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Abstract

The classic secretary problem, a cornerstone
of optimal stopping theory, assumes a ran-
dom, immutable arrival order of candidates.
While recent work has integrated machine-
learned predictions to improve selection, the
power to set the arrival order based on these
predictions remains largely untapped. This
paper introduces a novel framework for the
secretary problem that leverages predictions
for both valuation and strategic scheduling.
We propose an algorithm that strategically
controls the arrival time of the top-predicted
candidate and dynamically adapts its hir-
ing policy based on observed prediction accu-
racy. Our analysis shows that this approach
achieves a worst-case competitive ratio of
0.229, surpassing the 0.215 bound of state-
of-the-art algorithms that do not control or-
dering, bringing it closer to the upper bound
of 1/e ≈ 0.368 while maintaining consistency
guarantees. Furthermore, we demonstrate
that our ordering framework can be adapted
to improve fairness guarantees, doubling the
success probability in a known fair algorithm
from 1/16 to 1/8. Our results highlight that
controlling the sequence is a powerful tool
for building more robust and fair learning-
augmented online algorithms.

1 INTRODUCTION

The secretary problem, renowned for its elegant so-
lution and wide-ranging applications from hiring to
resource allocation, fundamentally addresses the chal-
lenge of selecting the best option from a sequentially
arriving set of candidates under uncertainty (Fergu-
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son, 1989). The classic solution guarantees that the
best candidate with probability 1/e is selected by ob-
serving a fraction of candidates and then selecting the
first subsequent one that surpasses all previously seen.
However, this assumes no prior knowledge and an im-
mutable random arrival order.

In an era increasingly dominated by data-driven
decision-making, the paradigm of learning-augmented
algorithms has emerged, seeking to enhance classi-
cal algorithms with machine-learned predictions, first
formalized in Lykouris and Vassilvitskii (2021). For
the secretary problem, this has led to models that
leverage predicted candidates’ values to improve selec-
tion, often achieving performance that gracefully de-
grades with prediction error (Antoniadis et al., 2023).
We quantify prediction error multiplicatively as ϵ :=
maxi∈N

∣∣v̂i/vi− 1
∣∣. Following the standard framework

for learning-augmented design (Purohit et al., 2018;
Lykouris and Vassilvitskii, 2021; Antoniadis et al.,
2023), we target three desiderata:

• Consistency: For the multiplicative prediction
error ϵ ≥ 0, the competitive ratio CR(ϵ) ap-
proaches 1 as ϵ → 0 (near-optimality under per-
fect advice).

• Robustness: There exists a universal constant
c > 0 such that CR(ϵ) ≥ c for all inputs, in-
dependent of the advice quality (i.e., even under
arbitrarily bad predictions).

• Smoothness: The guarantee degrades gracefully
with error; typically one obtains an interpolation
bound of the form CR(ϵ) ≥ max{c, 1− α ϵ} for a
problem-dependent constant α > 0.

However, a critical modeling assumption remains
largely unexamined: the arrival order of candidates
is treated as random and exogenous. This contrasts
with many real-world settings in which predictions are
available upfront. For example, a hiring committee
with preliminary scores (predictions) would rarely in-
terview candidates in a uniformly random order; in-
stead, it would strategically schedule the most promis-
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ing ones. Ignoring the ability to order based on pre-
dictions is a missed opportunity for substantial per-
formance gains. We address this by introducing and
analyzing the Secretary Problem with Predictions and
Ordering. We argue that, when predictions are avail-
able, control over the interview schedule is a powerful
algorithmic primitive. We formalize this control by
allowing the algorithm to design the arrival distribu-
tion of the top-predicted candidate, and we develop
an algorithm that leverages it to achieve improved ro-
bustness against adversarial prediction errors.

2 RELATED WORKS

2.1 Secretary problem

The secretary problem is a classic topic in optimal
stopping theory. Dynkin (1963) formulated a simple
yet optimal algorithm that identifies the best candi-
date with a success probability of at least 1/e. The
problem’s fundamental and elegant nature has led to
extensive research in the field. In addition, its core
principles have been adapted to more complex varia-
tions, such as the variants of k-secretary (Kleinberg,
2005), matroid-secretary(Babaioff et al., 2018), and
knapsack-secretary (Babaioff et al., 2007).

2.2 Secretary problem with predictions

The integration of machine-learned predictions into
the secretary problem aims to improve performance
when predictions are of high quality while maintain-
ing worst-case guarantees when prediction quality be-
comes arbitrarily low. While early work (Antoniadis
et al., 2023) used a single prediction, recent work has
focused on per-candidate predictions with multiplica-
tive error models. An algorithm that focuses on the
value maximization variant of the problem (Fujii and
Yoshida, 2023) achieves a competitive ratio of at least
max(0.215, 1 − O(ϵ)), where ϵ denotes multiplicative
prediction error. Recent work (Balkanski et al., 2024)
considers the fairness metric, defined as the probabil-
ity of the algorithm selecting the best secretary, and
achieves a competitive ratio of max(0.0625, 1−O(ϵ))

2.3 Prophet secretary problem with order

The strategic use of ordering is a powerful tool in se-
quential selection. In the prophet secretary problem
where candidates’ values are drawn from a known dis-
tribution, a bound of 0.669 is known to hold for ran-
dom arrivals (Correa et al., 2021), but this improves in
settings with more structure. A model with full con-
trol over the arrival permutation was studied, achiev-
ing the competitive ratio of 0.725 (Peng and Tang,
2022). The question of whether selecting the order is

provably better than a random order was recently set-
tled (Bubna and Chiplunkar, 2023) They resolved this
by establishing a separation between the two settings:
their 0.7258-competitive algorithm for order selection
beats the new 0.7254 hardness limit they proved for the
random order setting. This body of research, however,
differs from our model in its informational assumptions
(known distributions vs. learned predictions) and the
scope of control over the arrival sequence.

