable Z with three categories and
a proxy covariate W with three categories. Notably,
Z and W are independent of each other in Figure 2.
Then, we have

> p(zw|z,y)pe,y)

z,Y

= <Zp(w |z, y)p(z, y)) (Zp(z |z, y)p(z, y))
v m’y (14)

for any z and w. Here, note that p(z,w|z,y),
p(z|z,y) and p(w|z,y) are estimable from
p(z,w|xz,y,s1) since S is conditionally indepen-
dent of {Z, W} given {X,Y}. Then, equation
(14) is regarded as a set of equations for three
unknown parameters p(z1,y1), p(x1,yo0), and p(zo, y1)
(p(zo,90) = 1 — p(z1,91) — p(z1,%) — p(z0,91))-
Thus, when equation (14) includes at least three
non-degenerate equations, Bézout’s theorem (e.g.,
Cox et al., 2015) implies that there exist at most eight
solutions for p(z,y). Equation (14) can be solved
by systematic polynomial elimination methods (e.g.,
Grobner bases), rather than by naive substitution.
In addition, as demonstrated in Section B of the
Supplementary Material, noting that the degrees of
freedom for the k x [ contingency table of Z and
W given S = s; are (kK — 1) x (I — 1), if it contains

non-degenerate equations satisfying (k—1)(I—1) > 8,
equation (14) admits a unique solution for p(z,y).
This result establishes that the identification problem
of the probabilities of potential outcome types can
also be addressed by using an instrumental variable
together with a proxy covariate. For instance, the
PNS can be expressed as

PNS = PN x p(z1,y1) + PS X p(z0, yo)- (15)

In contrast, when equation (14) is degenerate (for ex-
ample, when W and Z are independent of X and Y),
equation (14) admits either infinitely many solutions
or none. Importantly, whether equation (14) is non-
degenerate is empirically testable, since p(z,w | z,vy),
p(z | z,y), and p(w | x,y) can be consistently esti-
mated from p(z,w | z,y,s1). For further details, see
Section B of the Supplementary Material.

4 ESTIMATION

When the probabilities of causation are identifiable
through the proposed conditions, according to the
proofs of Theorem 1 (refer to the Supplemental Mate-
rial A), we propose new plug-in estimators of PN and
PS from statistical data in the presence of confounding
and selection biases.

To do thiS, for z € {.Tl,xo}, y € {ylayo}a
z € {z1,22,...,2k}, and w € {wy,wa,...,w},
let ﬁ(z‘xayvsl)a ﬁ(UI\:C,y,sl), and ]/7\(2,11)|I',y,51)
be the maximum likelihood estimators of
p(z|z,y) = p(zlz,y,51), p(wla,y) = plw|z,y,s1),
and p(z,w|z,y) = p(z,w|xz,y, s1), respectively. Let

P |sz1-wy|
v |szg'xy|,
1
bxy - e— {p(zan | x,Y, Sl)p(wl |$,y751)
|sz2-my|

—p(Z,’LUl |$7y7 Sl)p(wQ | z,Y, 81)} .

Note that the consistent estimators @, and Exy of
azy and by, respectively, are derived by replac-
ing p(z|x,y,s1), p(w|z,y,s1), and p(z,w|x,y,s1) of
Gzy and by, with the maximum likelihood estima-
tors ﬁ(z | z,y, 31)7 ﬁ(w ‘ z,Y, sl)a and ﬁ(zv w | z,Y, sl)a
respectively (z € {zo,21}, v € {vo,y1}, z €
{z1,22,..., 2k}, w € {wy,wa,...,w;}). Then, from
equations (A.28)—(A.31) in the Supplementary Mate-
rial A, the consistent estimators p(w | u) of p(w |u) are
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given by
1 —Qpyy,
1 =Gz,
1 _al'lyl
1 Aoy
1 _awlyo
1 oy,
( 1 _azwo > ( ﬁ(wl |U4) > _ /b\wlyo
1 _azoyo p(w2 | U4) bzoyo

Since we now derive the consistent estimators p(w | u),
1/)\(2|xﬂy781)7 ﬁ(w|x7yvsl) and ]/Q\(Z,W|1',y,81)
of p(w|u)7 p(2|$,y7s1), p(w|x,y,sl) and
p(z,w|xz,y,s1), respectively, by replacing p(w]|u),
p(z|xay781)a p(w|x7y751) and p(Z,w|$,y,81)
in equation (A.32) in the Supplementary Mate-
rial A with ﬁ(w | u)v ]’D\(Z | z,y, Sl)a ]/7\(11) | z,Y, 51) and
plz,w|w,y,s1), respectively (z € {zo,z1},y € {yo,
yl}vw S {’UJ]_,U]Q,...,’U)l},U S {ulau2au37u4}), the
consistent estimator p(u | x,y) of p(u|x,y) is given by

N——— N——— N———
7N 7 N 7 N
==
5 E

plw |z, y1,51) — plw|uy)
p(w]uz) — plwus)
plw|xo,y1,51) — plw]|u)
plw | uz) — plw|u1)
plw |ug) — plw|z1,y0, 51)
plw | ug) — plw|us)
plw|ug) — plw|xo, Yo, 51)
p(w]|us) — plw]uz)

f(u2|$1ay1) =

ﬁ(u3|$07y1) =
(17)

ﬁ(us | 3317?/0) =

Z/)\(UQ | Zo, yO) =

and
ﬁ(m |m1,y1) =1 —ﬁ(uz |$1ay1)7
ﬁ(ul |9§'07y1) =1 *ﬁ(Ug |‘T0ay1)7
~ . (18)
plua |1,90) = 1 — plus | 21, 90),
Plug | o, y0) =1 — p(uz | 2o, y0)

Thus, from equations (A.33) in Appendix A, the
consistent estimators of p(Y, = yl|z',y) (z,2' €

{zo,z1},y,¥" € {yo,y1}) are given by

P(Yeo = %o | w1,91) = Pluz |21, 91),
P(Ye, =90l wo,y1) = P(us | 2o, 1), (19)
P(Yzo = y1 |21, 90) = p(us [ 21, %0),
P(Ya, = y1 | w0, y0) = p(uz | o, yo)-

In Appendix C, under the situation of Figure 2, we also
provide the estimation method of the PNS through
estimating p(z,y) by using (14).

