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Abstract

Many hypotheses compete to explain the suc-
cesses of knowledge distillation. To help ad-
dress this, we propose and analyze a math-
ematical model of distillation, which sug-
gests that distillation’s performance comes
not from obtaining better models but from
easier to optimize landscapes. For gener-
alized linear models trained with stochastic
gradient descent, we prove that distillation
fits performant student models asymptoti-
cally more quickly than non-distilled models.
In rank-1 matrix approximation, we charac-
terize conditions on the target matrix under
which gradient descent with distillation con-
verges strictly faster than training on the su-
pervised objective. The theory helps delin-
eate the ways distillation provides benefits
(i.e., in optimization speed, not in generaliza-
tion), and experiments on real datasets cor-
roborate the theoretical predictions.

1 INTRODUCTION

Knowledge distillation transfers the predictive ability
of a larger teacher model to a smaller student model
(Ba and Caruana, 2014; Hinton et al., 2015) by train-
ing the student on teacher predictions rather than
ground-truth labels. It provides an important tool for
obtaining performant models with reduced inference
costs (Romero et al., 2015; Kim and Rush, 2016; Sanh
et al., 2019; Beyer et al., 2022; Riviere et al., 2024;
Sreenivas et al., 2024). Two perspectives compete to
explain distillation’s effectiveness: one attributes its
benefits to the student’s improved generalization abil-
ity (Mobahi et al., 2020; Menon et al., 2020; Dao et al.,
2021; Das and Sanghavi, 2023; Pareek et al., 2024; Ildiz
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et al., 2025); the other emphasizes its algorithmic ef-
fects during optimization (Phuong and Lampert, 2019;
Safaryan et al., 2023; Panigrahi et al., 2025).

Recent evidence suggests that there is still a gap in our
understanding of knowledge distillation. In particular,
Busbridge et al. (2025) show empirically that, given
sufficient data, a student distilled from an optimally
chosen teacher does not outperform the same model
trained directly on ground-truth labels. This raises a
fundamental question: if distillation does not improve
the asymptotic solution, why does it often accelerate
learning in practice?

In this work, we provide a theoretical explanation by
analyzing knowledge distillation in two canonical set-
tings: generalized linear models (GLMs) fit with max-
imum likelihood via stochastic gradient descent and
rank-1 matrix approximation. Our analysis shows that
although a student trained with distillation ultimately
converges to the same solution as one trained with
ground-truth supervision, distillation improves the ef-
ficiency of gradient descent algorithms. We test these
theoretical predictions through experiments on syn-
thetic data, regression tasks, and language model pre-
training. Our contributions follow:

e Onmnline SGD for GLMs. We model the teacher
as the population risk minimizer over the full co-
variates and the student as having fewer param-
eters. We prove that distillation and direct su-
pervision converge to the same solution (Theo-
rem 3.1), but that distillation yields asymptot-
ically more efficient SGD iterates, with the ef-
ficiency gap proportional to the label variance
(Theorem 3.2).

e Finite-dataset SGD. Extending these results,
we show that both trajectories converge to the
same point on finite datasets (Theorem 3.3),
and that, with high probability, distillation iter-
ates have smaller asymptotic covariance (Theo-
rem 3.4).

e Rank-1 matrix approximation. We model the
teacher as the best rank-r Frobenius approxima-
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tion to a target matrix. We prove that gradient
descent applied to either the target or the teacher
approximation converges to the same set of global
optima (Theorem 4.1). Yet distillation converges
faster under the sufficient condition that the ma-
trix dimension scales inversely with the target
error tolerance, raised to a spectrum-dependent
constant (Theorem 4.2).

e Experiments. We test our theoretical predic-
tions on synthetic data, regression with Fashion-
MNIST (Xiao et al., 2017), and GPT-2 trained on
C4 (Radford et al., 2019; Dao et al., 2021).

2 PRELIMINARIES

We review knowledge distillation and formalize it for
maximum likelihood estimation in generalized linear
models and low-rank matrix approximation.

2.1 Knowledge Distillation

Knowledge distillation trains student models with
teacher-generated labels. For a teacher model trained
with standard (ground truth) labels y, distillation fits
a student model by minimizing a per-sample loss taken
to be a convex combination of the losses between the
student’s predicted label ys and either the teacher’s
predicted label yr or the standard label y,

§-Lyr,ys) + (1 =&)Ly, ys)

where £ is a loss function (e.g., squared error, negative
log likelihood) and £ € [0,1]. The constant & influences
the degree to which the student attempts to match the
teacher’s label, and in our analyses we take £ = 1, the
pure knowledge distillation setting.

To formalize our model for knowledge distillation, we
first define the relevant spaces. Let the input-label
space be X x ), and let the student input space V be
identified with a subspace of X'. Denote the teacher
and student model parameter spaces by 7 and S, re-
spectively. The teacher model, which we assume is
given, minimizes an objective Ly : T — R.

The teacher generates distilled labels via the mapping
h:T x X — Y, which represents the prediction on
input x € X. The student model then minimizes an
objective function Lg : § — R, which typically aggre-
gates per-sample losses on the domain S x V x (Y U))
over the dataset.

2.1.1 Related Work

Along with studying distillation’s influence on student
generalization!, both theoretical and empirical works

'See Appendix A for additional related works.

have also analyzed its algorithmic effects. Phuong and
Lampert (2019) consider distillation applied to linear
models under gradient flow, the continuous time ver-
sion of gradient descent. They show that distillation
biases the optimization trajectory towards favorable,
low generalization error solutions and that data geom-
etry influences the rate of convergence.

Panigrahi et al. (2025) identify a mechanism by which
progressive distillation, where labels are produced by
increasingly capable teacher models, accelerates the
student’s training. They prove sample complexity
bounds for sparse parity and empirically test this phe-
nomenon on language models for probabilistic context-
free grammars and other natural language modeling
tasks.

Safaryan et al. (2023) analyze stochastic gradient de-
scent under self-distillation and under distillation with
unbiased compression operators. They show that dis-
tillation acts as a form of partial variance reduction,
with the degree of reduction governed by the teacher’s
proximity to the optimum, and they lift this obser-
vation to upper bounds on the expected optimization
error. In contrast, our analysis also considers students
with strictly fewer parameters than the teacher, and
we quantify the relative efficiency of knowledge dis-
tillation over supervised learning. Moreover, in the
setting of rank-1 matrix approximation, we establish
both upper and lower bounds, thereby demonstrating
a concrete convergence gap.

2.2 MLE in Generalized Linear Models

We analyze stochastic gradient descent for generalized
linear models (Nelder and Wedderburn, 1972) fit with
maximum likelihood estimation. In a GLM, condi-
tional on the covariate € RP, the response y € R
follows a distribution in the exponential family. Specif-
ically, the conditional density takes the form,

y(zT0) — b(zT0)

).

po(ylz) = exp (

where 6 € RP is the true parameter, ¢ > 0 is a con-
stant, and a, b, and ¢ are known functions. The func-
tion a(¢) controls the dispersion, which we assume
a(¢) = 1. As written, the model uses the canonical
link function, g(E[y|z]) = 276, with inverse h = g~!
mapping the linear predictor to the conditional mean
of the response.

We fit the GLM by maximum likelihood estimation,
so the per-sample loss function is the negative log-
likelihood. With a slight overload of notation, we de-
fine the teacher /7 and student ¢g per-sample losses
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as,

Lr(0;2,y) = —logpe(xly),
ls(v;v,y) = —logpy (vly),

where 0, z € R? and v, v € R? for 0 < d < p. Data
points (z,y) ~"¢ P come from a distribution over the
input-label space, and {(z;,y;}?, forms finite sample
of size n. We define the projection onto the top-d
coordinates as IT = [I4 0], so the student observes v =
IIz. The teacher’s population and empirical objectives
are

1 n
Ly (0) = - ;%(9;%,%)7
and the student’s corresponding objectives are
Ls(v) = Ells(v;v,9)],

1 n
LEG) = = 3 Lstivn, ).
i=1

Let 6* (or §) denote a teacher model minimizing its
objective, population risk Ly (or empirical risk L7.).
Under knowledge distillation, the student observes the
teacher’s prediction i’ = h(z70*) (or 3’ = h(zTh)) as
opposed to the standard label y. The distillation loss
retains the form of £g, but we replace the observed
response with the teacher’s prediction. In the popu-
lation setting, this prediction satisfies y' = E[y|z], the
conditional expectation of the response.

2.2.1 Notation

We use a to denote the student estimator fit with true
labels y, and f for the one fit with distillation labels y'.
When referring to either estimator in a context where
distinction is irrelevant, we use . Let the input-label
pair be z = (v,y) and 2’ = (v,y’). Use Ly(y) and
L"$(7) to denote the student population and empirical
objectives with distillation labels.

2.3 Low Rank Approximation of a Matrix

We then study the problem of finding a low-rank ap-
proximation of a positive semi-definite matrix M €
S. Specifically, we seek the rank-r matrix (for 0 <
r < n) that minimizes the Frobenius norm of its differ-
ence from M. The solution corresponds to truncating
the spectral decomposition of M to its top-r eigenval-
ues. Burer and Monteiro (2003) introduce a noncon-
vex formulation that implicitly enforces both the rank
and positive semi-definiteness constraints by optimiz-
ing over the factorized form X X7 for “tall and skinny”

matrices X. We define the teacher Lt and student Lg
objective functions as,

1

Lr(X) = 7IXXT - M,
1

Ls(z) = {llaa” — M}

where X € R"™" and z € R™ The teacher X*
minimizes L7, and generates targets via the mapping
h : R™*" — S% defined by h(X) = XXT. In the
distillation setting, we replace the original matrix M
with ~A(X*) in the student’s objective.

Note that the student objective Lg has critical points
at £v/\jv;, where (\;,v;) are eigenvalue-eigenvector
pairs of either M or h(X™*), depending on the target.
Gradient descent avoids spurious critical points, since
the Hessian at such points has a direction of nega-
tive curvature. This follows from results by Lee et al.
(2016); Panageas and Piliouras (2017), which we re-
view in our proof of Theorem 4.1.

2.3.1 Notation

Eigenvalues of M are ordered A\; > Ay > ... > X, > 0.
The spectral gap A; :== A\y — \; for i = 2,...,n. Let
M’ = h(X™*) denote the distillation target. We use w
to denote the student estimator with target matrix M,
and u for the student with teacher-generated target
M'. When referring to both, we use z. Let Ly(z)
denote the objective function with target matrix M.

3 GENERALIZED LINEAR
MODELS

In this setting, we aim to recover the unique maximizer
~v* of the likelihood function of a generalized linear
model. We study how knowledge distillation influences
stochastic gradient descent in this problem.

We defer all proofs from this section to Appendices B
and C.

