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Abstract

In two-player zero-sum games, the learning dy-
namic based on optimistic Hedge achieves one
of the best-known regret upper bounds among
strongly-uncoupled learning dynamics. With
an appropriately chosen learning rate, the so-
cial and individual regrets can be bounded by
O(log(mn)) in terms of the numbers of actions
m and n of the two players. This study inves-
tigates the optimality of the dependence on m
and n in the regret of optimistic Hedge. To this
end, we begin by refining existing regret anal-
ysis and show that, in the strongly-uncoupled
setting where the opponent’s number of actions
is known, both the social and individual regret
bounds can be improved to O(y/log mIogn). In
this analysis, we express the regret upper bound
as an optimization problem with respect to the
learning rates and the coefficients of certain neg-
ative terms, enabling refined analysis of the lead-
ing constants. We then show that the existing
social regret bound as well as these new social
and individual regret upper bounds cannot be fur-
ther improved for optimistic Hedge by provid-
ing algorithm-dependent individual regret lower
bounds. Importantly, these social regret up-
per and lower bounds match exactly including
the constant factor in the leading term. Finally,
building on these results, we improve the last-
iterate convergence rate and the dynamic regret
of a learning dynamic based on optimistic Hedge,
and complement these bounds with algorithm-
dependent dynamic regret lower bounds that
match the improved bounds.
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1 INTRODUCTION

Learning in games is a central problem in both game the-
ory and machine learning, and it is well known that players
can learn an equilibrium by employing online learning al-
gorithms (Freund and Schapire, 1999; Hart and Mas-Colell,
2000; Cesa-Bianchi and Lugosi, 2006). Such equilibrium
learning has led to the development of Al systems that sur-
pass human performance (Bowling et al., 2015; Moravcik
etal., 2017; Perolat et al., 2022; FAIR et al., 2022). Further-
more, its effectiveness has also been demonstrated recently
for the alignment of large language models (LLMs) (Munos
et al., 2024; Swamy et al., 2024).

The advantage of equilibrium learning based on online
learning is that it can be realized through uncoupled learn-
ing dynamics (Hart and Mas-Colell, 2003). In particu-
lar, in two-player zero-sum games, it can be achieved by
strongly-uncoupled learning dynamics (Daskalakis et al.,
2011), namely dynamics in which each player learns solely
from the rewards they have observed in the past, without
knowing the opponent’s strategies, observations, or even
the number of actions. Such dynamics, which attain an ap-
proximate equilibrium as a consequence of maximizing cu-
mulative reward based only on their own observations, are
consistent with realistic behavioral models (Hart and Mas-
Colell, 2003), and many recent learning dynamics based on
online learning exhibit this property (e.g., Syrgkanis et al.,
2015; Anagnostides et al., 2022b).

The most representative online learning algorithm used
by each player in learning in games is Hedge (Littlestone
and Warmuth, 1994; Freund and Schapire, 1997), also
known as multiplicative weights update (MWU) or expo-
nential weights. The Hedge algorithm selects actions us-
ing weights exponentially scaled by past cumulative re-
wards, and guarantees a worst-case (external) regret of
O(v/Tlogm), where T is the number of rounds and m is
the number of actions.

In learning in games, this worst-case regret upper bound
can be significantly improved if each player employs spe-
cific online learning algorithms. In particular, in two-player
zero-sum games, one of the most powerful algorithms is
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Table 1: Regret upper and lower bounds of learning dynamics based on optimistic Hedge in two-player zero-sum games.
The lower bounds are algorithm-dependent and correspond to the learning rates used in the upper bounds. We write M =
logm and N = log n. The individual regret upper bounds are for the case where the focus is solely on minimizing the regret
of the z-player. The upper bounds when minimizing the maximum of the individual regrets are provided in Theorems 9
and 10. The learning rates corresponding to each regret bound are summarized in Table 2 in Appendix G.

Upper bound

Lower bound

> Strongly-uncoupled learning dynamics
2(M + N)+ 1 (Rakhlin and Sridharan, 2013)

Social regret
Individual regret

Dynamic regret ~ (2(M + N) + 1)logT (Cai et al., 2025)

M + N +1/2 (Rakhlin and Sridharan, 2013), Eq. (7)

2(M + N) — o(1) (This work, Theorem 11)
M — o(1) (This work, Theorem 11)
M log(T + 1) — o(1) (This work, Theorem 15)

> Cardinality-aware strongly-uncoupled learning dynamics

Social regret
Individual regret
Dynamic regret

2/M(N + 1/2) (This work, Eq. (6))

2/M(N +1/2) +2/N(M + 1/2) (This work, Theorem 5)

2(v/M(N +1/2) +/N(M +1/2))log T (This work, Theorem 14)

~ 4y MN — o(1) (This work, Theorem 11)
~ MN —o(1) (This work, Theorem 11)
~+/MNlogT — o(1) (This work, Theorem 15)

optimistic Hedge (Rakhlin and Sridharan, 2013; Syrgkanis
etal., 2015), which selects actions according to weights that
are exponentially scaled by the cumulative past rewards plus
an additional copy of the most recently observed reward.
When the learning rates of optimistic Hedge are set to an
absolute constant, the social regret, i.e., the sum of the re-
grets of all players, can be bounded by O(log(mn)), where
m and n denote the numbers of actions of the x- and y-
players, respectively. This implies convergence to a Nash
equilibrium at the rate of O(log(mn)/T'), which is optimal
up to the log(mn) factor (Daskalakis et al., 2011).

While standard no-regret online learning algorithms such
as optimistic Hedge typically guarantee only average-iterate
(time-averaged) convergence, very recent work shows that
a learning dynamic that outputs the time-averaged strategy
of optimistic Hedge can also guarantee anytime last-iterate
convergence (Cai et al., 2025). Specifically, this approach
achieves O(log(mn)/t) last-iterate convergence at every
round ¢, which implies that each player’s dynamic regret
is bounded by O(log(mn)logT).

As we have seen, optimistic Hedge is one of the best al-
gorithms for learning dynamics in two-player zero-sum
games. However, even with this learning dynamic, there re-
mains a gap of an O(log(mn)) factor compared with the ex-
isting lower bound on the convergence rate. This raises the
fundamental question: what are the optimal upper bounds
for the social and individual regrets when using uncoupled
learning dynamics? Despite its fundamental nature, this
question has not yet been investigated. Additional related
work is provided in Appendix A.

Contributions of this paper As a first step toward ad-
dressing this open question, this study investigates the fol-
lowing question: in learning two-player zero-sum games,
how optimal are optimistic-Hedge-based learning dynam-
ics and their analysis in terms of dependence on the num-
bers of actions m and n and on the leading constants? To
answer this question, we make the following contributions.

First, in Section 3, we refine the regret analysis of optimistic
Hedge so that we can compare it precisely with the lower
bounds we derive. The existing upper bounds are somewhat
ad hoc: the analysis pays little attention to the magnitude
of the leading constants, and although exploiting a certain
negative term that appears in the upper bound of optimistic
Hedge is crucial, it has not been treated with sufficient care.
We therefore conduct a careful analysis to investigate how
much we can improve the leading constants of the regret
bounds and their dependence on m and n.

In the analysis of optimistic Hedge, it is important not only
to tune the learning rate but also to leverage the negative
term. We observe that this negative term plays two dis-
tinct roles, and introduce a new parameter that captures the
tradeoff between them. We then formulate the regret up-
per bound as an optimization problem, which can be trans-
formed into a convex optimization problem via a change of
variables. This formulation elucidates the tradeoft between
the z- and y-players’ individual regrets, which allows us to
make a precise comparison with the individual regret lower
bound derived next.

Using this optimization perspective, we show that, in
strongly-uncoupled learning dynamics where each player is
additionally allowed to know the opponent’s number of ac-
tions, one can achieve social and individual regret bounds
of O(v/logmlogn). This improvement is particularly ef-
fective in games where logm and logn are highly im-
balanced. In particular, this occurs when the number of
actions of a player is exponentially large: for example,
network interdiction, where the set of source—sink paths
is exponential (Washburn and Wood, 1995); extensive-
form games whose normal-form strategy space is exponen-
tial (Koller et al., 1996); zero-sum games with submodular
structure (Wilder, 2018); maximum flow (Rakhlin and Srid-
haran, 2013); and asymmetric combinatorial-continuous
zero-sum games (Li et al., 2025). Through numerical
experiments, we confirm that being cardinality-aware in-
deed leads to empirical improvements in both the social
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regret and the maximum of the individual regrets. The
detailed experimental setup and results are mainly pro-
vided in Appendix G. The source code for reproducing fig-
ures is available at https://github.com/tsuchhiii/
games-lower-bounds.

Next, in Section 4, to investigate the optimality of the re-
fined regret upper bounds, we derive regret lower bounds for
the learning dynamic based on optimistic Hedge. We show
that when each player uses optimistic Hedge with learning
rates n,m" > 0, their individual regrets are lower bounded
by log(m)/n — o(1) and log(n)/n’ — o(1), respectively,
where o(1) denotes a term that vanishes as ' — oo. These
regret lower bounds imply that the social regret of optimistic
Hedge matches the existing best social regret bounds in-
cluding the leading constants. For the individual regret, the
upper and lower bounds match in many cases up to constant
factors. To our knowledge, our work is the first to derive re-
gret lower bounds for optimistic Hedge and to investigate
their dependence on the numbers of actions m and n.

As the third contribution, in Section 5, we extend the above
refinement and analysis of the (external) regret upper and
lower bounds to dynamic regret. First, we present an im-
proved result on the last-iterate convergence rate (and the
corresponding dynamic regret bound) for learning dynam-
ics based on optimistic Hedge that enjoy the last-iterate
convergence property. We then provide an improvement
of the dynamic regret itself, together with an algorithm-
dependent dynamic regret lower bound that matches these
results. From these derived lower bounds, we can see that
the approach of Cai et al. (2025) cannot be further improved
with respect to m, n, and T'. These contributions are sum-
marized in Table 1.

It is worth noting that Anagnostides et al. (2024) prove
conditional, dimension-dependent lower bounds for Hedge
and optimistic Hedge in multiplayer general-sum games
under the Exponential Time Hypothesis for PPAD. By
contrast, we prove a direct, unconditional, information-
theoretic lower bound for optimistic Hedge. Our proof is
based on an explicit game instance and a closed-form anal-
ysis of the dynamics, rather than via an indirect complexity-
theoretic reduction. In this sense, our lower bound may be
viewed as a concrete partial realization of a direction sug-
gested in their paper. A more detailed comparison is given
in Appendix A.

2 PRELIMINARIES

This section provides some preliminaries. For n € N, we
denote [n] = {1,...,n}. We use 0 and 1 to denote the all-
zero and all-one vectors, respectively. For a vector x, we
write () for its i-th coordinate, and ||z||,, for its £,-norm,
where p € [1, o0].

2.1 Learning in Two-Player Zero-Sum Games

Setup Learning in a two-player zero-sum game is charac-
terized by a payoff matrix A € [—1,1]™*"™, where m and
n denote the number of actions of the x- and y-players, re-
spectively. The procedure of this game is as follows: at each
roundt = 1,...,T, the z-player selects a strategy x; € A,,
and the y-player selects y; € A,,. Then, the z-player ob-
serves an expected gain vector g; = Ay, and the y-player
observes an expected loss vector £, = AT x;. Finally, the
x-player gains a payoff of (z;, g;) and the y-player incurs a
loss of (yt, 41).

The goal of each player is to minimize the (external) re-
gret given by Reg} = max,-ca,, Regh(z*) and Reg}, =
max,«ca, Regh(y*) for Regp(z*) = Z?:l(x* -
T, Ayr) = 31 (¢ —a1, gr) and Reg (y*) = 32, (ye—
y* ATa) = 7 (yr — y*, £4). Note that, in the external
regret, one compares against the strategy that maximizes the
cumulative gain or the strategy that minimizes the cumula-
tive loss. The social regret is defined as the sum of the re-
grets of both players, that is, SocialReg;, = RegT + Regh..
In addition, in this paper, we also consider the following
notion of dynamic regret, which comgares against the best
strategy at each round: DReg7 = >, maxgzen,, (2} —

w¢, i) and DRegh. = 3, maxyzea, (ye — ui, br) -

No-regret learning and Nash equilibrium We say that
a pair of probability distributions (z*, y*) over action sets
[m] and [n] is an e-approximate Nash equilibrium fore > 0
if for any distributions x € A,, and y € A, (z, Ay*) —
e < (z*, Ay*) < (z*, Ay) + €. The pair (z*,y*) is a Nash
equilibrium if it is a 0-approximate Nash equilibrium.

It is well known that an approximate Nash equilibrium is
obtained as a consequence of no-regret learning dynamics:

Theorem 1 (Freund and Schapire, 1999). Let the sequences
of strategies (v¢)L, and (y;)L_, be generated by on-
line learning algorithms with regrets Reg7. and Reg?., re-
spectively. Then, the product distribution of the average
strategies (- Zthl Ty, Zthl y¢) is a (SocialRegy/T')-
approximate Nash equilibrium.

