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Abstract

Expand-and-sparsify representations are a
class of theoretical models that capture
sparse representation phenomena observed in
the sensory systems of many animals. At
a high level, these representations map an
input z € R? to a much higher dimension
m > d via random linear projections be-
fore zeroing out all but the k¥ < m largest
entries. The result is a k-sparse vector in
{0,1}™.  We study the suitability of this
representation for two fundamental statisti-
cal problems: density estimation and mode
estimation. For density estimation, we show
that a simple linear function of the expand-
and-sparsify representation produces an esti-
mator with minimax-optimal /., convergence
rates. In mode estimation, we provide simple
algorithms on top of our density estimator
that recover single or multiple modes at op-
timal rates up to logarithmic factors under
mild conditions.

1 INTRODUCTION

Neural circuits that transform dense, lower-
dimensional signals to sparse, higher-dimensional
signals are a recurring motif in animal sensory
systems. In the olfactory system of Drosophila, for
example, a dense signal consisting of 50 glomeruli in
the antennal lobe is lifted, via random projections,
to an approximately 2000-dimensional signal where
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only the top 5% of coordinates are non-zero (Turner
et al.l |2008; |Caron et al.; |2013). Similar phenomena
are observed in the olfactory system of rodents, the
visual cortex of cats, and the electrosensory system of
electric fish (Stettler and Axel, [2009; |Olshausen and
Field, 2004; |Chacron et al) [2011). The widespread
nature of these transformations suggests they are
useful in representing certain types of data.

Expand-and-sparsify representations are a class of
mathematical formalisms to capture and analyze these
ubiquitous neural phenomena (Dasgupta and Tosh|
2020). At a high level, an expand-and-sparsify rep-
resentation consists of a random projection into a
higher-dimensional space followed by a sparsification
operation. Recent theoretical work has shown that
these expand-and-sparsify representations are well-
adapted to a variety of statistical applications, includ-
ing locality-sensitive hashing (Dasgupta et al., 2017)),
count sketching (Dasgupta et all [2022]), function ap-
proximation (Dasgupta and Tosh, 2020)), and non-
parametric classification (Sinhal, 2024)).

In this work, we identify another fundamental sta-
tistical task that expand-and-sparsify representations
are well-suited for: non-parametric density estimation.
Specifically, we show that given n 4.i.d. samples from a
smooth density f whose support is restricted to Sa-1,
there is an estimator f, that is a linear function of
the expand-and-sparsify representation that achieves
minimax-optimal convergence rates in f., distance.
Our bounds hold with high probability, simultaneously
for all x in the support of f. Thus, this paper bridges
two important areas of study: sparse neural represen-
tations of data and density estimation. The expand-
and-sparsify representation is common in nature, but
its properties are poorly understood. By showing what
types of tasks it can solve, we can gain insight on what
kinds of circuits might be present in nature. On the
other hand, density estimation is a fundamental statis-
tical task that has been studied for decades. Previous
theoretical work in this area has been dominated by
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k-NN and kernel-based methods. Our work shows a
completely different approach based on sparse random
representations achieves optimal convergence rates.

Beyond density estimation, we present simple algo-
rithms, utilizing the expand-and-sparsify representa-
tion density estimator fn, for another fundamental sta-
tistical task, namely, non-parametric mode estimation.
For a unimodal density, this algorithm simply returns
the maximizer of fn over the finite sample that was
used to construct fn We show that with high proba-
bility, the £y distance between the mode and the esti-
mated mode decays at an optimal rate (up to logarith-
mic factors). For a density having multiple unknown
modes, we present a simple iterative algorithm that
outputs a set of candidate modes by taking the max-
imizer of fn over appropriately chosen level sets. We
show that for any mode of f that is well separated
from the rest of the modes by low density regions we
can always find, with high probability, a mode from
the set of candidate modes returned by our algorithm
whose /5 distance to this well-separated mode decays
at an optimal rate (up to logarithmic factors).

We summarize our main contributions below:

e We demonstrate the suitability of expand-and-
sparsify representation for two fundamental sta-
tistical problems: density estimation and mode
estimation.

e For density estimation, we show that our proposed
density estimator converges at a minimax-optimal

8
2B+d—1
rate O (log”)

n

in /,, distance, where (3

is the Holder smoothness constant of the distribu-
tion to be approximated.

e For mode estimation, we show that under mild
conditions, our proposed simple algorithms on top
of our estimated density can recover modes at an

optimal rate O (n_df}&) (up to logarithmic fac-

tors).

The rest of the paper is organized as follows. We dis-
cuss related work in Section Pl We summarize var-
ious notations used in this paper in Section [3] We
present our proposed density estimator using expand-
and-sparsify presentation in Section 4] and derive den-
sity estimation rates in Section [f] We present our
mode estimation results in Section [6] empirical evalu-
ations in Section [7 and conclude in Section [§

2 RELATED WORK

Density estimation. Non-parametric density esti-
mation is a well-studied problem with known opti-

mal rates. The estimator considered in the present
paper bears a strong resemblance to the well-known
k-nearest neighbor (kNN) estimator and the kernel
density estimator (KDE), both of which are known
to achieve minimax optimal rates under general con-
ditions (Dasgupta and Kpotufel 2014} Rinaldo and
Wasserman, [2010; Jiang, 2017)). Specifically, in d-
dimensions, both the kNN estimator and KDE achieve

~ B
convergence rates of O (n7 25+d> in /, distance,
where 3 is the Holder smoothness constant of the dis-

tribution to be approximated.

One interesting way in which the expand-and-sparsify
estimator differs from standard density estimators
such as kNN and KDE is its use of randomization.
Note that once a dataset and a hyperparameter have
been fixed, the KDE and kNN estimators are deter-
ministic. However, the expand-and-sparsify density
estimator has an additional source of randomness in
its choice of high-dimensional projection. This ex-
tra randomness is a property shared with a recently
proposed random forest density estimator that builds
a set of random k-d trees that partition the space
and count the number of points that fall into the leaf
nodes (Wen and Hangl 2022). That work demon-

strated that the estimator has expected convergence
1-4—8

rate O (n1—45+d10g2> in ¢5 distance.

Expand-and-sparsify representations. As dis-
cussed in the introduction, there have been many re-
cent theoretical works exploring the utility of expand-
and-sparsify representations for statistical tasks, rang-
ing from classification (Sinha and Ram,|2021; Ram and
Sinhaj, 2022; (Sinha, [2024]) to locality-sensitive hash-
ing (Dasgupta et al., [2017)).

Of particular relevance to the present paper is the
work of [Dasgupta and Tosh/ (2020), which showed that
for any smooth function, there is a linear function of
the corresponding expand-and-sparsify representation
that achieves low £, error. While this result demon-
strates the existence of a good expand-and-sparsify
density estimator in principle, it does not provide an
algorithm to construct one from a finite sample. In-
deed, as an unsupervised learning problem, it is un-
clear a priori how to estimate the corresponding coef-
ficients from data. This is a core contribution of the
present paper.

Mode estimation. There is an extensive literature
on mode estimation, and we review some of the rel-
evant works here. A classical approach to mode es-
timation consists of estimating the single mode xq
of f as &y = argsup,cpa fn(x) where f, is an es-
timate of f (the kernel density estimator is a typi-
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cal choice for f,). Note that this mode estimator is
generally hard to implement in practice. Neverthe-
less, a series of works on this approach
|Chernoff, 1964; Eddy, 1980) establish consistency as
well as as convergence rates for this procedure un-
der various regularity assumptions on the distribution.
More recent works (Grund and Hall, [1995; Klemela,
[2005} [Tsybakovl, [1990; Donoho and Liu, 1991) address
the problem of optimal choice of kernel bandwidth
to adaptively achieve minimax risk for mode estima-
tion estimation. In particular, for a x-times differ-
entiable f, Tsybakov| (1990); [Donoho and Liy (1991)
independently established minimax risk of the form

n~%+4. Another line of work estimates the mode
from practical statistics of the data (Grenander, |1965;
\Abraham et al., 2010; Dasgupta and Kpotufe, 2014).
In particular, |[Abraham et al. (2010); Dasgupta and|
use a simple and practical mode es-
timator argmax, ¢, fn(z), where X, = {x1,...,2,}
are sampled i.i.d. according to f. When f, is the
kernel density estimator, |[Abraham et al.| (2010) shows
that this mode estimator is consistent. On the other
hand, when f, is the kNN density estimator,
lgupta and Kpotufe| (2014]) shows that this mode es-
timator is not only consistent but also converges at a
minimax-optimal rate. The mode estimation results in
the present paper are similar to the results presented
in [Dasgupta and Kpotufe| (2014]) when f is restricted
to 41,

When the distribution is not unimodal, the best known
practical approach for estimating all the modes is the
mean-shift algorithm and its variations (Cheng, 1995
Fukunaga and Hostetler], [1975; [Comaniciu and Meer
2002; [Li et al. 2007, [Arias-Castro et al. [2016)), which
essentially consists of gradient ascent of a sufficiently
smooth f, starting from every sample point. Under
the milder condition of requiring only that f is well-
approximated by a quadratic in a neighborhood of each
mode, Dasgupta and Kpotufe (2014) obtained a finite
sample minimax-optimal rate on ||Zg—xg||, where & is

estimate of any mode xg, of the form O (n_ﬁ) that

holds with high probability. Again, our multiple mode
estimation results in the present paper are similar to
the results presented in |Dasgupta and Kpotufe| (2014))
when f is restricted to S~ 1.