3 PRELIMINARIES AND
PROBLEM FORMULATION

We formalize the problem of the secretary problem
augmented with machine-learned predictions and the
ability to order candidates.

Candidates and Values. We are given a set of n
candidates, denoted by N = {1, 2, . . . , n}. Each can-
didate i ∈ N has a true, intrinsic value vi > 0, which
is unknown to the decision-maker beforehand. The
best candidate is i∗ = argmaxi∈N vi, with the opti-
mal value vi∗ = maxi∈N vi.

Predictions and Error Model. At the outset of
the problem (time t = 0), we receive a vector of pre-
dicted values {v̂i}i∈N from a machine learning model.
We denote the candidate with the highest predicted
value as ı̂ = argmaxi∈N v̂i.

Internal discrepancy threshold θ. We fix an al-
gorithm parameter θ ∈ (0, 1) that controls when the
algorithm distrusts a prediction and switches to a
secretary-style fallback. Crucially, θ is chosen by the
algorithm; it is not a bound on the true prediction er-
ror, and the adversary may produce arbitrarily large
errors.

Given θ, we classify predictions as ”bad” relative to
this threshold:

M =
{
i ∈ N :

∣∣1− v̂i/vi
∣∣ > θ

}
.

The size of this set is m = |M |. This notation is used
solely to analyze how the algorithm behaves once it de-
cides a prediction is unreliable (i.e., when the observed
discrepancy exceeds θ).

Arrival Process with Ordering. This is our key
departure from the standard model. Candidates ar-
rive sequentially over a continuous time interval [0, 1].
While most candidates arrive at random, the algo-
rithm has the power to strategically schedule the top-
predicted candidate, ı̂. The arrival times ti are deter-
mined as follows:
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• For all candidates i ∈ N \{ı̂}, the arrival time ti is
drawn independently and uniformly from U(0, 1).

• The arrival time of the top-predicted candidate,
tı̂, is drawn from a distribution T , which is de-
signed by our algorithm as part of its strategy.

Upon a candidate’s arrival at time ti, their true value
vi is revealed. An immediate and irrevocable decision
must be made to either hire or reject the candidate.

Objective. The goal is to design an algorithm that
maximizes the competitive ratio, ϕ. This ratio is the
expected value of the selected candidate, normalized
by the value of the best candidate, minimized over all
possible adversarial inputs (i.e., choices of values vi
and predictions v̂i).

ϕ = min
inputs {vi,v̂i}

E[value of selected candidate]

vi∗

A robust algorithm guarantees a high competitive ra-
tio even in the worst case, where the predictions may
be arbitrarily unhelpful.

4 ALGORITHM MOTIVATION

Our algorithm design is guided by the fundamen-
tal trade-off between exploiting potentially accurate
machine-learned predictions and hedging against arbi-
trarily poor ones. To manage this trade-off, our algo-
rithm operates in one of two states: a Prediction Mode
and a Secretary Mode.

Prediction Mode. This is the default, optimistic
state. Assuming the predictions are reliable, the best
course of action is to select the candidate with the
highest predicted value, ı̂. The primary goal of this
mode is to hire ı̂ as soon as they arrive, capitalizing
on the predictive information.

Secretary Mode. Predictions can be misleading.
An adversary could provide predictions that identify
a mediocre candidate as the best. If the algorithm
observes evidence of such a mistake, it can no longer
fully trust the predictive guidance. Upon detecting a
significant prediction error, the algorithm transitions
to a robust, prediction-agnostic Secretary Mode. This
mode reverts to a classic Dynkin-style strategy.

The Power of Ordering: When to Interview ı̂?
The crucial innovation of our work lies in how we lever-
age the power to order candidates, which introduces
a new strategic dimension: when should ı̂ be inter-
viewed? A fixed, deterministic choice for the arrival
time of ı̂, denoted tı̂, is highly vulnerable. Consider
the dilemma:

• Scheduling ı̂ too early is risky. If we hire a
mediocre ı̂ at the beginning, we forfeit the oppor-
tunity to see potentially superior candidates who
arrive later. The adversary can exploit this by
making a poor candidate have the highest predic-
tion.

• Scheduling ı̂ too late is also risky. A truly great
candidate, i∗, might arrive before ı̂. If the algo-
rithm is still in Prediction Mode (naively waiting
for ı̂), it will incorrectly reject i∗, again leading to
a suboptimal outcome.

A deterministic choice for tı̂ allows an adversary to
craft an instance that perfectly exploits one of these
two vulnerabilities. Our solution is to make the arrival
time of ı̂ a random variable, with a distribution T that
the algorithm strategically designs. We concentrate
the probability at critical points τ, τ+δ, 1 which allows
us to analyze the different behavior effectively.

4.1 Why Only Place the Top-Predicted
Candidate?

One may ask why we only control the arrival time for
the top-predicted candidate ı̂, rather than reordering
many or all candidates.

Two-candidate equivalence. When only the rel-
ative order of two candidates i and j matters, any
reordering policy is summarized by a single number
p = Pr(ti < tj). Controlling only ti while drawing
tj ∼ U(0, 1) realizes any desired p ∈ [0, 1], since

Pr(ti < tj) = 1− E[ti].

Thus, for two candidates with order-only objectives,
controlling one arrival is without loss of generality.

n ≥ 3 candidates Our analysis will show that the
worst case is achieved when m = 1, which is achiev-
able with only 2 candidates. Hence, in our algorithm
fixing the order for more candidates fail to improve
the performance of the algorithm. This is largely due
to the fact that in the worst case the predictions of
the candidates can be arbitrarily bad and so the can-
didates after the first candidate are indistinguishable
solely based off their predicted values.

