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Abstract

We introduce a novel reinforcement learn-
ing algorithm (AGRO, for Any-Generation
Reward Optimization) for fine-tuning large-
language models. AGRO leverages the con-
cept of generation consistency, which states
that the optimal policy satisfies the notion of
consistency across any possible generation of
the model. We derive algorithms that find
optimal solutions via the sample-based pol-
icy gradient and provide theoretical guaran-
tees on their convergence. Our experiments
demonstrate the effectiveness of AGRO in
both on-policy and off-policy settings, show-
ing improved performance on the mathemati-
cal reasoning dataset over baseline algorithms.

1 INTRODUCTION

Large language models have displayed powerful capa-
bilities, and upon fine-tuning, such can become helpful
assistants to human users. Although supervised learn-
ing has been a dominant fine-tuning paradigm due to
its efficacy and stability, reinforcement learning from
human feedback (RLHF) has become an increasingly
important complement [Christiano et al., 2017, Ziegler
et al., 2019, Nakano et al., 2021, Ouyang et al., 2022,
Bai et al., 2022]. Although previously it was commonly
believed that reinforcement learning (RL) provides rel-
atively lightweight fine-tuning on top of an existing
model, it has also been proven to be highly effective in
entailing new capabilities [Jaech et al., 2024].

The existing RL algorithms for language model fine-
tuning can be largely categorized into two groups:
online and offline. Online RL algorithms consist of
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iterative sampling and updating of the latest policy
model, assuming access to an external reward model
that provides the learning signal |Ziegler et al., 2019,
Ouyang et al., 2022, Munos et al., 2023, Guo et al.,
2024, Calandriello et al., 2024]. Meanwhile, offline RL
algorithms directly extract information from a static of-
fline dataset, bypassing the need for iterative sampling
and potentially reward modeling [Zhao et al., 2023,
Rafailov et al., 2024, Gheshlaghi Azar et al., 2024,
Tang et al., 2024b, Richemond et al., 2024]. There is a
clear trade-off between the two classes of algorithms:
while offline algorithms are much cheaper to execute,
they generally deliver less improvement compared to
online algorithms [Xu et al., 2024, Tang et al., 2024a,
Tajwar et al., 2024].

The dichotomy between online and offline algorithms
also makes it difficult to directly adapt algorithms from
one case to another. Most importantly, we will see
that naively adapting the on-policy KL regularized
policy gradient algorithm - one of the most prominent
on-policy RL algorithms - to the off-policy case, will
not lead to the optimal target policy (Figure 1). The
natural motive is to build an algorithm that works
seamlessly for both on-policy and off-policy cases.

In this work, we propose a novel RL algorithm called
Any-Generation Reward Optimization (AGRO) for fine-
tuning language models. Central to AGRO is the in-
sight that the optimal policy for the RLHF problem
satisfies a notion of gemeration consistency, which we
will detail later. This consistency is rooted in the reg-
ularized policy optimization that underlies the RLHF
formulation. This consistency allows us to derive algo-
rithms that leverage both on-policy and off-policy data,
and find optimal policy via sample-based learning with
theoretical guarantees. Our technical contributions are
detailed as follows.

e We identify generation consistency (Section 3), a
notion of optimality condition inherent to the reg-
ularized policy optimization problem, from which
we propose losses to search for the optimal policy
and their sample-based gradient estimates (Sec-
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Figure 1: KL-regularized policy gradient vs. AGRO
in the tabular case with off-policy data (data generated
from myef rather than 7). We measure the normalized KL-
divergence KL (7, 7*) between 7 and the optimal policy 7*
during training. We see that under off-policy data, regular-
ized KL-regularized policy gradient does not converge to
the optimal policy 7* while AGRO does.

tion 4).

e We propose Any-Generation Reward Optimization
(AGRO, Section 5), which is derived from the
consistency condition and can leverage both on-
policy and off-policy data for policy optimization.

e We conclude with experimental ablations that
showcase the competitive performance of AGRO
in both on-policy and off-policy learning settings,
with a focus on the mathematical reasoning data
(Section 7). We also ablate on important hyper-
parameters.

2 REINFORCEMENT LEARNING
FOR LANGUAGE MODEL

A language model can be understood as a policy 7 in
the context of RL. Given a prompt x € X, the policy
produces a response (or generation) y € Y, which then
gets evaluated by a certain reward function r(z,y),
which usually reflects human preference. The objective
is to optimize 7 such that that the expected reward is
maximized: depending on the application, the reward
function can be a parametric network [Christiano et al.,
2017, Ouyang et al., 2022| or programmatic [Lightman
et al., 2023|. Formally, consider the regularized pol-
icy optimization problem to maximize the following
regularized objective

G(m) def Einp [Eywr(_‘z) [r(z,y)] — ﬁKL(W(x),Wref(x)()l})

which seeks to maximize the average reward subject to
the KL regularization KL (7(z), mef(z)) that encour-
ages 7 to stay close to some reference policy 7y during
optimization. Here, p denotes the sampling distribu-
tion over the space of prompt X; the coefficient 5 > 0
determines the trade-off between the policy optimiza-
tion and the regularization. The reference policy e is
usually the supervised finetuned policy and the starting
point of the optimization.