3.1 Online Setting

In this section, we focus on the following online
stochastic gradient descent (SGD) update rule. At
step ¢, given a sample (z¢,7:) ~ P with vy = Iz,
and §: € {yt,y;}, we update

Yo = Ye—1 — NVl (Ve—1; ¢, Tt) (1)

starting from 7o € R?. We then analyze the dynamics
of the averaged iterate,

1 t—1
Ve = n ZW
k=0
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which achieves the optimal rate of O(1/y/n) (Polyak
and Juditsky, 1992). To establish consistency and
asymptotic normality of 7;, we rely on the following
assumptions. We state a simplified version of the as-
sumption below, the full technical conditions are de-
ferred to Appendix B.1.

Assumption 3.0.1 (Smoothness and convexity). The
population losses Lg, Ly are strongly conver around
their minimizers o and B*, respectively. The per-
sample losses Ls(a; z) and Ls(B;2") are twice differ-
entiable with locally Lipschitz gradients and Hessians,
and their gradients have bounded variance.

Assumption 3.0.2 (Step sizes). The sequence of step

sizes satisfy (ny — nes1)/ne = o(ne), e > 0 for all t,
and

o0
Zm Y2 < .
t=1

Theorem 3.1 (Population convergence). Under As-
sumptions 3.0.1 and 8.0.2, let &; denote the av-
eraged iterate from SGD with gradient estimates
Vis(ag;ve,ys), and let B; denote the averaged iterate
from SGD with Vlg(Bys;ve, h(xF0%)). Then both se-
quences converge almost surely to

~* :=argmin Lg(7)
vyERd

Having established that supervised learning and
knowledge distillation converge to the same limiting
parameter, we now show that the SGD iterates ob-
tained from knowledge distillation, (;, are asymptot-
ically more efficient than the ones obtained from su-
pervised learning, &;.

Theorem 3.2. Suppose Assumptions 3.0.1 and 3.0.2
hold. Let ~* be the minimizer of Lg, and define the
Hessian at v*

H =E[R (vTy*)vvT]

where h is the inverse link function and v = Ilx. De-
fine the second moments of the gradient noise at v*,

C(y*) = E[(h(v" ") = y)*v0"],

C'(v*) = E[(h(v"y*) — h(zT6"))*vo]
Let oy be the averaged iterate under supervised learn-
ing, obtained from SGD with gradient estimates
Vis(ag;ve,ye). Let By be the averaged iterate un-
der knowledge distillation, obtained from SGD with
Vs (Bi;ve, h(zF0%)). Then ast — oo,

Vi(ar =7 <5 NO.H O H ™).
and

VB — %) —% N(0, H1C'(v*)H™Y).

Moreover, the asymptotic covariance under knowledge
distillation is no larger than under supervised learning,

C(v) = C'(y") = E[Var(y|lz)vo™] = 0,

which holds with equality only if the label variance is
zero.

By Theorem 2 of Polyak and Juditsky (1992), both ay
and ; converge almost surely v* and are asymptoti-
cally normal. Assumptions 3.0.1 and 3.0.2 provide the
technical conditions under which this classical stochas-
tic approximation result applies.

The key intuition is that projecting onto the teacher’s
manifold before projecting onto the student’s manifold
does not change the final point. For example, in lin-
ear regression (identity link) with Gaussian noise, the
maximum likelihood estimator corresponds to the or-
thogonal projection of the response onto the span of
the covariates. Projecting first onto the span of the
full p-dimensional covariates and then onto the span
of the truncated d-dimensional covariates produces the
same results as projecting directly onto the truncated
covariates.

Knowledge distillation improves efficiency, 3; has a
smaller asymptotic covariance than &;, by removing
the label variance component from the stochastic gra-
dient estimate. The efficiency gain is most pronounced
when the response has high variance, either due to la-
bel noise or the intrinsic variability of the distribution,
while the benefit diminishes when the labels are nearly
deterministic and individual samples already provide
reliable information.

3.2 Finite Dataset Setting

The online SGD setting in the previous section samples
a new observation at each step ¢, analogous to training
with a single pass over the data. Here, we instead as-
sume access to a finite dataset D = {(z;, y;)}1~, ~ P",
where pairs are drawn i.i.d. from P. Once realized, we
treat D as fixed and compute each SGD update (Eq. 1)
using a sample (2, y:) ~ U(D) chosen uniformly from
D.

Under standard regularity conditions, the averaged
iterates 4; are consistent and asymptotically nor-
mal. Their behavior parallels the conclusions of The-
orems 3.1 and 3.2, except that the empirical Hessian
and gradient noise second moments replace their pop-
ulation counterparts.

We present simplified versions of the assumptions be-
low. The full technical conditions are deferred to Ap-
pendix C.1.

Assumption 3.2.1 (Smoothness and convexity). The
empirical losses L%, L' are strongly convexr around
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their minimizers & and B, respectively.  The per-
sample losses Us(a;z) and Lg(f;2') are twice differ-
entiable with locally Lipschitz gradients and Hessians,
and their gradients have bounded growth.

Assumption 3.2.2 (Concentration). The covariates
and labels satisfy standard reqularity conditions, ensur-
ing concentration of empirical quantities around their
population counterparts.

In particular, the conditional variance of y given x
s uniformly bounded away from zero and per-sample
gradient covariance matrices are uniformly bounded
around ~y*.

Theorem 3.3 (Convergence under finite dataset).
Under Assumptions 3.2.1 and 3.0.2, suppose we have a
fized dataset D = {(x;,y;)}1,, and at each iteration t
the sample (x4, y;) is drawn uniformly at random from
D (with replacement).

Let a; denote the averaged iterate from SGD with gra-
dient estimates Vls(ay;ve,y:), and let By denote the
averaged iterate from SGD with Vis(By; vy, h(xTH)).
Then both sequences converge almost surely to

4 :=argmin L%(7).
yERE

As the number of SGD steps tends to infinity, both
supervised learning @; and knowledge distillation [
tend to the same minimizer of the empirical loss.

Theorem 3.4. Suppose Assumptions 3.2.1, 3.2.2,
and 3.0.2 hold. Let 4 be the minimizer of the empirical
loss L'y, and define the empirical Hessian at ¥,

1 n
Hy == h(v]3)viv]
RO DA CRIE

i=1

where h is the inverse link function and v; = Ilx;.
Define the empirical second moments of gradient noise
at 7y,

n

. 1 .
Ca(h) =~ D _(h(v]3) — i) o],
=1

Ch(3) = = S (T ) — h(a 0) vl

i=1

where 0 is the teacher estimator.

Let &y denote the averaged iterate under supervised
learning, obtained from SGD with gradient estimates
Vis(ag; v, yz). Let B¢ denote the averaged iterate un-
der knowledge distillation, obtained from SGD with
Vis(Bi;ve, h(zF0)). Then ast — oo,

Vi@, —4) 5 N0, H, ' Co(3) H; )

and
V(B —4) =5 N(0, Hy ' CL(3)H, ).
Moreover, for sufficiently large n,
Cn(9) = CL(9) = 0
with high probability.

Analogous to the online SGD (population) setting, al-
most sure convergence of a; and f; to 4, together with
their asymptotic normality, follows from Theorem 2 of
Polyak and Juditsky (1992).

In the population case, the relative efficiency gap be-
tween knowledge distillation and supervised learning
increases with the label variance. Theorem 3.4 estab-
lishes this relationship in the finite-dataset setting as
well. Since the empirical second moments of the gra-
dient noise are evaluated at the empirical minimizer
4 rather than the population minimizer v*, the argu-
ment alternates between applying local Lipschitz con-
tinuity of the empirical second moments and using con-
centration bounds to control their deviation from the
population counterparts at y*.

Thus, the efficiency of knowledge distillation from the
population setting carries over to finite datasets. Un-
der high label variance, distillation provides a tangible
improvement, while in low-variance regimes its effect
is negligible.

4 LOW RANK APPROXIMATION

In this section, we study the problem of finding the
best rank-1 approximation of a positive semi-definite
matrix M € ST. We formulate this as a nonconvex
optimization problem (Burer and Monteiro, 2003) and
investigate how knowledge distillation influences the
convergence behavior of gradient descent.

We defer all proofs from this section to Appendix D.

4.1 Convergence Analysis

We analyze the convergence of gradient descent with
constant step size 1. At each step, we perform the
update

Ti41 = Tt — nvzs(wt)
where Lg € {Lg, Ly}. While the gradients VLg and
VLY differ, the update takes the same general form.
Theorem 4.1. Let the step size be

1

0<n< ————
ROV
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where A1 is the largest eigenvalue of the target ma-
tric M and L > 4 is a fived constant. Sample ng ~
N0, kX /n - I,) with some k € (0,1), and condition
on ||noll2 < V/A1. Set the initial points of the gradient
descent trajectories to be equal, wg = ug = ng.

Let w; denote the iterate from gradient descent on
standard labels, Lg, and let u; denote the iterate from
distillation labels, L's. Then both sequences converge
almost surely to

x* € argmin Lg(x).
z€R™

When 7 > 1, the set of critical points of Lg and L
is strictly larger than the set of all global minimizers.
In fact, their gradients are zero at any point of the
form 4+/\;v; for i € [n] (or i € [r]). To establish that
the sequences {w;} and {u;} converge to a minimizer
rather than a strict saddle, we show that an open con-
vex set is forward-invariant under the gradient updates
and then apply Theorem 3 of Panageas and Piliouras
(2017).

Consequently, the limiting matrices satisfy w*(w*)T =
u*(u*)T, even though the limit points w* and u* them-
selves may differ. We now analyze the gradient descent
dynamics over a finite number of steps, focusing on the
number of iterations required to achieve a prescribed
error tolerance.

Definition 4.1.1. For a tolerance € > 0, define the
first step when the gradient descent sequence {x;} en-
ters the (A1 - €)-ball around the optimum x* as

T(x) :=min{t : [|z; — z*||3 < \; - ¢}

Definition 4.1.2. For an iterate x; = (T14,Ton,t)
expressed in the eigenbasis of M, define

2
(o) o= (2222,

L1t

Equivalently, \/IM(z) is the tangent of the angle be-
tween z; and the top eigenvector, so IM(z;) quantifies
how misaligned the iterate is with the leading direc-
tion.

Lemma 4.1.1 (Supervised learning?). Given ¢ > 0,
under the previous step size and random initialization
conditions, the number of steps required by supervised
learning satisfies a lower bound of the form

1 IM(x0)
) 2 S og(1/0 i, o8 ( - ) |

2Appendix D.2 contains a detailed statement of the
lemma together with its proof.

Lemma 4.1.2 (Knowledge distillation®). Given ¢ >
0, under the same conditions, the number of iterations
required by knowledge distillation is bounded above by

T(u) < max{tq, tp, te} +ts,

where tq, 1y, te, ts depend logarithmically on the initial-
ization IM(zg), tolerance, and spectrum.