Uncoupled learning dynamics In learning in games,
each player often employs some form of decentralized al-
gorithm. The most representative form of this is uncoupled
learning dynamics (Hart and Mas-Colell, 2003): a learn-
ing dynamic is said to be uncoupled if each player’s strat-
egy does not depend on the other players’ utility functions
(i.e., gain or loss functions). However, in two-player zero-
sum games, the z-player’s utility (x, Ay) and the y-player’s
utility —(z, Ay) differ only in sign, so this condition does
not impose any restriction.
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Algorithm 1 Optimistic Hedge for the z-player
I: fort=1,2,...,T do
2 Choose a strategy x: € A, by the optimistic Hedge
algorithm in (1) or (2).
3: Observe a gain vector gy

= Ayt S [—1, 1]m

Daskalakis et al. (2011) introduce the notion of strongly-
uncoupled dynamics: a learning dynamic is said to be
strongly-uncoupled if, at each round t the x-player deter-
mines its strategy using only (Ays)s 1. while the y-player
determines its strategy using only (ATxé)izll. Note that
under strongly-uncoupled learning dynamics, each player
has no access to the opponent’s strategies or even to the

number of actions available to the opponent.

In this study, we also consider the following intermedi-
ate learning dynamics. A learning dynamic is said to be
cardinality-aware strongly-uncoupled if, in addition to the
information available under strongly-uncoupled dynamics,
each player is informed of the number of actions of the op-
ponent. Note that this definition naturally extends to mul-
tiplayer general-sum games. As we will discuss in Sec-
tion 3, allowing each player to know the opponent’s number
of actions allows us to improve social and individual regret
bounds.

2.2 Optimistic Hedge

In the optimistic Hedge algorithm, the strategies of the z-
and y-players are determined as follows:

;v ocexp( (ng )+ ge-1( ))) = wy(i),
yt(i)ocexp< (Zf )+ b ( ))) = v,(i),

where 1,7’ > 0 are learning rates of each player, and we
set w; = v; = 1 and let g9 = ¢y = 0 for simplicity. Note
that x1 = %1 andy; = %1. For ¢t > 2, the update rule can
be equivalently written as

ey

2(i) o wy—1 (1) exp(n(2g-1 (1) — go—a(0))).
ye() o vt (1) exp(—n (261 (1) — £r—o(3))

The algorithm for the z-player is summarized in Algo-
rithm 1, and the algorithm for the y-player can be described
analogously.

@)

In Section 5, we provide a theoretical analysis of a learning
dynamic based on optimistic Hedge that achieves O(1/t)
last-iterate convergence and, as a consequence, an O(log T')
dynamic regret upper bound, slightly improving the bounds
in Cai et al. (2025). Further details of this learning dynamic
are given in Section 5.

3 REGRET UPPER BOUNDS

This section provides a refined regret analysis of optimistic
Hedge to enable a precise comparison with the regret lower
bounds derived in the next section.

3.1 Common Analysis

We first prepare the following lemma, which generalizes the
standard upper bound of optimistic Hedge.

Lemma 2. Suppose that the x- and y-players use optimistic
Hedge (Algorithm 1) with learning rates n and 7/, respec-
tively. Then, for any c,c’ > 0,

T
logm n
Regt < o +%Z”gt_gt71“go_

1—ce 9

TZH%—%AHM
=

2 7 Z”yt_yt*l”l’
T =

The proof is provided in Appendix B. Here, the parameters
c and ¢ arise from an appropriate decomposition of neg-
ative terms that appear in the regret analysis. Intuitively,
the larger these parameters are (within the range up to 1),
the smaller the corresponding player’s individual regret be-
comes.

Reg}. <

logn 17
o ZH@—«@ 12—

Forn,n’ > 0 and ¢, ¢’ > 0, define

Qn,n'ye, ) = wn, e) +w'(n', )
logn n ()

log m Ui AN
77 +2c>w(77ac)_ 77/ 26/'

w(n, c) =

Then, by Lemma 2, we can derive the following upper
bounds on the social regret and the individual regrets.

Theorem 3. Under the assumptions of Lemma 2, for any
¢, d > 0 satisfying nm’ < min{c'(1 —¢),c(1 — )},

SOCialRegT < Q(Ua 77/7 & Cl) )
R
Regt < w(n, ¢)+ 1= n, 7', ¢,¢)

2 2c
n’

Regf < w'(n, )+ =2 Qn. 7', c.¢)
2n 2c!

= f(n? ?7/7 C? C/) )

=g(n,n,c,c).

For simplicity, we define f(n,n,c,c') = oo when nrf =
c(1=d), and g(n,n',c,c') = co when n’ = /(1 — ¢).

Theorem 3 is similar to the standard analysis of optimistic
Hedge (Rakhlin and Sridharan, 2013; Syrgkanis et al.,
2015). Here, we provide only a proof sketch, while the com-
plete proof is deferred to Appendix B.

Proof sketch of Theorem 3. We first note that when nn’ <
d(1-c), (1-¢)

2c/
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./ . . .
we have 5L — 12_77 < < 0. Hence, summing the two inequali-

ties in Lemma 2 and using the inequalities ||g; — g1 —1]|co <

lye = ye—1llr and |6, — £—1][oc < [l2¢ — @¢—1]]1, we have
. / _ T
SocialReg < Q(n,7',¢,c') + (% - 12710) YoiollTe —

—c T
xmll%(% — 53 ) Yiollye=ye—1llf < Qn.n'se, ),
where the last inequality follows from the assumption that
nn’ < min{c/ (1 — ¢),¢(1 — ¢’)}. Combining the last up-
per bound on SocialReg with the fact that SocialRegy > 0
. T .
gives Zt:QHyt —Yt-1 H% < 1—c’1 E Q(nﬂ 77/’ ) Cl)' Asin

’ 2c

2n
Theorem 3, we define the right-hand side to be co when-

ever I=¢ — 1L — Finally, combining Lemma 2 with

2n’ 2c
llg: — gi—1lloo < ||yt — y1—1]|1 and the last two inequali-
ties, we obtain the desired upper bound on Reg?.. The upper

bound on Reg’. can be proven in a similar manner. O

By Theorem 3, the optimal learning rates 1,7’ > 0 for the
social and individual regrets under this analysis can be de-
termined by solving optimization problems over the follow-
ing feasible region A of the functions €2, f, and g:

A={(n,n',c,d) € Ry’ <min{c'(1 —¢),c(1 —)}}

For example, within this framework, the optimization prob-
lem that determines the optimal parameters (7,7, ¢, ¢’) for
the social regret is given by min, /. .yea Q(n, 7', ¢, ).
For notational convenience, we sometimes denote an ele-
ment of A by A = (1,7, ¢,¢’) and write M = logm and
N =logn.

3.2 Social Regret Bounds

The learning rates 7, that minimize the social regret and
those that minimize the individual regrets are not necessar-
ily the same. We first focus on the social regret.

Lemma 4. Let M' = M + 1/2, N\ = N 4 1/2,
and D = ~MN + VvM'N’. Then, it holds that
minyep Q(n, 7', ¢, ') = 2/ MN' + 28/M’'N. The min-
imum is achieved by X in the boundary of A such that

lA / / /
o VT /A

G

The proof can be found in Appendix B. Combining Theo-
rem 3 with Lemma 4 yields the following bound:

Theorem 5. Suppose that the x- and y-players use opti-
mistic Hedge (Algorithm 1) with learning rates n and n’
in (4). Then, SocialReg; < 24/logm (logn + 1/2) +

2y/logn (logm + 1/2).

An important remark is that this optimization problem fo-
cuses solely on the social regret, and with this adjustment
it is not possible to upper bound the individual regrets.
This is consistent with the fact that the optimal solution
of Lemma 4 lies on ' = min{c'(1 —¢),c(1 —¢')}, in
which case f = g = oc.

In the setting where each player does not know the oppo-
nent’s number of actions, that is, under strongly-uncoupled
learning dynamics, the analysis based on Theorem 3 shows
that the following social regret cannot be further improved.
A rigorous argument is deferred to Appendix B.

Theorem 6. Suppose that the x- and y-players use opti-
mistic Hedge (Algorithm 1) with learning rates 1 = 1’ =
1/2. Then, SocialReg, < 2log(mn) + 1.

Note that Theorem 6 is not a new result although no
prior literature has explicitly stated this upper bound with
the leading constants, and our cardinality-aware upper
bound in Theorem 5 is strictly better than the one in
Theorem 6. In fact, by the AM-GM inequality, we
have 21/log m (logn + 1/2) 4+ 24/logn (log m + 1/2) <
2log(mn) + 1. As suggested by the nature of the
AM-GM inequality, this implies that the advantage
of being cardinality-aware becomes more significant as
max{logm/logn,logn/logm} increases, which is par-
ticularly illustrated in the examples mentioned in Section 1.

Related to prior work, an asymmetric learning-rate tun-
ing akin to our cardinality-aware refinement already ap-
pears in the maximum-flow analysis of Rakhlin and Srid-
haran (2013). Our contribution here is to isolate this phe-
nomenon in two-player zero-sum matrix games, derive ex-
plicit social- and individual-regret bounds for optimistic
Hedge, and complement them with algorithm-dependent
lower bounds and dynamic-regret guarantees (as we will
see in the following sections). Appendix F discusses how
part of the upper-bound argument extends to Holder-smooth
convex—concave games.

3.3 Individual Regret Bounds

Next, we turn to individual regret. Although Reg} <
minyep f(A) and Reg? < minyea g(A) hold, the learn-
ing rates attaining the minima on the right-hand sides need
not coincide. Thus, we need a criterion for choosing .

A natural approach is to minimize max{Reg7, Reg’.} by
solving miny e max{f(A), g(A)}. On the other hand, one
may also ask how much one player’s regret can be reduced at
the expense of the other’s, which will be useful when com-
paring with the lower bounds derived later. To unify these
viewpoints, we consider minimizing a weighted sum of f
and g: for v € [0, 1],

(A =7 f)+ (1 =) g(N). ©)

The problem of minimizing .J., over A is nonconvex, and un-
like the case of social regret, it does not admit a closed-form
solution. However, after an appropriate change of variables,
it can be reformulated as a convex optimization problem;
see Appendix B.4.4 for details.

Proposition 7. For any v € [0, 1], the minimization prob-
lem minyep J () can be transformed into a convex opti-
mization problem by an appropriate change of variables.
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The optimal values of f and g for each -y, obtained by solv-
ing the resulting convex optimization problem, are shown
in Figure 1. This figure illustrates the tradeoff between the
individual regrets of the x- and y-players.

Extreme cases Here we discuss only the upper bound in
the extreme case of this tradeoff. If we optimize solely for
f, that is, if we choose 71,7/, ¢, ¢’ to minimize only the z-
player’s regret, then the parameters approach ¢ — 1, ¢/ —
0,7 = +/M/(N+1/2), and ' — 0. In this case, the
regret of the x-player is bounded by

Regt < f(\) — %+g+nN: 2\/M(N 1 1/2). (6)

As we will see in Section 4, this exhibits exactly a factor of
two gap compared with the corresponding lower bound.

In the case without cardinality-awareness, replacing the
above n with nn = 1 yields
M 1
Regl < f(\) — ?+g+nN:M+N+§. 7
As we will see in Section 4, this corresponds to an additive

logn factor gap compared with the corresponding lower
bound.

These parameter settings correspond to the following learn-
ing dynamic: the x-player runs optimistic Hedge with a
learning rate of either n = /M/(N +1/2) orn = 1,
while the y-player runs optimistic Hedge with a learning
rate of zero (equivalent to playing the uniform strategy at
every round). Although Theorem 3 cannot be applied di-
rectly to analyze the algorithm in this limiting case, the
upper bounds in (6) and (7) can be obtained directly from
Lemma 2 (the proof can be found in Appendix B).

Bounding max of regrets It is also important to upper
bound the maximum of the two players’ individual regrets.
As discussed above, a closed-form expression is not avail-
able in general. Here, we derive an upper bound on the op-
timal solution for the case v = 1/2, thereby controlling
the maximum individual regret. By applying an appropri-
ate change of variables (see Appendix B), we can prove the
following bounds.

Lemma8. Let M' = M +1/2, N'=N+1/2, and D =
VM'N' + VVMN. Then, minyep max{f(\),g(A\)} <
2minyep J1/2(A) < (20/3)(VMN' 4 vV M'N), where
Jis2(n,1', ¢, ") < (RHS) holds when

VMM, NN
oD T Tap -

n= (®

The learning-rate behavior under action-set cardinality
asymmetry is shown in Appendix B.5, where we numeri-
cally examine how the optimal learning rates vary as the
ratio between the action-set cardinalities changes.

Combining Theorem 3 with Lemma 8 immediately yields
the following result.

Theorem 9. Suppose that the xz- and y-players
use optimistic Hedge (Algorithm 1) with learning
rates 1 and 7' in (8). Then, max{Reg},Reg}} <
(20/3)(y/log m{log n + 1/2) + \/log n(log m + 1/2)).