3 NOTATIONS

Throughout this paper, we assume access to X, =
{z1,..., 2y} drawn i.i.d. from a distribution F over
S9!, with Lebesgue density function f. For any
A c 81 we use f(A) = [, f(x)dz to denote the
probability mass of A under f. We use ||-|| to denote o
norm and |- ||« to denote £, norm. For any = € S¢~1
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Figure 1: Visualization of the expand-and-sparsify ar-
chitecture (Dasgupta and Tosh), 2020).

and 7 > 0, we use B(z,r) = {2’ € S¥1: |lz—2'|| <7}
to denote the closed ball of radius r and centered at
x, that intersects with S?~!. For any A C S¢! and
r >0, we write A, = {z € ST :infyecq |y — 2| <r}.
We use O(:) to denote the ‘big-Oh’ notation that
hides logarithmic factors. For clear exposition, most
of our proofs are deferred to the supplementary ma-
terial which is organized section-wise. However, when
appropriate, we provide proof sketches for important
theoretical results.

4 EXPAND-AND-SAPRSIFY
DENSITY ESTIMATION

The expand-and-sparsify representation of an input
x € X C R? is given by the following transformation

(Fig. [1)).

1. A high-dimensional linear mapping, y = Oz €
R™,

2. A sparsification scheme to a binary vector z €
{0,1}™, where

1 if y; is one of k largest entries in y
Zj =
! 0 otherwise

Here, ®© € R™*¢ is a random matrix with rows
01,...,0, drawn ii.d. from some measure v. We
denote the mapping = — z via the function h(x) €
{0,1}™, where each coordinate j is indexed as h;(z) =
Zj-

Observe that for any vector x € RY, we have h(cz) =
h(x) for any ¢ > 0. Thus, we will restrict ourselves to
the setting where elements of X’ have unit length, i.e.
X Cc8¥ !t ={zecR?: |z|] = 1}. We will also focus
on the case where v is uniform over S%-1.
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Let C; = {z € X : h;(z) = 1} denote the inputs
satisfying that the j-th coordinate in the expand-and-
sparsify representation is set to 1. Since X and supp(v)
are both subsets of S9!, C; consists exactly of those

inputs @ whose k closest elements of 64,...,60,, con-
tains 6;.

Let f be some density over X, and suppose x1, ..., Ty,
are drawn i.i.d. from f. Let f,(C;) = 2#{i : x; €

C;} denote the fraction of sample points whose jth
coordinate is set to 1. When the measure v is uniform
over S 1, the expand-and-sparsify density estimator
is given by

fala) = ﬁ_lgmc )hy(a)
> f(C (1)

1.2¢,
deljh(gc) 1

az _
where Sq_1 = % is the surface area of S4~1.

To see where this estimator comes from, consider the
following (computationally intractabld |) estimator:

i Z Vol

jh(z

?r\H

where vol(C};) is the d — 1-dimensional volume of Cj,
i.e. the corresponding hypersurface area. In this
light fn( ;) is an estimate of the integral f(C;) =
fc x)dz, and normalizing this value by Vol(C )

gives us an estimate of f(u) for u drawn uniformly
from Cj. If f is smooth, C; is small in diameter, and
z € Cj, then f,(C;)/vol(C;) will be close to f(x).
Averaglng over all j such that x € Cj gives us the es-
timator f Movmg from f,L to fn is a matter of showing
that vol(C;) ~ £8, 1 when v is umform over S471,
which we demonstrate in Equation (2, below.

5 DENSITY ESTIMATION RATES

In this section, we analyze the convergence rate of
the expand-and-sparsify estimator fn We first give
a result for general densities with no smoothness as-
sumptions, before specializing this result to a class of
generalized Holder smooth densities. Finally, we give
a concrete matching lower bound for density estima-
tion on the sphere, demonstrating that the expand-
and-sparsify estimator is minimax optimal.

*Cj is a subset of a high-dimensional hypersphere that
is only implicitly specified, and computing the volume of a
high-dimensional set with a membership oracle is a known
hard problem (Fiiredi and Baranyl, 1986)).

5.1 General density estimation rates

Our result for estimating general densities will be
framed using the following notions of modulus of con-
tinuity that captures how much f changes in a neigh-
borhood of any .

Definition 5.1. For 2 € S% ! and ¢ > 0, define
#e,x) £ sup {r SUP| g < f(27) = fl2) < e}, and
#(e,z) = sup {7“ LU | < f(2) — f(2) < e}.

Our first observation is that with high probability each
region C; is sandwiched between two balls of nearly
equal volume.

Lemma 5.2. If § > 0 and m > k > C%dlogm, then
with probability at least 1 — & the following holds. For
every j =1,...,m:

B(Qj,rinner) C Cj C B(Hj, router)a

where Cs = ¢glog(2/6) for some absolute constant cq

and
k dlogm
VOI(B(gja Tinncr)) - ESdfl (1 — C§ . >
k dlogm
VOI(B(GJ',router)) = ESd_l (1 + Cs kg > .

An immediate consequence of Lemma [5.2|is that with
high probability, each region Cj; Satlbﬁeb vol(Cj) =~
Sa—1k/m. Specifically, we have

dlogm vol(C;j) dlogm
1-— < < .
Coyf =5 — = Sa_1k/m = Nk

1+ C
(2)

Our second observation is that the empirical f,,-mass
of each C; will tightly approximate its true f-mass,
essentially a consequence of Bernstein’s inequality.

Lemma 5.3. Suppose § > 0. With probability at least
1-4,

Ifn(cy-)—f(cj)|<\/ (S )lsg(m/é)

forallj=1,...,m

2log(m/d)
3n

Given these two results, we have the following general
approximation result.

Lemma 5.4. Pick 6 > 0,k > 4C§dlogm and
assume that v is uniform over S¥ 1. Let v, =

an/(Sa_1(k/m)), where o, = 2\/ksd‘1‘|f|7|;jll°g(m/6) +

w If the conclusions of Lemma and




Kaushik Sinha*, Christopher Tosh™

Lemma hold, the following is true for all x € S~!
and € > 0,

“f"ﬁ(ﬂm+e>+%

(id) fu(z) > (1 ~Cay|—,

provided diam(C;) < min{7(e, x),
j=1...,m.

>
—~
\’m
8
~
-
T
3
[}
<
[
=
<

5.2 Smooth density estimation rates

Moving to the smooth setting, we will prove conver-
gence rates for the expand-and-sparsify density estima-
tor for densities satisfying the following generalization
of Hélder smoothness.

Definition 5.5. We say that f : X — Ris L,,r-
smooth if for all z,2’ € X satisfying ||z — 2/|| < 7,
we have |f(x) — f(2')] < L|lz — 2'||®. We say f is
L, B-smooth if it is L, 8, r-smooth for any r > 0.

Our analysis here is based on applying Lemma [5.4]
which shows that so long as the diameters of the re-
gions C; are sufficiently small, then f,, provides an
accurate estimate of f. The following result, which
follows readily from Lemma provides bounds on
these diameters.

Lemma 5.6. Let k > C%dlogm. If the conclusion of
Lemma[5.9 holds, then

diam(C;j) < — -

N 1/(d—1)
7 Sl

forallj=1,...,m.
Combining Lemmas [5.4] and [5.6] gives us the following
result.

Theorem 5.7. Say f is L, 3,r-smooth and v is uni-
form over S4~1. Pick § > 0,
k > max{4C%dlogm, L=2r=2%}, and

d—1 _
m > 6vd (%) LE-V/BESE | Then with proba-
bility at least 1 — 26,
1 = falloo < (IflocCsv/dlogm +2) k712 45,
where v, was defined in Lemma [5.]).

To give an intuition on how the above pieces fit to-
gether, we provide here a short sketch of the proof of
Theorem [£.71

Proof sketch. By Definitions [5.1] and [5.5] we have
(e, ), 7(e,z) > (%)Uﬁ for all z € S ! and € > 0.

Applying Lemma with large enough m, we can
then guarantee that:

diam(C;) < (%)W < min{i(e, ), 7 (e, z) }.

With this bound in hand, we can then apply
Lemma [5.4] to finish the proof. O

Instantiating Theorem with m = ©(n) and k =
e (mzﬁf(fl—l) (log m) 2ffj@l—1>) leads to

sup | f(z) — fn(gg)| =0 ((bgn)zzﬂﬁil)) .

reSd-1 n

As we will show in the next section, this rate is in fact
minimax optimal.

5.3 Lower bounds on density estimation rates

Next, we derive a matching density estimation lower
bound for any L, 8-smooth density, whose support is
restricted to S?~!. Our main result is as follows.

Theorem 5.8. Let P be the class of probability distri-
butions whose densities are supported on S*1 and are
L, B smooth. For any P € P, we denote its density by
fp. Let xq,...,x, be a sample from some distribution
P e P and let fn = fn(xl, ..., xp) be an estimator of
fp. Then, for d > 4 and n > 16, the following holds.