The lower and upper bounds on T'(w) and T'(u) al-
low us to establish conditions under which gradient
descent with the knowledge distillation objective con-
verges faster than supervised learning.

Theorem 4.2. Given € > 0 and teacher matrixz rank
r, let the step size be

O<n< 770

where A1 is the largest eigenvalue of the target ma-
trix M and L > 4 is a fized constant. Sample ng ~
N(0,kX/n - I,) with some k € (0,1). Set the initial
points of the gradient descent trajectories to be equal,
Wo = Ug = Ng-

Assume  furthermore that A, < €A\ and (1 +
nA1/2)(1 —nA,) > 1 with £ = L/(L +1). Then there
exists ¢ > 0 (depending on the spectrum of M) such
that for allm = Q(e~°), we have T(w) —T (u) > 0 with
constant probability over the initialization.

The requirement that the dimension n grows as Q(e7°)
may seem undesirable, but it also not unexpected. The
top spectral gap As controls the asymptotic rate of
gradient descent, leading to a O(1/Az) dependence.
Knowledge distillation cannot improve this rate unless
the teacher itself has rank » = 1, in which case the
dependence reduces to O(1/A1). Lemma 4.1.2 shows
that the main advantage of knowledge distillation lies
in accelerating the decay of coordinates r+1 through n.
As the target tolerance e decreases, maintaining this
advantage requires increasing mass in these trailing
coordinates.

5 EXPERIMENTS

We test our theory on both synthetic and real
data. The code for our experiments can be found at
https://github.com/0aax/two-models-kd.

5.1 Synthetic Experiments

Generalized linear models. For generalized linear
models, our theory predicts that distillation improves

3Appendix D.3 contains a detailed statement of the
lemma together with its proof.
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Asymptotic relative efficiency under
increasing label variance.
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Figure 1: Asymptotic relative efficiency, given by
the ratio of asymptotic covariance traces (supervised
learning over knowledge distillation), as a function
of label variance. The teacher dimension is fixed at
p = 1000, and the student dimension is d. Each point
represents an average over 100 sampled datasets and
true parameters.

efficiency by removing label variance from the gradi-
ent estimates. To test this prediction, we construct
a logistic regression dataset with n = 1000 samples
and dimension p = 100 covariates, drawn i.i.d. from
N(0,1/p-1I,). Labels follow the Bernoulli distribution
with mean o (2] 0*), where the scale of the true param-
eter 0* = £ - ng (with ng ~ N(0,1,), k € [1071,1025])
controls the label variance. We apply L-BFGS (Liu
and Nocedal, 1989) to obtain the empirical minimiz-
ers & and B , and use them to compute the asymptotic
covariance matrices of the supervised and distilled es-
timators. Figure 1 shows that distillation achieves
higher relative efficiency as label variance and student
dimension d € {20, 40, 60,80} increase.

We then ask whether the asymptotic efficiency trans-
lates into fewer optimization steps. We construct
the dataset in the manner detailed above, with p =
10 and k = 1.0, and fit the teacher 6 using L-
BFGS. Both supervised and distilled students start
at the same point a9 = [y = 0 and we run
SGD with step sizes n: = no/(1 + 1073¢%-6) where
no € {1073,10725,...,107%% 1.0}, consistent with
Assumption 3.0.2. Figure 4 (Appendix E.1) shows
that, even when both methods use the same 79 (opti-
mal for standard supervision), knowledge distillation
converges faster. Furthermore, this gap becomes more
significant when distillation uses its own optimal 7.

Rank-1 matrix approximation. Our analysis in
Section 4 shows that distillation accelerates conver-
gence when the teacher truncates a “heavy tail” of

Parameter error varying student dimension.

100<

e — A2/ A2

10—1<

0 200000 400000
Step (t)
d=100 d=300 — d=500
----- Baseline —— Distill

Figure 2: (Multinomial logistic regression, Fashion-
MNIST) Normalized parameter error of SGD iterates
under knowledge distillation and standard supervision
for student dimensions d € {100, 300, 500}. The initial
step size 19, optimal for standard supervision, is used
for both methods. Results are averaged over 10 trials.

eigenvalues (i.e. when the removed eigenvalues are, in
sum, relatively large compared to the top-r retained
eigenvalues). To test this, we construct a diagonal
target matrix of size n = 500 with a controlled spec-
trum, M = diag(A1, sr, spn), for arithmetic sequences
sr and s,. We obtain the teacher matrix by truncat-
ing to the top-r eigenvalues, equivalent to zeroing out
entries r + 1 through n on the diagonal.

Gradient descent starts at zg ~ N(0,1/n - I,)
and we measure progress via the distance to the
global optimum #+v/Aje;. We sweep step sizes n €
{1072,10715,107%,107%5,1.0} and select one which
minimizes parameter error for supervised learning.
In all settings, this is n = 107°5. Figure 5 (Ap-
pendix E.2) shows that distillation accelerates conver-
gence when the teacher rank approaches the student’s
rank and when it truncates relatively large eigenvalues.

5.2 Regression on Real Data

We next test our predictions on real-world data. On
Fashion-MNIST (Xiao et al., 2017), we fit multinomial
logistic regression models by flattening each 28 x 28 im-
age decomposing it into its principal components. The
teacher observes to the full set of components, while
the student observes only a subset of the components
(d € {100,300,500}). Both supervised and distilled
students start at the same initialization af = 8§ = ng,
where n§ ~ N(0,1/d-1;) and ¢ = 1,...,10. The batch
size is b = 100 and step size n; = 19/(1 + 1073%:6),
consistent with Assumption 3.0.2. We sweep step sizes
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Fraction of training: 0.5

Fraction of training: 0.75

Fraction of training: 1.0

1.0 1.0 1
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Figure 3: (Language model pretraining) Ratio of training steps required by knowledge distillation versus standard
supervision across subsets of increasing entropy, evaluated at 0.5, 0.75, and 1.0 fractions of training steps. At
each point, we record the maximum of the two validation losses, and measure how many steps each student needs

to reach this loss. This is repeated over five trials.

no € {1071,10797%,1079-5,107°2% 1.0} and select the
one which has the lowest parameter error for standard
supervision. This ends up being: 1y = 107%7 for
d = 100, ny = 107°5 for d = 300, and ny = 10795
for d = 500. Figure 2 shows the normalized distance
to the optimum over training steps. Distillation con-
sistently converges in fewer steps across all student
dimensions. We find the optimal step size 7y for distil-
lation to be larger in some cases than the optimal for
standard supervision.*

5.3 Next Token Prediction

Finally, we move beyond simple regression and matrix
approximation to study language model pretraining.
While our GLM analysis suggests that distillation ben-
efits setting with high label variance, since we cannot
directly observe label variance in next-token predic-
tion, we use per-token entropy of a model’s predicted
distribution as a proxy. We train a GPT-2 medium
model on a subset of the C4 dataset (Raffel et al.,
2020) and compute per-token entropy to partition the
remaining data into subsets of increasing entropy.

For each subset, we train a GPT-2 small student model
with different learning rates and select the model with
the lowest validation loss as the supervised learning
baseline. We then train the distillation student model
with the same training setup as the supervised learning
baseline. The only difference in the two setups being
the training objective, the baseline minimizes cross-
entropy with ground-truth labels, while the distilled
student minimizes the KL-divergence Dxr,(Pr||Ps)
between teacher Pr and student Pg distributions,
where the teacher GPT-2 medium model trains on the
same subset.’

4Figure 6 (Appendix E.3) shows error under optimal 7o
for both methods.
5 Appendix E.4 contains additional experimental details.

Figure 3 shows the ratio of training steps required by
the student trained with knowledge distillation over
the supervised learning baseline to reach a particular
validation loss on each of the subsets that are increas-
ing in entropy. Across all subsets, distillation reaches
the target loss in fewer steps, with the improvement
largest in high-entropy subsets.

6 CONCLUSION

In this work, we analyze knowledge distillation in two
settings, generalized linear models fit with maximum
likelihood estimation and rank-1 matrix approxima-
tion. For generalized linear models, we show that
distillation and standard supervision converge to the
same solution, but that distillation produces asymp-
totically more efficient SGD iterates in both online
and finite-dataset settings. In rank-1 matrix approx-
imation, we prove that both approaches converge to
the same set of global optima and identified condi-
tions under which distillation converges strictly faster.
Our experiments on synthetic data, regression on real
data, and language model pretraining corroborate our
theory and suggests its practical relevance.

The limitations of our current analysis provide several
avenues for future work. We focused on two setting
with relatively benign geometry, extending this anal-
ysis to more complex optimization landscapes, where
gradient descent may converge to suboptimal points,
would more closely resemble practice. Another direc-
tion continues analyzing the GLM setting, but estab-
lishes non-asymptotic results. Lastly, extending em-
pirical evaluations across a broader range of data do-
mains may provide additional insights into how the
underlying data distribution influences distillation.
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Appendix

A RELATED WORK CONTINUED

Knowledge distillation has shown repeated success in training small performant models using larger, more capable
models. Prior theoretical analyses that have sought to explain why, have done so primarily from the perspective
that distillation yields student models with better generalization. Menon et al. (2020) connects teacher predic-
tions in classification to modeling the Bayes class probabilities. They show that empirical risk with distillation
labels (Bayes-distilled risk) has lower variance relative to standard labels, and the student minimizing the Bayes-
distilled risk inherits the variance reduction, leading to better generalization. Dao et al. (2021) views distillation
as a plug-in method for semiparameteric inference, where the teacher predictions serve as a plug-in estimate
of the Bayes class probabilities. They establish excess risk guarantees for the student that depend on teacher
quality, and introduce loss correction to address teacher bias and cross-fitting to mitigate overfitting from data
reuse.

Mobahi et al. (2020) analyze self-distillation, where teacher and student are the same, in a Hilbert space with
{5 regularization. They show that repeated distillation shrinks basis coefficients more aggressively, thus acting
as a strong regularizer that can reduce overfitting and improve generalization. Das and Sanghavi (2023) provide
another explanation for self-distillation. They consider a student that minimizes a dual objective on both original
and teacher-produced labels, and characterize settings where distillation produces students with higher accuracy
in ridge regression and binary logistic regression. Pareek et al. (2024) generalizes this to multistep self-distillation.

Ildiz et al. (2025) analyze knowledge distillation in high-dimensional ridgeless linear regression with Gaussian
covariates. They show that in the underparameterized regime (n > p) the optimal teacher coincides with the
ground truth parameter, so distillation cannot outperform direct supervision, while in the overparameterized
regime (n < p) an optimally chosen teacher reduces the risk of the student.

While these works study the student model defined as the minimizer of the objective under knowledge distillation,
our focus is instead on the successive iterates generated by descent algorithms that approximate this minimizer.

