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Abstract

Detecting anomalies in time series is vital
to ensure safety and reliability in many real-
world applications. Despite the staggering
number of anomaly detection methods, it re-
mains unclear which methods perform best,
largely due to flawed evaluation practices.
Without rigorous analysis, evaluations yield
unintuitive or misleading comparisons. Exist-
ing evaluation metrics often focus on specifics
and, therefore, fail to capture essential as-
pects of the anomaly detection task. In this
work, we formalize the problem by introduc-
ing verifiable properties of evaluation metrics
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that individually reflect important aspects of
anomaly detection in time series. By formaliz-
ing requirements and analyzing them system-
atically, we outline a theoretical framework for
evaluating time-series anomaly detection that
can support principled evaluations and reli-
able comparisons. We analyze 37 known met-
rics and prove that most satisfy only few and
none satisfy all properties, explaining many
observed inconsistencies in evaluations. To
address this gap, we introduce a new flexible
evaluation metric LARM that provably satis-
fies all properties. We illustrate the adaptabil-
ity of this approach by refining the properties
to satisfy stricter requirements and adapting
LARM to these advanced properties yielding
ALARM.!
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Figure 1: Tllustration of a ground-truth anomaly (or-
ange) and two prediction patterns (yellow). The top
prediction represents a timely, concise alarm; the bot-
tom a delayed yet persistent alarm pattern with exces-
sive alarms. Although both overlap equally with the
true anomaly, they differ substantially in latency and
redundancy. Many evaluation metrics assign them the
same score, failing to reflect their clear differences and
real-world implications.
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1 INTRODUCTION

Many modern applications require the processing of
data while it is generated. This includes monitoring
patients, servers, or industrial production processes
(Darban et al., 2024). We call data collected at regular
intervals from one or more sensors time series. A
fundamental task on time-series data is the detection
of anomalies (TSAD) — rare yet significant, temporally
bounded deviations from the norm (Ruff et al., 2021).
TSAD plays a critical role in preventing catastrophic
failures, increasing productivity, reducing losses, or
ensuring safety. Therefore, the performance of different
TSAD methods needs to be thoroughly evaluated.

However, TSAD methods are often evaluated with in-
consistent and incompatible metrics (Lai et al., 2024;
Wang et al., 2024; Kim et al., 2024). Multiple works
have shown that widely used metrics suffer from criti-
cal flaws, for example, significantly overestimating the
performance of random models (Doshi et al., 2022;
Gim and Min, 2023; Kim et al., 2022), and several
alternatives have been introduced to address such flaws
(Wagner et al., 2023; Bhattacharya et al., 2025; Si et al.,
2024). Yet, most metrics are tailored to specific appli-
cations and lack a formal foundation, making it difficult
to compare or generalize their behavior across different
settings (Garg et al., 2021; Abdulaal et al., 2021; Gim
and Min, 2023; Sgrbg and Ruocco, 2024).

To enable trustworthy evaluations, metrics should be-
have in predictable ways that align with real-world
needs. For example, a model that detects an anomaly
is generally preferred over ones that fail to do so. Sur-
prisingly, some commonly used metrics do not meet
such requirements (Section 5, Table 1). While it is
generally difficult to rank two methods definitively, we
can often compare them when they differ in a single
meaningful aspect, such as response delay or alarm re-

dundancy. From such pairwise comparisons, we derive
general properties that we can verify for each metric to
characterize their capabilities. Such a characterization
provides a useful tool for understanding the behavior
of TSAD evaluation metrics while allowing room for
task-specific restrictions and refinements.

This paper analyzes and characterizes TSAD evaluation
metrics, making the following contributions:

e We introduce a formal framework for evaluating
TSAD metrics, defining two sets of nine verifiable
properties that capture relevant aspects of evalu-
ation metrics such as detection accuracy, alarm
redundancy, and timing.

e We conduct a comprehensive theoretical analysis of
37 existing TSAD metrics, revealing that no stan-
dard metric satisfies all properties, and explaining
inconsistencies in TSAD evaluations.

e We develop two new evaluation metrics—LARM
and ALARM-—that provably satisfy all proposed
properties, offer flexible control over application-
specific trade-offs, and yield intuitive and consis-
tent model rankings in practice.

2 WHAT MAKES GOOD METRICS?

The value of an anomaly detection method lies not
only in its predictions, but in how they are judged.
Metrics shape our perception of performance—and
flawed metrics can distort it. This raises a fundamental
question: what makes a good metric for time-series
anomaly detection (TSAD)?

Choosing the right method for a TSAD application can
be overwhelming. The number of available methods is
large, and evaluations often vary considerably. Suppose
we assemble a list of candidate methods, select a bench-
mark dataset, and train the methods. Each produces
predictions to be compared with the ground truth. At
this point, the central difficulty emerges: which metric
should we use?

A popular choice in the literature is point-wise Pre-
cision (the fraction of correctly predicted anomalous
time steps among all predicted anomalous time steps)
and point-wise Recall (the fraction of correctly identi-
fied anomalous time steps among all time steps labeled
anomalous). By their point-wise nature, these metrics
are unable to distinguish any patterns in the predic-
tions such as depicted in Fig. 1. Consider Fig. 2(a).
Precision does not distinguish the two methods, while
Recall favors the second. In practice, however, ground
truth is not available, and every alarm raised by the
second method would require investigation. As illus-
trated in Fig. 2(b), such alarms may stem from distinct



Figure 2: Challenging examples of prediction patterns
(yellow) for different ground truths (orange) that com-
mon evaluation metrics struggle to order.

anomalies, while Precision and Recall fail to capture
the difference.

A common adjustment treats any prediction within an
anomaly window as correct if at least one time step
is predicted correctly (Xu et al., 2018). Under this
definition, Recall now favors the second method. Yet
this creates further issues. In Fig. 2(c—d), enlarging
the anomaly window makes the first method appear
better according to Recall, while Precision remains
unchanged. This effect may arise from a single lucky
guess, which becomes increasingly likely as the size of
the first anomaly window increases (Doshi et al., 2022;
Kim et al., 2022; Liu and Paparrizos, 2024).

The rankings of various metrics can differ greatly. In
Fig. 3 we compare the rankings of 16 predictions with
17 metrics. While the ranking on the left appropriately
places perfect predictions first and effectively random
predictions last, all metrics disagree considerably.
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Figure 3: The rankings of 16 synthetic methods as-
signed an individual color each from best (top) to
worst (bottom) by the ALARM score (Thm. 6.2) (left)
compared to rankings of 15 other metrics (right), reveal
that no two metrics agree on a ranking.

These observations lead to our main hypothesis:
Many TSAD evaluation metrics have flaws that are
easily overlooked and counterintuitive. This highlights
the need for a formal characterization of TSAD evalua-
tion metrics and new evaluation setups that increase
the transparency of evaluations.

3 RELATED WORK

Point-adjusted metrics To remedy some of the un-
wanted effects of point-wise metrics (Paparrizos et al.,
2022; Wagner et al., 2023; Bhattacharya et al., 2025),
Xu et al. (2018) treat all missed anomalous time points
as correct if at least one anomalous time point was
predicted correctly in the same window. Several works
have investigated these point-adjusted methods. Some
conclude that point-adjustment introduces even worse
unwanted effects (Doshi et al., 2022; Gim and Min,
2023; Kim et al., 2022) such as a preference for random
predictions. Others have iterated on the idea and intro-
duced their own variations of point-adjusted metrics
(Hundman et al., 2018; Ren et al., 2019; Abdulaal et al.,
2021; Kim et al., 2022; Gim and Min, 2023; Si et al.,
2024; Bhattacharya et al., 2025).

Range-based metrics Point-adjusted metrics tend
to share one major drawback with point-wise metrics:
the inability to distinguish patterns of true positives.
To address this flaw, Tatbul et al. (2018) extend the
classical notion of Precision and Recall to ranges by
considering continuous intervals of anomalies and pre-
dictions and Wagner et al. (2023) propose extended
versions addressing some of their flaws. These metrics
retain almost unparalleled degrees of freedom, making
them highly flexible but difficult to apply in practice.

Fuzzy metrics Some metrics consider false positives
approximately correct, as long as they are close enough
to a ground-truth anomaly. Some only include predic-
tions after ground-truth anomalies (Hwang et al., 2019;
Lavin and Ahmad, 2015), while others include predic-
tions on both sides of anomalies (Scharwichter and
Miiller, 2020; Huet et al., 2022). A significant drawback
of these metrics is the dependence of their parameters
on the dataset. For example, without the expectation
of noise in the ground truth, it should be impossible
to detect anomalies early. Without extensive domain
knowledge, the existence and severity of such noise are
impossible to discern based on the data alone.

Detection-delay metrics Most evaluation metrics
struggle to consider the delay until an anomaly is de-
tected. Xu et al. (2018) specifically account for this
delay by calculating the average delay until a ground-
truth anomaly is detected. Similarly, Kovacs et al.
(2019) consider the temporal distance to the next pre-
diction after the start of a ground-truth anomaly. Both
studies propose to use these metrics in addition to other
evaluation metrics, which introduces another trade-off
to consider when comparing predictions.

Score-based metrics Anomaly detection methods
usually compute a scalar score before applying a thresh-



old to obtain binary predictions. Thus, each method
can potentially produce a wide range of predictions
depending on the threshold. When benchmarking, we
only have a finite number of possible scores. Thus, we
can consider all evaluations simultaneously by comput-
ing the area under some curve that is parameterized by
the threshold (Xu et al., 2018; Paparrizos et al., 2022;
Doshi et al., 2022; Ghorbani et al., 2024; Si et al., 2024).
They are much more complex, but much less prevalent
in TSAD evaluations (Xu et al., 2018). In this study,
we introduce a formalism based on the comparison of
binary predictions and labels. Therefore, score-based
metrics are not covered by this analysis.

Characterization of evaluation metrics When
choosing an evaluation metric, we implicitly specify the
desired behavior of a model. Domain experts have the
most insight into the desired behavior for their appli-
cation. Thus, metrics or at least specifications of the
desired behavior should be provided alongside datasets
(Hundman et al., 2018; Si et al., 2024). Consequently,
it is equally important to specify intended and actual
behavior of a metric to match the expectations of a
given task. Some works explicitly state that metrics
should reward predictions when predicting at least one
true positive for a ground-truth anomaly (Garg et al.,
2021; Jacob et al., 2020; Lavin and Ahmad, 2015; Gim
and Min, 2023; Si et al., 2024), predicting true positives
earlier in a ground-truth anomaly window (Abdulaal
et al., 2021; Doshi et al., 2022; Garg et al., 2021; Jacob
et al., 2020; Lavin and Ahmad, 2015; Gim and Min,
2023; Ghorbani et al., 2024; Ren et al., 2019; Si et al.,
2024), minimizing false positives (Abdulaal et al., 2021;
Garg et al., 2021; Lavin and Ahmad, 2015), in particu-
lar false alarms (Gim and Min, 2023; Si et al., 2024),
maximizing true positives (Abdulaal et al., 2021; Garg
et al., 2021; Jacob et al., 2020; Ghorbani et al., 2024),
or minimizing redundant alarms (Doshi et al., 2022;
Jacob et al., 2020). While presenting useful intuitions
and arguably useful goals, previous specifications lack
formal rigor and are therefore not verifiable, making
rigorous comparison or analysis impossible.

Evaluating evaluation metrics Sgrbg and Ruocco
(2024) and Liu and Paparrizos (2024) compare the
rankings of two or more predictions with respect to
several evaluation metrics on concrete examples that
cover timing of predictions, effect of anomaly length,
coverage of ground-truth anomalies, or tolerance to-
wards label noise (Sgrbg and Ruocco, 2024), or tim-
ing of predictions or ranking of random predictions
(Liu and Paparrizos, 2024). While such examples can
provide intuition and reveal unintuitive behavior (Liu
and Paparrizos, 2024), they can only provide defini-
tive statements for the examples evaluated, which is

not sufficient to support general implications as small
changes to an example can significantly affect the rank-
ings (see Section 2). Therefore, this study introduces
the first formal framework to rigorously specify and
evaluate such concepts, providing an explanation for
such unintuitive behavior.

4 FORMALIZING PROPERTIES

In this section, we define the problem setting, explain
and motivate the core assumptions, and finally define
and discuss properties of evaluation metrics.

4.1 Formal Problem Setting

An evaluation metric m is a function that compares
a ground truth g with predictions p. Ground truth
and predictions are binary sequences of equal length.
0 at any time step indicates normal behavior, while 1
indicates an anomaly. We can think of any sequence of
length n as a function on the domain [n] = {1,...,n}.
Lastly, we define the set of alarms raised in a binary
sequence s: [n] — {0,1}. An alarm is a maximal
continuous subsequence of 1’s. The set of all alarms in
a sequence s is given by I,(s) = {[l,u] C [n] | sy =
v AP[Lu) € [Ia] € [n): Sji,a) = v}, where sy is the
restriction of s to the indices in A C [n]. Then the
number of alarms raised in s is given by |l (s)].

4.2 Assumptions

Labeling data requires extensive domain knowledge.
Thus, any uncertainties in the labels is best resolved
during the creation of a dataset. With this in mind,
we assume the following.

ASSUMPTION 1 The labels are correct.

The assumption implies that alarms should be raised
where the ground truth is labeled anomalous, and
alarms should never be raised where the ground truth
is labeled normal. The vast majority of metrics and
evaluations are based on this assumption.

In real applications, we generally do not have access
to the ground truth and thus have to rely entirely on
the predictions. This means that the system must act
on its predictions as they occur, without additional
context or corrections. For example, once an alarm is
raised, it is treated as a genuine indication of anomalous
behavior, prompting intervention. This clearly differen-
tiates Anomaly Detection from Event Detection, where
only the detection of anomalous events as a whole is of
interest. This leads us to the next assumption.

ASSUMPTION 2 Predictions are taken at face value.

This assumption is in line with the standard practice



in the literature while emphasizing the need for precise,
reliable predictions to minimize costly or impractical
interventions. The main implication of this assumption
is that all alarms generate costs.

In general, anomalies are rare, temporally bounded
deviations from normal behavior. It is impossible to
definitively quantify how rare anomalies are, but to
simplify the discussions in this paper, we assume that
they are at least rare enough not to overlap.

ASSUMPTION 3 Anomalies are rare and do not overlap.

In particular, this assumption implies that multiple
alarms raised in a single ground-truth anomaly window
are always considered redundant.

To simplify the notation, we assume that g is a ground
truth of length n, and p and ¢ are predictions of the
same length, and are thus comparable by a metric.
In general, a metric produces a scalar value that can
either increase or decrease with improved performance.
Without loss of generality, we assume that a higher
value of m corresponds to better performance.

4.3 Formalizing Properties

Based on the specified problem setting and assumptions,
we define nine properties that reflect different aspects of
TSAD. While each aspect is important in its own right,
different settings might consider some aspects more
important than others. In this section, we present one
adaptation and discuss how each individual aspect and
property can be relaxed or tightened depending on the
specific requirements. For each property, we explain
the motivation, with motivating examples shown in
Fig. 4, and a formal definition.

Detecting anomalies Consider almost identical pre-
dictions that differ only in the fact that one raises at
least one alarm on some anomaly window while the
other does not. The method raising the alarm would
definitively detect one anomaly the other does not. The
following property formalizes the notion that a metric
prefers the former.

PROPERTY 1 (DETECTION OF ANOMALIES) Let A €

1i(9), Ppa = qmpas and |[Li(pa)| > [I11(ga)] = 0.
Then m(g,p) > m(g,q)-

Additional alarms Any excess alarms raised after
an anomaly has been detected first result in additional
and unnecessary costs, and, potentially, loss of the
users trust in the reliability of the predictions.

q(i) = Lier + p(i)1L;gr for some I C A with min T
max{i € A: p(i) = 1} and pr = 0, and |I1(qa)]
11 (pa)l + 1. Then m(g,p) > m(g,q).

PROPERTY 2 (REDUNDANT ALARMS) Let A € I1(g),
>

Falsely predicting anomalies Making false posi-
tive predictions, time steps where a method incorrectly
predicts an anomaly where there is none, decreases the
quality of the prediction. However, false predictions
can appear in different places and can even affect the
number of false alarms, introducing a trade-off. Let
us first consider the case where the number of alarms
remains unchanged.

PROPERTY 3 (MINIMIZING FALSE POSITIVES) Let i* €
N € Io(g), ppp\gicy = qm)\fivys q(7) = 1 # 0 = p(i*),
and |11 (pn)| = [I1(qn)|. Then m(g,p) > m(g,q).

Generally, more impactful than the total number of
false positives is the number of false alarms raised
as a result. No matter how many false positives are
predicted, a false alarm significantly decreases the relia-
bility of the underlying method. Too many false alarms
render a method unusable for many applications.

PROPERTY 4 (MINIMIZING FALSE ALARMS) Let N €
Io(9), P\~ = g\ and |Ii(pn)| < |I1(qn)|. Then
m(g,p) > m(g,q).

Since a false alarm does not correspond to an underlying
anomaly (Asm. 1), the exact time at which it is raised
is irrelevant. The following property formalizes the
indifference of a metric to the timing of false alarms.

PROPERTY 5 (INVARIANCE UNDER PERMUTATION OF
FALSE POSITIVES) Let N € Io(g), Pa\N = qm\N>
lg ' ()] = [p~ (D], and |Li(pn)] = [Ti(gn)]. Then
m(g,p) =m(g,q).

Each false alarm severely reduces the user confidence
in the underlying method. If the trust of the user
erodes enough, they will no longer want to use the
method. Thus, predictions with more false alarms are
often worse, even if they are otherwise comparable.

PROPERTY 6 (KEEPING USER’S TRUST) Let A €
Ii(9), N € Io(9), Pn)\(AUN) = Qn)\(aUN)s [T1(pa)] =
[I1(ga)|, pv = 0, and qn = Ly for some i* € N.
Then m(g,p) > m(g,q).

Preciseness of predictions Intuitively, the more
anomalous time steps a method detects, the better.
However, more such true positives can increase the
number of alarms, resulting in worse performance ac-
cording to Prop. 2.

PROPERTY 7 (MAXIMIZING TRUE POSITIVES) Let A €
11(9); P\ {i*} = Qn)\{ivy for somei* € A, p(i*) =1 #
0 = q(i*), and |I1(pa)| < |I1(qa)|- Then m(g,p) >
m(g,q).

Timing of alarms Predicting more true positives
could decrease the time until an anomaly is first de-
tected. Asm. 2 clearly implies a preference for early
alarms. Intentionally avoiding the trade-off with the



Prop. 1: Detecting
anomalies is important.

Prop. 4: Reliability decreases
with more false alarms.

Prop. 2: Repeated alarms
are unnecessary.

Prop. 5: False alarm timing
does not matter.

Prop. 3: False predictions
should be minimal.

0

Prop. 6: False alarms
outweigh true positive timing.

Prop. 7: Predictions should
match the ground truth.

Prop. 8: Earlier alarms
enable faster responses.

Prop. 9: Earlier predictions
reinforce early alarms.

Figure 4: Visual motivation for the formalization of properties of TSAD evaluation metrics. Each panel shows
a ground-truth anomaly (orange) and two prediction patterns (yellow), designed to isolate specific evaluation
principles. With the exception of Prop. 5, each property formalizes the notion that a metric would prefer the top
prediction, when it detects anomalies more reliably (Props. 1, 7), avoids redundancy (Prop. 2), is more precise
(Prop. 3), raises fewer false alarms (Props. 4, 6), or responds earlier (Props. 8, 9).

number of alarms and number of true positives, we
assume that both are constant for this comparison.

PROPERTY 8 (ALARM TIMING) Let A € I1(g), ppapa =
qmpas [Ni(pa)l = |Li(ga)l, [p7 (V)] = ¢~ (1)], and
min{i € A: p(i) = 1} < min{i € A: q(i) = 1}. Then
m(g,p) > m(g,q).

If the true positives of a prediction are aligned early in
a ground-truth anomaly, more time is spent with earlier
alarms, leaving more time to address the anomaly and
potentially avoid later alarms entirely.

PrROPERTY 9 (EARLY BIAS) Let A € Ii(g),
p[n]\{i*,i**} = Q[n]\{z*,z**} fOT’ some i* < i** € A with
p(i*) =1#0=q(i*) and p(**) =0 # 1 = q(i**) such
that |Ii(pa)| < [i(qa)]. Then m(g,p) >m(g,q).

4.4 Are these properties sufficient?

Each property formalizes individual aspects of
evaluations, which allows us to rigorously verify
which properties each metric satisfies (Section 5)
and explicitly design metrics that satisfy a given
set of such properties (Section 6). However,
the above properties rely on some simplifications.
Firstly, we could question
whether a ground-truth
anomaly is actually detected,
if it contains a true positive.

Consider the example where a single predicted window
overlaps with two distinct ground-truth anomalies,
which do not overlap with other predicted windows.
Since only one alarm is raised, we could reasonably
argue that only the first anomaly is detected.

