Linearly Separable Features in Shallow Nonlinear Networks: Width
Scales Polynomially with Intrinsic Data Dimension

Alec S. Xu
University of Michigan

Can Yaras
University of Michigan

Abstract

Deep neural networks have attained re-
markable success across diverse classifica-
tion tasks. Recent empirical studies have
shown that deep networks learn features that
are linearly separable across classes. How-
ever, these findings often lack rigorous jus-
tifications, even under relatively simple set-
tings. In this work, we address this gap
by examining the linear separation capabil-
ities of shallow nonlinear networks. Specif-
ically, inspired by the low intrinsic dimen-
sionality of image data, we model inputs as
a union of low-dimensional subspaces (UoS)
and demonstrate that a single nonlinear layer
can transform such data into linearly sepa-
rable sets. Theoretically, we show that this
transformation occurs with high probability
when using random weights and quadratic
activations. Notably, we prove this can be
achieved when the network width scales poly-
nomially with the intrinsic dimension of the
data rather than the ambient dimension. Ex-
perimental results corroborate these theoret-
ical findings and demonstrate that similar
linear separation properties hold in practi-
cal scenarios beyond our analytical scope.
This work bridges the gap between empiri-
cal observations and theoretical understand-
ing of the separation capacity of nonlinear
networks, offering deeper insights into model
interpretability and generalization.

1 INTRODUCTION

Over the past decade, deep neural networks (DNNs)
have achieved state-of-the-art performance in a wide
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range of applications, including computer vision (He
et all 2016; [Simonyan, |2015) and natural language
processing (Sutskever et al., |2014; [Vaswani, 2017)).
However, despite recent advances (Arora et al., [2018;
Jacot et al. 2018} |Ji and Telgarskyi, [2019; [Lampinen
and Ganguli, [2019; [Me1 et al.| [2018; [Papyan et al.l
2020} [Yaras et al.| [2022; [Zhou et al.| |2022; [Zhu et al.|
2021)), the theoretical understanding of their empiri-
cal success is still primitive, even for relatively basic
tasks. For example, in classification problems, the suc-
cess of deep learning is often attributed to its ability to
learn discriminative features that exhibit strong inter-
class separation (Alain and Bengio| [2017; [Masarczyk
et all [2024; |[Papyan et al. |2020; Rangamani et al.|
2023} |Wang et al., 2025 |Yaras et al., |2023)). Despite
the remarkable ability of deep networks to achieve lin-
ear separation, the underlying mechanisms by which
they accomplish this—especially when the input data
are initially poorly separated—remain largely unclear.
Investigating this phenomenon could significantly im-
prove the interpretability of deep learning models and
provide deeper insights into their generalization capa-
bilities. Before presenting our main contribution, we
provide a brief review of the existing results — see
Appendix [A] for a more detailed discussion.

Empirical studies on linear separability of
early-layer features. Recent empirical studies inves-
tigated the role of the intermediate layers in deep non-
linear networks, e.g.,|Alain and Bengio| (2017));(Ansuini
et al.|(2019)); He and Su|(2023)); |Li et al.| (2024)); Masar-
czyk et al.[(2024); Recanatesi et al.| (2019); Wang et al.
(2025); [Yaras et al.|(2023); [Zhang et al.[(2022). These
studies indicate that the shallow layers expand the
features such that they become linearly separable be-
tween classes. For instance, in image classification,
Alain and Bengio| (2017); [Masarczyk et al| (2024);
Wang et al| (2025) observed linear probing accuracy
improves significantly across the early layers of neural
networks. This implies the early layers play a critical
role in achieving linear separability of the input data.

Theoretical works on linear separability of
early-layer features. To our knowledge, there are
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limited theoretical studies on the linear separability
of features across nonlinear layers in DNNs. Recent
works (Dirksen et al.,|2022;|/Ghosal et al., 2022 studied
the separability of features in shallow ReLLU networks.
These studies rigorously showed the features extracted
from a two-layer (Dirksen et all [2022) and one-layer
(Ghosal et al., [2022) random ReLU network are lin-
early separable for arbitrary input data. However, a
key limitation of these works is that in the worst case,
the required network width grows exponentially with
respect to (w.r.t.) the ambient dimension of the data.
Consequently, the network sizes required by theoret-
ical analyses are substantially larger than those typ-
ically used in real-world applications, highlighting a
gap between theory and practice.

Theoretical studies on representation learning
in deep linear networks. Another line of research
has explored how deep linear networks (DLNs) pro-
gressively compress within-class features and discrim-
inate between-class features (Saxe et al.l [2019; [Wang
et al., |2025). Building on the empirical observation
that linear layers can emulate the behavior of deeper
layers in nonlinear networks, [Wang et al.| (2025)) pro-
vided a theoretical analysis of the progressive feature
compression in DLNs, under the assumption that the
input data are already linearly separable. However,
due to this restrictive assumption, the study cannot
fully explain the structures of hierarchical representa-
tion in nonlinear networks, particularly how the early
layers transform input features to achieve linear sepa-
rability due to the nonlinear operators.

1.1 OUR CONTRIBUTIONS

In this work, we investigate the linear separability of
features in shallow nonlinear networks for data with
low intrinsic dimensions. Specifically, we show

a single nonlinear layer transforms data from
a union of low-dimensional subspaces into
linearly separable sets.

We rigorously prove this result with K = 2 subspaces
and discuss how the result can be extended to K > 2
subspaces. In our analysis, we assume that the ac-
tivation is quadratic and the first-layer weights are
random. The resulting width of the network scales
polynomially w.r.t. the intrinsic dimension of the sub-
spaces. Moreover, our results empirically hold under
more generic settings. For example, we can replace
the quadratic with other activations, such as ReLU,
and still achieve linear separability with similar re-
quirements on the subspace dimensions and number
of subspaces (see Figure |4)).

Our findings offer insights into the role of overparame-
terization in deep representation learning and explain
why learning based upon random features can lead to
good in-distribution generalization.

1.2 NOTATION AND PAPER
ORGANIZATION

Before delving into the technical discussion, we intro-
duce the notation used throughout the paper and out-
line its organization.

Notation. For a positive integer N, we use [N] to de-
note the index set {1,2,...,N}. We use N(y1,0?) to
denote a Gaussian distribution with mean p and vari-
ance o2, and N(u,X) to denote a multivariate Gaus-
sian distribution with mean p and covariance 3. We
use || - || to denote the Euclidean norm of a vector,
0,, to denote an m-dimensional vector of all zeros,
Ai(-) to denote the ¥ largest eigenvalue of a symmet-
ric matrix, and o;(-) to denote the i'" largest singular
value of a matrix. With a slight abuse of notation,
for some function ¢ and set X, gb()( ) denotes the set
{w e X : qS(w)} Unless otherwise stated, the term
“subspace” implies a linear subspace embedded in Eu-
clidean space.

Organization. The rest of this paper is organized as
follows. We motivate the union of subspaces (UoS)
data model, introduce our problem setting, and moti-
vate our theoretical assumptions in Section[2] We then
state our main theoretical results and provide a proof
sketch in Section [3] with the full proof in Appendix [E]
In Section [4 we provide empirical evidence support-
ing our theoretical results, and investigate settings not
considered in our analysis. Finally, we summarize our
results and conclude in Section

2 PRELIMINARIES

In this section, we introduce the basic problem setup
and motivations. First, we introduce the UoS model
for our input data in Section [2.1] and then discuss the
choices of the network in Section 2.2l

2.1 ASSUMPTIONS ON INPUT DATA

Recent empirical studies indicate real-world image
data typically possess a significantly lower intrinsic di-
mension than their ambient dimension. For instance,
Pope et al.| (2020) used a nearest-neighbor approach to
estimate the intrinsic dimension of many popular im-
age datasets, including MNIST (LeCun et al.l [1998),
CIFAR-10 (Krizhevsky et al. [2009), and ImageNet
(Russakovsky et al., [2015). They showed the intrin-
sic dimension of these datasets is at most around 40,



Alec S. Xu, Can Yaras, Peng Wang, Qing Qu

Linear Separability (Intrinsic Dim = 10)

~
o

~
o

Network Width
Ey w w [=)]
o N ] >

N
o

20 22

24 26 28 30 32

Ambient Dimension

34 36 38 40

Network Width

Linear Separability (Ambient Dim = 40)

1.0
94 4
881 0.8
82
| 0.6
| 0.4
| 0.2
L 0.0
1 3 5 7 9 11 13 15 17 19

Intrinsic Dimension

~
o

~
o

o
B

v
<9

v
N

N
o

N
o

Figure 1: Phase transition of linear separability w.r.t. dimensions (d,r) and network width D. We
demonstrate that the network width required to achieve linear separability of a union of two subspaces scales
polynomially with the intrinsic dimension. See Appendix |]E| for experimental details.

even though the images themselves contain thousands
of pixels. Furthermore, Brown et al.| (2023 used a
similar approach to show each class has its own low
intrinsic dimensionality. These results indicate im-
age data lie on a union of low-dimensional manifolds
within high-dimensional space.