In the above analysis, an unnecessary gap arises in
the first inequality of Lemma 8. By directly bound-
ing max{f()\),g(\)} instead of bounding the minimizer
of Jy /3, one can obtain some improvement.

As in the case of social regret, under strongly-uncoupled
learning dynamics, the analysis based on Theorem 3 cannot
achieve a bound better than the following individual regret.
A rigorous argument is provided in Appendix B.

Theorem 10. Suppose that the x- and y-players use opti-
mistic Hedge (Algorithm 1) with learning rates 1 = n' =
1/(2v/3) (and ¢ = ¢ = 1/2). Then, max{Reg?., Regh.} <
3v/3log(mn) +1/+/3.

Note that in the cardinality-unaware case, for both the anal-
ysis of social regret in Theorem 6 and the analysis of
the maximum of the individual regrets in Theorem 10,
the corresponding optimization problems miny () and
miny max{f(A),g(A)} admit closed-form optimal solu-
tions. This implies that, in the cardinality-unaware set-
ting, the leading constants of the upper bounds obtained
in Theorems 6 and 10 cannot be further improved as long
as one relies on the commonly used regret analysis ap-
proach (Rakhlin and Sridharan, 2013; Syrgkanis et al.,
2015; Anagnostides et al., 2022a,b).

4 REGRET LOWER BOUNDS

This section investigates individual regret lower bounds
when each player uses optimistic Hedge in learning in two-
player zero-sum games. Our main result is as follows.

Theorem 11. Suppose that m,n > 2 and that the x- and
y-players use the optimistic Hedge algorithm (Algorithm 1)
with learning rates n,m’ > 0. Then, there exists an instance
of learning in two-player zero-sum games such that the re-
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gret of each player is lower bounded as

logm  log((m —1)(T'+1)) +1
U (T +1)
i > log((m;i)§T+ 1)) ’
Reg? >
%(logm —n—(m-— 1)6_”(T+1))
i e (O, log((m;i)§T+ 1))] ,
logn log((n —1)(T+1)) +1
i n'(T+1)
oy 2 = DT D),
Regy >
' %(logn —n' = (n— 1)6_"/(T+1)>
i e <07 10@:((”;1)(1T+ 1))] '

To the best of our knowledge, this work is the first to derive
regret lower bounds for optimistic Hedge and to investigate
their dependence on the numbers of actions m and n. Note
that the social regret lower bound can be obtained directly
from the individual regret lower bounds.

We compare the regret upper bounds in Section 3 with
the lower bounds in Theorem 11. We begin with the case
of cardinality-aware strongly-uncoupled learning dynamics
(summarized in the lower half of Table 1). For simplicity,
we focus only on the leading terms. In this case, the so-
cial regret upper bound is 4v/logmlogn for n,n" in (4),
which matches the lower bound 4+/Tog m log n — o(1) from
Theorem 11, including the leading constant. On the other
hand, for the individual regret upper bound, even if we focus
solely on that of the z-player, with 7, ' chosen as in (6), the
individual regret asymptotically becomes 2+/logm logn.
This exhibits exactly a factor-of-two gap compared with
the lower bound v/log m Iogn — o(1) obtained from Theo-
rem 11.

Next, we consider the case of strongly-uncoupled learning
dynamics (summarized in the upper half of Table 1). In this
setting, the social regret upper bound is 2 log(mn) for n =
n’ = 1/2, which matches the lower bound 2 log(mn)—o(1)
from Theorem 11, including the leading constant. On the
other hand, for the individual regret upper bound, even with
n,n’ chosen as in (7), it can only be improved asymptoti-
cally to log(mn). This leaves an additive gap of log n com-
pared with logm — o(1) from Theorem 11. Closing the
gaps between the upper and lower bounds for individual re-
gret remains an important direction for future work.

Note that while we focus on the case of optimistic Hedge,
which is equivalent to optimistic follow-the-regularized-
leader (OFTRL) with the negative Shannon entropy, a sim-
ilar argument to that in the proof of Theorem 11 can be

carried out for OFTRL with other regularizers. For ex-
ample, using the same instance as in Theorem 11, we can
show that the regret of OFTRL with the log-barrier regu-
larizer is roughly lower bounded by Q(m log T'/n) and that
the regret of OFTRL with the negative a-Tsallis entropy by
Q(m'=2/((1 — a)n)). See Theorems 19 and 20 in Ap-
pendix E for details.

Finally, it is worth noting that Anagnostides et al. (2024)
prove conditional lower bounds for Hedge and optimistic
Hedge in multiplayer general-sum games under a standard
complexity-theoretic assumption. By contrast, Theorem 11
gives a direct, unconditional lower bound for optimistic
Hedge in two-player zero-sum games. Thus the two results
are complementary rather than directly comparable.

4.1 Proof of Theorem 11

Here we provide the proof of Theorem 11. The key idea is
to build a game in which action 1 keeps the same gap against
every other action, regardless of the opponent’s mixed strat-
egy. Concretely, for every ¢ # 1 and j # 1, we con-
struct a matrix satisfying A(1,:) — A(i,:) = A,1T and
A(:,7) — A(;,1) = Ayl (see Eq. (9)). Hence, at every
round, ¢¢(1) — ¢:(4) = Ay and £;(j) — £:(1) = A,. The
optimistic correction therefore preserves exactly the same
gaps, so the weight ratios evolve as wy (i) /w; (1) = e~ 12!
and vy (5) /v (1) = e~ Avt_ Thus both players move toward
the unique equilibrium (e, e1) only at an exponential rate,
and summing the resulting per-round regrets yields lower
bounds of order (logm)/n and (logn)/7n’.

In what follows, we will formally prove Theorem 11. We
use the following inequality to prove the theorem:

Lemma 12. For any z > 0 and a > 0,

z

1
> - +2) — +ze7 )] .
12223 [log(l z) — log(1 + ze )]

The proof is provided in Appendix C. Now, we are ready to
prove Theorem 11.

Proof of Theorem 11. We consider a game with the follow-
ing payoff matrix A € [—1,1]™*"™:

0 if (1,7) = (1,1),

A, ) = A, ifi=1,7j#1, ©)
—A, ifi#1,j=1,
Ay, — A, otherwise

for A, A, € (0, 1]. Then, we can observe that

gt(1) —gi(i) = A, fori#1,
We first evaluate the regret of the x-player. Since action 1

is optimal for both players, the regret of the x-player can be
rewritten as
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Regh = 11 Au(l—24(1)). (10)
In what follows, we will evaluate x;(1). Fix arbitrary k €
[m] \ {1}. Then, recalling that the update rule of the opti-
mistic Hedge algorithm can be written as (2), for any ¢t > 3,

we have
wy (k)
wy(1)

—(gt-2(k) —gr2(1)))]

Repeatedly applying the last equality and noting that gy =
0, we have

) iy )
= m exp(—nAgt) = exp(—nAzt), (1)

where we used wy (¢) = 1 for all ¢ € [m]. From (11),

1 w42 iy we(0)
(1) w(1)
which implies that for each £ > 2 it holds that
z(1) = = (m—1)exp(—nA,t).

For ¢t = 1, since z1(1) = 1/m < 1/(1 + 1), the same
lower bound still follows.

= 1+(m—1)e 1A=t

(I4+a)™, o

12)

Finally, combining (10) with (12), we can lower bound the
regret of the z-player as

(1_

1
].+O[t

T
Reg7 > ZA”C
t=1

T
o)-vk
t=

11+C¥t

) —log(1 + ay1))

HM’%

(Lemma 12 with z = a4 and a = nA,)

1
E(bg(l + on) —log(1 + arq))

> l(logm —nlA; — (m—l)e_"Am(T'H)) , (13)
n

where in the last inequality we used log(1 + o) = log(1+
(m — 1) exp(—nA;)) > log(mexp(—nA;)) and log(1 +
z) < zfor z > 0. Since the function h: (0,1] — R
given by h(A) = nA + (m — 1)exp(—mA(T + 1)) is

e * . log((m—1)(T+1 .
minimized when A} = minq 1, g((n(T_z(l)Jr ))} and its
optimal value h(A%) is

log((m —1)(T'+ 1))+ 1 > log((m — 1)(T + 1))

+ = T+1

n+ (m—1)e 1T+ otherwise ,

Algorithm 2 Algorithm based on optimistic Hedge for the
x-player with O(log T') dynamic regret

I: fort=1,2,...,T do

2 Compute a strategy 7y € A,, by the optimistic
Hedge algorithm in (14).

3: Choose the time-averaged strategy x; in (15).

4: Observe a gain vector g; = Ay € [—1,1]™, where
Y is given by (15).
5: Recover g; € [—1,1]™ by (16).

choosing A, = A} in (13) gives the desired lower bound
for the z-player. Applying the same calculation on the same
payoff matrix, we can obtain the desired regret lower bound
for the y-player. O

S DYNAMIC REGRET BOUNDS

This section provides upper and lower bounds on dynamic
regret, which are closely related to last-iterate convergence.

5.1 Dynamic Regret Upper Bounds

We describe a learning dynamic that guarantees O(1/T)
last-iterate convergence by outputting the average of the op-
timistic Hedge iterates (Cai et al., 2025), which im/Plies that
each player’s dynamic regret can be bounded by O(logT').
In this learning dynamic, each player first uses optimistic
Hedge to compute ; € A,,, and 5; € A,, as follows:

Ty (i O<€XP< <de i)+ ge—1( >> : Gr=Ayr,
(14)
Z/J\t( O(GXp( <Z€ +€t 1 >> s E:ATEt,

Then, each player adopts the average of these past outputs
as their strategies:

s)

Their key observation is that, using the gradients defined by
the actual average strategies x¢, 34, namely g = Ay; and
¢, = ATz, one can reconstruct the gradients §; = A7,
and E = ATZ; (ie., the gradients that would have been
obtained if optimistic Hedge outputs Z;, 7; had been used
directly as the strategies) as follows:

t—1 t—1
Gi=t-gi—Y G, bL=t-Li=> L.
s=1 s=1

In fact, the quantities g; and Zt can be computed from the
information available up to time ¢ — 1 together with the

(16)

gradients of the average strategies g; = Ay; and ¢; =

ATz, By induction and usmg (14) and (15), we obtain
t—1 ~ t—1 ~

t'gt_zs 19s = t- A( Zs 1y9) _Zs 19s = gta
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which verifies the equality in (16). The algorithm for the
x-player is summarized in Algorithm 2.

From the above observation, Theorem 1, and Theorem 6, we
can see that this dynamic achieves the following last-iterate
convergence and dynamic regret bound:

Theorem 13 (Cai et al., 2025, Theorem 3). Let (x;); and
(yi)¢ be sequences of strategies generated by Algorithm 2
withn = n' = 1/2. Then for any t > 1, the product dis-
tribution (z¢,y:) is an ((2log(mn) + 1)/t)-approximate
Nash equilibrium. Consequently, the dynamic regret of
each player is upper bounded as max{DReg7,, DReg¥.} <
(2log(mn) 4+ 1)(logT + 1).

Under cardinality-aware strongly-uncoupled learning dy-
namics, the bounds of Theorem 13 can be improved as fol-
lows by using the social regret bound in Theorem 5:

Theorem 14. Let (x;); and (y;): be sequences
of strategies generated by Algorithm 2 with n,1n
in (4). Then for any t > 1, the product distri-
bution (z,y;) is an ((2y/logm (logn +1/2) +
2/logn (logm + 1/2))/t)-approximate ~ Nash  equi-
librium. Consequently, the dynamic regrets are bounded
as max{DReg?, DReg¥} < 2(y/logm (logn +1/2) +
Vlogn (logm +1/2))(log T + 1).

Note that, by the AM—GM inequality, the convergence rate
in Theorem 14 is better than that in Theorem 13.

5.2 Dynamic Regret Lower Bounds

Here we provide dynamic regret lower bounds for the learn-
ing dynamic based on optimistic Hedge in Algorithm 2.

Theorem 15. Suppose that m,n > 2 and that the x- and
y-players use Algorithm 2 with learning rates n,n' > 0.
Let K(T) = |VT + 1] + 1. Then, there exists an instance
of learning in two-player zero-sum games such that the dy-
namic regret of each player is lower bounded as

log(T + 1) (logm log((m —Dk(T)) +1
27 k(T)
o D),
DRegr = log(T + 1) o —ae(T)
o (logm n—(m—1)e )
. log((m — 1)x(T))
e (o),
log(T' + 1) logm — log((n — V)x(T)) + 1)
2 Y w(T)
i > 10g((nK—(T1))H(T)) 7
PRELZ ) log(1 4 ) , i
T’,(logn—n —(n—1)e ))
o log((n — 1) 5(T))
A G|

)

The proof is provided in Appendix D. A comparison with
the dynamic regret upper bounds is summarized in Table 1.
These results show that, for the learning dynamics presented
above, the bounds are nearly optimal with respect to the
numbers of actions m, n, and the number of rounds 7". In
the analysis of the dynamic regret lower bound, it is neces-
sary to extract not only the logarithmic factor in the number
of actions but also an additional log T factor, which worsens
the constant in the lower bound by a factor of two compared
with that of the external regret lower bound in Theorem 11.