Changing this definition changes the notion of false
alarms. So far, all windows of false positives are
equally important to false alarms. However, pre-
dictions that partially overlap with anomalies tech-
nically do not produce additional alarms. There-
fore, predictions that are not overlapping with any
anomaly windows—true false alarms—could be worse
than early alarms or late alarms. However, con-
sidering Asm. 2 and Asm. 1, a response system or
operator might mistakenly dismiss an early alarm
as a false alarm, since there are no detectable ef-
fects in the data for some time after it was raised.
Thus, we could end up with

a differentiated ranking such
as the one shown on the right.

These restrictions on false
alarms can have strong im-
plications. For example, a
metric that scores a method that produces any false
positives lower than the method that produces no pre-
dictions could easily satisfy these properties (Thm. 6.1).
Additionally, Prop. 6 imposes very strong restrictions



on false alarms which might not apply to all applica-
tions equally. However, we can control the influence
of false alarms explicitly by introducing a tolerance
(Thm. 6.2).

Considering these details introduces additional com-
plexity into the definitions and proofs. We provide a set
of advanced properties that incorporate all the points
raised in this discussion in Appendix B. There, we illus-
trate how we can adapt our analysis to such changing
requirements and how most results translate to this
setting without much effort. For simplicity, we will
work with the simple properties unless explicitly stated
otherwise. In the following section, we will show that
no existing TSAD metric satisfies all simple properties,
in fact, most only satisfy few if any.

5 WHERE METRICS FAIL

In this section, we investigate 37 evaluation metrics
with respect to the properties defined in Section 4.3.
The following theorem summarizes the results of our
analysis?.

Theorem 5.1. No existing TSAD evaluation metric
satisfies all properties Prop. 1 - Prop. 9.

Table 1 summarizes the results of our formal analysis
in detail. While one could argue that individual prop-
erties, for example Prop. 6, are too specific to apply in
a general setting, our analysis reveals that no metric
satisfies a majority of these properties.

By definition, point-wise metrics ignore any temporal
information in the data and as a result are unable
to satisfy Prop. 8 and Prop. 9 which entirely depend
on the temporal information in the data. With few
exceptions, point-adjusted metrics generally struggle
with the same properties, since most adjustment pro-
tocols intentionally remove any temporal information
to emphasize detection capabilities. As a consequence,
it is no surprise that they also struggle with Prop. 2,
Prop. 3, and Prop. 4. On the contrary, range-based
metrics are explicitly designed to incorporate temporal
information through an explicit weighting scheme in-
side ground-truth anomaly windows. For this analysis,
we focus on parametrizations which are recommended
to deal with this temporal information and leave the
general case to the interested reader.

Realizing that a single metric is often insufficient to
completely explain the performance of different meth-
ods, most evaluations rely on a combination of Precision
and Recall and their variations. Interestingly, many of
these variations do not satisfy Prop. 1 which in some

2We provide detailed definitions for all metrics and proofs
for all properties in Appendix D.

cases can lead to situations where perfect predictions
are outperformed by objectively worse methods (for
example, see Thm. D.33). Taking the prediction order
properties (Prop. 8 and Prop. 9) aside, most metrics
only satisfy three properties at most. It goes to show
that many metrics often reward predictions counter-
intuitively and thus produce unexpected results.

All metrics have their use, but their weaknesses and
biases should be actively considered. Our analysis
raises the question how applicable many metrics are
for the general evaluation of TSAD methods. To solve
this question, we introduce new metrics that satisfy all
properties in the next section.

6 TOWARDS TRUSTWORTHY
EVALUATIONS

The properties defined in Section 4 formalize several
relevant aspects of TSAD, leading to the question of
whether a single metric can simultaneously satisfy all
of them. To answer this question, let us consider the
effects of each property on a metric. The properties
Prop. 1, Prop. 2, Prop. 7, Prop. 8, and Prop. 9 deal
with true positives and are therefore not affected by
changes in false positives. Similarly, we can separate
terms reflecting the effects of properties that deal with
false alarms (Prop. 4, Prop. 5, and Prop. 6), and prop-
erties that deal with false positives (Prop. 3). While
not represented by one of the simple properties explic-
itly, we can add another group dealing with detected
anomalies to account for the discussion in Section 4.4.
We can now define a metric to satisfy all properties
simultaneously by separately addressing the effects of
each group as long as they do not overlap. The follow-
ing theorem introduces a variation of this metric that
satisfies all simple properties introduced in Section 4.

Theorem 6.1. The aLignment & AccuRacy Metric
(LARM) defined as

1
[11(9)] 2

A€T (g):
[T1(pa)|>0

—2 > hea)l—- Y Blpa'MD)

Aelo(g) A€Io(9)

a(pa) +1
211 (pa)l

satisfies all properties Prop. 1 - Prop. 9, where « is
monotonically increasing with |p7*(1)|, satisfies early
bias (in the sense of Prop. 9), and codom(ca) C [0,1),
and 3 is defined on N>o and monotonically increasing
in |py*(1)] with codom(B) C [0,1].

For example, a(pa) = > ;14 Pa() - 27" and B(r) =
1 — 27! with 8(0) := 0 satisfy the requirements of
Thm. 6.1, which we will use per default. By separating



Table 1: None of the considered metrics fulfill all properties introduced in Section 4. Each entry shows whether
a metric satisfies (v ) a property or not (X ). (X) ( (V') )indicates that, while for most parameters there are
examples where the property does not hold (hold), the method in question has parameters for which the property
holds (does not hold). All proofs can be found in Appendix D.

Metric| \ Property— 1 2 3 4 5 6 7 8 9

& Precision (Thm.D.1) X X X X / X X x X
£ 2 Recall (Thm.D.2) v X X X / X / x x
R | (Thm.D3) X X X / X / X X
Precisionp4 (Xu et al., 2018) (Thm. D.4) X X X Xx v v X x X
Recallps (Xu et al., 2018) (Thm. D.5) R S S SR S S S

Flpa (Xu et al., 2018) (Thm.D6) v X X X v / X X X
Precisioneyen: (Hundman et al., 2018) (Thm. D.7) X X X x x X X X X

g Recalleyent (Hundman et al., 2018) (Thm. D.8) o X X x v X X X X
iz Fleyent (Hundman et al., 2018) (Thm. D.9) X X X X X X X X
2 Fa (Thm.D.10) v X X X / / X X X
F Precisiong_gerqy (Ren et al., 2019) (Thm.D.11) x X Xx x v x x x X
.g Recally_geiay (Ren et al., 2019) (Thm.D.12) x x x x v x X X X
a Fli_getay (Ren et al., 2019) (Thm.D.13) x x x x v x X X X
F1;54(Abdulaal et al., 2021) (Thm.D.14) x x x x x x x (X)) X
Flpagxk (Kim et al., 2022) (Thm.D.15) v X X x v (X)) (X)) x X
JiFlpayk (Kim et al., 2022) (Thm.D.16) v X x x v X V X X
Flpapr (Gim and Min, 2023) (Thm.D.17) v X X x v (X)) x (V) X
F]-Teducedflength (Sl et al., 2024) (Thm D.].S) o X X o x v v X X X

Flpa (Bhattacharya et al., 2025) (Thm.D.19) X Xx x x X x x X X
Precisionrg (Tatbul et al., 2018) (Thm. D.20) Xx X X X X x X X X

g Recallrg (Tatbul et al., 2018) (Thm.D.21) v x x x v x Vv X /
£ Flgg (Tatbul et al., 2018) (Thm.D22) X X X X X X / X X
& TPrec (Wagner et al., 2023) (Thm.D.23) x x x x x x X X X
% TRec (Wagner et al., 2023) (Thm.D.25) v Xx Xx Xx Vv X Vv x /
TF1 (Wagner et al., 2023) (Thm.D.27) X X x Xx X x / X X

NAB (Lavin and Ahmad, 2015) (Thm. D.28) (V) X (V) x (X) x x / X

TaP (Hwang et al., 2019) (Thm.D.29) x Xx X x X x x X X

% TaR (Hwang et al., 2019) (Thm. D.30) (/) X X X X X (/) X X
= Ps (Scharwachter and Miiller, 2020)  (Thm. D.31) X X X X (X) X x x X
= Rs (Scharwichter and Miiller, 2020)  (Thm. D.32) (X) x X X (X) X (X)) Xx X
S Pprecision (Huet et al., 2022) (Thm.D.33) X X X X X X X X X
T Precan (Huet et al., 2022) (Thm.D.34) X X X X X X X X X
Flo fitiation (Huet et al., 2022) (Thm.D.35) X X X X X X X X X

AAD (Xu et al., 2018) (Thm. DA0) X X X X 7 X X J X

;CS TD (Kovécs et al., 2019) (Thm.D.38) v Xx Xx x X X v X X
B eTaP (Hwang et al., 2022) (Thm.D.36) X Xx x x v X X X X
eTaR (Hwang et al., 2022) (Thm. D.37) Xx X X x v x X X X

the metric into individual terms that address specific
subsets of properties, we only need to show how the
respective terms are affected when comparing methods.
The complete proofs can be found in Appendix A.

Using the same methodology, the following theorem in-
troduces a metric that satisfies the advanced properties
discussed in Section 4.4 and Appendix B.

Theorem 6.2. The Advanced aLignment & AccuRacy
Metric (ALARM)

2

AeDA(p,g)
|DA(p, 9)|

41, (|TA(p, 9)| + g|EA(p, 9)l + %ILA(p, g)l)

a(pa)+1
2lI1(pA)l

|DA(p,g)| + = B(lp, 2 (1)])

satisfies all advanced properties from Section 4.4 and

Appendixz B, where o and B are defined as in Thm. 6.1,
DA(p,g) is the set of detected anomalies, T A(p, g) the
set of true false alarms, LA(p,g) the set of late false
alarms, EA(p, g) the set of early alarms (formal defini-
tions in Appendiz B.), and t € Ns¢ the alarm tolerance.

We provide all definitions, a detailed discussion, and
complete proofs in Appendix B. The constant predic-
tion p = 0 achieves a score of 0. Any predictions with
a lower score contain at least one true false alarm and,
in general, at least ¢t times as many false alarms as
detected anomalies. The alarm tolerance ¢ is the main
parameter of the ALARM score. It specifies how many
false alarms each detected anomaly compensates, intu-
itively reflecting the system robustness with respect to
false alarms. By default, we set this parameter to two.

To provide intuition for the capabilities of these metrics,



ALARM score

LARM score

point-wise F'1 score

Figure 5: Rankings produced on a subset of SMDS8 (Su et al., 2019) of 20 methods (Wagner et al., 2023) by
different metrics, illustrate their different priorities. Assuming the labels are correct, most methods produce a
staggering number of false alarms almost approaching random predictions, which is severely penalized by both
LARM and ALARM. Notably, both group predictions with similar behavior (e.g. rows 2,3, and 4 in the left
figure) with similar scores, while classic metrics often fail to do so (see e.g. right figure).

we compare the rankings produced by these metrics
with the point-wise F1 score in Fig. 5. The comparison
clearly shows the significant impact of false alarms in
the LARM metric, which is significantly reduced by the
alarm tolerance introduced in Thm. 6.2. We provide
a detailed analysis of this comparison and additional
evaluations on more datasets in Appendix C.

7 CONCLUSION

In this paper, we study evaluation metrics for TSAD.
We illustrate that common metrics produce vastly dif-
ferent rankings of methods and that these can be quite
counterintuitive. We formalize several aspects of TSAD
through nine simple and nine advanced properties of
evaluation metrics and formally prove that no existing
metric satisfies all simple properties explaining this
counterintuitive behavior. Finally, we introduce two
new general metrics that provably satisfy all properties.
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Checklist

1. For all models and algorithms presented, check if
you include:

(a)

(b)

()

A clear description of the mathematical set-
ting, assumptions, algorithm, and/or model.
[Yes] Section 4.2 discusses the general assump-
tions and introduces the mathematical setting.
Thm. 6.1 and Thm. 6.2 define each component
used in the definitions. Section 6 contains de-
tails on default parameters.

An analysis of the properties and complexity
(time, space, sample size) of any algorithm.
[Not Applicable]

(Optional) Anonymized source code, with
specification of all dependencies, including
external libraries. [Yes]

2. For any theoretical claim, check if you include:

(a)

()

Statements of the full set of assumptions of
all theoretical results. [Yes] Section 4.2 dis-
cusses the general assumptions. Thm. 6.1 and
Thm. 6.2 each specify the assumption of the
components.

Complete proofs of all theoretical results.
[Yes| Proof for Thm. 6.1 is provided in Ap-
pendix A, proof for Thm. 6.2 is provided
in Appendix B, and proof for Thm. 5.1
(Thm. D.1 - Thm. D.37) is provided in Ap-
pendix D.

Clear explanations of any assumptions. [Yes]
Section 4.2 discusses the general assumptions
and introduces the mathematical setting. In-
dividual assumptions for all properties are
discussed in Section 4 and Appendix B. The
assumptions for each component of Thm. 6.1
and Thm. 6.2 are provided in their statments.

3. For all figures and tables that present empirical
results, check if you include:

()

The code, data, and instructions needed to re-
produce the main experimental results (either
in the supplemental material or as a URL).
[Not Applicable]

All the training details (e.g., data splits, hy-
perparameters, how they were chosen). [Not
Applicable]

A clear definition of the specific measure or
statistics and error bars (e.g., with respect to
the random seed after running experiments
multiple times). [Not Applicable]

A description of the computing infrastructure
used. (e.g., type of GPUs, internal cluster, or
cloud provider). [Not Applicable]

4. If you are using existing assets (e.g., code, data,
models) or curating/releasing new assets, check if
you include:

(a)

(b)
()

(d)
()

Citations of the creator If your work uses
existing assets. [Yes] Appendix C contains
references to used existing assets.

The license information of the assets, if appli-
cable. [Not Applicable]

New assets either in the supplemental mate-
rial or as a URL, if applicable. [Not Applica-
ble]

Information about consent from data
providers/curators. [Not Applicable]
Discussion of sensible content if applicable,
e.g., personally identifiable information or of-
fensive content. [Not Applicable]

5. If you used crowdsourcing or conducted research
with human subjects, check if you include:

(a)
(b)

()

The full text of instructions given to partici-
pants and screenshots. [Not Applicable]
Descriptions of potential participant risks,
with links to Institutional Review Board (IRB)
approvals if applicable. [Not Applicable]
The estimated hourly wage paid to partici-
pants and the total amount spent on partici-
pant compensation. [Not Applicable]



A AlLignment & AccuRacy Metric (LARM)

Theorem A.1. There exist metrics that satisfy all properties Prop. 1 - Prop. 9. In particular, the aLignment &
AccuRacy Metric (LARM) defined as

\1119)\ 2 2(\12417;1 2 > |Lpa)l— Y. B(px (D)),

A€l (g): Aclo(g) Aelo(g)
[T1(pa)|>0

satisfies all properties Prop. 1 - Prop. 9, where a is monotonically increasing with |p;‘1(1)|, satisfies early bias (in
the sense of Prop. 9) and codom(a) C [0,1), and B is monotonically increasing in [p " (1)| with codom(B) C [0,1].

Proof.
Let g: [n] = {0,1}" be the ground truth and p, q: [n] — {0,1}"™ predictions.

Prop. 1 Let W € I1(9), qup\w = Pn)\w> Pw = 0, and |q‘7[,1(1)| > 0. Then, m(g, q) and m(g,p) differ only in
the term

Z algwy) +1 — Z alpw,)+1  alpw)+1 .

9l (qw, )| 9l (pw,y)l 2L (pw )|
Wi€eli(g): Wi€li(9):
111 (pw,)[>0 [11(pw, )[>0 >0

Thus, it holds m(g,p) < m(g,q).

Prop. 2 Let W € I1(g), and let pw (i) =0 foralli € I C W, |I1(qw)| = |I1(pw)| + 1, mi}li > ma(x) 1j, and
i€ jew: p(y)=
q(i) = 17(3) + p(i) L)\ (7). Then, m(g,q) and m(g,p) differ only in the term

algw) +1 1+1 1 <a(pw)+1
211 (gw )] olli(gw)l — 9lLilpw)| — 9lLilpw)| ~

Thus, it holds m(g,p) < m(g,q)

Prop. 3 Let W € Io(9), qn)\{i*} = P[n]\{i=} for some i* € W, q(i*) # p(i*) = 0, and |11 (gw )| = |I1(pw)|. Then,
m(g,q) and m(g,p) differ only in the term

(2111 (awy) | + Blawy (WD) > 211 (pwo)| + B(|pws (D) 5
since B(lqy: (1)]) > B(|pyw; (1)])- Thus, it holds m(g, p) > m(g, q)-

Prop. 4 Let W € Io(9), qpup\w = Plnp\w and |11 (qw)| < [11(pw)|. Then, m(g, q) and m(g, p) differ only in the
term

(2111 (awo )| + Bllaw, (1)) < (2 (awy)] + 1) < (2T (awo)| + 1)) < @IL(wo)]) < (211w, )| + B(lpys, (1)])) -

Thus, it holds m(g,p) < m(g, q).

Prop. 5 Let W € Io(9), qppw = Ppp\w law (D] = [py ()], and [Ii(gw)| = [Ii(pw)|. Then, m(g,q) and
m(g,p) can potentially differ only in the term

(211 (aw )l + Bllay (1))

and thus, since 8(|gy;, (1)) = B(|py; (1)]), it holds m(g, p) = m(g, q)-



Prop. 6 Let W e I1(g), W € Io(g), |Ii(qw)| = | (pw), U\ (W) = Piap(wui) P = 05 and g = Ty
for some i* € W. It holds

1 alpw,)+1 1 1+1 1
0< < < 2 <2.
111(9)] 2 2lhewill " I (g)| 2 2lhewi)l = |1 (g)]| 2 -

Wy€ly(g): Wi€l1(9): Wi€l(9):
[T1(pwy )[>0 [T1(pw, )|>0 [T1 (pwy )|>0

This implies

1 alpw,) +1 1 algw,) +1
[11(9)] 2 olhiew)l |1, (g)] > i | <2

Wy €li(g): Wy €li(9):
|1 (pw, )|>0 [T1(qw, )| >0

Additionally, it holds |1 (py;,)| = 0 and |I1(qy;,)

(21 (a )l + (1) = 2+ B(1)) =2+ B(1) > 2+ B(0) = 2+ (2|11 (ay,)| + 5(0)) -

0<|

= 1. The second term in the definition only differs in the term

This implies

= > @hlaw)l+ Ban WD) <= D (@Llew)| + ey (1) - 2.

Wo€ly(lg—11): Wop€lIi(lg—1]):
[T1(qwy)|>0 [11 (pwo)[>0

Therefore it follows that m(g,p) > m(g, q).

Prop. 7 Let W € I1(g), qn\{i*} = P[n)\{i*} for some * € W, q(z*) 75 p(l*) =0, and |Il(qW)| < ‘Il(pw)| Then,
m(g,q) and m(g,p) differ only in the term

1 a(QW)+1> 1 Oé((JW)+1> 1 alpw)+1
|]1(g)| olIi(gw)l — ‘Il(g)‘ 2111 (pw )| |]1(g)| 2111 (qw )|

Thus, it holds m(g,p) < m(g, q)-

Prop. 8 Let W € Ii(9), qupw = pppw, [i(aw)l = [Lilew)], ¢ ' (1)] = [p1(1)], and  min i <

€W : p(i)=1
min 4. Then m(g, q) and m(g,p) differ only in the term
1EW: q(i)=1
I algw)+1 1 algw)+1 1 alpw) +1
|71 (g)] olli(gw)l |1 (g)] 2111 (pw )| |71 (g)] 2111 (qw )]

Thus, it holds m(g, p) > m(g, ).

Prop. 9 Let W e Il(g), An\W = Pn]\W» |Il(QW)| < |Il(pw)|, let i* € W with p(Z*) =1, let i** < i* € W with
p(i**) = 0, and pyy, (4) = Lge=1 (i) + p(i) Ly g4=,5++3 (7). Then m(g, q) and m(g,p) differ only in the term

1 algw)+1 5 1 algw) +1 1 alpw)+1
|]1(g)| olIi(gw)l — ‘[1(g)‘ 2111 (pw )| |[1(g)| 2111 (pw)|

Thus, it holds m(g,p) > m(g, q). O



B Advanced Properties

In this section, we formalize the additional requirements discussed in Section 4.4 and prove Thm. 6.2. Note, that
most proofs can easily adapted from Appendix A.

B.1 Definitions

Let Sy = {s: [n] = V | n € N} be the set of all sequences of finite length with values in V' C Z. We define the
set of all maximal intervals in the domain of a sequence s € S where the sequence takes a value v € V' as the
collection I, (s), or formally I,,(s) = {[l,u] C s7'(v) | sy =v A B[, u] C [l,a) c s '(v): S(i,a) = v} Furthermore,
we define the set of maximal connected intervals where a sequence s € S takes values u,v € V respectively as
Ly (s), or formally I,,,(s) = {[l,b] U [b+ 1,u] C s~ ({u,v})|[l,b] € L.(s) A [b+ 1,u] € I,(s)}, i.e. the images of
elements in I, (s) of s are of the form [vuuvuuuvvvvvvvy).

