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Abstract

We study the problem of nonparametric two-
sample testing using the sliced Wasserstein
(SW) distance. While prior theoretical and
empirical work indicates that the SW dis-
tance offers a promising balance between
strong statistical guarantees and computa-
tional efficiency, its theoretical foundations
for hypothesis testing remain limited. We ad-
dress this gap by proposing a permutation-
based SW test and analyzing its perfor-
mance. The test inherits finite-sample Type
I error control from the permutation princi-
ple. Moreover, we establish non-asymptotic
power bounds and show that the procedure
achieves the minimax separation rate n~1/2
with respect to the sliced Wasserstein dis-
tance over multinomial and bounded-support
alternatives. This matches the optimal min-
imax rate n~/2 achieved by kernel-based
tests with respect to the MMD, while lever-
aging the geometric structure of Wasserstein
distances. Our analysis further quantifies the
trade-off between the number of projections
and statistical power. Finally, numerical ex-
periments demonstrate that the test com-
bines finite-sample validity with competitive
power and scalability, and—unlike kernel-
based tests, which require careful kernel
tuning—it performs consistently well across
all scenarios we consider.

1 INTRODUCTION

As machine-generated data becomes ubiquitous—from
synthetic images to large language model outputs and
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scientific simulations—it is necessary to assess whether
generated samples are statistically indistinguishable
from real data samples. This question fits naturally
into the framework of two-sample testing: one sample
is drawn from a data distribution p and the other from
a generative model distribution v. Formally, the goal
is to test

Ho:p=v against Hi:p#rv.

Two-sample testing is a fundamental problem in statis-
tics, with a long history and a wide range of practical
applications (Lehmann and Romano, 2005). It has
played a central role in areas such as clinical labora-
tory science (Miles et al.l 2004} [Zhang et al., [2021)),
finance (Horvath et al., [2014), bioinformatics (Borg-
wardt et all |2006), neuroscience (Stelzer et al., 2013,
and video content analysis (Liu et all 2018]). Re-
cently, it has attracted growing interest in emerging
machine learning and applied domains, including gen-
erative modeling (Li et al., 2017, model equality test-
ing for large language models (Gao et al., |2024)), and
physics (Chakravarti et al., |2023]).

Two primary classes of two-sample tests have been de-
veloped: parametric and nonparametric. Parametric
tests, such as the classical t-test (Student) |[1908]) and
Hotelling’s two-sample T? test (Hotelling, 1931), rely
on strong distributional assumptions (e.g., Gaussian-
ity) and may lose power when these assumptions fail.
Nonparametric tests avoid such assumptions and are
thus more broadly applicable.

Among nonparametric methods, kernel-based tests
have become especially prominent. In particular, the
kernel two-sample test of |Gretton et al.| (2012), based
on the Maximum Mean Discrepancy (MMD)—a special
case of Integral Probability Metrics (Miller, [1997)—
is widely used for its flexibility and computational
tractability. However, kernel-based tests depend crit-
ically on kernel choice and hyperparameter tuning,
which ideally should reflect the geometry of the under-
lying data (Schrab et al., [2023). This limitation moti-
vates exploring alternatives such as optimal transport
(OT), which incorporates geometric structure through
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the choice of ground cost. The Wasserstein distance,
in particular, is a natural candidate for two-sample
testing, as it captures geometric discrepancies between
distributions (Villani, |2008)). However, the standard
plug-in estimator suffers from the curse of dimension-
ality, with sharp error rates of order n~'/¢ (Fournier
and Guillin} 2015; 'Weed and Bach) [2019).

To mitigate this curse of dimensionality, we focus on
the sliced Wasserstein distance (Rabin et all 2011)),
which projects measures onto one-dimensional sub-
spaces and attains a parametric n=1/2 convergence
rate while retaining geometric interpretability (Nad-
jahi, 12021} |Nietert et al.,2022)). Despite its widespread
use in generative modeling and learning (see [Nguyen
(2025, Chapter 6) for a summary), as well as promis-
ing empirical performance for testing (Grossi et al.|
2025)), theoretical guarantees for its application in two-
sample testing remain largely unexplored. In par-
ticular, finite-sample validity, non-asymptotic power
guarantees, and minimax optimality results for tests
based on the sliced Wasserstein distances are currently
lacking in the literature. This gap limits the theo-
retical understanding and rigorous adoption of sliced
Wasserstein-based two-sample tests in practice.

In this paper, we address these gaps by proposing
a permutation-based two-sample test using the sliced
Wasserstein distance. We prove that this test enjoys
finite-sample Type I error control. Furthermore, we
establish non-asymptotic lower bounds on the test’s
power and demonstrate its minimax optimality against
multinomial and bounded-support alternatives. We
also analyze the computational-statistical trade-off in-
herent in the test, showing how the number of projec-
tions affects both runtime and statistical performance.
A key technical contribution is our analysis of the
SW distance between permuted distributions: to the
best of our knowledge, this is the first work to control
permutation quantiles for Wasserstein-based statistics.
This analysis underpins the finite-sample guarantees
for the SW test and extends naturally to the general
Wasserstein distance. Finally, we complement our the-
oretical analysis with experiments, showing that our
test achieves strong empirical performance and, unlike
kernel-based methods whose power depends heavily on
kernel choice, performs consistently well across diverse
benchmarks without the need for parameter tuning or
kernel aggregation.

The remainder of the paper is organized as follows.
Section 2 reviews the necessary background on two-
sample testing and the sliced Wasserstein distance.
Section 3 discusses related work. Section 4 intro-
duces the permutation-based sliced Wasserstein two-
sample test. Section 5 presents our theoretical results
on finite-sample validity, power analysis, and minimax

optimality. Section 6 reports experimental evaluations
on synthetic and real datasets. We conclude in Section
7 with a discussion of future research directions. All
proofs are deferred to the Appendix.

2 BACKGROUND

In this section, we present the two-sample testing prob-
lem setup, define the sliced Wasserstein distance, and
introduce minimax optimality for testing.

2.1 Problem setup

We consider two independent samples drawn from dis-
tributions p and v on R%:

y’n - (Yh ... 7Y’n) 1'1\51 Ma

both supported on a common ball Bp = {z € R :
lz]| < D} for some D > 0, and assume n < m.

ii.d.

Zm=(Z1,...,Zm) ~ v,

The goal is to test the hypotheses

Hy:p=v versus Hj:d(u,v) > e,

for some discrepancy metric d and fixed € > 0. Many
existing tests fit this framework by choosing d as a
specific probability discrepancy, such as the total vari-
ation distance or the MMD. Later, we will focus on
the sliced Wasserstein distance.

A test is a measurable function
Gnym (Rd)n X (Rd)m - {0, ]-}a

where ¢, ., = 1 indicates rejection of the hypothesis
Hy. Typically, ¢, ., is based on a test statistic ¥ mea-
suring discrepancy between samples, rejecting Hy if ¥
exceeds a threshold.

A test’s performance is characterized by its Type I
(false positive) and Type II (false negative) errors, de-
fined as follows. Let € > 0 and define

Pi(e) = {(n,v) : d(p,v) = €}

A level-a test controls the Type I error uniformly by
a € (0,1), and has power at least 1 — 3 if its Type II
error is bounded by g € (0,1) uniformly over P (e):
sup Puxu(¢n,m, = ]-) S «,
pu=v
sup Puxu(¢n,m = 0) < Bv
(1,1)EP1(e)
where probabilities are taken over the samples and any
additional randomness (e.g., random projections).

In Section [pl we establish that our test is of level «
and characterize the minimal separation between dis-
tributions detectable with power at least 1 — .
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2.2 Sliced Wasserstein Distance

For p > 1, the p-Wasserstein distance (Villani, [2008|
Section 6) between probability measures u,v in the
space of probability measures with finite p-th moments
Pp(RY), is defined as

1/p
W = inf —y||Pd
)=t [ el dnte)

where I'(u,v) is the set of couplings with marginals
p# and v. The p-Wasserstein distance W, is a nat-
ural candidate for two-sample testing: it vanishes if
and only if the distributions coincide and captures ge-
ometric discrepancies. However, its minimax separa-
tion rate scales as n~%/? for some ¢ > 1, making it
impractical in moderate to high dimensions (Ba et al.|
2011; |Chewi et al.| [2025] Section 2.5).

To address this limitation, we use the sliced Wasser-
stein (SW) distance (Rabin et al., [2011)), defined next.

Definition 1 (SW distance) For p > 1 and p,v €
Pp(RY), the sliced Wasserstein distance is

SWaliv):= </Sd_1 W (W, 1T ) J(d&))l/p,
(1)

where I (x) = (0, z) is the projection onto direction
0 on the unit sphere S™™1, o is the uniform measure
on the unit sphere, and we write (I'yn) for the push-
forward measure associated to the probability measure
n € Pp(RY) and the measurable map T : RY — RY,
i.e., (Tyn)(A)=n(T~1(A)) for any measurable set A.

By averaging one-dimensional Wasserstein distances
over random projections, SW, benefits from a
dimension-free sample complexity rate while preserv-
ing geometric interpretability and has been success-
fully applied in large-scale statistical problems (see
Sections |1| and . In order to estimate the SW dis-
tance, we replace the unknown measures p and v by
their empirical counterpart

L = Tllzléy and 7, = ;Zlazi'

Moreover, we approximate the expectation with re-
spect to the uniform distribution ¢ on the sphere S¢~!
by Monte Carlo sampling: we draw L > 1 indepen-
dent directions © = (#y,...,60r) from ¢ and compute
the tractable statistic

L
P~ 1 - ~
SW,, (Lin, Um) = 7 E w? (Hiﬁun,ﬂifl/m). (2)
=1

For brevity, we write S/V\VZ for the estimator in ([2)).

2.3 Minimax optimality

Minimax theory provides a benchmark for testing by
characterizing the smallest detectable difference for
level-« tests (Ingster, [1993; Baraud} 2002)). Define

(I)ner,a = {¢n,m - sup Puxu(¢n,m = ]-) < CM}

p=v

as the set of tests controlling Type I error at level «
based on n samples from p and m samples from v.
Given € > 0, the minimax risk is then defined as the
minimal worst-case Type II error over P;(€) among all
level-a tests,

R! = inf sup

a P ($n,m = 0).
n+m,e Gnym EPntm,a (1) EP1 (€) u><y( n,m )

The minimax separation GL,m is the smallest discrep-
ancy € > 0 such that a level-a test exists with Type II
error at most [:

e;fl_’m = inf{e >0:R! < } , (3)

n+m,e —
for fixed § € (0,1 — a). Intuitively, €, ,,, characterizes
the detection boundary below which no a-level test
can reliably distinguish alternatives from the null.

For a given separation € > 0, the maximum Type II
error of a test ¢, € ®pym,o Over the class of alter-
native distributions P; (¢) is

Rner,e((bn,m) = sup P#Xu(¢n,m = 0)

(m,v)€P1(€)

Then, its minimum separation is

€pn,m = inf {6 >0: Rn+m,e(¢n,m) < /6} .

A test ¢, is minimax rate-optimal if its minimum
separation €, is equivalent to EL,m up to constant
factors. We show in Section [f] that the sliced Wasser-
stein test we consider is minimax rate-optimal.

3 RELATED WORK

The problem of two-sample testing has been exten-
sively studied for over a century, with two main classes
of approaches: parametric and non-parametric.

Classical parametric tests. Early approaches
to the two-sample problem include the Kol-
mogorov—Smirnov test (Kolmogorov} [1933; [Smirnov,
1948)), Student’s t-test for mean comparison (Student),
1908), and Hotelling’s T2 test as a multivariate
generalization of the ¢-test (Hotelling, [1931). These
procedures are computationally simple and well
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understood, but they are either restricted to the
univariate setting (e.g., the KS test) or to testing
specific moments such as the mean (e.g., t-test,
Hotelling’s T?), which limits their applicability in
high-dimensional or nonparametric problems.

Kernel-based methods. Kernel two-sample test-
ing has emerged as a popular nonparametric alterna-
tive to classical parametric tests, designed to handle
complex and high-dimensional data. The maximum
mean discrepancy (MMD) test of|Gretton et al.| (2012)
is widely used for its tractability and power, and it is
closely related to energy distance (Székely et al.,2004)
through the equivalence established by|Sejdinovic et al.
(2013). Because test performance is sensitive to ker-
nel choice, later work has proposed kernel aggregation
for adaptivity (Biggs et al.,|2023} |Schrab et al., [2023]).

sliced variants (Boedihardjo, 2025} [Wang et al., [2025)).
Closest to our work, Hu and Lin| (2025) propose a max-
sliced Wasserstein test with bootstrap calibration and
asymptotic validity, while finite-sample guarantees re-
main an open question.