3 GENERATION CONSISTENCY
FOR REGULARIZED RL

We start with the key observation that a notion of
consistency condition is inherent to the optimal solution
of the regularized RL (RLHF) problem. Formally, this
result can be stated as follows.

(" Theorem 1. (Generation consistency at op-\

timality) Let 7* & arg max; G () be the optimal
policy to the RLHF problem defined by Eq. (1).
Then for any generation y, the quantity

r(o.y) = Blog T,

does not depend on vy, it is a function of the prompt

\ Z only. )

Proof. Tt is well-known that the optimal policy has an
analytic form [Rafailov et al., 2024, Calandriello et al.,
2024, Richemond et al., 2024]: for all z,y,

Wref(mx)eér(w,y)
e%f/w* (z)

, (2)

T (ylr) =
where the normalizing constant is
V™ (@) = flog (3 merlylw)ed =),
yey
7 (y|z)

7"'ref(y‘ac) =

V™ (), which is a function of the prompt z only. [

We can verify that for any y, r(z,y) — Slog

As a technical remark, note we can also introduce
the traditional value function which is defined as the
expected reward V™(z) & > yey m(ylz)r(z,y), and
notice that by plugging 7* back into Equation (1) we
have the property that:

VT(z) = V7 (2) = BKL(r" (), Tyei())-
That is, the normalizing constant V™ (z) is indeed
a KL-regularized value function [Ziebart et al., 2008,
Nachum et al., 2017, Levine, 2018].
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3.1 Deriving loss functions from generation
consistency

Henceforth for simplicity, we introduce the regularized
reward which depends on the policy ,

m(y|z)

R%(z, dzefrx, — fBlo .
5(r,y) = r(z,y) — B 8 )

Theorem 1 implies the following property on the reg-
ularized reward Rj of the optimal policy: for any
generation y,

RY (2,y) = Eyon(lo) [RE* (x,y’)} =0. (3)

We can hence define a squared loss that enforces the
above equality in order to find the optimal policy, i.e.,
we minimize with respect to m, from every z,

Eymr(lo) |(B3(@:9) — By [B3 (@ 9)])°]

Note that if we think of Rj(x,y) as a random variable,
the above can be understood as its variance under the
distribution y ~ 7(:|z). In general, we can define the
loss as the expectation (over z) of the variance (over
y) of Rf(x,y), which, when minimized, will recover
7*. We now consider both the on-policy and off-policy
settings.

When y is sampled under the current policy being
optimized 7, we define the on-policy loss

of 1
L£(m) € 3o [Vyn(ro) (RE ()] -
where we notice that both the regularized reward Rj
and the sampling depend on 7. Similarly, in the off-
policy case (e.g., responses y have been generated by
some behavior policy p), e.g. using a fixed dataset or a
replay buffer, we define the off-policy loss:

def

Ly(m) = %Emw [Vymulz) (B (z,9))] -

Importantly, we show that globally minimizing both
losses will lead to the optimal policy.

Theorem 2. (The unique global minimizer
is the optimal policy) Consider the space II of
policies that have the same support as mpef(-|x) on
all states x € support(p). Assume p € II. Then
7 is the unique global minimum in I of both L(r)

and L, () on support(p).

Proof. We provide the proof here as the argument is
quite constructive. First notice that £(7x) > 0 and
L, (m) > 0, and from (3) we have that £(7*) = 0 and

L, (7*) =0. Thus 7* is a global minimum of both £()
and L, ().

Now, let’s prove that 7* is the unique global minimum
of both £(w) and £,,(m). The losses L£(7) and L, ()
are the expectation (under x ~ p) of the variance
of RE(z,y) when y ~ 7(:|z) (respectively when y ~
p(-[z))-

For any policy 7 € II, for any = € support(p) we have
that (-|z) has the same support as me¢(:|z), which,
from Eq. 2, is the same as the support of 7*(-|z). Thus,
for the on-policy loss, for any = € support(p), this
variance is zero if and only if for any y € support(rw(-|x))
(respectively y € support(u(-|z)) for the off-policy loss),
the term Rj(z,y) is independent of y (but can be a
function of z), which is equivalent to say that

T(y[) o Trer(ylr)e .

From (2) we deduce that 7(y|z) = 7*(y|z). Thus =*
is the unique global minimum in IT of both £(7) and
L, () on the support of p. O

4 GRADIENT OF THE
CONSISTENCY LOSSES

We now analyze the gradient of the loss functions above
that shed light on their intuitions.