8
. A logn \ 28+@-1
inf sup Ep (”fn_fPHoo) =Q<< = ) ) .
fn PEP n

We present a short sketch of the proof here. It is struc-
turally similar to other lower bound proofs for smooth
density estimation in RY, e.g. (Khas'minskii, [1979;
Tsybakov, 2008), but adapted here to the setting of
the sphere.

Proof sketch. The high level idea is to find a packing
of the unit sphere and construct a finite set of smooth
functions, using this packing, with non-overlapping
support. We then construct a finite family of L,J
smooth densities using the functions from above. We
can show that these densities are close to each other in
KL divergence but far from each other in /., distance.
An application of Fano’s inequality (Tsybakovl |2008)
finishes the proof. O

6 MODE ESTIMATION

We now present analyses of two simple algorithms that
use the expand-and-sparsify representation for esti-
mating modes of an unknown density. We start with
the following definition of modes.
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Definition 6.1. We denote the set of modes of a den-
sity f by:

M ={z:3r>0,Va' € B(z,r), f(z') < f(z)}.

We follow the general approach of (Dasgupta and
Kpotufe, 2014) for our mode estimation results and
make the following assumption.

Assumption 6.2. f is twice differentiable in a neigh-
borhood of every x € M. We denote the gradient and
Hessian of f by Vf and V2f. Furthermore, V2 f(z) is
negative definite at all x € M.

Assumption like most previous work, considers
only interior modes and excludes modes at the bound-
ary of the support of f, where it is not continuously
differentiable. A direct implication of Assumption [6.2]
is that for any x € M,V f is continuous in a neigh-
borhood of x, with V f(z) = 0. Additionally, negative
definiteness of V2f(x) at x allows f to be well ap-
proximated by a quadratic in a neighborhood of = as
detailed below.

Lemma 6.3 (Dasgupta and Kpotufe| (2014)). Let f
satisfy Assumption [6.3 Consider any x € M. Then
there exists a neighborhood B(x,r),r > 0, and con-
stants Cy,Cy > 0 such that, for all 2’ € B(x,r), we
have

Collz’ —al® < f(a) = f(2) < Colla’ —2l”.  (3)

The above lemma allows us to parameterize any mode
x € M locally as defined below, which in turn ensures
that A, "M = {z}.

Definition 6.4. For every mode x € M, there exists
a ry > 0, such that B(z,r,) is connected in a set
A,, satisfying (i) A, is a connected componentlj of a
level set Sf;l £ {2 € X : f(z') > A} for some
Az >0, and, (ii)AEICA'gc,CV';c >0,V2' € Ay, Cplla’ —z||? <
flz) = f(2') < Coll’ — 2|

Finally, we assume that every hill in f corresponds to
a mode in M.

Assumption 6.5. Each connected component of any
level set Sy~ ! = {x € S¥ 1 : f(z) > A\},\ > 0, con-
tains a mode in M.

6.1 Mode recovery guarantee for a unimodal
density

We start with a simple setting when f has a single
mode xo (that is, |M| = 1). Our mode estimation

“For any S C 897!, we say that & and y are connected
is S if x = P(0) and y = P(1) where P is any continuous
(path) function P : [0,1] — S. We say S is connected if it
has a single connected component.

algorithm is simple. We estimate the mode of f to be
the maximizer of f, over X, where f, is computed
using Equation ().

o = argmax f, (x) (4)
ze€X,

We provide some intuition for why Equation is a
reasonable strategy. Assumption [6.2] specifically Def-
inition allows us to easily express an upper and a
lower bound of density f at any point z in a small
neighborhood of z( relative to f(xp). In addition,
Lemma [5.4] allows us to approximate f at different
scales in different parts of the space by varying e. Ju-
diciously combining these two facts allows us to ensure
that the infimum of fn(x) for any x within a small
ball around =z is strictly larger than the supremum of
fn(z) for any z outside this ball. Our main result of
this section for single mode recovery is the following.

Theorem 6.6. Let § > 0. Assume that f has a sin-
gle mode x¢ and satisfies Assumption [6.9 Suppose k
satisfies

(i) min {a - C3dlogm,Cjdlogn} < k

)k < min{By - m#, 6y -t}

9 2
(55} -

d—1

2 d+3
1 3f(20)Cs _
3 (( 16Co, ) log m) , and Bo =

d—1

4 G

a+3 2d+2 2 d+3
(f;&j;) (o)) ((f’éﬁ)) dlogm) . Let
Zo be our mode estimate using FEquation . If

9m log(m /) max{||f s}
" Z T (F(20)0s)2dlog m

least 1 — 26, we have,

, then with probability at

dlogm>1/4

. C
o~ aoll < 64/ £ a) (1

T
Remark 6.7. In Theorem the upper-bound on %
is due to two different events: the first term roughly
translates to k = O (mﬁ

diam(C;) are sufficiently small so that Lemma
can be applied, while the second term, which roughly

) and ensures that all

translates to k = O (n@+s , ensures that there are

enough data points from the sample X,, that fall
within a small ball centered at the mode xg,

Proof sketch. We define, r,(zo) = inf{r : B(xg,r) N
X, # 0} and choose 7 € (0,1) and 7 satisfying
2rp(z9)/7 < 7 < 1ryy. Since 7 > 2rp(zg), the crux
of our proof technique relies on establishing,

sup  fule) < inf o fu@) (5)
2€84-1\ B(x0,7) x€B(z0,mn(z0))
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as this will ensure that ||#g — z| < 7. To see
this, note that if SUP,epzy.m)\B(zo,rm(z0)) fn(T) >
SUP,e5d-1\ B(zo,7) fu(z), then it must be the
case that 29 € B(xg,T). On the other
hand’ if Su?iEB(wo,F)\B(mo,rn(wo)) f" (x) <
SUP e §d—1\ B(xo,7) fn(x), then &g € B(xg,rn(x0)) C
B(xp,7). When 7 is appropriately chosen, this yields
the claimed result.

To prove Equation (5)), we repeatedly invoke
Lemma [5.4] with different € values. In particular, we
find the upper bound of the L.h.s. of Equation by
invoking Lemma with properly tuned €, and show
that this is less than the lower bound of the r.h.s. of
Equation (5]) obtained by invoking again Lemma
with properly tuned (but different than before) e. O

Now, with the appropriate choice of hyperparameters,
we immediately get the following corollary.

Corollary 6.8. Setting m = ©O(n), and k =
d—1

O ((dlogm)m nﬁ) in Theorem m we have that

with probability at least 1 — 20,

|~%0$0_O<(dlofm> )—o(nw).

When f is restricted to S?~!, there are effectively
d — 1 degrees of freedom, and we note that the rate
of Corollary ignoring logarithmic factors, is opti-
mal for any twice-differentiable density f (Tsybakov,
1990; [Donoho and Liul, [1991)) and matches the results
of |Dasgupta and Kpotufe| (2014).

6.2 Mode recovery guarantee in presence of
multiple modes

Next, we address the mode estimation problem when f
has an unknown number of modes. Our solution tech-
nique relies on estimating the connected components
(CCs) of various level sets of the unknown density, so
that, when the modes are sufficiently well separated
from each other by apropriate low density regions, the
maximizer of fn within any CC of an appropriate level
set will be a good approximation of the mode con-
tained within that CC. It is well known that CCs of the
mutual k-NN graph and its variants constructed using
samples drawn i.i.d. from f are good estimates of the
CCs of the corresponding levels sets of the unknown
density f (Kpotufe and von Luxburg} 2011; |Chaud-
huri and Dasguptal, [2010; Balakrishnan et al.| 2013}
Dasgupta and Kpotufe, |2014)). In order to estimate
the CCs of level sets of f, we define the set of nested
graphs G()\) using f,, as given in Equation , which
are sub-graphs of a mutual k-NN graph on the sample
Xn.

Algorithm 1 Recovery of any mode

Input: X,,,¢€
Initialize M,, < 0. R
for i =1 ton, in decreasing order of f,(z;) do
A<= ful@s)
Let {4;}7, be the CC of G(\— &) disjoint from M.,

My = My U {x; & argmax,c i nx, fn(m)} ,

end for
Return M,

Definition 6.9. Given A € R, let G(\) denotes the
graph whose vertices are in X, » 2lreX,: fn(x) >
A}, and whose vertices z,z’ are connected by an edge
if |z — 2'|| < a-min{rg(z), rx(2’)}, for some a > /2,
where 7 (y) is the distance from y to its k' nearest
neighbor in X,,.

When the density f has multiple modes, we guaran-
tee that the modes which are well separated by other
modes by appropriate low density regions — termed as
salient modes — can be recovered under mild condi-
tions. In order to define salient modes we first define
the notion of r-separation as in |Chaudhuri and Das-
guptal (2010).

Definition 6.10 (r-separation). A, A’ C S4~1 are r-
separated if there exists a separating set S C S¢~!
such that every path from A to A’ crosses S and

SUp,eg, f(x) <infreavar f(z).