Project—then—test methods. A related line of
work uses random projections to reduce dimension-
ality before applying classical test statistics. For ex-
ample, [Lopes et al| (2011) propose projecting high-
dimensional data onto random directions and then ap-
plying Hotelling’s T2 test.

Calibration and optimality. Permutation testing
plays a central role in our approach. Its finite-sample

validity has been long established (Hoeffding, [1952;

[Hemerik and Goeman), 2018), and more recent results

An alternative strategy is data splitting (Sutherland
7 where a held-out subset is used to select
the kernel and the remaining data are used to perform
the test. As discussed in (Biggs et al.,[2023 Section 1),
this approach can reduce power because it decreases
the effective sample size available for testing.

In parallel, scalable variants have been developed
for large-scale problems. Examples include random
Fourier feature approximations (Choi and Kiml 2024}
[Mukherjee and Sriperumbudur} [2025), Nystrom sub-
sampling (Chatalic et al. 2025) and coreset-based
methods (Domingo-Enrich et al) [2023).  While
conceptually related to OT-based approaches—since
both compare distributions via a discrepancy mea-
sure—kernel tests are grounded in reproducing kernel
Hilbert space geometry, whereas OT-based methods
exploit the geometry induced by transport costs.

Optimal transport-based methods. Parallel to
kernel testing, there has been growing interest in
tests based on optimal transport.
survey connections between Wasserstein dis-
tance, MMD, and energy distance, framing entropic
OT as interpolating between transport and kernel
discrepancies. Building on this, several works an-
alyze the statistical properties of Wasserstein-based
tests (Imaizumi et all, 2022; |Gonzalez-Delgado et al.l
and propose projection-based approaches such
as projected Wasserstein tests (Wang et al., 2021
. Sliced variants, which exploit the tractabil-
ity of one-dimensional OT, have been studied ex-
tensively: the sliced Wasserstein distance was intro-
duced by Rabin et al.| (2011), with theoretical proper-
ties developed by [Bonnotte (2013]). Generalizations
include generalized and max-sliced Wasserstein dis-
tances (Kolouri et al. 2019; [Deshpande et al.| 2019)),
subspace-robust Wasserstein (Paty and Cuturi, [2019)),
and recent work on statistical guarantees for max-

show that permutation tests can achieve the minimax
optimal detection boundary (Kim et al.| 2022).

In summary, classical tests are restricted in scope, ker-
nel tests provide flexible and efficient nonparametric
alternatives, and OT-based tests capture geometric as-
pects of the distributions but often lack finite-sample
guarantees. We propose a permutation-based sliced
Wasserstein test that combines size control with non-
asymptotic power bounds, achieves the minimax rate
n~1/2, and quantifies the trade-off between computa-
tional efficiency and statistical power.

4 PERMUTATION SW TEST

Before presenting our method in Algorithm [I} we de-
tail the permutation procedure and the obtained test.

4.1 Permutation procedure

Recall Y, = (Y1,...,Y,) and Z,, = (Z1,...,2Zn)
denote the two samples. Let © = (6q,...,60) be
the set of projection directions (drawn ii.d. uni-

formly from the sphere). We form the pooled dataset
Xn-‘rm = (X17 ) Xn+m) as

X, =Y forl1<i<n, Xy, =24; forl<i<m.
For a permutation m € S, the symmetric group on
{1,...,n + m}, define the permuted dataset X7, =

n+m
(Xx@1)s -+ > Xr(ntm)). Construct empirical measures

+m
I 1
ST . ST
Mo, = n E :5X1r(i)7 Vi = m E : 6X7r(’i)’
i=1 1=n+1

and compute the empirical sliced Wasserstein distance

P,

oWl ~m o
swp = Swp(p’nv Vm)' (4)
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Let N := n+m, and denote by Fg

empirical cumulative distribution function:

».~ the permutation

"<

)

Fesp.m = 1
Swp |SN‘ Z {SW

TESN

where Sy is the set of all permutations of {1,..., N}.
We write the 1 — a quantile of this distribution as

Cloa,N =1inf{t : Fggr~(t) 21— a}. (5)
P

Decision making. Given the quantile ¢;_q n, We

reject the null hypothesis if §Wi > Cl—q,n. This
critical value ensures finite-sample Type I error con-
trol under the permutation-invariance (exchangeabil-
ity) assumption, which holds for both two-sample and
independence testing problems (see Section .

Remark 2 FEzact computation of the critical value
is generally infeasible for large samples, so it is
commonly approximated via Monte Carlo simulations.
The relationship between the exact critical value and its

Monte Carlo approzimation is discussed in |[Domingo-
Enrich et al.| (2025, Lemma 6).

Let r be the uniform distribution on Sy and let
Zp = (mp)1<p<B be a collection of i.i.d. samples from
r. Define mp11 := id as the identity permutation.
Following the approach of Romano and Wolfi (2005,
Lemma 1), and in order to achieve the prescribed non-
asymptotic test level, we then consider the statistics
S/\\szb for b=1,...,B + 1 and estimate the (1 — «)
quantile of the permutation distribution by

B+1
clBaN inf{t 721{8\7\/ <t}>1—a}.

S PiTel “<PiTe2

Letting SW,, < SW, . < SW, de-
note the order statistics of {SW bB +11, the quan-

SIS The Sliced

TP Te(B+1)

tile estimator equals SW
Wasserstein Test is then defined as

A(ynvzmsz,e) _]-(SW >Cl aN)

Algorithm [I] summarizes the testing procedure.

Remark 3 While bootstrap or subsampling methods
are often used to calibrate critical values (see, e.g.,
Hu and Lin (2025)), their asymptotic validity rely on
well-behaved limiting distributions and do not guaran-
tee uniform finite-sample size control, as required for
the finite sample minimazx framework that we consider.

Algorithm 1 SW-Permutation Test

Require: Datasets Y, = (Y1,...,Y,) and Z,, =
(Z1, ..., Zy); significance level « € (0,1); number
of permutations B; number of projections L.
Ensure: Decision A € {0,1}
1: Form pooled dataset X4+, = (X1,...,

Xntm) as

X - Y; 1<i<n,
L Ziin n<i<n+m
Sample 61, ...,60L 1%1 Unlf(Sd_l)

Sample 71, ..., 75 xd " Unif(Sp4m)
Set mp41 :=id (identity permutation)
for b=1to B+1do

Define empirical measures

Aﬂ-b 1 ~r
: Z Xy (i) Vm

n+m

m Z Xy (i)

i1=n+1

7: Compute statistic S/\\?VZ
8: end for

9: Set the critical ¢f ., as the (1 — «) empirical
quantile of {SWWrb ot

TB+1 AB
cl a,n+m

10: return A =1 (SW

4.2 Computational complexity

With a one-time pre-computation of projections
O(LdN) and per-projection sorting O(LN log(N)),
and the main loop O(LBN), our method achieves
an overall time complexity of O(LN(d + log N + B)).
Moreover, storing the original and projected datasets,
as well as the permuted statistics requires space com-
plexity O(Nd + NL + B).

Note that, choosing L. = N projections leads to
quadratic time complexity (up to logarithmic factors)
in the sample size, comparable to that of the MMD
two-sample test. Reducing the number of projections
can mitigate this cost, trading off between statistical
power and computational efficiency. A characteriza-
tion of this trade-off can be obtained from Theorem [Bl

5 THEORETICAL ANALYSIS

In this section, we analyze the proposed test by study-
ing its level and power. Without loss of generality, we
assume n < m. We let B > 1 denote the number of
permutations and L > 1 the number of projections.
For space constraints and to improve readability, all
proofs are deferred to the Appendix and all constants
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are made explicit in the proof.

5.1 Level of the test

We begin by establishing that the proposed test con-
trols the Type I error non-asymptotically.

It is now a well-known fact that permutation-based
tests control the Type I error at finite samples for any
test statistic when the data are exchangeable under the
null hypothesis (Hoeffding, [1952; |Lehmann and Ro-
mano, [2005). This property is crucial since it ensures
validity without asymptotic approximations. In the
two-sample setting, this holds under Hy : 4 = v since
all observations are i.i.d. and the joint distribution
is invariant under permutations of group labels. We
formalize this below.

Theorem 4 (Type I error Control) The test A
defined in Algorithm[1] has non-asymptotic level o for
any a € (0,1). That is

A(ynaZ’maZBa@) = 1) S (6%

where the probability is taken over the samples, projec-
tion directions, and permutation randommness.

IP/,LX},LXTXO’ (

5.2 Power of the test

While Type I error control follows from standard per-
mutation arguments, analyzing the test’s power is
more challenging. The main difficulty is that the crit-
ical value is defined as a data-dependent permutation
quantile of the sliced Wasserstein statistic. For MMD,
existing analyses exploit its U- or V-statistic structure
together with associated concentration inequalities
(Schrab et al. [2023; [Domingo-Enrich et al., 2023)), but
the sliced Wasserstein distance does not admit such
a representation, preventing the direct use of these
techniques. To address this issue, we leverage proper-
ties of the sliced Wasserstein distance under permuta-
tions, in particular, a permutation bounded-differences
(McDiarmid-type) inequality and an optimal match-
ing bound from |Bobkov and Ledoux (2021, Corol-
lary 5). These ingredients yield the non-asymptotic
power bound stated in Theorem

Theorem 5 (Power Control) Let 5 € (0,1) and
B+1 < a < 1. The test described in Algomthm has
power at least 1 — B provided that

(D yyes 757 )
o VL AN ’

where the constant C(D,p, «, 5,
the proof.

SWE(y1,0) >

B) is made explicit in

This result shows that the SW test achieves the para-
metric separation rate n~'/2 up to constants. To

match the sample size, the number of projections L
should scale proportionally to n, ensuring that projec-
tion variance does not limit power.

5.3 Minimax optimality

To assess the statistical optimality of the proposed
test, we now study its minimax separation rate. Estab-
lishing minimax lower bounds in nonparametric test-
ing typically involves constructing least favorable al-
ternatives and adapting classical arguments, which is
the approach we take here. These are the first mini-
max lower bounds for two-sample testing with respect
to the sliced Wasserstein distance. Consider the class

Pra(D) := {p € P(R?) : diam(supp(u)) < D},

comprising all probability measures on R? with sup-
port diameter at most D > 0. Taking L > ¢n for some
absolute constant ¢ > 0, Theorem [§] implies an upper
bound on the minimax separation rate (see Eq. )

EL,m <cnV2,

We now establish lower bounds in two scenarios to as-
sess the tightness of the upper bound. First, we pro-
vide a lower bound for the simpler case of multinomial
distributions. We will then consider more generally
distributions with bounded support. The following re-
sult is obtained via an adaptation of the classical lower
bound technique from [Ingster| (1987).

Proposition 6 Let o € (%ﬂ, 1) and B € (0,1 — a).

Given cm integer d > 1, define [d] = {1,...,d}, and
let PMum denote the class of multinomial distributions
on [d]. Then the minimaz sepamtion rate of the two-

sample testing problem over PMultl X PMulm satisfies

C(d, o, B)
T > )
en,m = \/ﬁ ’

where the constant C(d, «, B) is made explicit in the
proof.

The above result establishes that no test can achieve
faster than n—1/2 separation in the simple multinomial
setting.

Turning to the more general class of distribu-
tions with bounded support Pra(D), we obtain the
following lower bound using Le Cam’s two-point
method (Le Cam, (1973} 2012).

Proposition 7 Let o, 8 € (0,1) with a + 8 < 0.5.
For the two-sample testing problem over Pra(D), the
minimazx separation rate satisfies

C(D7a7/87p)
—

eTZ

n,m
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Thus, the lower bound extends beyond discrete set-
tings to general bounded-support distributions.

Together with Theorem [ these results imply that
the permutation SW test achieves the minimax op-
timal separation rate n~!/2 over both multinomial
and bounded-support distributions, matching known
optimal rates for MMD-based tests (Kim et al.|
2022|, Proposition 4.4; [Kim and Schrabl 2023, Theo-
rems 7,8).

6 NUMERICAL EXPERIMENTS

To complement our theoretical findings, we empirically
evaluate the performance of the SW test described in
Algorithm We focus on the balanced case n = m
and assess performance across various numbers of pro-
jections L. We compare against several baselines: the
Projected Wasserstein (PW) test (Wang et al., 2021)
and the MMD test (Gretton et al., [2012)). For MMD,
we consider linear, Gaussian, and Laplace kernels, with
bandwidths for the latter two selected via the median
heuristic (Garreau et al., [2017). For the PW test, we
use the authors’ official implementation with default
settings (projection dimension 3 and a 50/50 split for
training and testing), as no practical guidance on these
parameters was provided. All experiments were run on
a machine with an Intel Core Ultra 9 185H CPU and
64 GB of RAM.