5 CASE STUDY

This section illustrates our results through a real-world
dataset obtained from GEUVADIS (Genetic European
Variation in Disease) data, reported by Lappalainen
et al. (2013), and re-analyzed by Badsha and Fu (2019)
and Badsha et al. (2021)'. The GEUVADIS project
(Lappalainen et al., 2013) was conducted to charac-
terize regulatory variation in different human popula-
tions. An average of 49M paired-end reads were gen-
erated from the total RNA extracted from 465 lym-
phoblastoid cell lines collected as part of the 1000
Genomes project. In this section, we analyzed the
gene SBF2-AS1 in the eQTL gene set #50 with the
single nucleotide polymorphism (SNP) rs7124238, and
the SWAP70 gene for 358 Europeans and 87 Africans.
The variables of interest are as follows:

X: Gene expression for SWAP70 (x1:
xo: downregulation),

upregulation;

Y: Gene expression for SBF2-AS1 (y;: upregulation;
yo: downregulation),

Z: Number of alternative alleles for SNP rs7124238
(z1: homozygous for the reference allele; zo: het-
erozygous; z3: homozygous for the alternative al-
lele),

W: Population (w;: British in England and Scotland,
Finnish in Finland, or Toscani in Italy; ws: Utah
residents with Northern and Western European
ancestry; ws: Yoruba in Ibadan, Nigeria),

S: A selection wvariable that selects subjects
from the target population with probabili-
ties p(s1|xo,v0) = 0.25, p(s1|z1,y0) = 0.50,
p(s1 |20, y1) = 0.75, and p(s1 | z1,y1) = 1.00.

Badsha et al. (2021) treat Z as an instrumental vari-
able (IV) and argue that the data-generating process
Z — X — Y is a plausible underlying mechanism
for the GEUVADIS data. In line with Badsha et al.
(2021), we assume that the data-generating process
is represented as in Figure 2, and we additionally in-
troduce the selection variable S to demonstrate the
applicability of the proposed estimation method. The
variable W represents coarse population labels (e.g.,
British/Finnish/Toscani, CEU, Yoruba). These labels
are not biological determinants of gene expression for
SWAPT0 or SBF2-AS1. Rather, they capture differ-
ences in haplotype structure, linkage disequilibrium
(LD) blocks, and allele-frequency patterns—features

'The data are included in R package MRPC https:
//cran.r-project.org/package=MRPC (License: GPL-2 |
GPL-3)
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that are naturally interpreted as components of the
unobserved variable U. Because U is latent, using
W as a proxy for U is consistent with standard proxy-
variable approaches for unmeasured confounding (e.g.,
Miao et al., 2018; Alabdulmohsin et al., 2023). In
such frameworks, a proxy variable may carry infor-
mation about an unobserved confounder without ex-
erting direct causal influence on either the exposure or
the outcome. This corresponds exactly to the relations
encoded in Figure 2 and assumed in Theorem 1.

Considering that Conditions 1, 2, and 3 of Theo-
rem 1 hold, the bootstrap estimates of the PN, PS,
and PNS via the proposed method based on the se-
lection bias data are 0.450, 0.506, and 0.269, respec-
tively. Thus, the estimated PN implies that, for sub-
jects whose SWAPT0 and SBF2-AS1 expression were
actually upregulated, 45.0% would have a downregu-
lated SBF2-AS1 expression if the SWAP70 expression
had been downregulated. In other words, the prob-
ability that the upregulation of SWAP70 is a neces-
sary cause of the upregulation of SBF2-AS1 is 0.450.
Similarly, the estimated PS implies that, for subjects
whose SWAP70 and SBF2-AS1 expression were actu-
ally downregulated, 50.6% of the subjects would have
an upregulated SBF2-AS1 expression if the SWAP70
expression had been upregulated. In other words, the
probability that the upregulation of SWAP70 is a suf-
ficient cause of the upregulation of SBF2-AS1 is 0.506.
Here, the estimated PNS shows that the probability
that the upregulation of SWAP70 is a necessary and
sufficient cause of the upregulation of SBF2-AS1 is
0.269. In contrast, the bootstrap estimates of the PN,
PS, and PNS based on the data without selection bias
are 0.516, 0.560, and 0.346, respectively. There seems
to be no significant difference between the estimated
PN, PS, and PNS with, and the estimated PN, PS,
and PNS without a selection bias.

Table 1 shows the basic statistics of 100,000 boot-
strapped replications of the estimates of the PN, PS,
and PNS. From Table 1, it seems that the estimated
PN and PS are distributed uniformly but the esti-
mated PNSs are relatively skewed. In addition, since
many outliers are generated, the estimated PN and
PS have a wide sample range, and the minimum and
maximum values provide no information on PN and
PS.

6 DISCUSSION

Probabilities of causation often appear in various fields
of practical science, e.g., identification problems of
prevented and preventable proportions (Yamada and
Kuroki, 2017) and proportion of benefit and harm
(Mueller et al., 2022), XAI problems (Galhotra et al.,

Table 1: Basic statistics of bootstrapped estimates
for “probabilities of causation” from the GEUVADIS
data.

without selection bias with selection bias

PN PS PNS PN PS PNS

Minimum 0.000 0.000 0.000 0.000 0.000 0.000
1st Quantile  0.277 0.357 0.101 0.217 0.282 0.123
Median 0.523 0.584 0.156 0.429 0.512 0.191
Mean 0.516 0.560 0.167 0.450 0.506 0.200
3rd Quantile 0.757 0.780 0.220 0.670 0.733 0.268
Maximum 1.000 1.000 0.889 1.000 1.000 0.893
s.e. 0.283 0.265 0.092 0.275 0.275 0.101

2021; Kommiya Mothilal et al., 2021; Watson et al.,
2021), evaluation problems of the traffic conflicts (Ya-
mada and Kuroki, 2019), personalized decision making
problems (Mueller and Pearl, 2023), and unit selec-
tion problems (Li and Pearl, 2019). These applications
show that the identification and estimation problems
of these probabilities have been important topics in
statistical causal inference. To solve the problems in
the presence of confounding and selection biases, this
paper provided novel identification conditions for the
probabilities of causation by using (i) two proxy co-
variates and (ii) an instrumental variable (IV) and a
proxy covariate. To the best of our knowledge, in the
presence of confounding and selection biases, although
there is a significant requirement to solve these prob-
lems without the assumption of monotonicity, there
has not been much discussion on how we evaluate the
probabilities of causation. In addition, to solve the
estimation problem of these probabilities, we propose
new plug-in estimators for the PN, PS, and PNS based
on the proposed identification conditions.

A natural question is whether point identification of-
fers a practical advantage over the sharp bounds for
PN, PS, and PNS developed by Tian and Pearl (2000)
and later refined by Li and Pearl (2019). These bounds
are informative and often tight under weaker assump-
tions. However, even narrow bounds may include val-
ues that reverse the optimal decision (e.g., zero for PN
or PNS), which renders decision-making inherently un-
stable. This issue persists even with arbitrarily large
sample sizes, because the residual uncertainty reflects
a lack of identification rather than sampling variabil-
ity. To illustrate, consider a setting in which the true
probability of causation is small but positive, while
the identifiable bounds include zero. In such cases, a
decision maker who accounts for worst-case scenarios
may rationally conclude that the intervention has no
effect and refrain from acting. By contrast, under the
proposed identification conditions, the relevant proba-
bilities become point-identified, and the corresponding
estimators converge to their true values as the sample
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size increases. This removes the ambiguity induced by
bounds that include outcome-reversing values and can
therefore lead to qualitatively different decisions.