Although low-dimensional manifolds can exhibit com-
plex structures, each manifold can be locally approxi-
mated by its tangent space, which is a linear subspace
embedded within the ambient space. This motivates
us to initiate our study with a simplified model: a
union of K low-dimensional subspaces (UoS)
that capture the local structures of manifolds. Similar
models have recently been explored for understand-
ing generative models (Chen et al., 2024; Wang et al.|
2024b)). Furthermore, Figure |§| in Appendix B[ shows
common image datasets approximately lie on a UoS,
where each subspace represents a different class.

For ease of analysis and exposition, we focus on the
case where K = 2. Nonetheless, our results extend to
the case where K > 2, as discussed in Section [3:2} To
set the stage for our analysis, we introduce a generic
definition of a union of K subspaces.

Definition 1 (Union of K Low-Dimensional Sub-
spaces). Let S1,8s,...8x C RY be K linear sub-
spaces with dimensions ri,r9,...,TK, respectively. Let
U, € R be an orthonormal basis of Sy for all
k € [K]. The union of subspaces S1,8a,...,Sk is
defined as such:

K
U Sk = {z €R?:3k e [K,a € R™ s.t. 2z = Uka}.
k=1

The principal angles between two subspaces is a

S1

L 82

Ty

~

Figure 2: The principal angle between a one-
dimensional subspace S; and two-dimensional
subspace S;.

generalization of the angles between two vectors
(i.e., two one-dimensional subspaces). For two sub-
spaces (S1,82) of dimensions r; and ro, there exist
min{ry, e} principal angles between them. These an-
gles are formally defined as follows.

Definition 2 (Principal angles between two sub-
spaces). Suppose that the columns of Uy € R¥"™ and
U, € R¥7™ gre orthonormal bases for subspaces Sy
and S, respectively. Let r := min{ry,ro}. For all
¢ € [r], the €*" principal angle 0, € [0,7/2] between Sy
and Sy is defined as

cos(ly) = oo(U] Us).

The principal angle is illustrated in Figure 2] By the
above definition, since 0 < §; < 0y < --- <0, < 7/2,
we will sometimes use 0,;, to denote #;. Building on
these definitions, we will make the following assump-
tion on the UoS model for our analysis in Section

Assumption 1. There are K = 2 subspaces S1,Ss
with equal dimensions, i.e., 11 Fur-

= = 7.

T2
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Figure 3: An illustration of Problem We aim
to find conditions on f so a union of subspaces (left)
transforms into linearly separable sets (right).

thermore, the principal angles between S; and Sy are
strictly positive, i.e., 0 < 01 <0y <--- <0, < 7/2.

We discuss Assumption [I] below.

Number of subspaces. We assume K = 2 sub-
spaces to simplify both the analysis and exposition.
The results can be generalized to consider K > 2 sub-
spaces, which we discuss in detail in Section [3.2

Subspace dimensions. We assume equal dimen-
sionality for each subspace for simplicity. In practice,
each subspace in a UoS can have different dimensions.
We believe our result can be generalized to this setting,
and leave detailed analysis for future work.

Principal angles between subspaces. We assume
none of the principal angles are equal to zero to ensure
81 NSy = {04}. Otherwise, it is impossible to label
the non-zero points in S; N Se. We note #; > 0 if and
only if » < d/2. This assumption is typically satisfied
in practice, as usually r < d.

2.2 LINEAR SEPARABILITY OF A UOS
VIA NONLINEAR NETWORKS

In this work, we investigate how nonlinear neural net-
works separate the data that follows the UoS model.
Specifically, we consider a shallow neural network
fw(z) : R s RP which is a feature mapping from
the input space R? to a feature space RP:

fw(x) =c(Wa). (1)

Here, W € RP*? is the weight matrix, and o(-) is
an entry-wise nonlinear activation function. As illus-
trated in Figure [3] based on the above setup, we are
interested in the following problem:

Problem 1. Consider a union of two subspaces Sy
and Sy that satisfy Assumption [l Under what condi-
tions does there exist a separating hyperplane v € RP
such that

v fw (Ula) >0 and v' fw (Uga) <0 (2

foralla e R™\ {0,}?

Problem [I| remains challenging even under the sim-
plified setup considered here. Generally, data from
two distinct subspaces are not inherently linearly sep-
arable, and neither a linear mapping nor a nonlinear
activation alone are sufficient to transform such data
into linearly separable sets — see Appendix [C] for a
more detailed discussion. Thus, to tackle Problem
we must jointly apply a linear mapping and a nonlin-
ear transformation to achieve linear separability of the
subspaces. Specifically, we now introduce the follow-
ing assumptions on the network 7 based upon which
we characterize the sufficient conditions for achieving
linear separability in Section

Assumption 2. For the mapping fw(x) in (1),
we assume that the activation function o(-) is the
quadratic (entry-wise square) function, and the en-
tries of W are independent and identically distributed
(iid) standard Gaussian, i.e., W;; Y N(0,1) for all
(i,5) € [D] x [d].

We briefly discuss Assumption [2] below.

Quadratic activation. In this work, we consider
the quadratic activation due to its smoothness and
simplicity. Such activations have also been considered
in many previous theoretical results of analyzing non-
linear networks, e.g., Du and Lee| (2018)); Gamarnik
et al| (2024); [Li et al.| (2018)); |[Sarao Mannelli et al.
(2020); |Soltanolkotabi et al.| (2018) — see Appendix [A]
for a more detailed discussion. Moreover, we believe
the results approximately hold for several other non-
linear activations, such as ReLU. In Section [d we em-
pirically show if one replaces the quadratic activation
with other activations, the output features from (|1
are still linearly separable under a UoS data model.
We also observe the required width to achieve linear
separability scales similarly with the intrinsic dimen-
sion and the number of classes under both ReLU and
quadratic activations — see Figure [

—

Random weights. Assumption [2] yields a random
feature model, which has been widely studied in the
literature, e.g., (Bach, [2017;|Li et al., 2021; [Rahimi and
Recht], 2007} 2008; [Rudi and Rosascol 2017) (see (Liu
et al.L for a survey). Moreover, it can also shed
light on trained DNNs. For example, in the infinite-
width limit (Allen-Zhu et al., 2019; [Arora et al.,|2019;
|Cao and Gu, [2019; Jacot et al.l |2018) random net-
works behave similarly to fully-trained networks. This
is called the Neural Tangent Kernel (NTK) (Jacot
regime, where the random initialization
determines the NTK, which remains constant during
training (Jacot et al., 2018). Furthermore, the Neural
Network Gaussian Process kernel (NNGP) (Lee et al.|
is the kernel associated with a network at ran-
dom initialization. Recently, (Kothapalli and Tirer

2024)) studied Neural Collapse (NC) (Papyan et al.
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2020)) of nonlinear networks from a kernel perspective.
They showed that NNGP and NTK exhibited similar
amounts of NC.

Additionally, for finite-width networks, we empirically
observe if the initial-layer features under a UoS data
model are linearly separable at random initialization,
pushing the layer weights away from their randomly
initialized values via training does not impact the lin-
early separability of these features — see Figure [f
Thus, studying the linear separability of the features
from random layers provides insight into the linear sep-
arability of the features from trained layers in finite-
width networks.