As discussed in Section [3] several scalable variants of
MMD have been developed for large-scale problems.
However, these approximations do not increase statis-
tical power beyond standard MMD (see, e.g.,/Choi and
Kim)| (2024, Section 5)), so we exclude them from our
benchmarks and focus on contrasting how SW- and
MMD-based tests distinguish distributions. Moreover,
we also exclude MMD aggregation methods: while ag-
gregation improves adaptivity and can outperform in-
dividual kernels, our goal is to compare discrepancies
rather than kernel selection strategies, so we restrict
attention to standard kernels.

In all experiments, we set the significance level to
a = 0.05 and use B = 200 permutations. Empirical
power is estimated from 150 independent repetitions,
parallelized with Joblib. Error bars represent 95% con-
fidence intervals computed from the normal approxi-
mation of the empirical proportion (mean +1.96 stan-
dard errors).

6.1 Synthetic datasets

Our first experiment evaluates power under a Gaus-
sian covariance shift: samples are drawn from
p = N(0,I0) and v = N(0,%), where ¥ =
diag(62,62,1,...,1) with shift magnitude 6 = 2.7.

The second scenario examines geometric differences
between distributions: the uniform distribution on the
5D unit sphere versus the uniform distribution on the
5D unit ball. This setting tests performance when one
distribution lies on a lower-dimensional manifold em-
bedded within the other’s support.

As shown in Figure[l} the PW test achieves the highest
power under covariance shifts, consistent with [Wang
et al|(2022)), while the SW test performs competitively
with Gaussian and Laplace MMD.

In the ball-vs.—sphere scenario, the MMD test with
a Laplace kernel attains the best performance, but
the SW test substantially outperforms both Gaussian
MMD and PW, even with a limited number of pro-
jection directions. The weaker performance of Gaus-
sian MMD likely stems from over-smoothing under the
median heuristic, which blurs sharp radial differences,
whereas the Laplace kernel’s slower decay preserves
more of this contrast. By contrast, MMD with a lin-
ear kernel performs worst across both settings, since
with k(z,y) = = Ty it reduces to a mean-difference test,
which vanishes in these cases. Overall, while the SW
test is not always the most powerful, it delivers consis-
tently strong performance across benchmarks without
requiring parameter tuning, demonstrating robustness
to diverse distributional differences.

6.2 Benchmark datasets

To complement the synthetic experiments, we further
evaluate the proposed test on four benchmark datasets
commonly used in the machine learning literature.
These experiments serve two purposes. First, on the
handwritten digits dataset, we investigate the behav-
ior of the test across a range of sample sizes in order
to assess how its empirical power evolves with n. Sec-
ond, on three additional benchmark datasets, namely
Moon, EMNIST, and SUSY, we report results for one
representative sample size in order to emphasize the
practical value of the proposed procedure on struc-
tured real or standard benchmark data.

Digits dataset. We evaluate the two-sample test-
ing procedures on the handwritten digits dataset from
scikit-learn. Let ug denote the uniform distribu-
tion over images of the digit 6 and pg the correspond-
ing distribution for digit 9. We define the mixture
v = 0.85u+0.15u9. Following |Wang et al.| (2022)), we
preprocess the dataset by applying a sigmoid transfor-
mation to each image so that all pixel values lie within
[0,1]. The SW test effectively discriminates between
e and v by capturing localized intensity differences in
1D projections. As illustrated in Figure [1} this exper-
iment highlights the SW test’s ability to detect sub-
tle distributional differences in high-dimensional image
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Figure 1: Power across three scenarios: Gaussian covariance shift, ball vs. sphere, and Digits mixture.

data without requiring kernel parameter tuning, con-
firming its practical applicability.

We next consider three additional datasets and report
empirical power for one representative choice of sam-
ple size in each case, in order to further illustrate the
practical effectiveness of the proposed test.

Moon dataset. We use the Moon dataset gener-
ated by the make moons function in the scikit-learn
library, which consists of two interleaving crescent-
shaped clusters. In our two-sample testing setup, u
denotes the distribution supported on class 1 only.
The alternative distribution v is defined as a perturbed
mixture: each observation is drawn from class 1 with
probability 0.85 and from class 0 with probability 0.15.

EMNIST dataset. Inspired by [Domingo-Enrich
et al.| (2023)), we conduct experiments on the EMNIST
dataset introduced by |Cohen et al.| (2017), which is
an extension of MNIST by [LeCun et al. (2012). In
our two-sample testing setup, we use the training set
of the Letters split and focus on the visually similar
characters M (label 13) and N (label 14). We define
i as the distribution supported on class M only, and
construct v as a perturbed mixture: each observation
is drawn from class M with probability 0.85 and from
class N with probability 0.15.

SUSY Dataset.  Following |Chatalic et al.| (2025)),
the last experiment is conducted on the Susy dataset,
originally presented in Baldi et al.| (2014)), which con-
sists of Monte Carlo simulations of high-energy physics
collider events, containing two classes: background
and signal. The dataset includes 18 features, where
the last 10 are deterministic functions of the first 8;
these are referred to as high-level and low-level fea-
tures, respectively. Following the experimental setup
of (Chatalic et al.| (2025), we restrict our analysis to
the 8 low-level features. In our two-sample testing sce-
nario, distribution p is composed exclusively of back-
ground events, while v is constructed as a mixture of
background and signal events, with each sample drawn

from the signal class with probability 15%, and from
the background class with probability 85%.

For the last three datasets, the empirical power re-
sults are reported in Table[T] with standard deviations
shown in parentheses. Overall, these results further
support the practical relevance of the proposed test
across datasets of different dimensions and structures.

6.3 Effect of the Number of Projections

While the SW test generally performs well on our
three benchmark datasets, it underperforms relative to
MMD tests with Gaussian, Laplace, and linear kernels
in an additional Gaussian mean-shift experiment for
a range of projection numbers L € {0.5n,n,2n} (see
Section . To better understand this behavior, we
examine the effect of increasing the number of projec-
tions L on both power and computation time. Fixing
n = m = 140 in the mean-shift setting, Figure[2]shows
that power improves steadily with larger L, though at
the cost of increased computation time (Figure [4)).

1.000
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Figure 2: SW Test power vs. number of projections
(fixed sample sizes n = m = 140)

bottleneck  of
mitigated by
since it computes many

Fortunately, the computational
permutation-based SW testing is
its projection structure:
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Table 1: Power on the last three datasets in Section with standard deviations reported in parentheses.

Dataset MMD Gaussian

MMD Laplace

MMD Linear SW (L =0.5n) SW (L =n)

Moons (d = 2, n = m = 300)
EMNIST (d = 784, n = m = 400)
SUSY (d = 8, n =m = 800)

0.845 (0.026)
0.929 (0.022)
0.432 (0.034)

0.89 (0.024)
0.913 (0.021)
0.593 (0.042)

0.898 (0.022)
0.933 (0.019)
0.563 (0.032)

0.999 (0.002)
0.955 (0.019)
0.729 (0.028)

0.999 (0.002)
0.960 (0.017)
0.729 (0.026)
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Figure 3: Computation time (log scale) of SW tests

independent 1D projections, the workload is natu-
rally amenable to GPU parallelization. This allows
scaling the number of projections with only moderate
increases in wall-clock time, given sufficient GPU
resources. In contrast, MMD computations hinge
on the kernel matrix, whose size is fixed once the
sample size is given, limiting further scaling through
additional parallelism. In practice, we find that SW
implementations can better exploit hardware paral-
lelism and thus often scale better than naive MMD
implementations under similar resource constraints.

To validate this, we compared computation times us-
ing two sets of 140 samples from a 60-dimensional
mean-shifted Gaussian distribution. We measured the
average execution time over 100 repetitions on a local
CPU, Google Colab’s T4, and A100 GPUs. Results
in Figure [3] confirm substantial speedups for the SW
test on GPUs, though larger-scale studies would be
valuable to fully assess its scalability in practice. Fi-
nally, to illustrate Theorem [d] we assessed the empiri-
cal Type I error of the SW test. In each of 2000 repeti-
tions, two independent samples of size 50 were drawn
from N(0, Iso). The results, reported in Table [2] for
three choices of L, show that the permutation-based
SW test effectively controls the Type I error rate even
at small sample sizes.

ITo leverage available CPU resources, we perform in-
dependent repetitions in parallel across all CPU cores and
report the mean wall-clock time per repetition. Due to het-
erogeneous core performance, the average time can exceed
that observed when using a single core. All methods are
timed on the same inputs within each repetition, so their
relative ranking is unaffected.

Table 2: Type I error for the SW test

Test Statistics Type I Error

SW (L =0.5n)  0.04982 + 0.00543
SW (L =n) 0.04844 £+ 0.00501
SW (L = 2n) 0.04961 £ 0.00461

6 SW (L=0.5n)

—e— SW(L=n)
5| —— sww=2n)

MMD Linear
—=— MMD Gaussian
—*— MMD Laplace
PW

—_ N WA

Execution time (seconds)

=

20 60 100 140 180 220 260
Sample size n=m

Figure 4: Computation time for ball vs. sphereﬂ

In summary, our experiments demonstrate that the
SW test offers a robust, parameter-free alternative to
kernel-based methods, balancing statistical power and
computational efficiency, especially when leveraging
parallel hardware.

7 CONCLUSION

We proposed a permutation-based two-sample test us-
ing the sliced Wasserstein distance, establishing finite-
sample validity, non-asymptotic power bounds, and
minimax optimality over multinomial and bounded-
support alternatives. To our knowledge, this is the first
Wasserstein-based test with finite-sample guarantees.
Our analysis quantified the trade-off between the num-
ber of projections and statistical power, and experi-
ments showed that the test achieves consistently strong
performance across benchmarks without parameter
tuning, while remaining scalable on parallel hardware.
Future directions include extending minimax optimal-
ity results to broader smoothness classes and exploring
adaptive or non-uniform slicing strategies (e.g., gener-
alized projections (Kolouri et al. |2019))).
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Supplementary Material
Minimax-Optimal Two-Sample Test with Sliced Wasserstein

OVERVIEW

This supplementary material contains additional discussions, detailed proofs, and an extra experiment that were
omitted from the main text due to page constraints. The remaining sections are organized as follows.

e In Section [ we recall several key concentration inequalities that serve as important tools for our proofs.

e In Section [0 we derive intermediate technical lemmas for permuted sliced Wasserstein statistics using
results from optimal transport theory. A core contribution of this section is the derivation of a novel
concentration inequality and an expectation bound for the permuted sliced Wasserstein statistic. These
results are fundamental for controlling the random permutation threshold in our power analysis.

e In Section we present a result characterizing the sample complexity of the sliced Wasserstein distance.

e Our main theoretical contributions are presented in Sections [L1] and These sections provide the com-
plete proofs of our main theorems concerning the test’s performance (Theorems |4| and |5) and its minimax
optimality (Propositions @ and .

e In Section we elaborate on why we chose a permutation-based framework for two-sample testing with
the sliced Wasserstein distance, highlighting the intractability and practical challenges that prevent the use
of the statistic’s asymptotic null distribution.

e Section [14] offers a technical review of existing methods for analyzing permutation tests. We explain why
common techniques developed for U-statistics and other test statistics are not directly applicable to the
sliced Wasserstein distance, thereby underscoring the novelty of our analytical approach.

e Finally, Section [I5] provides results for the Gaussian mean shift experiment mentioned in Section [6}

Additional Notation. Throughout this supplementary material, we use an additional set of notation, de-
scribed below.

e For z € R, [x] denotes the smallest integer greater than or equal to x, and |z] denotes the largest integer
less than or equal to z.

o We write drv (P, Q) for the total variation (TV) distance between P and @, and Dx1,(P||Q) for the Kullback—
Leibler (KL) divergence. More details on those metrics can be found in, e.g., Tsybakov| (2008} Section 2.4).

e For any integer K > 1, we denote by [K] the set of the first K integers {1,..., K}.

o We use IP,«, to denote probability with respect to Yi,...,Y,, ~ p and Z1,...,Z, ~ v. When additional
randomness is present, we extend the notation accordingly, e.g., Pyxvxrxo-

e Finally, given two random variables U and V', we write U @ V to denote that U and V have the same
distribution.
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8 SOME USEFUL CONCENTRATION INEQUALITIES

We begin this section by recalling two classical concentration inequalities: McDiarmid’s inequality (McDiarmid
et al, [1989) and Hoeffding’s inequality (Hoeffding} [1963]).