6 CONCLUSION AND FUTURE WORK

In this paper, we investigated the regret upper and lower
bounds of learning dynamics based on optimistic Hedge,
one of the most representative dynamics for learning in two-
player zero-sum games. Specifically, we first refined the re-
gret upper bounds of optimistic Hedge. We then derived
algorithm-dependent lower bounds, showing that most of
these upper bounds are in fact optimal, and that the social re-
gret is optimal even with respect to the leading constant. Fi-
nally, we extended these techniques to provide an improved
upper bound and a new lower bound for dynamic regret.

This paper opens several interesting directions for fu-
ture research.  The first is to investigate the inter-
mediate regimes between uncoupled learning dynamics
and strongly-uncoupled learning dynamics in multiplayer
general-sum games, such as cardinality-aware strongly-
uncoupled learning dynamics. We showed that allowing
players to know the opponent’s number of actions leads
to improved regret bounds. It is an interesting question
whether such improvements also extend to external regret
minimization (Anagnostides et al., 2022a) and swap regret
minimization (Anagnostides et al., 2022b) in multiplayer
general-sum games. Moreover, in our analysis of the indi-
vidual and dynamic regret, the upper and lower bounds still
exhibit a certain gap, and investigating whether this gap can
be closed remains an important direction for future work.

A more important direction for future work is to investi-
gate the dependence on the numbers of actions m and n
for general strongly-uncoupled learning dynamics in two-
player zero-sum games. A limitation of this paper is that
the derived regret lower bounds are specific to the learning
dynamics based on optimistic Hedge. One possible direc-
tion is to derive lower bounds separately for dynamics that
possess a certain form of stability and for those that do not.
For example, follow-the-leader (or fictitious play), which
is an unstable algorithm, achieves O(1) regret on the pay-
off matrix used in our lower-bound construction. However,
follow-the-leader suffers linear regret against an appropri-
ately constructed payoff matrix. Accordingly, it may be a
fruitful approach to distinguish between algorithms that ex-
hibit a certain stability property (such as Hedge) and those
that lack such stability, and to analyze them separately.
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ChecKlist

1. For all models and algorithms presented, check if you
include:

(a) A clear description of the mathematical setting,
assumptions, algorithm, and/or model. [Yes]

(b) An analysis of the properties and complexity
(time, space, sample size) of any algorithm. [Yes]

(c) (Optional) Anonymized source code, with spec-
ification of all dependencies, including external
libraries. [Yes]

The problem setting is detailed in Section 2. The com-
plexity analysis is omitted since the algorithm is the
well-known optimistic Hedge. The source code for
Figure 1 is included in the supplemental material.

2. For any theoretical claim, check if you include:

(a) Statements of the full set of assumptions of all
theoretical results. [Yes]

(b) Complete proofs of all theoretical results. [Yes]
(c) Clear explanations of any assumptions. [Yes]

The assumptions are fully provided for each proposi-
tion. The complete proofs are fully provided in Sec-
tion 3 and the appendix.

3. For all figures and tables that present empirical results,
check if you include:

(a) The code, data, and instructions needed to repro-
duce the main experimental results (either in the
supplemental material or as a URL). [Yes] The
source code for Figure 1 is included in the sup-
plemental material.

(b) All the training details (e.g., data splits, hyperpa-
rameters, how they were chosen). [Not Applica-
ble]

(c) A clear definition of the specific measure or
statistics and error bars (e.g., with respect to the
random seed after running experiments multiple
times). [Not Applicable]

(d) A description of the computing infrastructure
used. (e.g., type of GPUs, internal cluster, or
cloud provider). [Not Applicable]

4. If you are using existing assets (e.g., code, data, mod-
els) or curating/releasing new assets, check if you in-
clude:

(a) Citations of the creator If your work uses existing
assets. [Not Applicable]

(b) The license information of the assets, if applica-
ble. [Not Applicable]

(c) New assets either in the supplemental material or
as a URL, if applicable. [Not Applicable]

(d) Information about consent from data
providers/curators. [Not Applicable]

(e) Discussion of sensible content if applicable, e.g.,
personally identifiable information or offensive
content. [Not Applicable]

This study is primarily theoretical and did not use ex-
isting assets.

5. If you used crowdsourcing or conducted research with
human subjects, check if you include:

(a) The full text of instructions given to participants
and screenshots. [Not Applicable]

(b) Descriptions of potential participant risks, with
links to Institutional Review Board (IRB) ap-
provals if applicable. [Not Applicable]

(c) The estimated hourly wage paid to participants
and the total amount spent on participant com-
pensation. [Not Applicable]

This study is primarily theoretical and did not use
crowdsourcing or conduct research with human sub-
jects.
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A ADDITIONAL RELATED WORK

In this section, we discuss additional related work that could not be included in the main text. In two-player zero-sum games,
it was first pointed out by Daskalakis et al. (2011) that a fast convergence rate of O(1/T') can be achieved. Subsequently, it
was shown that both the optimistic Hedge algorithm and its generalized framework, optimistic follow-the-regularized-leader
(OFTRL), can guarantee O(1) social regret, which corresponds to an O(1/T") convergence rate (Rakhlin and Sridharan,
2013; Syrgkanis et al., 2015). Since then, achieving fast rates via optimistic prediction has become a central approach when
designing learning dynamics (e.g., Foster et al. 2016; Wei and Luo 2018; Chen and Peng 2020; Anagnostides et al. 2022b).
It is now known that such dynamics can guarantee O(1) individual regret upper bounds in two-player zero-sum games and
an O(log T') bound in multiplayer general-sum games, ignoring dependencies other than on 7'. It is worth noting that the
optimistic Hedge algorithm does not always guarantee last-iterate convergence, but it has been shown to achieve last-iterate
convergence under certain conditions (Daskalakis and Panageas, 2019; Hsieh et al., 2021; Wei et al., 2021).

While a large body of work in learning in games has focused on deriving upper bounds, lower bounds remain relatively
underexplored. Several studies, including this work, investigated algorithm-dependent lower bounds. Syrgkanis et al. (2015)
considered a setting where the x-player employs the vanilla Hedge algorithm with an arbitrary learning rate, while the y-
player plays a (pure) best response. For such a scenario, they showed that there exists an instance of learning in two-player
zero-sum games in which the z-player must suffer /7" regret. Chen and Peng (2020) demonstrated that when both the -
and y-players use the vanilla Hedge with any learning rate, there exists a two-player general-sum game in which at least one
of the players incurs v/ regret. In contrast, our work is the first to analyze regret lower bounds for optimistic Hedge, to
investigate their dependence on the numbers of actions m and n, and to study the dynamic regret lower bounds.

Algorithm-dependent lower bounds on convergence rates have also been investigated in the context of last-iterate conver-
gence. For example, Golowich et al. (2020b) provided an €2(1/+/T') lower bound on the last-iterate convergence rate for a
class of algorithms that includes the extragradient method, and Golowich et al. (2020a) established a similar lower bound
for the optimistic gradient algorithm. However, these results differ from ours not only in that they focus on the convergence
rate of the last iterates, but also in that they assume an unconstrained setting. In a related line of research, the fundamental
limits of first-order methods have also been studied (Ouyang and Xu, 2021; Yoon and Ryu, 2021). For a comprehensive
overview of the literature on last-iterate convergence in the full-information (i.e., gradient feedback) setting, we refer the
reader to Cai et al. (2025) and the references therein.

We finally compare our lower bounds with the computational lower bounds. A complementary line of work is due to
Anagnostides et al. (2024), who study computational lower bounds for no-regret learning in multiplayer general-sum games.
Under the Exponential Time Hypothesis for PPAD, they show that if each player in an n-player m-action normal-form game
follows MWU (Hedge) or OMWU (optimistic MWU), then there exists a game and an absolute constant € > 0 such that
achieving £ max;<;<, Reg] < e requires T > 2(1°82 105 m)'2=* " Bquivalently, as noted after their Corollary 3.9, if
one writes a regret guarantee in the canonical form Reg] < R(m)T"~" for some v € (0, 1), then their result implies
R(m) > 27(ogzlogs m) 2770 Thys the proven lower-bound term is dimension-dependent, while still growing strictly
slower than any fixed power of log m. They also obtain broader hardness results for no-regret learning in extensive-form
games in a more permissive, potentially centralized model. In particular, they explicitly note that analogous hardness
cannot hold in that model for two-player zero-sum games, since a Nash equilibrium can be computed and then played
forever. Our result is therefore complementary: we work in the classical uncoupled online-learning model for two-player
zero-sum matrix games and prove unconditional, information-theoretic lower bounds for optimistic Hedge by analyzing an
explicit game instance in closed form, without passing through sparse coarse correlated equilibria. Moreover, Anagnostides
et al. (2024) suggest that more elementary unconditional dimension-dependent lower bounds for MWU-type algorithms
may exist under suitable parameterizations; in this sense, Theorem 11 can be viewed as a concrete partial realization of that
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direction in the classical two-player zero-sum setting.

B OMITTED DETAILS FROM SECTION 3
This section provides deferred omitted details from Section 3.

B.1 Regret Analysis of Optimistic Hedge (Proof of Lemma 2)

Here we provide an analysis of optimistic Hedge. In this subsection, we use the standard notation of online linear op-
timization. Specifically, at each round ¢ = 1,...,7, the player selects a point w; € K from a convex feasible set
K C RY, the environment chooses a loss vector z; € RY, and the player incurs a loss of (w;, ). We use Dy (v, w)
to denote the Bregman divergence between v and w induced by a differentiable convex function 1), that is, Dy, (v, w) =

P(v) = p(w) = (Vip(w), v — w).
The following lemma provides a regret bound for the optimistic follow-the-regularized-leader (OFTRL), which generalizes
the optimistic Hedge algorithm (adapted from Tsuchiya et al. 2025, Lemma 16):

Lemma 16. Let K C R be a nonempty closed convex set. Suppose that a sequence of points w1, . .., wr € K is selected
by OFTRL, w; € arg min, ¢y {(w, m; + Zs 1 2s) +e(w)}, for each round t € [T). Then, for any w* € K, it holds that

T

T
Z<wt —w", z) < Py (w*) — i (wy) + Z Y(wig1) — Yegr(Wegr))
=1

t=1

T
+ > ((w = w1, 20 — my) = Dy, (wigr,wp)) + (W* = wrga, mrga) - a7
=1

Lemma 16 immediately yields the following regret upper bound:
Lemma 17. Let p(w) = ——H(w) for H(w) = Z?:l w(z) log(1/w(i )) be the negative Shannon entropy regularizer

with nonincreasing learning rate e and wy € argmin, e A {(w, m; + ZS 1 2s) +e(w)} withmepiy = 0. Then, for any
w* € Agandcy,...,cr > 0, it holds that

T

T
% logd Mt 2 I*Ct 2
Z<wt_w s2) < - +ZTC,5HZt_mt”OO_Z M — w1 -

t=1 nr+1 4 =1

This lemma generalizes Tsuchiya et al. (2025, Lemma 17). Choosing 7: = n, ¢; = cforall ¢t € [T] and mr; = 0 yields
Lemma 2.

Proof. We will upper bound the RHS of (17) in Lemma 16. From max,,ea, H(w) < logd,

da logd d 1 1 log d
- ) - < BLL S (- 2 ) toga = 222,
Yr1(w*) — Y1 (wr) t:1(1/)t(Wt+1) Yry1(wit1)) " t—1<77t+1 m) ogd =

Fix an arbitrary ¢, > 0. Then, we also have

1
<wt — Wt+1, 2t — mt> — Dy, (wt+17wt) = <wt — Wt415 2t — mt> - ;D(fH)(th,wt)
t
1 2
< lwe — wigafl1llze — Mmoo — THwt — w1l
Mt
1—c
= |lwg — wegallillze — Mmoo — Tmet - wt+1||% - 2 : - wt+1||?
T]t ].*Ct
< Tq”zt_mtugo o — w3,

where the first inequality follows from Holder’s inequality and the fact that the function (—H) is 1-strongly convex with
respect to ||-||1, and the last inequality follows by considering the worst-case with respect to ||ws — w¢1]|1 in the first two
terms. Combining Lemma 16 with the above two inequalities completes the proof. O
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B.2 Proof of Theorem 3

Here we provide the proof of Theorem 3.

Proof of Theorem 3. Summing the regret upper bounds in Lemma 2 and using ||g1 — gollooc < 1, [|[€1 — Colloo < 1, |lgt —

9t—1lloo = [ AWt — Yt—1)]loo < |yt — ye—1]l1 and ||t — £i—1||oo < ||+ — 2¢—1]|1 that hold for all ¢ € [T, we have

Reg7 + Reg’.