We consider two binary sequences of the same length g,s € Sg1;. An element in I, (s) or I1(g) is called an
alarm or ground-truth alarm. An early alarm is an alarm A € I;(s) that is raised before a ground-truth
alarm and persists beyond its onset. We Define the set of all early alarms as EA(s,g) = {A € I1i(s1)|] € Ip1(g9) A
ga surjective}. Similarly, a late alarm is an alarm that is raised after the ground-truth alarm begins and remains
active beyond its end. We define the set of late alarms as LA(s,g) = {A € I1(s1)|I € I10(g) A ga surjective}.
A true false alarm does not overlap with any ground-truth alarm, and can be defined as T A(s,g) = {A €
I, (s)|ga = OAPA" € LA(s,g) U EA(s,g): A C A’'}. Lastly, we define the set of all detected anomalies as
DA(s,g) = {A e i(g9)|F3As € [1(s): AsNA# DA (min Ay € AV gimin A, mina) = 0)}.

EA={- e }
R I D, O P L }
TA={ }
DA = {rrereeeeefiiteesereeseeeeees o S - e roesesmss sy }

Figure 6: Example of the computation of early alarms (EA), late alarms (LA), true alarms (TA), and detected
anomalies (DA). The first prediction completely includes a ground-truth window therefore contributing one
interval to EA, LA, and DA. DA contains entire ground-truth anomaly windows, even if the ground-truth is not
completely covered, exemplified by the second ground-truth window. The fourth predicted window is the only one
not overlapping with any ground-truth anomaly making it the only true false alarm. The last predicted window
overlaps with multiple ground-truth anomalies. Only the first anomaly is considered detected.

B.2 Advanced Properties

In this section we revisit the aspects discussed in Section 4.3 using this advanced framework. The differentiation
of false alarms implies that changes in predictions within ground-truth anomalies can influence the number of
false alarms in the predictions. As a consequence, we have to be particularly careful when specifying properties.

Detecting anomalies The general intuition is the same as in Prop. 1. There, it suffices to consider changes
within one anomaly window. In this setting, however, changes in the predictions within one ground-truth anomaly
window can result in new early or late false alarms. In such a case, the number of detected anomalies could stay
the same, or, if both co-occur, the number of detected anomalies could decrease. Thus, we make sure to exclude
these corner cases with appropriate restrictions.

PROPERTY 10 (DETECTION OF ANOMALIES) Let g be the ground truth of length n and A € I,(g). Let p,q be

predictions such that piupa = qupa, DA(p,9) = DA(q, g)U{A}, and for all Ao € EA(p, g)ULA(p,g): AoNA#
it holds Ao Ng~1(0) € TA(q,g). Then m(p,g) > m(q,qg)-



Additional Alarms In general, the intuition is the same as in Prop. 2. Excess alarms after detecting an
anomaly result in additional costs and should therefore result in worse predictions. However, if an anomaly was
only detected by a long early alarm, a response system could easily disregard that alarm as a false alarm. In
that case, an additional alarm raised inside the anomaly window might be better. This is a delicate trade-off.
Therefore, we exclude it explicitly in the following property by requiring at least one predicted window inside a
ground-truth window to be present in the reference predictions.

PROPERTY 11 (REDUNDANT ALARMS) Let g be a ground truth of length n and A € DA(p,g). Let p,q be
predictions with DA(p, g) = DA(q, g), q(i) = Lier + p(i)Ligr for some I C A with minI > max{i € A: p(i) = 1},
pr =0, |I1(ga)| = [I1(pa)| + 1, and 3B € I;(p) with B C A. Then m(p,g) > m(q,g).

Falsely Predicting Anomalies Making false positive predictions, time steps where a method incorrectly
predicts an anomaly where there is none, should generally decrease a method’s ranking as it decreases the quality
of the prediction. Similar to Prop. 3, we first consider the setting, where the number of alarms stays the same.
The main difference is that we need to consider I (p) instead of I;(py), to account for possible early or late
alarms.

PROPERTY 12 (MINIMIZING FALSE POSITIVES) Let g be a ground truth of length n and N € Iy(g). Let p,q
be predictions with pp\ (=} = q)\{i=}, 9(i*) = 1 # 0 = p(i*) for some i* € N, and |I,(p)| < |I1(q)|. Then
m(p, g) > m(q,9).

Every false alarm incurs an additional cost. Therefore, a method that makes the same number of false predictions
as another method but raises fewer false alarms should be ranked higher. In contrast to Prop. 13, we need
to consider changes in true false alarms, early alarms, and late alarms, since changing predictions inside a
ground-truth normal window could reduce the number of one while increasing the number of another.

PROPERTY 13 (MINIMIZING FALSE ALARMS) Let g be a ground truth of length n and N € Iy(g). Let p,q
be the predictions such that ppp\n = qmpn~, DA(p,g9) = DA(q,9), [p~" (D] = l¢~* (1), |TA(p,9)| < [T'A(q,9)|,
|EA(p, 9)| < |EA(q, 9)l, [LA(p, 9)| < |LA(g,9)|, and |TA(p, 9)|+|EA(p, 9)|+|LA(p, 9)| < [T'A(g,9)|+|EA(g, 9)|+
|LA(q,9)|. Then m(p, g) > m(q,g)-

Following the motivation for Prop. 5, timing of true false alarms should not impact the ranking. However, the
same reasoning does not apply to early and late alarms, as they are inherently connected to ground-truth anomaly
windows.

PROPERTY 14 (INVARIANCE UNDER PERMUTATIONS OF TRUE FALSE ALARMS) Let g be a ground truth of length
n and p,q be the predictions, such that pg—1 = q4=1, and [p~*(1)| = |¢~*(1)|, FA(p,g9) = FA(q,9), LA(p,g) =
LA(q,9),|TA(p,g)l = |T'A(g, g)|. Then m(p,g) =m(q,9).

Prop. 6 formalizes a trade-off that imposes strong restrictions on false alarms, which might not apply to all
settings equally. Considering the differentiation of alarm types in the advanced setting, we replace this property
with another that considers the relative importance of these different types. On the one hand, early alarms can
have detrimental effects on the performance, since a response system could disregard a predicted anomaly as
a false positive when enough time transpires until the anomaly actually manifests in the data. In this case a
technically detected anomaly could be easily missed. Therefore, we argue that an early alarm is worse than a true
false alarm. Note, that we consider a greatly restricted setting, where we generally assume no differences outside
of the actual false positives, which additionally results in a perfectly predicted anomaly for the prediction with
the true false alarm. On the other hand, late alarms are inherently connected to an anomaly that was correctly
detected. Therefore, we argue that late alarms are generally preferred over true false alarms, as they raise no
additional false alarm that is not related to a ground-truth anomaly. Further cementing this ranking is the fact
that it is often much easier to pin-point the exact start of an anomaly window because of a thorough investigation
of its root cause or because it was known in advance, but it is often difficult to identify the exact time when the
system has fully recovered from all anomalous effects.

PROPERTY 15 (WEIGHING DIFFERENT TYPES OF ALARMS) Let g be a ground truth of length n and p,q be the
predictions, such that |p~1(1)| = |¢~1(1)|, and DA(p,g) = DA(q,g). Then m(p,g) > m(q,q), if either of the
following holds.

(i) Let A € EA(q,9), Ag = Ang 0), Ar € TA(p,g) such that Ag N Ar = 0, P aguar = n)\AgUArs
pap =0, and qa, = 0.



(ii) Let Ap € TA(q,9), A € LA(p,g), AL = AN g '(0) such that Ap N A, = 0, ppaparva, = Gn)\ArUAL>
pay =0, and ga, = 0.

Preciseness of predictions Similar to previous properties, we have to consider the potential trade-off with
early alarms when adding more correct predictions when adapting Prop. 16 to the advanced setting. Furthermore,
we need to consider how the set of detected anomalies could change by introducing an additional early or late
alarm. Excluding both trade-offs results in the following property.

PROPERTY 16 (MAXIMIZING TRUE POSITIVES) Let A € DA(p,g) N DA(q,g), and i* € A such that py,)\ (-} =
G\ fi+y, P(1*) =1 # 0= q(i*), and EA(p,g9) = EA(p,g). Then m(p,g) > m(q,g).

Timing of alarms Prop. 8 and Prop. 9 formalize the preference for early predictions. In the advanced setting,
earlier predictions might result in longer early alarms or even in less detected anomalies. Therefore, we additionally
require that early alarms do not change when adapting Prop. 8 and Prop. 9. Another trade-off to consider is the
potential loss of late alarms.

PROPERTY 17 (ALARM TIMING) Let A € DA(p,g) N DA(q,g) such that ppupa = qupa, [11(pa)|l = [11(qa)l,
Ip~1(1)| = |¢~1(1)|, EA(p,9) = EA(q,9), and |LA(p, g)| = |LA(q,g)|. For some i € A it holds that min{i: p(i) =
1} < min{i: q(¢) = 1}. Then m(p,g) > m(q,g).

PROPERTY 18 (EARLY BIAS) Let g be a ground truth of length n and p,q be predictions such that EA(p, g) =
EA(q,9) and |[LA(p, )| = |LA(q, 9)|. Let A € DA(p,g) N DA(q,g) such that |I1(pa)| < [11(ga)| and for some
i <i** € A it holds q(l**) = p(l*> =1#0= q(l*) = p(i**), Pln)\{i*,i=*} = Q[n]\{i*,i**}- Then m(p, g) > m(q,g).

B.3 Proof of Thm. 6.2
Lemma B.1. Let z € [0,n), y € [0,1), and n € Nsg. Then it holds

r+y = 1

n+1_n> 2

Proof.

Theorem B.2. The ALARM score (Thm. 6.2) satisfies the properties Prop. 10 - Prop. 18.

Proof.

Prop. 10 By definition it holds [DA(p, g)| = [DA(q, g)| + 1. Since pp,\a = )\ 4, it holds that B(|p;:10(1)|) =
g (|q;:10(1)|). By the third assumption it follows that the number of late alarms and the number of early alarms
can change at most by 1. With every increase, the number of true false alarms decreases. Thus, it follows that

3 1 3 1
|TA(q,9)| — 1+ glEA(q,g)l + §(|LA(q7g)| +1) <|TA(p,9)| + glEA(p,g)I + §|LA(p, 9)l

3 1
<|TA(q,9)| -1+ §(|EA(q, gl +1)+ §|LA(q,g)|

Thus, using Thm. B.1 to bound the difference in the second term, it holds

1

1
g)—mlg,g)>1—=——>0
m(p,g) —m(q,g) 5 %



Prop. 11 By definition, it holds [DA(p, g)| = [DA(q, 9)|, B(lp,20(1)]) = B(lg,24(1)]), and EA(p, g) = EA(q,9).
Furthermore, it holds

1 1 1
ITA(p, g)l —1+ §(|LA(p7g)| +1) <|T'A(q,9)| + §|LA(q,g)| <|TA(p, g)| + §(|LA(p, gl+1)
and
14+ a(ga) - 2 B 1 14+ a(pa)
olTi(aa) 9@l oli(pa)] = oli(pa)l

and, thus, it holds

1
m(p,g9) —m(q,g) > 1-5, 20

Prop. 12 By definition, it holds DA(p,g) = DA(q,g), and Lralaa) _ Ltalpa) g4 41 4 € DA(p,g). From

2lT1(a4)] 2lT1(pA)l
the second assumption, it follows that S (|qg;10(1)|) > B(|pg;10(1)|) and from the last assumption it follows that
|TA(q,9)| > |TA(p, g)|. Furthermore, it holds FA(q,g) > FA(p,g) and LA(q,g) > LA(p,g). Therefore, it follows

that m(p, g) > m(q, g).

Prop. 13 By definition, the scores for p and ¢ only differ in the term mpga. There, it holds by the assumptions
on the sum of alarms that this term of the score of g is strictly less than the corresponding term in the score of p
due to the last assumption, resulting in the desired ordering.

Prop. 14 By definition, the first, second, and third to fourth terms are not affected by the changes between p
and ¢. Since

P Ol = [P W) Ng O+ W) Ng T W=~ (W) Ng O] + g (1) Ng T ()] = g (1)
it holds that [p~*(1) N g~(0)| = |¢~ (1) N g~ (0)| and, therefore, B(|qg;10(1)|) = 5(|p;:10(1)|)
Prop. 15 (i) By definition, the first two terms and the last term are unaffected by the differences between p

and ¢. Furthermore, it holds |[EA(p,g)| + 1 = |EA(q,9)|, |TA(p,9)| = |TA(q,9)| + 1, and |LA(p, g)| < |LA(g,9)|
Therefore, it holds

lp,9) — mla,9) =5 (TAl,9)| - [TA, 9))) +2 (1FA(,9)| - |BAR,9))
+ 5 (LA(,9)| = |LA®.9))) 2 o > 0
>0

Prop. 15 (ii) By definition, the first two terms, and the last term are unaffected by the differences between p
and ¢. By the same argument as for (i), it holds

m(p.9) ~ m(a, 9) =3 (TA@9) ~ ITAW.9)]) + > (BA(g,9)| - |EA@. o))
=1 5
* % (ILA(g. 9)| = |[LA(p. 9)]) > % >0

=—1

Prop. 16 By definition, only one term in the sum of the second term is affected by the differences between p
and ¢. Because of the monotonicity of «, it holds,

1+ a(pa) S 14+ a(ga) S 1+ a(ga)
A~ olha)l = olhn]

and, therefore, it holds m(p, g) > m(q, g).



Prop. 17 By definition, only one term in the sum of the second term is affected by the differences between p
and ¢g. By the early bias assumption on «, it holds

1+ a(pa) - 1+ a(qa)
2111 (pa)l 2111 (qa)l

and, therefore, m(p, g) > m(q, g).

Prop. 18 By definition, only one term in the sum of the second term is affected by the differences between p
and g. By the early bias assumption on «, it holds

1+ a(pa) < 1+ a(qa)
ST~ o)l

and, therefore, m(p, g) > m(q, g).



C Evaluation

In this section we present additional evaluations of (A)LARM illustrating the differences to other metrics and
providing more intuition on the requirements discussed in the main paper. We use the SMD dataset Su et al.
(2019) and models trained thereon Wagner et al. (2023) as a basis for our experiments. Due to the differences
in the conditions during the collection process, the SMD dataset can be considered a collection of 28 datasets
Wagner et al. (2023). Since there is no quantitative measure to quantify the quality of evaluation metrics, we
discuss a selection of the full evaluation here in detail to illustrate the differences between evaluation metrics.

C.1 Ranking Variance

To illustrate the high variance in rankings produced by different metrics, we take the predictions of the methods
implemented and trained on SMD datasets in Wagner et al. (2023) and evaluate their performance with every
metric considered in Table 1 and the (A)LARM scores proposed in Thm. 6.1 and Thm. 6.2. We assign each
method a unique color and order them according to their performance for each metric. The results on more of the
SMD datasets are shown in Fig. 7. This visualization illustrates the significant differences between the rankings
with respect to different metrics. Notably, no existing metric provides consistent rankings with the (A)LARM
scores across different datasets.
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Figure 7: Comparison of the rankings of different evaluation metrics on eight SMD datasets show that (A)LARM
provide significantly different rankings compared to other metrics on multiple datasets.

C.2 Qualitative Evaluation of (A)LARM

To illustrate the behavior of the metrics proposed in Thm. 6.1 and Thm. 6.2, we compare the rankings produced
by (A)LARM with ranking produced by the point-wise F1 score. In Fig. 8, we can observe the significant impact
of false alarms on LARM. Note that there appear to be multiple methods that make no predictions at all and that
these predictions seem to appear in different positions in the rankings. Due to the size of the dataset, we have to
plot at a reduced resolution where small predictions are not visible. Thus, we visualize a smaller subset of this
particular dataset in Fig. 11. To illustrate the differences between rankings, we restrict the metric computation
to this region only, which leaves one method with no predictions. We can see that this method is ranked second
with LARM and last with the point-wise F1 score. This is a significant difference. Since false positives have an
overwhelming negative impact in LARM, it naturally follows that the score decreases with the number of false
positives and, in particular, with the number of false alarms. We can see that the three methods ranked just
below the method with no predictions have almost the same score, each predicting both anomalies at different
times and predicting anomalies for a longer time than indicated in the ground truth. Since these methods exhibit
very similar behavior with slight differences in the prediction delay and the number of false positives, they are
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Figure 8: Comparison of LARM (left) and point-wise F1 score (right) on SMDS8. The top row represents the
ground truth. The methods are presented in descending order, with the top method ranked highest by each
metric.
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Figure 9: Comparison of LARM (left) and point-wise F1 score (right) on a subset of SMD8. The top row
represents the ground truth. The methods are presented in descending order, with the top method ranked highest
by each metric.
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Figure 10: Three predictions of three different methods on a subset of SMDS that all predict both anomalies at
different times and all exceed the ground-truth labels. Due to these subtle differences on two different anomalies,
these methods are difficult to rank.

naturally hard to distinguish. Notably, these methods appear in different positions in the ranking with the
F1l-score. Since we assume the labels are correct in Asm. 1 and that predictions are to be taken at face value
in Asm. 2, a response system or operator might need to investigate the predictions that exceed the labels an
additional time. For example, we might know based on the response used to resolve the anomaly when it should
end and based on the predictions would need to initiate additional investigations. If these three methods would
still represent desired behavior, it could imply that Asm. 1 is violated in this dataset. In this case, we could
either introduce more lenient labels, or we could adjust the metric to account for such cases. For example, we
could weaken Prop. 4 and Prop. 6 to allow for predictions that exceed the labels by modifying the sum in the



second term, as for example in ALARM (Thm. 6.2). This highlights the open design space for metrics based on
(A)LARM and the need for precise specification of the desired properties. Based on our very strict requirements
for reliability in LARM, the anomaly detection system might be disabled after the first false alarm, never giving
it the chance to detect the second anomaly when a false positive occurs in between. Thus, the ranking produced
by the metric in Thm. 6.1 aligns with our assumptions and requirements discussed in Section 4.2 and Section 4.
This explains why the following method is clearly ranked lower with LARM, while it is ranked highest with the

F1-score, since the Fl-score is clearly not as sensitive to false alarms and values point-wise recall much higher.

Comparing the ranking of ALARM with LARM in the same setting shows that the three methods highlighted
above are still ranked closely together. However, due to the tolerance for false alarms, ALARM ranks the method
with no predictions much considerably lower. Noticeably, the methods in the bottom half of the rankings of both
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Figure 11: Comparison of ALARM (left) and LARM (right) on a subset of SMDS8. The top row represents the
ground truth. The methods are presented in descending order, with the top method ranked highest by each
metric.

ALARM and LARM produce an increasing number of false alarms approaching almost random predictions under
the assumption that the labels are correct (Asm. 1).



D Proofs

Theorem D.1. Point-wise Precision defined as

. ¢! -1
Precision(g,p) = P (p)T(i) W]

satisfies property Prop. 5.

Proof.

Let : [n] = {0,1}" be the ground truth and p,p: [n] — {0,1}" predictions.
Prop. 1 Consider the following example:

g = 000110011000
p = 000110000000
p = 000110001000

Then Precision(g,p) = 1 = Precision(g, p).

Prop. 2 Consider the following example:

g = 000111111000
p = 000111000000
» = 000111011000

Then it holds Precision(g,p) = 1 = Precision(g,p).

Prop. 3 Consider the following example:

g = 000000000001
p = 000000010000
p = 000000110000

Then it holds Precision(g,p) = 0 = Precision(g, p).

Prop. 4 Consider the following example:

g = 000000111000
p = 010010010000
p = 011100010000

Then Precision(g,p) = % > i = Precision(g, p).

Prop. 5 Let W € A(lg — 1), ppapw = piapw» [Py (1)] = [pyy* (1)], and [A(Pw)| = [A(pw)|- Then [p=(1) N
g M) =lp~' (1) Ng ' (1)| and |p~(1)| = [p~'(1)|. Thus, Precision(g,p) = Precision(g,p)

Prop. 6 Consider the following example:

g = 000111111000
p = 000010000010
p=010111111010

Then Precision(g,p) = % < % = Precision(g,p).



Prop. 7 Consider the following example:

g = 000111111000
p = 000010000000
p = 000111111000

Then Precision(g,p) = 1 = Precision(g,p).

Prop. 8 Consider the following example:

g = 000111111000
p = 000010000000
p = 000000010000

Then Precision(g,p) = 1 = Precision(g,p).

Prop. 9 Consider the following example:

g = 000111111000
p = 000010010000
p = 000110000000

Then Precision(g,p) = 1 = Precision(g,p).

Theorem D.2. Point-wise Recall defined as

Recall(g, p) = lp~ (|;)—T(£1]>| (1)]

satisfies properties Prop. 1, Prop. 5, and Prop. 7.

Proof.

Let : [n] = {0,1}"™ be the ground truth and p,p: [n] — {0,1}" predictions.

Prop. 1 Let W € A(g), ppap\w = Ppp\w> Pw = 0, and [pyr (1)] > 0. Then [p~*(1)Ng~ (1) > [p~ (1) Ng~1(1)).
Thus, Recall(g,p) < Recall(g,p).

Prop. 2 Consider the following example:

g = 000111111000
p = 000111000000
p = 000111011000

Then it holds Recall(g,p) = & < 3 = Recall(g, p).

Prop. 3 Consider the following example:

g = 000000111000
p = 000100010000
p = 001100010000

Then it holds Recall(g,p) = % = Recall(g,p).