Lemma 8 (McDiarmid’s Inequality) Let N > 1. Let Xi,..., Xy be independent random variables taking
values in a set X, and let f : XN — R. Assume that f satisfies the bounded difference property, i.e., there exist
constants c1,...,cn > 0 such that for alli € {1,...,N} and for all zq,...,xn, 2}, € X,

’f(ml,...,xi,...,x]v)—f(xl,...,m;,...,xN)’Sci.
Then, for any t > 0,
212
P(|f(X1,...,Xn) —E[f(X1,...,Xn)]| > 1) < 2exp v )
i=1 G

Lemma 9 (Hoeffding’s Inequality) Let N > 1. Let Xi,...,Xn be independent random variables such that

a; < X; <b; fori=1,...,N. Then, for anyt > 0,
2N2t2
>t <2exp| =g |
Zi:l(bi —a;)?

1 & 1 &
dEPREIEY

We shall also rely on a permutation-based version of the classical McDiarmid’s inequality to control the empir-
ical quantile 5{3_0“ n introduced in Algorithm |1| A statement of this result can be found in |Tolstikhin (2017,
Theorem 6) and |[El-Yaniv and Pechyony| (2009] Lemma 2). To prepare for the statement of that result, we first
introduce the following definition.

Definition 10 ((n,m)-symmetric function) Let N > 1 and let n be a positive integer such that n < N.
Set m == N —n. A function f : Sy — R, defined on the symmetric group over {1,..., N}, is called (n,m)-
symmetric if it remains invariant under the change of order of the first n coordinates and/or last m coordinates
of any permutation m € Sy.

We are now ready to state a permutation-based version of McDiarmid’s inequality.

Lemma 11 (Permutation McDiarmid’s inequality) Let n and N be positive integers with n < N. Let
be uniformly distributed on the symmetric group of {1,...,N}, and let f be an (n, N — n)-symmeltric function.
Assume that there exists a constant b > 0 such that

|f(m) — f(mB9)| < b, Vr, Vie{l,...,n}, Vi€ {n+1,...,N},

where w3 is obtained from m by swapping its i-th and j-th entries. Then, for any € > 0,

P (f(r) — Ea[f(m)] > €) < exp (—be Vo (1 - Qmax{n{N_n})) |

9 PROPERTIES OF THE PERMUTED SLICED WASSERSTEIN STATISTIC

Our main objective in this section is to obtain a deterministic upper bound the (random) permuted test statis-
tics S/\\NZTr introduced in . To this end, we exploit the properties of the sliced Wasserstein distance under
permutation via a permutation-based version of McDiarmid’s inequality (recalled in Lemma . It yields a
high-probability bound relating the permuted statistics to its expectation. We then control the expectation term
by applying the optimal matching bound from Bobkov and Ledoux| (2021, Corollary 5).

We recall that all results are established under the assumption that the samples Y, = (y1,...,yn) and 2, =
(21,...,2m) satisfy [|y;|| < D and ||z;|| < D foralli=1,...,n and j = 1,...,m. Moreover, © = (01,...,0r)
denotes the projection directions drawn from the uniform distribution ¢ on the unit sphere S?1.

We first establish a high-probability concentration inequality for the permuted empirical sliced Wasserstein
oo . . . . . .
distance SWg introduced in (4). It is the first step towards proving our main theorem in Section
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Lemma 12 Let p > 1. Let w be a permutation drawn uniformly from the symmetric group on {1,...,n + m},
and let ™7 denote the permutation obtained from m by exchanging its i-th and j-th elements, as defined in
Lemma|11l Then, for any e > 0,

T . 2¢2 _1 1
P SW, T —E[SW, 7] > | Y20 < e - ¢ JnEm e
P P ((QD)P (2D)P) m 2 max{m,n}
n( 22X  2DF
Proof Given the samples V,, Z,, and a set of projection directions © = (6y,...,0r) on the unit sphere S,

for brevity, we set
o
f(m) =SW, , T € Sptm,
where S/\\?VZ7T is the permuted empirical quantity introduced in (4)).

By construction, f is (n,m)-symmetric. In order to apply Lemma we need to get an upper bound on the
sensitivity of f to transpositions involving elements from opposite halves of the permutation.

Without loss of generality, suppose that 7 = (1,2,3,...,n+m) and 79 = (1,2,...,i—1,4,i+1,...,n,...,5 —
1,5,74+1,...n+m)for1<i<nandn+1<j<n+m.

Let £ € {1,...,L}. Denote the projected samples on the direction 6, as
/‘E‘ = (jla CIIE 7£n7-i'n+1> e 7‘%n+m) = (<y17 9Z>7 ey <y’na 9@>a <Zl7 9f>7 sy <Zm7 9€>)

By definition of the p-Wasserstein distance and the permutation 7, we have

w2 (Hféﬁg, Hiﬁﬁ;) = 5“561 <ZZ%1 | Ty — fw(n+l)|p>

1 \k=11=1
2k Vel=10
1
k=,
n m
_ . = =P
= min Vi [Tk — Enpa|
720,
1 k=11=1
Zk YRI=
Zl’Ykl n
. *
= ’Ykl|$k - $n+l| y
Kl

where 7* denotes the minimizer of the above Kantorovich problem.

We now consider the permutation 7*7. Noting that v* is a valid coupling, we have

n m
D 0p ~mid Op~mhd\ : - 5 p
Wp<H#“n My, )= min Vit i (k) = Tt (net)
=S k=1 =1
Zk YRI=
1
k=1,

m

n
Z ZVZz | () = Erid (nty |
k=1

=1

IN

Yy 1Bk — Znga]”

NE
NE

>
Il

1
m

>

Vil \%w(i) - xww(nH)’
=1
n
~ ~ p
+D Vkjon [Erii ) = Exii ()]
k=1

< Wi (g, 1%o7,) +

-~
Il
—

+

(D) | (2D)

n m
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where the last inequality follows from the triangle inequality and the fact that every projected sample satisfies
’ih’:|<xh,95>| < lzp]| HQZHSD, for1<h<n+m,
with (z1,...,Zp4m) denoting the pooled sample.

As a result, we obtain

which is sufficient to conclude that

|[f(m) = f(x™)| <

Applying Lemma [11| with b = 22" 4 % and f(m) = S/V\VZ7r completes the proof. [ |

n

Having successfully related the permuted test statistic S/\TVZ’W (introduced in ) to its expectation, we now turn
to controlling this expectation term. To proceed, we next present several auxiliary lemmas that will be used
later in the proof.

Our argument begins with the following result, stated by [Bobkov and Ledoux| (2021, Corollary 5).

Lemma 13 (Corollary 5 in Bobkov and Ledoux| (2021))) Let n and N be integers such that 1 < n < N.
Let xq,...,xx € [0,1]%. Denote by G, the collection of all subsets T C {1,..., N} of cardinality || = n, equipped
with the uniform probability measure m,. With every T € G, we associate the empirical measure

1 ol
Hr ::Ez(sxw Mzﬁzéxj
j=1

JET
Then the empirical measures p satisfy

2
z ifd=1,

n

Er, [Wi(tir, )] < § 8/ L5198C0) ey o
n
13vd

Remark 14 Corollary 5 in |Bobkov and Ledouaj (2021) is stated for empirical measures supported on the unit
cube [0,1]¢. We next extend this result to empirical measures supported on a general cube [—D, D]¢, where D > 0.
To connect these two settings, we introduce the affine transformation

T:00,1]" = [-D,D]%,  T(z)=2D(z — 1),
where 14 := (1,1,...,1) € R Given data points x1,...,xx € [0,1]?, we define
z,=T(x;), i=1,...,N,
so that each ! lies in the cube [—D, D]<.

Let u!. and i’ denote the empirical measures defined analogously to i, and fi in Lemma but based on points
()N, that is

’ 1 ~r 1 Y
/’[/T:ﬁzdﬂl;’ 12 :Nzéw;
j=1

JET
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By construction, we have Ty, = p!. and Tyfi = ii'. Moreover, for any z,y € [0,1]%, we have
IT(@) - T(3)lls = 2D]}z — yla
Consequently, we have the scaling relation
Wi (i, 1) = 2D Wi (pir, 1)

Applying Corollary 5 in|Bobkov and Ledoud (2021) to . and i then yields

2D\/§ ifd=1,
n

Er, (W1, /1)) = En, [(2D)Wi (e )] < { 1604 71082 ey o

n
26DV d

72 if d > 3.

Lemma 15 (Relation between 1-Wasserstein and p-Wasserstein distances) Let P, QQ, and M be three
probability measures supported on the compact set [—D, D]4 C R, Let p > 1, then the following inequality holds:

WE(P,Q) < (ADVd)P™ (W1(P,Q) + W1(Q, M)).

Proof By applying the triangle inequality for the p-Wasserstein distance, we get
Wy (P,Q) < Wp(P,Q) + W, (Q, M).
Using the inequality (a + b)P < 2P~1(aP + bP), we obtain
Wh(P,Q) < 2°~1 (WE(P, M) + WP (Q,M)) .
For z,y € [-D, D)%, we have
o — ylls < 2DVA.
Moreover, for p > 1, we have
lz = yll5 < @DVAP |z —ylo-
Hence, since all three measures are supported on [—D, D]¢, by the definition of Wasserstein distances, we obtain
WE(P, M) < (2DVA)P"' Wi(P,M), WA(Q,M) < (2DVd)P"' W1(Q, M).

Combining all the inequalities gives the stated result. |

Remark 16 We recall that our standing assumption is that all samples Yy, = (Y1, - -,Yn) and 2, = (21, -+, 2m)
satisfy ||lyil| < D and ||zj]| < D foralli=1,...,n and j = 1,...,m. Meanwhile, the results in Lemma and
Lemma are stated for the case where all data points lie in the cube [—D,D]%. Since the Euclidean ball
{x € R%: ||z|| < D} is contained in this cube, those results remain valid in our setting.

Using the results of Lemma [13| and Lemma along with their accompanying remarks, the following proposi-
tion establishes an upper bound for the expectation term conditional on the given samples and the projection
directions.

Proposition 17 Let n and m be positive integers such thatn < m, p > 1 and set N := n+m. Given a collection
of points x1,...,xn with ||z;]| < D for all 1 <i < N, and a set of projection directions © = (01,...,0) on the
unit sphere ST"1. Let m be a random permutation drawn uniformly from the symmetric group over {1,...,N}.
Then, with p > 1, we have

E, [SW,"] = 2ZL:EW W (i, o7, | < (4D)p:/g.
(=1

Here, the expectation E, is taken with respect to the random permutation m, conditional on the samples and the
projection directions.
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Proof Fix a projection direction 0y, 1 < ¢ < L. We want to upper bound E, [Wp (Hiﬁ wr H:ff)fnﬂ .

We introduce the empirical measure

1 N
= D 0,00
j=1

Note that each projected sample satisfies [(x;,0,)| < D for all 1 < j < N by the Cauchy-Schwarz inequality.

Adapting the notations from Lemma we first define G,, and G,,, as the collections of all subsets of {1,...,n+m}
of cardinalities n and m, respectively. We denote by 7, and 7, the uniform distributions on G, and G,,. To
every 7" € G, and 7" € G,,, we associate two empirical measures

1 1
pm 1= D ey Hem= - Y Soay)-
jeTn jerm

It follows that

1 — 1 &
oo o )] —
{WP(H#; no 140 )] (n+m)! Z Wi <n25<l‘w<i)a9¢’>’m25<ww<n+z‘>ﬂfz>>
i=1 =1

TESnt+m
ml.n!
= mtn) > ( > Sy Z(m>
KC{z1,...\Tntm },| K|= zeK m€K°
(i) (4D)P~1 1 . 1 i
< W Z W, o Z O(z,00)5 1 | + Wi poey Z O(a,00) > H
n Kc{z1,....xn+m },|K|=n rzeK zeK®
= (4D)P 7! [Er,, (Wi(prm, 1)) + Ex, (Wi (prn, 1))]
) Vi
< op.(D)r [ Y24 Y2
(\f vm )
(i) 2
< 4D (4D)P_1£,
N
where (i) follows from Lemmal([15] and (ii) and (i) follow from Lemmal[l3]and from the assumption that n < m,

respectively.