3 THEORETICAL RESULTS

We first state our main theoretical results and their
implications in Sections and and correspond-
ingly provide a sketch of the proof in Section [3.3]

3.1 MAIN RESULTS: K =2 SUBSPACES

First, we state our main theoretical result in the binary
case K = 2.

Theorem 1 (Linear Separability of f(S1) and f(S2))
Suppose Assumptions and hold, and let § € (0,1)
If the network width D satisfies

3

T T
D>0(—"— 10g(L)), 3
= (SinQ(Qmm) Og(a)) (3)
then f(S1) and f(S2) are linearly separable with prob-

ability at least 1 — § w.r.t. the randomness of W.

Theorem [I] states that the random feature model in
transforms a two subspaces into linearly separable
sets, given that the network width scales polynomially
with the subspaces’ intrinsic dimension. We discuss
the implications of our result below.

Network width. Our result indicates fewer neurons
are needed to achieve linear separability of early-layer
features compared to previous studies. Specifically,
(Dirksen et al., 2022; |Ghosal et al.; 2022)) showed one-
layer and two-layer random-ReLU networks make ar-
bitrarily structured, nonlinearly separated classes lin-
early separable. However, under our data model, their
network widths scale exponentially with the intrin-
sic dimension. These scaling requirements are much
larger than those used in practical DNNs, limiting
their applicability. In contrast, Theorem [I] requires
network widths to scale polynomially with the intrin-
sic dimension, aligning more closely with real-world
network sizes. For example, Figure [9] in Appendix [B]
shows the CIFAR-10 dataset (Krizhevsky et al., 2009)

approximately satisfies a UoS model, where each class
subspace is of rank on the order of 10'. Previous re-
sults (Dirksen et al., [2022; |Ghosal et al.| [2022) require
a network width on the order of exp(10'), whereas our
theorem requires a width on the order of 103, which
more closely aligns with network sizes used in practice.
Therefore, our results provide a more accurate charac-
terization of how the early layers in practical DNNs
make low-dimensional data linearly separable.

Connection to NTK-based results. Previous
work (Du et al.l 2019; Huang and Yaul 2020) lever-
aged NTK approaches to show global convergence of
gradient descent in overparameterized two-layer net-
works. In their analyses, they showed sufficiently wide
networks remain close to their random initializations
during training, which is closely related to our random
feature model in Assumption[2] With N training sam-
ples, Du et al.| (2019); [Huang and Yaul (2020) showed
for two-layer networks of widths O (poly(N)), gradi-
ent descent converges to zero training loss, implying
perfect linear classifier accuracy under a classification
setting. In comparison, our work and [Dirksen et al.
(2022)); |Ghosal et al.| (2022) consider separating in-
finitely many points in the underlying class sets, which
are linear subspaces in our case. Under this setting, re-
sults from [Du et al.| (2019); [Huang et al.| (2006]) require
infinitely wide layers achieve linear separability. How-
ever, our result is independent of the number of data
points, and only depends polynomially on the intrinsic
dimension.

Overparameterization in representation learn-
ing. DNNs are often overparameterized, i.e., the
number of parameters is larger than the number of
training samples N. Theorem [I] states that with prob-
ability at least 1 — 4, a layer with O (dr® - log(1/9))
parameters transforms two subspaces (so an infinite
number of data points) into linearly separable sets. In
practice, one has a finite number of data points N to
classify. In a finite-data setting where the data points
lie on a union of two subspaces, by setting the failure
probability § = %, a layer with O (dr3 . log(N)) pa-
rameters correctly classifies the data points with prob-
ability at least 1 — % For large N, the number of pa-
rameters needed to correctly classify all N data points
is much smaller than N itself. This implies an underpa-
rameterized network suffices in separating the data by
class, and that overparameterization may serve other
purposes in representation learning, e.g., feature com-
pression (Wang et al., 2025).

In-distribution generalization. Our result also
provides insight into in-distribution generalization
when learning with random features. Theorem [I|states
a single random nonlinear layer makes all points in the
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tures throughout training. If the initial-layer fea-
tures are linearly separable at random initialization,
they remain linearly separable throughout training.
See Appendix for experimental details.

two subspaces linearly separable. Suppose we have a
dataset with NV train samples lying on a union of two
subspaces, apply the random feature map Equation
with O(r?® - log(Nr)) features, and train a linear clas-
sifier on the random features to classify the train sam-
ples. If the test samples lie in the same subspaces as
the train samples, then the classifier will also achieve
perfect test accuracy with probability at least 1 — %

3.2 EXTENSION TO K > 2 SUBSPACES

We now generalize the result from Theorem [1| to con-
sider K > 2 subspaces.

Corollary 1. Suppose there are K > 2 subspaces each
of dimension r, where (K —1)r < d/2. For allk € [K],
let S, O Sy, and S O Uje[K],j;ék S; be 7-dimensional
subspaces with principal angles 0y.1,0k2,...,0k+ that
satisfy Assumption [1, where 7 := (K — 1)r. Also let
Assumption hold and § € (0,1). If the network width

D satisfies

D > max O ( fs lo <7z>) 4)
x - . z

~ke(K]  \sin®(0k,min) #\s

then for all k € [K]|, the sets f(Sk)

f(Uje[K],j;ék Sj) are linearly separable with probabil-

ity at least 1 — K6 w.r.t. the randomness of W.

and

Corollary [I] states if the layer width scales in polyno-
mial order w.r.t. both the intrinsic dimension and the
number of subspaces, the nonlinear features are one-
vs.-all separable: each individual subspace is separated
from all of the remaining subspaces. In contrast, The-
orem [l only depends on the intrinsic dimension, as it
only considers the binary subspaces setting.

3.3 PROOF SKETCHES

In the following, we first provide a proof sketch of The-
orem [I] for binary subspaces K = 2, and later we gen-
eralize the analysis to multiple subspaces K > 2.

Proof sketch for Theorem We first provide a
proof sketch of Theorem [I} defering the full proof to
Appendix [El Let X := WU, € RP*" and Y :=
WU, € RP*" and let x,,y, € R” denote the nt"
row of X and Y, respectively, written as column vec-
tors. Note z, = U w, and y, = U) w,, where
w, 4 (04, I;) denotes the nt" row in W. First, un-
der Assumption holds if and only if there exists
a vector v € R such that

D D
Zvnmnmz >0 and qunyny;lr =< 0. (5)

n=1 n=1

Next, we are interested in the existence of a hyperplane
v that separates the random features, which is not
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necessarily a max-margin hyperplane. We choose a
linear classifier v with the following entries:

For alln € [D], v, = sign(||:cn||2 — ||yn||2)

This choice of v is a projection-based classifier: the
subspace onto which w,, has the largest projection de-
termines the sign of v,. If U w,|? > Uy w,|?,
then we set v, = +1 to push the inner product
v! fw(Uia) to be “more positive” for any a €
R™. Likewise, setting v, = —1 when |U, w,||?> <
Uy w,||? pushes v fiy (Uzax) to be “more negative”
for any o € R". Since |U] w,||? ~ x2 for k € {1,2},
U, w,||? = ||Uy w,||? occurs with probability zero.
With this choice of v, is equivalent to

S| = Zmzm;r — Z a:ja:;r > 0, and

e jeze
Sy=> "y — > yy <0, (6)
ieT jeze

where Z := {n: v, = +1} and Z¢ := {n : v, = —1}.

We now wish to upper bound the failure probability
P(S1# 008, £0) = P(A(S1) < 0UN(S2) >

O). Next, we show S; and Ss are sums of sub-

exponential random matrices, which allows us to use
Bernstein’s matrix inequality (Tropp, 2012, Theorem

6.2) to obtain individual bounds on P()\T(Sl) < 0)
and P(Al(Sg) > 0). Applying the union bound by

some constant § € (0,1), and then re-arranging the
appropriate terms to lower bound D, leads to the re-
sult in Theorem [Il

Extension to K > 2 subspaces in Corollary
We now present a proof sketch for Corollary [I] omit-
ting the full details as it directly follows from an appli-
cation of Theorem|[I] Note we assume (K —1)r < d/2.
This assumption is not very limiting when the number
of classes is small, since K and r are typically much
smaller than d in practice.