Following [Dasgupta and Kpotufe (2014]), we define a
mode x to be r-salient if the critical set A, of Defini-
tion is well separated from all components at the
level where it appears.

Definition 6.11 (r-salient modes). A mode x of f is
said to be r-salient for » > 0 if the following holds.
There exists A, as in Definition [6.4] which is a CC
of say S " £ {z € 841 : f(z) > X\;} and A, is
r-separated from S;\i:l \ A,

Our proposed approach is summarized in Alg.
where, € = €é(n) is an user defined hyper-parameter
which is a decreasing function of n. In particular,
choosing € = ~,, where 7, was defined in Lemma
suffices. Alg. [T outputs a set of estimated modes
M,,. Our next theorem guarantees that any salient
mode in M can be recovered by Alg. [1] at the optimal

rate O (n_ﬁ) for the choice of k = O (nﬁ?’) and
m = O(n).
Theorem 6.12. Assume f  satisfies  As-

sumptions and [6.5 Suppose k  satisfies
(i) min { o - C¢dlogm,C3dlogn} < 'k, and (i)

k < min{f; 'md%,ﬁg . nﬁ}, where,

i 2
) = max{47 (f(§°)) ’ (Cmo min‘{‘?ﬂ?)“))27(;)2}) }’
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d—1
Ao Cs\ 2 a+3
po= () esm) T e e =
d—1
4 2d . 2 aT3
(5)™ ) 5 ((1165) dlogm) o Let

xo be an r-salient mode for some r > 0 and

M, be the set of modes returned by Alg. [1 If
9m log(m /) max{|| flloc,1} - i

n > ngo_glgz(wo)rgi)zdlogm , then with probability at

least 1 — 26, there exists o € M,, such that,

) C dlogm '/
i = aull < 7, 5 o) (ZE2)

7 EMPIRICAL EVALUATIONS

Since our results hold for data lying on the unit sphere,
for our empirical evaluations, we choose distributions
that are supported on the unit sphere, namely, von
Mises-Fisher distributions. For any 2 € S?!, the
probability density of a von Mises-Fisher distribution
is:

m%_l

—  exp(kp'x 6
et O

flz) =

where, ;1 € S is the mean direction, £ > 0 is the
concentration parameter, d is the dimension, and I is
the modified Bessel function of the first kind. The
distribution becomes narrower around p with increas-
ing k. For our empirical evaluations, we sample data
points from a mixture of two von Mises-Fisher distri-
butions given by:

f(@) = wfi(z) + (1 —w)fa(x) (7)

where, for ¢ = 1,2, f;(x) is specified, using @, by
mean direction p;, concentration parameter x; and
w € (0,1) is the mixture coefficient. We consider
data dimensionality d = 2 and 3 for our experiments.
We compare our proposed density estimation method
(EaSDE) with kNN based density estimation method
(KNNDE) of Dasgupta and Kpotufe (2014) and kernel
density estimation method (KDE). For each of these
methods we train the respective density estimators us-
ing the training set, select hyper-parameters using the
validation setﬂg and evaluate the performance on the
test set. We measure the accuracy of the density esti-
mators using empirical total variation distance (ETV)

defined by ETV(f.f) = g5 Sl [f(@i) — f(ai)l,
where, f is the true density, f is the estimated density
and x1,...,xs is the test set. We present our results
in Figure[?77] where we plot expansion factor, which is

m/d, on the z-axis and plot the ETV on the y-axis.

“See Appendix |C| for details of hyper-parameter selec-
tion, data generation process and other experimental de-
tails.

As can be seen from Figure [77] ETV for EaSDE gen-
erally decreases with increasing expansion factor. In
sub-figure (a) and (b), we use smaller k; and ko val-
ues resulting in a flatter true distribution and using a
reasonably smaller expansion factor, EaSDE achieves
comparable performance to that of KNNDE and KDE.
In sub-figure (c) and (d), we used higher values for x4
and ko resulting in a concentrated component distri-
butions around the component means. In this case,
ETYV is much higher for all methods, and KNNDE in
particular performs poorly. Here EaSDE requires a

larger expansion factor to reduce ETV, more so for
higher d.

8 CONCLUSIONS AND
LIMITATIONS

In this paper we studied the suitability of expand-and-
sparsify representations for two fundamental statisti-
cal problems — density estimation and mode estima-
tion. For density estimation, we demonstrated that
given n i.i.d. examples from a density f, there is an
estimator fn that is a linear function of the expand-
and sparsify representation that achieves a minimax-
optimal convergence rate in £, distance. Our bounds
hold with high probability, simultaneously for all z in
the support of f. For mode estimation, we presented
simple algorithms on top of this density estimator and
demonstrated that under mild conditions, modes of f

can be recovered at a rate O (n_#i’») with high prob-
ability.

For mode estimation, we assume that f is twice differ-
entiable in a neighborhood of each mode and our mode
recovery rate is optimal up to a logarithmic factor. It
is not immediately clear whether this extra logarith-
mic factor is an artifact of our proof or it is a limitation
of our algorithm.

If the data is on a manifold that is not supported on
the sphere, then our rates do not hold, since the spar-
sification scheme implies that h(cz) = h(z) for any
c > 0. But if the data comes from a submanifold of
the sphere, then our rates still hold, but they are not
adaptive to the intrinsic dimension of the submani-
fold. It is an interesting future direction to consider
expand-and-sparsify schemes that adapt to the intrin-
sic dimension of a dataset.

The expand-and-sparsify representation also bears a
strong resemblance to certain algorithms arising in the
hyperdimensional computing literature. As a future
research direction, it would be very interesting to ex-
plore the computational benefits of the expand-and-
sparsify representation on non-traditional computer
architectures.



Kaushik Sinha*, Christopher Tosh™

5\
30

\‘\‘\‘\‘—.\’

L !

(a) d=2,k1=10,Kk2=5 (b) d=3,k1=10,k2=5

o 100 200 300 400 500 0 100 200 300 400 500
Expansion factor (m/d) Expansion factor (m/d)

(¢c) d=2,k1=280,k2 =100 (d) d=3,k1=280,k2=100

Figure 2: Color code: Red — KNNDE, Black — KDE, BLUE (error bar) — EaSDE.
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A  Proofs from section [G

A.1 Proof of Lemma [5.2]

For a set B C S 1, let

1
Um(B) = o E 1[9; € B],
J=1
where 64, ...,0,, are the random vectors drawn from v.

Lemma A.1 (Chaudhuri and Dasguptal (2010)). Assume k > dlogm and fiz § > 0. Then there is an absolute
constant ¢, such that with probability at least 1 — 6, the following holds for every ball B C R%:

k dlogm k
> >
v(B) > - <1 + Cs 3 ) = Un(B) >
k dlogm k
< — —
v(B) < - (1 Cs ? ) = vn(B) < —

where Cs = 2¢,1og(2/6).

We can use Lemma to prove Lemma [5.2

Proof of Lemma[5.9 First we observe that because v is uniform over S4=1 for any value p € (0,1), there is a
unique radius 7 € (0,2) such that v(B(z,r)) = p for any 2 € S?~1. Observe that the bounds on k imply that

0< & 1oy /Hoem) < k(g A8
m k m k

The proof that C; C B(8;, router) follows directly from Lemma 11 in Dasgupta and Tosh| (2020), but we include
the proof here for completeness. Let us condition on the events of Lemma occurring.

By definition, every ball of radius 7outer centered at some € S?~! has v-mass

k dlogm
V(B(:c,rmer))m<1+cg kg )

By Lemma this implies that there are at least k 6,’s in each B(x, Touter). Another way to say this is that
every € S " will have its nearest k 0;’s within distance router. Thus, any h;(z) will only be activated for
points & within distance router of 85, i.e. C; C B(6;, Touter)-

To see that B(6;, rinner) C C; observe again that by definition, every ball of radius rimner centered at some

x € 84! has v-mass
I
V(B(xvrinner)) - % (1 - C6 d Ogm) .

Thus, by Lemma every ball B(z, Tinner) Will contain fewer than k points. Thus, if € B(6}, Tinner) then
0; € B(Z, Tinner), and so #; must be among the k closest §’s to z, and so satisfy that « € Cj.

To finish off the proof, we observe that v(C) = %(_Cl) for any C' C S4-1. O
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A.2 Proof of Lemma 5.3

We will use the following form of Bernstein’s bound.

Lemma A.2 (Bernstein bound). Let Xi,...,X, be i.i.d. and suppose that |X;| < ¢ and E(X;) = p. Pick
0 < d < 1. Then with probability at least 1 — 0,

ZX

2021og(1/4) 2clog(1/5)
n 3n

where, o? 1 Var(X;
=1

Proof of Lemma[5.3 Fix any j € [m] and let z; = T[z; € C;]. Then |z;] <1 and

Var(z;) = E(27) — (Bz:)* = £(C;) — (£(C)))*
= f(Cy)(1 = f(Cy) < f(Cy).