Finally, by linearity of the expectation,

L
daih ; (WH () <H9f>#ﬁ;)]5<4mp¢€,

and the proof is concluded. |

10 SLICED WASSERSTEIN SAMPLE COMPLEXITY

Let p and v be probability distributions on R? whose supports lie in a common ball centered at the origin with
radius D. Their corresponding empirical measures are denoted by fi, and 7y,. The quantities SW}(u, ) and

S/\\NZ(ﬁn,ﬁm) are defined in Egs. and , respectively.

To the best of our knowledge, recent works have established bounds on quantities such as E [SW,,(fin, u)] (see,
e.g., Nietert et al.[ (2022, Theorem 1)), E [swg(ﬁn, Un) — SWP(u, V)] (see, e.g., Ohana et al.| (2023, Theorem 2)),
and E “S/\\Nz(ﬁn,ﬁm) — SWP (1, I/)H (see, e.g., Nietert et al.| (2022, Proposition 5)), as well as high-probability

bounds for ‘SWg(u,u) — S/V\Vi(,u,yﬂ (see, e.g., Xu and Huang (2022, Proposition 4)). These results, however,
do not exactly yield the type of bound required for the subsequent step—specifically, in the proof of Lemma [T9]
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Under the assumption that both distributions u and v are supported on a common bounded ball, we derive the
following high-probability bound for ’S/\\Ni(ﬁn,ﬁm) — SWp(u, V)’ by applying standard concentration inequali-
ties—namely McDiarmid’s inequality and Hoeffding’s inequality (recalled in Lemma [8] and Lemma |§|, respec-
tively) and following the technique established in [Nietert et al. (2022, Proposition 1). The resulting statement
is presented in the following lemma.

Lemma 18 Let 5 € (0,1) and p > 1. Suppose that p and v are probability distributions supported on the
centered ball of radius D > 0 in R?. We consider two independent samples drawn from p and v:
ji.d. i.i.d.
yn::(Yly"an)l}V Hy Zm::(zlv"'7Zm) ~ U,
with an assumption that n < m. Let © = (01,...,0r) denote L i.i.d. projection directions drawn from the
uniform distribution o on the unit sphere SY=1. Then, there exists a constant C, p depending only on p and D
such that, with probability at least 1 — g, the following inequality holds:

[SW (. P) — SWE(1.1)| < (2D <\/ el8/5) 1°g<j/ﬁ>> + G2

Proof We decompose the total error into three contributions:
|SWy(fins 7m) — SWh(n,v)| < A+B+C,
where
TP o~ o~ ~ o~ ~ o~ ~ o~ ~ o~
A= |SWp(un,1/m) - SWS(un,Vm)], B=| SW (Fin, Um) — ]ESWZ(/LR,I/m”, C=E ]SWZ(,un, Um) — SWD (1, V).
Control of A. Given the datasets ), Z,,, the Monte Carlo estimator S/V\VE(ﬂn,z//\m) is an average of L i.i.d.
bounded random variables
Ry = Wh(Y fin, ),  L=1,...,L.

Since ||0¢||2 = 1 and the supports of 1 and v are contained in the centered ball with radius D, the push-forward
measures (I11%)41i,, and (I1%) 47, are supported on the interval [—D, D]. Consequently,

0< R, < (2D)?, V1<(<L.

Then, Hoeffding’s inequality (recalled in Lemma@ yields that, for any t4 > 0,

2Lt>
]P)O'(A >ta | ynaZm) < 2exp<— (ZD)AQP) .

Since the right-hand side does not depend on the samples, the same bound holds unconditionally, namely

2Lt2
Puivo(A>ta) < 2exp<— (2D)2P> .

Control of B. Fix the projection directions 0y,...,0z. The function (y1,...,Yn, 21, -, 2m) = SW}(Iin, V)
satisfies the bounded difference property, whose definition is recalled in Lemma Indeed, changing a single
observation y; modifies [i, by at most 1/n of its mass. Since all points are supported in a set of diameter 2D,
the value of SW?(fin, V) changes by at most (2D)P/n. Similarly, replacing one sample z; alters 7, by 1/m of
its mass, and hence SWY (fin, V) changes by at most (2D)?/m. McDiarmid’s inequality (recalled in Lemma
guarantees that, for any tp > 0,

217
Pu,u (B ZtB ‘ 91,...,9L) S 2eXp(_(2D)2p(l/i+l/m)) .
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Since the right-hand side is independent of the projection directions, the bound also holds without conditioning,
that is,

2t
Pupo (B>tp) < 2exp< (2D)2p(1/i+1/m>)'

Moreover, since n < m, then

ntQB
P;L,V,O’(B Z tB) S 2€Xp —W .

Control of C.

Following the proof of Nietert et al.| (2022, Proposition 1), and assuming that n < m, then there exists a constant
Cp,p depending on p and D such that

E|Swg(ﬁm’//\m) —SWE(M’VH < NG
We note that if A < t4 and B < tpg, then ’S/\\NZ(ﬁn, Um) —SWp (1, 1/)| <ta+tp+ C\‘}ED Consequently, we obtain
the following chain of evaluation

. C
P/L,u,a (|Swz(.un7’/m) - SWZ(/MVH < tA +tB + p7D> Z ]P)u,u,a (A < tAaB < tB)

vn

Z 1- P,u,z/,o(A Z tA) - Pu,z/,o(B Z tB)

2Lt%4 nt
2120l ) 20 - )

We obtain the stated result by setting

ta = (2D)? w and tp = (2D)? @.

11 LEVEL AND POWER GUARANTEES FOR ALGORITHM (1|

11.1 Proof of Theorem [

Following the proof of [Schrab et al.| (2023 Proposition 1), we obtain the following chain of implications

AVn, Zm, L5, 0) =1 = SW.

~B
p > lea,N
=P SooPiTe[(B41)(1—a)]
= SW
B+1
=P TB+1

"> SW
=31 (§v\v§”" < 5wt ) > [(B+1)(1-a)]
b=1

B+1
= B+1-Y 1(SW,™ <SW, ™) <B+1-[(B+1)(1-a)]

p
b=1

B+1
=31 (swfj’” > swﬁ““) < |la(B+1)]
b=1
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B+1
= > 1(SW, T = W) <a(B+1)
b=1

B
Ly (W ﬁv)] <o,
b=1

where the fifth deduction follows from the fact that B+1— [( a)(B+1)] = |a(B+1)]. Besides, the notations
SWZ and SWZ’ refer respectively to the statistics defined in ([2|) and (| .

Moreover, Lemma 1 in Romano and Wolf (2005|) guarantees that:

B
1+ 1 (S/V\V > STV”B“)] Sa} <a.
b=1

1
PMXMXTXO’ {BH

As a consequence, we have

P[LXHXTXU (A (ynazm7ZB7@) = 1) < P,u,xp,xrxa {

i ( wor SWSWBH)] < a} <a.

B+1
Hence, the test controls the Type I error at level a.

11.2 Proof of Theorem [5l

Let r denote the uniform distribution over the symmetric group Syi.,, i.e., the set of all permutations of
{1,...,n+m}. Let 7 be a permutation drawn from r. Moreover, we defined ¢;_, n as the (1 — a)-quantile (with

respect to the randomness of 7) of the test statistics S/Wgﬁ (introduced in Eq. ), that is,

€1 = inf {t P, (S/V\Viw > ’ Vo, Zom, @) < a} . (6)

As explained in Remark [2| in practice we draw B independent permutations (mp)1<p<p from the uniform distri-
bution r on Sy, 4., and set mpy1 = id to denote the identity permutation. We then compute the corresponding

statistics S/\\N'Zﬂrb forb=1,...,B+1 and estimate the (1 —«a) empiraical quantile of the permutation distribution
by

B+1
c{gaNmf{ 721{8\7\7 <t}21—a}.

In accordance with the convention introduced earlier, we use the notation P, to denote the probability with
respect to the B random permutations 7y,...,75 g

With these preliminaries in place, the proof of Theorem [5| proceeds as follows. Taking inspiration from [Schrab
et al.| (2023 Lemma 4), we first provide a condition on the separation between the distributions p and v
that guarantees a desired level of test power (see Lemma . This condition relates the separation to the
(random) empirical quantile P, 5. Next, we control ¢2__ \ by linking it to the (deterministic) quantile ¢; o, x,
conditional on the samples and the projection directions (see Lemma . Then, the quantile ¢;_, v is bounded
using the auxiliary results prepared in Sectlon|§| (see Proposition . Finally, we derive the bound for ’c\lB_m N
stated in Proposition We now develop this program in detail.

Main ingredients for the proof

We begin with the following lemma, which is a straightforward adaptation of |Schrab et al. (2023, Lemma 4). It
provides a sufficient condition on the separation between distributions 1 and v to ensure a desired level of test
power.
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Lemma 19 Let 3 € (0,1) and p > 1. Consider the setting of Lemma[I§ Let

y(n,p, B, D, L) = (2D)P <\/10g(8/5) N \/log(:/ﬁ)> L Cop

2L NN
where Cp, p is a constant depending only on p and D, as introduced in Lemma .

The test defined in Algorithm[1] achieves power at least 1 — 8 provided that
PMXVXT‘XO’ (SWg(u, V) Z ’)/(Tl,p, /Ba D? L) + EIB—()(,N) > 1 - g (7)

Proof Lemma |18 guarantees

Bucuscrsr (|SWplfin, ) — SWE ()| > ~(n.p.8,D,1)) < 7. (8)

where

Y(n,p, B, D, L) == (2D)" <\/1°g;8L/5) - \/log(:/5)> + C%J

Define the events
A= {SWo (fin, D) <P oy} and B = {SW2(u,v) > y(n,p, 8, D, L) + 22 . ).
Let us show that P, xyxrxo (A) < 8. By definition of the events and Eq. , we have

ol i~ ~ ~] ~]
Puxvxrxo(ANB) = Puxxrxo (SWy (fins Im) < T s e v < SWE(v) = 9(n,p, 8, D, L)
/\p ~ ~
S ]PMXVXTXU (Swp(,u/na Vm) - SW?(M» V) S _’V(n7paﬁ7 D7 L))

< Puxuxra ([SWyfin, 9) = SW(,)| 2 7(n,p, 8, D, 1))
g

< —.
-2

To conclude, note that whenever ]P#X,,XTXU(B) >1-— g, the theorem of total probability implies

PMXUX’I‘XO’(A) = P}LXVXTXO’(-'AD B) + ]PMXIJXT‘XO'(A N Bc)
= ]P)}LXVX’I’XU(AO B) + PquXTXG’(A | BC) ]P/,LXVXTXU(BC)

B B
<S5

1
2
3.

The condition for achieving the desired test power, given in Lemma [19] involves two main components.: the
term v(n,p, 8, D, L), which corresponds to the sample complexity bound (see Lemma , and the random em-
pirical quantile threshold ¢ a,n» Which constitutes the main difficulty in the theoretical analysis of permutation-
based testing. To address this issue, we first rely on Domingo-Enrich et al.| (2023, Lemma 6), which establishes
a connection between the (random) empirical quantile threshold ¢}’ , y and the (deterministic) quantile ¢; o,
of the permuted test statistic, conditional on the samples and the projection directions.

Lemma 20 (Relation between population and empirical quantiles) Let o, 5 € (0,1), and let N > 1.
Denote by B the number of sampled permutations as described in Algorithm [1.  Given the datasets Y, =
(Y1,---,Yn) and Z, = (21,. .., 2m), whose points lie in the ball centered at the origin with radius D, as well as
a set of projection directions © = (0y,...,0r) on the unit sphere S%=1, we have

IPT(/C\]_B—Q)N S Cl—a;y,N ‘ yn;Zm;G)) >1- 57

1/le(B+1)]
where o = <6/2 )
1t 5
(\_a(B+1)j)
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Consequently, obtaining an upper bound for ¢;_,, ~ immediately implies an upper bound for the empirical
quantile threshold ¢2 «.n- The next proposition establishes such an upper bound for the population quantile.

Proposition 21 (Upper bound for ¢;_, n) Let p > 1 and o € (0,1). Under the same assumptions as in
Lemma[20, and for brevity, we denote N :=n+m. Moreover, without loss of generality, we assume that n < m.
Then the (1 — a)-quantile of the permutation distribution, ci_q N introduced in , satisfies

C1oanN < \/8(2D)2”10g(1/a) | aDpv2

i T (9)

Proof For readability, we denote

o) = — e (1 )
am (2204 221

1 1
Setting € := 4 /In | — | ————, Lemma |12| guarantees
a ) h(n,m)
P |SW"" > fin (2 ! +E(s/v\vp’”)‘y Zm, ©
T jtl n\— ™ ny “~ms
P a ) h(n,m) P

It implies, by definition of ¢1_q,n (recalled in Eq. (6])), that

1 1 ——p,T
< =)o W,
Cl_oc,N \/1n < ) h(n7m) Eﬂr(s P ) (10)

We now derive a more explicit and tractable expression for h(n,m). Since 1 < n < m, we have

< a.

n(2m —1)(n+m — %)

h =
(n;m) (2D)2p(’l’b ¥ m)g
Setting x = % > 1, we obtain
b _n(2x7%) 1+x72i)
(. m) = =D (1 + 2)?