Let k& € [K] be and S =
R([Un U, Uit Ui . Ukl )

be an 7-dimensional subspace, where 7 = (K — 1)r
and R(-) denotes the column space of a matrix. Note

arbitrary

Sk D Ujil itk S;. Also let Sj denote an 7#-dimensional
subspace Sp O Sk such that Si and S, satisfy As-
sumption [} Such a &y exists iff (K — 1)r < d/2.
Since S, C Sk and~Uj€[K]’j¢k S; C Sk, it suffices to

transform Sy, and Sy, into linearly separable sets.

We directly apply Theorem [1|to transform Sj, and Sk
and thus Sy and | elK] ik §;, into linearly separable

sets with high probability. Since this is now a problem
of separating two 7-dimensional subspaces, the r in
Theorem [T becomes 7. Applying the union bound over
all k& € [K], a nonlinear layer of O (poly(Kr)) width
transforms a union of K subspaces into K one-vs-all
linearly separable sets with high probability.

4 EXPERIMENTAL RESULTS

In this section, we empirically verify a single ran-
dom nonlinear layer makes a UoS linearly separable
for both synthetic and real-world data. Specifically,
in Section we verify our main results Theorem
and Corollary [1| on synthetic data, and explore set-
tings beyond our assumptions. In Sections[4.2]and .3
we provide experimental results on real images, which
again support our theoretical results. All experiments
in this section were conducted on a single NVIDIA A40
GPU. Our code is available at https://github.com/
alecxu00/uos-linear-separability.

4.1 SYNTHETIC DATA

In this subsection, we verify the early-layer features are
linearly separable for synthetic data generated from
the UoS model under various settings, including dif-
ferent nonlinear activations o(-), network widths D,
and the number of subspaces K.

Synthetic data generation. We first generated K
matrices Uy,Us, ..., Uk uniformly at random from
the d x r Stiefel manifold. We then generated N =
K - Ny, training samples as follows, where Nj, = 5- 103
in all settings. For all k& € [K], we created Nj sam-
ples via x) ; = Uyz;, where z; were sampled iid from
N(0,,I,) for all i € [Ng]. Finally, when applicable, we
generated N test samples using the same procedure.

Model training. We trained a linear classifier upon
the random feature model in Equation . Specifi-
cally, we sampled the entries of W € R”*? iid from
N(0,1072), then applied the random feature mapping
on the train and test samples. Afterwards, we
trained a linear classifier V€ RE*P on the train set
random features under cross-entropy loss. After train-
ing, we used the trained classifier V' to classify the test
samples. We averaged all results over 10 trials.

Results. Based upon the above setup, we discuss the
results below.

e Dependence on K and r. Figure [4] shows the
width of ReLU and quadratic layers have similar
dependence w.r.t. the intrinsic dimension and the
number of subspaces. At all values of r and K, the
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Figure 6: Linear separability of random features on synthetic UoS data. When the input data perfectly
lie on a union of K = 2 (left) or K = 3 (right) subspaces, a linear classifier achieves perfect train and test
accuracy when trained on features extracted by a sufficiently wide nonlinear layer with random weights.

linear classifier achieved perfect accuracy at simi-
lar widths for both activations. Thus, although our
analysis assumes a quadratic activation, our empir-
ical findings in Figure [4] imply similar results hold
under the ReLU activation. Further details on the
experimental setup are in Appendix [F=2]

e Effects of nonlinear activations. Figure[f]shows
the mean and standard deviation of the train and
test accuracies at each network width for every acti-
vation function. Regardless of the activation, the
linear classifier’s mean accuracy across the trials
increased as the network width grew, eventually
achieving perfect classification performance. Fur-
thermore, the standard deviation of the accura-
cies approached zero at sufficiently large widths.
Although linear classifiers eventually achieve per-
fect accuracy for all activations, different activa-
tions required different widths to do so. Specifically,
the quadratic requires noticeably smaller widths to
achieve linear separability compared to the other ac-
tivations.

4.2 CIFAR-10 MCR? REPRESENTATIONS

Second, we validate our results via experiments on the
Maximal Coding Rate Reduction (MCR?) representa-
tions (Yu et all [2020) of the CIFAR-10 image dataset
(Krizhevsky et al) 2009). While natural images do
not inherently adhere to a UoS model, they can be
transformed into a UoS structure through nonlinear
transformations. Specifically, MCR?
is a framework to learn data representations whose em-
beddings lie on a UoS (Wang et al., 2024a).

Setup. We trained a ResNet-18 model (He et al.
2016) to learn MCR? representations of the CIFAR-

10 dataset (Krizhevsky et all 2009). We adhered to

the same architectural changes, hyperparameter set-
tings, and training procedures as described in[Yu et al|
. The resulting representations reside in a union
of K = 10 subspaces embedded in R? with d = 128.
From , for each class k € [K], the repre-
sentations of images in the k' class approximately lie
on a 10-dimensional subspace, so r ~ 10. Additionally,
the learned representations across different classes are
nearly orthogonal, so 0y ~ /2 for all ¢ € [r].

We created training and testing sets with the MCR?
representations, where each set contained N = 10*
samples, with N, = 10% samples per class. We then
sampled a random weight matrix W € RP*? with iid
N(0,1) entries, and applied the random feature map
fw () to the MCR? representations. We then trained
a linear classifier V'€ R¥*P on the random features to
classify the MCR? representations using cross-entropy
loss. We employed the same activation functions as
specified in Section We varied the network width
from 2° to 2'2 in powers of 2, and averaged all results
over 10 trials.

Results. Figure illustrates the mean and stan-
dard deviation of train and test accuracies achieved
on the CIFAR-10 MCR? features across different acti-
vation functions and network widths. For each activa-
tion function, the mean accuracy of the linear classi-
fier increased with the network width, ultimately ap-
proaching near-perfect accuracy (approximately 99%).
The standard deviation of accuracy across trials also
diminished to nearly zero as the network width in-
creased. We hypothesize that the failure to achieve
100% accuracy is due to the representations not per-
fectly conforming to subspaces.
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Figure 7: Linear separability of random features on image data. Left: after transforming image data
to lie on a UoS using the MCR? (Yu et al., [2020) framework, sufficiently many random features are linearly
separable. Right: sufficiently many random features using raw image data as input are also linearly separable.

4.3 FASHION MNIST AND CIFAR-10

Finally, we show that our theory approximately holds
on the Fashion MNIST and CIFAR-
10 (Krizhevsky et al., [2009) datasets. Both datasets
contain K = 10 classes. Figure [J] in Appendix [B]
shows both datasets approximately satisfy the UoS
data model: in both datasets, a small number of sin-
gular values account for a large majority each class
data matrix’s Frobenius norm. In particular, both
datasets’ per-class intrinsic subspace dimensions are
about on the order of 10!, even though their ambient
dimensions on the order of 10? (Fashion MNIST) or
10® (CIFAR-10). See Appendix [B| for more details.

Setup. For both datasets, we randomly sampled
N = 10* training images, with N, = 10° im-
ages per class. Then, we flattened the images into
d-dimensional vectors, where d = 784 for Fashion
MNIST, and d = 3072 for CIFAR-10. Finally, we fol-
lowed the exact training procedure as described in Sec-
tion [£:2] but averaged all results over 5 trials instead.

Results. Figure [7B] shows the mean and standard
deviation of the train accuracies achieved on the Fash-
ion MNIST and CIFAR-10 random features across var-
ious activation functions. Recall from Appendix|[B] the
per-class subspace dimensions are on the order of 10!
in both datasets. Figure shows the linear classifier
achieves near-perfect accuracy at widths around 2! or
212 across all activations, which is on the order of 103.
Thus, network widths that are polynomial in the in-
trinsic data dimension suffices for linear separability,
which aligns with our theoretical results.