5 ALGORITHM

Our algorithm, Ordered-Learned-Dynkin, uses a
discrete probability distribution T for the arrival time



Secretary Problem with Predictions and Ordering

of ı̂:

tı̂ ∼ T =


τ with probability p0

τ + δ with probability p1

1 with probability 1− p0 − p1

where τ is a time threshold analogous to the one in
the classic secretary algorithm, and we set the slack
δ to a vanishing sequence δs = s−2 (any s−k with
fixed k ≥ 2 suffices) where asymptotics are taken as
s → ∞. This ensures threshold ties have probabil-
ity o(1) and leaves asymptotic guarantees unchanged.
This three-point distribution allows us to balance dif-
ferent adversarial scenarios, as detailed in our analysis.
Meanwhile, the arrival time of the rest of the candi-
dates remain uniformly random. The algorithm not
only tracks the top-predicted candidate, but also the
second- and third-best predicted candidates, ȷ̂ and k̂
respectively, and uses these values to set a robust value
threshold X if the prediction for a higher-ranked can-
didate proves to be erroneous.

6 ANALYSIS OF THE
COMPETITIVE RATIO

We now prove the main result of our paper. The
proof proceeds by providing a lower bound on the com-
petitive ratio for several worst-case scenarios, defined
by the relationship between the best candidate (i∗),
the top-predicted candidate (̂ı), and the set of badly-
predicted candidates (M). The final competitive ratio
is the minimum of these bounds over all cases and all
possible sizes of M .

Theorem 1. Algorithm 1, with parameters τ =
0.3887, p0 = 0.5416, θ = 0.627, p1 = 0.08345,
and prob = 0.5, achieves a competitive ratio of

max{0.229, 1−ϵ
1+ϵ}, where ϵ := max

i∈N

∣∣∣∣ v̂(i)v(i)
− 1

∣∣∣∣.
In particular, when ϵ = 0, the competitive ratio equals
1 (consistency). Moreover, the competitive ratio de-
grades smoothly as a function of ϵ.

Proof. The proof follows from the series of lemmas be-
low, which analyze the algorithm’s performance under
disjoint adversarial settings. The competitive ratio ϕ
is the minimum performance across these settings.

Lemma 1 (M = ∅). The competitive ratio is 1−ϵ
1+ϵ

when M = ∅

Proof. In this case, since ϵ ≤ θ, the mode of the algo-
rithm is PREDICTION throughout the process, and
therefore, the algorithm hires ı̂. From the definition
of ϵ, we have (1 − ϵ)v(i) ≤ v̂(i) ≤ (1 + ϵ)v(i) for all

Algorithm 1 ORDERED-LEARNED-DYNKIN

Require: Time threshold τ ∈ (0, 1), internal discrep-
ancy threshold θ ∈ (0, 1), threshold randomization
parameter prob ∈ [0, 1], predictions v̂ : N → R

1: Set arrival times:
2: ı̂← argmaxk∈N v̂k; ȷ̂← argmaxk∈N\{ı̂} v̂k; k̂ ←

argmaxk∈N\{ı̂,ȷ̂} v̂k.
3: Draw tı̂ ∼ T where T (τ) = p0, T (τ + δ) = p1,

T (1) = 1−p0−p1; for each k ̸= ı̂, draw tk ∼ U(0, 1)
independently.

4: Let π be the permutation that orders candidates
by increasing ti.

5: Initialize: mode← Prediction; internal threshold
X ← −∞; best-so-far value B ← −∞.

6: for each candidate i in order π do
7: Observe vi and update B ← max{B, vi}.
8: if |1− v̂i/vi| > θ then
9: if i = ı̂ and mode = Prediction then

10: X ← (1− θ) v̂ȷ̂
11: else if i = ȷ̂ and X > −∞ then
12: Draw u ∼ U(0, 1).
13: if u ≤ prob then
14: X ← (1− θ) v̂k̂
15: else
16: X ← −∞
17: else
18: X ← −∞
19: mode ← Secretary
20: if mode = Prediction and i = ı̂ and ti ≥ τ then
21: return i
22: if mode = Secretary and ti > τ and vi ≥ B and

vi ≥ X then
23: return i
24: return the last arriving candidate in π
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i ∈ N . Therefore, the value obtained by the algorithm
is bounded as follows.

v(̂ı) ≥ 1

1 + ϵ
v̂(̂ı) ≥ 1

1 + ϵ
v̂(i∗) ≥ 1− ϵ

1 + ϵ
v(i∗). (1)

Hence, the algorithm achieves the competitive ratio
1−ϵ
1+ϵ . In this case, since ϵ ≤ θ = 0.627, the competitive

ratio is at least 1−ϵ
1+ϵ ≥

1−0.627
1+0.627 ≥ 0.229.

We will now proceed to consider the case where M ̸= ∅
Lemma 2 (Case 1 & 2: ı̂ = i∗). The competitive ratio
ϕ is bounded by:

ϕ ≥ p1 + (1− p0 − p1)τ

Proof. The analysis is identical whether i∗ ∈ M or
i∗ /∈M .

• If T = τ + δ, ı̂ will always be selected.

• If T = 1, ı̂ will be selected as long as the best
element appearing before T also appears before
τ . This occurs with a probability τ .

In total, the bound is as stated.

Lemma 3 (Case 3: ı̂ ̸= i∗, ı̂ ∈M , i∗ ∈M). The total
competitive ratio is:

ϕ ≥ p0(1− prob)

∫ 1

τ

τ

t∗
dt∗

+ (1− p0 − p1)

∫ 1

τ

(
1− (1− t∗)m−2

) τ
t∗

dt∗

+ (1− p0 − p1)

∫ 1

τ

(1− t∗)m−2 dt∗

Proof. Since ı̂ ∈M , the algorithm switches to the Sec-
retary mode when observing ı̂. The algorithm hires i∗

if t∗ ∈ [τ, 1] and no candidate is hired before i∗. Hence,
a sufficient condition for hiring i∗ is that t∗ ∈ [τ, 1] and
the best candidate in [0, t∗) appears before τ .