Finally, to extend the identifiability of probabilities of
causation in the presence of confounding and selection
biases, it would be necessary to discuss how to use
(a) an intermediate variable and (b) external informa-
tion. Regarding (a), one of our ideas is to extend the
mediation-based identification conditions of the prob-
abilities of causation in the presence of a confound-
ing bias (Shingaki and Kuroki, 2024). Regarding (b),
it would be better to refer to Bareinboim and Tian
(2015); Correa et al. (2018, 2019) to derive novel iden-
tification conditions of the probabilities of causation.
Such extensions will be left for future work.
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Identification and Estimation of “Probabilities of Causation” in the
Presence of Confounding and Selection Bias
(Supplementary Material)

A  Proof of Theorem 1
For z € {zg, 21}, y € {yo,y1}, 2 € {#1,29,..., 2k}, and w € {wy,wa, ..., w; }, since we have
p(sz7u|xaya81) :p(sz7u|‘ray) (AQO)

from Condition 1 in Theorem, p(z,w,u|x,y,s1) is equivalent to p(z,w,u|xz,y). Then, we have

p(z,w |z, 1) = plz,w |1, y1,81) = p(z | ur, w1, y1)p(w [ ur)p(us | w1, y1) + p(z | uz, x1, y1)p(w [ uz)p(uz | 21, y1),
p(z,w|mo,y1) = p(z,w |20, y1,81) = p(2 | ur, w0, y1)p(w [ ur)p(ur [ zo, y1) + p(z | us, To, y1)p(w | uz)p(us | vo, y1),
p(z,w|@1,90) = p(2,w | 21,90, 1) = p(2 | uz, 1, yo)p(w | uz)p(us | v1,Y0) + p(2 | ua, 21, yo)p(w [ ua)p(ua | 1, Y0),
p(z,w | 2o, y0) = p(z,w | 2o, Yo, s1) = p(2 | u2, T, yo)p(w | u2)p(uz | 0, yo) + p(2 | ua, To, yo)p(w | ua)p(us | 2o, yo)
(A.21)
for z € {z1,29,..., 2} and w € {wy,we, ..., w;}, since, by the consistency property,
p(z,u; | x1,91,81) =0 for i = 3,4,
p(z,u; | o, y1,51) =0 for z =24, (A.22)
p(Zaui|I1ay07 1)20 fOI‘Z:172,
p(z,u; | 20,90,81) =0 fori=1,3
hold for z € {z1,29,..., 2k}, w € {wy,wa,...,w }, and u € {uy,us, us, us}. Then, we prove Theorem 1 through
the following steps.
Step 1: Identification of p(w |u)
From equations (A.21), regarding p(z | z1,y1, s1), p(w|x1,y1,81), and p(z,w | z1,y1,51), we have
< 1 p(z| @1, y1,51) )
plw|T1,Y1,s1 pl\z,w|T1,Y1, 51
(wlz1,y1,81) plz,w|w1,y1,51) (A.23)
_ 1 1 p(uy [21,91) 0 L p(z|u1,21,91)
p(wlur) plw|uz) 0 p(uz | z1,91) L p(z|uz,21,91)
for w € {wy,wz}. From Condition 2 in Theorem 1, note that
1 (2| 21,91, 81)
p(wlz1,y1,81) plz,w|z1,y1,51)
is invertible for z € {21, 22} and w € {wy, wa, w3}. We derive
1

< 1 (z]w1,91,51) >< 1 (z]w1,91,51) > 1( 1
pw1|ﬂf17y1781) p(z, w1 | z1,91,51) p(wz |z1,91,81) p(z,wa2|x1,Y1,51) p(wa |u1)
(s amen ) (oot o)
N beyy, azlyl pwa|ur) plws|uz)

1 1

1
( by, + p(we |U1)ar1y1 by, +P(wa | u2)az,y, ) B ( p(wy [ur)  p(ws [uz) ) ’

p(wa |uz2)

)
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ie.,
p(wl |U1) = bIlyl +p(w2 |u1)a$1y17 p(wl |U'2) = bw1y1 +p(w2 ‘ u2)a$1y1’ (A24)
where

_ p(z,’l,U]_ |$7yasl) —p(Z | $7y751)p(w1 |xaya Sl)
Qpy = ’
p(szQ |I7y751) *p(Z | ‘T7y751)p(w2 | z,Y, 51)
p(Z,’LUQ |x7y751)p(w1 |$,y, 81) _p(szl |x7ya51)p(w2 ‘li,y,Sl)
p(Z,UJQ |$7y,81) —p(Z | xvy781)p(w2 | x7y751)

bey =

for x € {xg,z1} and y € {yo,y1}. Similarly, from equations (A.21), we have

p(wy |u) = bagi + p(ws ‘ul)awoyw p(wy |ug) = baoy, + p(ws | u3)awoy17 (A.
pwi | uz) = bayy + P(W2 |U3) a0y, PW1[Us) = byyye + P(wa | Ua) Az, g, (A.26

) (A.

(

p(wl |u2) = bwoyo +p(w2 ‘u2)awoy07 p(wl |'LL4 = bﬂﬁoyo +p(w2 | u4)aﬂﬁoy0'

Thus, from Condition 3 in Theorem 1, p(w; |u1) and p(ws | u1) are identifiable from equations (A.24) and (A.25

as
—1
p(wl |U1) ) ( 1 —Ozyy, ) < bﬂ?lyl ) A
= . .28
(peatoy )= (3 ) (o (429
Similarly, p(ws |ug), p(ws |ug), p(wy |ug), p(ws|us), p(wy |us), and p(ws |uys) are identifiable from equations
(A.24)-(A.27) as