Furthermore, recall that CIFAR-10’s ambient dimen-
sion is about 4x that of Fashion MNIST (d = 3072
for CIFAR-10, while d = 784 for Fashion MNIST).

Despite this difference, between 2!' and 2'2 random
features suffice for linear separability in both datasets,
implying little to no dependence on the data ambient
dimension.

5 CONCLUSION

In this work, we studied the linear separability of
early-layer features in nonlinear networks for low-
dimensional data, using a UoS model motivated by
the low intrinsic dimensionality of image data. We
rigorously proved that a single nonlinear layer with
random weights and quadratic activation can trans-
form K > 2 subspaces into (one-vs.-all) linearly sep-
arable sets with high probability. Notably, our result
requires the network width to be polynomial in the
intrinsic dimension, while previous results require ex-
ponential dependence. Although our analysis assumes
a quadratic activation, our empirical findings on syn-
thetic and real data indicate similar results hold for
other activations, such as ReLU.
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SUPPLEMENTARY MATERIALS

Notation. We re-state previous notation here for convenience, and introduce some new notation. We use
N (p,0?) to denote a Gaussian distribution with mean p and variance o2, N'(u,X) to denote a multivariate
Gaussian distribution with mean p and covariance X, and x2, to denote a chi-squared distribution with m
degrees of freedom. We use Z | A to denote random variable Z conditioned on an event A. We denote the pdf
of a random variable Z with fz(-), and the covariance of a random vector with Cov(-).

We use || - || to denote the Euclidean norm of a vector, o;(+) to denote the i" largest singular value of a matrix,
and \;() to denote the i'" largest eigenvalue of a symmetric matrix. We also use 0,,, to denote the m-dimensional
vector of all zeroes.

For any positive integer N, we use [N] to denote the set {1,2,..., N}. With a slight abuse of notation, for some
function ¢ and set X, (b(X) denotes the set {$ eX: ¢(:1:)}

A RELATED WORKS

We provide a more detailed discussion of the relationship between our results and prior work.

Separation capacity of nonlinear networks. As discussed in Section Dirksen et al.[(2022); Ghosal et al.
(2022) are most closely related to ours. They analyzed two arbitrarily-structured, nonlinearly-separated classes,
and showed the resulting features from two-layer (Dirksen et al.;[2022) and one-layer (Ghosal et al.,|2022|) random
ReLU networks are linearly separable with high probability. In our work, we specifically model the inputs as lying
on a union of low-dimensional subspaces, and consider the quadratic activation instead of ReLU. Under our data
model, the results in |Dirksen et al.| (2022); |(Ghosal et al.| (2022)) require the network widths to scale exponentially
with the intrinsic dimension of the input data. In contrast, our result requires polynomial dependence. Another
related work, An et al| (2015)), also assumes the data is from two arbitrary nonlinearly-separated sets. They
prove there exists a deterministic two-layer ReLU network that makes these sets linearly separable.

XOR data. Previous works on neural network analyses have considered XOR input data (Glasgow)
2024; Meng et all [2024), which is a special case of our UoS data model. To visualize this, con-

sider an arbitrary data point = € {—1,—1—1}2 = [:cl 332], where z; € {—1,+1}. Then, the cor-
. . +1 21 = . . .
responding label is y = XOR(z1,z2) = 1 . Figure shows these data points lie on a
— X1 X9

union of two one-dimensional linear subspaces, where each linear subspace represents a different class.

Neural collapse in shallow nonlinear networks. Recently, .
Hong and Ling| (2024) studied the Neural Collapse (NC) phe- s y=+1
nomenon in shallow ReLU networks. Specifically, they identi- o’
fied sufficient data-dependent conditions on when shallow ReLU %
networks exhibit NC. Although our work and [Hong and Ling L’
(2024) study the properties of the features in nonlinear net- o
works, the settings have fundamental differences. Notably, NC y=+1 @&
characterizes the structure of the features from the penultimate o
layer. Additionally, [Hong and Ling| (2024]) consider shallow

ReLU networks to analyze NC in more realistic settings com- Figure 8: Two-dimensional XOR data lies on
pared to previous works. In contrast, we study the linear sep- a union of one-dimensional subspaces.
arability of the features in the early layers in DNNs, and study

a shallow nonlinear network to facilitate such analysis.
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Learning with random features. Our theoretical result uses random weights in the nonlinear layer, yielding
a random feature map. Learning with random features was introduced in (Rahimi and Recht, [2007)) as an
alternative to kernel methods, and its generalization properties have been widely studied (Bachl [2017} |Chen and
Schaeffer] [2024; |Li et al., 2021} [Rahimi and Recht}, [2008; Rudi and Rosascol [2017). Although our result does not
directly imply broader conclusions about learning with random features, we show that a random feature map
can transform subspaces into linearly separable sets with high probability. This implies if train and test samples
lie on the same subspaces, a linear classifier can perfectly classify the test samples.

Neural tangent kernel. As discussed in Section [3.1] previous works have shown the global convergence of
gradient descent on overparameterized two-layer networks using NTK techniques (Du et all [2019; Huang and
Yau, [2020). These works showed that during training, a highly overparameterized two-layer network remains
close to its random initialization, which is closely related to our random feature model. These results showed
gradient descent converges to zero training loss for wide two-layer networks. In contrast, our work does not
consider any training. Rather, we directly assume a random feature model, showing a nonlinear layer with
random weights makes two linear subspaces linearly separable with high probability.

Analysis of quadratic-activation networks. Our theoretical result assumes the nonlinear activation is the
entry-wise quadratic function. While previous works on quadratic activation have focused on the optimization
landscape and generalization abilities of overparameterized networks (Du and Leel |2018; |Gamarnik et al.| 2024}
Li et al., [2018; [Sarao Mannelli et al.; 2020} |Soltanolkotabi et all [2018), our contribution lies in demonstrating
that data on a union of subspaces can be made linearly separable with high probability under this quadratic
activation. This perspective provides new insights into the feature separation properties of quadratic activation
networks, complementing the optimization-centric findings of prior studies.

Rare Eclipse problem. Finally, our problem shares conceptual similarities with the Rare Eclipse problem
studied in [Bandeira et al.| (2017)); |(Cambareri et al.[ (2017)), which focuses on mapping two linearly separable sets
into a lower-dimensional space where they become disjoint with high probability. Using Gordon’s Escape through
a Mesh (Gordon, [1988)), Bandeira et al. (2017) demonstrated that a random Gaussian matrix achieves this and
provides a lower bound on the required dimension. Similarly, we show that a nonlinear random mapping can
transform two sets (linear subspaces) into linearly separable sets with high probability. However, beyond this
shared goal of increasing separability, the two problems differ fundamentally in approach and context.

B UNION OF SUBSPACES IN REAL IMAGE DATASETS

In this section, we provide empirical evidence showing common image datasets approximately lie on a union of
low-dimensional subspaces, where each subspace represents a different class in the dataset.

Setup. We considered the MNIST, Fashion MNIST (Xiao et al| [2017), and CIFAR-10 (Krizhevsky et al.|
2009) datasets. In each dataset, we first flattened the images so that they are d-dimensional vectors, where d is
the number channels multiplied by the pixels. For MNIST and Fashion MNIST, d = 1 x 28 x 28 = 784, while
for CIFAR-10, d = 3 x 32 x 32 = 3072. Then, for each class, we create a d x N data matrix, where N = 5000 is
the number of data points in each class. Finally, for each class data matrix, we compute the number of singular
values that account for 95% and 99% of the Frobenius norm in each class’s data matrix.

Results. Figure[J|shows the proportion of singular values needed to capture 95% (darker bars) and 99% (lighter
bars) of each class data matrix’s Frobenius norms. For MNIST, Fashion MNIST, and CIFAR-10 respectively,
about the first 15 — 20% (about 115 — 155 out of 784), 5 — 10% (about 40 — 80 out of 784), and 2 — 4% (about
60 — 120 out of 3072) of the singular values account for 99% of most class data matrix’s Frobenius norms — the
lone outlier is class 5 in Fashion MNIST. This implies each class approximately lies on its own low-dimensional
subspace. In other words, these datasets approximately satisfy the UoS data model.