1 1 1
where the last inequality follows from the facts that 2o — — > 2z — 1 and 1 + x — o > x4+ 5
n n

2z —1) (z+ 1)

5 is increasing for x > 1, it follows that
(1+=x)

Moreover, since the function ¢(z) =

h(n,m) > 8(23#' (11)

In Proposition we have shown that, given the samples ), Z,, and the projection directions © = (61, ...61),
the following bound holds:

pV2

E, [STVT} < (D)P=
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Combining inequalities ,, and , we obtain

¢8<2D>2plog<1/a> L (4Dpry2

IN

Cl—a,N

Having established an upper bound for ¢;_,, n, we now rely on Lemma [20| to derive the following proposition,
which provides a bound for the empirical quantile E{Bia’ N-

Proposition 22 (Bound on the empirical quantile) Let 8 > 0 and ﬁ_l < a < 1, where B denotes the
number of permutations as described in Algorithm , Set wy == |a(B + 1)]. Then, conditional on the samples

Yy and Z,, (with n < m and N = n + m) whose points lie in the ball centered at the origin with radius D, as

well as on a set of projection directions © = (01,...,0r) on the unit sphere S?=1, we have
N 8(2D)2r 2 4D)P
P, cjlg_ayN < (2D) log ¢ + (4D) > lfé.

3n g\ 1w Vn 2
*(3)

Proof Proposition [21| guarantees that

Cl—ay,N < \/8(2D)2p312g(1/a1) + (4D\};\/§7

where

1/la(B+1)]

_( 8/2 )

a1 = B .
(\_a(B—',—l)j)

To make this bound more explicit, we upper bound the logarithmic term. Let w, = |a(B 4+ 1)] > 1. Then

o (2)") () (i) ().

The first inequality follows from the bound (Z) < (%)k, and the second from the fact that [z] > § whenever
> 1.

Combining Eq. and Eq. yields

8(2D)2r 2e (4D)P+/2
3n log a(§>1/wa + T (15)

Cl—aq,N S

2

Hence, from Lemma Eq. , and also conditioning on the samples ),,, Z,,, and the projection directions
01,...,0r, we have

8(2D)2» log 2¢ N (4D)Pv/2 -

3n a(g>1/% N 2

~B
PT’ Cl—a,N S

Finally, Theorem [f|is proved by combining Lemma [I9] and Proposition [22] as outlined in the following.
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Proof of Theorem [5

To ensure that the test has power at least 1 — 3, Lemma [I9] shows it suffices to find conditions on x and v such

that
SWE(u,v) > (2D)P <\/log(8/m n \/k’g@/ﬂ)) 4+ e +ElB_a,N] 1-2 (16)

Puxuxrxa

2L n vn 2

where the constant C, p is introduced in Lemma

From Proposition [22| and the condition provided in Eq. , a sufficient condition for guaranteeing a power at
least 1 — 3 is given by

8(2D)2» 2e (4D)P\/2 v log(8/3) log(8/1) Cp.p »
an log - (g)l/w“ + NG < —(2D) (\/ 5T —|—\/ - ) ~ + SWP (u,v)

or equivalently,

swi) > | SCD a(:)el/wa 4 (413/);‘/§+(2D)P <\/10g;8L/B) . \/log(s/ﬁ)) +C%a.

The above inequality implies the claimed bound on the test’s power.

12 LOWER BOUNDS

In this section, we present the proofs of the lower bounds stated in the main body, namely Proposition [f] and
Proposition [7] We begin by explaining, in Section [I2.1] why the problem of obtaining lower bounds for two-
sample testing can be reduced to that of one-sample testing—i.e., goodness-of-fit testing. Next, we present the
proofs of the two propositions.

12.1 Reduction to goodness-of-fit testing

Following |Arias-Castro et al.| (2018, Lemma 1), we recast the task of establishing lower bounds for the two-sample
testing problem as the conceptually simpler task of establishing lower bounds for the one-sample testing problem
(also called goodness-of-fit). Intuitively, goodness-of-fit can be viewed as a special case of two-sample testing
in which one of the distributions is fully known—which is equivalent to having access to an infinite number of
samples from it.

Fix a known reference distribution vy and observe independent samples Y7,...,Y, ~ v, where v is an unknown
distribution. We consider the following goodness-of-fit testing problem:

Ho: v=1 VS. Hi: SWi(v,10) > en.

Similarly to two-sample testing (see Section [2.3)), we define the minimax separation for one-sample testing at
level av and power 1 — (3 as

€l = inf{en >0: inf sup E,[1-4,]< /3},

An€Pa,n,ug vEP1(en,v0)

where

o O, ., is the set of tests A, based on n samples, of level at most «, that is, E, [A,] < a;

e Pi(en,vp) is the set of distributions v such that SW?(v,v0) > €.



Minimax-Optimal Two-Sample Test with Sliced Wasserstein

Because the two-sample setting involves estimating both distributions from data—unlike the one-sample case,
where one distribution is known exactly—the minimax separation for two-sample testing cannot be smaller than
that for one-sample testing. Consequently,

ehm = €

where €/ and el)m denote the minimax separations for the one-sample and two-sample problems, respectively.
In particular, a lower bound on the minimax separation in the one-sample setting directly implies a lower bound
in the two-sample setting.

In what follows, we prove that e > n~1/2 which immediately yields eL,m >n~1/2,

12.2 Proof of Proposition [6]

Let [d] = {1,...,d}, and denote by PlS/i)mi the class of multinomial distributions on [d]. In this section, we
provide the proof of Proposition [6] which establishes a lower bound on the minimax separation rate for the
two-sample testing problem over Pﬁ/ﬁlti X ’Pﬁ;ﬁlti.

The proof of Proposition@ is based on Ingster’s method (Ingster, [1993), a classical approach for deriving minimax
lower bounds in hypothesis testing. We first provide a brief overview of this technique.

Ingster’s method for minimax lower bounds. Let vy denote a fixed null distribution. The minimax
Type II error at level a (for one-sample testing problem) is defined as

Rl = inf sup P, (¢ =0),

m,o T
’ PEPa,n,vg VEP1(€n,l0)

where @ 5, ., and P (ep, 1) are defined in Section m

Select T > 1 distributions vy,...,vr € Pi(en,vp), and define a mixture distribution @ such that, for any
measurable set A,

QA) = o S ufn(4),

where the n-fold product distribution of a distribution v; is denoted as Vfim.
Given n i.i.d. observations Yi,...,Y,, drawn from an unknown distribution v, we denote the likelihood ratio
between () and the null distribution vy by

d
Ln(Yh...,Yn) = dy%(yl,,yn) =
0

v (

Y;)
vo(Yi)’

D

n
t=11i=

Nl

1

where, with a slight abuse of notation, we denote by v and (v;)Z_; both the probability measures and their
densities with respect to the Lebesgue measure.

Given these definitions, the following lemma provides a condition on the likelihood ratio between the mixture
distribution @ and the null distribution v to obtain a lower bound for the minimax Type II error R};a-

Lemma 23 (Lower bound via a mixture) Fiz o € (0,1) and 8 € (0,1 —«). If
By [L2] < 1+4(1—a—pB)%,
then RL,a > B.

The proof of this lemma can be found in [Wasserman| (2014} Section 11) and in [Kim et al.| (2022, Appendix H).

To apply Lemma we need to (i) specify the distributions @ and vy, (ii) compute the expectation of the
squared likelihood ratio under the null. We borrow the construction of perturbed distributions around the
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uniform measure on [d] from Kim et al.| (2022, Appendix H), and adapt the corresponding computations to the
sliced Wasserstein distance setting.

Let v denote the uniform distribution over the set [d] := {1,...,d}, that is, vo(k) = % for k=1,...,d.
Define the set

d
Mg={ne{-1,1}":) n =0} (17)
k=1

We may assume without loss of generality that d is even, as the proof for the odd-dimensional case follows
analogously by setting the last coordinate to zero 7q = 0. Given € My, we define the measure v, as

2ep
vy(k) = l/(]f)—l—%?’]k, fork=1,...,d,
for some ¢, < % that we will specify later in the proof.

Note that, for any n € Mg, the distribution v, is a valid probability distribution on the set [d]. Indeed,

1. v, is non negative.

d d

d 26 d
z.zyn(mzz( <k>+nk)zzy et
k=1 k=1 k=1

k=1

Let us now evaluate the sliced Wasserstein distance between vy and its perturbation v,,. By construction, exactly
d/2 coordinates k satisfy np = 1, and the remaining d/2 coordinates satisfy n, = —1. For coordinates with
nr = 1, the weight in v, is increased by 2% compared to vy, while for coordinates with n; = —1, the weight is
decreased by the same amount. Hence, the total excess mass between the d/2 heavier points and the d/2 lighter
points is

Since vy is uniform over [d] and the distance between any two distinct points in [d] is at least 1, moving any
unit of excess mass incurs a cost of at least 12 = 1. Therefore, the total transportation cost is at least €,. Since
both vy and v, are one-dimensional distributions, the sliced Wasserstein distance coincides with the standard
Wasserstein distance and

SWP(vo,vy) = W (1o, vy) > €n-

Let T be the cardinality of My. In order to apply Ingster’s method, we introduce the uniform mixture

Vn@)s -+ Vn(T)>
1
-T > v
neEMa

The likelihood ratio between @@ and the null distribution vy will be

Lo(Yi,...,Y, Z H”"

776/\/1,; =1

With those ingredients on hand, we are now ready to compute the expected value of the squared likelihood ratio.
The subsequent computation follows exactly the same steps as in [Kim et al.| (2022, Appendix H). We present it
here for completeness.

i Y)=a 3 H”nyo vy (1)

nneMdz 1
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1 2L 2y ) (5 + 2
=7 > 1l

2
n,n'EMy i=1 1/d
1 n
= Z H(l + 2enny,) (1 4 2enmy,).
n,n'EMy i=1

By definition of n € M, taking the expectation over Y7,...,Y, ~ vy, we obtain
n
1 42 &
Bl =g ¥ (14525 )
n,n €EMa k=1
Moreover, using the inequality 1 + z < e”, which holds for any = € R,
1 dne2 &
Ealid] g 3 ow( 253 wi).
n,n'€Ma k=1
Let  and n* be independent random variables uniformly distributed on M,;. We have

1 dne? & 4ne?
T2 Z P T - Z My | = By [GXP< d = (n, 77*>>} .
k=1

n,m €EMa

Applying Lemma 2 in [Dubhashi and Ranjan| (1996)), we obtain

4ne? «
B [£2) < By [exn (2 0 )

d (4née2 ? 8n2et
< exp RG] =xpl — ,

where the last inequality follows from cosh(z) < e*’/2 which holds for any z € R.

The proof is concluded by observing that Lemma [23] guarantees that the minimax Type II error is lower bounded
by (8 provided that

1 afdlog[1+4(1—a—B)?]

12.3 Proof of Proposition [7]

Proposition [f] states a lower bound on the minimax separation rate for the two-sample testing problem over the
class of multinomial distributions. Turning to the more general class of distributions with bounded support,
denoted by Pra(D) for some D > 0, the proof of Proposition establishes the corresponding lower bound on the
minimax separation rate for the two-sample testing problem over this class.

We begin by presenting some preliminary ingredients required for the proof of Proposition [7]

Main ingredients for the proof

We begin this section by recalling a basic fact: the uniform distribution on the sphere is invariant under orthogonal
transformations, as stated below.
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Lemma 24 (Rotation invariance) If U is uniform on S~ and Q is an orthogonal matriz, then QU has the
same distribution as U.

Proof Let o denote the (d — 1)-dimensional surface area measure on S%~1. Orthogonal maps preserve surface
area on the sphere, that is, 0(QA) = o(A) for every Borel set A C S~'. Hence, for any Borel set A, we have

a(Q71A) cA

P(QU € A)=PU € Q7 'A) = 2(81) — 7(8T) =P(U € A).

Therefore QU and U have the same law. |

We now identify the law of a single coordinate under the uniform distribution on the sphere.

Lemma 25 (First coordinate of a spherical uniform distribution) Let U = (Uy,...,Uy) ~ Unif(S?1).
1. Ford=1,U} =1 a.s. (a degenerate distribution at 1).