• Case T = τ : Condition on t∗ ∈ [τ, 1]. A
conservative guaranteed-success branch is when
the line-12 randomization does not keep a re-
strictive internal threshold, which occurs with
probability (1 − prob); in that branch we have
X = −∞ and recover the classical secretary con-
dition. Therefore, conditioned on this branch, i∗

is selected whenever the best element in [0, t∗)
arrives before τ , which happens with probabil-
ity τ

t∗ . Integrating over t∗ gives the contribution

p0(1− prob)
∫ 1

τ
τ
t∗ dt∗.

• Case T = 1: There is a 1−(1−t∗)m−2 probability
that an element in M appears before i∗, and in
this case, a sufficient condition is that the best
element before t∗ appears before τ . In the other
case, there is a probability of (1− t∗)m−2 that i∗

is the first element amongst all elements in M and
hence will definitely be chosen when it arrives.

Weighting these by their probabilities (p0 and 1−p0−
p1) yields the overall bound.

Lemma 4 (Case 4: ı̂ ̸= i∗, ı̂ ∈M , i∗ /∈M). The total
competitive ratio for this case is the minimum of all
cases below. For m = 1:

ϕm=1 ≥ p0

∫ 1

τ

(
τ

t∗
+

t∗ − τ

t∗
1− θ

1 + θ

)
dt∗

For m = 2, let A = 1 − (1 − τ)m−1, B = (1 − (1 −
t∗)m−1)−A, C = 1−A−B, where A is the probability
that the first element in M arrives before τ , B is the
probability that the first element in M arrives after τ
but before t∗, and C be the probability that the first
element in M arrives after t∗.

ϕm=2 ≥ p0

∫ 1

τ

(
A

τ

t∗
+B

τ

t∗

+B · prob · t
∗ − τ

t∗
1− θ

1 + θ
+ C

τ

t∗

)
dt∗

+ (1− p0 − p1)

∫ 1

τ

(
1− (1− t∗)m−1

) τ
t∗

dt∗

For m ≥ 3:

ϕm≥3 ≥ p0

∫ 1

τ

τ

t∗
dt∗

+ (1− p0 − p1)

∫ 1

τ

(1− (1− t∗)m−1)
τ

t∗
dt∗

Proof. We consider values of m separately, and com-
petitive ratio is the minimum across all values of m.

• Case T = τ (prob p0):

– For m = 1: With the exception of ı̂, all pre-
dictions are close to the true value of each el-
ement. Hence, in secretary mode, either the
algorithm picks the best element i∗ with τ

t∗

probability (when the best element before i∗

appears before τ), or (if secretary fails) ob-
tains a 1−θ

1+θ -competitive element.

– For m = 2: In addition to ı̂, another element
has a true value that deviates significantly
from its predicted value. If the other element
is not ȷ̂, then we are guaranteed to achieve a
value that is as good as the case of m = 1,
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since i∗ /∈ M , the true maximum value re-
mains unchanged. Otherwise, in the case
where ȷ̂ is the other element inM , then i∗ ̸= ȷ̂
and it is possible that vi∗ < (1− θ)v̂(ȷ̂). The
fallback 1−θ

1+θ -competitive guarantee is avail-
able only when both tı̂ < tȷ̂ < ti∗ (event
B) and the line-12 randomization succeeds,
which contributes the factor prob.

– For m > 2: For m > 2, we do not rely on the
internal threshold to guarantee an element to
be 1−θ

1+θ competitive.

• Case T = 1 (prob 1− p0 − p1):

– For m = 1: The competitive ratio is 0.

– For m > 1: The bound is (1−p0−p1)
∫ 1

τ
((1−

(1−t∗)m−1) τ
t∗ dt

∗. The probability of the first
element in M arriving before i∗ is (1 − (1 −
t∗)m−1 and the probability that the best ele-
ment arriving before i∗ arrives before τ is τ

t∗ .
Integrating over t∗ gives the above integral.

Lemma 5 (Case 5: ı̂ ̸= i∗, ı̂ /∈ M , i∗ ∈ M). The
overall bounds are:

ϕ ≥ (1− p0 − p1)

(∫ 1

τ

(1− t∗)m−1dt∗

+

∫ 1

τ

(1− (1− t∗)m−1)
τ

t∗
dt∗

)
+ p0

(∫ 1

τ

(1− (1− τ)m−1)
τ

t∗
dt∗

)

Proof. • Case T = 1: i∗ is selected if and only if i∗

is the first element to appear in M with probabil-
ity (1−t∗)m−1. Otherwise, the maximum element
before i∗ must arrive before τ with probability τ

t∗ .

• Case T = τ : In this case, an element in M has to
arrive before T, with probabilty 1 − (1 − τ)m−1,
and the best element arriving before i∗ arrives be-
fore τ with probability τ

t∗

Weighting by probabilities gives the overall bound.

Lemma 6 (Case 6: ı̂ ̸= i∗, ı̂ /∈ M , i∗ /∈ M). The
overall bounds are:

ϕ ≥ p0

(∫ 1

τ

(
(1− (1− t)m)

τ

t
+ (1− t)m

1− θ

1 + θ

)
dt

)
+ (1− p0 − p1)

(∫ 1

τ

(1− (1− τ)m)
τ

t

+(1− τ)m
1− θ

1 + θ

)
dt

Proof. • Case T = 1: at ti∗ , there is a 1− (1− t)m

probability that tm < ti∗ and hence i∗ is accepted
if the best element occurring before i∗, ib , is such
that tib < τ . Otherwise, having missed i∗, it will
select ı̂ instead as it will be forced to select the
last element.

• Case T = τ :

– Define tm as the time of arrival of the first el-
ement in M. Case tm < T < t∗: Consider
probability of i∗ being selected. We must
have tm < T to switch into Secretary mode
and tib < τ so that ib is not selected.

– Case T < tm: In this case, ı̂ will be selected
in Prediction mode.

• For T = τ + δ: For this case, we are able to gen-
erate bounds based off similar analysis as above
cases. However, as the above cases are already
enough for Case 6 to be bounded below by other
cases, we can skip the analysis for this sub-case.

The overall bound combines these scenarios.