-1
p(wl |u2) > ( 1 —Qzyy, ) < bI1y1 ) A
_ 29
< p(w2 |u2) 1 —Azoyo bwoyo ’ ( )
—1
p(wl |U3) ) < 1 Az, yo ) < bwlyo ) A
- , 30
< p(w2 |U3) 1 —Azoyy bl’oy1 ( )
-1
p(wl |U4) ) ( 1 —Azyyo ) ( bmyo ) A
= ) 31
( p(wQ |u4) 1 —Qgqy, bioyo ( )

respectively.
Step 2: Identification of p(u|x,y)
First, equations (A.21) provide

-T
1 plw|ur) 1 p(z|z1,91,51) plur |z, y1) (2 |ur, x1,y1)p(ur |21, 41)
1 p(w|u2) p(w|x1,y1,sl) p z w|x1,y1,sl p(U2|$17y1) p(z|u27x1,y1)p(u2|a:1,y1)
-T
L p(w|uy) 1 p(z|@o,y1, 51) _ ( Plur|zo,y1)  p(z|ur,zo,y1)p(us | o, y1)
1 p(w|u3) p(w|x07y1,81) P(Z w|x0,y1,sl p(u3|xo7y1) p(z|u37x0,y1)p(u |CU073/1)
-T
1 p(w|us) 1 p(zl@1,y0,s1) ) _ ( plus|zi,90) p(z|us, @1,y0)p(us |21, 0)
1 p(w|ug) p(w|x1,90,81) plz,w|21,90,51) plug|21,90) (2| ug, 21, y0)p(ua | 21, 0)
-T
( 1 p(w]uz) ) ( 1 p(z | To, Yo, 51) ) _ ( p(uz|zo,y0) p(z|u2,z0,yo0)p(uz |0, y0) )
1 p(w|ug) p(w|xo,90,51) p(2,w|20,Y0,51) p(ua | w0, yo0) p(z|u4,x0,y0)p(u4|x0,y0)

A.32)

where the notation —T represents a transposed inverse matrix. Comparing the first rows of both sides in the
above equations. We sce that p(ur | 1,91), p(uz | 21,91), Plets | %o, 91), Plets | T0,91), Dotz | T1,90), Plota | 21, 50),
p(ua | o, yo), and pug | zo,yo) are identifiable. Note that p(us |z1,y1), p(ua | z1,y1), p(u2 | o, 1), P(ug | X0, y1),
p(u1 | z1,y0), plus | z1,v0), p(u1|xo,v0), and p(us | zo,yo) are evaluated by zeros from equations (A.22). From
this consideration, we know that p(u|z,y) are identifiable for © € {xo,z1}, v € {yo,vy1}, and u € {uy, uz,uz,uqs}.
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Thereforeu p(YI = y|$/ay/) is identifiable for (m7yaxl7yl> = ($17917$0ay1)7 (xlay17x07y0)7 (331>y07$07y1)7
(1, %0, T0, Yo) as

P(Yao = vo|w1,91) = p(uz | 1, y1) + pua | w1, 91) = pluz | 21,91),
P(Ye, = %o | wo,y1) = p(us | 2o, y1) + p(ua | zo,y1) = plus|wo,y1), (A.33)
p(Yzo =91 |21,90) = p(u1 |21, 90) + p(us [ 21, y0) = p(us [ 21, v0),
p(Ya, = 1| w0, y0) = p(us | 2o, y0) + p(uz | 2o, y0) = p(uz | o, yo)-

B Identification of p(z,y) in Section 3.2

In this section, we note that the degrees of freedom for the k x [ contingency table of Z and W given S = s;
are (k — 1)(I — 1). Then, we show that if equation (14) corresponds to a non-degenerate system of equations
satisfying (k — 1)(l — 1) > 8, then equation (14) admits a unique solution for p(z,y).

To do this, let p; = p(xo,yo), P2 = P(x1,%0), Ps = p(To,y1), and py = p(z1,y1). We then obtain the following
k x I+ 1 equations in py, p2, p3, and py4:

p(z,w |20, y0)p1 + p(z,w| 21, y0)p2 + P(2, w | o, y1)ps + p(z,w | 21, y1)ps
= (p(z 20, yo)p1 + p(z | 21,y0)p2 + (2 | 20, y1)p3 + p(2 | 21, Y1)pa)

X (p(w] xo,y0)p1 + p(w | x1,Y0)p2 + p(w | To, y1)ps + p(w |1, y1)pa) (B.34)
p1+p2+p3tps=1, (B.35)

for z € {z1,22,..., 2} and w € {wy,wa,...,w;}, where k > 2,1 > 2, and (k—1)(I—1) > 8. Then, by substituting
p4s =1—p; — ps — p3 into equation (B.34), we define

h(z,w) " —(ao(21)bo(w1) — co(z1,w1))
: p? :
h(zk—1,w1)" 3 —(ao(z1)bo(wi-1) — co(21, wi-1))
h(z1,ws) " 3 —(ao(22)bo(w1) — co(22,w1))
: p1p2 :
H= h(zk_li,wg)T  T= g;gz , b= *(GO(ZQ)bO(wl—l.) — co(z2,wi—1)) ’
. P1 :
h(z,wi—1)" D2 —(ao(zx—1)bo(w1) — co(zx—1,w1))
. p3 .
h(ze—1,wi—1)" —(ao(zx—1)bo(wi—1) — co(zh—1,wi-1))
where
h(z,w) = (a1(2)b1(w), as(2)ba(w), az(z)bs(w), a1 (2)be(w) + az(2)b1(w), a1(2)bs(w) + az(2)by (w),
as(2)bs(w) + az(2)ba(w), a1 (2)by(w) + ag(2)b1(w) — ¢1(z,w), az(2)bo(w) + ap(2)b2(w) — ca(z, w),
as(2)bo(w) + ag(2)bs(w) — c3(z,w)) T,
al(’z) :p(z | l’o,yo) —p(Z | xlvyl) ( ) p(Z | 173/0) (Z | 1'172/1)7
az(z) = p(z | xo,y1) —p(z | 21,91), ao(2) = p(z | 21,91),

bi(w) = p(w | wo,y0) — p(w | z1,91), b2(w) =p(w | x1,y0) — p(w | T1,1),
ba(w) = p(w | wo,y1) — p(w [ z1,91), bo(w) = p(w | z1,1),

Cl(Z,IU) :p(z7w | anyO) _p(z7w | (Ehyl)v 02(27’11}) :p(Z,’lU ‘ xlayo) _p(z7w | xlay1)7
Cg(Z,"UJ) = p(27w | anyl) 7])(2,’10 | xlayl)a CO(va) = p(Z,U} | xlayl)'

Then, k x I+ 1 equations (B.34) and (B.35) in p1, pa, ps3, and ps can be reduced to the following (k—1) x (I—1)
equations in pq, p2, and ps3:

Hz =b. (B.36)
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Then, when rank(H) = rank(H, b) = 9, which we refer to as a “non-degenerate equation”, a unique solution to
equation (B.36) exists and can be expressed as

x=(H "H)'H'b.

Letting @ = (x1,x2,...,%9), if each element of x lies within the interval (0,1) and the following constraints are
satisfied:

2 2 2
Tr =1x], Tg=1=x5, Tg=2=T3, T4=2T7T8, L5 = T7Ty, Ie =TTy, L7+ Tg+ Tg <1,

then p1, p2, and p3 are identifiable from x7, xs, and xg, respectively, and p, can be evaluated as py =1 — x7 —
rg — Xg.