B Detailed assumptions and deferred proofs for Section 3.1

B.1 Assumptions

In this section, we present the formal assumptions used in Theorems 3.1 and 3.2. These assumptions apply to
both the standard supervision objectives, £g(a; z) and Lg(«), and the knowledge distillation objectives, £5(3; z")
and Ls(3). To streamline the presentation, we introduce the notation ¢g(vy; 2) and Lg(vy), with Z € {z,2'}, to
state the assumptions that apply to both settings.

Assumption B.0.1. The per-sample loss (s(v;Z) and population loss Lg(y) = Ells(v; 2)] where z = (v,3),
v =1z, and § € {y,y'} satisfies the following:

(i) At the unique optimal point v* := argmin,, Ls(7), for a constant m > 0, the Hessian V2Lg(y*) = m - I is
positive definite.

(i) The map v — Ls(7y; Z) is twice continuously differentiable for every Z. There exists a random variable M (Z)
with E[M(2)] < oo and a constant v > 0 such that for all v € B(v*,7),

[[Vls(v; 2) = VEes(v"5 2)|l2 < M(Z) - ||y —7"|]2
IV2s(7: 2) = Vs(v*3 2)lop < M(Z) - Iy — 7" |l2-

(iii) There exists a constant C > 0 such that the per-sample gradient Vs (v; %), is bounded E[||Vls(v; 2)||3] <
C-(1+3).
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We now specialize Theorem 2 of Polyak and Juditsky (1992) to our setting of GLMs with the population objective
and state it as a corollary.

Corollary B.0.1 (Polyak and Juditsky (1992), GLMs with objective Lg). Consider the stochastic gradient
descent update with sample (vy, Gt ),

Ve = Yi—1 — N VLs(Vi—1; Ve, Ut)-
Assume B.0.1 and 3.0.2 are true, then 5, — ~v* almost surely, and
Vi =77) <5 N(O,H C(y)H ™)
with second moment of the gradient noise at the optimum 5’(7*) = E[Vls(v*;v,9)(VEs(v*;v,9))T] and Hessian
H =V%Ls(v").
Proof. Begin by considering the recursion
Yt = Ve—1 — NGt

where & = Vs (yi—1; Ve, §t) — Vig(%_l) and g, = szs(%—ﬁ +¢&;. Note that this is the stochastic optimization
scheme analyzed in Theorem 2 of Polyak and Juditsky (1992). Now we show that the original assumptions are
satisfied. For the assumptions needed to prove almost sure convergence of SGD using the theorem by Robbins
and Siegmund (1971), note that the gradient noise {&;:}+>1 is a martingale-difference sequence with respect to
the natural filtration of samples {Z; };>1 since the gradient is computed with an i.i.d. sample Z;,

E[&|Fi—1] = E[VLs(y-1; 2)| Fim1] — VLs(7e-1)
=0 a.s.
for all t. Furthermore, for all ¢
E[[[&]131F-1] + IVLs(ve—0)113 < E[l1€]13 + IVLs(v—1)|131Fi-1]

< 2E[|[VEs (Ye1; 20|51 Fe—1]

<20 (1+ |lye-1ll3) (2)
where the last inequality follows from Assumption B.0.1.
Now consider the function V' (u) = ||u||3 which for all u, 2 € R? has a 2-Lipschitz continuous gradient

IVV(u) = VV(2)[l2 < 2+ [lu = vl]2.

Let A, = 4 —~* and R(u) = VLg(u+~*). Then the function V; = V(A,) after one update can be upper
bounded using a second order Taylor expansion and the fact that V has a Lipschitz-continuous gradient,

Ve < Vic + VVE (-0 (R(Av—1) + &) + 2/|Ar — Ae a3
< Vier = mVVE R(A—1) — 0 VVE & + 207 [[R(Av—1) + & I5-
Taking the expectation conditioned on F;_1,
E[Vi|Fi1] < Vit = e VVE R(Ar—1) + 207 E [||R(As-1) + & ]3| Fe—1]
< Vies = VE R + 208 (IR + E A1) )
< Vi = VVE R(A 1) + 207, (1 + [[ye-a[3)
<Vier(L+ 57 K) + 0} K = i VV,E R(A;1) (3)

where we use the fact that {£;},>1 is a martingale-difference sequence, the inequality from Eq. (2), and we gather
constants into a suitable K > 0. Then we note that the terms (1 + 77 K), n? K > 0 and by convexity of Lg

ntVVﬂlE(AH) =2n¢(Ve—1 — ’Y*)Tvzs(%q)

> 2(L(7i-1) — Ls(7"))
> 0.
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Then with the step size assumptions which ensure Y -° 7, = oo and Y .0 n? < oo we obtain by the theorem of
Robbins and Siegmund (1971) that V; — V,, where V, is bounded.

We now conclude this section by showing that V; in fact converges to 0. Begin by showing Lg is strongly convex
in a neighborhood around v*. Consider v € B(v*,r), the function is locally Lipschitz around ~*,

Amin(V2Ls (7)) 2 m —E[M(2)] - [y = 7"|l>-

Then taking the smaller of the two radii » and m/(2E[M(Z)]), for all v € B(v*, min{r, m/(2E[M (Z)])} we have
Amin(V2Lg(v)) > m/2. Continuing to work within this neighborhood,

~ 1 ~
(v =7)TVLs(y) = (v - 7*)T/O VELs(v* +t(y =) (y —~*) dt
> =l =15

Now we showed that V; converges to V., which is bounded, thus, for any € > 0, there exists R such that
Pr[sup, ||A¢||2 < R] > 1 — &. Define the stopping time 75 = inf{t > 1 : ||A{||2 < R}, then on the event that ¥ is
within radius R of 7, {t < 7g} we have from Eq. (3) and the bound above

E[V,I(t < 77)] <E [(1 - m% n an) Vo I(t—1< TR)} 42K,

Polyak and Juditsky (1992) then conclude that E[V;I(t < 7g)] is upper bounded by the step size n; multiplied
by a constant. As the step size converges to zero, this implies the almost sure convergence of the algorithm
[1AI3 = .

Now what remains is to prove that the distribution of error from the process {A;};>1 is asymptotically normal.
The argument by Polyak and Juditsky (1992) proceeds by defining a process {A}};>1 which approximates the
true sequence of errors {A;};>1 with a linear update. Then by their Theorem 1, which applies to linear problems,
the distribution of error in the proxy process is asymptotically normal, and it suffices to show that these two
processes are asymptotically equivalent.

For our setting of GLMs, define the proxy process
A=Ay = GAL_y + iy Ay =4

i
A= > oA
i=0
where G = V2Lg(v*). The matrix G satisfies for any v € B(y*,r),

1
IVLs(y) =Gy =772 < (/0 IV2Ls(v* +t(v =7*) = V2Ls(7*)|lop dt) Ay =2
<E[M(2)] - [y = 7*|I3
which follows from the locally Lipschitz continuous Hessian around ~*.

The remaining assumptions for Theorem 2 are regarding the error decomposition & = &;(0) + (;(A;_1) where
&(0) = V(v 5) = VLs(y") = Ves(y": 2)
G(Ar1) = [VEs(Ar1 +7752) — VEs(Y"2)] + [VLs(y") = VLs(Ar1 + 7).
that satisfy the following
E[¢:(0)[Fi—1] =0 a.s. (4)
E[¢(0)&(0)T[F 1] =5 S ast—o00; S>0 (5)
SUpE[JI& OB ([[€(0) |2 > O)|Fia] =50 a5 C = o0 (6)
(7)

IT,VE> T E[|[C (A1) 3| Fio1] < 8(A—1)  a.s.
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with §(A¢) — 0 as Ay — 0. We now prove the properties (4-7). Updates are performed with an i.i.d. sample Z,
making the expectation of & (0) conditioned on the previous samples zero and furthermore,

E[£(0)6:(0) | Fia] = E[Ves(v": 2)Ves (v 2)T] =: 8,
thus, meeting Properties (4) and (5). Now observe that for all ¢ conditional on previous samples,

E[1&0)[[31(/|&(0)]]2 > C)|Fe—1] = E[I&1(0)3(1€1(0)]|2 > C)].

We know that E[||£1(0)]3] = E[||VEs(v*;2)[|3] < C - (1 + ||7y*||3) by Assumption B.0.1. Now Property (6) is
equivalent to

sng[ll&(tJ)l\%I(Hgt(om? > 0)|F—1] = E[[[€2(0)[131(11€1(0) ]2 > C)]

which converges to zero in probability as C' — oo since the expectation of [|¢1(0)||3 is finite. For Property (7)
note that we assume the gradients of /g are locally Lipschitz, thus,

E[||¢(Ae—1)[131Fi-1] < E[||VEs(v—1; Z) — Ves(v*; 2|13 Fe=1] + [|VLs(v*) — VLs(v-1)I3
<2E[M(2)) - [|A-1ll3

which tends to zero once A; — 0. O

B.2 Proof of Theorem 3.1

Proof. By Corollary B.0.1 the SGD sequence @, —** a*, likewise, f; —*% £*. What remains is to show
a* = p*. By definition, the teacher estimator recovers the true parameter §*. Consequently, the distillation
label corresponding to a sample (x,y) is ¥’ = h(z70*) = E[y|x]. Both limit points a* and B* must satisfy the
first order optimality conditions for their respective objectives Lg and L' which correspond to the following
conditions,

E[h(va*)v] = Elyv], E[h(v? 5*)v] = E[y'v].

The following equality E[yv] = E[E[y|z]v] = E[y'v] from taking iterated expectations means that points o* and
B* must satisfy the same optimality condition. Then strict convexity implies that the optimal point is unique,
thus showing that a* and #* which satisfy the same condition for optimality must be the same point. O

B.3 Proof of Theorem 3.2

Proof. Using Theorem 3.1, the Hessians of the population losses evaluated at the optimal points are
H(y*) = V2Lg(y*) and H'(y*) = V?Li(y*). Let C(v") = E[Vls(y":2)(Vls(v*52))"] and C'(v*) =
E[Vls(v*;2')(Ves(v*;2"))T] be the second moment of the gradient noise at the optimum ~*. Then with Assump-
tions B.0.1 and 3.0.2, we can apply Corollary B.0.1 which states that the averaged SGD iterates are asymptotically
normal. Precisely,
— * d *\ — * *\ —
Vi(ar =) == N0, H(y") " 'C(y )H(*) ™),
Vi(Be =) =5 N, H' (v7) 7 C' () H (7)),
The Hessians are equal,
H(y*) =E[R (vTy*)oo’] = H'(v")

The expression for the gradients are V/ls(7*;2) = (h(vTy*) — y)v and Vis(v*;2") = (h(vT~*) — y')v. Let
w=h(Ty*) —9y and § = ' —y. We can then write the gradient covariance C(7*) as,

C(y*) = E[(h(v"y* —y))*vv"]
E[((h(v"y") = ¢) + (¥ — y)*vv”]
E[w?vv?] + 2E[wévv?] + E[52veT].
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The cross term is equal to zero, to see this take the conditional expectation

Elwdve’] = E[E[y - ylz] - (h(vTy") =y )vu"]

= E[E[h(z"0%) = y)|z] - (h(v"~") = h(zT0"))v0"]
where for the last equality we simply write the definition of the distillation label. Making use of the fact that the
teacher estimator is well-specified and thus E[y|z] = h(2T0*), the term above is equal to zero. The covariance is
now C(v*) = E[w?vvT] + E[§2vvT]. The last expression has the familiar form E[§2vv?] = E[Var(y|z)vvT]. Now
observe that the gradient covariance of the SGD sequence with knowledge distillation is,
C'(v*) = E[(A(vT7") =y )?voT].