Prop. 4 Consider the following example:

g = 000000111000
p = 000010111000
p = 000000111000

Then it holds Recall(g,p) = 1 = Recall(g,p).

Prop. 5 Let W € A(lg — 1)), ppup\w = Ppp\w> |]§17V1(1)| = |p;V1(1)|, and |A(pw)| = |A(pw)|- Then [p=1(1) N
“11)|=|p~t(1)ng=1(1)]. Thus, Recall(g,p) = Recall(g, p).

Prop. 6 Consider the following example:

g = 000000111000
p = 000000111000
p = 000010111000

Then it holds Recall(g,p) =1 = Recall(g,p).

Prop. 7 Let W € A(9), Piu)\{i*} = Pin)\{i+} for some i* € W, p(i*) # p(i*) = 0, and [A(pw )| < [A(pw)|. Then
= (1) ng~ (D] > [p~'(1) Ng~ ' (1)|. Thus, Recall(g,p) < Recall(g, p)-

Prop. 8 Consider the following example:

g = 000111111000
p = 000111000000
5 = 000000111000

Then it holds Recall(g,p) = % = Recall(g,p).

Prop. 9 Consider the following example:

g = 000111111000
p = 000000111000
p = 000001110000
Then it holds Recall(g,p) = & = Recall(g, p). O

Theorem D.3. Point-wise F1-score defined as

2t (1) ng (1) _ 2Tt ngTt ()
2p=t (W) g~ O+ p~ () N g~ O+ [p= 1 (0) g~ (D] = (D] + g~ ()]

satisfies properties Prop. 1, Prop. 5, and Prop. 7.

Fl(g,p) =

Proof.

Let : [n] = {0,1}"™ be the ground truth and p,p: [n] — {0,1}" predictions.

Prop. 1 Let W€ A(9), pnp\w = Pjpw, pw = 0, and By (1) > 0. Then [~ (1) ng~" (1)] > [p~* (1) ng~ (1)].
Let e = [p~1(1)Nng=1(1)| — [p~*(1) N g~1(1)]. Then it holds

2 (W) N~ @) _ 2p~t (1) N~ A)[ + 2e S 2~ '(Hng ')
=t + g~ ()] [p~ 1(1)|+6+|g YOI p 1(1)I+Ig‘1(1)|

Thus, F'1(g,p) < F1(g,p).

Fl(g,p) =

= F1(g,p)



Prop. 2 Consider the following example:

Then it holds F1(g,p) = 2 < 22 = F1(g,p).

Prop. 3 Consider the following example:

Then it holds F'1(g,p) = 0= F1(g,p).

Prop. 4 Consider the following example:

Then it holds F1(g,p) = 5 = F1(g,p).

PI‘Op. 5 Let WeA |g - ]-|)v ﬁ[n]\W = Pln)\W> |]§I7Vl(1)| = |p17V1(1)|7 and |A(]§W)
g 'MW =lp~ ') Nng ' (1)] and [p~ (1) = [p~'(1)|. Thus, F1(g,p) = F1(g,p).

Prop. 6 Consider the following example:

Then F1(g,p) = 1 < % = F1(g,p).

g = 000111111000
p = 000111000000
p = 000111011000

g = 000000000001
p = 000000010000
p = 000010010000

g = 000000111000
p = 010010010000
p = 001100010000

g = 000111111000
p = 000000010010
H = 010001111010

| = [A(pw)|- Then [p~(1) N

Prop. 7 Let W e A(g)7 ﬁ[n]\{z*} = Pln]\{i*} for some i* € W, ﬁ(l*> #* p(z*) =0, and |A(ﬁw)| < |A(pw)| Then
P W) Ng ) =[p (1) Ng~ (D] + 1 and [p~1(1)] = [p~H(1)| + L. Thus, F1(g,p) < F1(g,p)-

Prop. 8 Consider the following example:

Then F1(g,p) = 3 = F1(g,p).

Prop. 9 Consider the following example:

Then F1(g,p) = 5 = F1(g,p).

g = 000111111000
p = 000110000000
p = 000000011000

g = 000111111000
p = 000010010000
p = 000110000000



Theorem D.4. Point-adjusted Precision

> v

WeA(g
Wnp~ 1(1)750

Pt Ng= O+ X W

WeA(g):
Wnp=t(1)#0

Precisionpa(g,p) =

has properties Prop. 5 and Prop. 6.

Proof.

Let : [n] — {0,1}" be the ground truth and p,p: [n] — {0,1}" predictions.
Prop. 1 Consider the following example:

g = 000110011000
p = 000110000000
p = 000110011000

Then Precisionpa(g,p) = 1 = Precisionpa(g,p).

Prop. 2 Consider the following example:

g = 000111111000
p = 000111000000
p = 000111011000

Then it holds Precisionpa(g,p) = 1 = Precisionpa(g,p).

Prop. 3 Consider the following example:

g = 000000000001
p = 000000010000
p = 000010010000

Then it holds Precisionpa(g,p) =0 = Precisionpa(g,p).

Prop. 4 Consider the following example:

g = 000000111000
p = 010010010000
p = 011100010000

Then Precisionpa(g,p) = % > % = Precisionpa(g,p).

Prop. 5 Let W e A(lg — 1)), pnjy\w = Pln AN by ()] = |p17v1(1)|7 and |A(pw)| = |A(pw)|. Then |p~1(1)] =
Ip~1(1)| and {W € A(g): W np~ (1 ) 0} = {W € A(g): Wnp (1) # 0}. Thus, Precisionpa(g,p) =
Precisionpa(g,p)-

Prop. 6 Let W € A(g), W € A(lg — 1)), [A(pw)| = [Alpw)|, p Piapwuw) = Ppwuw)» Py = 0, and
Py = Ly-y for some i* € W. Then {W € A(g): WnNp (1) # 0} = {W € A(g): Wnp (1) # 0} and
P~ (1) Ng=20)| = |p~ (1) N g=(0)| + 1. Thus, Precisionpa(g,p) > Precisionpa(g,p).



Prop. 7 Consider the following example:

g = 000111111000
p = 000010000000
» = 000110000000

Then Precisionpa(g,p) =1 = Precisionpa(g,p).

Prop. 8 Consider the following example:

g = 000111111000
p = 000010000000
p = 000000001000

Then Precisionpa(g,p) =1 = Precisionpa(g, p).

Prop. 9 Consider the following example:

g = 000111111000
p = 000010001000
p = 000110000000

Then Precisionpa(g,p) = 1 = Precisionpa(g,p). O

Theorem D.5. Point-adjusted Recall

w
RGCGHPA(Q,]?) = Z ‘ _1(|1)|
wea: 9
Wnp=1(1)#0

has Prop. 1 and Prop. 5.

Proof.

Let : [n] = {0,1}™ be the ground truth and p,p: [n] — {0,1}" predictions.

Prop. 1 Let W € A(g) an interval, pp.\w = pn)\w, pw = 0, and |13;V1(1)| > 0. Then Recallpa(g,p) =
Recallpa(g,p) + %. Thus, Recallpa(g,p) < Recallpa(g,p).

Prop. 2 Consider the following example:

g = 000111111000
p = 000111000000
» = 000111011000

Then it holds Recallpa(g,p) =1 = Recallpa(g, p).

Prop. 3 Consider the following example:

g = 000000111000
p = 000100010000
p = 011100010000

Then it holds Recallpa(g,p) =1 = Recallpa(g,D).



Prop. 4 Consider the following example:

g = 000000111000
p = 000010010000
p = 000000010000

Then it holds Recallpa(g,p) = 1 = Recallpa(g, p).

Prop. 5 Let W C W’ € A(lg — 1)), ppw = Plnpw [Py w (D] = lpy' (1)], and [A(pw)| = [A(pw)|- Then
{W e A(g): Wnp (1 )#@}—{WGA( ): WNnp~t(1) # 0}. Thus, Recallpa(g,p) = Recallpa(g,p).

Prop. 6 Consider the following example:

g = 000000111000
p = 000000010000
p = 000010110000

Then it holds Recallpa(g,p) =1 = Recallpa(g, p).

Prop. 7 Consider the following example:

g = 000111111000
p = 000010000000
p = 000011000000

Then it holds Recallpa(g,p) =1 = Recallpa(g,Dp).

Prop. 8 Consider the following example:

g = 000111111000
p = 000111000000
H = 000000111000

Then it holds Recallpa(g,p) = 1 = Recallpa(g,p).

Prop. 9 Consider the following example:

g = 000111111000
p = 000000111000
p = 000001110000

Then it holds Recallpa(g,p) = 1 = Recallpa(g, p). O
Theorem D.6. Point-adjusted F1-score

2 X v

WeA(g):
Wnp—1(1)#£0

2 X W+t Mng O+ X (W

WeA(g): WeA(g):
Wnp—1(1)#£0 Wnp—1(1)=0

2 X W

WeA(g):
Wnp=1(1)#0

> Wi+l (1) ng= )] + (g~ (1)

WeA(g):
Wnp=1(1)#0

Flpa(p,g) =

has properties Prop. 1, Prop. 5, and Prop. 6.

Proof.

Let : [n] = {0,1}™ be the ground truth and p,p: [n] — {0,1}" predictions.



Prop. 1 Let W € A(g) an interval, pi,\w = ppnj\w, pw = 0, and |15‘7V1(1)| > 0. Then {W € A(g): Wnp~—1(1) #
0} ={W € A(g): Wnp~'(1) # 0} U{W} with [W| > 0. Thus, Flpa(g,p) < Flpa(g.p)-

Prop. 2 Consider the following example:

g = 000111111000
p = 000111000000
» = 000111011000

Then it holds Flpa(g,p) =1 = Flpa(g,p).

Prop. 3 Consider the following example:

g = 000000000001
p = 000000010000
p = 000010010000

Then it holds Flpa(g,p) =0 = Flpa(g,p).

Prop. 4 Consider the following example:

g = 000000111000
p = 010010010000
p = 001100010000

Then it holds F1pa(g,p) = % =Flpal(g,p).

Prop. 5 Let W C W' € A(lg — 1)), pupw = pppws [Py (D] = [py (1)], and |A(I3W)| = A ( W)|- Then
{W e A(g): Wnp~t(1) # 0} ={W € A(g): Wnp (1) # 0} and [p~ (1) ng~1(0)| = [p~*(1) N g~ *(0)|. Thus,
F]-PA(gap) :F]-PA(gap)

Prop. 6 Let W € A(g), W e A(lg — 1)), |[AGw)| = |Alpw)], Za['n,]\(WUVV) = Ppwuw) Pw = 0, and
Pyiy = Ly for some i* € W. Then {W € A(g): WNp (1) # 0} = {W € A(g): Wnp (1) # 0} and
P 1) Ng 1 0) =[p~' (1) Ng~'(0)[ + 1. Thus, Flpa(g,p) > Flpa(g.p).

Prop. 7 Consider the following example:

g = 000111111000
p = 000010000000
p = 000011000000

Then it holds Flpa(g,p) = 1= Flpa(g,p).

Prop. 8 Consider the following example:

g = 000111111000
p = 000110000000
p = 000011000000

Then it holds Flpa(g,p) = 1= Flpa(g,p).

Prop. 9 Consider the following example:

g = 000111111000
p = 000010010000
p = 000110000000

Then it holds FlpA(g,p):lelpA(g,ﬁ). O



Theorem D.7. Event-wise Precision

Precisioneyent(g,p) = {W € A(g): Wnp~'(1) # 0}

W e A(g): Wnp (1) # 0} + {W € A(p): Wng~1(1) = 0}
has none of the properties.
Proof.

Let : [n] = {0,1}"™ be the ground truth and p, p: [n] — {0,1}" predictions.

Prop. 1 Consider the following example:

g = 000110011000
p = 000110000000
p = 000110011000

Then Precisioneyent(g,p) = 1 = Precisioneyent(g, D).

Prop. 2 Consider the following example:

g = 000111111000
p = 000111000000
» = 000111011000

Then it holds Precisioneyent(g,p) = 1 = Precisioneyent(g, ).

Prop. 3 Consider the following example:

g = 000111111000
p = 001111000000
H = 011111000000

Then it holds Precisioneyent(g,p) = 1 = Precisioneyent(g, D).

Prop. 4 Consider the following example:

g = 000111111000
p = 000111000000
» = 001111000000

Then it holds Precisioneyent(g,p) = 1 = Precisioneyent(g, D).

Prop. 5 Consider the following example:

g = 000111111000
p = 110111000000
$ = 011111000000

Then it holds Precisioneyent(g,p) = % < 1= Precisioneyent (g, D).

Prop. 6 Consider the following example:

g = 000111111000
p = 000111000000
p = 001111000000

Then it holds Precisioneyent(g,p) = 1 = Precisioneyent (g, D).



Prop. 7 Consider the following example:

g = 000111111000
p = 000101100000
p = 000111100000

Then it holds Precisioneyent(g,p) = 1 = Precisioneyent(g,D)-

Prop. 8 Consider the following example:

g = 000111111000
p = 000111000000
p = 000000111000

Then it holds Precisioneyent(g,p) = 1 = Precisioneyent(g, D).

Prop. 9 Consider the following example:

g = 000111111000
p = 000001001000
p = 000011000000

Then it holds Precisioneyent(g,p) = 1 = Precisioneyent(g, D).

Theorem D.8. FEvent-wise Recall

{W € Alg): Wnp~ (1) # 0}
[A(9)]

Recallevent(gvp) =
has properties Prop. 1 and Prop. 5.

Proof.

Let : [n] = {0,1}™ be the ground truth and p,p: [n] — {0,1}"™ predictions.

Prop. 1 Let W € A(g), Pinp\w = Pln)\w> Pw = 0, and Py (1) > 0. Then {W' € A(g): W Nnp~1(1) # 0} =
{W"e A(g): W Nnp~1(1) # 0} U{W}. Thus Recalleyeni(g,p) < Recalleyent(g, D).

Prop. 2 Consider the following example:

g = 000111111000
p = 000111000000
» = 000111011000

Then it holds Recalleyent(g,p) = 1 = Recalleyent(g,D)-

Prop. 3 Consider the following example:

g = 000111111000
p = 001111000000
p = 011111000000

Then it holds Recalleyent(g,p) = 1 = Recalleyent (g, D)-



Prop. 4 Consider the following example:

g = 000111111000
p = 001111000000
5 = 000111000000

Then it holds Recalleyent(g,p) = 1 = Recalleyent(g,D)-

Prop. 5 Let W € A(lg — 1|), prapw = ppws [y (D] = [py' (1)), and [A(pw)| = |A(pw)|. Then {W' €
Alg): W'np=t(1) £ 0} ={W' € A(g): W np~1(1) # 0}. Thus Recalleyeni(g,p) = Recalleyeni(g, D)-

Prop. 6 Consider the following example:

g = 000111111000
p = 000111000000
p = 001111000000

Then it holds Recalleyent(g,p) = 1 = Recalleyent (g, D)-

Prop. 7 Consider the following example:

g = 000111111000
p = 000111000000
p = 000111100000

Then it holds Recalleyent(g,p) = 1 = Recalleyent(g,D)-

Prop. 8 Consider the following example:

g = 000111111000
p = 000111000000
p = 000000111000

Then it holds Recalleyent(g,p) = 1 = Recalleyent (g, D)-

Prop. 9 Consider the following example:

g = 000111111000
p = 000010100000
P = 000110000000

Then it holds Recalleyent(g,p) = 1 = Recalleyent(g,D)- O

Theorem D.9. FEvent-wise F1-score

Flevent(gap) =

21{W € A(g): Wnp~'(1) # 0}
2{W € A(g): Wnp~t(1) # 0} + {W € A(p): Wng='(1) = 0} + {W € A(g): Wnp~'(1) = 0}

has property Prop. 1.

Proof.

Let : [n] = {0,1}™ be the ground truth and p,p: [n] — {0,1}" predictions.



Prop.1 Let W € A(g) an interval, py,\w = pnj\w pw = 0, and |;6‘7V1(1)| > 0. Then |[{W € A(g): Wnp~1(1) #
0} = {W € A(g): Wnp~ (1) #0} +1, {W € A(p): Wng ' (1) =0} < {W € A(p): Wng~(1) = 0}, and
HW e A(g): Wnpt(1) =0} =|{W € A(g): WNnp~t(1) =0} + 1. Thus, Fleyent(g,D) > Flevent(g,p)-

Prop. 2 Consider the following example:

g = 000111111000
p = 000111000000
» = 000111011000

Then it holds Fleyent(g,0) = 1 = Fleyent(g,p)-

Prop. 3 Consider the following example:

g = 000111111000
p = 001111000000
p = 011111000000

Then it holds Fleyent(g,p) =1 = Fleyent(g, D).

Prop. 4 Consider the following example:

g = 000111111000
p = 001111000000
p = 000111000000

Then it holds Fleyent(g,0) = 1 = Fleyent(g,p)-

Prop. 5 Consider the following example:

g = 000111111000
p = 001111000000
» = 010111000000

Then it holds Fleyent(9,p) =1 > 2 = Fleyent(g, D).

Prop. 6 Consider the following example:

g = 000111111000
p = 000111000000
p = 001111000000

Then it holds Flevent(g,p) =1= F]-event(gvﬁ)'

Prop. 7 Consider the following example:

g = 000111111000
p = 000111000000
p = 000111100000

Then it holds Fleyent(g,p) =1 = Fleyent(g, D).

Prop. 8 Consider the following example:

g = 000111111000
p = 000111000000
p = 000000111000

Then it holds Fleyent(g,0) = 1 = Fleyent(g,p)-



Prop. 9 Consider the following example:

g = 000111111000
p = 000010100000
p = 000110000000

Then it holds Flepent(9,p) = 1 = Flevent (g, p). -
Theorem D.10. Composite F1-score

Precision(g, p) - Recalleyent(g,p)
Fo =

Precision(g,p) + Recalloyent(g, )

where

{W € Alg): Wnp~t(1) # 0}
[A(9)]

Pt (1) Ny~ (1)
P~ (1)

has properties Prop. 1, Prop. 5, and Prop. 6.

Precision(g,p) =

and Recalleyent (gap) =

Proof.

Let : [n] = {0,1}" be the ground truth and p, p: [n] — {0,1}" predictions.

Prop. 1 Let W € A(g), p A{ 2\W = Pp\ws pw = 0, and |py;/(1)] > 0. Then [{W € A(g): W np~1(1) #
0} = W € A(g): Wnp (1) # 0} + 1. Thus, Recalleyent(g,p) < Recalleyent(g,p). We also know that
Precision(g,p) < Precision(g,p) (Thm. D.1). Thus, F.1(g,p) < Fe1(g,D).

Prop. 2 Consider the following example:

g = 000111111000
p = 000111000000
p = 000111011000

Then it holds Precision(g,p) = 1 = Precision(g,p), Recalleyent(g,p) = 1 = Recalleyent(g,D), and Feq(g,p) =
1= Fcl (gvﬁ)

Prop. 3 Consider the following example:

g = 000000000001
p = 000000010000
p = 000010010000

Then it holds Fi1(g,p) =0 = F.1(g,p).

Prop. 4 Consider the following example:

g = 000000111000
p = 010010010000
p = 001100010000

Then it holds Precision(g,p) = 1 = Precision(g,p), Recalleyent(g,p) = 1 = Recalleyent(9,D), and Fei(g,p) =
1 = ch1 (9713)

Prop. 5 Let W € A(lg — 1)), Pl \w = D\ W> |]3;V( )| = |p;1,1(1)\7 and |A(pw)| = |A(pw)|. Then
Precision(g,p) = Precision(g,p) (Thm. D.1), |{W € Alg): Wnp (1) £ 0} ={W € A(g): Wnp~ (1) # 0},
and Recallevent(gvp) = Recallevent(gaﬁ) Thus cl (g p) Fo (g,p)-



Prop. 6 Let W € A(g), Woe Allg = 1), [A(Bw)| = |Alpw)], ﬁ[n]\(WUW) = Paap\(wuw)s Pw = 0, and
Pyir = Lyi+y for some i* € W. Then {W € A(g): Wnp= (1) # 0} = {W € A(g): Wnp~'(1) # 0} and
Recalleyent(g,p) = Recalleyeni(g,p). |p~ (1) Ng= ()] = [p~1(1) Nng~t(1)] and |[p~1(1)] = [p~*(1)| + 1 thus
Precision(g,p) > Precision(g,p) and finally F.i(g,p) > F.1(g,D).

Prop. 7 Consider the following example:

g = 000000111000
p = 000000011000
p = 000000111000

Then it holds Precision(g,p) = 1 = Precision(g,p), Recalleyent(g,p) = 1 = Recalleyent(g,D), and Fe1(g,p) =
1= Fcl (97]5)

Prop. 8 Consider the following example:

g = 000111111000
p = 000111000000
» = 000000111000

Then it holds Precision(g,p) = 1 = Precision(g,p), Recalleyent(g,p) = 1 = Recalleyent(9,D), and Fe(g,p) =
1= Fcl (g,ﬁ)

Prop. 9 Consider the following example:

g = 000111111000
p = 000000111000
p = 000001110000

Then it holds Precision(g,p) = 1 = Precision(g,p), Recalleyent(g,p) = 1 = Recalleyent(9,D), and Fe1(g,p) =
1= Fcl (g7ﬁ) O

Theorem D.11. K-Delay Precision

> W]
WEA(g):
min 1<min i+k
iewnp—1l(1) ~IEW
P~ (1) Ng=1(0)] + > W]
WeA(g):
min i<min i+k
iewnp—1l(1) ~IEW

Prescisiong_geiay(g,p) =

where k > 0 has property Prop. 5.