C Estimation of the probabilities of potential outcome types

When the probabilities of causation are identifiable through the proposed conditions, according to the proofs of
Theorem 1, we propose new plug-in estimators of PN and PS from statistical data in the presence of confounding
and selection biases.

For z € {xhx()}a y e {y17y0}7 z e {217223 .. '7Zk}7 and w € {wlaw% s 7wl}7 let ]/7\(2’ | $7y751)7 ﬁ(w | Iayasl)a and
p(z,w|z,y,s1) be the maximum likelihood estimators of p(z|z,y) = p(z]|z,y, 1), p(w|z,y) = pw]|z,y, s1),
and p(z,w|z,y) = p(z,w|z,y, s1), respectively. Let

a _ |sz1~xy‘
oy = ——————
v |szz'wy‘ ’

1
|sz2'l'y‘

Note that the consistent estimators ag, and Zzy of azy and by, respectively, are derived by replacing
p(z|z,y,s1), p(w|z,y,s1), and p(z,w|z,y,s1) of azy and by, with the maximum likelihood estimators
]/7\(2 | Z,Y, Sl)a ﬁ(w | T, Y, sl)a and ]/)\(Z,U} ‘ x,Y, 51)7 respectively (J? € {anxl}a Yy € {y07y1}7 z € {Z17 R e 7Zk}a
w € {wy,wa,...,w}). Then, from equations (A.28)—(A.31), the consistent estimators of p(w | u) are given by

~ ~ -1 ™ —~ —~ —1 >~

< ?\(wl |’LL1 ) _ ( 1 _?\11?!1 ) /b\ﬂflm < ?\(wl |u2) ) _ ( 1 _?\Ilyl ) /b\ﬂfl’yl
Plwa | us 1 —Qgyy, broy: ) plws |uz) I —Gayy, beoys |
—~ ~ —1 " ~ —~ —1 -~

< ]/9\(11)1 > — ( 1 _?\wlyo ) Exlyo < }/9\(101 |U4) > _ ( 1 _fl\ﬂﬁlyo ) Exlyo )
p(ws L —Gagy, bagy ’ plws | ug) I —azgy, bzoyo

Since we now derive the consistent estimators p(w | u), p(z | z,y, s1), p(w | z,y, s1) and p(z,w | z,y, s1) of p(w | u),
p(Z | T, Y, 51)7 p(w ‘ Z,Y, 31) and p(z7 w ‘ T, Y, 81), respeCtiVGIY7 by replaCing p(w | U), p(z | T, Y, 81)7 p(w | T, Y, 81)
and p(z,w | z,y, s1) in equation (A.32) with p(w |u), p(z | z,y, s1), plw | z,y,s1) and p(z,w | x,y, s1), respectively
(x € {zo, 21}, ¥ € {yo, 11}, w € {wy,wa, w3}, u € {u1, us, uz, us}), the consistent estimator p(u |z, y) of p(u|x,y)
is given by

bzy = (p(zwa |x7y,sl)p(w1 \$,y,81) —p(Z,’LUl |$7y151)p(’w2 ‘xayvsl))'

(C.37)

plw| xo,y1,51) — plw|ur)
plw|uz) — p(w|u1)

plw|x1,y1,51) — plw|ur)
p(w|uz) = plw|u1)

ﬁ(uZ“rlvyl): ﬁ(u3|x0ayl):

~ N N N C.38
_ _ Pwlus) — Bw|oges) -  Pw|ua) — B | 20,50,51) (C.35)
Plus|z1,y0) = = = Pluz | zo,y0) = = N
p(w|ug) — plw | u3) p(w|ug) — plw | uz)
and
pluy |z, =1-plus|z1,y1), plu1|xzo, =1-puz|zo,y1),
p( 1| 1 yl) p( 2| 1 yl) p( 1| 0 yl) P( 3| 0 y1) (C.39)

plualz1,90) =1 —plus|21,90), DPlua|zo,y0) =1 — pluz |0, yo)-
Thus, from equations (A.33), the consistent estimators of p(Y, = y|z’',y’) (z,2’ € {zo, 1}, 4,9 € {yo,y1}) are
given by
PYeo =yo|21,91) = pluz [21,91), P(Ya, = Yo |2o,y1) = p(us |20, y1),

- - - " (C.40)
P(Yao =1 |@1,90) = Plus | z1,%0), P(Ye, = y1|20,%0) = D(uz2 | o, y0)-
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Note that the estimated PN and PS are given by p(us | 21,y1) and plus | 2o, o), respectively.

Here, in the setting of Section 3.2, we also propose estimation methods of p(zg, o), p(xo,y1), p(x1,%0), and
p(xo,y0) via the IV, together with a proxy covariate from statistical data in the presence of confounding and
selection biases.

Under the assumption that both the PN and PS can be estimated by equation (C.40), Z is independent of W.

Then, letting p1 = p(zo, yo), P2 = p(z1,%0), P3 = pP(x0,y1), and ps = p(x1,y1), from equation (14) of the main
paper, we have

p(z1, w1 | 2o, y0)p1 + P21, w1 |21, 90)p2 + p(21, w1 |20, y1)p3 + P21, w1 | 21, Y1)ps
= (p(z1 | w0, yo)p1 + p(21 | 21, 90)p2 + p(21 | 20, y1)p3 + (21 | 1, y1)pa)
x (p(w1 | 2o, yo)p1 + p(wi | 21, Y0)p2 + p(wi | To,y1)ps + p(wi | T1,y1)pa),
p(z2, w1 [ w0, y0)p1 + p(22, w1 | 21, Y0)p2 + p(22, w1 | 2o, y1)ps + p(22, w1 | w1, y1)pa
= (p(22 | w0, y0)p1 + p(22| 21, Y0)P2 + P(22 | X0, y1)p3 + (22| 21, y1)pa)
x (p(w1 | 2o, y0)p1 + p(wi | 21, 90)p2 + p(wi | zo, y1)ps + p(wi | T1,y1)pa),
p(z1, w2 | To,yo)p1 + p(z1, w2 | 21, y0)p2 + P21, wa | 2o, y1)P3 + P21, wa | 21, Y1)Pa
= (p(21 |0, y0)p1 + p(21 | 21,90)p2 + p(21 | 20, y1)p3 + p(21 | 1, y1)pa)
x (p(wz | o, yo)p1 + p(wa | x1,y0)p2 + p(wa | 2o, y1)ps + plwsz | x1,y1)pa) ,
p1+p2+p3t+ps=1

Then, p(x,y) can be estimated as a solution to these equations by replacing p(z |z, y), p(w | z,y), and p(z, w | z,y)
to p(z|z,y, 1), plw|z,y,s1), and p(z,w | z,y, s1), respectively, i.e.,