+o=+

/
< logm n n logn 7
- 2c n 2c! 2c

)antm 8+ (2 )Dyt% B
t=2 t=2

T
— i)+ (- ) Zuxt —oalt+ (- ) >l ()
where we recall
1 1 !
o e) = wlie) £/ (,¢) s wlne) = =25 o, W0¢) = S5+ 55
Note that when 71 < ¢/(1 — ¢), we have 557 — 5-¢ < 0 and when 77 < ¢(1 — ¢’)

' < d(1—c)andnn’ < (1l —¢), from (18) and the fact that SocialReg, > 0, we have

Znyt Yol < o Qe ).

2n’ 2c

Hence, combining Lemma 2 with ||g; — g;:—1l[oc < [[y+ — yz—1]|1 and the last inequality, we obtain

n

T
logm "
RegT < T + BYS + 27 ZHyt - yt—l”% < w(n7c) + l—c?ﬁ ’ Q(Thnlvca C/) = f(nvn/aca C/) .
t=2 2n’ 2c

Similarly, if nm’ < /(1 — ¢) and nn’ < ¢(1 — ¢), from (18) and the fact that SocialReg; > 0 we have

1
Zth —zalf < T o Qn,n'e,c).
2 2¢’
Hence, combining Lemma 2 with [|; — £;_1||co < ||+ — 2¢—1]|1 and the last inequality, we obtain

’

] logn 5
Regg“ S ,5/ i Ql ant - mt—l”% S wl(nlac/) + 172701 : Q(nan/) c, C/) = 9(77777/’ C, C/) )
t=2

S

2! c_ 1

2n 2¢!

This completes the proof. O

B.3 Social Regret Analysis Deferred from Section 3.2

Here we first provide the proof of Lemma 4, which will be used to obtain the tight upper bound on the social regret. We
then provide the proof of Theorem 6.

B.3.1 Proof of Lemma 4 (cardinality-aware case)

Recall that Lemma 4 is for cardinality-aware strongly-uncoupled learning dynamics, and thus we can choose A and )\’ by
considering the RHS of the following inequality:

M N o
SocialRegy < Ailggﬁ(777n’,c, d), Qnn,ed)= n + % P + % (19)

where we recall that A = {\ = (9,7, ¢,¢') € RE i’ < /(1 —¢), my’ <c(1—¢)}, M =logm,and N = logn.
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¢(1—¢'),wehave ¢,c’ € (0,1). Hence,
—1land I -2 < L —1 respectively.

c

Proof of Lemma 4. From the constraints that n, 7’ > 0 and nn’ < ¢/(1—c¢), nn’
the constraints 77 < ¢/(1 — ¢) and " < ¢(1 — ¢) can be rewritten as 2 - 1 <

o 1A

Now we consider the following change of variables:

! 1 1
P N T PN (20)
c c c c
Note that this is a bijective transformation, and we have
1 1
c:me((),l), CI:l—I—b’G(O’l)’ n=ac, n =dc. (@)

Then the constraints 1’ < ¢/(1 — ¢) and 91’ < ¢(1 — ¢’) can be rewritten as aa’ < b and aa’ < V', respectively, and the
RHS of the inequality in (19) can be rewritten as

a/

M a N
Q(G‘?alvba b/)a Q(aaa/abv b/) = (1 + b); + 5 + (1 + b,)g + 5 )

inf
a,a’,b,b’>0: aa’<b,aa’ <b’

where we abuse the notation of €). The rewritten function € is monotonically increasing with respect to b and &’. Hence the
optimal choices of b and b’ are b = ' = aa’ and in this case, we have

, 1 aa’

- - r_
“Traa M (1+ aa’)?

M N a a M 1 N 1
/ AN / - - - M — /
Q(a’a’b’b)(Haa)(a+a’)+2+2 <a+<N+2>a>+<a’+< +2>a>'

From the AM-GM inequality, choosing
M , N
A=/ 1° & =71
N+ 35 M+ 3

gives the minimum value of 2 and its optimal value is 2 \/ M (N + %) +2 \/ N (M + %) . From (21), the optimal parameters
of (19) are given by

c=c =d(l—c)=c(1-¢),

and

MWy . M(M+1) e N(N+1)
JME DN+ D +VIN M+ YN+ D +VEN (M H(N+ 1)+ VIV
which are indeed elements in the feasible set A, and we have completed the proof of Lemma 4. O

B.3.2 Proof of Theorem 6 (cardinality-unaware case)

We next provide the proof of Theorem 6. Under strongly-uncoupled learning dynamics without cardinality-awareness, the
learning rates 17,7’ > 0 cannot be chosen as functions of M = logm and N = log n. Note, however, that the parameters
¢, ¢ > 0 are not algorithm-dependent variables and thus may depend on M and N.

Proof of Theorem 6. Define

A, ') ={(e,d) eR:g:my’ < (1 —¢), my’ <c(1={)}.

: noon\__ n+o
min — =
(c,e’)eA(n,n’) | 2¢ 2c 14+ +1-— 47’]77/

and the optimal ¢, € A(n,7’) achieving the minimum are given by ¢ = ¢ = 1240 VIQ_W. To prove this, from the KKT
condition, letting L(c, ¢, p1, pr2) = 5% + 2’7—;, +pi(ny — (1 =€) + pa(nmm’ — (1 — '), we have

oL _ _n oL _

dc 22 ac  2c?

p (' = (L=e) =0, pa(m' —c(l=c))=0, p,pu>0.

Then, we will show that

+ i —p2(l-¢) =0, —pr(l =)+ p2e =0,

(22)
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From the third and fourth equalities in (22), we claim that z1, 12 > 0. Indeed, if ;1 = 0, then the first equality in (22) gives
—5k — pi2(1 — ¢’) = 0, which is impossible since ¢ € (0, 1) and p2 > 0. Similarly, if 1o = 0, then the second equality in

’

(22) gives — 555 — p1(1 —¢) = 0, which is a contradiction. Hence, from i1, 12 > 0, we have i’ = /(1 —¢) = ¢(1 - /).
From these two equalities, we have ¢ = ¢/. Hence, ¢(1 — ¢) = nn and thus ¢ = ¢ = 2400 V12_47777/.

From the above observation, it suffices to choose absolute constants 77,77" > 0 (independent of M, N) to minimize

. M N n+n
min ~ Q(n,n,e,d)=—+=+ ——+==F(n,7).
(e Yokt M € €)= Sp S T g = F )
A natural approach is to minimize a linear upper bound that holds for all M, N > 0:
+1n 11
F,’<S,’M+N+n7, S,’—max{,.
(m,n') < S(n.n)( ) T i (1) il

The slope S(n,7’) is minimized when 1 = »’. Since 11’ < max, v¢jo,;y min{c'(1 — ¢),c¢(1 — ¢')} = 1/4, choosing
n =mn" =1/2 and thus ¢ = ¢’ = 1/2 are optimal choices. Therefore, with these choices of 7, 7/, for all M, N > 0 we have

F(n.n') <2(M+N)+1,
which leads to the desired social regret upper bound under strongly-uncoupled learning dynamics. O
B.4 Individual Regret Analysis Deferred from Section 3.3

Here we provide deferred details from Section 3.3. Recall that, as defined in Theorem 3, f and g are given by

o logm 7 o logem logn n 7o
f(nv 77/767 C/) = w(n? C) + 1—57179(77’ 77/767 Cl) =—+ ? + 1_0/2 n ( + 7 + = /> )
S e n c S~ ae n n 2c  2c
n 7 23)
o logn ! a1 logm logn /
9(77, 77,767 Cl) = w,(n/’ C/) + kfiCWQ(n’n/’c’ C/) = g/ + % + 17020 Ul ( : + g’ 23 277/) ’
2y~ 2¢ n ¢ 2n ~ 2¢ n n ¢ ¢

where w, w’, and § are defined in (3).

B.4.1 Common Analysis

We introduce the variables s, s’ > 0 so that the optimization problem for f, g in (23) can be equivalently expressed as an
optimization problem over (a,a’, s, s'):

P ’ r
s:é—a’:b aa >0, s':b——a:b aa >0,
a a a’ a’
where (a, a’,b,b’) are defined in (20). Then, we have
1 1 , 1 a , a
“T1to 1+a(a +s)’ ¢ 1+a(a+s)’ = 1+a(a +s)’ K 1+a(a+s) 4
Using (a,d’, s, s’), we can rewrite w, w’, and Q in (3) as (we abuse notation of w, w’, and ) again)

M n M a N 7 N a
w(a,a’,s):ﬁ_g_?c:Z—}—(a'—|—s)M—|—§7 w’(a7a’7s’):7+20/ :?+(a+s’)N+5,
Qa,d’,s,8") = h(a,a’) +sM + s'N,

where we defined
M N ! M 1 N 1
h(a,a’)::—+a’M+—+aN+9+a—:—+ N+-lJa+—=+(M+=)d. (25)
a a’ 2 2 a 2 ! 2

We also have

1-¢ n 1/(1-¢)/ 1/ s 1l—¢ 1 s
_—— = — _— — = — — —Qa = — _—— = —
2/ 2¢c 2 n'/c 2\ d 27 2p 2¢ 27
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and thus f and g in (23) can be rewritten as

M
f(a,a’7s,3/) = <a—|—a/M—|—;+aN> + sM + g(h(a7a'>+sM),
(26)

! / N a/ !/ !/ al ! !
g(a,d,s,s") = ?—i—aN—&—?—i—aM —&—sN—i—;(h(a,a)—i—sN).

where we replace the arguments (1,7, ¢, ¢’) of f, g with (a,d’, s, s’) by abuse of notation.

B.4.2 Extreme Cases

We supplement the discussion of the extreme cases, where the goal is to minimize only one player’s individual regret, which
was omitted in the main text. We considered the setting where the x-player uses optimistic Hedge (with a learning rate of
eithern = /M /(N + 1/2) in the cardinality-aware case or 7 = 1 in the cardinality-unaware case), while the y-player plays
the uniform strategy at every round. There, we showed that by the asymptotic argument (that is in fact not applicable in this
limiting scenario) it holds that Reg?. < 21/M (N + 1/2) in (6) for the cardinality-aware case and Reg. < M + N + 1/2
in (7) for the cardinality-unaware case. These bounds (or their improved bounds) can be obtained via a direct analysis.
Specifically, combining the z-player’s regret upper bound in Lemma 2 with the fact that g; = g;—1 = A(%l) forallt > 2,
we have

T T

. logm 7 1—c

Regr < gg{ ; + 5 > llgr = ge-all% - o > e - xt1ll?}
t=1 t=2

logm
n

<

+

N3

< {g M(N +1) cardinality-aware case

M + % cardinality-unaware case ,

where we chose ¢ = 1 and used ||g1 — gollco < 1.

B.4.3 Upper Bounding the Maximum of the Individual Regrets

Here we provide the omitted details to upper bound the maximum of the individual regrets provided in Lemma 8 and
Theorems 9 and 10. From the analysis in Appendix B.4.1, we can rewrite .J,(n, 7', ¢, ¢) in (5) as

M N !
Jy(a,a,s,8") =~ ZrdM+E4aN +(1—7) 2 aN+ L pam
a 2 a’ 2 27

/

a a
+ysM 5 (h(a,a) + sM) + (1 =7)s'N + (1 =) ~(h(a,a) + s'N)
where we replaced the arguments (n, 7', ¢, ¢) with (a, a’, s, s") by abuse of notation.

Cardinality-aware case As discussed in the main text, in the cardinality-aware case it is difficult to compute a closed-form
expression for the exact minimum of the individual regret or the minimizer that attains it. To address this, we will derive an
upper bound of max{ f, g}. Specifically, we will focus on the case of v = 1/2, which is for Lemma 8 and Theorem 9.

Proof of Lemma 8. We consider the case where s, s’ > 0 are expressed as s = fa’ and s’ = 6a for some 6 > 0. In this
case, we can rewrite J, in (27) as

1/ M a 1/N a
Jv(a,a’,&s’):Q(a+a’M+2+aN> +2(a,+aN+2+a’M>

Yoo+ L "+ 6a! 1 B /
+ 29aM—|— 29(h(a,a)+9a M)+ 29aN—|— 29(h(a,a)—|—0aN)

1 oM 1 2N +4
<M+>+a<+2N+(+)+0N+N)

2a 0 2\2 0

Al
(N Y (L o 2D ), (28)
2 o) 2\ 6



Taira Tsuchiya

where h is given in (25). Then, we can evaluate infep Jy/2(A) = info o s 550 J1/2(a, a', 5, 8") as

AnelfAJl/z <1nf{\/M 9+3+9)N+2—|—;>+\/N(1+Z)<(9+3+Z)M+Z+;)}
g\/gM (230N+169>+\/§N <230M+169>
<y R ) e 2w 2 e })
:130<\/M<N+;>+\/N(M+;>>,

where in the first inequality, we chose

2M 2N
B M 4 24 B N+2¥

) a = )
24 (0+3)N + 2 24 (0+3)M + 20+

(here we chose the first term in the denominator inside the square roots of a and a’ to be 2/3 instead of 1/2, which is
suboptimal but simplifies the resulting expressions) and in the second inequality we chose § = 3. Therefore,

A A
)i\relf\max{f()\) gN)} <2 ;QRW—Q 1an1/2 <\/M N+ \/N<M—|—;>>

The corresponding a and a’ achieving the above bound is

5 5
\/ M \/ sM M
246N+ 2(N+4) + T2\ N D %

and thus corresponding 7, ' > 0 are given by

a a 2\/ N+1/2 1 M(M +1/2)
‘]7 = = = = - s
1+4+ala +s 1+ a(a’ + 0a’ MN 2
( ) ( ) 14 SN T A— VM +1/2)(N +1/2) + VMN
. 1 N(N +1/2)
2/(M+1/2)(N +1/2) + VMN
This completes the proof. O

Cardinality-unaware case We next provide the proof of Theorem 10, which is for the cardinality-unaware case.
Proof of Theorem 10. Recall the rewritten forms of f and g in (26):

M
f(a,a’73,3') = <a+a/M+g+aN> +SM+§(h(a7a’)+sM),

/

N !
gla,ad,s,s') = <a’ +aN + % —|—a’M) +8'N + %(h(a,a’) +s'N),

where we recall h(a,a') = 2 + /M + & +aN + ¢+ &  as defined in (25).