Proof.

Let : [n] — {0,1}" be the ground truth and p,p: [n] — {0,1}" predictions.

Prop. 1 Consider the following example: g = 1[4 q4x41] + Lp,g WithO0<a<a+k+1<b<c<n,p=1p,

and p = Tgaqrt1y + L. Then it holds ie[a,awgl%ilr]lmp*l(l)i satktl>ath= ie[arjll-i&-r}c-i-l]i e Thos,

Prescision—deiay(9,p) = 1 = Prescisioni—_deiay(g, p)-

For example, let k = 1:

g = 000111011000
p = 000000011000
p = 000001011000



Prop. 2 Consider the following example:

g = 000111111000
p = 000111000000
p = 000111011000

Then it holds Prescisiong—_deiay(g,p) = 1 = Prescisiong_deiay (g, D).

Prop. 3 Consider the following example:

g = 000000000001
p = 000000010000
p = 000010010000

Then it holds Prescisiong—_deiay(g,p) = 0 = Prescisiong—_deiay (g, p)-

Prop. 4 Consider the following example:

g = 000000111000
p = 010100111000
p = 011000111000

Then it holds Prescisiong—deiay(g,p) = g = Prescisiong—deiay(9, D)-
Prop. 5 Let W e A(lg — 1)), pppw = pppws 1Py (D] = [py! (1], and [A(pw)| = |A(pw)|. Then

> W] = 3 W]

WeEA(g): WEA(g):
min +<min i+k min i<min i+k
iewnp—1l(1) ~iEW iewnp—1l(1) ~IEW

and [p~1(1) Ng=1(0)] = [p~1(1) N g~1(0)|. Thus Prescisiong_deay(g, p) = Prescisiong_deiay (g, p)-

Prop. 6 Consider the following example: g = 1, q4x41) With a > 1, p =T 41 x11}, and p = 14y + Lgo3. Then

it holds Prescisiong_delay(9,p) =0 < k+2 — Prescisiong_gelay (9, D)-

k+3
For example, let & = 0:

g = 000110000000
p = 000010000000
p = 100100000000

Then it holds Prescisioni—_deiay(g,p) =0 < % = Prescisiong—deiay(9, D)-

Prop. 7 Consider the following example:

g = 000111111000
p = 000110000000
» = 000111000000

Then it holds Prescisiong—_deiay(g,p) = 1 = Prescisiong_deiay(g, D).

Prop. 8 Consider the following example for k& > 0:

g = 000111111000
p = 000111000000
p = 000011100000



Then it holds Prescisioni—_deiay(g,p) = 1 = Prescisiong_deiay (9, D)-
Consider the following example for k = 0:

g = 000111111000
p = 000011000000
p = 000001100000

Then it holds Prescision—_deiay(g,p) = 0 = Prescisiong_deiay (g, D).

Prop. 9 Consider the following example:

g = 000111111000
p = 000100100000
p = 000110000000

Then it holds Prescisioni—_deiay(g,p) = 1 = Prescisiong_deiay(9,D)- O

Theorem D.12. K-Delay Recall
> (W

WeA(g):
min 1<min i+k
iewnp—1l(1) ~—iEW
W
WeA(g)

Recallk—delay (ga p) =

has property Prop. 5.

Proof.

Let : [n] = {0,1}"™ be the ground truth and p, p: [n] — {0,1}" predictions.

Prop. 1 Consider the following example: g = 1[4 q4x41] + Lp,g WithO<a<a+k+1<b<c<n,p=1p,

and p = Lyaqpq1) + L. Then it holds min it=a+k+1>a+k = min ¢+ k. Thus,
’ i€la,a+k+1]Np—1(1) i€la,a+k+1]
c—b+1

Recallk—dclay(gap) = c—b+k+3 Recallk—delay(gaﬁ)'

For example, let k£ = 1:

g = 000111011000
p = 000000011000
p = 000001011000

Prop. 2 Consider the following example:

g = 000111111000
p = 000111000000
» = 000111011000

Then it holds Recally—_geiay(g,p) = 1 = Recallk_deiay(g,D)-

Prop. 3 Consider the following example:

g = 000111111000
p = 010111000000
p = 110111000000

Then it holds Recally_geiay(g,p) = 1 = Recalli_deiay (g, p)-



Prop. 4 Consider the following example:

g = 000111111000
p = 000111000000
p = 010111000000

Then it holds Recally—deiay(9,p) = 1 = Recally—geiay(g,p)-

Prop. 5 Let W € A(lg — 1)), Ppapw = Prpw [Py (1)] = Ipyt (1), and |[A(Pw)| = |Alpw)

> W] = 3 W]

WeA(g): WeA(g):
min i<min i+k min i<min i+k
iewnp—1l() ~IEW iewnp—1l(1) ~ieEW

. Thusa Reca”kfdelay(g,p) = Reca”kfdelay(g»ﬁ)'

Prop. 6 Consider the following example:

g = 000111111000
p = 000110100000
p = 010110010000

Then it holds Recally_geiay(g,p) = 1 = Recally—deiay (g, D)-

Prop. 7 Consider the following example:

g = 000111111000
p = 000100000000
p = 000110000000

Then it holds Recall—deiay(9,p) = 1 = Recally—geiay(g,D)-

Prop. 8 Consider the following example for k£ > 0:

g = 000111111000
p = 000111000000
» = 000011100000

Then it holds Recally_geiay(g,p) = 1 = Recalli_deiay(g, D).
Consider the following example for k = 0:

g = 000111111000
p = 000011000000
p = 000001100000

Then it holds Recall—deiay(g,p) = 0 = Recally—deiay(g,D)-

Prop. 9 Consider the following example:

g = 000111111000
p = 000100100000
5 = 000110000000

Then it holds Recally_geiay(g,p) = 1 = Recalli_geiay (g, p)-

. Then



Theorem D.13. K-Delay F1-Score

2 > W]
WeA(g):
min i<min i+k
1 ( ) iewnp—1l(1) ~1EW
k—delay\9,P) = 7 —
=1 (1) Ng=1(0)] +2 > W1+ > Wi+ X W
WeA(g): WeA(g): WeA(g):
min i<min i+k min 1>min i+k Wnp—1(1)=0
iewnp—1l(1) ~iEW iewnp—1l(1) ieW

has properties Prop. 5.

Proof.

Let : [n] — {0,1}" be the ground truth and p,p: [n] — {0,1}" predictions.

Prop. 1 Consider the following example: g = 1, qqx41] + L, WithO <a <a+k+1<b<c<n,p=1p,

and p = lyaqp41) + L. Then it holds min i=a+k+1>a+k= min ¢+ k. Thus,
’ i€la,a+k+1]Np=1(1) i€[a,a+k+1]
2x(c—b+1 ~
Fly_getay(9,p) = m = Fli—_delay(g9,D)-

For example, let k = 1:

g = 000111011000
p = 000000011000
p = 000001011000

Prop. 2 Consider the following example:

g = 000111111000
p = 000111000000
p = 000111011000

Then it holds F'1x_getay(9,2) = 1 = Flg_dctay(g,P)-

Prop. 3 Consider the following example:

g = 000000000001
p = 000000010000
p = 000010010000

Then it holds F1y_geiay(9,2) = 0 = Fli_geiay(9,D)-

Prop. 4 Consider the following example:

g = 000000111000
p = 010100111000
p = 011000111000

Then it holds Flk—delay(g7p) = % = Flk—delay(gvﬁ)'
Prop. 5 Let W € A(lg — 11), Pppw = Pppw [Py (1] = [pyt (1], and |A(pw )| = [A(pw)|. Then

> W] = > lud

WeA(g): WeA(g):
min i<min i+k min i<min i+k
iewnp—1l(1) ~iEW iewnp—1l() ~EW

and [p~1(1) N g1 (0)] = [p~' (1) N g~} (0)]. Thus Fli—aetay(g:p) = Flr—detay(9,D)-



Prop. 6 Consider the following example: g = 1, q4x41) With a > 1, p =T 44,11}, and p = L4y + Lyo3. Then

it holds Flxaciay(9,0) = 0 < 50050y = Fli—detay (9, D).

For example, let & = 0:

g = 000110000000
p = 000010000000
p = 100100000000

Then it holds Fli_geiay(g,p) =0 < 3 = Fli_detay(9,D)-

Prop. 7 Consider the following example:
g = 000111111000
p = 000110000000
p = 000111000000

Then it holds Flx_getay(9,0) = 1 = Flp_detay (9, D)

Prop. 8 Consider the following example for k£ > 0:
g = 000111111000
p = 000111000000
p = 000011100000

Then it holds Fly_geiay(9,0) =1 = Fli_geiay(9,D)-
Consider the following example for k = 0:

g = 000111111000
p = 000011000000
p = 000001100000

Then it holds F]-kfdelay(gap) =0= F]-kfdelay( ,ﬁ)

Prop. 9 Consider the following example:

g = 000111111000
p = 000100100000
p = 000110000000

Then it holds Fli_getay(9:0) = 1 = Fl—getay (9. p). -
Theorem D.14. Latency- and Sparsity-Aware F1-score

2lps,., (1) Ngs ' (1)]

Flisa(9,p) = —— — - - - -
2pyt (1) Ngy (W) + Ips) (1) N gy (0)] + s, (0) N gyt (1)]
where:
beN
9s(i) = e 9(j)
g = Z Lpisn, i+ 1) x0—1)n[n) Lg(ixb)=1
i€l £1]
keW WemAi(n/) b'ew}IC
: g0 if 3 A(g") - i
i*(g',1) = { 5 J f AW € A(g') :bie W
bi ,else
Pspali) = max j26)

JEbi*(g’,4),b(i+1)—1]



has property Prop. 8 if b= 1.

Proof.
Let : [n] = {0,1}™ be the ground truth and p,p: [n] — {0,1}"™ predictions.
Prop. 1 Consider the following example: g = 113, p = 1y, and p = Ly + L_13. Then it holds
Flisa(9,p) =1 = Flisa(9,P)-
For b = 3:
g = 001000000000

p = 100000000000
p = 101000000000

Then it holds F1;5,(g,p) =1 = Flisa(g,D).
Prop. 2 Consider the following example: g = 1, where 0 < a <c—1, p =14}, and p = L4 + L{440y-
Then it holds F1;5,(g,p) =1 = Flisa(g,D).
For b = 3:
g = 000111111000

p = 000100000000
p = 000101000000

Then it holds Fls4(g,p) = 1 = Flisa(g, D).
Prop. 3 Consider the following example: g = 1oy, p = 113, and p = L5y + Lyop3. Then it holds F'ljs4(g,p) =
0= Fllsa(gaﬁ)'
For b = 3:
g = 100000000000

p = 000100000000
p = 000100100000

Then it holds F1;5,(g,p) =0 = Fl;5,(g,D).

Prop. 4 Consider the following example: g = 1oy, p = Loy + L3y, and p = Loy + L) + Ly2p—13. Then it
holds F1;54(g,p) = % = Fli5q(9,D)-

For b = 3:

g = 100000000000
p = 100100000000
p = 100101000000

Then it holds Flisq(g,p) = 2 = Flisa(g, D).
Prop. 5 Consider the following example: g = 1oy, p = ljoy + Lp—1}, and p = Loy + Lypy. Then it holds

Flisa(g,p) =1 > % = F'li54(9,D)-
For b = 3:

g = 100000000000
p = 101000000000
p = 100100000000

Then it holds Flis(g,p) =1 > 2 = Fljsa(g,p).



Prop. 6 Consider the following example: g = Tjg25-1, p = Ly, and p = L0y + Lyoy. Then it holds
Fllsa(gap) = % < % = Fllsa(g>ﬁ)~
For b = 3:

g = 111111000000

p = 000100000000
p = 100000100000

Then it holds Flisa(g,p) = 2 < 2 = Flisa(g, D).

Prop. 7 Consider the following example:

g = 110000000000
p = 100000000000
p = 110000000000

Then it holds Flis.(g9,p) =1 = Flisa(g,D).

Prop. 8 Case b = 1: Let W € A(9), pppw = pppw, [AGw)| = [Alpw)], [p71(1)] = [p~(1)|, and

i < i Then due to th ht-ward t adjusti f , ng;t > N
zeWm;l;r(lz) L zeWm;)r(lz)_lz en due to the right-ward point adjusting of ps, , |p5PA( )Ngy H()] > [pyt, (1)

5 H(D)] while [p5,}, (0) N g5 (1] < |ps.}, (0) N gy ' (1)]. Thus Flisa(g,p) < Flisa(g,p).
Case b > 2: Consider the following example:

g = 110000000000
p = 100000000000
p = 010000000000

Then it holds Flisa(g,p) =1 = Flisa(g,p).

Prop. 9 Consider the following example: g = 1jg 21}, p = L{o} + L{2p—1}, and p = Loy + Lpy. Then it holds
F]-lsa(gvp) =1= Fllsa(gvﬁ)'

For b = 3:
g = 111111000000
p = 100001000000
p = 100100000000
Then it holds Fl;5,(g,p) =1 = Fl5.(g,D). O

Theorem D.15. Point-adjusted F1-Score at k%

Flpayr(g,p) =

2 > Wi+ X ptmnw
WEA(g): WeA(g):
el aw =l aw| ¢
2 X Wi+ X T MnW+ Tt M) ng N0+ X [ 0)nW|
WeEA(g): WEA(g): WeEA(g):
\Pfl‘(vb)‘ﬁw\>k |P71|§/%/)PW|S]€ \Pfl‘(vb)‘ﬁw\ék

satisfies properties Prop. 1 and Prop. 5. Furthermore, it satisfies Prop. 6 for k = 0.



Proof.

Let : [n] = {0,1}" be the ground truth and p,p: [n] — {0,1}" predictions. We define:

#correct(p, k) = Z W]+ Z P~ (1) N W
WEA(g): WeA(g):

Then
24tcorrect(p, k)

F1 =
Pa%k(9,p) 24correct(p, k) + [p~1 (1) Ng=1(0)| + > =1 (0) N W]
WeA(g):

=11 w|
T =k

nw, pw = 0, and [py’ (1) > 0. Then #correct(p,k) > #correct(p, k)
~1(0)| and > o) nw| < > p7'(0) nW|. Thus
WeA(g): WeA(g):
|l771‘(vb)lﬁw|§k \Pfl‘(v‘lj)lﬁw|gk

Prop. 1 Let W € A(g), pinp\w
while [p=1(1) N g=2(0)) !

I
S
=

o

Flpaoi(9,0) > Flpayr(g,p)-

Prop. 2 Consider the following example:

g = 000111111000
p = 000111000000
p = 000111011000

Then it holds

e For k <0.5: Flpagk(g9,p) =1 = Flpayi(g,p)-
e For 0.5 <k < 2: Flpayi(g,p) = 2 <1=Flpayi(g,p).

e Ford <k: Flpagi(g,p) = 2 < 12 = Flpau(g.p)-
Regardless of the choice of k this property does not hold.

Prop. 3 Consider the following example:

g = 000000000001
p = 000000010000
p = 000010010000

Then it holds F1pas(g,p) = 0 = FLpas(9, p)-

Prop. 4 Consider the following example:

g = 000000111000
p = 001010111000
p = 000110111000

Then it holds Flpay(g9,p) = 3 = Flpay(g, D).

Prop. 5 Let W € A(lg — 1)), ppw = pppws [y ()] = |py (1], and [A(pw)| = |[A(pw)|. Then
eorrect(p k) = #eorrect(p, k), S P ONW] = X [p(0) N W], and o= (1) N g} (0)] =
MVKI/GA(Q): 7V§/EA(9)=
1D |(‘/%/)‘ﬁ"‘/|glc Ip I(‘;/)FW\Sk

lp~'(1) N g~(0)]. Thus Flpayuk(9,p) = Flpayi(g,p).



Prop. 6 Case k = 0: In this case it holds Flpayui(g,p) = Flpa(g,p) and thus by ?? this property holds.

Case k > 0: Consider the following example: Let 2 < k' € N such that % < k. Such a k'’ exists because k& > 0.
g = ]l[a,a+k’71] with a > 0, p = ]l{a}, and ]3 = ]1{0} + ﬂ[a’a+k/71]. Then it holds FlPA%k(gap) = k’i-i-l S k’LH =
FlPA%k(g7p)'

1.
For k& > 3

g = 000000111000
p = 000000100000
p = 000010111000

Then it holds Flpai(g.p) = 5 < £ = Flpagk(g,D)-

Prop. 7 Case k = 1: In this case it holds F1p49i(g,p) = F1(g,p) and thus by Thm. D.3 this property holds.
Case k < 1: Consider the following example: Let k' € N such that klk_,l > k. Such a k' exists because k < 0.

g = ]l[a,a+k’fl] with a > 07 p= ]l[a,a+k’72]7 and ﬁ = ]l[a,arl»k/fl]' Then it holds FlPA%k(g»p) =1= FlPA%k(gaﬁ)-

For k£ < %:

g = 000111111000
p = 000111110000
$ = 000111111000

Then it holds F1payr(g,p) =1 = Flpayk(g,p)-

Prop. 8 Consider the following example:

g = 000111111000
p = 000111000000
p = 000000111000

Then it holds

e For k < § Flpani(g,p) =1= Flpayi(g,D).

o For k> § Flpayk(9,p) = 3 = Flpag(g,p)-

In either case the property does not hold.

Prop. 9 Consider the following example:

g = 000111111000
p = 000100100000
p = 000110000000

Then it holds

o For k < & Flpay(g,p) =1 = Flpay(g, D).

o For k> % Flpagi(9,p) = 3 = Flpau(g, D).

In either case the property does not hold. O



Theorem D.16. Integrated point-adjusted F1-Score at k%

/FlpA%k(%p)
2 > Wi+ X T+ W
LT+
:/1 — L dk
0
2 > Wi+ X Pt )+WI ]+ ) Nng o)+ X [pH(0)+ W]
WEA(g): WEA(g): WEA(g):
|I’_1‘(‘;/)|QW|>IC \P_l‘(‘}%/)‘mw\gk \P_ll%)‘mW\Sk

has properties Prop. 1, Prop. 5, and Prop. 7.

Proof.

Let : [n] = {0,1}" be the ground truth and p,p: [n] — {0,1}"™ predictions.

Prop. 1 Let W € A(g), ppup\w = Pnp\w, pw = 0, and lpy (1)] > 0. Consider D.15, which implies that
Flpayk(9,p) > Flpagk(g,p) for any k. Thus [ Flpagk(g9,p) > [ Flpagk(g,p).

Prop. 2 Consider the counter example in D.15, which shows that F1payui(g,p0) > Flpagi(g,p) for any k.
Thus [ Flpayk(9,9) > | Flpagk(g.p) and this property does not hold.

Prop. 3 Consider the following example:

g = 000000000001
p = 000000010000
p = 000010010000

Then it holds [ Flpaui(g,p) = 0= [ Flpayk(g,D).

Prop. 4 Consider the counter example in D.15, which shows that F1pagi(g,p) = Flpagk(g,p) for any k.
Thus [ Flpayk(9,0) = [ Flpawk(g,p) and this property does not hold.

Prop. 5 Let W € A(|lg — 1]), Papw = pppw By (1)] = |pyy' (1), and [A(pw)| = |A(pw)|. Consider D.15,
which implies that F1payi(g,p) = Flpagk(g,p) for any k. Thus [ Flpagk(g,p) = [ Flpayk(g,p)-

Prop. 6 Consider the following example:

g = 000000111000
p = 000000100000
p = 000010111000

fghen for k> & it holds Flp.A%k(g,p) =1 and & = Flpayi(g,p). Fo
2 = Flpayk(g,p). From this we can follow that [ Flpagi(g,p) =

it holds that F1p9k(g,p)
2
3

J Flpagi(g,p) = 3 < £ = [ Flpayx(9,p)-

and [ Flpay(g,p) = S. Thus

Prop. 7 Let W € A(g), ﬁ[n]\{z*} = Dln)\{i*} for some i* € W, ﬁ(l*) 7’5 p
w1 = Minjewi, we = maziewi, ¢ = [p~ (1) N W], then c+ 1 = [p~1(1) N W|.

e For k < 157 Flpayk(9,p) = Flpayk(g, p)-

c

o For 7 <k Flpaoi(9,p) < Flpayr(g,D)-

From this we can follow that [ F1lpauk(9,p) < [ Flpagk(g,D).



Prop. 8 Consider the counter example in D.15, which shows that F1pagi(g,p) = Flpagk(g,p) for any k.
Thus [ Flpayk(9,0) = [ Flpawk(g,p) and this property does not hold.