P21, w1 | 2o, Yo, 51)p1 + D(21, w1 | 21, Yo, 51)p2 + P21, w1 | 2o, Y1, 51)p3 + P21, w1 | 21, y1,51)pa
= (p(21 | 0, Y0, 51)p1 + P21 | 21, Y0, $1)p2 + P(21 | 0, Y1, 51)p3 + P21 [ 21, Y1, 51)p4)

x (p(w | o, Yo, 51)p1 + P(wr | 21, Yo, 81)p2 + P(wr | 2o, Y1, 51)p3 + Plwr | 21, Y1, 51)p4) 5
P22, w1 | 20, Yo, 51)p1 + D(22, w1 | 1, Yo, $1)p2 + P22, w1 | 2o, Y1, 51)p3 + D(22, w1 | T1,Y1, 51)pa
= (p(22 | %0, Yo, 81)p1 + P(22 | 71, Yo, $1)p2 + P22 | To, Y1, 51)p3 + D(22 | 21, Y1, 81)p4)

x (p(wy | %o, Yo, s1)p1 + (w1 | 21, Yo, 51)p2 + P(wi | 2o, Y1, $1)p3 + P(wi | 1, Y1, 51)pa) s
plz1, w2 | To, Yo, 51)p1 + D(21, w2 | 1, Yo, $1)p2 + P21, w2 | 2o, Y1, 51)p3 + D(21, w2 | T1,Y1, 51)Pa
= (p(21 | 0, Yo, 81)p1 + P(21 | 71, Yo, $1)p2 + P21 | To, Y1, 51)p3 + D(21 | 21, Y1, 81)p4)

x (plwa | 20, Yo, 81)p1 + Plwa | 21, Y0, 81)p2 + Plwa | X0, Y1, 81)p3 + Plwa | 21, Y1, 51)p4) 5
p1+p2+p3+ps=1.

Since it is difficult to obtain the closed form of these equations, we apply the Newton—Raphson method to obtain
the numerical solution (e.g., Driscoll and Braun, 2017). For p = (py, p2,ps,p4) ', letting

f1(p) = D21, w1 | 2o, Yo, $1)p1 + P21, w1 | 21, Yo, $1)p2
+ (21, w1 | 0, Y1, 81)p3 + P21, w1 | T1,Y1,51)Pa
— (P(21 | 20, Y0, 51)P1 + D(21 | 1, Y0, 51)p2 + P21 | To, Y1, 51)p3 + P(21 | 21, Y1, 51)pa)
x (p(w1 | 2o, Yo, $1)p1 + D(w | 21, Y0, 51)p2 + (w1 | 2o, Y1, 51)p3 + D(w | 21,91, 51)pa) ,
f2(p) = D22, w1 | 20, Yo, $1)p1 + P22, w1 | 21, Yo, $1)p2
+ D22, w1 | 0, Y1, 1)p3 + P22, w1 | T1, Y1, 51)Pa
— (P(22 | w0, Y0, 51)p1 + D(22 | 71, 90, 51)p2 + P22 | 0, Y1, 51)p3 + Plz2 | 21, Y1, 51)pa)
x (p(w1 | o, Yo, 81)p1 + Plwr | 21,Y0, 81)p2 + Plwr | X0, Y1, 81)p3 + Plwr | 21, Y1, 81)p4) 5
f3(p) = D21, wa | 2o, Yo, $1)p1 + P21, w2 | 21, Yo, $1)p2
+ (21, w2 | 20, Y1, 81)p3 + P21, w2 | T1, Y1, 51)Pa
— (p(21 | w0, Yo, 51)p1 + D(21 | 71,90, 51)p2 + P(21 | 0, Y1, 51)p3 + P21 | 21, Y1, 51)pa)
x (p(wa | 20, Yo, 81)p1 + Plwa | 21,Y0, $1)p2 + Plwa | X0, Y1, 81)p3 + Plwa | 21, Y1, 81)p4) 5
fa(p) =p1+p2+p3+ps—1,
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we define F(p) = (fi1(p), f2(p), f3(p), f4(p)) T, and then the Jacobian matrix of F': R* — R* is given by

0fp 0 Ofi Of1

o1 Opx Ops  Ops
8f2 an 6f2 8f2

Jr(p) = Op1 Ops Ops Op ,
0fs 0fs Ofs Ofs
dpy Opa Ops Ops
1 1 1 1

where
5\feranZ
Opi+2j+1
= P(Zm, wn | i, yj, 81)
— P(Zm | T4, y5,51) (P(wn | 20, Yo, 51)P1 + D(Wn | 21, Y0, $1)p2 + D(wn | X0, Y1, 81)p3 + Plwn | 1, Y1, 51)pa)
— (P(2m | 0, Y0, 51)P1 + P(2m | T1, Y0, 51)P2 + D(2m | T0, Y1, 51)P3 + P(2m [ T1, Y1, 51)pa) D(wn | T3, yj, 1)

for i,5 € {0,1} and (m,n) € {(1,1),(2,1),(1,2)}. To estimate p, we start with the initial value p(®) and update
the k-th estimate via the following equation:

(k+1) — p —Jr(p (k))—lp(p(k))_

Here, we adopt p(© = (5(z0,y0 | 1), D(x1, Y0 | 51), (0, y1 | 51),D(x1, %1 | 51)) | as the initial value. If any compo-
nent of p* is not included in (0, 1), then we terminate the above iteration step.

Combining the estimate p with (C.40), we can estimate p(uy), p(u2), p(us), and p(us) as follows:

&S

=1, Yao = Y1 =y1|wo, Yoo = y1 | @1,91)Ps = Plur | 2o, y1)P3 + P(ur | 21, 11

plur) = p(Ya, ) =D(Ya, )Pz + p( ) ( )b )P4,
pluz) = p(Ye, = y1, Yoo = %0) = P(Ya, = y1 |20, y0)P1 +P(Yay = Yo |21, y1)Ps = D(uz | o, yo)D1 + D(uz | 1, Y1)Da,
p(uz) = p(Ya, = yo, Yoo = v1) = (Y, = yo |20, y1)D3 +P(Yao = y1 |21, 90)P2 = P(us | xo,y1)P3 + D(us | 21, yo)P2,
plug) = p(Ya, = v0, Yoo = %0) = P(Ya, = yo |0, y0)P1 +P(Yay = Yo |71, y0)D2 = D(u4 | 20, y0)P1 + Dlua | mlv(yo)@),

C.41

which shows that the PNS is also estimable on the basis of the IV framework.