As in the analysis of Theorem 6, we minimize the worst-case coefficients of f and g with respect to M and V. In particular,
we define the coefficients of f and g with respect to M and NV as follows:

f=tvaase2(iiay —(1+a)1+’+ fmat2(Eta)=2(Lvars
Ry = o a S J\a a S| = o a a S|, Ry = a o\ o a | = o\ o a S y

g , a1 , a (1 , 9 1 , d (1 , a 1 ,
Ky=0¢+—|(-+a|=—(-+a+s|, ky=—+ta+ts+—|5+ta+s|=|1+—||5F+a+s]|.
s \a s \a a s \a s a
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Then, we will find (a,a’, s, s") by considering the following optimization problem:

: f / ’ f / / g ’ / g / ’ }
min max4q K a,a,s,S8 K a,a,s,s K a,a,s,s K a,a,s,s 29
(a,0",5,5"): a>0,a'>0,5>0,5'>0 { M( s Uy Oy )v N( s Uy oy )a M( sy Uy oy )7 N( s Wy oy ) 9 ( )

where we note that since /@{w, “va and k9, % contain s’ and s in their denominators, respectively, it suffices to consider
the case of s > 0 and s" > 0.

It suffices to consider the case of a = a/, s = s’ to find the optimal (a, a’, s, s’) in (29). This can be verified from the fact
that, under the change of variables p = loga, p’ = logd’, ¢ = log s, and ¢’ = log s’, the functions %4, /-@fv, Ky, K% are
convex in (p, p’, q, q') (as discussed in detail in Appendix B.4.4), together with the invariance of the objective in (29) under
the swaps a <> a’ and s <> s’. When a = a’ and s = s’, we have

a 1 a(l
/ﬁj\c/[:m?\,:<1+s><a—|—a—|—s> =K1, fifv:ng/[:s<a+a+8) =l K2.

From this we have x1 > ko, and thus

max{li{/f, /{{V, K9y n?\,} =K1.

The optimal value of (a, s) that minimizes #1(a, s) is (a,s) = (1/v/3,2/1/3), and at that point we have #;(a,s) =
(3/2) - (vV3+1/v/3+2/v/3) = 3v/3. Consequently, the optimal argument of the optimization problem in (29) is given by
(a,d’,s,5") = (1/v/3,1/\/3,2/+/3,2/+/3). Therefore, from (24), the corresponding (1,7, ¢, ¢’) equals (ﬁ7 2%/? L.
This completes the proof. O

B.4.4 Convex Reformulation and Numerical Learning-Rate Computation

As discussed in Lemma 8, in the cardinality-aware setting, it is difficult to obtain closed-form learning rates n, 7’ > 0 that
minimize the maximum of the individual regret. In what follows, we discuss a convex reformulation of f and g (for possibly
given M = logm and N = log n) and numerical methods for computing 7, 7" > 0 that minimize either the maximum of
the individual regrets or the convex sum of individual regrets .J, in (5).

Recall that a function f: RY — R with dom f = R‘io is called a monomial function if there exists ¢ > 0 and a; € R
such that f(z) = c2{'25% ... 23, and a function is a posynomial if it can be written as a sum of monomials (Boyd and
Vandenberghe, 2004, Section 4.5). An important observation is that f and g in (26) are posynomials over (a,a’, s,s") € R;ﬁ.
As noted in the main text, optimizing f and ¢ is in general nonconvex in the original variables, but by performing the change
of variables described below, one can convert the problem into a convex optimization problem and solve it efficiently (see
e.g., Boyd and Vandenberghe 2004, Section 4.5.3) (As before, after the change of variables we will reuse the same symbols
for the transformed functions by abuse of notation). We use the change of the variables given by

p=1loga, p =loga’, q=logs, ¢ =logs .

Then, we have
/ / ]- ]. !
h(p.p') = Me™ + Me? + Ne™? 4 NeP + e + e,
and thus we can rewrite f and g in (26) as
/ 1
f(pvplvqaq/) = Me™? +Mep —+ <N+ 2>ep + Me?
4 1 / ’ ’ , 1 , ,
+Me™ + (M + 2>ep+” ¢ 4 NePP 7 4 (N + 2>e2p—f1 4 Mepta—d’
and
/ 1 / ,
g(p,p’,q,q’) = Ne P + NeP + <M+ 2>ep + Ne4
1 / 1 , , .
+ Ne 7+ <M+ 2)62” 74 (N_|_ 2>ep+p 4 4 MeP P4 4 NP T4 —q

Since f and g are convex in (p,p’, q,q’), both their pointwise maximum and any convex combination are also convex in
(p,?’,q,q"). Hence their (globally optimal) solutions can be computed efficiently. In the cardinality-aware case, several
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Figure 2: Optimal learning rates under cardinality asymmetry for the weighted-sum objective withy = 1/2. We fix m = 2
and vary n from 2 to 10°. The horizontal axis is log n/ logm, and the vertical axis (in log scale) shows the numerically
computed optimal learning rates * and n’* for .J /5.

propositions in the main text selected slightly suboptimal learning rates chosen to obtain closed-form expressions. However,
if one is allowed to solve the above convex optimization, one can numerically obtain learning rates that further minimize the
maximum of the individual regrets or the convex sum of individual regrets. We used this convexification to do numerical
experiments.

B.5 Numerical Illustration on Optimal Learning Rates under Cardinality Asymmetry

In addition to Figure 1, which illustrates the tradeoff induced by varying - for the fixed symmetric case (m,n) = (10%,102),
we provide a numerical illustration for the fixed choice v = 1/2. Specifically, we examine how action-set cardinality
asymmetry is reflected in the optimal learning rates for the weighted-sum objective J; /5. We fix m = 2 and vary n from
2 to 10°. As a measure of asymmetry, we use logn/logm on the horizontal axis. For each pair (m,n), we numerically
compute the corresponding optimal learning rates n* and n"* for the weighted-sum objective .J; /5, and plot them on the
vertical axis. The vertical axis is shown in logarithmic scale so that the separation between 1* and n'* can be seen more
clearly even when their magnitudes differ substantially.

The result is shown in Figure 2. At the symmetric point logn/logm = 1, which corresponds to n = m = 2, the two
optimal learning rates coincide, as expected from symmetry. As n increases, however, the gap between n* and "* gradually
widens. Thus, even under the fixed choice v = 1/2, the figure numerically indicates that action-set cardinality asymmetry is
reflected in an asymmetric allocation of the optimal learning rates. Because the vertical axis is on a log scale, this separation
is also easy to observe on a multiplicative scale.

This observation suggests that, in the v = 1/2 setting discussed in the main text, action-set cardinality asymmetry is
reflected directly in the optimal choice of learning rates. In particular, when the two players’ action-set cardinalities are
highly asymmetric, a symmetric choice of learning rates is generally not numerically optimal.

C OMITTED DETAILS FROM SECTION 4

Here we provide the deferred details from Section 4.

Proof of Lemma 12. We first show that the function f(a) = log(1 + ze~“) is convex with respect to a for z > 0. This can
be confirmed from the fact that

a Zefa

1 (a) = (E=sOE >0.

, . —ze
f(a)* 1—|—ze—“’

Hence, from the convexity of f, we have f(a) — f(0) > f’(0) - a, which is equivalent to

-z
142

log(1+ ze™®) —log(l+ 2) > a.

Rearranging the last inequality completes the proof. O
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D OMITTED DETAILS FROM SECTION 5
This section provides the proof of Theorem 15.

Proof of Theorem 15. We consider the game with the payoff matrix A in (9). Then, noting that the optimal strategy for each
player is to keep choosing only action 1 (that is to play the pure strategy e;), and following the analysis used in the proof of
Theorem 11, we can evaluate the dynamic regret as

T
DRegf = Y " Ay (1 —24(1)), (30)

t=1
where we note that z; denotes the time-averaged strategy of the optimistic Hedge up to round ¢ as given by (15).
Following the analysis used in the proof of Theorem 11 again, for each ¢ € [T'] we have

1
_].+Olt’

Z¢(1) ap = (m — 1) exp(—nAgt). 31

Combining (30) and (31), we can lower bound the dynamic regret of the x-player as

i T 1<~ 1 d s ey &1
DRegf = A, Y 1—221“[5 =AY ZHQSZAJCZH%Z? (32)

t=1 s=1 t=1 s=1 s=1

| =

where in the last equality, we exchanged the order of summation. For any Sy € [T, the last quantity is lower bounded as

T o T 1 So o T 1
A:z: 1 z Zszm 1 > "
s=1 +as tzst s=1 +as t=st
So
X T+1
> A, = 1g< - )
5211+as
So
T+1 g
> A, lo , 33
- g< So >Sz::11+as &)

where the second inequality follows from ZtT:S 1/t > fi’;l

(1/2)dz =log((T 4+ 1)/s) for any s € [T].

From Lemma 12 with z = o, and a = nA,, we have

Qs
T+a, = nA, (log(1 + ars) —log(1 + as41))
and thus
So
Z X > L (log(1+ 1) —log(1 + agy+1))
s=1 1+ as nAm )
1
> A (logm — nA, — (m — 1) exp(—nA,(So + 1)), G4

where in the last inequality we used log(14a4) = log(1+4(m—1) exp(—nA;)) > log(mexp(—nA,)) andlog(1+2) < z
for z > 0.

Combining (32) to (34), we can lower bound the dynamic regret of the z-player as
1 T+1
DReg} > — log(S) (logm —nA; — (m — 1) exp(—nA,(So + 1))) .
n 0
Since Sy € [T is arbitrary, choosing So = |v/T + 1] gives

DReg? > %log(T +1)(logm — nAy; — (m — 1) exp(—nA, ([VT + 1] +1))) .
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Finally, choosing

1 -1 T+1]+1
A :min{L og((m — 1)([VTF1) + >>}
(VT +1]+1)
in the last inequality as in the proof of Theorem 11, we obtain the desired lower bound for the z-player. The dynamic regret
of the y-player can be lower bounded by the same argument, and we have completed the proof. U

E LOWER BOUNDS FOR OPTIMISTIC FTRL WITH OTHER REGULARIZERS

In this section, we extend the lower-bound proof based on the game instance (9) to OFTRL with other separable regularizers.
We first derive a common exact dual-gap identity, and then apply it to the log-barrier regularizer and the negative a-Tsallis
entropy.

Consider OFTRL on the simplex A,,, with a separable regularizer and a constant learning rate n > 0 given by
t—1 1 m
wy € arg me{ <:c > g+ gt1> - nw)} () =) (i), (35)
TEA, s—1 i=1
and go = 0.

We analyze the same hard instance as in (9). Recall that, for the z-player, the gain gap between action 1 and any action
k # 1is constant: g;(1) — g;(k) = A, forall¢ > 1, and k # 1.

Lemma 18. Suppose that the OFTRL iterate x; lies in the relative interior of A, for any t > 1. Then, for any t > 2,
k # 1, and the game instance with a matrix of the form (9), it holds that

¢’ (2¢(1)) = &' (we(k)) = ¢'(11) — &' (s¢) = Mty
for

1—7r
x4 (1) = 1y, xi(k) = s¢ = i

fork #1.

m—1

Proof. Since z; is in the relative interior of A,,, the KKT conditions imply that, for any ¢ > 2 and i € [m], there exists
At € R such that

¢ (i) = 77(2 gs(i) + gt—l(i)> + A

Subtracting the equations for actions 1 and k£ # 1, we obtain

¢'(2(1)) = ¢/ (24 (k) = (Z(gs(l) = 9s(k)) + 911 (1) — gt1(’f)> = ntha,

s=1

where in the last equality we used gs(1) — gs(k) = A, for s > 1 and k # 1. From the symmetry of the game instance
and the uniform initialization, it holds that all suboptimal actions have the same probability at each round, and thus we can

write
1-— Tt

xe(1) =t 1y, xi(k) = 8¢ = forallk # 1,

m—
which completes the proof. O

Using Lemma 18, we can prove the following lower bound for OFTRL with the log-barrier regularizer.