We can write C(v*) = C’'(v*) + E[Var(y|x)vvT], and it is now clear that C(y*) = C’(y*) since the variance
component is always positive semi-definite. O

C Detailed assumptions and deferred proofs for Section 3.2

C.1 Assumptions

We now present the formal assumptions in Theorems C.2 and C.3. All assumptions apply to both the standard
supervision objectives, £s(;z) and L%(a), as well as the knowledge distillation objectives, £5(8;2’) and L'(8).

We unify the presentation by introducing the notation £g(~; 2) and Eg (7), with Z € {z,2'}. All assumptions are
stated in this general form.

Assumption C.0.1. The per-sample loss ls(7v; %) and empirical loss Zg(’y) =1/n-3"  ls(v; %) where z =
(v,9), v =Tz, and § € {y,y'} satisfies the following:

(i) At the unique optimal point 4 := argmin,, Eg(’y), for a constant m > 0, the Hessian V2E’§(’Ay) =m-1gis
positive definite.

(i) The map v+ Lg(y; Z) is twice continuously differentiable for every z. There exists constants r, M > 0 such
that for all v € B(%,7),

IVl (v;2) — VEs(3; 2)l2 < M - ||y — Al
|V2s(v;2) — Vs (35 2)||op < M - ||y = F|2.

(iii) There exists a constant C > 0 such that the per-sample gradient Vils(vy;Z), is bounded ||Vis(7y;2)|[3 <
C- (14113

We now state Theorem 2 of Polyak and Juditsky (1992), specialized to the setting of GLMs with the empirical
loss, as the following corollary.

Corollary C.0.1 (Polyak and Juditsky (1992), GLMs with objective Eg) Consider the stochastic gradient
descent update with sample (vy, §t),

Ve =Ye—1 — M VELs(Ve—1; Ve, Yt)-

Assume C.0.1 and 3.0.2 are true, then 5, — 4 almost surely, and
VA = 4) =5 N (0, H, ' Co(3) H )

with second moment of the gradient noise at the optimum Cy(5) = 1/n- S Vs (350, 3i) (Vs (B3 vi,5:))T and
empirical Hessian H, = 1/n->"" | V*ls(¥;vi,Ji)-

Proof. We begin by writing the stochastic gradient descent update in the form analyzed in Theorem 2 of Polyak
and Juditsky (1992),

Yt =Vt—1 — TGt
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where & = VEls(vi—1;vt,Jt) — VZg(yH) and gy = Zg(%,l) + &. Now we show that the assumptions of the
original theorem hold, starting with the set of assumptions for proving almost sure convergence of SGD using
the theorem by Robbins and Siegmund (1971). Begin by noting that the gradient noise sequence {{;};>1 is a
martingale-difference sequence with respect to the natural filtration of samples {2, }+>1, for all ¢,

E&|Fi—1] = E[VEs(vi—1; Z)| Fi—1]) — Vfg(%q)

=0 a.s.

where the expectation is taken over independent z sampled uniformly from the finite dataset. Moreover, for all ¢

=0 1 < - Tn Tn
E[||&31Fe-1] + [[VLE (ve-1)5 = - D Vs (vi-152) = VIS (ve-1)|13 + VLS (e -1)II3
=1

IA

2 — _
EZ;IIWs(%fl;zi)H%

<20-(1+ ||’Yt71||g>
where the final inequality follows from Assumption C.0.1.
Let V(u) = ||u||3. This function has a 2-Lipschitz continuous gradient, for all u, z € R,
IVV () — TV()IE <2+ [fu— 2]la.

Define the error A; = v; — 4 and R(u) = ng(u +%). Then we can derive an upper bound for V; = V(4A;) by a
second order Taylor expansion and the fact that V has a 2-Lipschitz continuous gradient

Vi <Vicr + VYV (e (R(Av—1) + &) +2||Ar — A1 ][3
< Vit —mVVE R(A—1) = VVE & + 207 [ R(A 1) + &3

Now taking expectations conditioned on the previous history, recall that the gradient noise is a martingale-
difference sequence thus

E[Vi|Fi—1] < Vicr = mVVE R(A—1) + 207 (I[R(Ae—1)|[3 + E[[|& 131 Fi-1])
<Vier = VVE R(A—1) + 2C07 (1 + ||y4-1]13)
<Via(L+ i K) + 07 K = VV,E R(A 1) (8)

where the second to last inequality follows from Assumption C.0.1 and we gather constants into a suitable K > 0.
To apply the theorem by Robbins and Siegmund (1971) which proves V; converges to a bounded random variable,

we must show these coefficients are nonnegative. This is clear as (1+n?K), n? K > 0 and by convexity of Zg we
have

77tVV£1R(At—1) = 277t(’7t—1 - “AY)TVLE(%—Q
> 2ne(Ls(v—1) — L5(9))
>0

since 4 minimizes Zg With our step size assumptions > o=, 7, = oo and >~ n? < oo we can apply the theorem
by Robbins and Siegmund (1971) to get that V; — V., where V is bounded.

We now conclude this section of this proof by showing V; actually converges to 0. The idea is to show that
the bound in Eq. (8) contracts V;. We show that LY is strongly convex in a neighborhood around 4. For all
v € B(¥,r) the smallest eigenvalue of the Hessian is,

Amin(VLE) > m — M - ||y = 4|a-

Define the ball with the minimum of the two radii r and m/(2M), and the Hessian at points in this set is bounded
below by m/2 - I;. Tt follows that for all v € B(%, min{r,m/(2M)}),

(v = 4)TVIZ(M) = (- )T / VEIRG 4+t —4))(y — 4) dt

m ~
> o -y =4l
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Earlier we proved that V; converges to V., which is bounded, therefore, for any € > 0, there exists R such that
Prsup, ||A¢||]2 < R] > 1 —¢e. Let 7 = inf{t > 1: ||A¢]|2 < R} be the stopping time. Then on {¢t < T} we have
from Eq. (8) and bound above

m
E[V,I(t < )] <E [(1 s an) Vi I(t—1< TR>} + 2K

The proof by Polyak and Juditsky (1992) concludes that E[V;I(t < Tr)] is upper bounded by K - n;. Thus, as
the step size converges to zero, V; converges to zero, the error ||A]|3 — 0.

In the second part of the proof we show that the distribution of error from the process {A;}:>1 is asymptotically
normal. Polyak and Juditsky (1992) prove this by defining a proxy process {A}};>1 which is a linear approxi-
mation of the true process {A;};>1. Then they apply their Theorem 1 to A}, which shows that the distribution
of errors is asymptotically normal. Lastly, they conclude with showing that the two process are asymptotically
equivalent.

For our setting, the proxy process is defined as

Ay = AL =G+, Ap = Do
=
N i

where G,, = v%g(&). Then using the fact that the locally Lipschitz-continuous Hessian around 4, the matrix
satisfies for all v € B(%,r),

1
[IVLE(y) — Gn(y — )|z < (/O [IVZLE(F + t(y —4)) — VZLEA) lop dt) Ay = All2
<M -y =43

The final assumptions used in the proof of Theorem 2 revolve around the error decomposition & = & (0)+¢: (A1)
where

£(0) = Vis(%; ) — VLE(4)
C(e—1) = [Ves(v-13 %) — VEs(%; )] + [VLE(R) — VLE(-1)].

which satisfy the following properties

E[{t(0)|}—t_1] =0 a.s. (9)

E[¢(0)&(0)T|Fiq] =5 S ast—o00; S >0 (10)
sgpﬂ*:[l\ﬁt(O)Hél(llft(O)llz > O)|Fo1] 250 as C = o0 (11)
3T,V > TE[[|G(A-1)| 3 Fe-1] < 8(Ai-1)  as. (12)

with §(A;) — 0 as Ay — 0. Given that each update is performed with Z; sampled uniformly from the finite
dataset, we have

E[&(0)|Fi—1] = E[VEs(%; 2)] — VLE(H)

=0 a.s.
Furthermore, conditioned on the previous samples
T 1 = A~ ~ ~\W\T
E[&(0)€:(0)" | Fea] = D Ves(4: ) (VEs(3: 7)) =: S
i=1

which proves Properties (9) and (10). Again, using the fact that updates are performed with independent
samples, for all ¢

E[||&0)31([1€:0)]]2 > C)Fi-1] = E[[[&(0)[[3I([[€1(0)]]2 > O)]-
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By Assumption C.0.1 the expectation is finite E[||¢1(0)]13] < C - (1 + ||%]|3). This turns Property (11) into the
equivalent statement

sng[lIEt(O)H%I(IIft(O)Ila > C)|Fea] = E[l|&1(0)31(1€1(0)]]2 > O)]

which converges to zero in probability as C' — oco. Lastly,

]E[|‘Ct(’)’t—1)||%|]:t—1] < E[||VLls(yi-1;2) — Vs (%; 5t)||g|}—t—1] + ||Vzg(;¥) - Vfg(%—l)llﬁ
<2M?- ||y = Al

which converges to zero once A; — 0, thus, proving Property (12). O

We also use the following assumptions to ensure concentration occurs.