Combining Lemma with a union bound, we can say that with probability at least 1 — 9,

Ifn(Cj)—f(cj)|<\/2f( ;)log(m/)  2log(m/)

n 3n

A.3 Proof of Lemma [5.4]

Proof. Pick any z € S~ and assume that = € C; for some j € {1,...,m}. Since diam(C;) < #(e, ), we have
C; C B(z,7(e,x)). This implies f(C;) < vol(C;)(f(x) + €). Next, note that, with probability at least 1 — 4,
holds. Conditioning on this occurring, and for the choice of k as given in the Lemma statement, we have that
for every j =1,...,m,
2kSa—1|[floo

m

F(C5) < flloe vol(Cj) <

Using this bound, Lemma ensures that with probability at least 1 — 4,

kSa—1||fllo log(m/d) n 2log(m/d) _
mn 3n

52(C) = (G < 2

n

We condition on this occurring. We first show the upper bound.

; - m . 1 f<C) Qp
R =g X M@)=E X (Sd 9. Sd_lk/m)
1 f(Cy) dlogm an
= kL (Vol(cj) (1 O ) + Sd_lkz/m>
f

(CU) +€) <1+C(5 /dlo;;m) N Sd_olzz/m>

IA
F| =
<
>
<
O
Il
—_
/N
g
—
—~
< QQ
O |~
el P
—~
Q
~

The lower bound is shown in a similar manner. Pick any z € S? ! and assume that = € C; for some j €
{1,...,m}. Since diam(C;) < 7*(¢, z), we have C; C B(z, (e, x)).

This implies f(C;) > vol(C;)(f(z) — €). Then we have,
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o m 1 f(C)) n
falz) = k2Sa-1 Z G = ¢ 2 (Sdlk/m - Sdlk/m)

gih;(@)=1 jih; (@)=1
1 1<) (. \/m o
5, 5 (@ (™) )
1 vol(Cj)(f(z) —€) \/m a,
Z 7 1-C _
s h%—l ( vol(€) ( Vo ) Sdlk/m>
_ (1_05 dlokgm> () — ) — .

A.4 Proof of Lemma [5.6]

We will make use of the following result.

Lemma A.3 (Lemma 12 Dasgupta and Tosh| (2020)). Suppose v is uniform over S¥=1, 6 € S4=1, andr € (0,1).

Then ) e o)
r < 7 (3 dv(B(x,r))) .

Proof of Lemmal[5.6 For any Cj;, observe that by the conclusion of Lemma we have C; C B(0;,Touter),

where
k [dlogm 2k
B(0; outer < — 1 C S77
v(B(0;, Tous ) m( +ls k ) m

where we have used our lower bound on k. Thus, by Lemma

diam(C;) < 2T0uter

(3\/EV( (2, Touter)

1/(d—1
6\[ /(d—1) -
- .

Proof. First observe that with probability at least 1 — 24, the conclusions of Lemma [5.2] and Lemma [5.3] hold.
Assume that this is so, in which case Lemma[5.4] and Lemma [5.6] both hold as well.

7 >1/<d71>

IN

%\

A.5 Proof of Theorem

We will select € = \/% . Now observe that by the condition of smoothness, if we have e < L%, then

e, x), 7(e, z) > (%) e

for all z € S~1. Our choice of ¢, k ensures the above does hold. Applying Lemma we have

1/(d-1)

8

diam(Cj) < —= 6vdk < [V/BE1/26 — (i) 7
\/3 m L

where the second inequality follows from our lower bound on m and canceling terms and the final equality follows
from our choice e. Thus, the conditions of Lemma 5 5.4] are met, and we have that for any z € S !

A dlogm [dlogm
|f(x)*fn (5 T“”'Yn

< (||f||oocgm+z) U2
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where we have used our choice of e = y/1/k and our lower bound of k > nglog m. O

Instantiating Theorem with m = ©(n) and k = © (m 2D (logm) wil(_dl*U) leads to sup,cga |f(z) —
5

N R ogn \ FFT@T)

R =11 = fulle =0 ((222) 777,

A.6 Proof of Theorem [5.8|

Proof. The high level idea of our proof is to first find a packing of the unit sphere, then construct a finite set
of smooth functions, using such packing, with non-overlapping support. Finally, construct a finite family of L, 8
smooth densities using the smooth functions constructed before for which we can use Fano’s minimax bound
(Theorem . Now we provide the details. For any positive integer k, we use the notation [k] to denote the
set {1,...,k}.

Fix any a € S ! and let k : S“~! — R be a bounded function defined on B(a,1/2) N S?~! such that,
/ k(z)dr =0, Yz, 2’ € 8471 |k(x) — k(2)| < ||l — 2.
z€B(a,1/2)NS4-1

Note that, based on our function definition, k(z) = 0 for any = ¢ B(a,1/2) NS4t Also, let kyayx =
max,egi—1 |k(x)].

hd 1
{x1,...,2m} C 8! such that, ||z; — ;|| > h and C; N C; = 0 for i # j, where C; = B(x;,h/2) NS4~ for
i=1,...,m. For any such z; € S, define

For any h > 0, using Lemma let m = — Va2 be the packing number of S¥~1. Then there exists S =

g:(z) = hPk (x _hxj + a> .

Let y = I_hwj + a. Then dy = (E) dx. It is easy to check that g; has support in C; and therefore,

/ gj(w)dm:hﬁ/ k(x_xj +a> dx
Sd—1 Sd—1 h

— pp+d ( / by + [ k(y)dy> =
y€B(a,1/2)NSd-1 y¢B(a,1/2)NS4-1

Thus, g;s have non-overlapping support and each g; is 1-Lipschitz. To see this, observe that for Vz, 2" € S

X — T x/_x» x — /
o160) = ) = 1 [ (S5 0) -k (T o)< (222 ') ~Jla— 2’|

Next, we define the function class, where Sq_; = vol(S¢71).

1 .
{fg( )= g+ e :jzl,...,m} ®)

For h < 1, it is easy to see that f;(x) > 0 for all z € S%1landj=1,...,m. Also,

1 1
(z)dz = do+ — (z)dz =1
/sdflfj(x) " S /s ST /sdflgf(m) !

Therefore, each fz E M is a probability density function whose support is S¢~!. It is easy to verify that that
each f; € M is Y — B smooth. For each f; € M we denote by P; its absomated probability distribution.

In order to apply Fano’s inequality, we need to compute, (i) an upper bound of max;; KL(P;, P;), and (ii) a
lower bound of min;; || fi — fj|loc. Let’s start with the KLdivergence first. Note that for any x € C; and i € [m)],

N gi(z)

@) = G T 38k T = 5

(9)
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Note that for h < 1, for any i € [m], fi(z) > Sdl—l - 2Sd,k_ni?mx = 25';—1' Using this lower bound, we have,

(J]:J((i; - 1>2fi($)dm: /Sd_l de

<250 [ ()= fy(@)Ps

=25 < Lo V@ =g [ () - ) dx>

a zsd_l/cw(fi(x) — fi(2))%de

KL(P;, P;) < X*(fir f7) =/

Sd—1

2541 </c (fi(z) — fi(z))*dz —i—/c (fi(z) — fj(x))de>

i J

hPk 2 Wk 2
25, / (W) d +/ (max) i
-t < C; 2Sd—lllgmax v C; 2Sd—1kmax v
e d d h 1(C 1(C
n (QSd_l) /C'z x+/cj v= (QSd_1> (vol(C;) + vol(Cy))

( h%8 ) 2841 a1
Si—1) Vd

_ (\2) p2B+(d=1). (10)

where, equality a follows from the fact that outside any C; U Cj, f; and f; are identical. Inequality b follows
from @ and using the maximum possible value of g;. Inequality ¢ follows from Lemma

[N

VAR

Now, for i # j, we have,

1fi = fillo = sup |fi(x) = fi(2)| = sup [fi(z) = f;(2)]

reSd—1 zeC;UC;

a h#

= sup 9() = (11)
zec;uC; | 2Sd—1kmax | 2S4-1

where, equality a follows from @

1
N e 2B+(d—1)
Now set h = & (bﬂ) Y for some k< min L % . Then it follows from Lemma |A .4
n 16 16(1+ﬁ)

that 28%izs %gjl’P-”)How < % The desired lower bound immediately follows from an application of Theorem

A O

1
2BF(d—1) P e
Lemma A.4. Suppose d > 4, n > 16, and k < min {116, (M) } Set h = K (10%) @D o
d—1

m = %. Then the following holds.

nmax;+; KL(PL‘7PJ‘) + 10g2 < 1
logm -2

1
. 2FF(A—T)
Proof. Since h = k (bg”)

n

, we have,

d—
maxKL(P;, P;) < 2 opi(a-ny _ 267D <logn> .
7 T Vd Vd n
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Also we have,

ot (122) - () () () ™7)

- llog (d> +(d—1)log (1) + _d-D (logn — loglogn)

2 4 k) 28+ (d—1)
Therefore,
nmax;x; KL(P;, P;) + log 2 < %,@26-&-((1—1) logn + log 2
logm ~ glog (%) +(d—1)log (£) + % (logn — loglogn)
%Kﬂ,@ﬁ-(d—l) lOgTL 10g2
d— 1
% (logn —loglogn) (d—1)log (+)
2 2p 26+(d—1) 1 log 2
= (1+-= "
\/3( d_1>m (1_101‘51%) (d—1)log (%)

IN

i (1 + 2ﬂ> K28+(d-1) + 10#
(d—1)log (%)

O

Theorem A.5 (Fano’s minimax bound (Tsybakov} [2008)). Let P be a set of distributions and let xz1,. .., x,
be a sample from some distribution P € P. Let 0 = 0(x1,...,x,) is an estimator of the parameter (P) taking
values in a metric space with metric d. Let F = {Py,..., Py} C P. Then,

it sup By (4 (9 -0(0))) > 5 (1 - 2522 )

where s = min;; d (0(FP;),0(P;)), and oo = max;,j KL(P;, P;).
Lemma A.6. Pick any h € (0,1). Let N be the largest set of h-separated points on ST=' using o norm, that

is, there exists x1,...,xn € ST such that for any i # j, ||xi — || > h. Then, N < (\h/f,/f).