6.1 Results and Worst-Case Analysis

We found the parameters (τ, p0, p1,prob, θ) by per-
forming a numerical grid search to maximize the com-
petitive ratio across all adversarial cases. A set of
hyperparameters were found to be τ = 0.3887, p0 =
0.5416, p1 = 0.08345, prob = 0.5, and θ = 0.627.

A critical step in this analysis is identifying the worst-
case choice of m (the number of badly-predicted candi-
dates) for the adversary. To determine this, we numer-
ically evaluated the competitive ratio bound ϕk(m) for
each case k over a range of m ∈ [1, 50] and computed
the analytical limit as m→∞.

The results are presented in Figure 1. The plot pro-
vides a clear visual proof of the behavior of the bounds:

• Cases 1 & 2: The bound is constant with respect
to m.

• Case 3: The bound is monotonically decreasing,
approaching its minimum as m→∞.

• Cases 4, 5, & 6: The bounds are shown to be
concave or monotonically increasing for m > 1.
Their minimum value for any given set of param-
eters is found at a small value of m (typically
m = 1, 2, or 3).

This empirical analysis demonstrates that the mini-
mum for each case occurs at a boundary (i.e., small
m or m → ∞). A formal proof of these properties
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Figure 1: Competitive ratio lower bound ϕk(m) as a
function of the number of badly-predicted candidates,
m. The plot shows that the minimum for each case
occurs at a boundary (small m or m → ∞). The
overall competitive ratio is determined by the lowest
point across all curves.

via derivatives is possible and can be found in the ap-
pendix. By identifying the minimum value along each
curve in Figure 1 and then taking the minimum over
all cases, we establish the final worst-case competitive
ratio. Our choice of parameters carefully balances mul-
tiple adversarial scenarios, with the final guarantee of
0.229 being simultaneously constrained by Case 1 and
2, Case 4 at m = 2, and Case 5 at m = 1. For case 3
where i∗ ̸= ı̂, i∗ ∈M, ı̂ ∈M,m = |M | ≥ 2 so the value
of m = 1 is not defined.

7 FAIRNESS

Another key emerging line of work in the Secretary
problem is achieving the fairness goal, which is when
the best candidate has a constant value of being ac-
cepted even when predictions are arbitrarily unfair /
inaccurate. Beyond improving the competitive ratio
of a Dynkin-style algorithm, we now demonstrate that
our ordering framework is a general paradigm that can
also enhance other objectives, like fairness. To show
this, we adapt the ADDITIVE-PEGGING algorithm
(Balkanski et al., 2024). For clarity, we present their
algorithm pseudocode. The main idea behind this al-
gorithm is balancing between the secretary condition
F , the condition that the current element is the best
so far, and C, the condition that the current element
is the maximum so far. This is done by maintaining a
set of ”pegged” candidates whereby they are a ”large
enough” with respect to the predicted maximum value.

By modifying the arrival time, we improve the fairness
significantly from 0.0625 to 0.125.

Algorithm 2 ADDITIVE-PEGGING

/* The algorithm stops when it accepts a candidate by
executing A ← i. */

1: Initialization: Ipegged ← ∅
2: while candidate i arrives at time ti do
3: if i ∈ Ipegged then
4: if |Ipegged| = 1 then
5: A ← i
6: else
7: Ipegged ← Ipegged \ {i}
8: F ← (vi > maxj≺i vj) ∧ (ti > 1/2), C ← (i = ı̂),

εti ← maxj:tj≤ti |v̂j − vj |
9: if C ∧ F then

10: A ← i
11: else if C ∧ F̄ then
12: Ipegged ← { j : j ≻ ı̂, vı̂ < v̂j + εti } (here

ı̂ = i)
13: if Ipegged = ∅ then
14: A ← i
15: else if C̄ ∧ F then
16: if vi > v̂ı̂ − εti then
17: A ← i
18: return A

7.1 Distribution of ı̂

We set the arrival time of ı̂, T, as a random variable
such that

T =

{
1
2 − δ with probability 1

2

1 otherwise

7.2 Analysis

Lemma 7 (Fairness of Ordered-Additive-Pegging).
Let AOAP denote the modified Additive-Pegging algo-
rithm under the arrival distribution T , and define

Fair(AOAP; v, v̂) := Pr
[
AOAP(v, v̂) = i∗

]
,

where i∗ = argmaxi vi is the index of the best candi-
date. Then, for every instance (v, v̂)

Fair(AOAP; v, v̂) ≥ 1
8 .

Proof. For the analysis, we focus on 3 distinct cases as
proposed in Additive-Pegging with the competitive ra-
tio given by the minimum of these 3 cases. Specifically,
concentrating all of T’s probability masses after t = 1

2
at t = 1 we are able to improve the constant from 1

16
to 1

8 for the first case, as stated below. We define vi to
be the actual value of the secretary, v̂i to be the pre-
dicted value of the secretary, and εi to be the absolute
difference between the actual and predicted values of
a certain secretary. We define ı̃ to be the index of the
candidate with the highest true value except i∗ and ı̂.
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7.2.1 i∗ ̸= ı̂ and vi∗ > v̂ı̂ − εi∗

This case was previously the bottleneck for the
Additive-Pegging algorithm. In this case, E2 is a suf-
ficient condition for i∗ to be accepted as both C and F
are false until i∗, and the algorithm definitely accepts
i∗ at ti∗ as εt∗i ≥ εi∗ and the acceptance condition of
C̄ ∧ F is fulfilled.

Define E2 = {tı̃ < 1/2 < ti∗ < tı̂}

P [E2] = P [tı̃ < 1/2] · P [1/2 < ti∗ < tı̂]

= P [tı̃ < 1/2] · P [1/2 < ti∗ ∧ tı̂ = 1]

= (1/2) · (1/2) · (1/2) = 1/8

For completeness, We also present the proof of the
other 2 cases which is similar what was presented in
Additive-Pegging.