Prop. 9 Consider the counter example in D.15, which shows that F1pa9.(g,D) = Flpayr(g,p) for any k.
Thus [ Flpayk(9,p) = [ F1pa%i(g,p) and this property does not hold. O

Theorem D.17. Point-Adjusted F1-score with Decay Function

2 Z d(iewrr?;21<1)iigwi)|w|
WeA(g):
Wnp ™' (1)#0
2 X Wi+t Mng O+ X (W]
WeA(g): WeA(g):
Wnp~ 1 (1)#£0 wnp~1(1)=0

Flpaa(g,p) =

where:
d € (0,1] = decay rate
has properties Prop. 1 and Prop. 5. It also has property Prop. 8 for d <1 or Prop. 6 if d = 1.

Proof.

Let g: [n] = {0,1}"™ be the ground truth and p,p: [n] — {0,1}" predictions.

Prop. 1 Case d =1 Then Flpag(g,p) = Flpa(g,p) and this property is fulfilled following Thm. D.6.

Case d < 1 Consider the following example: Let a € N be large enough such that ﬁ > dot2 g = Tioy + 1p2,45

p =1}, and p = Loy + L1,y Then it holds Flpag(g,p) = 727 > 222 =l _

For example for d < 0.7 (this example also holds for some more 0.7 < d < 0.8, however, the exact value is
irrational):

F1paas(9,D)-

g =101111111111
p = 100000000000
p = 100000000001

. 9 A
Then it holds Flpaar(g,p) = & > 22 = Flpag(g,p).

Prop. 2 Consider the following example:

g = 000111111000
p = 000100000000
p = 000100001000

Then it holds F1lpagr(g,p) =1 = Flpag(g,p).

Prop. 3 Consider the following example:

g = 000111111000
p = 000000000000
5 = 010000000000

Then it holds FlpAdf(g,p) =0= FlpAdf(g,f)).

Prop. 4 Consider the following example:

g = 000111111000
p = 001000000000
» = 101000000000

Then it holds FlpAdf(g,p) =0= FlpAdf(g,f)).



Prop. 5 Let W € A(lg — 1)), Pppw = pppws [Py (D] = |yt (1)], and |A(Pw)| = |A(pw)|. Then every
component is equal and thus F1pagr(g,p) = Flpaar(g,D)-

Prop. 6 Case d =1 Then Flpag(g,p) = Flpa(g,p) and this property is fulfilled following Thm. D.6.

Case d < 1 Consider the following example: Let a € N be large enough such that d*—2 < ggj g=110) + 12,4,

p= ]l{a}, and p = ]1{0} + ]1{2} Then it holds FlpAdf(g,p) =do2% < 2022 — FlpAdf(g,ﬁ).

2a—1
For example for d < 0.99:

g=001111111111
p = 000000000001
p = 101000000000

Then it holds Flpags(g,p) = d’ < % = Flpaas(9,D).

Prop. 7 Consider the following example:

g = 000111111000
p = 000100000000
» = 000110000000

Then it holds Flpag(g,p) =1 = Flpaas(g, D).

Prop. 8 Case d =1 Then Flpag(g,p) = Flpa(g,p) and this property is not fulfilled following Thm. D.6.
Case d < 1 Let W € A(9), ppp\w = ppw [AGw)| = [Alpw), [P~ (1)] = [p~'(1)], and ieWm;I(li):li <

min ¢ Then ( min 4—min¢) <( min 14— mini), while all other components remain the same.
i€W: p(i)=1 EWnp-1(1)  iEW EWnp-1(1) €W

Thus F1padr(9,p) < Flpaar(g. D).
Prop. 9 Case d =1 Then Flpag(g,p) = Flpa(g,p) and this property is not fulfilled following Thm. D.6.

Case d < 1 Consider the following example:

g = 000111111000
p = 000100001000
p = 000110000000

Then it holds Flpag(g,p) =1 = Flpaas(g,p). O
Theorem D.18. Reduced-Length F1-Score

2 Y In|W|

WeA(g):
rl (g.p) = Wnp~1(1)#0
reduced—length\Y, P 2 Z In |W| + ‘pfl(]_) e gfl(o)| + Z In |W|
WEA(g): weAls):
Wp=1 (1) wop=t(1)=0

has properties Prop. 1, Prop. 5, and Prop. 6.

Proof.

Let : [n] = {0,1}"™ be the ground truth and p,p: [n] — {0,1}" predictions.

Prop. 1 Let W € A(g) an interval, pr,p\w = pn)\w> pw = 0, and |]3;V1(1)| > 0. Then {W € A(g): WNp—1(1) #
@} = {W € A(g): w mpil(l) 7& Q]} U {W} with |W| > 0. Thus, Flreduced—length(gvp) < Flreduced—length(gaﬁ)-



Prop. 2 Consider the following example:

g = 000111111000
p = 000111000000
p = 000111011000

Then it holds Flreducedflength(gvp) =1= F]-reducedflength(gvﬁ)'

Prop. 3 Consider the following example:

g = 000000000001
p = 000000010000
p = 000010010000

Then it holds Flreducedflength (9>p) =0= Flreducedflength(gda)'

Prop. 4 Consider the following example:

g = 000000111000
p = 010010010000
p = 001100010000

Then it holds Flf’educed—length(gap) = 1_151133 = Flreduced—length(gaﬁ)-

Prop. 5 Let W C W' € A(lg = 1[), Dapw = Pppws by (D] = [py/ (1)], and IA(ﬁW)| = |A ( W)l Then
{(WeAlg): Wnp (1) #0} ={W € A( ) Wnp~ (1) # 0} and [p~ (1) Ng~1(0)| = [p~'(1) N g~'(0)|. Thus,
Flreduced—length(gap) Flreduced length(g p)

Prop. 6 Let W € A(g), Ifi/ € A(lg — 1), [AGw)| = [Aw)l, Dy oy = Ppworiy» Pw = 0, and
Pyir = Ly-y for some i* € W. Then {W € A(g): WNnp (1) # 0} = {W € A(g): Wnp (1) # 0} and
|ﬁ_1(1) mg_1(0)| = |p_1(1) mg_l( )| + 1. Thus Flreduced lenqth(g ) > Flreduced length(g p)

Prop. 7 Consider the following example:

g = 000111111000
p = 000010000000
p = 000011000000

Then it holds Flreduced—length(gap) =1= Flreduced—length(gaﬁ)-

Prop. 8 Consider the following example:

g = 000111111000
p = 000110000000
» = 000011000000

Then it holds Flreduced—length (g,p) =1= Fl'r'educed—length(gaﬁ)'

Prop. 9 Consider the following example:

g = 000111111000
p = 000010010000
5 = 000110000000

Then it holds Flreduced—length(gyp) =1= Flreduced—length(gaf))- O



Theorem D.19. Balanced Point Adjusted F1-Score

2TP(g,p)
2T P(g,p) + FP(g,p) + FN(g,p)

Flpa(g,p) =

where B € 2N 1is an even integer and

_ o . 4. . B . B

TP(g,p) = W; W+ W; | HieW:p = (1)Nng (0)N[i 51t 5 + 1]} # 0}

Wan 1((11)7&(2) Wﬂzf*l(éll)jzw

B B
FP(g,p)={iep " (0)ng " (0): p~" (1) Nng~"(0) N [i — St 5+ 1#0H+p ' (1) Ng ' (0)]
B B

FN(g,p) = W; | fiew:p ()Ng ()N fi— i+ 5 +1] =0}

anaefl(é;{j:(b

has no properties.

Proof.

For simplicity we slightly modify the above definition to use just an integer b € N and we consider the intersection
with intervals above to be entirely balanced. Namely, the intervals of the form [i — g,i + g + 1] are changed to
[t — B,i+ B]. This changes the definition as follows:

TP(g,p)= Y, Wi+ > HieW:p'(1)ng ' (0)N[i— B,i+ Bl}| # 0}
Whp-1 (1) 0 Wp-1(1)=0
FP(g,p) =[{i ep™'(0)Nng " (0): p (1) N g~ (0) N [i = B,i+ B] # B} + [p~ (1) N g~ (0)]
FN(g.,p)= >, HieW:p'()ng" ()ﬂ[Z*B,iJrB}:@}I’
Whp-1(1)=0

where B € N. All the following proof can be modified to prove the original definition’s lack of properties by
slightly modifying each of the counterexamples. We leave this slight modification to the reader.

Let : [n] = {0,1}" be the ground truth and p,p: [n] — {0,1}"™ predictions.

Prop. 1 Consider the following example: g = T(4)ujat+2B+1,a+4B+1 With a > B, p = T(,43p41y, and

P =11y + Lya43p413- Then it holds Flpa(g,p) = 2(22%?_;14)_1 > 2(22](32_{_35?23 = Flga(g,p).

For B = 1:

g = 000001000111
p = 000000000010
5 = 000001000010

Then it holds Flpa(g,p) = % % = Flpa(g,p).

Prop. 2 Consider the following example: g = 1j4 4 44p4+1] With a > 0, p = T4y, and p = Ty + Lyaqopi1y-
Then it holds Flpa(g,p) =1 = Flpal(g,p).

For B <1:

g = 000111111000
p = 000010000000
p = 000010010000

Then it holds FlBA(g,p) =1= FlBA(g,ﬁ).



Prop. 3 Consider the following example: g = 144y witha > B+ 1, p=1(,_p_1}, and p = 1{4_p_1,4_p)- Then
it holds Flpa(g,p) =0 < 572= = Flga(g,p).

2B+3
For B =1:

g = 000000100000
p = 000010000000
p = 000011000000

Then it holds Flpa(g,p) =0 < 2 = Flpa(g,p).

3]
Prop. 4 Consider the following example:

g = 000000000000
p = 000010100000
p = 000011000000

Then it holds FlBA(g,p) =0= FlBA(g,ﬁ).

Prop. 5 Consider the following example: g = 14y witha > B+ 1, p=1(,_p_1}, and p = I;,_py. Then it
holds F1pa(g,p) =0 < 5555 = Flpalg,p).
For B =1:

g = 000000100000
p = 000010000000
p = 000001000000

Then it holds F1pa(g,p) =0 < 3 = Flpa(g,p).

Prop. 6 Consider the following example: g = 1(4,q4B] + LjatB42,a42B+2] With a > B, p = 114 44 2B42), and

P = 1[o4B,at+B+2)- Then it holds Flpa(g,p) = % < 8§E1 = Flpa(g,p).

For B =1:

g = 001101100000
p = 001000100000
p = 000111000000

Then it holds Flpa(g,p) = 5 < § = Flpa(g,p).

Prop. 7 Consider the following example: g = 1, o425 With a > B, p = 144y, and p = 1[4y B a4 B+1]- Then

it holds Flpa(g,p) = 1> soasetls = Flpa(g, ).

For B =1:

g = 000111000000
p = 000010000000
p = 000011000000

Then it holds F1pa(g,p) =1> & = Flpa(g,p).

Prop. 8 Consider the following example: g = 1, q12p+1) With a >0, p =141 11}, and p = 1,4 y. Then it
holds F'1pa(g,p) =1 = Flpa(g.p).



For B =1:

g = 000111100000
p = 000001000000
» = 000010000000

Then it holds Flpa(g,p) =1 = Flpa(g,D).

Prop. 9 Consider the following example: g = 1, o42p42) Witha > 0,p =iy B ayBi2}, and p = Ljay B .atB41)-
Then it holds Flga(g,p) =1 = Flgpa(g,D).

For B =1:
g = 000111110000
p = 000010100000
p = 000011000000
Then it holds FlBA(g,p):liFlBA(g,ﬁ). O

Theorem D.20. Range-Based Precision defined as

.. 1
Precisionys(g,p) = TAQ) D AWp) Y wW,WNW,,0)
p WeA(p) Wy€A(9)
where
§(1; W) = |W|— (i —min(W)) +1 > 1,
Y icw 0 W) giesy
O <w VV,S,é = L 3 S 17
( ) > iew 6(GW)
k(W,g9) = {W, € A(g): W N W, # 0},
1
v (W, g) = mﬂk(w,g)>1(w) + Liw,g)<1(W).
Proof.

Notice that for ¢ usually ¢ € W = [¢,u] and thus 6(i; W) =u — (i — 1) + 1. Let g: [n] — {0,1}" be the ground
truth and p,p: [n] — {0,1}" predictions.

Prop. 1 Consider the following example:

g = 000111000111
p = 000111000000
» = 000111000001

Then it holds Precisionrg(g, p) = 1 = Precisionrg(g, p).

Prop. 2 Consider the following example:

g = 000111111000
p = 000100000000
g = 000110011000

Then it holds Precisionrs(g,p) = 1 = Precisionrs(g, q).



Prop. 3 Consider the following example:

g = 000000000000,
p = 000001100000,
¢ = 000011100000.

Precisionrs (g, p) = 0 = Precisionrs(g, q).

Prop. 4 Consider the following example:

g = 000000000001,
p = 000100000000,
¢ = 000100100000.

Then it follows Precisionrg(g, p) = 0 = Precisionrs(g, q).

Prop. 5 Consider the following example:

g = 000011110000,
p = 110011000000,
¢ = 001111000000.

Then it holds Precisionrs(g,p) = 0.5 > 0.3 = Precisionrs(g, q)
Prop. 6 Let W € A(g), W € A(lg—1)), |[A(Bw)| = [A(pw )], Py wow) = Prapwoviry» P = 0, and pry, = Ty
for some i* € W. Consider the following example:

g=011111111110,
p = 000000001011,
¢ =111111111011.

Then it follows Precisionrs(g, p) = 0.6667 < 0.7222 = Precisionrs(g, ).

Prop. 7 Consider the following example:

g = 000111000000,
p = 000110000000,
q = 000100000000.

Then it holds Precisionrg(g,p) = 1 = Precisionrs(g, q).

Prop. 8 Consider the following example:

g = 000111100000,
p = 000110000000,
g = 000011000000.

Then it holds Precisionrg(g, p) = 1.0 = Precisionrg(g, q).

Prop. 9 Consider the following example:

g = 000111100000,
p = 000100000000,
g = 000000100000.

Then it holds Precisionrs(g,p) = 1.0 = Precisionrs(g, q). O



Theorem D.21. Range-Based Recall defined as
1

Recallrs(g,p) = Al > (elaw,capwow,z0 + (1= (Wp) Y w(W,WnW,,8)
| (g)| WeA(g) Wy€eA(p)
where 0 < o < 1,
5(i; W) = IWI (i —min(W)) +1>1,
0<w(W,8,6) = Liew SG W) Liesy

2iew 0(GW)
k(W.p) = {W, € A(p): W N W, # 0},

Y (W,p) = ———Lpw,p)y>1(W) + Ly, py<1(W).

1
k(W, p)
Proof.

Let g: [n] — {0,1}"™ be the ground truth and p,p: [n] — {0,1}" predictions.
Prop. 1 Let W € A(g), ppap\w = Ppj\w> Pw = 0, and [py+ (1)] > 0. Then there is ig € W with p(ig) = 1. Then

0 = alaw,ca@):wnw,20 + (1 — )y (W,p) Z w(W, W N Wy, )
W,eA(p)

0 < allaw,cap):waw, 20 + (1 —a)y' (W, p) Z w(W, W N W;,6)
Wi,EA(;[))

While all other summands are equal and thus Recallys(g,p) > Recallrs(g, p).

Prop. 2 Consider the following example:

g=111111111111
p = 100000000000
p=110011111111

Then it holds Recallrs(g,p) = 0.1667 < 0.8846 = Recallrs(g,p).

Prop. 3 Consider the following example:

g = 000001000000
p = 000010000000
p = 000110000000

Then it holds Recallrs(g,p) = 0 = Recallrs(g,p).

Prop. 4 Consider the following example:

g = 000010000000
p = 000001000000
p = 000101000000

Then it holds Recallrs(g,p) = 0 = Recallrs(g,p).

Prop. 5 Let W € A(|lg — 1), Ppp\w = Pln)\w'» |ﬁ;vl(1)| = |p‘7‘,1(1) , and |A(Ppw)| = |A(pw)|. Then, since false
positives do not affect the metric at all, Recallys(g,p) = Recallrs(g, p).



Prop. 6 Consider the following example:

g = 000010000000
p = 000001000000
p = 000101000000

Then it holds Recallrs(g,p) = 0 = Recallrs(g, q).
Prop. 7 Let W € A(g), e W, ﬁ[n]\{z*} = P\ {i*}> p(l*> =0, ﬁ(l*) =1, and |A(ﬁw)| < ‘A(pw>| Then,

(odaw, e a@p):wow, -0 + (1 — a)y' (W, p) Z w(W, W NW,,9))

WPEA(;D)
<(adlzw,cap):wow,-0 + (1 — @)y (W, p) Z w(W, W NW,,9))
Wy,eA(p)
<(adzw,cap):wow,-0 + (1 — @)y (W, p) Z w(W, W N W, 4))
WﬁEA(ﬁ)

while all other summands remain the same. Thus Recallrs(g,p) < Recallrs(g, p).

Prop. 8 Consider the following example:

g=111111111111
p = 100000000001
p = 010100000000

Then it holds Recallrs(g,p) = 0.1923 < 0.2821 = Recallrs(g, D).

Prop. 9 Let W € A(g), ppap\w = Pn)\w> Let p, p be two predictions with [A(pw )| < [A(pw )], let i* € W with
p(i*) =1, let i < i* € W with p(i**) = 0, and py, (i) = Ly (i) + p(i) Ly gi= 5++3 (4). Then,

olaw, e a@p):wow, -0 + (1 — )y (W, p) Z w(W, W N Wp,d)
W,€A(p)

<alaw,capywnw, 20 + (1 —a)y' (W, p) Z w(W, W N Wp, )
W,€A(p)

Now > w(W,WnNW,é) = M For some set [ and d = ),y 6(5; W). However, >  w(W,WnN
W, EA(p) Wy EA(®)

Wy, 6) = Zienroms W gy oo o o Ty,
g, capwow,z0 + (1 —a)y (W) > w(W,WNW,,d)
Wy,eA(p)
<odaw,eamwaw,-0 + (1— )y (W,p) > w(W,WnW;,06)
WﬁEA(ﬁ)

Notice that all other summands remain the same. Thus, finally Recallrs(g,p) < Recallrs(g,p).

Theorem D.22. Range-Based F1-Score defined as

Precisionrs(g,p)Recallrs(g, p)
Precisionts(g,p) + Recallrs(g,p)

Flrs(g,p) =2



where

. 1
Precisionts(g,p) = —— E Y (W, 9) E wp (W, W NWy,6,)
AP &) W,EA(9)

where 6, > 1, 0 <w, <1, and
Yo (W, p) = %W, )1 {w,eawm): waw, 203 1<1(W) + Liqw,eaw): waw,203>1 (W)

where 0 <7y, <1 and

S (el Y WAW,| >0+ (1—a)r(Wp) Y. w(W,WNW,,35,)

WeA(g) WyeA(p) WpEA(p)

RecallTS(gap) = \A(9)|

where 0 < a<1,6,>1,0<w, <1, and

Y (W, p) = % (W, )L jiw,eam): waw, 2031<1(W) + 1w, cap): waw, 203>1(W)

where 0 < 7, <1

Proof.

Let g: [n] = {0,1}™ be the ground truth and p,p: [n] — {0,1}"™ predictions.
Prop. 1 Let W € A(g), Ppap\w = Ppp\w> pw = 0, and |]§;V1(1)| > 0.

> Precisionrg (97 P)7

Precisionrg )
) > Recallrg (g,p)7
)
)

9D
g,p
Precisionrs (g,p) x Recallrs(g,p)
Precisiongg (g, p) + Recallrg (ga P)

from the above it follows Flpg(g,p) > Flrg (g,p).

Flrs(g,p) =2

)

(
Recallrg (
(
(

Prop. 2 Consider the following example:

g=111111111111
p = 100000000000
p=110011111111

Then it holds F'lrs(g,p) = 0.2667 < 0.5488 = F'lrs(g,p).

Prop. 3 Consider the following example:

g = 000001000000
p = 000010000000
p = 000110000000

Then it holds Flrg(g,p) = 0.0000 = Flps(g,D).

Prop. 4 Consider the following example:

g = 000010000000
p = 000001000000
P = 000101000000

Then it holds Flrg(g,p) = 0.0000 = Flrs(g,p).



Prop. 5 Consider the following example:

g = 000001000000
p = 000101000000
p = 000011000000

Then it holds Flrg(g,p) = 0.6667 > 0.5000 = Flrs(g,p).

Prop. 6 Consider the following example:

g = 000010000000
p = 000001000000
p = 000101000000

Then it holds Flps(g,p) = 0.000 = 0.0000 = Flps(g,D).
Prop. 7 Let W € A(g), Din)\{i*} = Pln)\{i+} for some i* € W, p(i*) # p(i*) = 0, and |A(pw )| < |A(pw)|.

Precisionrg (g ]5) = Precisionrg (g p),
Recallrg(g,p) > Recallpg (g p)
PreaswnTS (g ) x Recallpg (g,p)

(9.p)
Flrs(g,p) = )
(9.0) >

Prec151onTs (g ) + Recallpg (gap

from the above it follows Flpg(g,p 17s(g,p).

Prop. 8 Consider the following example:

g=111111111111
p = 100000000001
p = 010100000000

Then it holds Flrg(g,p) = 0.1538 < 0.2273 = Flrs(g,p).