Theorem 19. Suppose that m,n > 2 and that the x- and y-players use OFTRL with the log-barrier regularizer 1(z) =
— Y, log z(i) with learning rates n,m' > 0, respectively. Then, there exists an instance of learning in two-player zero-sum
games such that the regret of each player is lower bounded as

1 —1 T+1
Reg%’«Zl———i—m log(m+n( + ))
m n

m+ 2n

and

} 1 —1 "T+1
Reg%21_g+nn/ 1Og(n+77( + ))

n+ 2y
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Proof. We consider the game instance in (9) with A, = A, = 1. From Lemma 18, for any ¢ > 2 we have

m—1 1

— — =nt.
1*’["15 Tt 77
Define L
m —
F(r) = - —, € (0,1).
(="""=2, re(

Since F'(r) = ({”:52 + T% > 0, the function F is strictly increasing. We also have F'(1/m) = 0. Therefore, for t > 2, we

have F'(r;) = nt > 0, and thus it holds that , > 1/m. Using this inequality, we obtain

m—1 1
=nt+—<nt+m,
I—Tt Tt
which implies
m—1
IT—ry 2>
m +nt

forall ¢ > 2.

Therefore, using the definition of the regret and the fact that r; = 1/m (recall go = 0), and the last inequality, we obtain

T
. 1
RegT:Z(l—rt)zl—a—FZ(l—rt)
t=1 t=2
o
>1—— -1
o +(m )ngrnt
1 -1 T+1
>1——+m log<m+n( + ))7
m n m + 2n

T T+1

1 1 1 T+1
E 2/ dz:10g<m+77(+)>,
— m+nt 9 m—+nz n m+2n

The regret of the y-player can be lower bounded by the same argument, and we complete the proof. O

Using Lemma 18, we can prove the following lower bound for OFTRL with the negative Tsallis entropy.

Theorem 20. Suppose that m,n > 3 and that the x- and y-players use OFTRL with the negative o-Tsallis entropy reg-
ularizer (z) = —ﬁ > (2(0)* — 2(0)) for some o € (0, 1) with learning rates 1,1’ > 0, respectively. Then, there
exists an instance of ;earning in two-player zero-sum games such that the regret of each player is lower bounded as

min{T, (2(m = 1))1706 -2 }

DN | =

Regy >
T (1—a)n

and

1 2n — 1)) —21-a
Reg¥ > — min} 7, 2 —-1) .
2 (1—-a)y

Proof. Define
Ba(m) == (2(m —1))""* = 217% > 0,

and consider the game instance in (9) with

A, = mm{1, m}
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For the negative a-Tsallis entropy, we have

N
—_
| |
o
~~_
Q
|
<
+0
L
Il
—
—
|
Q
=
3
~
>

For r € (0, 1), define

1—p a—1
F,(r) = (m—l) —rol,

Fi(r)=(1-a) (mll (;_7“1)(1_2 + r“—2> >0,

the function F, is strictly increasing on (0, 1). We also have F,,(1/2) = B,(m), and

Since we have

Fo(ry) =1 —amtA; < (1 —a)nTA, < B,(m) = F,(1/2)
for all ¢ € [T']. Hence, using this equality with the monotonicity of F,, andry = 1/m < 1/2, we have r; < 1/2fort € [T).
Therefore, the regret of the x-player is lower bounded as
T

TA, 1 . Ba(m) | 1 . (2(m —1))' 7" — 21—«
RengZA 1—1r¢) 227* me{T,(}me{T, (I—-a)n }’

t=1 t=1 1—a)n

where we used the choice of A,. For the y-player, we define A, analogously with m, 1) replaced by n, /', and applying the
same calculation on the same payoff matrix, we can obtain the desired regret lower bound for the y-player. This completes
the proof. O

F EXTENSION OF UPPER BOUNDS TO CONVEX-CONCAVE GAMES

In this section, we show that the argument used to derive the improved regret upper bounds in Section 3 can be extended to
general Holder-smooth convex—concave games. We consider a static convex—concave saddle-point problem of the form

gél? I;lEaX f(z,y), (36)

where X € R% and Y C R% are nonempty, closed, bounded convex sets, and f: X xY — R is convex in z for each fixed
y and concave in y for each fixed x. We equip X and Y with norms ||| x and |||y, and denote by ||| x » and ||-||y,« their
dual norms. We assume that f is block-wise Holder smooth with respect to these norms, that is, there exist nonnegative
CONSLANtS Yy, Vg, Vyas Voyy € (0, 1] and Ly, Ly, Lys, Ly, > 0 such that for any =, 2’ € X and any y,y’ € Y,

IVaf(@,y) = Vaf (@ y)lx < Laalle —2'|I'¢ . Ve (@,9) = Vaf (@, ¢) | x.0 < Laylly — ¥'115
IVyf(@,y) = Vyf (@' 9)llve < Lyslle =21, I1Vyf(@,y) = Vi f (@4 lve < Lyylly — ¢'lI5 -

In particular, L,, and L, quantify the self-smoothness of f in x and y, respectively, while L., and L, quantify the
cross-smoothness.

(37

We study (36) through a repeated-game interpretation. At each round ¢t = 1,2,...,T": the xz-player chooses x; € X and
y-player chooses y; € Y simultaneously, and then the x-player observes gradient g; = V., f(x+,y:), while the y-player
observes ¢, = V, f(z,y:). We define the regrets of the two players as in the case of learning in two-player zero-sum
games:

T T T T
Reg = > _ flwr.y) —mind_ f(e,y), Regh=max> f(ziy) =3 flwem).
t=1 t=1 t=1 t=1
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Given any (z,y) € X x Y, the (primal-dual) gap is defined as

Gap(z,y) = sup f(z,y) — inf f(z',y).
Yy EeY r'eX

If (x*,y*) is a saddle point, then Gap(z*,y*) = 0 and f(z*,y) < f(z*,y*) < f(x,y*) forall (z,y) € X x Y.

As 1n the case of the two plg[yer zero-sum games, it is known that the averaged iterates of online learning algorithms 7 =
T Zt 12 and yr = 5 Zt 1 Y, satisfy

o Regh + Reg

Gap(Zr,yr) < H

Algorithms The z-player runs OFTRL on X with a regularizer that is (,-strongly convex with respect to ||-||x and
learning rate 77 > 0, and the y-player runs OFTRL on Y with a regularizer that is 3,-strongly convex with respect to |||y
and learning rate ' > 0 (see Lemma 23 for the general regret bound):

t—1
Ty € arg min{<z, Vol @ty + ) me(xmys)> + ;wx(x)} :
s=1

zeX

yey

t—1
Yi € argmaX{<y7Vyf(xt_1,yt_1) + Zvyf(xs,ys)> - ;,wy(y)} :
s=1

We define B, and By by B, = sup, ,/cx(¥x(z) —¢x(2')) and B, = sup, /ey (¥y (y) — ¥y (y')), and assume that
B,,B, < oo.

Theorem 21. Consider convex—concave smooth games with Holder smoothness in (37). Let Ew = By /Ba éy = B, /By

Let the averaged iterates be T = % Zthl Ty, and Yy = % Zthl y¢. Then, the above algorithm with an appropriate choice
of n,m' > 0 guarantees that the social regret is upper bounded as

7/ Y

Regy + Regl < Cue "+ Cyy T zy v
where
14ves ~1tvay 14vyy gy
— — 5 2 — G

14+vgy ~ Yzy 1+vys ~

Oy = Crog(Vay) 872 Lﬂcyé’éBy2 ; Cyz = Creg(Vyz) 8 2'”Lya¢By%Bw2 )

where Creg(V) = 1+1/((1 —v)/(1+ 1/))%1 forv € (0,1) and creg(1) = 1. Consequently, the duality gap at (Zr,yr) is
upper bounded as

Gap(Zr, yr) = sup f(2r,y) — inf f(z,9r)
yey zeX
~1tvey 140 Vor 1+”uu 1+ ~1 ~wa ~Vuav ~1 14u. Yyo

<Ly,By ® T +LyBy ® T oy “ 4 LyBy® BET™

Note that 3, and /3, denote the strong convexity parameters of the regularizers used in OFTRL, not the strong convexity
parameters of the convex—concave game.

Corollary 22. Consider smooth convex—concave games. Let the averaged iterates be Tp = % Z;T:l ¢, and yr =
% Zthl yi. Then, the duality gap at (Tr,yr) is upper bounded as

Gap(Zr,yr) = sup f(Zr,y) — inf f(z,yr)
yey zeX

< 4Ly By /By +4Lyy By /By 4 8max{ Ly, Lys}\/BxBy/(B:0y)
- T

Before proving the theorem, we prepare several lemmas.
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Lemma 23. Let W C R? be a convex body and ¢: R — R. Let ¢y(w) = % Z?:l d(w(i)) be a regularizer with

nonincreasing learning rate 1, and suppose that the function Z?:l o(+) is B-strongly-convex with respect to a norm ||-|.
Let wy € argmin ¢y {(w, m; + Zb 1%s) + U (w)}. Then, for any w* € Wand c1, ..., cr > 0, it holds that

T T

T
S — w7 2) < 2 30 Ty — g2 = ST L 2,
2¢8 2my

t=1 e - t=1

d
where By = sup,cyw >_i—1 ¢(w).

This lemma generalizes Tsuchiya et al. (2025, Lemma 17). Choosing n: = n, ¢; = cforall ¢t € [T] and my; = 0 yields
Lemma 2.

Proof. We will upper bound the RHS of (17) in Lemma 16. From the definition of By and the assumption that (7)) is
nonincreasing, we have

T T
1 B
Yra(w) = vr(wi) + Y (We(wipr) — Prar (wig)) < =2 + Z( - )B¢ =
t=1 = \Me+1 T Nr+1
Fix an arbitrary c¢; > 0. Then, we also have
<wt — Wi41,Rt — mt> — Dy, (wt+17wt)
1
= (W — Wyp1, 26 — M) — U*Dzdﬂ ¢(.)(wt+17wt)
t =
_ 8 )
< lwe = wega [z = mal« — THwt — Wi |
un
c 1-c
:WWWMNM—mM—Zﬂw—WHR—(%gﬁw—wﬂw
(1—c)p

|2t — thi - [|we — wt+1||2 )

_25

where the first inequality follows from Hoélder’s inequality and the fact that the function Z?Zl @(+) is [-strongly convex
with respect to ||-||, and the last inequality follows by considering the worst-case with respect to ||w; — wyy1|| in the first
two terms. Combining Lemma 16 with the above two inequalities completes the proof. O

27715

The following lemma is a direct consequence of Zhao et al. (2025, Lemma 1) for H6lder smooth functions.
Lemma 24. Suppose that (37) holds. Fix parameters 05z, 03y, Oyz, 0yy > 0 and define

y
VT 1 VY1 vy -1 . vy —1

_ 2 _ 2 _ _2 _ 2
o 1+1 — 1+y —_Q7 ‘ 1+V TFoT L 1407 7
Lyg = 0a ™ (Laz) ™%, Lgy =02y (Lay) %, Lyz = 0ya " (Lya) "™, Lyy = 0yy " (Lyy) '™ .

Then, forall z,x' € X andy,y’ €Y,

IVaf(@,y) = Vaf (@ y)llx . < (Loa)?lle = 2% + 4L020za
IVaf(@,y) = Vaf (@9 )5 < (Loy)?ly = Y15 + 4Layay ,
IVyf(z,y) = Vyf (@' 9. < (Lyo)?llz — 2'l5 +4Lyabye ,
IVyf(@,y) = Vyf ()30 < (Lyy) Iy = ' +4Lyy8yy -

xrx

Yyx

2
vy

To optimize 6,4, 02y, Oy, Oyy, We Will use the following lemma.
Lemma 25. Let v € (0,1] and define k(v) = Y7L € [~1,0]. Forany A,B > 0 and any T > 1, consider F(§) =

1+1/
Ar) BT for § > 0. Then there exists §* > 0 such that

v —v —v _2 (l-v 2
F(0") < ¢reg(v) AT BT T where Creg(V) = ¢ 11V (1+V) whenv € (0,1),
1 whenv =1.

In particular, when v € (0, 1), we have 6* > 0.



Tight Regret Upper and Lower Bounds for Optimistic Hedge in Two-Player Zero-Sum Games

Proof. We have F'(§) = Ard"~! + BT. When v € (0,1), we have k < 0 and thus the unique critical point

1+v
is 0" = (gg;ig) * T35, which is positive. Combining this with the definition of F, we have F(6*) =
Creg(V)AE" B 2" T2 When v = 1, the inequality trivially holds. O

Now we are ready to prove Theorem 21.