7.2.2 i∗ = ı̂

P (tı̃ <
1

2
< ti∗) = P (tı̃ <

1

2
) ∗ P (

1

2
< ti∗) =

1

4

7.2.3 i∗ ̸= ı̂ and vı̂ < v̂i∗ + εı̂

P ({tı̃ < 1/2} ∧ {tı̂ < 1/2} ∧ {1/2 < ti∗}) = (
1

2
)3 =

1

8

By combining these 3 cases, we achieve a new fairness
of 1

8 . The full proof can be found in the appendix.

8 EXPERIMENTS

Experimental Setup. We simulate our algorithms
in the same setup as Fujii and Yoshida as well as Balka-
nski et al. We present the description and pseudocode
of the Learned-Dynkin algorithm in the appendix.
We follow the Almost-constant, Uniform test cases as
proposed by them, and present the Deception as well
as Robustness test cases to gain more insight about
the algorithms’ competitive ratio when faced with data
that is harder.

In Almost-constant, Uniform and Deception, the max-
imum multiplicative error between the true and pre-
dicted values of candidates is characterised by ϵ, which
varies across test groups. Setting ϵ = 0 creates in-
stances where predictions are exactly the true values,
while increasing ϵ creates instances with predictions
more prone to error.

Almost-constant models a situation where one can-
didate has a true value of 1

1−ε and the rest of the can-
didates have a value of 1. All predictions are set to
1.

In Uniform, we sample each vi independently from
the exponential distribution with parameter 1. The

exponential distribution generates a large value with a
small probability and consequently models a situation
where one candidate is significantly better than the
rest. All predicted values are generated by perturbing
the actual value with the uniform distribution, i.e.,
v̂i = δi · vi, where δi is sampled uniformly and inde-
pendently from [1− ε, 1 + ε].

We also introduce a Deception instance type. This
setup is motivated by scenarios where a candidate
might exaggerate their qualifications to appear more
valuable than they are. Specifically, one ’decoy’ can-
didate with a moderate true value, vdecoy, has its pre-
diction artificially inflated, v̂decoy = (1 + εdecoy)vdecoy.
In contrast, the truly best candidate’s value, ubest, is
predicted perfectly, v̂best = vbest. All other candidates
have low background values. The deception occurs
when the decoy’s exaggerated prediction surpasses the
true best’s, i.e., v̂decoy > v̂best, testing whether an al-
gorithm can be misled by a single, highly-inflated pre-
diction.

Finally, we introduce an adversarial Robustness in-
stance, designed specifically to probe the performance
of the additive-pegging algorithm. This input fea-
tures a candidate with a vastly superior true value
but a severely underestimated prediction (e.g., v1 =
100000, v̂1 = 1). Conversely, a much weaker can-
didate, whose true value is only a fraction of the
best, is predicted perfectly and thus appears to be
the most attractive option (v2 = v̂2 = 10). Finally,
v3 = 8, v̂3 = 3 =⇒ ε3 = 5 so that v3 > v̂2 − ε3.
This guarantees that v3 would be accepted if it were to
appear before the other two and after t = 1

2 . This ad-
versarial structure tests if the algorithm can overcome
the misleading signal from the predictions and explore
a seemingly low-value candidate to find the true opti-
mum, a critical behavior for its fairness guarantee to
hold.

Our code is written in Python 3.9.21 and we conduct
experiments on an Intel(R) Xeon(R) CPU E5-2683 v4
CPU with 32 GB of RAM, on Linux. Common python
libraries such as numpy and matplotlib was used. The
total runtime is less than 5 minutes.

Our experiments evaluate the performance of our pro-
posed algorithms against their state-of-the-art coun-
terparts. The results are benchmarked across four dis-
tinct environments, measuring the competitive ratio.
Overall, our proposed methods demonstrate signifi-
cantly improved robustness in challenging scenarios.

In the Uniform setting, which represents a stan-
dard problem space, our algorithms show a clear ad-
vantage. As the multiplicative error bound ϵ in-
creases, both ORDERED-ADDITIVE-PEGGING
maintain a higher competitive ratio as compared to
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Figure 2: A comparison of algorithm performance
across the four instance types.

ADDITIVE-PEGGING.

The Decept environment was designed as a stress test
to probe for algorithm brittleness. The results are
striking. While the state-of-the-art algorithms per-
form perfectly for low multiplicative error ϵ, they suf-
fer a significant performance collapse at ϵ = 10, where
their competitive ratio plummets. This highlights a
key contribution: our method avoids the critical failure
mode exhibited by the current state-of-the-art, making
it far more reliable for real-world problems.

The Robust experiment tests performance as low
value candidates are added to the problem. The
baseline algorithms show poor performance, with
ADDITIVE-PEGGING achieving a competitive ra-
tio of below 0.10.
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Supplementary Material

A PRESENTATION OF BASELINE ALGORITHMS

A.1 Learned-dynkin

Algorithm 3 Learned Dynkin

Require: Time τ = 0.313, internal discrepancy threshold θ = 0.646, predictions v̂ : N → R.
1: î ∈ argmaxi∈N v̂(i).
2: mode← prediction.
3: for each candidate i ∈ N in random order do
4: if |1− v̂(i)

v(i) | > θ then

5: mode← secretary.
6: if mode = prediction and i = î then
7: Hire i.
8: if mode = secretary and ti > τ and i is the best so far then
9: Hire i.

This algorithm achieves a competitive ratio of max{ 1−θ
1+θ , 0.215} by following a similar proof technique.

B DETAILED PROOF OF FAIRNESS GUARANTEE

We analyze the modified Additive-Pegging algorithm where the arrival time of ı̂, tı̂, is drawn from the distribution
T where T = 1

2 − δ with probability 1/2 and T = 1 with probability 1/2, for some small δ > 0. The goal is to
lower bound the probability of selecting the best candidate, i∗. We consider all cases. We denote by ı̃ the index
of the candidate with the highest true value except i∗ and ı̂, i.e., ı̃ = argmaxi ̸=i∗ ,̂ı vi. Our modification concerns
the arrival time of ı̂. Note every scenario falls in exactly one of these cases as proven in the paper. Note that we
are using the same argument as the original paper, but due to our modification on arrival time, we are able to
improve the probability.