4.1 Gradient of the off-policy loss

Throughout, we consider a parametric policy 7 and
let V denote the gradient with respect to its parame-
ters. We start with the gradient of the off-policy loss
L, ().

Lemma 1. (Off-policy gradient) The gradient
of the off-policy loss L,(m) with respect to the
policy parameter is:

VL, (1) =—PE, ~, [Rg(ac,y)VIng(yM)} .

y ~ p(-|z)
Proof. The proof follows from taking the
derivative of a squared loss wusing the fact
that VRj(z,y) = —BVlogn(ylr), and that

This concludes the proof.

Notice that we can also subtract the baseline
R(, p) of By u(-|a) [Rg (z,y')] from the regularized
reward Rg(x, y) above for the purpose of variance re-
duction without introducing any bias, since

Eyop(l2) [Rg(x,,u)VIOgﬂ'(yM)] =0.
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Equivalence to RLHF gradient when on-policy.
We can interpret the above gradient as updating with
respect to the regularized reward Rj(z,y). In fact, we
can further break down the gradient for prompt x as

T 2
—BEypn(x) |7 (@, y)V1og m(y|z) — §V<log ﬂ_rf(/zi)) ]

where the first term maximizes reward while the second
term minimizes the squared loss divergence between
m and 7. When the sampling is on-policy pu = ,
the gradient of the squared loss is aligned with the
gradient of the KL regularization [Calandriello et al.,
2024, Tang et al., 2024b]. In this case, the off-policy
AGRO gradient is equivalent to the RLHF gradient
from Eqn (1).

4.2 Gradient of the on-policy loss

When differentiating the on-policy loss £(7) with re-
spect to the policy parameter we need to take into
account the fact that the sampling distribution de-
pends on the parameter as well. Writing f(z,y,7) =
2
% (Rg (z,y) — Rg(x,ﬂ')> , the gradient thus contains
two terms: the pathwise-derivative (PD) estimate and
the likelihood ratio (LR) estimate [Glasserman, 2004]:
VL(r) =E[Vf(z,y,m)|+E[f(z,y,m)Viogr(y|z)],

VPD[,(‘IT)

VLR[,(W)

where the expectation is under z ~ p,y ~ 7(:|z).
The pathwise-derivative VppL(m) is the gradient of
the off-policy loss VL, (m) when setting p = m, i.e.
V‘CM(FNM:W’

= _ﬁEx ~ p(" )[(RE(%?J) - R,g(xaﬂ-)) VlOgﬂ'(y|.’L‘)] .

Now, the likelihood ratio estimate Vg L(m) is

1
“E, .,

> |(R5(@,y) = Rj(e,m)” Viogr(ylz)|
y ~7w(|z)

Notice again that we can substract as baseline the
variance of Rj(z,y) as a possible variance reduction

technique without introducing bias, leading to this
estimate of Vg L():

‘g [((R3(.w) — RE(@,m) — b(x)) Viegn(yla)]

‘g, .,
2 ynnti

where the baseline is b(x) Lef Vyrmor(|2) (Rg(a:,y’))
which we can approximate with samples. Finally, the
full gradient of the on-policy loss is

Vﬁ(ﬂ') = VPDﬁ(W) + VLR[:(W)

We provide a few remarks as follows.

Alignment of VppL(w) with the gradient of
the original objective. Notice that the pathwise-
derivative estimate is aligned with the gradient of the
original policy objective G:

VepL(m) = VL,(T)|y=r = —BVG(T).

Different learning dynamics, same optimum.
Notice that since both 7 — G(7) and 7 — L(7) have
7* as optimum, by following the full gradient V.L(x) or
the pathwise-derivative Vpp L£(7) only will both lead to
the optimal policy 7*. However the learning dynamics
generated by these two gradients will be different.

Gradient magnitude. It may seem that
VepL(m) is negligible compared to VigL(w),
specially when [ is small. However, rewrit-

ing Rg(:v,y) = r(z,y) — Plog ﬂje(fléﬁﬂ)ﬁ)

Blog tr((yy‘lf)) +V™ (z), we see that RE(x,y)—Rj(z,m) =
3 (1og T (ylo) KL(W(JE),W*(&:))) is of order O(f),
thus both VppL(7) and VgL (7) are of order O(53?).