C LINEAR SEPARABILITY OF A UNION OF SUBSPACES

In this section, we discuss why a nonlinear layer fu (x) = o(Wa) is necessary to transform a UoS into linearly
separable sets. We first show two subspaces themselves are not linearly separable. Next, we show applying either
a linear transformation or a nonlinear activation individually are insufficient in making a UoS linearly separable.
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Percentage of Singular Values Needed to Capture 95% / 99% of Frobenius Norm

35.0% 1 B MNIST (d = 784)
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Figure 9: In common image datasets, a small proportion of singular values in each class’s data
matrix capture 95% / 99% of the Frobenius norm. The darker bars indicate the proportion of singular
values needed to reach 95% of that class data matrix’s Frobenius norm, while the lighter bars indicate the
proportion needed to reach 99%.

Subspaces are not linearly separable in general. Suppose we have two one-dimensional subspaces S1, Sy C

R2 with bases u; = [1 1} T and Uy = [—1 1]T, respectively. As shown in Figure there does not exist any
hyperplane (line) that can linearly separate S; and Ss because they both pass through the origin.

Linear mapping alone is insufficient for linear separability. Now suppose S; and S, are arbitrary r; and
ro-dimensional subspaces of R?, and define gy (x) := Wz, where € R and W € RP*4. We show gw (S1)
and gw (S2) are not linearly separable sets. For any k € {1,2} and arbitrary a(®) € R™ we have

WUa® = Uya®,

where U, € RP*7s . Therefore, the point WU lies in an r;-dimensional subspace in RP. Since this holds
for all a(®) € R"*, the sets gy (S1) and gw (S2) remain as linear subspaces of R that pass through the origin,
which are not linearly separable in general.

Nonlinear activations alone are insufficient for linear separability. Second, for various activation func-
tions, we show ¢(S1) and o(S2) are not linearly separable sets through counterexamples. Again suppose the

bases of S1,Sy C R? are u; = [1 1]T and uy = [—1 1}T, respectively. Let us first consider the entry-wise
quadratic activation, which we considered in our theoretical analysis. For any a € R, we have

otwi = [1] o =[] a7 o= [2]

(%

so o(uia) = o(uga). Therefore, the sets o(S1) and o(Sz2) are identical (see Figure left), clearly implying
they are not distinguishable.

Next, consider o(-) = ReLU(+), which is more commonly used in practice. For any nonzero o € R, o(u10) = uqcx
if a >0, and o(u1a) = 03 if a < 0. Additionally, o(uza) = [0 a]T if a >0, and o(uz2a) = [—« O]T ifa<0.
Therefore, o(S1) = {ac €R?: 21 > 0,29 >0} U {0}, while 0(Ss) = {x €R?: 21 >0,29 = 0} U {33 eR?:zq =
0,29 > O}, where x; and x5 respectively denote the first and second elements of & € R?. These sets are not
linearly separable (see Figure [10] right), since some points in (Sy) are above ¢(S1), and some points are below.

D AUXILIARY RESULTS

We provide auxiliary lemmas that are useful in proving Theorem Let w ~ N(04,1;), U, Uy € R¥XT
respectively be orthonormal bases for subspaces S; and S that satisfy Assumption [I} Also let & := U, w, and
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S1

U(Sl) 81 T
: / V |
4V Quadratic J 4 ReLU JZ_)

(a) Quadratic applied to span(wu1) U span(uz). (b) ReLLU applied to span(u) U span(us).

Figure 10: Activation alone is insufficient for linearly separating two subspaces. When §; = span(uy)
) =

and Sy = span(uz), the sets 0(S1) and o(Sz) are not linearly separable for o(-) = quadratic (left) and o(-
ReLU(-) (right).

y := U] w. Note £ ~ N(0,,I,) and y ~ N(0,,I,) are correlated. Finally, let @ and b be random vectors with
the following distributions:

a~a||z]*>|lyl* and b~y |z > [yl

D.1 EXPECTATION OF ORDER STATISTICS: y?, RANDOM VARIABLES

Lemma [1| provides exact expressions for the expectation of the maximum and minimum of two iid x2, random
variables.

Lemma 1. Let X,Y ~ d X2, A=max{X,Y}, and B = min{X,Y}. Then,

oy 2 T(m+ /2 o
E[A] = S V5] d E[B]

where T'(+) denotes the Gamma function.

2 T((m+1)/2)
Vi L(mj2)

Proof. Note A+ B=X+Y,so E[A+ B] = E[X + Y] = 2m. Therefore, it suffices to derive E[A]:

= 77max{x y}fx (@) fy (y) de dy
00

- / / 2 fx (@) fy () da dy + / / yfx () fy (y) dy dw = 2 / / 2fx (@) fy () da dy

(a) 2 m/2, —a)2, m/2—1,—y/2
= — dz d
zmr(m/Z)Q//x e Y e x dy,
0y

where we substituted the pdf of a x2, distribution in (a). Letting ¢t = % results in

QmF /2 2 //xm/Zefm/Zym/2flefy/2 dx dy
m
0

Yy
tm/2 —t, m/2—1_—y/2 dt d
2m/2r (m/2)? // v Y
0 y/2
®) 4 m/2—1_—y/2
= — 241,y/2 vr=d
2m/gr(m/2)2/ (m/2+1,y/2)y e Y,
0

where in (b), we substituted the definition of the upper incomplete Gamma function, denoted as I'(p, z). Using
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x

the recurrence relation I'(p + 1,2) = pI'(p, z) + aPe™* yields

5 /F(m/2 +1,y/2)ym eV dy

0
o0 1 o0
= — m/2—1,-y/2 - m—1_-—y
g | T2/ w2 e R s [y e ay.
0 0
d)

(e) (

We first simplify (¢). Letting s = y/2, (¢) becomes

(o)
2m m/2—1_-—s
W/F(m/Q,s)s / & dS
0

From (Bateman and Erdélyi, 1953 Pg. 137, Eq. (8)):

/F(m/2, §)s™/2 e ds =
0

I'(m) mem ]
7(m/2)_2m2F1(15 im/241;1/2)

where o2 F}(a,b;c,d) denotes the ordinary hypergeometric function. By Gauss’s Second Summation Theorem
(Slater], |1966):

I'(m) T(m)T'(1/2)T'(m/2 + 1)
—— (1, m; 2+1;1/2) = . 7
(m2) - 2212 ) = e T (m 1)) g
By Legendre’s duplication formula, T'(m) = %ﬁf:};w Additionally, the Gamma function satisfies the

recurrence relation I'(z + 1) = 2zI'(z) for all z > 0. Substituting these expressions into (7)) leads to

L(m)L(1/2)L(m/241)  T(m/2)I'(m/2+1) F(m/2)2_

(m/2)-2m-T((m+1)/2) m 2

Therefore, (¢) fully simplifies to the following:

m 7 . .
[(m/2)? / T(m/2,y/2)(y/2)™* e /2 dy = F(i o I( 2/2) .
0
We now simplify (d):
1 by m—1_—y (_e) F(m) (i) 21“((m+1)/2)
g | U et R
0

where (e) is by the definition of the Gamma function, and (f) is by Legendre’s duplication formula. Thus,

2 T((m+1)/2)
Vvr o T(m/2)

We then use the property E[A + B] = E[A] 4+ E[B] = 2m to obtain E[B]:

E[A] =m +

2 T((m+1)/2)

B =m = e )
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D.2 EIGENVALUES OF DIFFERENCE OF PROJECTION MATRICES

Next, we provide a result about the eigenvalues of U U, — UxUs, .
Lemma 2. Let U, Uy € R st. U/ U, = Uy Uy = I, and oo(U]' Us) = cos(8y) for all ¢ € [r], where