D Numerical experiments

In this section, we investigate more properties of our proposed estimators of the probabilities of the potential
outcome types, i.e., p(uy), p(uz), p(us) and p(u4), through more numerical experiments in addition to Section 3.2
because the probabilities of the potential outcome types are fundamental components of causal inference in the
sense that they enable us to evaluate the probabilistic aspects of “necessity”, “sufficiency”, and “necessity and
sufficiency”, which are important concepts of successful explanation (Watson et al., 2021).

For simplicity, letting X, Y, Z, W, and U be discrete variables, we consider the directed acyclic graph shown
in Fig. 2, where the conditional probabilities regarding (X,Y, Z, W, U, S) are given according to Table 2. Under
the situation where (X,Y, Z, W, S = s1) can be observed but U or (X,Y, Z, W, sp) cannot, the properties of the
proposed estimators p(uq), p(uz), p(us) and p(ug) of p(uq), p(uz), p(us) and p(uy), respectively, are verified as
follows:

Step 1 we generate the dataset {(X,, Yy, Zn, Wi, Sy)}Y_; with the size N = 1000, 5000, 10000, and 50000,

Step 2 based on the dataset {(X,,, Yy, Zn, Wy, Sn, = s1)}2_;, we verify the properties of the proposed estimators
for the following cases:

(a) (p(ur),p(uz),p(us),p(us)) = (1/4,1/4,1/4,1/4),
(b) (p(u1), p(uz), p(us), p(ua)) = (5/16,5/16,5/16,1/16),
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Table 2: Parameter setting in the numerical experiments.

(a) p(W|U) d) p(Y = | X,U)  (c) p(X =21|Z,U)
w1 wo w3 ZTo X1 Z1 z9 z3
wp  7/10 1/5 1/10 1 1 7/10 1/5 1/10
up  3/20 1/20 4/5 0 1 3/20 1/20  4/5
us  5/10  2/5 1/10 1 0 5/10 2/5  1/10
wg 1/10  1/5 7/10 0 0 1/10 1/5 7/10
(e) p(2) (f) p(S =s1]X,Y)

z1 1/3 Yo Y1

B2 1/3 zo 1/4 3/4

3 1/3 1 1/2 1

(¢) (p(ur),p(uz), p(us),p(ua)) = (3/8,3/8,1/8,1/8),
(d) (p(ul)’p(UQ)ap(US)ap(u4)) = (13/167 1/167 1/167 1/16)

Tables 3-6 and Figure 3 present the basic statistics and the box plots of the estimated p(u1), p(us2), p(us), and
p(uy)) for 5,000 replications with the given sample size N. Here, note that we estimate the probabilities of
potential outcome types using the bootstrapped replication not to take values outside the range [0, 1], because
if equation (10) or (11) is close to zero then it may be judged that Condition 2 or 3 is violated.

From Table 3 and Figure 3, the sample means of the estimated probabilities of potential outcome types are close
to the true values, and the sample standard errors are smaller as the sample size is larger. In addition, the
interquartile ranges of the estimated probabilities of potential outcome types are narrower and still include the
true values even if the sample size is large. In contrast, it seems that the estimated probabilities of potential
outcome types seem to be asymmetry distributed as the true values are away from 0.5. In such situations, the
asymptotic normality may not hold for the finite sample sizes. Thus, it seems that the proposed estimation
method provides consistent estimators of the probabilities of potential outcome types, but a larger sample size
may be required to show the asymptotic normality for some situations.

Table 3: Basic statistics of estimates based on the proposed method in the case where

13(“1) 13(162)
N =1000 N =5000 N =10000 N =50000 N =1000 N =5000 N =10000 N = 50000
Minimum 0.012 0.017 0.021 0.049 0.019 0.026 0.015 0.070
1st Quantile 0.245 0.230 0.221 0.202 0.185 0.187 0.190 0.211
Median 0.339 0.309 0.297 0.266 0.226 0.221 0.221 0.239
Mean 0.334 0.303 0.288 0.262 0.231 0.226 0.224 0.240
3rd Quantile 0.425 0.373 0.359 0.325 0.271 0.256 0.253 0.270
Maximum 0.807 0.682 0.589 0.454 0.727 0.630 0.557 0.437
s.e. 0.123 0.104 0.095 0.077 0.077 0.073 0.063 0.045
Dlus) Plug)
N =1000 N =5000 N =10000 N =50000 N =1000 N =5000 N =10000 N = 50000
Minimum 0.011 0.010 0.043 0.094 0.004 0.004 0.020 0.095
1st Quantile 0.180 0.221 0.228 0.218 0.118 0.131 0.139 0.184
Median 0.257 0.283 0.278 0.251 0.154 0.158 0.168 0.241
Mean 0.268 0.286 0.282 0.255 0.166 0.181 0.203 0.248
3rd Quantile 0.352 0.347 0.334 0.288 0.192 0.201 0.248 0.301
Maximum 0.748 0.715 0.707 0.480 0.639 0.700 0.655 0.540