7(ylz)

5 ANY-GENERATION REWARD
OPTIMIZATION

We introduce the Any-Generation Reward Optimiza-
tion (AGRO) algorithm, which finds the optimal policy
by leveraging the any generation consistency. We intro-
duce a few variants of the algorithm. Throughout, we
assume that we can collect samples {z, (y;,7i)1<i<n}
composed of prompts x ~ p, and for each x, one or sev-
eral responses y1, ..., Yy, generated by some behavior
policy p (when off-policy) of by the current policy 7
(when on-policy). We write the corresponding rewards

{ri= T(xayi)}lgign-

5.1 The off-policy AGRO algorithm

Single generation per prompt n =1. Whenn =1
we only have access to a single response per prompt.
In that case one way to minimize the loss m +— L, ()
is to introduce a prompt-dependent function V(z) and
jointly minimize over 7 and V' the loss £,,(7, V') defined

as follows
(ylz) \?
*izgon (o0 -V ) |

This loss has been introduced in [Richemond et al.,
2024] where it was proven that the global optimum
(both over m and V') leads to the optimal policy 7*.
The globally minimizing value function is also the nor-
malizing constant V™ (z). In this paper we focus on the
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case n > 2 for which we avoid having to learn an aux-
iliary value function. In practice, this might be more
desirable due to relative implementation simplicity.

Several generations per prompt. Assume we now
have n > 1 responses y1, ..., Y, issued from the same
prompt = ~ p. We do not have to learn an auxiliary
value function of the prompt like in the previous para-
graph. Instead we can build an unbiased estimate of
the loss m — L, () by approximating the expectation
by an empirical average.

Off-policy AGRO algorithm consists in following the
gradient estimate V. u(m) = S

Z (B3, 5:) — R, i(w, ) | VIogm(yilz), (4)
————

baseline

where the baseline is defined as the leave-one-out aver-
age [Kool et al., 2019]:

i (e ).

J;ﬁz

R, —i(w, p

It does not introduce any bias but usually helps reduce
the variance of the estimate. When the sampling is
on-policy u = 7, the above gradient estimate is akin to
REINFORCE with leave-one-out baseline [Ahmadian
et al., 2024a, Shao et al., 2024].

The specific case of two samples. Assume we
now have n = 2 generations y; and ys from the same
prompt x ~ p. The empirical gradient VL, () is

m(y1|z)
m(ya|x)’

7 (Y1 |2) mre (y2|2)
W(yZ |x)7rref(y1 |.’E)

—B |r1 —r2 — Blog

This algorithm resembles the contrastive policy gra-
dient algorithm of Flet-Berliac et al. [2024] and the
IPO algorithm of Gheshlaghi Azar et al. [2024] where
the preference p(y1 = y2) is replaced by the reward
difference r; — ro.

Comparison of off-policy AGRO vs. KL-
regularized policy gradient. To illustrate the key
property of off-policy AGRO, we compare with an adap-
tation of KL-regularized policy gradient algorithm to
the off-policy learning case. Concretely, the n-sample
KL-regularized policy gradient is implemented as

—7—;) Vlog m(yil|z)

where 7_; is the leave-one-out reward baseline. We
note that this gradient differs from off-policy AGRO
gradient in Eqn (4) on the regularization term as hinted
earlier.

— BVKL (7 (-[2), Tret(-|2))

Figure 1 compares the KL divergence between the
optimized policy and optimal policy KL(m, 7*) over
updates. We see that the regularized policy gradient
algorithm generally fails to converge to 7*: the KL-
regularization is not the correct regularization in the
off-policy case. On the other hand, off-policy AGRO
gradient converges to m* as expected.

Note also that the decrease in the KL divergence
KL(7,7*) is in fact equivalent to increase in the

regularized reward G(m) = E,x [Rg (z, y)] since
Eyr [RE(z9)| = BRL(r,7°) + V™ (2).
this result formal in the appendix B.

We make

5.2 The on-policy AGRO algorithm

The on-policy AGRO algorithm consists in following
the gradlent estimate consisting of two parts VE( )=

VPDE( )+ VLR.C( ) where VpDﬁ( ) is the pathwise
derivative estimate (the off-policy AGRO gradient ap-
plied to p = )

B [pn 5
_ ﬁ; [Rﬁ(amyi) - R

and Vi rZ(r) is the likelihood ratio gradient estimate:

2y, (Rye.w) — By _(em) Viegn(yile).
Thus the full on-policy AGRO gradient VZ(’IT) can be
written as
1
n

i=1

i@, m)] Viegr(uila) (5)

n

(R3(e.s) = Rj.ilw,m) — 5)2 V log 7 (yi|).
(6)

Proposition 1. (Unbiased on-policy AGRO

gradient) VL(r) is an unbiased estimate of
VL(r).

Proof. From the off-policy AGRO gradient we

have Eacwp,yl,“.,ynw‘fr(~|z) {VPDE(TF)] = VPDE(TF).
Now again, using that yi,...,y, are iid. and
that R} _,(z,m) is independent of y; (and

in expectation equals Rf(z,7)), we have that
Emwp,yl,...,ynw'rr(~\z) |:VLRE(7T):| = VLRL"(W). Thus

E [VZ(W)} = VL(x) and the proof is concluded. O

We discuss a few properties of the gradient estimate.
Variance reduction. Notice that we can build the
estimate

Vblased

1 n
yasr 1
™ ;:1 (A; — A) Viog m(yi|z),
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f

~ 2 _
where A; % (Rg(ﬂc,yi)—REﬁi(x,ﬂn ,and A =

ﬁ > j2iAj 1s a leave-one-out baseline. This esti-

mates may have a lower variance than VirZ(r) but
at the price of introducing some bias. The bias stems
from the fact that the baseline —— i Aj now de-
pends on the sample y;, as opposed to typical regular
leave-one-out applications [Kool et al., 2019].