Assumption C.0.2. The covariates and labels are such that:

(i) There exists a constant p > 0 such that the matriz,
E[Var(y|z)vv] = uly.
(11) There exists constants r, b > 0 such that for all v € B(v*,r),

sup |[Vels(v; 2)|[2 < b. (13)
v€B

C.2 Proof of Theorem 3.3

Proof. By Corollary C.0.1, the sequences a; —** & and By == B This convergence ensures that the subse-
quent analysis on & and 3 are valid. Now what’s left is to show that & = 3. The gradient of the per-sample loss
Vir(0;2,y) = (h(z70) — y)z. Since the teacher estimator § minimizes the empirical loss, we have

1 « 1« A
n ;:1 Yi n ;:1 (i 0)x (14)

The gradient of the per-sample loss of the student is Vls(y;v,y) = (h(vTy) — y)v. Both points & and 3
satisfies the first-order optimality conditions involving their respective labels, which corresponds to the following
equations,

% i yiv; = % i h(vl&)v;,
i=1 =1
n

: > h(af b, = % ; h(v! B)v;.

n <
=1

The objective LY is strictly convex and thus has a unique optimal point. Furthermore, Eq. 14 shows both & and
[ satisfy the first-order optimality conditions on either labels. This implies the points are the same. O

C.3 Proof of Theorem 3.4

Proof. Recall that both methods share an optimal point by Theorem 3.3. The Hessians at that optimal point
4 are defined as H,(§) = 1/n- > V*s(¥;2) and H,(§) = 1/n- > 1 V?(s(¥;2;). The empirical second
moments of the gradient noise at 4 are,

3=

Co(3) = =D Ves(%;:2) (Vs (3: )"

=1

Ch3) = = S0 V(s ) (Vs (3 )7

i=1
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Corollary C.0.1 states under Assumptions C.0.1 and 3.0.2, that the averaged iterates are asymptotically normal,

Vi@ —4) ~5 N0, [Ha ()] Cu () [Hn(3)]71)
VB — )~ N(0, [HL, (3)] 1 Ch(3)HL ()] 7).

Observe that the Hessians are equal,

n

Ho(3) = — S W T ol = H, (),

i=1

going forward we refer to both of them as H,. The theorem is now equivalent to showing C, (%) > C,(%).
At a high level, we go about proving this is by bounding the deviation of the empirical quantities, namely the
parameter estimates as well as the empirical second moments, from their corresponding population quantities.

To show the difference in covariances is positive semi-definite, we want to bound the minimum eigenvalue of
C,(¥) — CJ (%) and show that it is nonnegative. We know that their population counterpart C'(y*) — C’'(y*) =
E[Var(y|z)vvT] is positive definite under Assumption 3.2.2. For any symmetric matrices A, B € R4*? we can
lower bound the sum of one’s eigenvalues by A\pin(A) > Apmin(B) + Amin(A — B). The difference A — B is still
symmetric, which means A (A — B) > —Apaz(|A — B|) = —||A — Bl|op. We apply this identity to write the
difference between the empirical second moments evaluated at the minimizers of the empirical objective, in terms
of the deviations from their respective population counterparts,

Amin [Cn(ﬁ) - Cé(ﬁ)] > Amin {C(W*) - C/(V*)} —1Cn(¥) = C(Y)Mop = [IC(F) = C"(¥)lop-

Note that the minimum eigenvalue of C'(v*) — C’(v*) is at least u > 0. Let R = min{r,m/(2M)} where r is
the radius from our assumptions regarding the function’s local Lipschitz properties. The function L% is strongly
convex around 4, consider v € B(¥, R) then

Amin(V2LE(7)) = m — |[V2LE(5) — VZLE()||op
>m— M- |5 =72
>m/2.

Suppose v € B(¥, R) and let d = ||y — ¥||2, then

(v = 4)TVLE(Y) = / VELEG + 1y — )y — 4) dt

Y%

R/d
o= [ B9 e
0
mR 2
> — - .
2 5ol =Allz
Then by Cauchy-Schwarz the gradient norm at v is ||VL%(vy)||l2 > mR/2. This implies that if ||[VLE(v)||2 <

mR/2, then v € B(, R). We show for sufficiently large n, the gradient norm at v* is less than mR/2. We use
Assumption C.0.1 to bound each coordinate of VL% (v*) via Hoeffding’s inequality, we get for all ¢ > 0

Prl| (VIR ()il > 1] < 2exp (—;ﬁ) .

Then a union bound over all coordinates gives us, with probability > 1 — §,

VL3l < by 2BEUD).

And the £5 bound follows, |[VLZ(v*)||2 < Vd - ||[VLE(7*)||sc- We then take n large enough so that the gradient
norm is less than mR/2, which implies v* € B(%, R). Consider the term involving Cy, (%) — C(v*),

1Cn(¥) — C(’Y*)”oz? <||ICn(%) - Cn('y*)HOp + [|Cn(v") = C(’Y*)”op'
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By Assumptions C.0.1 and C.0.2, we know that the per-sample gradients are locally Lipschitz and bounded in
B(vy*,r), it follows that

1CA(3) ~ Car")lop < D 19235 20) (Vs (3 20)T — Ves(rs ) (Vs (" 20) oy

i=1
1 . 2 * 2 *
< EZHWs(W;Z) = Vils(v52)||2([[VEs (5; 2)||2 + [[VEs (775 2)]2)
i=1
< 2M - b[[§ = 72

Now we derive a bound on the second term using the matrix Bernstein inequality (Tropp, 2015). For sample
(i, y;) ~ P where z; = (v;,y;) and v; = Ix;, let

M; = Vis(y"2) (Ves(v'320)" = C(v").
Then E[M;] = 0 by definition. Under boundedness (Assumption C.0.2),

IC()lop < E[lIVEs (73 2) (Vs (v52))  [lop]
= E[|[Ves(v"52)|3] < b%.

We then have an upper bound on the variance proxy via the triangle inequality,

E[M?]lop < E[I|Mi][2,]
< E[([IVLs(v; 2115 + [1C(v)lop)?]
< 4b*.

Using these quantities along with the matrix Bernstein inequality, for all ¢ > 0

>t
op

B nt?/2
4b* +20%t/3 )

n

[

i=1

Pr{[|Ch(v") = C(y)llop = t] = Pr

<2d-exp(

So with probability > 1 — d, we have

1Cn(2) = €1 lop < ( S 1og(df8) 2 1og<2d/6>> |

3n

A sufficiently large n means that ||C,, (%) — C(7*)||op < €’ with high probability. Given the same assumptions
but for £s(v;2'), L's, and L', the prior argument applies verbatim. Thus,

1C () = C" (v Mop < ICL(F) = Cr.(YMop + [IC7(Y) = C" (v Mop
<

with high probability. Let ¢/ = p/4. We then have with high probability,
I1C(H) = C(yMlop + IC () = C"(¥)lop < 1/2

which means the minimum eigenvalue of C,, () —C/, () is at least 11/2. Lastly, we can conclude that for sufficiently
large n,

H'C(y)H, ' = H 'Ol (3)H,

holds with high probability. O
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D Detailed statements and deferred proofs for Section 4

We introduce the notation M € {M, M'} to simplify the presentation of our results when the argument for either
target matrix is identical.

To begin, we may assume that M is diagonal. To see this, consider the eigendecomposition M = UAUT. Since
M is symmetric, U is an orthogonal matrix. For the rotated iterates y; = U” z;, the update rule is

Yt+1 =Yt — U(ytytT - A)yt~

Thus, the dynamics are equivalent up to a rotation, so it is no loss of generality to work in the eigenbasis of M.
Now let’s make some general observations about the gradient descent dynamics.

Lemma D.0.1 (Bounded magnitude). Under initialization xo ~ N(0,k - A1/n - I,) and for step size n <
1/(L- (A +1)) where 0 < k <1 is a chosen constant and L > 4, elements of the gradient descent sequence given
by the update:

Ty =z — n(xxl — M)y,
have squared norm most A1 with probability 1 — k over the initialization.

Proof. We first consider the event that the squared norm at initialization is less than A;. By Markov’s inequality
we have Pr[||zo]]3 > ] < E[||zo]|3]/\1 = k since E[||xo]|3] = k- A1. It follows that Pr[||zo]|3 < A1) > 1 — k.

We have the following gradient update for the squared norm:

leerll3 =D (1 =n(llzel 3 — A))*a?,
=1
< (1= n(lfaell3 = X)) (el I3

where the last inequality follows from taking the update with the largest possible eigenvalue, which is A;. Note
that by choice of 7 we have (1—n(||z¢[|3—Xi)) > 0foralli =1,...,n. Now we proceed via induction conditioned
on the event that the initial squared norm is less than A;. Since the base case is satisfied, moving to the inductive
step, assume ||z;]|3 < A1. Consider the following function f and its derivative,

f(2) = (1 =n(z - X))z
f(z) =1 =n(z=M))* = 2n(1 —n(z — A1)z
=1=-nz=XM)1—-nB2—=X))>0

The derivative is positive for all z € [0, A1] since n < 1/(L - (A; +1)). It follows that in this interval, f(z) <
f(A1) = A1, From the inductive hypothesis, ||z;41]|3 < f(||2¢]]3) < A1, so we can conclude that ||z¢||3 < A; for
all t > 1.

D.1 Proof of Theorem 4.1

Proof. The convergence of GD sequences w; and wu; to their respective local minima is a result of Theorem 3

in Panageas and Piliouras (2017), which relaxes the globally Lipschitz assumption required in Lee et al. (2016).

This is necessary for the simple reason that VLg and VLY are not globally Lipschitz. To demonstrate this for

VLg consider 1 = (k+1)-v and 2 = £-v where v € R™ has unit norm. Clearly, ||x1 —x2||2 = 1 so now derive,
VLs(z1) = VLs(x2) = (|[a1]13] = M)x1 — (|[z2|[5] — M)

(k4+1)* T = M)(k+1)-v— (K2 — M)k -v

= (36 +3k+1)-v— Mv,

then by the reverse triangle inequality we have,

||[VLs(z1) — VLs(x2)||2 > |(35% + 3k 4+ 1) — || Mv||2].
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The term ||Muv]||2 is a constant and x can be made arbitrarily large, making it impossible for ||VLg(z1) —
VLs(x2)|l2 < L||z1 — x2]|2 for a constant L > 0.

The functions VLg and VLY are locally Lipschitz on the open ball of radius /A1 +¢ for a small constant
0<e<l,

B={x:||z|]2 < VA1 + €}

This set is forward invariant under the two maps g(z) = z — nVLg(z) and ¢'(z) = x — nV L (z) because we've
assumed that at initialization, ||zg||2 < /A1, so directly applying Lemma D.0.1 allows us to conclude g(B) C B
and ¢'(B) C B. On this set,

sup [|V2Ls(x)||op = sup [[2z2" + [[z|[5 - T = M||op
zeB zEeB
< sup||2zz” + (2|13 - I|lop + || M ||op
zeB
<4\ + 3 < .

In the last inequality, we use the fact that « € B implies ||x|]2 < v/A1 + 1. Since the target matrix in LY is the
truncated eigendecomposition of M to the top-r eigenvalues, ||M’||o,, = A1. Consequently, the supremum of the
operator norm of V2L, (x) over this set is still upper bounded by 4A; + 3. Then by Theorem 3 in Panageas and
Piliouras (2017), the set of initial conditions = € B so that either of the gradient descent trajectories with step
size 0 < 1 < 1/(4A1 + 3) converges to a strict saddle point is of measure zero.