s.e. 0.118 0.094 0.083 0.054 0.083 0.086 0.093 0.077
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Table 4: Basic statistics of estimates based on the proposed method in the case where
plur) pluz)
N =1000 N =5000 N =10000 N =50000 N =1000 N =5000 N =10000 N = 50000
Minimum 0.010 0.024 0.027 0.106 0.003 0.013 0.010 0.081
1st Quantile 0.255 0.250 0.240 0.277 0.191 0.204 0.210 0.251
Median 0.365 0.335 0.314 0.312 0.232 0.239 0.249 0.293
Mean 0.364 0.332 0.314 0.309 0.236 0.252 0.269 0.289
3rd Quantile 0.468 0.417 0.385 0.344 0.272 0.282 0.320 0.329
Maximum 0.861 0.727 0.626 0.479 0.711 0.770 0.767 0.531
s.e. 0.141 0.118 0.102 0.056 0.084 0.094 0.099 0.063
plus) pua)
N =1000 N =5000 N =10000 N =50000 N =1000 N =5000 N =10000 N = 50000
Minimum 0.010 0.019 0.039 0.097 0.001 0.002 0.003 0.012
1st Quantile 0.212 0.248 0.251 0.268 0.040 0.038 0.042 0.057
Median 0.313 0.328 0.323 0.305 0.063 0.061 0.067 0.077
Mean 0.321 0.332 0.330 0.311 0.079 0.081 0.087 0.094
3rd Quantile 0.425 0.414 0.402 0.350 0.092 0.097 0.111 0.113
Maximum 0.913 0.849 0.805 0.583 0.639 0.565 0.615 0.399
s.e. 0.144 0.121 0.115 0.065 0.064 0.066 0.068 0.055
Table 5: Basic statistics of estimates based on the proposed method in the case where
(p(ul)vp(UQ)vp(u3)vp(u4)) = (3/873/8a 1/87 1/8)
p(u1) pluz)
N =1000 N =5000 N =10000 N =50000 N =1000 N =5000 N =10000 N = 50000
Minimum 0.004 0.027 0.005 0.110 0.011 0.044 0.054 0.108
1st Quantile 0.318 0.327 0.341 0.334 0.239 0.264 0.274 0.293
Median 0.430 0.429 0.442 0.422 0.289 0.297 0.300 0.312
Mean 0.410 0.408 0.416 0.407 0.289 0.301 0.305 0.321
3rd Quantile 0.511 0.505 0.505 0.496 0.336 0.332 0.329 0.353
Maximum 0.797 0.752 0.682 0.608 0.750 0.708 0.639 0.506
s.e. 0.133 0.125 0.115 0.100 0.090 0.077 0.066 0.050
plus) plua)
N =1000 N =5000 N =10000 N =50000 N =1000 N =5000 N =10000 N = 50000
Minimum 0.002 0.003 0.009 0.036 0.002 0.005 0.009 0.021
1st Quantile 0.096 0.105 0.105 0.109 0.060 0.065 0.067 0.073
Median 0.159 0.153 0.144 0.132 0.091 0.091 0.090 0.106
Mean 0.183 0.170 0.159 0.142 0.112 0.121 0.121 0.133
3rd Quantile 0.247 0.220 0.199 0.165 0.135 0.146 0.148 0.184
Maximum 0.697 0.622 0.537 0.432 0.698 0.725 0.610 0.452
s.e. 0.113 0.091 0.076 0.049 0.084 0.087 0.082 0.073
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Table 6: Basic statistics of estimates based on the proposed method in the case where
plu1) Pluz)
N =1000 N =5000 N =10000 N =50000 N =1000 N =5000 N =10000 N = 50000
Minimum 0.029 0.041 0.161 0.206 0.000 0.002 0.003 0.009
1st Quantile 0.631 0.722 0.752 0.782 0.045 0.038 0.039 0.040
Median 0.754 0.813 0.830 0.848 0.071 0.051 0.050 0.048
Mean 0.717 0.773 0.791 0.817 0.087 0.062 0.060 0.058
3rd Quantile 0.835 0.864 0.873 0.879 0.106 0.069 0.066 0.065
Maximum 0.969 0.964 0.946 0.941 0.603 0.377 0.355 0.312
s.e. 0.152 0.131 0.121 0.091 0.066 0.044 0.039 0.031
Plus) ()
N =1000 N =5000 N =10000 N =50000 N =1000 N =5000 N =10000 N = 50000
Minimum 0.001 0.002 0.002 0.002 0.002 0.002 0.001 0.001
1st Quantile 0.061 0.052 0.049 0.047 0.021 0.021 0.022 0.025
Median 0.121 0.092 0.080 0.065 0.031 0.029 0.029 0.032
Mean 0.156 0.121 0.105 0.074 0.041 0.041 0.043 0.049
3rd Quantile 0.214 0.155 0.128 0.092 0.043 0.037 0.038 0.063
Maximum 0.735 0.886 0.765 0.523 0.528 0.497 0.422 0.467
s.e. 0.126 0.102 0.090 0.041 0.045 0.046 0.048 0.042
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Figure 3: Boxplots of estimates based on the proposed method.
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Table 7: Basic statistics of estimates based on the proposed method in the case where
PN PS
N =1000 N =5000 N =10000 N =50000 N =1000 N =5000 N =10000 N = 50000

Minimum 0.001 0.013 0.008 0.234 0.000 0.002 0.000 0.000
1st Quantile 0.445 0.457 0.460 0.465 0.303 0.329 0.350 0.421
Median 0.534 0.507 0.506 0.503 0.543 0.513 0.502 0.499
Mean 0.540 0.516 0.517 0.517 0.525 0.494 0.480 0.483
3rd Quantile 0.627 0.566 0.558 0.550 0.747 0.661 0.622 0.564
Maximum 1.000 0.986 0.998 0.996 1.000 0.999 0.998 0.832
s.e. 0.150 0.104 0.096 0.083 0.272 0.228 0.197 0.116

Table &: Basic statistics of estimates based on the proposed method in the case where

PN PS
N =1000 N =5000 N =10000 N =50000 N =1000 N =5000 N =10000 N = 50000

Minimum 0.004 0.007 0.045 0.237 0.000 0.000 0.002 0.004
1st Quantile 0.419 0.446 0.454 0.476 0.558 0.650 0.681 0.685
Median 0.499 0.490 0.492 0.499 0.793 0.821 0.834 0.819
Mean 0.504 0.492 0.491 0.503 0.706 0.744 0.762 0.749
3rd Quantile 0.588 0.535 0.527 0.523 0.909 0.910 0.912 0.880
Maximum 1.000 1.000 0.993 0.989 1.000 1.000 1.000 1.000
s.e. 0.141 0.089 0.071 0.053 0.258 0.230 0.213 0.200

Table O: Basic statistics of estimates based on the proposed method in the case where

(P(u1), p(uz), p(us), p(us)) = (3/8,3/8,1/8,1/8).

PN PS
N =1000 N =5000 N =10000 N =50000 N =1000 N =5000 N =10000 N = 50000
Minimum 0.001 0.075 0.058 0.061 0.000 0.000 0.001 0.001
1st Quantile 0.452 0.467 0.477 0.483 0.422 0.532 0.569 0.658
Median 0.522 0.508 0.507 0.504 0.672 0.719 0.724 0.740
Mean 0.532 0.513 0.513 0.511 0.618 0.665 0.674 0.707
3rd Quantile 0.599 0.550 0.540 0.528 0.846 0.841 0.825 0.793
Maximum 1.000 0.998 0.997 0.996 1.000 1.000 1.000 0.995
s.e. 0.128 0.077 0.066 0.050 0.267 0.230 0.210 0.135
Table 10: Basic statistics of estimates based on the proposed method in the case where

(p(ul)’p(u2)’p(u3),p(u4)) = (13/167 1/167 1/167 1/16)

PN

PS

N =1000 N =5000 N =10000 N =50000 N =1000 N =5000 N =10000 N = 50000

Minimum
1st Quantile
Median
Mean
3rd Quantile
Maximum
s.e.

0.000
0.078
0.143
0.185
0.229
1.000
0.166

0.000
0.065
0.091
0.110
0.127
0.974
0.090

0.001
0.066
0.085
0.098
0.111
0.866
0.064

0.001
0.069
0.078
0.087
0.092
0.918
0.044

0.000
0.234
0.460
0.472
0.710
1.000
0.283

0.000
0.259
0.528
0.513
0.766
1.000
0.288

0.000
0.296
0.546
0.526
0.760
0.999
0.275

0.000
0.327
0.522
0.506
0.683
1.000
0.237