Relation to on-policy RL. The usual approach
in on-policy RL consists in maximizing the original
objective ™ — G(m) by following the regularized policy
gradient:

VG(r) 2 L3 |rs - sy T S log o),
i=1

Trref (yz |x )

Notice that, similarly to Eq. (5), the leave-one-out base-
line Eg)ﬂ-(aﬁ, m) can be subtracted from the regularized
reward in the expression above without introducing any
bias (this is called the RLOO algorithm in Ahmadian
et al. [2024b]).

We see that, although the losses 7 — G(7) and 7 —
L(7) have the same global optimum 7*, the on-policy
AGRO gradient VE(T() is not aligned with the usual on-
policy RL gradient VG(r). Actually, VL() is the sum
of two terms, VPDE(W), which is aligned with VQA(W),

and Vi rZL(w), which intends to reduce the variance
= Vywﬂ'(|m) (Rg/($> y)) |7T’:7r-

6 DISCUSSIONS ON RELATED
WORK AND EXTENSIONS

We further discuss how the AGRO formulation can be
extended and how it relates to prior work.

Pairwise preference. A dominant paradigm in
RLHF is where the reward r(z,y) is derived from a
pairwise preference dataset, usually modeled using the
Bradley-Terry (BT) assumption [Bradley and Terry,
1952]: p(y = ¢'|x) = exp (r(z,y) — r(z,y’)). A direct
implication of generation consistency from Theorem 1
is that for any y,y’ €Y,

m(y'|z)
Tret(Y']2) ’

mwln) g

T(xvy) - T(l‘,y/) = Blog T f(y‘x)

which when combined the BT loss produces the di-
rect preference optimization loss [Rafailov et al., 2024].
Similar arguments can be extended to other generic
loss functions for pairwise preference data [Zhao et al.,
2023, Gheshlaghi Azar et al., 2024, Tang et al., 2024b)].

Connections to regularized value learning. The
generation consistency (Theorem 1) can be understood

as a special case of the general consistency for regular-
ized value based learning in the RL literature [Schulman

et al., 2017, Nachum et al., 2017]. Indeed, if we inter-
m(ylx)
Tref(y]T)
[Tang et al., 2023], then the policy optimization al-

gorithm is understood as a value learning algorithm.
At the token level, the consistency condition can be
expressed as

pret the log ratio log

as an advantage function

t'—1

V7 ) = 3 (e S10g T L) 77 ),

Tyef (ys )

s=t

where v”*(yl;t) is a value function that depends on
the whole partial sequence. Here, we have omitted
the dependency on the prompt x and rg is the per-
token reward. Such a formulation might be useful in
cases where dense rewards are used [Uesato et al., 2022,
Lightman et al., 2023].

Previously, we have established that the gradient of the
off-policy AGRO with on-policy sampling was aligned
with the gradient as the RLHF problem. Indeed, view-
ing AGRO as a value-based learning algorithm, this
equivalence can be seen as a special case of the equiv-
alence between soft Q-learning and regularized policy
optimization [Schulman et al., 2017, Nachum et al.,
2017, O’Donoghue, 2022].

7 EXPERIMENTS

Throughout, we focus on the mathematical reason-
ing dataset MATH [Hendrycks et al., 2021] where the
prompt x consists of asking the model a mathematical
question with a short-form ground truth answer o*
available. Given the model generation y = (¢, a) which
typically consists of a step-by-step chain-of-thought
reasoning ¢ and a proposed answer a, the reward is
computed as a match between a and a*. We adopt
Sympy [Meurer et al., 2017] to automatically match
the answers and assign a reward of r = 1 if there is
a match and r = 0 otherwise. We train our models
on the MATH training set, which defines the prompt
distribution p, with various objective alternatives in-
troduced above. Throughout, we provide the model
with a system prompt that asks for a step-by-step so-
lution, followed by a final answer. Our experiments
are based on the 8B model from the Llama 3 model
family [Dubey et al., 2024]. All algorithmic variants
apply identical hyper-parameters such as learning rate,
and that they all apply n = 4 samples for gradient
estimations. All experiments are conducted with an
entropy regularization coefficient 5 > 0 which we have
ablated in the main paper.

Hyper-parameters. All experiments are conducted
with identical hyper-parameter settings: we always
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apply a batch size of B = 64 prompts per update, and
sample n = 4 distinct generations per prompt. All
training and evaluation sampling are conducted at a
temperature of 7 = 1 and with top-p = 1.