• Case 1: i∗ = ı̂
We need to find a scenario where i∗ is guaranteed to be selected. Consider the event E1 = {tı̃ < 1/2}∩{ti∗ >
1/2}. If tı̃ < 1/2, the threshold at time ti∗ will be based on predictions seen before 1/2. Since v̂ı̃ is the
highest prediction seen so far, the threshold will be at most v̂ı̃ − εı̃. So, P(select i∗) ≥ P(tı̃ < 1/2 and ti∗ =
1) = (1/2) · (1/2) = 1/4.

• Case 2: i∗ ̸= ı̂ and vı̂ < v̂i∗ + εı̂ (Prediction for ı̂ is not much larger than for i∗)

If vı̂ < v̂i∗ + εı̂, then we define event E1 = {tı̃ < 1/2} ∧ {tı̂ < 1/2} ∧ {1/2 < ti∗} which is composed by 3
independent events and it happens with probability P[E1] = (1/2)3 = 1/8. E1 implies that tı̂ < ti∗ ⇒ εti∗ ≥
εı̂, thus we can deduce that vi∗ > vı̂ ≥ v̂ı̂ − εı̂ ≥ v̂ı̂ − εti∗ . Consequently, if until time ti∗ all candidates are
rejected, E1 implies that C̄ ∧F ∧{vi∗ > v̂ı̂− εi∗} is true at time ti∗ and candidate i∗ is hired. To argue that
no candidate is accepted before time ti∗ , note that F is false at all times before ti∗ and at time tı̂ (when
literal C is true) the set {j ≻ ı̂ : vı̂ < v̂j + εtı̂} ⊇ {j ≻ ı̂ : vı̂ < v̂j + εı̂} contains i∗.

• Case 3: i∗ ̸= ı̂ and vi∗ > v̂ı̂ − εi∗ (Adversarial case from original paper)
Note that until time ti∗ no candidate is accepted since C and F are both false at all times. Between times
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0 and 1/2 only ı̂ could have been accepted but its arrival time is after ti∗ , and between times 1/2 and
ti∗ no candidate has a true value larger than vı̃. Finally, note that at time ti∗ we have εti∗ ≥ εi∗ and
consequently C̄ ∧ F ∧ {vi∗ > v̂ı̂ − εti∗ } is true and i∗ gets accepted. P(tı̃ < 1/2) = 1/2. P(tı̂ = 1) = 1/2.
P(1/2 < ti∗ < tı̂|tı̂ = 1) is the probability that a uniform random variable on [0, 1] falls in [1/2, 1] The total
probability is P(E3) = (1/2) · (1/2) · (1/2) = 1/8.

In all cases, we have found a scenario leading to the selection of i∗ with a probability of at least 1/8. Thus, the
fairness guarantee is 1/8

C PROOF OF LOWER BOUNDS

Case 3 Fix prob ∈ [0, 1]. Since ı̂, i∗ ∈ M , we have m = |M | ≥ 2. For integers m ≥ 2 define the case-3
lower-bound function

ϕm := p0(1− prob) τ

∫ 1

τ

dt

t

+ (1− p0 − p1) τ

∫ 1

τ

1− (1− t)m−2

t
dt

+ (1− p0 − p1)

∫ 1

τ

(1− t)m−2 dt.

Then (ϕm)m≥2 is (strictly) decreasing in m when 1− p0 − p1 > 0, and

inf
m≥2

ϕm = lim
m→∞

ϕm

= (1− p1 − p0 prob) τ log
(
1/τ

)
.

Proof. Only the last two terms depend on m. Using (1 − (1 − t)m−1) − (1 − (1 − t)m−2) = t(1 − t)m−2 and
(1− t)m−1 − (1− t)m−2 = −t(1− t)m−2, the forward difference ∆m := ϕm+1 − ϕm satisfies

∆m := ϕm+1 − ϕm

= (1− p0 − p1)

∫ 1

τ

(1− t)m−2(τ − t) dt

≤ 0.

with strict inequality whenever 1 − p0 − p1 > 0 and τ < 1. Thus (ϕm)m≥2 is nonincreasing. For the limit,
note that for t ∈ [τ, 1] we have (1 − (1 − t)m−2) ↑ 1 and (1 − t)m−2 ↓ 0 as m → ∞. By monotone/dominated
convergence,

lim
m→∞

ϕm = p0(1− prob) τ

∫ 1

τ

dt

t
+ (1− p0 − p1) τ

∫ 1

τ

dt

t

= (1− p1 − p0 prob) τ log
(
1/τ

)
.

This value is therefore a valid lower bound for Case 3 for all m ≥ 2. □

Case 4 For m = 1, 2, we use the explicit lower bounds in Lemma 4. For integers m ≥ 3 define

ϕm := p0 τ

∫ 1

τ

dt

t

+ (1− p0 − p1) τ

∫ 1

τ

1− (1− t)m−1

t
dt.

Then (ϕm)m≥3 is (weakly) increasing in m, and is strictly increasing if 1− p0 − p1 > 0.
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Proof. Only the second integral depends on m, so it suffices to show that the map

m 7−→ τ

∫ 1

τ

1− (1− t)m−1

t
dt

is increasing for integer m ≥ 3. For consecutive integers m and m+ 1 we compute

ϕm+1 − ϕm = (1− p0 − p1)

∫ 1

τ

(
1− (1− t)m

)τ
t
dt

− (1− p0 − p1)

∫ 1

τ

(
1− (1− t)m−1

)τ
t
dt

= (1− p0 − p1)

∫ 1

τ

(
(1− t)m−1 − (1− t)m

)τ
t
dt

= (1− p0 − p1)

∫ 1

τ

(1− t)m−1 τ dt

= (1− p0 − p1) τ

∫ 1

τ

(1− t)m−1 dt.