01 := Opin > 0. Then, U U —UsU, has r eigenvalues equal to sin(0y),sin(6s),...,sin(f,.), r eigenvalues equal
to —sin(6y), —sin(fz), ..., —sin(f,), and d — 2r eigenvalues equal to 0.
Proof. Let ® := U U, — UsU, € R¥?4 We derive an exact expression for the characteristic polynomial

det (<I> — )\Id). First, note

T
o=[U, U [_‘gﬂ,

and let UXV " be a singular value decomposition of U;' Us € R"™*". Then, assuming \ # 0,
1 1 T
(3 0) = e 1~ 1)~ o (- L 0[]

-U,
@ vdvd 1] I UsvT

B (1—1/MI. —(1/)) UEVT
= (=1)"A"det ( [(1//\)VEUT (1+1/)\ D
v

2

= (=11 — 1/A)" det(V) det ((1 +1/MI, + 1(_/?%22) det(V'T)

T

— (—1)7 det ((1 1ML+ (1/)\2)22> = )A]] [AQ 14 COSQ(GZ)}
£

— (—1)dnd2r H [()\ + sin(6y)) (A — Sin(eg))} ,

=1
where (a) is from Sylvester’s Determinant Identity, and (b) is from the fact that

det ( {é g] ) = det(A)det(D — CA™'B)

for invertible A. Solving for the roots of det (<I> - )\Id) = 0 yields A\ = +sin(6y) for all £ € [r]. Therefore, ® has

2r eigenvalues equal to +sin(f;), £sin(6z), ..., £sin(f,). Although we also have A = 0 with multiplicity d — 2r,
we initially assumed A # 0, so these roots are invalid.

We now show the remaining d — 2r eigenvalues must be 0. We showed there are at least 2r eigenvalues that are
non-zero, so 2r < rank(®). Additionally, we have

rank(®) = rank(U, U, — UpU, ) < rank(U U}") + rank(—U,U," ) = 2r.

Thus, 2r < rank(®) < 2r, which implies rank(®) = 2r. Therefore, ® must have ezactly 2r non-zero eigenvalues,
implying the remaining d — 2r eigenvalues must all be equal to 0. O

D.3 EXPECTATION OF RANDOM SYMMETRIC RANK-1 MATRICES

We provide upper and lower bounds for E[aa’] and E[bb"]. We first show E[aa'] and E[bb"] are isotropic
matrices.

Lemma 3. Let w ~ N(04, 1), x .= U w, y :=Uj w, a ~ x| |z|* > ||ly||?, and b~y | |z|* > |ly|*>. Then,
E[aaT] and ]E[bbT] are both isotropic matrices.
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Proof. Since Cov(x) = I, and Cov(y) = I, which are isotropic matrices, Cov(a) and Cov(b) are also isotropic
matrices. Thus, it suffices to show E[a] = 0, and E[b] = O,..

(@)

Ela] = Ew,wa(Or,Ir) ["’3 | ||5'3||2 > ||y||2] = //E:m/\f(or,lr) [5'3 | ||f'3H2 = m]fX,Y(xvy) dx dy = 0,
0 vy

where X,Y ~ X2, and (a) is because @ | [|[|* = =z is distributed uniformly on the sphere of radius v/, so
Elz | ||z||*> = z] = 0,. We can use the same argument to show E[b] = 0,. Therefore, Elaa’] = Cov(a) and
E[bb"] = Cov(b), which are both isotropic matrices. O

The next result provides upper and lower bounds on E[aa '] and E[bb'].

Lemma 4. Let w ~ N(04, 1), z := U w, y :=Uj w, a~ x| |z|> > ||ly||?, and b~y | ||z|* > |ly|*>. Then,
we have

r

Z sin? (94)) I., and

{=1

. 2 sin(6,)
Zsmz(eg)) I = E[bbT] = <1 -\ m)IT.

{=1

Proof. By Lemma [3, E[aa'] is an isotropic matrix, so it suffices to upper and lower bound Tr(IE[aaT]) =
E[Tr(aa")] = E[||a|?]. By definition of a, ||a||* ~ max{X,Y}, where X,Y ~ x? are not necessarily independent.
We first note

1
lal? = 5 (=) + Iyl + 1212 — liy]])-
Therefore,

Eflal?] = 5 (Ell=I] + Elly)?) + E[l=l” ~ lI1)) =+ 5 (E(l=l? - l917)), (8)

so it suffices to upper and lower bound E[|||z||* — [|y||?|]. First, we have
E([ll212 = 1yl | = E[[IUT wl? — [U; w]?]] =E[[w" @U] - 007wl |. (9)

Let ® := U U, — UyU, . We establish an upper bound as such:

Eljo’ @ U] - 0,0] Jw|] = B[/ (w" #w)?] @ E[(w" ®w)?]

where (a) is from Jensen’s inequality, (b) is from (Petersen et al.,|2008, Eq. 381), and the last equality is due to
Lemma [2] Therefore,

We now establish a lower bound for E U ]| — |yl ‘] . Note @ is symmetric, so there exists an eigendecomposition

® = QAQT where Q € R¥*? is an orthogonal matrix, and A is a diagonal matrix consisting of the eigenvalues of
®. We assume the eigenvalues are listed in descending order in A. By Lemma [2] & has 27 non-zero eigenvalues
equal to +sin(fy), £sin(fs), ..., £sin(f,). Therefore:

w dw=w QAQTw :=2"Az = Zsin(é)g)(zl? —Z5_ 1), (10)
=1
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where z := QTw ~ N(04,I;). Then, we have

T

|

T T ..
Let Zy:= Y 22 and Z := Y Z§—e+1' Note Z1, Zs id x2. Substituting this lower bound into yields
i=1 (=1

(2

E[|llzll? - lyl*[] = E[l="A=|] = EU S sin00) (33 - zs_m)\] > sin(01)E
(=1

(Zt? - z3—£+1)‘] .

(=1

(¢) 4sin(61) D((r +1)/2)
o Vr T(/2)
where (c) is from the fact that |Z; — Z5| = max{Z;, Zo} — min{Z;, Z,} and Lemmall] We can then lower bound

% as such. First, let « := r/2. Then, by Wendel’s Inequality,

EUH;BHQ — HyHZ” > Sin(@l)EUZl — ZQH

I'(z+1/2) >< x >1/2 PN (G VT N

21727 (z) r+1/2 Lr/2) = 20 +1)
BJlal - fyiP] > 220

Substituting this lower bound into yields

Bffaf’] 2 r+ /2 2220 :E[aawt<1+ 2.81”(9”)1,«

T Nr+1 T Vr+1

We can then use the fact E[||al|? 4 ||b]|?] = 2r to show

o, T 2 sin(6y)
;sm (94)>IT<E[bb ] = <1— = m)IT.

D.4 MATRIX BERNSTEIN’S INEQUALITY

We use Bernstein’s matrix inequality to bound the largest and smallest eigenvalues of sums of independent,
random symmetric matrices.

Lemma 5 ( Bernstein’s Inequality, adapted from Theorem 6.2 in Tropp| (2012)) ). Let X1,..., X, be independent
random symmetric matrices of dimension m. Assume that there exist a positive number R and matrices A; such
that

|
E(X!] <G R A7

for all i € [n] and integers p > 2. Then, for allt > 0:

n t2
P . > < . —
p()\l ( ;:1 X; ]E[Xz]) > t) <m exp( o7+ Rt))’
where 02 = 01< ; Af)
i=1

We refer to the condition E[X?] < %! - RP=2 . A? as Bernstein’s condition. Our next result states aa' and bb"
satisfy Bernstein’s condition.