Data. We train on the MATH training set with 7500
examples and evaluate on the test set with 2500 exam-
ples. A supervised fine-tuning on the training set is
conducted to warm up the RL training, hence the gap
between training and test set accuracy.

For both training and evaluation, we provide system
instructions that ask the model to generate a response
with step-by-step solution, followed by a final conclu-
sion phrased as the final answer is followed by the
answer predicted by the model. This is consistent
with the prompt structure discussed for Llama models
[Dubey et al., 2024].

7.1 On-policy learning

We start with the on-policy learning where we compare
three algorithmic variants: regularized policy gradient
algorithm (with leave-one-out baseline, aka RLOO), off-
policy AGRO algorithm with on-policy sampling, and
on-policy AGRO algorithm. For the base experiment,
we apply a regularization coefficient of 5 = 0.001.

Figure 2(a) shows the training performance as the train-
ing progresses. We ran each algorithmic variant with
2 seeds and show the average. A few observations
are in order: (1) Note that in the case of perfect on-
policy sampling, the off-policy AGRO algorithm (for
p = m) should behave identically as the regularized
policy gradient algorithm. We see that this is indeed
the case within statistical errors across independent
runs; (2) The on-policy AGRO algorithm seems more
data-efficient, producing faster progress on the reward
given same number of epochs on the training set. All
algorithms can be implemented with similar computa-
tional cost per iteration, and as a result, the number of
epochs is an approximation to the total computational
cost. This means that the on-policy AGRO algorithm
is also more data-efficient compared to alternatives -
it requires less compute to achieve the same level of
training performance.

Figure 2(b) shows the evaluation performance during
the course of training. The results are fairly correlated
with the training rewards - on-policy ARGO achieves
the best performance overall, with a +7% lift in per-
formance compared to 7., while other baselines has a
lift of +4%.
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Figure 2: Figure (a): Training performance for on-policy
learning. We compare three algorithmic alternatives: regu-
larized policy gradient algorithm (red), off-policy AGRO
algorithm with on-policy sampling (blue) and on-policy
AGRO algorithm (green), all with regularization 8 = 0.001.
The performance is evaluated against the learning itera-
tions, with each iteration being 100 gradient updates. We
observe a similar performance from the regularized policy
gradient algorithm and off-policy AGRO, which is expected;
on-policy AGRO seems to derive better performance over
other baselines, given the same number of learning steps.
Figure (b): Evaluation performance. We plot the evaluation
performance as a function of the learning iterations. We
see that the training and evaluation performance are quite
correlated, and that on-policy AGRO seems to achieve the
best performance across different algorithmic variants.

7.2 Off-policy and offline learning

We emulate the extreme case of off-policy learning
where the sampling distribution is from the reference
policy myef and fixed throughout training. We consider
a few algorithmic baselines: AGRO and regularized
policy gradient. To adapt the regularized policy gradi-
ent to the offline case, we consider the per-token KL
regularization: given a trajectory y, the regularization
is computed as 23:1 KIL(7¢, mreft) which generally dif-
fers from the sequence-level KL regularization in the
off-policy case [Calandriello et al., 2024, Tang et al.,
2024b).

Figure 3(a) shows the evaluation performance of off-
policy AGRO when compared against the baseline of
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a vanilla regularized policy gradient. AGRO and reg-
ularized policy gradient both apply a regularization
of = 0.01. We make a few observations: (1) When
regularization is weak, as with the case of unregular-
ized policy gradient, the performance crashes as we go
through more epochs on the training set. Such drop in
performance does not happen for the on-policy case,
which illustrates the potential instability of off-policy
learning; (2) Off-policy AGRO seems to obtain bet-
ter performance overall compared to KL-regularized
policy gradient algorithm, obtaining both better peak
performance and better performance at a fixed epochs.

Impact of the level of off-policyness. We have
found that the difference between off-policy AGRO and
KL-regularized policy gradient seems to enlarge as the
level of off-policyness increases. Recall that the two
algorithms are effectively equivalent when the sampling
is fully on-policy, and their difference in regularization
increases in the off-policy case. In Figure 4 of Ap-
pendix A we show further results on comparing the
on-policy and off-policy performance: note that though
off-policy learning provides overall less improvement
on performance, it is as KL-efficient as on-policy.