1 d-1
2. Ford>2,U? ~ Beta(2,2).

Proof

Case d = 1. It is clear that S° = {£1} and U; = +1 with probability 1/2 each. Therefore, U? = 1 almost
surely.

Case d > 2. Let Z = (Zy,...,Z4) be standard normal in R? (i.e., Z ~ N(0,1;)). By Equation (3.15) in
Vershynin| (2018), U := Z/||Z|| ~ Unif(S¢~1). Since Z; ~ N(0,1) and the Z;’s are independent,

. 2 2 1 . 4 2 2 d—1
X=2~xi=T|5:2), Y=Y Z7~x5, =T ——2),
=2

with X LY.
Finally, using the classical fact that if M ~ x?(m) and N ~ x?(n) are independent, then

(see, e.g., |Soch et al. (2025, Section 3.9)), we conclude that

1 d-1
U? ~Beta| =, —— ).
2 Be a(Q, . )
As a consequence, for p > 1, and following the result of |[Balakrishnan and Nevzorov| (2004, Page 145), we have

rEH

s = { var(ee)
1, d=1,

where T'(-) denotes the classical Gamma function. [ ]

We recall two classical inequalities that are particularly useful for bounding Gamma functions: Wendel’s inequal-
ity and Stirling’s inequalities.

Lemma 26 (Wendel’s inequality) We denote by I'(:) the classical Gamma function. For 0 < a < 1 and

x>0,
l1—a
x < I'(z+a) <1
x+a - zol(x) —
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Lemma 27 (Stirling’s inequality) We denote by T'(-) the classical Gamma function. For x > 0,
1 1 1
V2rz® 2e™® < Ix) < V2mz™ 2e Telzn.

Proofs of Lemmas [26] and [27| can be found in [Wendel| (1948) and [Jameson| (2015, Theorem 1), respectively.

We then close these preliminaries with a simple yet essential fact from linear algebra.

Lemma 28 For any unit vector u € R with ||u|| = 1, there exists a rotation Q € SO(d) such that Qe; = u,
where e; = (1,0,...,0)T and SO(d) = {Q e R>*?: QTQ =1, detQ = 1}.

Proof Extend {u} to a basis of R? and apply the Gram-Schmidt procedure to obtain an orthonormal basis
{u, V2, .. ny Ud}. Let
Q=1[ulvy| - |vg] € R4,

Then the columns of Q) are orthonormal and Q'Q = I. In particular, @ is orthogonal and satisfies Qe; = u.

If det(Q) = 1, then Q € SO(d) and we are done. If det(Q)) = —1, replace one column v; with —v; for some j > 2
(e.g., j = 2). The resulting matrix

Q=[ul-valvs|--]vq]
remains orthogonal, still satisfies éel = u, and has det(é) = —det(Q) = 1. Therefore, there exists @ € SO(d)
such that Qe; = u. |

With these preparatory results in place, we are now ready to prove Proposition [7}

12.3.1 Formal proof

As discussed in Section once a lower bound for the minimax rate €], for goodness-of-fit testing is established,
a lower bound eIL,m for two-sample testing follows immediately. For the general case of distributions with bounded
support, we apply Le Cam two-point method (Le Cam)| 1973, [2012)), a classical techniques for deriving minimax
lower bounds.

Let vy be a reference distribution. Let €, > 0 and let po be an alternative distribution in P (€, vp). Using the
same notation as for the one-sample testing problem (see Section [12.1]), we obtain

inf sup E,[1-A,]> inf E.[1—A,
An€@an vy ePy (en,vo) ul ] An€Po g ol ]
=1— sup E,[A,]
An€®o i
=1- sSup {Epo[An] — Eu [An] + Epo[A]}
N S
zl-—a- Sup {Euo [An] = Eyo[An]}
Aneq)a,n,ug

>1—a—drv(pd" vg")

() l—a—1+ %B—DKL(#«S@n I y(()@n)

(i) 1 _
%e nDxr(pollvo) _ o

where () follows from the Bretagnolle-Huber inequality introduced in |Canonne| (2022, Lemma 3), and (i4) uses
the chain rule for the KL divergence. We recall that ui" and v5™ are the n-fold product distributions of p9 and
Vg, respectively.

Consequently, the minimax Type II error is at least 3, that is,

inf sup  Eu[1-A,] >4,
An€Panvo Py (en,v0) g !

provided that

1 1
) D < =1 — .
a+ <05 and kL(to | o) < n Og(2(a+ﬁ)>
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In order to obtain a lower bound, we need to choose pg, g € Pra(D) such that

1 1
Dxr(po [[vo) < o 10g<2(04+5)) : (18)

and
SWZ(M(), 1/0) Z €n. (19)

Inspired by the works of [Kim and Schrab (2023} Section E.10.1) and adapting their work to the case of the sliced
Wasserstein distance, we choose

po = podz + (1 —po)du, Vo = qodz + (1 — qo)du,

where z,v € RY with |z — v]]2 = D, 0 < po,qo < 1, and 6,, denotes the Dirac measure at x. Furthermore, we

also choose
1 4 mi 1 o 1 1 1
= — 4+ min — — ), = = —.
Po=75 n B\2a+p)) 2 *72

With those parameters, we have

Dicvluo [0) < ;pa_—qq)> =min{ s (3 57) 1 < s ()

where the first inequality follows directly from a classical inequality between the KL and x? divergences (see,
e.g., [Tsybakov| (2008, Lemma 2.7)).

Moreover, we have

SWP(po,vo) = /
s

2 [ o=l e = v.0)F o(a0)

(i)
D 1o — ol |l — o / (. B)[" o (d6),
Sd—1

W7 (Hi&,uo, HiVo) o(de)

d—1

where (i) follows from the computation of the Wasserstein distance between two Dirac measures in one dimension
(see, e.g., |Chewi et al.| (2025, Example 1.4)), and (ii) from setting u = TazeT-
We can further develop this expression as
SW3 (o, 10) = Ipo = qol [z = v[IPEgvniese—1) [|{, 0)["]
D)

[P0 — qol |z — v[[PEgunirsi-1) [[(Qer, 0)]7]
= [po — qo| |z — vaEewUnif(Sd—l) “(61, QT9>|p]

(iv)

= |po — qol [lx — vaEﬁwUnif(Sd*l) [[{e1, 9>‘p]

= |po — qo| ||z — vaEHNUnif(Sd*l) [\91|p]
(el p(éd

. EOTE o,

2 lpo — ol 2 = oll” { vaT(254)
1, d=1,

where (iii) follows from Lemma [28] (iv) from Lemma [24] and (v) from Lemma [25]

‘We now derive lower bound for the term
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The term T’ (pTH) can be controled by applying Stirling’s lower bound (recalled in Lemma. In particular, we
have
1 N5 _+D)
() = v ()

We next control the remaining term.

Write £ = m +r with m = [p/2] € N and r € [0,1). We then can decompose the remaining terms as follow:

Mg T TE+m)

T(+m+r) TE+m) TE+mtr)

By the recursion formula of the gamma function, I'(p + 1) = pI'(p) for p > 0, we obtain

(g

Mem = &

For the second factor, since 0 < r < 1, Wendel’s inequality (recalled in Lemma yields

d
LEE™) S )
F(%+m+r) - N2
Hence,
r(%) r(%) d d d+ -5
= > (§4+m) " (S+m+r)" > (FE) C.
FE) T Iamen 2 GG 2 ()

2

Combining the above estimates gives

p
., Vor p+INE @) dipy\-5 2] p41 ]2
cp 2 () T ) TV das ]

As a result, we have

i 2 [55] ol fates) 1

P
Setting €, == 5% L(;;;lp)} 2 Lin { \/n 10g(2(a+ﬂ))’ 1}, conditions (|18) and ((19) hold, and thus the minimax

separation satisfies

Dp 1 z . 1 1
eIL > enzﬁ [e(pii—'_—l—p)} mln{\/nlog(w), 1}.

The above bound implies the bound stated in Proposition [7}

13 PERMUTATION APPROACH

In this section, we present the motivation for employing a permutation-based strategy in the two-sample testing
problem using the sliced Wasserstein distance.

In hypothesis testing, the determination of the critical value plays a central role, as it directly governs the decision
to reject the null hypothesis. In general, existing approaches for determining the critical value can be grouped
into two main categories: asymptotic and non-asymptotic methods.
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Asymptotic method. In the asymptotic approach, the critical value is determined from the limiting distribu-
tion of the test statistic under the null hypothesis (see, e.g., [Shekhar et al| (2022, 2023)); |Zaremba et al.| (2013))).
Specifically, to control the Type I error in the asymptotic regime, the critical value is chosen as the (1 — «)
quantile of the null distribution.

However, this asymptotic approach is not without limitations. In many cases, the limiting null distribution is
either intractable or lacks a convenient closed form. For instance, Gretton et al.| (2012, Theorem 12) show that
the null distribution of the squared empirical biased estimator of MMD is an infinite weighted sum of independent
x? random variables, with weights given by the eigenvalues of the kernel operator. This makes the distribution
highly dependent on the kernel choice and analytically difficult to handle. Likewise, more general tests based
on U-statistics face similar challenges in the multinomial setting: the shape of the null distribution is intricately
tied to the probabilities defining the underlying multinomial structure (see Kim et al.| (2022] Figure 1)).

The test statistic STV\Vi defined in faces the same challenge. To gain intuition about its null distribution, we
approximate it empirically through simulation. Specifically, we consider the case p = 2 and generate samples from
three pairs of identical distributions with n = m = 8000 and L = n = 8000 projection directions. Repeating this
procedure 4000 times produces the histograms shown in Figure [5| The resulting distributions vary significantly
across underlying data distributions, which are unknown in practice, making it difficult to compute the critical
threshold analytically.
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Figure 5: Histograms of the test statistic SW, computed from 8000 i.i.d. samples drawn respectively from
(left) Gaussian N(0, I3), (middle) Uniform on [—1,1]2, and (right) a two-component Gaussian mixture
IN(0,12) + 3N (m, I5), where m = (2.5,2.5) .

Recent work by Rodriguez-Vitores et al. (2025) established a Central Limit Theorem (CLT) that characterizes
the asymptotic distribution of the empirical Sliced Wasserstein distance. Under suitable regularity conditions,
the theorem states that: As n,m = m(n) — 400, we obtain that

k- —
T (SWy = SWhG,0)) SN (0, (1= 7yl + 7 (1= AJe, + Aed,.)). (20)
n+m

Here, 4y denotes convergence in distribution, n and m = m(n) are the respective sample sizes, and k = k(n)
denotes the number of projection directions, and the parameters 7 and A are asymptotic limits defined by

k
7= lim P —— and A= lim i .
n—)Jrookj—i—ner n—+oco n +m

Moreover, the two components of the asymptotic variance are defined asEl
2 . 2p(176 0 2
w? = L pr(H#u, H#V) do(0) — Spr(,u, V),

and

vk, = /S . /S . Cov,(¢°, ¢") do(0) do(n),
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where ¢? is any c-concave optimal transport potential from Hiu to Hiu.

As can be observed, the asymptotic variances wi’u and VEW are hard to compute and depend on the underlying

unknown distributions. Furthermore, those asymptotic variances are equal to zero under the null hypothesis. As
a consequence, it is not possible to construct a meaningful test based on this asymptotic null distribution. More
broadly, research on the limiting distribution of the sliced Wasserstein distance remains limited, which makes it
difficult to address testing problems through asymptotic analysis.

Finally, the number of observations is often limited due to economical or biological constraints (see, e.g., the
discussion about applications in neurosciences in |Albert| (2015, Section 0.4.1)). Consequently, asymptotic pro-
cedures may not be suitable in such small sample size settings. This is one of the reasons why non-asymptotic
methods have been developed.

Non-asymptotic methods. A classical approach is to determine the threshold of a test using a concentra-
tion inequality or a tail bound for the test statistic under the null hypothesis (see, e.g., (Gretton et al.| (2012}
Section 4.2), [Wei and Dudley| (2012)). This non-asymptotic approach avoids dependence on asymptotic approx-
imations and is therefore less sensitive to distributional assumptions. On the downside, the resulting bounds
are usually conservative, leading to Type I errors much smaller than « and lower power. Moreover, many of
these guarantees involve constants that are not explicitly determined in theory, making the resulting thresholds
difficult to compute in practice (cf. |Wang et al. (2021, Section III) and the illustration of Kim et al.| (2022
Section 9)).