Proof. Tt is clear that, for ¢ = 1,...,N, B(wz;,h/2) are disjoint. Then, it must be the case that,
Ei]\il vol(B(x;,h/2)) < vol(B(S%1)). Using Lemma we get the desired bound on N. O

Lemma A.7. Suppose d > 2 and h € (0,1). Let vol(S4~1) = S;_1. Then, for any x € S, we have,

2841

vol(B(z, h)) < Rt

Proof. Let v is the uniform distribution over S?~1.We first show that v(B(x,h)) < %hd_ﬂ and then use the

fact that vol(B(z,h)) = v(B(x,h))S4—1. Towards bounding v(B(z, h)) from above, we can generate a random
sample 0 = (01, ...,04) ~ v by first drawing Y7, ..., Y, independently from a standard normal distribution, and
then taking
Yi
T (Y12 4+ +Yd2)1/2.

This works because the distribution Y = (Y3,...,Yy) is spherically symmetric. Now for any k,the sum Y2 +
-+, Y2 is a chi-squared distribution with k degrees of freedom , denoted by x?(k). It is well known that if
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A ~ x?(k) and B ~ x?*(l) are independent, then A/(A + B) has a Beta(k/2,1/2) distribution. Thus 63 =
Y2/(Y2+---+Y?) follows a Beta(1/2, (d —1)/2) distribution. Without loss of generality, assume z = e;. Then,

0 € B(z,h) <= [|0 —e1||> <h? <= 6, >1—h?/2.

Letting e = 1 — (1 — h%/2)? = h?(1 — h%/4) we get,

Bl k) = §-Pr(6?> (- (W/2)?) = 5 Pr(B 210
1 1 eld=1)/2 12
S 3 BapE-1R d-np 179
_ 1 F(d/2) -1 2 -1)/2 1
B 5'r(l/z)r((d—l)/z)(d—l)/z'hd (L= n? /ey (1—-h2/2)
< I'(d/2) -1
- I@/2)r(d-1)/2)(d-1)/2
_ 1 T2 aa
vr(d—1)/2 T(d/2-1/2)
< a/2 g
T Vm(d—-1)/2
< d/2 .hdfl < l 'hdfl

V(d/4) T Vd
where, the first inequality is due to Lemma the second inequality is due to the fact that h € (0, 1), the third
inequality is due the fact that I'(z)/T'(z — 0.5) < y/x and the fourth inequality is due to the condition on d. O

Lemma A.8 (Lemma 13 Dasgupta and Tosh| (2020))). Suppose Z has Beta(a, 5) distribution with o« < 1 and
B>1. Forany0<e<1,
1 e’ 1 ?

- — r —€ — - (1—e)>h
Blap p=rZzlmdspag 5 19

B Proofs from Section

B.1 Proof of Theorem [6.6]

Proof. Let g € M and define
rn(zo) = inf{r : B(zg,7) N X,, # 0}.
ZTg,- In due course, we will show

Let 7 € (0,1) be a constant to be fixed later. Assume for now that r,,(zg) < 5
that this holds with high probability. Also, consider 7, to be appropriately chosen later, satisfying the following:

21, (x0)
T

<7 <1y

o
Since 7 > 2r,(x¢), our goal is to show

sup fo(z) < inf o (2
zGSd*I\B(Iof)f @ IEB(IO’T"(“))JC o

as this will ensure that |29 — x| < 7. To see this, note that if Sup,cp(s, )\ Bxorm(w0)) fa(z) >
SUPgesd-1\ B(ao,7) fn(a:), then &y € B(z,7). On the other hand, if SUD ¢ B(wo,7)\ B(x0,mm (o)) fn(az) <
SUPc 841\ B(zo,7) fn(x), then Ty € B(xg,rn(z0)) C B(xo,T).

We first bound sup,¢ga—1\ B(z0,7) fn(:r) from above. Using definition observe that,

sup f(@) < flwg) = Cuo(7/2)* £ F (12)
2€ Az \ B(x0,7/2)
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To apply Lemma note the following. For any x € S* 1\ B(z,7/2), f(x) < F. This is because A,, is a level
set of unimodal f, that is, sup, ¢4, f(#) < infoea, f(x). Now, for any z € S\ B(xo, 7), let € = E — f(x).
Then it is easy to see that #(e,z) > 7/2. Therefore, for every j = 1.,...,m, if we can somehow restrict
diam(C;) < £, then it automatically ensures that diam(C;) < #(e, z). Applying Lemma the following holds

with probability at least 1 — 9§,

Sy
5}
%
3

N
>

Y

z€84—1\B(zq,T)

)(f(x)+6)+%

F

=

dl
_ (H(;é ogm

- <1+05 le,f””‘) (F(w0) = Cay (7/2)°) 41 (13)

Now we bound inf,cB(zo,r, (x0) fn (x) from below. Since 77 < 71, < 1y, using definition observe that,

inf  f(x) > f(xo) — Coy(77)2 2 F (14)

z€B(xo,TT)

Now for any @ € B(xg,7n(20)), let € = f(z) — F. Then we have (e, x) > 7F —rp(T0) > TF — TF/2 = TF /2.
Therefore, for every j = 1.,...,m, if we can somehow restrict diam(C;) < 7, then it automatically ensures that
diam(C}) < 7(e,x). Again, applying Lemma the following holds with probability at least 1 — &,

fulz) > (1—05 ‘“Ogm> (F@) =€) +

m
x€B(xo,rn(x0))

(f(z0) = Cuy (7)) = 7 (15)

Now, we can pick 7 and 7 such that the r.h.s. of is less than the r.h.s. of . It suffices to pick 72 = %
zQ

and 72 > C}G <f(:c0)05\ / dlo% + 'yn) . Using Lemma and the Theorem’s assumption on k, it is easy to check
zg

that if n > 9”;:13;(&1(/2)“&?)‘;{2{!?%1}7 then 7y, is at most f(z)Cs/ dlo% and therefore 2 > 32f(x0)c%‘01 / dk’%.

Therefore, we are free to choose 7 > max {\/32]0(;50)0061 /dlo%, W}
zQ

All that remains to show is that, (i) 7,(z0) < Frsz, with high probability, and (ii) diam(C;) < min{7/2, 77/2}

for every j = 1.,...,m. Let us focus on the first of the two. Let r = \/32f(xo)g dlo,fm. The Theorem’s

assumption on k ensures that r < r;,. Next, we show that with high probability, |B(zq,7r/2) N X,| > % >0
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which implies that r,(zg) < 7r/2. We first bound the probability mass of f(B(x,77/2)) from below as follows:

f(B(zo,7r/2)) > Vol(B(xo,Tr/2))xeB(inofTr/Q)f(w)

S BT S/ (@)

d—1

_ L izt T Cs N dlogm " in T
— /) sd1<f< ner) (e L)

z€B(xo,77/2)

a

Cyo(T1/2) 2)

S
<dlokgm)d41f(x0) (1_05 dlo};gm)
(

Ve
—_
S
n
Q
—
VR
w
\
—
8
(=}
S—
>
2
~—
.
ISH
5}
0]
3
a
W]
~~
=
8
E/

A\
=
%»—
QU

Y

|
=
/
w
=
i FS)
o
S~—
Q)
712
~_
.

. S4-1 a1 3Cs K dlogm o
= Bt () (4@0) (%) (16)

where, inequality a follows from Lemma and the fact that v(C) = VOI(C) for any C' € 8% 1. Inequality b
follows from Definition [6.41

If the r.hs. of (I6) is at least k + Csvkdlogn dlog" , then using Lemma 7 of |Chaudhuri and Dasguptal (2010]), with
probability at least 1—4, | B(zo, TT/Q)QX | > k Therefore rn(20) < 7r/2. This happens whenever k > C3dlogn

d+3

and k < (nsd“) T (f(z0)) ¥ e ((305> dlog m> . Further, using Theorem’s assumption on k, it follows
12vd 4C,,

that, rn(zo) < 71r/2 < 7ry, /2. It is now clear that we can choose 7 = r. Once the choice of 7 is finalized, using
the fact that 7 < 1, Lemma and the Theorem’s assumption on k, it is immediate that diam(C;) < 77/2, for
every j=1,...,m. O

B.2 Proof of Theorem [6.12]

Since the proof is a bit involved, before presenting the detailed proof, we first provide a sketch of proof which is
easier to follow.