Ablation on regularization coefficient 5. In the
on-policy experiments, we have varied the coefficient
for both the regularized policy gradient algorithm
8 € {0,0.0001,0.001} and the off-policy AGRO al-
gorithm 8 € {0.0001,0.001,0.01,0.1}. The ablation
results are presented in Figure 3(b). In an expected
way, strong regularization tends to slow down the policy
optimization progress, i.e., with the same number of
learning steps, the performance improvement is much
slower at a large value of 8. However, strong regulariza-
tion makes the algorithm more KL-efficient. Intuitively,
this is because a strong regularization makes the up-
date much more conservative and this prevents the
policy from deviating too much from the reference pol-
icy, while making progress on the training reward. For
completeness, we also ablate the case where the opti-
mization is unregularized (8 = 0), there is no incentive
in preventing the policy from staying close to the ref-
erence policy. We find that no regularization makes
the algorithm generally much more KL-inefficient and
causes severe instability during off-policy learning.

We finally comment on the choice of a good default
value for 8 that achieves a good balance between reg-
ularization and the default reward. For the squared
regularization, note that its gradient scales as O(T).
As a result, in order to have an effective regularization
at a constant scale, we require 8 = O(1/T). We also
note that if the updates are per token rather than per
sequence [Grinsztajn et al., 2024], the scale of 5 will
be roughly O(1). We also discuss the subtle technical
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Figure 3: Figure (a): Evaluation performance for off-
policy (offline) learning. We compare two algorithms: KL-
regularized policy gradient (green) and off-policy AGRO
(blue). We see that as training progresses, AGRO seems
to obtain better overall performance than KL-regularized
policy gradient. Figure (b): Ablation on the regularization
coefficient 3. We see that as [ increases, all algorithms
generally become more KL-efficient as they are more con-
servative with the updates. However, they also tend to
deviate less from the origin reference policy mer with a
fixed number of updates.

details of AGRO implementation at the token level in
Appendix C.

8 DISCUSSION AND LIMITATION

We have proposed AGRO, a fine-tuning algorithm lever-
aging both on-policy and off-policy data for regularized
policy optimization. AGRO enjoys theoretical guaran-
tees and yields compelling performance improvements
over baseline methods in a few data generating settings.

We note that the off-policy learning enabled by AGRO
is not omnipotent and that learning can still be un-
stable due to off-policy data generation. As a result,
future study includes a more careful investigation into
the source of off-policy instability and how one might
leverage orthogonal techniques such as importance sam-

pling.
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APPENDICES: RL-finetuning LLMs from on- and off-policy data with a single
algorithm

A KlL-efficiency comparison of on-policy and off-policy

We consider a synthetic off-policy learning setting where we keep a buffer of samples seen during on-policy
sampling, and replay the the data at a probability p = 0.5 to randomly replace the on-policy samples. Notice
that conceptually at the extreme when p = 0 where no on-policy sample is replayed, the off-policyness is made
extreme and we recover the offline setting.

As before, Figure 4 shows the training performance as the training progresses. We plot against the KL divergence
and compare the off-policy performance against the on-policy method. We make a few observations: (1) The
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Figure 4: Comparison of on—policy vs off-policy algorithms. Within the same number of updates, on-policy
algorithms generally deviate more from the reference policy m.of, leading to larger increase in training performance.
However, the KL-performance curve traced out by the off-policy algorithms aligns with the on-policy algorithms,
indicating that we do not suffer any KL inefficiency despite being off-policy.

off-policy learning process is generally less data-efficient than the on-policy alternatives. This might be explained
by the fact that the on-policy samples generally help drive progress faster than off-policy samples; (2) The
off-policy learning is as KL-efficient as on-policy learning, though within the same amount of learning steps,
on-policy learning drives up the KL divergence more, hence making faster progress to the training performance;
(3) There is not significant difference between the off-policy AGRO algorithm and regularized policy gradient,
despite subtle difference in the regularization loss.

B Additional theoretical results

B.1 Equivalence between KL divergence and performance under regularized reward

We have hinted at the connection between the KL divergence KIL(w, 7*) and the performance under regularized
reward. We make the statement formal below, which is a special case of [O’Donoghue, 2022]. Whenever the
context is clear we drop the dependency on z.

Lemma 2. The KL divergence KL(w,7*) 1o Epnp [KL(7(-|x), 7*(-|z))] is related to the performance G() =4

Eempymn {RE (z,y)} under the regularized policy as
BKL(m,7n*) = G(7*) — G(m).
Proof. By the property of the optimal policy 7* (y|r) = mret(y|r) exp(8~1r(z, y))/exp(ﬂflff’r* (z)), we have

L5, 1) = B sy | ~1(009) + B108 0 1 77 (0)] = ~G(r) + By [P ()]

We conclude the proof by noticing that E,.., [‘7”* (x)} =FEenp [V’T* (z) — BKL(7(:|x), 7*(-|x))] = G(). O

B.2 Further variance reduction for estimating Vg £L(7)

In Appendix C we introduced token-level gradient estimates to reduce the variance of estimating the gradients
VppL and VG. Here we focus on reducing the variance of VirL.