Lemma 6. Let w ~ N (0g,1q) z :=Uj w, y :=Uj w, a~x | |z|*> ||ly|? and b~y | |z|? > ||y|?. Then,
we have

! !
E[(aa—r)p] = % ~(2r)P72 . 821, and ]E[(bbT)p] = % - (2r)P72 - 8171,

for all integers p > 1.
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Proof. We first focus on E[(aa’)"]. It suffices to upper bound X (E[(aaT)p]):

n(El(aa")]) < E[n(faa™)")]  El(Jal].

where (a) is due to Jensen’s inequality, and (b) is because (aa )"

|lal|? ~ max{X,Y}, where X := ||z||* and Y := |ly||?>. Therefore,

is a rank-1 matrix for all integers p > 1. Recall

o0

E[(la]?)

o\

/max{x yPixy(z,y)dedy = //max{mp,yp}fxyy(x,y) dx dy
0 00

(@) T
=2 P fxy(z,y) dvdy < 2 a? fxpy (zy) fy (y) dedy =2 | Ex o2 [XP | Y] fy(y) dy
i j ] ]

0
|
= %y [EXNX% (X7 | Y” = 2E[X7] Y piary 7;‘ - (2r)P2 - 812,

where (a) is because X and Y have non-negative support, and (b) is from Lemma A.6 in (Qu et al., 2014)).
Therefore:

P ! |
E[(aaT) ] = % . (27‘)17_2 I -~ % . Rg—2 -A27
where R, = 2r and A* = 87*I,. We can bound E[(bbT)"] in a similar manner to obtain:
P ! |
E[bb")] =2 22 82L, = 2 Ry B2,
where R, = 2r and B? = 8721,. -

E PROOF OF THEOREM [1]

We now provide the full proof of Theorem [} Let X := WU; and Y := WU,, and x,, and y,, denote the
nt" row in X and Y, respectively, written as column vectors. Note x, = U, w, and y, = U, w,, where

n i’inN(OdaId)-

E.1 CONDITIONS FOR LINEAR SEPARABILITY

We first identify necessary and sufficient conditions to achieve linear separability between f(S1) and f(S3). By
definition of linear separability, we aim to show there exists a v € R such that (2)) holds for all @ € R" \ {0,.}.
Focusing only on Uj, we can re-write under Assumption [2| as such:

D D D
v f(Ura) =) va(w) Vi) Z (w, Uya)(w,) Uy ) Z (a"U w,)(w, U a)
n=1 n=1 n=1
D
T(Zanf—wanUl)a:a (Zvnwn >a>0 <= Zvnwnw > 0.
n=1 n=1

We can re-write the U, part of similarly to obtain the following necessary and sufficient conditions for linear
separability:

D
Zvnwnwz >0 and Zvnyny;lr =< 0. (11)

n=1 n=1

We then construct the linear classifier v with the following entries:

For all n € [D], v, = sign([|@,|? — [|ynl?).
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With this choice of v, becomes

Si=) ww! — ) wix] -0 and Sy:=3 wiy! - >y <0,

= jeze ieT jeTe

where Z := {n € [D] : v, = +1} and Z¢ := {n € [D] : v, = —1}. We now upper bound the failure probability
P(51 L OUS, £ 0).

E.2 BOUNDING THE FAILURE PROBABILITY

We aim to upper bound P(Sl #0U Sy A O) by some (arbitrarily) small § € (0,1). It suffices to upper bound

P(51 e 0) and P(52 A 0) individually due to the union bound. Let v; := \/% S\i;l:%) and yo 1= % S sin?(6,).
\/ =1

Alsolet a; :=14+ 71, ag:==14+, f1:=1—71, and Bo :=1 — 5.

We first upper bound P(.5'1 o 0). Note S; # 0 if and only if A.(S1) < 0. By Lemma@ S1 and S5 are sums
of random matrices that satisfy Bernstein’s condition. Therefore, we can bound P(Sl o+ 0) = P()\T(Sl) < 0)

using Bernstein’s inequality:
P(s1 v o) = P()\T(Sl) < o) - P()\T(Sl) ~ A (E[S1])) < = (E[Sl]))
(g P()\r(sl —E[S1]) < —Ar (E[Sl])) = P()\l( -8, —E[-84]) > )\T(E[Sl]))

" A (B[S4))°
< r-eXp<_ 167‘2D+4W\"(E[Sl])>7 )

where (a) is due to Weyl’s inequality, and (b) is from Lemma |5} We now upper and lower bound E[S}] as follows.
D
Let Q := % > 1[v, = +1]. First, using Lemma
n=1
(2Q )DL, ZE[$1] Q| = (2Q - 82)DIL,.
Then, taking the expectation over @) yields

Therefore, v1 D < A, (]E[Sl]) < 742 D. Substituting into leads to

2p
7

<r7r. SN See—
P(Sl%O) r exp( 162 727")

By similar argument, we can show by —y3DI,. < E[S;] < —y; DI, that

2p
71

<r. S S
P(SQ%O) r exp( 162 472r>

We then apply the union bound on the failure probability:

2
D

P <2r- - . 14

(Sl%OUS’Q%O)_ r eXp( 16r2+472r) (14)
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E.3 FINAL RESULT

Upper bounding by some (arbitrarily small) § € (0,1), and then re-arranging the terms to lower bound D,

results in )
16 4 2
p» Wi tder (7‘) (15)
1 4

Substituting the definitions of «; and 79, as well as 0,,;, := 61, into leads to our final result. Let 6 € (0,1).
Then, S; = 0 and S5 < 0, and thus f(S;) and f(S2) are linearly separable, if the network width D satisfies

. 27r<4r2+,/[§sm2(0¢) )(r+1) . (2;> :o(sng)qog (g))

- sin? (Ormin)

gmin
F ADDITIONAL EXPERIMENTAL DETAILS

In this section, we discuss the experimental setup and results for Figures [I} [4] and

F.1 PHASE TRANSITION IN TERMS OF INTRINSIC DIMENSION

In this subsection, we describe the setup and results in Figure [T} which verifies the required network width to
achieve linear separability of the initial-layer features grows polynomially w.r.t. the intrinsic dimension. This
experiment was run on a MacBook Air with an Apple M3 chip.

Setup. Over 25 trials, we randomly sampled two matrices Uy, U, from the d x r Stiefel manifold, and a weight
matrix W € RP*? with iid standard Gaussian entries. We varied the ambient dimension d while keeping the
intrinsic dimension r fixed, and also varied r while keeping d fixed. In both settings, we tested different layer
widths D. For each combination of (D, d) and (D, r), we checked for linear separability using the necessary and
sufficient conditions 7 and recorded the proportion of successful trials.

Results. As seen in Figure [I] when d increases for a fixed r, the values of D at which the proportion of
successful trials transitions from 0 to 1, or the phase transition, remains constant. In contrast, as r increases
for a fixed d, this phase transition region clearly increases. Thus, Figure [1| verifies the required width to achieve
linear separability of the random features only depends on the intrinsic dimension of the subspaces.

F.2 DEPENDENCE ON DIMENSION AND NUMBER OF CLASSES: QUADRATIC VS.
RELU

Here, we describe the setup and results in Figure [d] which shows the required widths of quadratic and ReLU
random feature models have similar dependence on the subspace dimension r, and number of classes K, to
achieve linear separability of a UoS. All experiments were run on a single NVIDIA A40 GPU.

Setup. For all experiments, we set d = 128. In Figure we set K = 2 and swept through r from 22 to 25 by
powers of 2. In Figure we fixed r = 4 and swept through the number of subspaces K from 2 to 2%, again by
powers of 2. In both sweeps, we varied the network width D from 2° to 2'° by powers of 2.

F.3 LINEAR SEPARABILITY OF FEATURES: RANDOM VS. TRAINED WEIGHTS

We first describe the setup and results in Figure [f] which investigates how training the network weights away
from their random initialization impacts the linear separability of the initial-layer features. Here, all experiments
were run on a single NVIDIA V100 GPU.

Setup. We first created a training set using the above data generation process with K = 2, d = 16, and r = 4.
We then trained two 3-layer MLPs of width D = 128 for 100 epochs. One MLP had ReLU activations, and
the other had quadratic activations. After each training epoch, we performed a linear probing on the features
extracted by the two hidden layers. At initialization (marked by a star), all weights were sampled i.i.d. from a
zero-mean Gaussian distribution. We averaged the results over 5 trials.
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Results. Across all 5 trials in both MLPs, the features from the hidden layers were linearly separable at random
initialization, as evidenced by the perfect linear probing accuracy. After each epoch, the linear probe accuracy
remained perfect, implying the features from the hidden layers remained linearly separable during training. Thus,
training the weights away from the random initialization does not impact the linear separability of the features.
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