Proof sketch: We define
rn(z0) = inf{r : B(zg,r) N X,, # 0}
and choose 7 € (0, 1) and 7 satisfying the following:

21, (x0)
T

<F LT < 1y

Then, B(zg,7) C B(zg,7) C Ay, It is clear that if Alg. (1 Ip1cks a maximizer of f, from a set contained in Az,
and intersecting B(xg, 7,(2))), then this maximizer must be within 7 of zy. If 7 is appropriately chosen, then
that would imply the result. Thus, our proof strategy is to show that Alg. [I]indeed picks a maximizer from such
a set. To this end, let A > inf,cpzg,r, (x0)) fn(x) be the first level in the iteration of Alg. containing a point

from B(zg,7,(x)). Also, let S be the set that r-separates A,, from S/'{l;ol \ A, . Define

Sd-1 £ {3 :3a path P from = to zo, PN S = 0}

S~z

to be the set of points reachable from xo without crossing S. Clearly, SZ_1 , 2 Az, and by Definition

S~~~

sS4t n Sf_l = Ay, The crux of our proof strategy is to show that, (i) at the level A — €, G(\ — €) contains
z0

S~z
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no point from Sg;lzo \ B(xo,7), and (ii) there does not exist any edge between any = € B(zo,7) and points

in §4-1\ sd-1 , in G(A — €). Therefore, it follows that there exists a CC Aj of G(\ — €) that is disconnected

S~~>x

S~sxq?

from S471\ S d-1 and thus any previous mode found by Alg. such that Aj N X,,» contains only points from
Az, and intersects B(xq,7,(z0)). Therefore, the procedure picks a point &y = argmax, ;0% fn(x) satisfying
|Z0 — 2ol < 7.

To achieve the first goal, it is enough to show that,

sup fn(x) < inf fn(x) — In (17)
mGSg:}IO\B(mO,F) z€B(z0,rn(z0))
since for € < -y,, that would imply:
su Anx< inf Anm— n < inf Anac—€<)\—€
resd-1 SB(wo,f)f (=) < xeB(%oyrn(xo))‘f @) = < 3663(96077%(960))][ @) N

S~ag

To prove (17)), we repeatedly invoke Lemma [5.4 with different e values. In particular, we find the upper bound of
the Lh.s. of by invoking Lemma with properly tuned e, and show that this is less than the lower bound
of the r.h.s. of obtained by invoking again Lemma with properly tuned (but different than before) e.

To achieve the second goal, we ensure that for any point © € B(z,7), the ball B(x,7/2) contains at least k
points such that r(z) < 7/2. Further, appropriately setting 7, in comparison to separation parameter r and «
given in Definition m we ensure that there can not be an edge between 2 € B(zo,7) and points in S¢~! \Sg;lxo
in G(A—¢). O

Now we present the actual proof.

Proof. Let r,(x9) = inf{r : B(zg,r) N X,, # 0} be the smallest radius around xy containing a sample from
X,,. Similar to the proof of Theorem let 7 € (0,1) be a constant to be fixed later. Assume for now that
Tn(r0) < Z7z,. In due course, we will show that this holds with high probability. Also, consider 7, to be
appropriately chosen later, satisfying the following:

2Tn (JC())
T

<7 <71y

0°

Here, in addition we use a new scale 7 = 1, /2 satisfying the following:

2r,(x0)
T

ST ST <1y,

Clearly, B(zo,7) C B(xo, 74, C As,. Note that, for appropriate choice of 7, if the maximizer of f,, comes from a
set contained in A,, and intersecting B(xq, r,(20)), then that maximizer must be within 7 of . Next, we show
that Alg. [I] indeed picks a maximizer out of such a set.

To this end, let A > inf,cp(zq,r, (20)) fn(x) be the first level in the iteration of Alg. containing a point from
B(xg,7,(20)). Also, let S be the set that r-separates A, from Sy '\ A,,. Define
o

S3-1 2 fy:Ja path P from = to 29, PN S = 0}

S'\")Z'U

to be the set of points reachable from xy without crossing S. Clearly, Sg:}mo D A, and by Definition
S§ L, NS t=4A
Aey — T%or

wao
Our goal is to show that, (i) at the level A— €, G(\ —€) does not contain any point from Sg;lxo \ B(zg, 7), and (ii)

there does not exist any edge between any = € B(xo,7) and points in S?~! \S”F1 in G(A — €). Whenever the

- S~xq
above goals are satisfied, it follows that there exists a CC A; of G(\ —€) that is disconnected from S%~! \Sg;ll_o,
and thus is disconnected from any previous mode found by Alg. such that flj N X, contains only points
from A,, and intersects B(xo, 7 (2o)). Therefore, Alg. picks a point Ty = argmax ¢ i ny, | fn(z) satisfying
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Rest of the proof ensures that the above two goals are satisfied. We start with the first goal. Let F = f(xg) —
Cyo (7/2)%. Note that Vo € SI71 '\ B(xg,7) we have sup,, eB(x,7/2) (@) < F. To see this, first observe that,

S~xq
B(a,7/2) C (S42L, \ B(z0,7/2)) US

as long as 7/2 < r. We separately show that SUP,e59-1 1\ B(ay ) (@) < F and sup,cg f(z) < F. The
~>a() ?

set SU”1 \ B(zo,7/2) can be written as SS_1 \ B(x,7/2) = Ag, \ Blxzo,7/2) U S} \Axo It follows

S~z S~~x0 S""ico
immediately from Definition |6.4f that sup,c 4, \B(zo,r/2) < F. Also, from the definition of S it follows that

Sw;z: ’
SUD,e 5871 \Au, f(z) < Agy < F. Next, by Deﬁnltlon sup,cg, f(x) < Ay < F.

For any z € S~} \ B(xo,7), let e = F— f(z). Then it is easy to see that 7(e, z) > 7/2 > 7/2. Therefore, for every

S~~~z
j=1.,...,m, if we can somehow restrict diam(C}) < 7, then it automatically ensures that diam(C;) < 7(e, ).
Applying Lemma [5.4] the following holds with probability at least 1 — 4,

sup fule) < (1+Cs dlokgm> (f(x) +€) +m
weSE], \B(zo,r)
= <1—|—C§ dlogm) F+’Yn
dlogm 50\ 2
= <1—|—CM/ >(f(300)—0:p0(7“/2) )+
< <1+0M/dl°gm> (J(@0) — Cuy (7/2)%) + 0 (18)

Now, for any = € S,., by r-separation, f(z) < inf,ca, ,f@
Then it is easy to see that #(e,x) > /2 > /2, prov1ded
following holds with probability at least 1 — 9,

ﬁ,/—\

"y < F. Next for any x € Sy/2, let € = F — f(x).
r. Then using the same argument as before the

sup fule) < <1+cs ‘”",f’”) (F(z0) = Coal/2)%) + (19)

IES,«/Q

Now we bound inf e gz, (z0) fn(:c) from below. Since 77 < 71y, < 7y, using definition observe that,

inf  f(x) > f(x0) — Cop (T7)2 2 F (20)
z€B(x0,TT)
Now for any @ € B(xg,7n(20)), let € = f(z) — F. Then we have (e, x) > 7F —rp(T0) > TF — TF/2 = 7T /2.
Therefore, for every j = 1.,...,m, if we can somehow restrict diam(C;) < 7, then it automatically ensures that
diam(C}) < 7(e, ). Again, applying Lemma the following holds with probability at least 1 — &,

Y

in
z€B(z0,mn(T0))

fn(x) <1C(5 A ) (f(x)ie)‘i’r)/n

dlogm A
= <1 —Cs kg ) (f(l“o) - Cx, (TT)Q) — Tn (21)
Noting that € < ~,,, we can pick 7 and 7 such that
su An:r< inf An;v— n < inf Anx—ES)\—g
resi-1 FB(wO,F)f ( )7 wEB(wo,rn(mo))f ( ) " mEB(zo,rn(wo))f ( )

S~
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and

sup fn(z) < inf  fu(z) —m < inf  fu(z) -

<A—€
z€S,/9 z€B(zo,rn(20)) z€B(z0,rn(x0))

('hl

ensuring that the graph G(\ — €) contains no points from Sgwlr \ B(xg,7) and no pints from S, 5. It suffices

to pick 7% = 8%”0 and 72 > 16 (f(xo)CM / dlo% + 3’yn/2). Using Lemma and the Theorem’s assumption

z0

9m log(m /d) max{||flloo,1}

o . . dl
on k, it is easy to check that if n > Sar (F(r0)Co 2 don then -, is at most f(z()Cs o8

=% and therefore

5 dlogm 2rn(xo)
o k0 T .

72 > 40f(x0)gfé\/@. Therefore, we are free to choose 7 > max { \/4Of(m0) CC
2o v

Let’s set 7 = \/40f(x0)éc‘5 dlokgm.