The cross product terms of the quadratic can be expressed as a function of E, [log ﬁ”(ﬁ;)VIOg ﬂ(y)} thus can

be handled using the estimates discussed in Appendix C. Now we focus on reducing the variance of estimating
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the squared term

g(m) © B, Klog m(v) >2V10gﬂ(y)] .

7Trcf(y)

We have

-\ ) o )
ZZZlog Ll log i Vlogw(ys)l.

71'ref(yt) 7T'ref(yt’)

The triple sum 2321 Zt, 1 Z _, can be decomposed as

o the sum over terms 1 < ¢,¢' < s < T which are zero, since E,,, [V log 7(ys|y1:s—1)] = 0,

2
e the sum over terms 1 < s < ¢,#' < T, which can be regrouped as Zle Vlog m(ys) (ZtT:S log Trﬂ(f@)t))

e the sum over terms 1 <t <s<t' <T and 1 <t < s <t <n, which can benefit from computing explicitly
one-step expectations (similarly as what has been done in Appendix C), which gives

221

T

Z V]Ogﬂ' Z KL(ﬂt/,ﬂreﬁt/).

s=t+1 t/=s+1

7Tref

Putting everything together, the low-variance estimate of g(7) is

T T
ZVIogﬂ(ys) (Z log ﬂ7r i) ) +221 — ) Z KIL(7yr, Tref,er)
s=1 re re:

t=s =s+1

C Implementation of AGRO at the token level

In the previous sections, we have expressed the gradient of our losses using sequence-level generations y ~ 7(-) (in
this section we omit writing the dependence on the prompt x for simplicity). However, for LLM applications,
the response y is usually produced as a sequence of individual decisions (tokens) (y;)i1<i<7r generated in an
auto-regressive way, i.e., yr ~ 7(-|y1.¢—1), such that 7(y) = w(y1)7(y2|y1) - . . 7(yr|y1.r—1) [Ouyang et al., 2022].
Using simplified notations, we write: m(y) = 7(y1)7(y2) ... 7(yr) and define m = 7(-|y1.¢—1)-

Now, we show that we can use this specific token-level form to derive lower-variance gradient estimates. In
particular we focus on the term

et (o) 7r(y) og
g(ﬂ) - EyNﬂ' |:1 gﬂ'ref(y)VI g (y) I

which appears in the gradients VppL(7) and VG(r), as well as in the cross product of the quadratic term in
VirL (7).

We can build three estimate of g(r):

- (yr)
Z log (yi) log —— -~

lQ>
Il
Mﬂ

=1 t—1 ref(yt’)
g2 = ZT: ZT: Vlog m(y:) log 77T(yt/)
71—ref(yt/)

“
I
-

t/

Il
o~

g>
I
B

Vlogw(yt)(log m(ye) + Z KIL(my, ref t/)).

t=1 Tref(yt) t'=t+1

These three estimates are unbiased. In fact §; is just the vanilla estimate of g(n), thus Ey~.[§1] = g().
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Now go ignores the lower-triangular terms of §;, which in expectation are zero, since, for ¢’ < t, the term

T (Yer)
7"'rcf(yt’)

Ey~r |Viogm(y;)log } equals

7(ys)
By, ror [log m Ey,~x [V1ogm(ys)|y1:4-1] | = 0.

=0
Thus by ignoring these terms go reduces the variance of g;.

Finally, g3 further reduce the variance of g, by explicitly computing the expectation over each single next token
(information that is usually available in an LLM since the probability of all the immediate next tokens are output

Wrei‘(yt’)

o]

Thus, we can define several variants of the AGRO algorithm (as well as the regularized policy gradient algorithm
minimizing G) by implementing the gradient of the losses VepL, VG, VL, and VirL, using either the naive
gradient estimate g;, the one that removes the lower-triangular terms go, or gs to further reduce the variance by
computing explicitly the expectation over the immediate next tokens.

simultaneously by the network). Indeed, for ¢’ > ¢, the term E, [V log 7(y:) log m(ye) } equals

m(yr)
E, , ~x |Viogn(y)E, , ~r |log ———
Y14/ -1 g (yt) Y |: g Wref(yt’)

E ~T [v log W(yt)KL(ﬂ—t’; 7Tref,t’)] .

T Y1 -

Notice that in the off-policy case, a similar variance reduction technique can be applied for VL, (7) by esti-

: T T . .

mating the term E, ., [log W?::&Vlog W(y)] by >, Viogm(y:) >, _,log wﬂe(fé;)t) Finally for interested read-

ers, in Appendix B.2, we describe a further variance reduction technique to estimate the quadratic term
2

Eyor {(log ui€) ) Vlog W(y)} that appears in Vi L.

Tref(Y)

We note that much of the discussion here extends to fine-tuning algorithms in prior work [Rafailov et al., 2024,
Gheshlaghi Azar et al., 2024, Calandriello et al., 2024, Richemond et al., 2024], where sequence level algorithm
requires careful adaptation to the token level implementation.
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