There exist other data-driven approaches such as the bootstrap (Tibshirani and Efron| [1993) and subsampling
(Politis et al. [1999). Many tests based on these methods have been extensively studied (see, e.g.,|Van Der Vaart,
and Wellner] (1996); Romano| (1988); [Hu and Lin (2025)). However, as noted in |Albert| (2015, Section 0.5.2),
these methods do not guarantee Type I error control in a non-asymptotic sense, i.e., for small sample sizes — a
property that is ensured by permutation-based approaches. As a result, when both methods are applicable and
non-asymptotic Type I error control is required, the permutation approach should be preferred.

For the reasons discussed above, we adopt the permutation approach for the two-sample test based on the sliced
Wasserstein distance.

14 EXISTING APPROACHES FOR CONTROLLING THE RANDOM
CRITICAL VALUE OF PERMUTATION-BASED (TWO-SAMPLE) TESTS

In the previous section, we motivated the use of a permutation approach for the sliced Wasserstein distance two-
sample test. We now review how the challenges associated with the theoretical analysis of permutation based
two-sample tests have been addressed in the literature (see also, for instance, Kim et al. (2022, Section 1.2)).

A central difficulty in analyzing the non-asymptotic power of permutation tests lies in controlling the random
critical value of the test, and in particular the dependence structure induced by permutation sampling. To the
best of our knowledge, no prior work has addressed this issue in the context of the sliced Wasserstein distance.

In this section, we review two existing approaches for controlling the random rejection threshold in permutation-
based tests. Both rely on the structure of U-statistics: the first through a coupling argument (Kim et al., |2022]),
and the second via a concentration inequality for permuted sums (Albertl 2019). We then explain why current
techniques cannot be directly extended to the sliced Wasserstein setting, motivating the development of a new
analytical framework—one of the main theoretical contributions of this work.

14.1 Coupling technique for U-statistics

Kim et al| (2022, Section 6) investigate the performance of permutation-based procedures with a focus on
degenerate second-order U-statistics, a broad class of estimators which encompasses many commonly used two-
sample test statistics (Serfling, [2009, Chapter 5). This line of work has inspired several recent theoretical
analyses in permutation-based two-sample testing (Schrab et al.l 2023; |[Kim and Schrab), [2023; |Choi and Kim)
2024} |Chatalic et all [2025)). In order to clarify this approach, we begin by formally introducing second-order
U-statistics. We use the same setting and notation as in Section [£.1]

2We use the same notation as in the definition of the sliced Wasserstein distance presented in Subsection
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Definition 29 (Second order U-statistic) Let X be a measurable space. Let g : X x X = R be a measurable
symmetric bivariate function, that is, g(x,y) = g(y,x) for all x,y € X. We introduce

h(y1,y2; 21, 22) = g(y1,y2) + 9(21, 22) — g(y1, 22) — g(y2, 21)-

Let i2 be the set of all couples drawn without replacement from the set {1,...,n}. Then, the corresponding
U-statistic is given by

1
Unm = n(n _ 1)m(m 1 Z Z h(Yi17)/i2; Zjlvzjz)'

(i1,92)€8y (J1,J2)€15"

Moreover, given a permutation m € Sy (with N = n +m), the permuted U-statistic associated with w is defined
as

1
ur = WX,  Xo i X X ).
n,m n(n _ 1)m(m _ 1) 4 Z o Z ‘ ( i1 i n+j1 n+]2)
(i1,i2) €4y (j1,52)€i5"
Assume n < m, and let L = (Iy,...,l,,) denote an n-tuple drawn uniformly without replacement from the set
{1,...,m}. Given L, we define the auxiliary test statistic
~ 1
m Lo .
Un’m T ’/Z(Tl _ 1) Z h(X'“'h ’ X"'kz’ X“n-%—lkl 7X7rn+lk2 )

(k1,k2)€il

is the conditional expectation of U,’[;#L with respect to L, given all other random

Note that the statistic Uy,
quantities, that is,

Ur, =KL [U{[Tﬁ ] Xy, ﬁ} . (21)

The usefulness of this construction becomes apparent when applying the following lemma from [Kim et al.| (2022).
It is a coupling argument based on a symmetrization trick (Diimbgen), [1998)).

Lemma 30 (Coupling with i.i.d. random variables) Let N > 1, and let w be uniformly distributed on the
symmetric group Sy of permutations of {1,...,N}.

Set k = |N/2], and let A = (61,...,0) be a random vector of independent Bernoulli variables taking values in
{0,1}*. Assume that A is independent of w. For any permutation 7 = (11,...,75) € Sn, define Ta(7) € Sy by

(TA(T))Zi—l = 57, T2i—1 —+ (]. — (52) T2, (TA(T))% = (]. — 51) T2i—1 =+ (51 T2i, fO’f‘ Z = 1, ey k
Let ' := Ta(w). Then 7' and m are identically distributed.

For completeness, we provide a proof of this lemma.
Proof Assume that N is even. If N is odd, we simply set (Ta(7))y = 7~ and the proof remains unchanged.

To prove that 7’ and 7 are identically distributed, it suffices to show that, for any arbitrary permutation o € Sy,

P(r' =0)=P(r=0).

By applying the law of total probability, we obtain
P(r' =0)=E[P(Ta(r) =0 | A)].
Since T is an involution, i.e., Ta(Ta(7)) = 7 for all 7 € Sy, the event {Ta(w) = o} can be equivalently

expressed as {m = Ta(o)}. Moreover, since 7 and A are independent, conditioning on A does not affect the
distribution of 7. Following these observations, it holds that

P(r'=0)=E[P(r =Ta(0) | A)] =E[P (5 = Ta(0))] :E<]\17|> = % =P(r=o0).
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Since this equality holds for every o € Sy, the claim follows. |

The above lemma implies that the distribution of U]{rﬁ remains unchanged if we randomly swap X, and X, i,

for k € {1,...,n}. In other words, it allows us to connect the statistic to i.i.d. Bernoulli random variables, which
are easier to handle analytically. Moreover, due to the symmetry of g(x,y) and the definition of i, this argument
naturally extends to i.i.d. Rademacher random variables, viewed as random sign flips.

Indeed, let (1,...,(, be ii.d. Rademacher random variables. Then

Z Cley Gz h(Xﬂ'kl ) Xﬂ‘kz ) Xfrn+ek1 ) X'n'n+ek2 ) = Ug,’rﬁ' (22)
(k1 ka)€i}

rrm,L,¢ .
Un,m T

n(n—1)

This machinery provides a way to bound the tail probability of U7 .. Indeed, for any A > 0 and ¢ > 0, by
applying a Chernoff bound (Vershynin, 2018, Section 2.3) and Jensen’s inequality (Vershyninl [2018], Section 1.6)

together with , we obtain
Pr (U7 > AXn) < e MEx [exp (\UF,) | Xn] < e MEny [exp (A5 )| 4] -
Then, by , it follows that
Ex, [exp (A5 ) [An] = Brr [exo (7<) ]
As a result,
Pr (U > M| Xn) <Eppe [exp (AU;ﬁf) | XN] .

The right-hand side, which involves Rademacher averages, is a well-studied quantity that can be controlled using
standard decoupling arguments (Vershynin} [2018, Chapter 6). This, in turn, provides an upper bound on the
concentration of Uy, and allows control of the random critical value in the permutation U-statistic test.

Several works on MMD-based two-sample test use this approach by expressing their test statistic as the sum of
a U-statistics with respect to the positive definite kernel g associated to the MMD and a controllable remainder
term. In contrast, the sliced Wasserstein distance does not relate naturally to U-statistics, preventing a direct
application of this approach.

While[Kim et al.| (2022]) rely on the symmetrization trick of|Diimbgen! (1998) to address the dependence introduced
by permutations, |Albert| (2019)) takes a different route and establish a concentration bound for permuted sums,
offering an alternative way to control the random quantile term. We describe this second approach in the next
section.

14.2 Concentration of permuted sums

Continuing our review of methods for controlling the random critical value in permutation-based tests, we now
turn to the work of |Albert| (2019). As shown in |Albert et al.| (2015, Section 2.2), the test statistic considered
in [Albert| (2019) is a rescaled version of a U-statistic. Although their analysis focuses on independence testing,
its contribution extends beyond this specific setting by introducing a distinct framework for analyzing random
critical values and highlighting the key role of concentration inequalities in this task.

The main contribution of this work lies in Section 2.2, where the author establishes a concentration inequality for
permuted sums in a general setting by leveraging fundamental inequalities for random permutations of |Talagrand
(1995). In particular, they present the following result

Lemma 31 (Theorem 2.1 of |Albert| (2019)) Let {a;;}1<ij<n be a collection of any real numbers, and
N

be random uniform permutation in Sy. Consider Zn = Z a; x(iy- Then, for all x >0,

i=1
1 Y T
- > - E 2 ” < 16¢!/16 (——).
P||Zy —E[ZN]| >2 |2 - a; +21SIE?%(N{|QW|}$ < 16e exp 16 (23)

ij=1
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In the final section, the author illustrates the use of this theorem by analyzing the non-asymptotic behavior of
a permutation-based independence test introduced in |Albert et al.| (2015). Before going into the details of how
they applied the theorem, we now recall in detail their problem of interest and the corresponding test statistic.

Let X be a separable space, and let Xy = (X1,..., Xy) be i.i.d. samples from a joint distribution P on X2, where
each X; = (X}, X?) has marginals P! and P? corresponding to its coordinates. The goal is to test whether
P = P'® P2. To this end, they consider the following test statistic, whose motivation is detailed in [Albert et al.
(2015):

1 2 1 S 1 2
Ts(Xn) = Z%Xi,X *ng s(XF X2)

where @5 is a measurable real-valued function on X2 potentially depending on some unknown parameter .

Then, for any random permutation 7 uniformly distributed over {1,..., N}, the corresponding permuted sample
is defined as

X% = (XT,...,X%),  where X[ = (X}, XZ;)), V1<i<N,

and the associated permuted test statistic is given by

T5(X%) = v Z% ZZ% (X} X7) |- (24)

lel

To apply their concentration bound, they express the permuted test statistic as the difference between a random
. N
variable and its expectation. In particular, by introducing Z(Xn) = 3° ¢5(Xj, X2 ;)), the permuted test statistic
i=1
defined in can be rewritten as

1 . -
Ts(X%) = m(Z(XN) —-E {Z(XN) | XND .
This reformulation aligns the left-hand side of the probability inequality in with the permuted test statistic,
thereby allowing the authors to directly apply the concentration result to derive an upper bound on its quantile.
However, this approach cannot be extended to the case of the sliced Wasserstein distance, since the latter cannot
be written as such a centered difference.

From the preceding technical review concerning the control of the conditional quantile of a permuted test statistic,
two main insights can be drawn:

e Concentration inequalities are a powerful tool for analyzing conditional quantiles, as they provide sharp
non-asymptotic high-probability bounds—typically with exponentially small tails—that lead to the desired
logarithmic dependence on the Type I error level «, as discussed in |Albert| (2019, Section 3.2).

e Unlike U-statistics, which are centered at zero under permutation, or the statistic in |Albert et al.| (2015)),
which can be written as a deviation from its expectation, analyzing the permuted sliced Wasserstein statistic
requires explicit control of its expectation under permutation of the samples. We address this challenge in
Section [Q

15 GAUSSIAN MEAN SHIFT EXPERIMENT

Due to page constraints in the main paper, we present an additional experiment here. In this setting, samples
are drawn from p = N(0, Igp) and v = N (m, Igp), where m = (0.6,0.6,0,...,0) € R is a 60-dimensional vector
whose first two entries are equal to 0.6.

Following the experimental setup from Section we compare the sliced Wasserstein (SW) tests with the
Projected Wasserstein (PW) test (Wang et all |2021) and the MMD test (Gretton et al., |2012)) using linear,
Gaussian and Laplace kernels. As observed, the MMD test with a linear kernel shows a significant improvement
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in this setting. This improvement can be explained by the fact that for the linear kernel k(z,y) = x 'y, the
MMD test reduces to a mean-difference test, making it particularly well-suited for detecting to mean shifts.

It is also observed that, in this scenario, the SW-based tests exhibit lower performance compared to the three
MMD-based tests. Nevertheless, the statistical power of SW tests can be considerably improved by increasing
the number of projections. This observation motivates the extended investigation presented in Section [6.3

1.0 ——
0.8
SW (L=0.5n)
=
o 0.6 —e— SW (L=n)
g —o— SW (L=2n)
A~ 04 MMD Linear
—#— MMD Gaussian
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0.0
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Sample size n=m

Figure 6: Power vs. number of samples: Gaussian mean shift scenario
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