Next, for any x € B(z,7), the ball B(x,7/2) is fully contained in A, since 7+ 7/2 < 37/2 = 3ry, /4 < 14,. We
seek to bound f(B(x,7/2)) from below as follows

f(B(z,7/2)) > [f(B(x,77/2))
> vol(B(z,77/2)) xeBgi}f;F/z) f(z)
> (3/4)F Sy_a(r7/2)*7"  inf  f(x)

\[ z€B(x,77/2)
(8/4) 7 Sa1(7/2)" A

>
- f
b 1 = n “
g Sa—1 [ 15A4,Cs (d ogm) (22)
3\f 16C,, k
where, inequality a follows from Lemma and the fact that v(C) = VOI(C) for any C' € 8% 1. Inequality b

follows from the fact that f(z¢) > A,,. If the r.h.s. of ([22) is at least £ + gt Cavhdlogn then using Lemma 7 of
Chaudhuri and Dasguptal (2010), with probability at least 1 — 4, |B(xo, r/2) ﬁ X | > k Therefore, ri(z) < 7/2.

6vd 64C4,
then it is easy to see that ary(x) < ar/2 < r/2. Therefore, B(z,ary(z)) C stxo and there can not be any
edge between z € B(zo,7) and points in S~ 1\ S4Z! in G(\ — é).
All that remains to show is, (i) 7 < 7 = 14,/2, (ii) rn(xo) < 77/2 < 71y, /2, (iil) 7 < /e, and (iv) diam(C;) <
2
min{r/2,77/2}. If k > (C (m%gf{cr(,z")/g‘s a1y ) dlog m, using the value of 7, the first and the third conditions are
2 /2,m/
satisfied. Note that ([22) hold for any x € B(xo,7), in particular, for zy. Therefore, r,,(z¢) < 77/2 and the second
condition is satisfied. Finally, using the fact that 7 < 1, Lemma it is immediate that diam(C;) < 77/2 for

d+3
This happens whenever k > CZdlogn and k < (Sdl (M> dlog m) na+s. If in addition 7 < r/a,

Swwo

2 3
every j =1,...,m whenever k < % ((136f(m0)§50) logm) mass .

B.3 Auxiliary proofs

Lemma B.1. Let g € M. Set 72 :8%:0, = 32f(z0) 5 5\/’”0%, and 735 = 40f(z0) & Ls dk’%. Assume
z0 z0o

that the conclusion of the Lemma |5.9 E helds Then, diam(C;) < 771/2 for every j = 1,...,m, provided the
following holds.
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Similarly, diam(C;) < 779/2 for every j =1,...,m, provided the following holds.

Proof. Since conclusion of Lemma [5.2] holds, we can apply Lemma[5.6] to get

: 4 (6v/ar) ™

i 1/4
Note that, 2t =  /f(xq) =+ (dlo%) . Then diam(C;) < 77 /2 for every j =1,...,m provided

4 k) @ Cs (dl 1/4
4 ()™ frao (k)

16 [ 6vVdk )" Cs [dlogm
— — | == <
3 ( m > _f(IO)C'IO k

Py 2
. 256<6¢&k> . (f(:co) 05> dlogm

9 m Coo k

2
= ka1 < <3f(z0)§5> logm d%mﬁ/ﬁﬁ
0

x

Noting that, diF = d'=7% is an increasing function of d, we have divs > _L_ford > 2. Similarly, noting that

- 921/5
67+ is a decreasing function of d, we have 6733 < 645 for d > 2. Thus, d7 /675 > gL L = 1. 1 —
1S a decreasing runction or a, we have ~ ora =~ 2. us, / Z 5175 " g = 21/5 " 34/534/5 —

5315 = 33 = ¢ Plugging in this value, the choice of k as given in the Lemma statement suffices.

_ 1/4 1/4
Similarly, note that, =2 = gf(xo)g—‘S (@) > 5225’ S (dl"kgm> . Using similar steps as above, the
z0 z0
result follows. O
Lemma B.2. Let zp € M, k > Mdlog m, and v, = an/(Sa—1(k/m)), where a, =
2\/]65‘1’1”]0!7?;1%(7”/6) + 210g3(;n/6). Then, v, < f(20)Cs dlokgm provided the following holds,

9mlog(m/0) max{|| f[loc, 1}
— Sa—1(f(z0)Cs)%dlogm

n
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Proof. Let = %. Then,

mn

Tn = Sd,lk'/m o Sd*lk/m
2
=28 flloo + 3P
2
< 2y Bmax{]|flleo, 1} + 58 max{]| flloc, 1}

3v B max{|[flleo, 1}

dlogm
k

A=

% f(z0)Cs

Inequality @ holds, if 8 max{||f|lec, 1} < 1, or in other words,

-, mlog(m/é) max{]| f]loc, 1}

23
> S (23)
Inequality b holds, if,
1 1
> O logton/8) ma{ | s 1 -
Sa—1(f(x0)Cs)?dlogm
Therefore, both the inequalities hold, if,
o T/ el ) 1 —
Sa-1 k™ (f(z0)Cs)*dlogm
Since k > Wdlog m, choosing n as given in the Lemma statement suffices. O

C Empirical evaluations details

Since our density and mode estimation results hold for data lying on the unit sphere, for our empirical evaluations,
we choose distributions that are supported on the unit sphere. A well known distribution defined on the unit
sphere is von Mises-Fisher distribution which is a directional distribution on the surface of the unit sphere S41.
For any = € S?~!, the probability density of a von Mises-Fisher distribution is given as in @ where, p € S41
is the mean direction, £ > 0 is the concentration parameter, d is the dimension, and I is the modified Bessel
function of the first kind. The distribution becomes narrower around p with increasing . In particular, the
reciprocal value 1/k resembles the variance parameter of the normal distribution. We chose a mixture of two
von Mises-Fisher distributions given in (7)) where, for i = 1,2, f;(z) is specified, using (6) by mean direction s,
concentration parameter x; and w € (0, 1) is the mixture coefficient. In Fig we visually depict a mixture of von
Mises-Fisher distribution in S2, where p; = (—\/(T, —/0.1, 0) €82, k1 =10, o = (—\/0.0 ,—\/0.99,0) € 82,
ko =5, and w = 0.3.

C.1 Data generation process and computing environment

For our empirical evaluations, we generate samples from a mixture of von Moses-Fisher distribution as given
in . Specifically, we use scipyljg to generate samples from an individual von Mises-Fisher distribution. To
generate samples from a mixture of two von Mises-Fisher distributions we first need to specify the component
means p; and ps. We randomly pick p; from S¢~! and then randomly pick pe € S4~! that makes an angle
7/4 with p; (basically, once we have chosen yi;, we keep on sampling points uniformly at random from S%-!
until we find a point that makes an angle w/4 with uq.) We use two sets of values for k; and k2. In one set
we use k1 = 10 and k2 = 5. In another set we use k1 = 80 and k3 = 100. For larger x values individual von
Mises-Fisher distributions becomes narrower around their respective means. We set mixture parameter w = 0.3.

“https://docs.scipy. org/doc/scipy/reference/generated/scipy.stats.vonmises_fisher.html
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k=10 K=5 mixture of k=10 and k=5

Figure 3: Individual components and a mixture of von Mises-Fisher distributions on S2?. The left panel
shows probability density of von Mises-Fisher distribution with parameters p; = (—\/(T ,—V/0.1, 0) € S?
and k1 = 10. The middle panel shows the probability density function of von Mises-Fisher distribution
with parameters pus = (—\/0.0 ,—v0.99, O) € 8% and ko = 5. The right panel shows the probability density
function of a mixture of these two von Mises-Fisher distributions where the mixing coefficient w = 0.3. In
all these picture bright yellow color represents high density regions and the shifting shades from yellow to
green represents gradual low density regions.

Once we specify d, ju1, 2 € ST, k1, k2 > 0 and w € (0,1) we can easily sample data points from the resulting
mixture of von Mises-fisher distribution using scipy. We sample three sets of iid samples from mixture of
von Mises-Fisher distribution. The first set contains 10000 samples and is used to train the density estimators
(training set). The second set contains 2000 samples and is used to choose hyper-parameters of various estimators
(validation set) and the last set contains 10000 samples and is used to test the performance of the density
estimators (test set).

We run our experiments on a laptop with Intel Xeon W-10855M Processor, 64GB memory and NVDIAQuadro
RTX 5000 Mobile GPU (with 16GB memory).

C.2 Hyper-parameter selection

For each of the three estimators KNNDE, KDE and EaSDE, we select hyper-parameters using the validation set.
If there are n samples in the training set, then for KNNDE, we choose the best value of k, the number of nearest
neighbors, from the set {1,10, 50, log(n), v/n,n/8,n/4,n/2,3n/4} for which empirical total variation distance of
KNNDE is smallest on the validation set. For any data point, we find its k nearest neighbors from the training
set using sklear.neighbors from scikit-learn

We implemented KDE using scikit-learn’s KernelDensity package. We used Gaussian kernel and the band-
width h of the Gaissian kernel was chosen using the validation set. We selected the best h value from the set
np.logspace(-2, 0, 20) containing 20 values in the log space from the interval [1072,1].

For EasDE, we varied m via varying the expansion factor which is defined as m/d. For each fixed m, we
selected the value of k using the validation set. The various values of k that were considered were from the set
[dlog(m) — 8,dlog(m) + 8].

Eroor bars of EaSDE we computed from 10 independent runs of EaSDE, each time using a different random
projection matrix ©.

“https://scikit-learn.org/stable/
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