Now if we derive the gradient of our objectives, VLg(z) = (za? — M)z and VLY (z) = (za? — M")z. Tt follows
that the set of all critical points is {£v/A;e;}7; U {0} for Lg and {£+/Ae;}7_; U {0} for L. All points except
for v/A1e; and —y/A1e; are strict saddles. To see this, compute the Hessians and evaluate them at each critical
point,
V2Ls(£v/Niei) = Ni - I+ 2N\eiel — M
V2Ls(x) = N - T+ 2\ee] — M.

Along the direction ey, they are ] VZLg(E£v/Aie;)er = (A — A1) < 0 and e] V2L (£vNies)er = (A — A1) < 0
when 7 # 1. Also note that the Hessians at 0 are simply —M and —M’ respectively, and both have a negative
eigenvalue —\;. Thus, all critical points except v/ A1e; and —1/A1e; are strict saddles, and consequently, gradient

descent avoids them. At x = ++/Ajeq, the Hessians are both positive semi-definite, so these points are local
minima (and also global minima since A; > A3) of both objectives. O

D.2 Full statement and proof of Lemma 4.1.1

Lemma D.0.2 (Supervised learning lower bound). Given € > 0, let the step size be

0<n< ——m—
TST0hTD

where Ay is the largest eigenvalue of target matriz M and L > 4. Assume the initial point wq satisfies ||wolla <
VA1. Then T(w) has the following lower bound,

1 (1 - 5) ' ||w2:n,0 |2/w%,
T00) 2 G o1/ = s, )) 8 ( - ) '

Proof of Lemma D.0.2. We begin by introducing some notation. For a vector wy, its orthogonal projection onto
the i-th eigenvector of M, v;, is P, w; where P,, = viviT . As we’re working with a diagonal M, P,,w; = w;+ and
we have the following one step update:

Wit = (1= n(Jwel |3 — X)) - wiye. (15)

In general, any vector w; can be decomposed as,

wy = Pvlwt + Pvg,.“,vnwt
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where P, and P,, . ,, are orthogonal projections onto the eigenvector(s) vy and {vs,...,v,} respectively. Now
we can define the following quantity:

HPvz,...,vnwt||2 _ ||w2:n,t||2
|| Py, we||2 |wi ]

Ct =

where the last equality is again from working with a diagonal M. This value measures the tangent of the angle
between w; (projected onto the eigenvectors orthogonal to v1) and w*. When the direction of w; is perfectly
aligned with w* it is zero. Let’s now consider the sequence {c?};>1, it satisfies

2
Gz (LR )
= Tl =) )

where the lower bound is from Eq. 15 with the smallest eigenvalue \,,. Adding and subtracting by nA; in the
numerator decouples the overall magnitude from the update,

A — A 2
62 > (1 1 n ) .02 16
w2\ B oAy ) (16)
> (1—nAn)? ¢ (17)

where we define A,, :== A\; — \,,. The lower bound uses ||w;||3 < A\; for all ¢ > 1 from Lemma D.0.1, which means
the fraction 1/(1 — n(|Jw¢||3 — A\1)) < 1.

We now connect the quantity ¢; to the main goal of lower bounding T'(w) for a given tolerance € > 0. Observe

that [|wa.,4|3 = witaf. As the eigenvectors of M are orthogonal (here they are also the basis vectors eq, ..., e,),

the distance from w; to w* can be written as,

l|ws — w3 = (VAL = wi16)? + ||woum 4|3
= (VA1 — wl,t)2 =+ with-

Consider function,

9(z) = (Vh =2 +2°- ¢,

treating ¢? as fixed. It’s strictly convex, so by taking the derivative ¢’(z) = 2z - ¢7 — 2(v/A1 — 2) we find that the
function is minimized at z = v/A; /(1 + ¢?). From this we get the lower bound,

2
C

_ *2>A .
[Jwe —w*[|3 > 11+C§

The distance from the optimum can therefore be estimated from just angular information. By Eq. 17, iterating
the bound shows that ¢ > (1 — nA,)? - ¢. The quantity ¢ must be at least /(1 — ¢) in order for ||w, — w*||3
to be at least A1 - €. Solving for ¢ at the desired value of ¢; yields a lower bound on the steps,

T(w) > 0

1 (1-¢)-c
zlogu/(l—nAn))lOg( e )

Note that the notation used in the main body of this paper is IM(wg) = 3. O

D.3 Full statement and proof of Lemma 4.1.2

Lemma D.0.3 (Knowledge distillation upper bound). Given ¢ > 0, let the step size be

0<n< ——
TSI+

where A1 is the largest eigenvalue of target matrizx M' and L > 4. Assume the initial point ug satisfies ||ug||2 <
V1. Let 0,&,v € (0,1) be fixed constants, and define
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Define the following quantities,

P 1 ] Hu2:r,0||g/u%,0
a Og Y
2log(1/(1 = fnAy)) Ea

._ 1 Hur+1:n’0||%/u%,0
ty = log ,
2log(1/(1 = ¢nAy)) Ep

te == L log (1= O
©7 2log(1+néA) uig )’

o 1 o ( 1—k )
5= log(1/(1 — 2nKA1)) & es— kK eat+ep) /)

Here, the error tolerances are given by

cai=00) ¢, e:=(1-=0)y-e, es:=(1—7)- e
Then T'(u) has the following upper bound

T(u) < IIlaX{ta7 ty, tg} +ts.

Proof of Lemma D.0.3. Similar to the proof of the lower bound, we begin by observing that any vector u; has
the decomposition,

Ut = Pvlut + Pv27~“1v7‘ut + Pvr+1,-~~,vnut

where P,,, Py, . .., and P, .. are orthogonal projections onto the eigenvector(s) vi, {vs,...,v,}, and
{Ur41,--.,0n} respectively. Note that v,.y1,...,v, correspond to the eigenvalue 0 and span the nullspace. Now
we define the following quantities:

ar = HP’U2,...,UTUt||2 o ||u2:'r,t||2

;= =
[P, e |2 w1,
bt _ |‘Pﬂr+17---7’l)n,ut||2 _ ||ur+1:n,t||2
|| Po, g2 |ua,e]

which represent tangent of the angle between wu;, projected onto the different subspaces, and u*. The reason
we introduce these two quantities is that the distance ||u; — u*||3 can be upper bounded by two monotonically
decreasing sequences,

lue — u*[]3 = (VA1 — u1,e)® + [|uzn.el |3
= (VA1 —u)® + i (af +b7)
< (M —uiy) + M(af +b7).

The last inequality follows from the identity (vA1 — u1:)? < (VA1 — Jui) (VA1 + |uie]).  Additionally,
Lemma D.0.1 shows the magnitude |[u]|3 < A; is bounded for all ¢ > 1 with high probability over the ini-
tialization, the first coordinate u; ; also inherits this bound. We can upper bound {a?};>1 with a monotonically
decreasing sequence,

1—p(|Jud|3 = X))
a? <( 2 . a2 18
S T (llB—a ) (18)
AL — Ao )2 )
=(1-n a (19)
( L= n([wl3-x))

< (1 —nlAy)? - d? (20)
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where we define Ay := A\; —\y. The constant £ := L/(L+1) appears due to the upper bound (1—n(||us||3—\1)) <
149X\ < (L +1)/L since the step size is chosen as n < 1/(L- (A + 1)) and we can drop the additional 1 in the
denominator. A similar argument shows the sequence {b;};>1 satisfies,

2
N = n(JJwel)3 = M) ¢
M )2 )
=(1-—1n -b 22
( T awlE =) Y (22)
< (1=ntr)? - b2, (23)

The key detail is that the rate depends on the top eigenvalue A; instead of the spectral gap A;. Consequently,
the b; terms (potentially) decay at a much faster rate when the magnitude of the eigenvalues is large, but the
spectrum is tightly clustered.

Let €4, € > 0 be given tolerances. Solve for the number of steps such that a; < ¢, using Eq. 20,

ty :=min{t : a? < e,}

< 1 lo aj
= 2log(1/(T = nfAz)) *\ea)”
Likewise, using Eq. 23 the number of steps such that b; < ¢y is

ty = min{t : b? < &3}

b5

1 2
= 2log(1/(1 —na)) B (sb) '

Now we analyze the growth of the first coordinate u; ;. It has the following update equation,

ureer = (1= n([[wel[3 = Ar))ua e (24)

The analysis consists of two phases, namely, the initial growth of the squared norm |[us||3 to (1 —&)A; and then
a final convergence stage of uit to A1. For the latter, we specifically derive an update for §; := A\ — uit which

corresponds to the error in magnitude at step t. Starting with the full magnitude, while ||Jus||3 < (1 — &)\ the
update on the full magnitude is lower bounded by the update on the first coordinate,

e ][5 > (14 néA)%0s ;.

It follows that ||u]|3 > (1 —nEA1)?"uf 5. Then solving for ¢ leads to the upper bound on steps to reach (1 —&)Aq,

te := minft : [[wi]3 > (1— &M}

1 1=\

Now we analyze the final convergence of the first coordinate uit to target magnitude A1, this requires deriving
a one-step update for §;. At a high level, we know §; is monotonically decreasing because the magnitude ||u||3
is at most \;. Simply inspecting Eq. 24, shows that the coefficient (1 —n(||u¢||3 — A\1)) is always nonnegative. In
fact, it is always positive unless the magnitude is exactly A1, which means uit is increasing and d; is decreasing.
To derive the actual update equation, observe that the sum of the magnitude gap at time ¢, d;, and the growth

of the first coordinate from step ¢ to ¢t + 1 is exactly d;41,

dp1 = (A1 — u%t) + (U%t - “%,Hl)

=0+ uiy —uf i (25)
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Now we can focus on the growth captured by u%t — u%tﬂ. Using Eq. 24, the coordinate at ¢ + 1 can be written
in terms of u; + as follows,

2 2 2 2 2,2
Upp —Up 41 = Uy — (1= n(|uellz = A1))” - Uy ¢

ﬁ¢b2mmM@An+nmwm§mf]uﬂ

=[%mm@—An—#mw@—Anﬂw&t
< 2n(llurllZ = M) -l

From Lemma D.0.1, we know that the magnitude ||u;||3 < A1 is bounded which makes the term involving 7>
nonpositive. Dropping it results in the final inequality. Now write the expansion,

277(||“t||§ - A1) U%,t = 277(“%,7& - Al)“%,t + 277“%,t||u22n7t||§
= _QUU%,t <0 + QWU?,tHthn,t”%
= —QUU%,t 0+ 2771‘411,:5(‘1% +b7)

where the last equality uses the identity ||ugm.]|3 = ui (a7 + b7) for the angular quantities defined earlier.

Lastly, 277u‘1*,t(af + b7) < 2nA3(a? + b7) so that the bounding sequence is cleanly decreasing. Substituting this
into Eq. 25, we have

Opr1 < (1— Qr]uit)(ﬂ + 293 (a? + b?).