Prop. 9 Let W € A(g), Pin\w = P[n)\w, Consider the following example:

g = 000000000011
p=111111111110
p=111111111101

Then it holds Flrg(g,p) = 0.0296 < 0.4000 = Flrs(g, D).

Theorem D.23. Time-Series Precision defined as

S 6(i — min W, W)
iEW,NW

TPrec(g,p) = ﬁ S W ({W, € Alg): W W, #0}) > S 6(i — min W, [W))

p
wyeAp)  VEAR) WeeAl) 5

where 6 > 1, and v monotonically decreasing with v(1) =1 and

2 0@ —min W, |[W|) —n+m

LWy =1 W)= mex = —mmw )
ieW

d(pos, W) = |W| — pos + 1 (front bias for each i € W)



Proposition D.24 (Front-Bias = Strictly Positive Coverage).

ieW=[mm+|W|-1 = 0 <i-m < [W| -1 = W) = |[W|-(i—m)+1 > 0.

> s w)

WAw,) £ = Y 6GW) >0, Y 6GiW) > 0 — S0 > 0.
i€E(WNWp) JEW Z 8 W)
JEW

Proof.
Let g: [n] — {0,1}™ be the ground truth and p,p: [n] — {0,1}"™ predictions.
Prop. 1 Consider the following example:

g = 000111000111
p = 000111000000
5= 000111000001

Then it holds T'Prec(g,p) =1 = T Prec(g, ).

Prop. 2 Consider the following example:

g = 000111111000
p = 000100000000
g = 000110011000

Then it holds T'Prec(g,p) =1 = T Prec(g, q).

Prop. 3 Consider the following example:

g = 000000000000,
p = 000001100000,
g = 000011100000.

TPrec(g,p) = 0 =TPrec(g,q).

Prop. 4 Consider the following example:

g = 000000000001,
p = 000100000000,
¢ = 000100100000.

Then it follows T Prec(g,p) = 0 = T'Prec(g, q).

Prop. 5 Consider the following example:

g = 000011110000,
p = 110011000000,
¢ = 001111000000.

Then it holds T'Prec(g,p) = 0.5 > 0.3 = T'Prec(g, q)



Prop. 6 Consider the following example:

g=011111111110,
p = 000000001011,
g =111111111011.

Then it follows T Prec(g,p) = 0.6667 < 0.7222 = T Prec(g, q).

Prop. 7 Consider the following example:

g = 000111000000,
p = 000110000000,
¢ = 000100000000.

Then it holds T'Prec(g,p) = 1.0 = T'Prec(yg, q).

Prop. 8 Consider the following example:

g = 000111100000,
p = 000110000000,
g = 000011000000.

Then it holds T Prec(g,p) = 1.0 = T Prec(g, q).

Prop. 9 Consider the following example:

g = 000111100000,
p = 000100000000,
¢ = 000000100000.

Then it holds T Prec(g,p) = 1.0 = T Prec(g, q).
Theorem D.25. Time-Series Recall defined as
S 80— min W, W)

1 iEW,NW
TRec(g,p) = M WEZA:(g)’V(HWp € A(p): W W, #0})) W;(p) > 0(i — min W, |[W])
P ieW

where 6 > 1, and v monotonically non-increasing with v(k) = 1/k and

S0 —min W, |[W|) —n+m
1 -1 _ iEW
YLW) =1, (W)= max S o0 = mm W, W) v(m, W)
ieW

Proposition D.26 (Front-Bias = Strictly Positive Coverage).

ieW=[mm+|W|-1 = 0<i-m < [W|-1= 6GW) = |W|—(i—m)+1 > 0.

> s w)

(WNW,) # @ = Z o(i; W) > 0, Zé(j;W) >0 = ie(WﬂW”), > 0.
iE(WNWp) JEW Z 3(j; W)
jew

Proof.

Let g: [n] — {0,1}™ be the ground truth and p,p: [n] — {0,1}"™ predictions.



Prop. 1 Let W € A(9), ppup\w = Pup\w> pw = 0, and [pyr (1)] > 0. Then T'Rec(g, p) and T Rec(g, p) differ in
one summand

> 6(i— min W, [W])

1€EW,NW
0=7({W, € Ap): W W, £0}) > >= 6(i — min W, [W])
WyeAlp) e ,
S 6(i —min W, |W))
ieWpnW

0<y({Wps € Ap): W W, #0}) > S 0(i — min W, W)

WﬁEA(ﬁ) iEW
Thus T Rec(g,p) < TRec(g,p).

Prop. 2 Consider the following example:

g=111111111111
p = 100000000000
p=110011111111

Then it holds T'Rec(g, p) = 0.1667 < 0.8846 = T'Rec(g, p).

Prop. 3 Consider the following example:

g = 000001000000
p = 000010000000
p = 000110000000

Then it holds T'Rec(g,p) = 0 = T Rec(g, p).

Prop. 4 Consider the following example:

g = 000010000000
p = 000001000000
p = 000101000000

Then it holds T'Rec(g,p) = 0 = T Rec(g,p).

py' ()], and [A(Pw)| = |A(pw)|. Let W € A(lg —1]),

Prop. 5 Let W € A(lg — 1)), ppp\w = plapw [y (1) =
= |A(pw)|. Then, since false positives do not affect the metric

Papw = w1y (1] = Ipy! (1)), and [A(pw )|
at all, TRec(g,p) = TRec(g, p).

Prop. 6 Consider the following example:

g = 000010000000
p = 000001000000
p = 000101000000

Then it holds T'Rec(g,p) = 0 = TRec(g, q)-



Prop. 7 Let W € A(9), Ppu)\{ir} = Pin)\{i=} for some i* € W, p(i*) # p(i*) = 0, and |A(pw )| < [A(pw)|. Then

>.  6(i = min W, [W])

YW, € Ap): W W, #0}) > iev;:m;v(i—minw W)
WoeA() 5 ’
Y 6 — min W, W)
<y ({Wp € AD): WW; £0}) > levgi;v@ —min W, W)
WyoeAlp) oW ’
> (i — min W, W)
PEWNW
<({Wp e Ap): WnWw; 204) > © Zmd(i—minW|W|)
WoeA®) 5 '

Thus T Rec(g,p) < TRec(g,p).

Prop. 8 Consider the following example:

g=111111111111
p = 100000000001
p = 010100000000

Then it holds T'Rec(g,p) = 0.1923 < 0.2821 = T'Rec(g, p).

Prop. 9 Let W € A(g), ppap\w = Pn)\w, Let p, p be two predictions with [A(pw )| < [A(pw )], let i* € W with
p(i*) =1, let i < i* € W with p(i**) = 0, and py, (i) = Ly (i) + p(i) Ly (3= ,5++3 (4). Then

>.  6(i —min W, [W])

iEW,NW
Y({Wy € Ap): W W, £0}) > S~ 6(i — min W, [W])
WyoeAlp) ew ,
> (i — min W, W)
PEW,NW

<y ({Wp € A@): W W #0}) Y
WpEA(p)

> 0(i — min W, |[W])
iew

Now

>.  6(i— min W, [W])

Z ieW,NW D ier 0(i — mainW, [W])
W) z'ezl;v 0(i — min W, |W|) d

L >. (i —min W, [W])
Eie]\i*ui** §(i — minW, W)

- B Z iEWHNW
d WieA®) Z_GZ‘;V(;(Z—mmI/V,|I/V|)

ford= > 0(i — min W, |W]) and some I. Thus
iew

>.  6(i = min W, [W])

V{Wp € AG): WA W, £0}) iev;mtiv(i—minw W)
WpeAlp) o ’
> 8- min W, W)
<A({Wp € A(p): WnW, £0}) > ZEV@;V(Z- — min W, [W))
Ws€EA(P) iew ’

Thus finally T Rec(g,p) < TRec(g,p). O



Theorem D.27. Time-Series F1-Score defined as

T Prec(g,p)T Rec(g, p)

TF1 =2
(9:p) T Prec(g,p) + TRec(g, p)

where

Proof.

Let g: [n] = {0,1}™ be the ground truth and p,p: [n] — {0,1}" predictions.

Prop. 1 Let W € A(g), Papw = Ppapws pw = 0, and [y (1)] > 0.
TPrec(g,p) < TPrec(g,p),
TRec(g,ﬁ) > TReC(gJ))a
TF (g,p) _y TPTec(g,p) X TRec(g,p) 7
TPrec(g,p) + TRec(g,p)
from the above it follows TF'1 (g,ﬁ) > TFl(g,p).

Prop. 2 Consider the following example:

g=111111111111
p = 100000000000
p=110011111111

Then it holds TF1(g,p) = 0.2667 < 0.5488 = TF1(g, ).

Prop. 3 Consider the following example:

g = 000001000000
p = 000010000000
p = 000110000000

Then it holds TF1(g,p) = 0.0000 = TF1(g,p).

Prop. 4 Consider the following example:

g = 000010000000
p = 000001000000
p = 000101000000

Then it holds T'F'1(g,p) = 0 =TF1(g,p).

Prop. 5 Consider the following example:

g = 000001000000
p = 000101000000
p = 000011000000

Then it holds TF1(g,p) = 0.6667 > 0.5000 = TF1(g,p).

Prop. 6 Consider the following example:

g = 000010000000
p = 000001000000
p = 000101000000

Then it holds TF1(g,p) = 0= TF1(g,p).



Prop. 7 Let W € A(g), Din)\{i*} = Pln)\{s+} for some i* € W, p(i*) # p(i*) = 0, and |A(pw )| < |A(pw)|.

TPrec( g,p ) = TPrec(g p)
TRec( g,p ) >T ec(g p)
TFl(g,p) _ ;irec(g p) X TRec( )7
rec(g p) + TRec( )
from the above it follows TFl(g, ) > Fl(g p)

Prop. 8 Consider the following example:

g=111111111111
p = 100000000001
p = 010100000000

Then it holds TF1(g,p) = 0.1538 < 0.2273 = TF1(g, p).

Prop. 9
g = 000000000011
p=111111111110
p=111111111101
Then it holds TF1(g,p) = 0.0296 < 0.4000 = TF1(g,p). U

Theorem D.28. NAB-Score defined as

snyaB(g,p) —snap(g,0)

NAB(g,p) = 100
(9:7) snaB(9,9) —snaB(g,0)

_ 2
snap(g:p) =Arn{W € A(g): Wnp ' (1) =0} + Y ATP(Hes(mmwm,,lmmaxW> —1)
Wip- 1 (120
2 . _ _ . N
Y Are | st ey L —Arelli€pT (1) NN (0): < ming TN (D}
iep~ (g1 (0): 1o mawls

i>min g—1(1)
where Arp >0, App > 0, Apny < 0 satisfies

Proof.

For all properties it suffices to show the relation of sy, as the normalization does not change the order. Let
g: [n] = {0,1}" be the ground truth and p,p: [n] — {0,1}" predictions.

Prop. 1 Let W € A(g), Ppap\w = Plap\w> Pw = 0, and |]3;V1(1)| > 0. Then syap(g,p) and syap(g,p) only
differ in the terms

2 2
Z ATP (1 + eS(min WiNp—1(1)—max W) o 1> - Z ATP <1 + eS(min Winp~1(1)—max W) N 1>
W1 €A(g): W1€A(g):
Winp—1(1)#0 Winp=1(1)#0

A 2 1
+Arp 1+ ebminWnp—1(H)—maxw) ) -

>0




and
Apn|{W € A(g): Wnp (1) =0} = Apn|{W € A(g): Wnp (1) = 0} — Apn

Thus, it follows

. 2
SNAB(g7p) - SNAB(g7p) = ATP (1 =+ eS(min WnNp—1(1)—max W) o 1> o AFN 2 0

Where equality is achieved only, if p~1(1) = {maxW} or Arp = 0, and Apy = 0. Thus, if Arp > 0 and
Apn <0, it holds syar(g9,p) < sva(9,D)-

Prop. 2 Consider the following example:

g = 000111111000
p = 000111000000
» = 000111011000

Then it holds syap(g,p) = Arp (He% - 1) = snaB(9,D).

Prop. 3 Let W € A(|g — 1|), ﬁ[n]\{z*} = Pln]\{i*} for some i* € W, ﬁ(l*) 7& p(z*) =0, and |A(ﬁw)‘ = |A(pw)|
Case 1: i* <ming~!(1) Then syap(g,p) and syap(g,p) only differ in the term

Hiep (1) Ng 10): i <ming ' (D} = {i ep (1) Ng 1 (0): i <ming ' (1)} +1

Thus, it follows syap(g,p) > snvas(g,p), if App > 0.
Case 2: i* > ming~'(1) Then syap(g,p) and syap(g,p) only differ in the third term by

2

5( min (¢*—max W))
WeA(g):
14+ e maxw<i*

<0

-1

Thus, it follows syag(g,p) > snvap(g,p), if App > 0.

Prop. 4 Consider the following example:

g = 000110000000
p = 000000000011
p = 000001000010

Then it holds snap(g,p) = Arp (H% -1+ H% - 1) < Arpp (H% -1+ H% - 1) =snaB(9,p).

Prop. 5 Consider the following example:

g = 000110000000
p = 000000000001
p = 000001000000

Then it holds SNAB(gyp) = AFP (ﬁ — 1) < AFP (ﬁ — 1) = SNAB(g,ﬁ), if AFP > 0.

Prop. 6 Let W € A(g), W € A(|gfl|), |A(ﬁw)| = ‘A(pw)‘, ﬁ[n}\(WUW) = p[n]\(WUVV)’ Py = 0, and ﬁW = 11{1*}
for some i* € W. Then snag(g,p) and syap(g,p) only differ in the terms

2
0= (1 +e5(rninWﬂp*1(1)—maxW) - 1> <1

Tp




and

2

— 5 min  (i*—max Why)) o
W1€A(g):

14 e maxwi<i*

1| —1(* <ming (1))

Yp
For the property to be satisfied, we need
Arpxy + Appyy < Arpxy

ATP(-T[} — ﬂip) < Aprﬁ

IN
N
—
+
Q
ot
|
—_
——
A
o

Since, Arpxp > 0 and Appyy < 0, this does not holds if z3 — 2, > 0, i.e. Inin]ﬁ;[,l(l) < minp;[,l(l).

Prop. 7 Consider the following example:

g = 000111111000
p = 000100000000
= 000111111000

Then it holds syag(g,p) = Arp (H%so - 1) = snaB(g,p).

Prop. 8 Let W € A(g), Ppapw = ppws [AGw)| = [Alpw)|, 671 (1) = [p~'(1)], and

min 4. Then it holds
PEW: p(i)=1

min
€W p(i)=1

. 2 2
SNAB(Q,P) - SNAB(gap) - ATP (1 + eS(min Wnp~—1(1)—max W) o 1) o ATP <1 + eS(min Wnp—1(1)—max W) o

- 2 2 0
= 4TP 1+ e5(min WNp—1(1)—max W) o 1+ e5(min WNp—1(1)—max W) > 0.

Thus, it holds syag(g9,p) > snap(g,D).

Prop. 9 Consider the following example:

g = 000111111000
p = 000100001000
p = 000110000000

Then it holds syap(g,p) = Arp (H_%JO — 1) = snap(g,D).

Theorem D.29. Time-Series Aware Precision defined as
0V € A@)i gy 5 O0W, W) 2 0} 1 N
g€A(g g€A(g
TaP(g,p) =« +(1-0a) >
Q) A0 e, W

where o € [0,1], § > 0, 8 > 0, and

1
oW, W;D) =[Wn Wp‘ + Z 12G—2-maxW) g
j€[max W+1,max W+5)NW,, 1+e o-1

satisfies no properties.

Proof.

Let g: [n] — {0,1}"™ be the ground truth and p,p: [n] — {0,1}"™ predictions.

1

)

<



Prop. 1 Consider the example g = 1y 417, P = Lja,p—1) + Lip42}, and p = L[, p49) with a < b. Then, the second
term for p is

1 w%mO(Wg’W) 11
g€A(g
(1-a) > =(l-a)g—
A2 214 o7
and for p
1 w%UO(Wg’W) 1 1
g€A(g
1_a — - = ]._a ]-+ 12 )
G- 2 W] ( )|b+2—a|( e

WeA(p)

For all §, we can select a small enough and b larger enough, such that

1 1 - 1 <1+ 1 >
21_*_6%—6 \b+2—a| 1_|_€5_T1§_6

which implies the second term of T'aP is smaller for p than for p. Additionally,

1 1
- > 1+ -
l+er1 6 [b+2—d ( 1—&—651?_6)

implies that the first term of T'aP for p can never be larger than for p. Thus, it holds TaP(g,p) > TaP(g,p).

Prop. 2 Consider the following example:

g = 000111111000
p = 000110000000
p = 000110011000

The first term is equal to « for predictions, 1 > §, end 0 otherwise. The second term is equal to (1 — «) for both
predictions. Thus, it holds T'aP(g,p) = TaP(g,D).

Prop. 3 Consider the following example:

g = 000000111000
p = 000100000000
p = 000111000000

Then it holds TaP(g,p) =0 =TaP(g,p).

Prop. 4 Consider the following example:

g = 000000111000
p = 000100000000
p = 000101000000

Then it holds TaP(g,p) =0 =TaP(g,p).

Prop. 5 Consider the example g = 13, p = {4413, and p = Ly, 5413 Then it holds TaP(g,p) > al(0 =
0) =TaP(g,p).
Prop. 6 Consider the following example:

g = 000000111000
p = 000000000100
p = 000100000100

Then it holds TaP(g,p) =0 = TaP(g,p).



Prop. 7 Consider the following example:

g = 000111111000
p = 000110000000
5= 000111111000

Then it holds TaP(g,p) = al(1 > 0) + (1 — a) = TaP(g,p).
Prop. 8 Consider the following example:

g = 000111111000
p = 000111000000
p = 000000111000

Then it holds TaP(g,p) = al(1 > 0) + (1 — a) = TaP(g,p).
Prop. 9 Consider the following example:

g = 000111111000
p = 000000111000
p = 000001110000

Then it holds TaP(g,p) = al(1 > 0) + (1 — a) = TaP(g,p). O

Theorem D.30. Time-Series Aware Recall defined as

OV € Ay iy 3 O W) 20 1 LI Oy
pEA(P . pEA(P
TaR(g,p) = « +(1—-a)7— Z min ¢ 1,

A(9) A2 W]

where a € [0,1], 6 >0, 0 > 0, and

1
O(W, Wy) =W nWy|+ Z _gl2(i—2—maxW)
j€[max W+1,max W+6]NW, I+e i1

satisfies Prop. 1 and Prop. 7 for many but not all parameter combinations.
Proof.
Let g: [n] — {0,1}" be the ground truth and p,p: [n] — {0,1}™ predictions.

Prop. 1 Let W € A(g), piapw = Ppapw» pw = 0, and [py (1)] > 0.
In general, it holds

1
{W € Al): > O(W,Wy) 2 0} 2 [{W € Al9): > ow,w,) > 6}
WPGA@) WPGA(P)
and
%( )O(W, W) . E;q( )O(W Wp)
W,eA(p . pEA(P
min < 1, > min ¢ 1, ,
= > -
9) WeA(g)

If the first term depending on 6 does not change, we can achieve equality in the second term for some parameteri-
zations, e.g. § = 1.



Prop. 2 Let W € A(g), and let pw (i) =0 for all i € I C W, |A(pw)| = |Alpw)| + 1, Irg}n > ma(x) 1j, and
v Jjew: p(j)=

p(i) = 11 (2) + p(i) L (4)-

Prop. 3 Consider the following example:

g = 000000111000
p = 000100000000
p = 000111000000

Then it holds TaR(g,p) = 0 = TaR(g, p).

Prop. 4 Consider the following example:

g = 000000111000
p = 000100000000
p = 000101000000

Then it holds TaR(g,p) = 0 = TaR(g,p).

Prop. 5 Consider the example g = 1,3, p = 4413, and p = 44541y Then it holds TaR(g,p) > al(0 =
0) = TaR(g, p)-

Prop. 6 Consider the following example:

g = 000000111000
p = 000000000000
P = 000100000000

Then it holds TaR(g,p) = 0 = TaR(g,p).

Prop. 7 Let W € A(g), P\ (i} = P\ i} for some i* € W, p(i*) # p(i*) = 0, and [A(pw )| < |A(pw)|-
In general, it holds

1 1
W € A0): > OW,W,) >0} > {W € A(g): T Y. OW.W,) =6}
W,EA(P) WpEA(p)
and
B o) T 0w,
Z min < 1, pEAM) > Z min ¢ 1, »EAP) ,
WeA( W W]
9) WeA(g)
where equality holds only, if
1 _
> S 2 (g P)w (0)]

j€[max W+1,max W+45]Np—1(1) 1+e

There are parameterizations for which this is true, e.g. § = 1, but also parameterizations for which it is not true,
e.g. 6 =0.

Prop. 8 Consider the following example:

g = 000111111000
p = 000011000000
p = 000110000000

Then it holds TaR(g,p) = TaR(g, p).



Prop. 9 Consider the following example:

g = 000111111000
p = 000010100000
p = 000110000000

Then it holds TaR(g,p) = TaR(g,p).

Theorem D.31. Time-Tolerant Precision

_Hiep ' (M):[i-6,i+d]ng~"'(1) # 0}

falo:n) = i)

where § € Z>q satisfies property Prop. 5 for § = 0.