Proof of Theorem 21. Using Lemma 23 and the analysis similar to Section 3, we can show that

Ui = (1-¢)B £l
— 2 _ M Yz E _ 2
+ 2051 Z:Hgt gt—l”X,* 277 tZ?”l‘t xt—l”X s

T
Regy < 0 ¢ 1 St~ S DBy e
U 25y 2 =

t=1

IN
Sy
8

=|

Reg7

&

A
\\Q

The second term is upper bounded as

lge — 9t—1||%(7* = [|Vaf(ze,ye) — sz(xt—lvyt—l)Hg(,*
<2\ Vaf(e,ye) — Vaf(xi-1, yt)”%( « T2 Ve f(wio1,y:) — Vo f(xi-1, ytq)H%(,*
< 2( ) lze — 2 1||X =+ 2( ) lye — yt—lqu +4(Em5m + Exy5xy)

Similarly,
100 = Ceall5e < 2(Lyy)?llye — yr-1ll5 + 2(Lya)*llwe — 21k + 4(Lyydyy + Lyadya) -

Therefore,

B, B Lax)?  7(Lye)? (1= 0)B) w
Reg§~+Reggﬂ§+f/+<n( ) +77( we)” 277)5 )Z’thl’t—ln?x

n n cﬁx C/ﬂy
L I T
W (Lyy)® | n(Lay)? (A =d)By _ 2
" < C//By + Cﬁw 277/ ;Hyt Yt—1 HY
n o5 _ "
# 20  Buata + Ly + i (L + L))

To simplify, define B, = B, /Bzs Ey = By /By, N =n/Bz and f = 1’ /B,. Then, we have

B, By
Regy +Regh < — + =/ + A, Zth —za % + Ay ZHyt ye1lly
g m t=1 t=1
/
+ 2T< ﬂ (L-L‘L(SJ/-L + L-Ly(gly) /ﬁ (Lyy(syy + Ly-Léyl)) ?
z Yy
SN2 (L2 11— LoV (L2 1
where A, = N(Lzz) + 7' (Lyz) _ ~C7 A, = 7' (Lyy) + 1N(Lay) _ ~C . (38)
c c 2n ‘ c c 2n'
Now, a sufficient condition for A, < 0and A, < 0is
fod 2 _ _ =T i ~(T /
(L) 1 ~c <0, 7' (Lyz) 1 ~c <0, 7' (Lyy) 1 Nc 0, N(Lgy) 1 ~c <0,
c n — c 4an c ' c '
which is equivalent to
_ / _ A _ / _
pcdlzd g cllzd) ﬁﬁ’ﬁmin{(l 9 (1 C)f}. (39)
A( L) 4(Lyy) A(Lyz)? "~ 4(Lay)
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In what follows, we will choose 7, 7', ¢, ¢’ satisfy-

Choose optimal learning rates and coefficients of negative terms

ing (39). For simplicity, we let ¢ = ¢’ = 1/2. Then, these constraints can be written as
pofl=9 1, 0= 1
4(Laz)®  16(Lga)? A(Lyy)?  16(Lyy)?
S {(1—6)0’ (1—0’)0} 1 . { 1 1 }
nn >~ mmn = ) = = —ming ——=, ——= ;-
A(Lye)? " 4(Lay) 16 (Lyz)? " (Lay)?
Let Leross = max{Lyy, Ly }. Then, choosing
_ 1 1 B, . _ 1 1 B
N=mng —, ——4| = p, 7 =min{ —, — = (40)
4L$3? 4LCI’OSS By 4Lyy 4LC!’OSS BI
satisfies all inequalities in (39), where we note that the third condition is satisfied since
1 . 1 1
= — mil _
16Lgross 16 (Lyw)2 7 (Lwy)2

< —_
< 4Lm 4Lcm
B,
, we have A, < 0and A, < 0, and thus continuing from (38) we have

77/

Hence for these choices of (7,7, ¢, )

B
Reg? + Regl < — + =% + 2T<
Ba
Since _
B ~ = B, _ o~ _ p
LzzB + 4Lcross BxBy ) = < 4LyyBy + 4Lcross Bsz )
Ul n
we have
- _ !
Reg7 + Reg¥. < 4L, Bm +4Lyy By + 8Lcross\/ B B + 2T< e (LynOow + Liyézy) ’nﬂ (Lwéyy + Lyz(syw)) )
© Y
41)
where we recall Bm = %, By = and Leposs = max{f/my, ny}
Recall thatc = ¢ =1/2and 7 = n/B., 7 = n'/By. Then
no_ 2y _ o2
0 2 ) == = 2 9 (42)
cBz Bac K C//By 6@; "

and thus the last term in (41) becomes
/
(Lyyéyy + Lym&,x)> = 4T<’7Lm5m + N LayOay + 1 LyySyy + 1) Lyw‘syaz)

77
2T | —— (Lwbzz + Lay0s
~I B
s 4 Lym§4nLcro<s§H7~

By (40) and the definition of Lc;oss,
~7 ~I7 =9 7L B
AnLg., <1, 4n'L,, <1, 4nL;y, < 4NLcoss < B
y
B, B
boy + Ty 2L 0y (43)
B, B,

Hence,
AT (WLsabsa + gy + 77 LyyOyy + 7 LyaOys ) < Toua + Toyy + T

Combining (41) with (43) and using L;oss = max{ﬂxy, Eym} yields
Reg}. + Reg¥ < 4L,, B, + 4Ly, By + 8L4y\/ B, By + 8L,.\/ B, B,
44

L C x
B, B,
o Tl + Ty + T | =2 Sy + T | =2 6y
B, B,
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Optimize ., 0zys Oya»r 0yy Now we recall the definitions in Lemma 24:

Vg — 1
Lyw = L“”” Jliwa Kpg = ,
14 vy,
L1+Vy'y By K R Vyy — 1
yy — yy yy 1 + v ’
vy
Vgy — 1
1+l/ K — Ty
L zy = = Lgy Y 5T§y s Rgy = ’
1+ gy
Vyze — 1
Ly, = LH"“ drue Kye = 2
yx x yx - .
v 14 vy,

With Vgg, Vyy, Vay, Vya € (0, 1], 80 Kag, Kyy,s Koy, Kyz € [—1,0). Substituting these expressions into (44), we obtain
Regr + Reg% < Fiy(02a) + Fyy(Oyy) + Fry(0zy) + Fya(dyz) »
where

~ 2
Fro(00e) = 4By Lz 652 4 Thga

" 2
Fyy(8yy) == 4By Ly, """ Ogav + Tdyy

2
~ < 2 B,
Foay(0ay) =8/ BoByLay"™ &5v + T 3 Sy s

Y

B,
= by

x

Fyo(ys) =8y ByByLya ™" %y + T

The four quantities 0z, 0yy, 02y, Oys are analysis parameters and can be optimized independently for each block.

We apply Lemma 25 to each F, in (45). Define

- 2
A:cz = 4BxL;;J£VTT 5 Bzm = 1;
Ayy = 4B, Ly, ™", By, =1,
, —
=~ 5 o Treay B,
Ayy =8\/ BBy Ly, By = 4] ==,
B,
— o B
Ay =8\ ByByLyz™"" By, =] =~.
B,
Then Lemma 25 implies that there exist choices 65, (1), 65, (T), 63, (T), 65, (T') such that
% l—vgy 1tvgs l—vgy
Fpx (53” (T)) < Cia y Cyr = Creg(ant) Aga zz y
« 1—vyy 1+vyy 1—vyy
Fuy(‘syy (T)) < Cyy ) Cyy = Creg(Vyy) Ayy vy )
l1—vgy 1+vgy 1—vgy
Fooy(02y(T)) < Coy T2, Cay = Creg(Vay) Azy®  Bay®
1—vya 1+vye l—vye
Fyp(0,0(T)) < Cya T77 Cyo = Creg(Vya) Aya® ya
Expanding the expressions for Aee, Bee, We Obtain
Vm ~ltvgs
zm - Creg(sz) - Ba: 2 )
1+uyy ~Lltvyy
Cyy = Creg(Vyy)4™ 2 y °
~ 1 ~Zry
Coy = Creg(”:ry)g Ty By )
~1 ~Pyzx
Cye = CFCg(Vyr) ya By Bz?

(45)
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Table 2: Eight learning dynamics compared in the numerical experiments and their learning rates. Here, M = logm,
N=logn,M'=M+1/2,N'=N+1/2,and D = VM'N’ + +MN. “indiv.” is an abbreviation for “individual”.

Name Target Upper bound Proposition  Learning rate

> Strongly-uncoupled learning dynamics (cardinality-unaware)

U-Social Social regret 2(M+N)+1 Theorem6 n=1/2,n' =1/2

U-X-only z-player’s regret M+ N+1/2 Eq. (7) n=1n=0

U-MaxInd-Cl1  Max of indiv. regrets  3v/3(M + N) +1//3 Theorem 10 7 =1/(2v3),n' =1/(2V3)
U-MaxInd-Num Max of indiv. regrets  same as above - Numerically computed (Appendix B.4.4)

> Cardinality-aware strongly-uncoupled learning dynamics

A-Social Social regret 2vVMN' + 2/ M'N Theorem 5 n==x AéM/ .0 = NTN/

A-X-only x-player’s regret 2V MN' Eq. (6) n=+M/N',n =

A-MaxInd-Cl  Max of indiv. regrets  (20/3)(vVMN’ 4+ v M'N) Theorem9 n=~ 12”5”/ s = 7@%\”

A-MaxInd-Num Max of indiv. regrets C(VMN'++vVM'N) (C < 2) - Numerically computed (see Appendix B.4.4)

Substituting these bounds into (45) and using the corresponding optimal choices of 04, 0yy, Oy, Oya, We Obtain

l1—vgy 1-vyy 1-vay 1-vyx
b

Reg%‘—"_RegZ]j“SszT 2 +nyT 2 —‘,—nyT Pl +Csz 5

which is the desired bound. O

G NUMERICAL EXPERIMENTS

In this section, we present numerical experiments comparing the performance of the eight learning dynamics investigated in
this paper. We then demonstrate that, in settings where there is a gap between the sizes of m and n, as discussed in Section 1,
being cardinality-aware indeed improves performance over the corresponding cardinality-unaware learning dynamics.

Setup The eight learning dynamics used for comparison in the experiments are summarized in Table 2. This table is
obtained by modifying Table 1 to remove the lower-bound entries and to summarize the optimal learning rates 7, 7’ for each
target regret (i.e., social, individual, or the maximum of the individual regrets). For the performance comparison, we used
the payoff matrix defined in (9) with A, = A, = 1. We set the numbers of actions to (m,n) = (2,10%) so that their
difference is large, and the number of rounds to 7' = 2000. We evaluated four metrics: the social regret Reg7. + Reg%, the
maximum of the individual regrets max{Reg7, Reg}.}, the z-player’s regret Reg7, and the y-player’s regret Reg?..

Results The results are provided in Figure 3. For the social regret, the learning dynamic that minimizes the social re-
gret under the cardinality-aware setting (A-Social) achieves the best performance, significantly improving upon the best
cardinality-unaware algorithm (U-Social). For the maximum of the individual regrets, A-Social again achieves the
best performance, followed by the approaches that directly minimize the maximum of the individual regrets under the
cardinality-aware setting (A-MaxInd-Cl and A-MaxInd-Num). These results demonstrate that incorporating cardinality-
awareness leads to clear performance improvements over the cardinality-unaware case.

It should be noted that A-Social, which achieved the best performance in terms of both social regret and the maximum
of the individual regrets, is not theoretically guaranteed to upper bound the individual regret, as discussed in the main text.
This suggests that the algorithm may have empirically achieved low individual regret under this particular instance, or that
we can upper bound the individual regrets under this choice of learning rates. As discussed in Section 6, a more detailed
investigation of this remains an important direction for future work.



Tight Regret Upper and Lower Bounds for Optimistic Hedge in Two-Player Zero-Sum Games

—o—U-Social === A-Social
=o=U-X-only A-X-only
=+ U-MaxInd-Cl ==+ A-MaxInd-Cl
=+ U-MaxInd-Num o+ A-MaxInd-Num
50 1 1 50 T
! I
o 1
40 | 2 40 ¥
| o 1
- %QWOWOWOWOWOWWOWOWOW 8 1
E 30 4 : 30 wowowowowmowowowowom
o < 1
5} =1
) g |
204 |8 £204 |
3 E (
2]
10 g 10 4 i&mawamm&wammammmsWam-msmam‘
0 1 0 1 ‘!
0 250 500 750 1000 1250 1500 1750 2000 0 250 500 750 1000 1250 1500 1750 2000
rounds T rounds 7
00K 0 OORHO O OORKD O O VAXD O OVRO O VVKNO O GVKXO O VKO O VRGO O OM:
10 4 c
: 7 wgn I 7 i 7w I s Gk
o 81 T =
2 | 2
o . o
L 6 l I
8 i 3
g g
> &
» >
2 . 3 OO o S 5o 5 o K o n oo e o 5 &3 o 3 o e 3 £ Ko 3 3 £ o 3 s Ko m o o o
0 -
0 250 500 750 1000 1250 1500 1750 2000 0 250 500 750 1000 1250 1500 1750 2000
rounds T rounds T

Figure 3: Regret versus the number of rounds for the learning dynamics based on the optimistic Hedge algorithm in the
setting m = 2 and n = 10%. From top-left to bottom-right: social regret, the maximum of the individual regrets, the regret
of the z-player, and the regret of the y-player.
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