This is the final convergence stage so we want to upper bound the number of additional steps, after max{t,, ty, t¢ },
in order for §; < Aq - &5 for a given tolerance €5 > 0. To be precise,

ts := min{t > max{tq, tp, te} : 0 < A1 - &5}
After T} := max{t,,tp,te}, the top coordinate uit occupies most of the magnitude. This is from the identity
ui, = lluell3/(1 + af +07). For t > max{ta,ts,tc}, we've already proven that af + b7 < g, + & as well as
[|lug][3 > (1 — &) - A. To simplify notation, let x := (1 — £)/(1 + &, + ). The first coordinate is then at least

uit > k- A for all ¢ > T and the difference at time 77 is 7, < (1 — k) - A\1. Now we can write an upper bound
for ¢; that holds when ¢ > max{t,,t,t¢},

6t+1 < (1 - 2’17%)\1)(5,*, + 277)\%(@,52 + th)
t/
< (1= 208X 100, + 2002 - (2 + €3) Z(l — 2nk\;)"
=0
where t' :=t —T}. For the last inequality we unroll the recursion and use the fact that (a7 +b?) is nonincreasing

and has the value (CL?T1 + bZTl) < &4 + €p at step T7. Replacing the finite sum with an infinite sum to remove the
dependence on t’, we arrive at the final upper bound

, 1
8 < (1 —2nrA )t 202 - (eq —_———
t—( nK 1) T, +20A] (5 +€b) 1_(1_277’%)‘1)
’ A1 - Eqa T+ €
= (1 —2nKA\)" 67, + %,

from which we get the step upper bound,

ts < 1 log ( 1=r ) .
log(1/(1 — 2nkA1)) es — (ea +&1)/K
Then at step ¢ = max{t,, tp, tc} + s, the following is true,
a? +b? <eq+ep
0 < A1 - g5,
and consequently,
lue — w5 < A1 - (€0 + &b+ &5)-

Lastly, e, = (70) -, ep = (1 — 0)y - ¢, and €5 = (1 — 7) - & for constants 6, £, v € (0,1). Therefore, the distance
is bounded ||u; — u*||3 < A1 - &. The overall upper bound is then T'(u) < max{tq, ts, te} + t5. O
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D.4 Proof of Theorem 4.2

Proof of Theorem 4.2. From Lemmas D.0.2 and D.0.3, we have a lower bound on T'(w),

1 (1—¢) ¢
zxw)zizmg0/<1nAn»1°g( e 0)

and an upper bound on T'(u) (taking & = 1/2),

T(u) < max{ta, ty, tg} +ts.

The quantities T'(w) and T'(u) correspond to the number of steps needed to reach a given error tolerance by
supervised learning and knowledge distillation, respectively. We want to understand conditions on the original
matrix M, such that the difference T'(w) —T'(u) is positive. Recall that we initialize ng ~ N (0, k- A1 /n-I,,) with
some k € (0,1) and set wg = up = ng. For each realization of ng, define

T n-—r 1
ba= Dlinanolly b= "ol k= 2nt,
We previously defined
a; = ||uz:re |27 b, = |[trt1:m |27 ¢ = (af + bf)l/Q.
\Ul,t| \Ul,t|

At initialization we have a3 = ko/k1 - r and b3 = ky/k1 - (n — r). Also note that by the concentration of the
chi-square random variable (Laurent and Massart, 2000), one can identify fixed intervals such that a? and b3 fall
within these intervals with constant probability. The endpoints of these intervals replace the constants k., ky,
and k; that appear as the multiplicative factors of €€ in the matrix dimension lower bound. Importantly, this
substitution does not change the exponent ¢ nor does it affect the conclusion that n = Q(¢7¢). Now define the
following quantities

dy = 2log(1/(1 —nA,))
do = 2log(1/(1 — tyAs))
dy := 2log(1/(1 — €nA1))
de = 2log(1 4+ néAr)

ds :=log(1/(1 — 2nKrA1)).

We consider the different cases of the maximum. The first case is when t, > t3, ¢, then the difference is,

dods — dy (dg + ds) o (1> log(n)  log(r)
5

T(w) — T(u) >

> dodsd,, +——-—>+R,

duw dq
where the remainder R, does not depend on matrix dimension n,

_ log((ka +ky)/k1) log(ka/(k16-7)) 1, (1>
1—y(1+s1))

Ba dy d, ds

This leads to the following constraint on the dimension n,

dw(da + dé) - dad5 1 dw
> - — — .
n > exp ( ds log <5> + 4. log(r) dwRa)

The second case is when t, > t,, te.

Tlw) ~ T(u) > DU 0Ch ) joy (1) 4 Bt

1
dodsd. : Gd, o8+

where the n-independent constant is

log((ka + ky)/k1)  log(ke/(k1(1—6)-7)) 1 1
o = S (1—7( )

o
dw d dy 8 11 /1)
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By assumption dy — d,, > 0, thus the dimension n must then be at least,

dw (db + d5) — dpds 1 dpdy
I - - R .
ds(dyp — dw) 2 L —

nzexp(

The final case is t¢ > tq, ts,

ds — dy 1 de — dy
T(w) —T(u) > drd log (€> + gd,;-id log(n) + Re

with dimension-independent constant

log((ka + k)/B1)  log(1/ky) 1 1
fe = R R G ()

—1
du de s ® T+r 1)

As we've assumed d¢ — dyy > 0, it follows that the dimension 7 must be,

de(dy — ds) 1 dedu
> SO = D) og (=) - .
nEE (da(dsdw) ’ (6) e

Now we can conclude by taking,

{dw(da +ds) —dads dw(dy +ds) — dpds de(dy, — ds) }
C — Imax 5 9 )
dyds ds(dp — dy) ds (dg —dy)

and required matrix dimension is Q(s7¢).
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E Additional experiments and details

E.1 Logistic regression on synthetic data

Table 1 contains the initial step size that minimizes parameter error after 10,000 steps of SGD for both knowledge
distillation and standard supervision. Figure 4 plots the per-step parameter error for both methods, with the
experimental setup previously described in Section 5.1.

Step size 1), logistic regression on synthetic data.

=3 d=5 d=7 d=9
Standard supervision o 1071° 0.1 0.1 0.1
Distillation g 1.0 1.0 1.0 1.0

Table 1: Initial step size 7y for logistic regression on synthetic data.

100,
d=3
~ ~ 101 d=5
S -1 o — d=T
=10 -
= = — =9
© P
| | ---- Baseline
& 12 & 103 —— Distill

Optimal 7y standard supervision.

4000 6000 8000 10000

Step ()

0 2000

Optimal 7y for both sequences.

4000 6000 8000 10000

Step (t)

0 2000

Figure 4: (Logistic regression, synthetic data) Distance from optimal point 4 for stochastic gradient descent
iterates under knowledge distillation and standard supervision. All results are averaged over 100 trials. On
the left, both trajectories use 7y that is optimal for standard supervision. On the right, the step 79 is chosen

optimally for both methods.

E.2 Rank-1 matrix approximation

Varying teacher rank r.

Varying eigenvalues \.

1.0 —— Distill ---- DBaseline

0.8 Arp1=0.70, A, =0.65 | |—— Distill
N Ar1=0.65, A,=0.60
% 0.61 === Arp1=0.60, A, =0.55
I Ar41=0.55, A,=0.50
3041

0.2

0.0

0 20 40 60 80 100 120 20 40 60 80 100 120
Step (t) Step (t)

Figure 5: (Rank-1 approximation) Parameter error of gradient descent iterates under knowledge distillation and
supervised learning, averaged over 100 trials. In the plot on the left, the eigenvalue spectrum is fixed (A, = 0.7,
An = 0.65) and teacher ranks are varied. In the plot on the right, the teacher rank is fixed (r = 8) and the “tail“
spectrum A, through )\, is varied.



Two Mathematical Models of Knowledge Distillation

We construct the target matrix with top eigenvalue A\; = 1, and the arithmetic sequence s, consists of equally
spaced values from Ay = 0.8 to A\, = 0.75. Across all teacher ranks r and eigenvalues A, the step size that achieves
the lowest parameter error is n = 107%?. Figure 5 plots the error for gradient descent iterates under standard
supervision and knowledge distillation.

E.3 Multinomial logistic regression on Fashion-MNIST

We report the initial step size 79 that minimizes parameter error after 500,000 steps of SGD for both knowledge
distillation and standard supervision (Table 2). Using these optimal step sizes, we plot the per-step parameter
error for both methods (Figure 6). The optimal 7y is the same for both methods when the student dimension
is d € {100,300}, however, when d = 500, distillation achieves a lower parameter error with a larger initial step
size.

Step size 7y, multinomial logistic regression.
d=100 d=300 d =500

Standard supervision ny  107%7? 10705 10705
Distillation o~ 107075 10795 10792

Table 2: Initial steps size 7y for multinomial logistic regression on the Fashion-MNIST dataset.

Parameter error varying student dimension,
optimal ny for both sequences.

1001 d=100
d=300
% — d=500
= Baseline
<T — Distill
&
1071<

0 200000 400000
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Figure 6: (Multinomial logistic regression, Fashion-MNIST) Normalized parameter error, averaged over 10 trials,
of SGD iterates under knowledge distillation and standard supervision for student dimensions d € {100, 300, 500}.
The initial step size 79 is chosen optimally for both methods.

E.4 Experiment details: Language model pretraining

We draw 87.3 billion tokens from the C4 dataset as our initial pool. To estimate entropy, we train a GPT-
2 medium model on 7.1 billion tokens from the dataset and compute the per-sample entropy as the average
token-level entropy from its predicted distributions. We use a learning rate of 7 = 5-10~% to train the teacher.
Based on these estimates, we partition the remaining data into 13 subsets of increasing entropy, each with a
train/validation split of 6.1 billion and 30 million tokens, respectively. For each subset, we perform compute-
optimal training of the student model (Hoffmann et al., 2022), specifically a GPT-2 small model trained on 2.48
billion tokens. We sweep learning rates n € {107%,1073-5,1072,1072-5,1072} and select the model with the
lowest final validation loss as our supervised learning baseline. We find that the optimal learning rate for all
subsets is = 1073.

The distillation labels are probabilities Py from a GPT-2 medium model, trained on the full train split. The
distillation student model is trained on the same 2.48 billion tokens, with the same learning rate n and training
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setup as the baseline, but has the KL-divergence Dkr,(Pr || Ps) as the objective function where Pg is the student’s
predicted distribution. All models are trained with a batch size of 512, weight decay of 0.01, gradient clipping of
1.0, learning rate warmup ratio of 0.01, and cosine learning rate schedule. All experiments were conducted on a

univeristy-managed computing cluster, using either 4x NVIDIA A100 GPUs (80GB) or 4x NVIDIA RTX 3090
(24GB).
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