Proof.
Let g: [n] = {0,1}" be the ground truth and p,p: [n] — {0,1}" predictions.
Prop. 1 Consider the following example:

g = 000110011000
p = 000110000000
p = 000110001000

Then V0 : Ps(g,p) =1 = Ps(g,p).

Prop. 2 Consider the following example:

g = 000111111000
p = 000111000000
p = 000111011000

Then V6 : Ps(g,p) =1 = Ps(g,p).

Prop. 3 Consider the following example:

g = 000000000000
p = 100000000000
p = 110000000000

Then it holds Ps(g,p) = 0 = Ps(g, p).

Prop. 4 Consider the following example:

g = 000000000000
p = 000110000000
p = 000101000000

Then it holds Ps(g,p) = 0 = Ps(g,p).



Prop. 5 Case § =0. Then Ps(g,p) = Precision(g,p) and this property is fulfilled following Thm. D.1.

Case 6 > 0. Consider the following example: g = 1441 With d +1 < a < n, p = ly4_5441y, and
p=1{a—s5-1,a+1}- Then it holds Ps(g,p) =1 > 5 = Ps(g,p).

For example, let § = 1:

g = 000000110000
p = 000001010000
P = 000010010000

Then it holds Ps(g,p) =1 > % = Ps(g9,p)-

Prop. 6 Consider the following example:

g = 000111111000
p = 000010000100
»= 001011110100

e For 6 =0: Ps(g,p) = % < % = P5(g9,p)
e For § > 0: Ps(g,p) =1

Regardless of the choice of § this property does not hold.

Prop. 7 Consider the following example:

g = 000111111000
p = 000010000000
p = 000111111000

Then V6 : Ps(g,p) =1 = Ps(g,p).

Prop. 8 Consider the following example:

g = 000111111000
p = 000010000000
p = 000000010000

Then V4 : Ps(g,p) = 1 = Ps(g,p).

Prop. 9 Consider the following example:

g = 000111111000

p = 000010010000

p = 000110000000
Then V6 : Ps(g,p) =1 = Ps(g,p). O
Theorem D.32. Time-Tolerant Recall

{ieg '():[i—d,i+d]np~"(1) # 0}
g~ (V)]

where § € Z>¢ satisfies properties Prop. 1, Prop. 5, and Prop. 7 only for § = 0.

Rs(g,p) =

Proof.

Let g: [n] — {0,1}"™ be the ground truth and p,p: [n] — {0,1}"™ predictions.



Prop. 1 Case § =0. Then Rs(g,p) = Recall(g,p) and this property is fulfilled following Thm. D.2.
Case 0 > 0. Consider the following example:

g = 000000100000
p = 000001100000
p = 000001000000

Then it holds Rs(g,p) = 1 = Rs(g, p).

Prop. 2 Consider the following example:

g = 000111111000
p = 000110000000
p = 000110011000

Then V6 : Rs(g,p) = % < % = Rs(g,D)-

Prop. 3 Consider the following example:

g = 000000111000
p = 000010000000
p = 000011000000

Then it holds

e For § =0: Rs(g,p) = 0= Rs(g,p)
e For 6 =1: Rs(g9,p) =0< % = Rs(g,p)
e For 6 > 1: Rs(g.p) = 3 < %2 = Rs(g,p)

Regardless of the choice of § this property does not hold.

Prop. 4 Consider the following example:

g = 000000111000
p = 000110010000
p = 000101010000

Then it holds

e For 6 =0: Rs(g.p) = 5 = Rs(g.p)
e For 6 > 0: Rs(g,p) =1

Regardless of the choice of § this property does not hold.

Prop. 5 Case 6 = 0. Then Rs(g,p) = Recall(g,p) and this property is fulfilled following Thm. D.2.

Case 0 > 0. Consider the following example: g = 1[4 q4541) Withd +1<a<a+d <n,p=1{_s5a45+1}, and
P =1{a—s-1,a+5+1}- Then it holds Rs(g,p) = 1> & = Rs(g,p).
For example, let § = 1:

g = 000000111000
p = 000001001000
p = 000010001000

Then it holds Rs(g,p) = 1 > &5 = 2 = Ry(g.p).



Prop. 6 Consider the following example:

g = 000000111000
p = 000000010000
p = 000100110000

Then it holds

e For 6 = 0: Rs(g,p) = & < 2 = Rs(g,p)

e For 6 > 0: Rs(g,p) =1= Rs(g,p)
Regardless of the choice of § this property does not hold.

Prop. 7 Case 6 = 0. Then Rs(g,p) = Recall(g,p) and this property is fulfilled following Thm. D.2.

Case § > 0. Consider the following example: g = 1g 511}, p = Lo} + Ls42}, and p = L 1] + L(542;. Then it
holds Rs(g,p) =1 = Rs(g,D).

For example for § = 1:

g = 111000000000
p = 100100000000
P = 110100000000

Then it follows Rs(g,p) = 1 = Rs(g,D)

Prop. 8 Consider the following example:

g = 000001100000
p = 000001000000
p = 000000100000

Then it holds

e For § =0: Rs(g,p) = 5 = Rs(9,p)

e For § > 0: Rs(g,p) =1 = Rs(g,p)
Regardless of the choice of § this property does not hold.

Prop. 9 Consider the following example:

g = 000011110000
p = 000011000000
p = 000001010000

Then it holds

e For § = 0: R(s(g,]?) =35 = Ré(%ﬁ)
< 1= Rs(g,p)

e For § > 1: Rs(g,p) =1 = Rs(g,p)

W N

e For § =1: Rs(g,p) =

Regardless of the choice of § this property does not hold. O



Theorem D.33. Average Precision Probability defined as

Pprecision (g,p)
> 1 > 1 \W|+min{;relivf‘} |i—j|,min{min W —min IW,maxlwfmaxW}}Jr;IeﬁV% li—j|
[TwOp =T (D] | ) Tw]
WeA(g): ieTwhn—1(1)
_ Iwnp 1 (1)#0

{W € Alg): Iw np~*(1) # 0}

where Iyy = {i € [n]: min|i —e —j| <  min min |i — e — j|} satisfies none of the properties.
jew WeA(g\ (W} jew
Note: We introduce € € (—%, %) here to potentially break ties. The original paper (Huet et al., 2022) considers

the case € = 0, but does not specify how ties are broken. Furthermore, the paper does not specify the case
HW € A(g): Iy Np~t(1) # 0} = 0. This can happen, if the ground truth or the prediction does not contain
a single anomaly window. In that case, the metric as stated is undefined. Thus, we assume |g~+(1)] > 0 and
P~ (1) > 0.

Proof.

Let g: [n] — {0,1}"™ be the ground truth and p,p: [n] — {0,1}™ predictions.

Prop. 1 Consider the following example:

g = 010000001000
p = 000000001000
p = 010000001000

Then it hOIdSa PPrecision(gap) = % > % = PPrccision(g7ﬁ)'

Prop. 2 Consider the following example:

g = 000111111000
p = 000111000000
p = 000111011000

Then it hOIdSa PPrecision(gap) = % = PPrecision(gvﬁ)'

Prop. 3 Consider the following example:

g = 010000100000
p = 001100000000
p = 001110000000

Then it hOIdSa PPrecision(gap) = % < i = PPrecision(gaﬁ)-

Prop. 4 Consider the following example:

g = 010000001000
p = 000011101000
p = 000010101000

Then it holds, Pprecision(9,P) = % < 2%5 = Pprecision(9,D)-

Prop. 5 Consider the following example:

g = 000000111000
p = 010000100000
p = 000010100000

Then it hOldS, PPrecision(gap) = % < 112 = Pprecision (gaﬁ)~



Prop. 6 Consider the following example:

g = 000111111000
p = 100000001000
H = 100111100010

Then it hOldS, PPrecision(gap) = i < % = PPrecision(gaﬁ)-

Prop. 7 Consider the following example:

g = 000111111000
p = 000011111000
p = 000111111000

Then it hOldS PPreczszon(g p) 5 — PPreczswn (g p)

Prop. 8 Consider the following example:

g = 000111111000
p = 000010000000
5 = 000000010000

Then it holds, PPreczszon(g p) 5 = Pprecision (g p)

Prop. 9 Consider the following example:

g = 000111111000
p = 000010010000
p = 000110000000

Then it holds, Pprecision(9,0) = 5 = Pprecision(g,D)- =
Theorem D.34. Average Recall Probability defined as

Precati(9,p) =

Wl)lz\lz

< ~ min{d(i, Iy Np~"(1)), min{i — min Iy, max Iy —4}} +d(i, Iw ﬁp‘l(l)))

WeA(g) iew [ Iw]
where Iyy = {i € [n]: min|i —e—j| < min min |i — e — j|} and
Jew WeA(g)\{W}jeWw
min |i—j] ,INp (1) #0
d(i,Inp (1)) = jemp—lml | (
% Jnp (1) =10
satisfies none of the properties.
Note: We introduce € € (—5, 5) here to potentially break ties. The original paper (Huet et al., 2022) considers the

case € = 0, but does not specify how ties are broken.

Proof.
Let g: [n] = {0,1}" be the ground truth and p,p: [n] — {0,1}" predictions.
Consider the following example:

g = 000110011000
p = zxxzxx000000

The term in the inner sum of Precqn for the second window is equal to —oo since Iy N p~1(1) = @ for any
predictions that differ only in the x’s. Thus, none of the properties except for Prop. 5 can hold for any two
predictions that do not predict one of the ground truth alarms.



Prop. 5 Consider the following example:

g = 000000010000
p = 000100000000
p = 000010000000

Then it holds Precati(9,p) = % # % = Precai (g, )- O
Theorem D.35. Affiliation F1-Score defined as

PPrecision : PRecall

Flaffitiation(g,p) = 2
af filia wn( ) PPrecision + PREC“”

satisfies none of the properties.
Note: Pprecision 18 not defined, when either the ground truth or the prediction are zero. Additionally, Precay equals

—oo if at least one ground truth alarm does not have any affiliated predictions. Thus, we assume |g~*(1)| > 0,
lp~1(1)] > 0, and Iy Np~ (1) # O for all W € A(g).

Proof.

Let g: [n] — {0,1}" be the ground truth and p,p: [n] — {0,1}" predictions. Consider Thm. D.34. Similarly here,
we can construct counterexamples for all properties since recall is —oo. Affiliation F1-Score is undefined until
there is at least one prediction in each window. Thus, none of the properties except for Prop. 5 can hold for any
two predictions that do not predict one of the ground truth alarms.

Prop. 5 Consider the following example:

g = 000000111000
p = 010000100000
p = 000010100000

5 R 7
PPrecision (gup) = 72 PPrecision(gvp) =75

1 12
1 19
Preca s =~ PRreca l D) =
Recall (95 P) ¢ Thec n(g,p) 36
Then it holds, Flaitiation(9:P) = 2 < 352 = Flagtiation (9, D)- -

Theorem D.36. Enhanced Time-Series Aware Precision defined as

1 wnw, w
6TaP(g,p):fZ 1+Z| ] ol Wi

2 weP Wy€eA Z |WP|
Wy€eA(p)

where 0, > 0, 6, > 0, and

A= wedw: Y Bl o0y
W,eP
Wwnw,
P=wedp: Y o ol >4,
WoeA

satisfies Prop. 5.

Proof.

Let g: [n] — {0,1}™ be the ground truth and p,p: [n] — {0,1}"™ predictions.



Prop. 1 Consider the following example: Let N > a > 1/60,, g = 11 o, p = 0, and p = 1y33. Then it holds
eTaP(g,p) =0=eTaP(g,p).

Prop. 2 Consider the following example: Let N > a > 2/0,, g = 11 4), p = 1113, and p = 13 3. Then it holds
eTaP(g,p) =0=eTaP(g,p).
Prop. 3 Consider the following example:

g = 000000000000
p = 010000000000
p = 011000000000

Then it holds eTaP(g,p) = 0 = eTaP(g,p).

Prop. 4 Consider the following example:

g = 000000000000
p = 010000000000
p = 010100000000

Then it holds eT'aP(g,p) =0 = eTaP(g,p).
Prop. 5 Let W € A(lg — 1), Dpapw = pppws [Py (D] = [py ()], and [A(pw)| = [A(pw)|. Since ppw =
P)\w, then A(p) = A(p), and hence eT'aP(g,p) = eT'aP(g,p).

Prop. 6 Consider the following example:

g = 010000000000
p = 100000000000
p = 101000000000

Then it holds eTaP(g,p) = 0 = eTaP(g,p).

Prop. 7 Consider the following example: Let N > a > 2/0,, g = 11 4}, p = 1113, and p = 1y o3. Then it holds
eTaP(g,p) =0=eTaP(g,p).

Prop. 8 Consider the following example: Let N> a > 2/0,, g = 11 4), p = 11}, and p = 123. Then it holds
eT'aP(g,p) = 0= eTaP(g,p).

Prop. 9 Consider the following example: Let N> a > 2/0,, g = 11,4, p = 11}, and p = 15y. Then it holds
eTaP(g,p) =0=eTaP(g,p). O

Theorem D.37. Enhanced Time-Series Aware Recall defined as

(W NW,|
eTaR(g,p) Z 1+ Z —
2‘A WeA W,eP W]
where 0, > 0, 6, > 0, and
wer W
—weap: Y WO,

satisfies Prop. 5.

Proof.

Let g: [n] — {0,1}™ be the ground truth and p,p: [n] — {0,1}"™ predictions.



Prop. 1 Consider the following example: Let N > a > 1/60,, g = 11 o, p = 0, and p = 1y33. Then it holds
eTaR(g,p) =0 =eTaR(g,p).

Prop. 2 Consider the following example: Let N > a > 2/60,, g = 1[14), p= 1{1}, and p = 1y 3. Then it holds
eT'aR(g,p) = 0= eTal(g,p).

Prop. 3 Consider the following example:

g = 100000000000
p = 010000000000
p = 011000000000

Then it holds eT'aR(g,p) =0 = eTaR(g, D).

Prop. 4 Consider the following example:

g = 100000000000
p = 010000000000
p = 010100000000

Then it holds eTaR(g,p) = 0 = eTaR(g,p).

Prop. 5 Let W € A(lg — 1)), papw = iapw 53 (D] = Ipyy} (1)), and [A(pw)| = [A(pw)|. Since ppw =
P)\w, then A(p) = A(p), and hence eT'aR(g,p) = eT'aR(g,p).

Prop. 6 Consider the following example:

g = 100000000000
p = 100000000000
p = 101000000000

Then it holds eT'aR(g,p) = 1 = eTaR(g,p).

Prop. 7 Consider the following example: Let N > a > 2/0,, g = 11 4}, p = 111}, and p = 1y o3. Then it holds
eT'aR(g,p) = 0= eTaR(g,p).

Prop. 8 Consider the following example: Let N> a > 2/0,, g = 11 4}, p = 11}, and p = 153. Then it holds
eT'aR(g,p) = 0= eTaR(g,p).

Prop. 9 Consider the following example: Let N> a > 2/0,, g = 11 4), p = 11}, and p = 15y. Then it holds
eTaR(g,p) = 0=eTaR(g,p). O

Theorem D.38. Temporal Distance is defined as
TD(97 p) = fclosest(g7p) + fclosest(pa 9)

fclosest(a7 b) = Z min |Z - .7|

ica1()?€ D

A Temporal Distance-based metric mpp(g,p) = f(T'D(g,p)), where f is a strictly decreasing function, satisfies
properties Prop. 1, Prop. 7.

Proof.
Let g: [n] = {0,1}" be the ground truth and p,p: [n] — {0,1}" predictions.

Lemma D.39. Let W € A(g), Pp)\fi=} = Pn)\fi=} Jor some i* € W, and p(i*) # p(i*) = 0. Then mrp(g,p) >
mrp(g,p)-



Proof. Consider the two f¢osest terms of TD separately:

1. Since i* € p~1(1), we have mines-1(1) [i* — j| = 0. For any 7’ € g H)\ {i*}if i —i*| < min;ep,-1(1) i —jl,
then
min |i' —j| =i —i*| < min |i' —j|.
jep—t(1) | = | jep~1(1) | |
Thus:
fclosest (gvﬁ) < fclosest (gvp)

2. Note, that for I C [n], the following holds:
fclosest (aa b) = fclosest (aIv b) + fclosest (a[n]\lv b)
Since i* € g~ (1), we have min;eg-1(1) [i* — j| = 0, thus:

fclosest(ﬁW? g) = fclosest(pW7 g) =0 = fClosest(pa g) = fclosest(ﬁv g)

Then:
TD(g,p) <TD(9,p) = mrp(g,p) > mrp(g,p)-

O

Prop. 1 Let W € A(g), ppup\w = Pn)\w> Pw = 0, and |]5;V1(1)| > 0. By Thm. D.39 , it directly follows that
mrp(g,p) > mrp(g,p)-

Prop. 2 Consider the following example:

g = 000111111000
p = 000111000000
p = 000111011000

Then it holds TD(g,p) =6 > 1=TD(g,p) = mrp(g,p) < mrp(g,p).

Prop. 3 Consider the following example:

g = 000000011000
p = 000010000000
p = 000011000000

Then it holds TD(g,p) = 10 = TD(g,p) = mrp(g,p) = mrp(g,p).

Prop. 4 Consider the following example:

g = 000000111000
p = 001110110000
p = 001010110000

Then it holds TD(g,p) = 10 > 7=TD(g,p) = mrp(g9,p) < mrp(g,D).

Prop. 5 Consider the following example:

g = 000000011110
p = 011001011000
p = 001011011000

Then it holds T'D(g,p) = 16 > 13 =TD(g,p) = mrp(g9,p) < mrp(g,D).



Prop. 6

g = 000011110000
p = 000010000000
p = 001011110000

Then it holds T'D(g,p) =6 > 2 =TD(g,p) = mrp(g,p) < mrp(g,p).

Prop. 7 Let W € A(g), ﬁ[n]\{z*} = P\{i*} for some i* € W, ]5(2*) #* p(l*) =0, and ‘A(ﬁwﬂ < |A(pw)| By
Thm. D.39 , it directly follows that mrp(g,p) > mrp(g,p).

Prop. 8

g = 000011111000
p = 000011000000
p = 000000011000

Then it holds TD(gvp) = TD(gaﬁ) =6 = mTD(gap) = mTD(gap)'

Prop. 9 Consider the following example:

g = 000111111000
p = 000010010000
p = 000011000000

Then it holds T D(g,p) =4 < 7=TD(g,p) = mrp(g,p) > mrp(g,p). O
Theorem D.40. Average Alert Delay is defined as
1

AAD = i ) — min 7.
(9:P) = T At W pi(1) 2 0] WE%)_ W ply=1 | iew
Wp—1(1)70

An Average Alert Delay-based metric maap(g,p) = f(AAD(g,p)), where f is a strictly decreasing function,
satisfies Prop. 5 and Prop. 8.

Proof.
Let : [n] = {0,1}"™ be the ground truth and p, p: [n] — {0,1}" predictions.
Prop. 1 Consider the following example:

g = 000110011000
p = 000110010000
p = 000110000000

Then it holds AAD(g,p) =0= AAD(g,p) = maap(g,p) = maap(g,p).

Prop. 2 Consider the following example:

g = 000111111000
p = 000010000000
p = 000010010000

Then it holds AAD(g,p) =1 = AAD(g,p) = maap(g,p) = maap(g,D).



Prop. 3 Consider the following example:

g = 000000111000
p = 000010010000
p = 000110010000

Then it holds AAD(g,p) =1 = AAD(g,p) = maap(g,p) = maap(g,D)-

Prop. 4 Consider the following example:

g = 000000111000
p = 010010010000
p = 000010010000

Then it holds AAD(g,p) =1 = AAD(g,p) = maap(g,p) = maap(g,p)-

Prop. 5 Let W C W' € A(lg — 1), Ppapw = Ppn)\
{(W e Alg): Wnp (1) # 0} = {W € Ag):
mAAD(g7p) = mAAD(gaﬁ)‘

ws Byt ()] = Ipy! (1], and [A(Pw)| = |A(pw)|. Then
Np~ Y1) # 0}. Thus, AAD(g,p) = AAD(g9,p) =—

Prop. 6 Consider the following example:

g = 000000111000
p = 000000010000
p = 000010010000

Then it holds AAD(g,p) =1= AAD(g,p) = maap(g,p) = maap(g,p).

Prop. 7 Consider the following example:

g = 000111111000
p = 000010000000
» = 000011000000

Then it holds AAD(g,p) =1 = AAD(g,p) = maap(g,p) = maap(g,D).

Prop. 8 Let W € A(9), Ppw = prapvw [AGw)l = |AGw)l 07/ (D] = [p ()], and_ min i <
min 7. Then min ¢ — min: < min ¢ — miné, and hence AAD(g,p) < AAD(g,p) —
€W : pli)=1 iE€W : p(i)=1 i€ew €W : p(i)=1 iew

maap(g,p) > maap(g,p)-
Prop. 9 Consider the following example:

g = 000111111000
p = 000010010000
» = 000011000000

Then it holds AAD(g,p) =1 = AAD(g,p) = maap(g,p) = maap(g,p). O
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