For t ∈ [τ, 1] and m ≥ 1 we have (1 − t)m−1 ≥ 0, hence the last integral is nonnegative. Because τ > 0 and
1− p0 − p1 ≥ 0, it follows that ϕm+1 − ϕm ≥ 0. Moreover, if 1− p0 − p1 > 0 and τ < 1, then∫ 1

τ

(1− t)m−1 dt =
(1− τ)m

m
> 0,

so ϕm+1 > ϕm in this case. Therefore (ϕm)m≥3 is (weakly) increasing in m, with strict increase when 1−p0−p1 >
0. □

Case 5 Fix τ ∈ (0, 1) and p0, p1 ∈ [0, 1] with p0 + p1 ≤ 1. For integers m ≥ 1 define

ϕm := (1− p0 − p1)

[∫ 1

τ

(1− t)m−1 dt

+ τ

∫ 1

τ

1− (1− t)m−1

t
dt

]

+ p0 τ

∫ 1

τ

1− (1− τ)m−1

t
dt.

Then (ϕm)m≥1 is monotonically increasing in m provided

p0 τ
2 log

(
1/τ

)
≥ 1− p0 − p1

2
(1− τ)2. (∗)

In particular, with τ = 0.3887, p0 = 0.5416, p1 = 0.08345 the condition (∗) holds, hence (ϕm)m≥1 is (strictly)
increasing for these parameters.

Proof. Only the exponents in the integrands depend on m, so consider the forward difference

∆m := ϕm+1 − ϕm.

Using
(1− t)m − (1− t)m−1 = −t(1− t)m−1,(

1− (1− t)m
)
−

(
1− (1− t)m−1

)
= t(1− t)m−1.

and (
1− (1− τ)m

)
−

(
1− (1− τ)m−1

)
= τ(1− τ)m−1.
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we obtain

∆m = (1− p0 − p1)

∫ 1

τ

(τ − t)(1− t)m−1 dt

+ p0τ
2(1− τ)m−1

∫ 1

τ

dt

t
.

Both t–integrals are explicit: ∫ 1

τ

(τ − t)(1− t)m−1 dt = − (1− τ)m+1

m(m+ 1)
,∫ 1

τ

dt

t
= log

(
1/τ

)
.

Therefore

∆m = (1− τ)m−1
(
−(1− p0 − p1)

(1− τ)2

m(m+ 1)

)
+ (1− τ)m−1 p0 τ

2 log
(
1/τ

)
.

(†)

Since (1− τ)m−1 > 0, the sign of ∆m is the sign of the bracket. The function m 7→ 1
m(m+1) is decreasing, so the

worst case (most negative bracket) occurs at m = 1. Thus a sufficient (and sharp) condition ensuring ∆m ≥ 0
for all m ≥ 1 is exactly (∗). Under (∗) we get ∆m ≥ 0 for every m ≥ 1, proving that (ϕm)m≥1 is monotonically
increasing. □

Numerical verification (given parameters). For τ = 0.3887, p0 = 0.5416, p1 = 0.08345,

p0 τ
2 log

(
1/τ

)
≈ 0.0773,

1− p0 − p1
2

(1− τ)2 ≈ 0.0701.

Hence (∗) holds, so by (†) we have ∆m > 0 for all m ≥ 1; in particular ϕm+1 > ϕm for all m ≥ 1 with these
parameters.

Case 6 Fix τ ∈ (0, 1), p0, p1 ∈ [0, 1] with p0 + p1 ≤ 1, and set

c :=
1− θ

1 + θ
.

For integers m ≥ 1 define

ϕm := p0 τ

∫ 1

τ

1− (1− t)m

t
dt

+ p0

∫ 1

τ

(1− t)m c dt

+ (1− p0 − p1) τ

∫ 1

τ

1− (1− τ)m

t
dt

+ (1− p0 − p1)

∫ 1

τ

(1− τ)m c dt.

Then (ϕm)m≥1 is strictly increasing for the parameter values

τ = 0.3887, p0 = 0.5416,

p1 = 0.08345, θ = 0.627.

so c = 1−θ
1+θ ≈ 0.229.
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Proof. Compute the forward difference ∆m := ϕm+1 − ϕm. Only the exponents m in the integrands change,
hence

∆m = p0

∫ 1

τ

(1− t)m
(
τ − c t

)
dt (2)

+ (1− p0 − p1)(1− τ)mτ

∫ 1

τ

(τ
t
− c

)
dt. (3)

For the first integral, regrouping gives(
(1− t)m − (1− t)m+1

)τ
t
+

(
(1− t)m+1 − (1− t)m

)
c

= (1− t)m
(
τ − c t

)
.

For the second, use (1− τ)m+1 − (1− τ)m = −(1− τ)mτ to obtain(
(1− τ)m − (1− τ)m+1

)τ
t
= (1− τ)mτ

τ

t
,(

(1− τ)m+1 − (1− τ)m
)
c = −(1− τ)mτ c.

Adding these expressions yields the integrand in (3). Therefore (3) holds. Both integrals in (3) admit closed
forms. For the first, substitute u = 1− t:∫ 1

τ

(1− t)m(τ − c t) dt =

∫ 1−τ

0

um
(
τ − c(1− u)

)
du

= (τ − c)
(1− τ)m+1

m+ 1
(4)

+ c
(1− τ)m+2

m+ 2
. (5)

For the second, ∫ 1

τ

(τ
t
− c

)
dt = τ

∫ 1

τ

dt

t
− c

∫ 1

τ

dt

= τ log
(
1/τ

)
(6)

− c(1− τ). (7)

Combining (5) and (7) in (3) yields

∆m = p0(τ − c)
(1− τ)m+1

m+ 1

+ p0 c
(1− τ)m+2

m+ 2

+ (1− p0 − p1)(1− τ)mτ
[
τ log

(
1/τ

)
− c(1− τ)

]
= (1− τ)m

{
p0(τ − c)

1− τ

m+ 1
+ p0 c

(1− τ)2

m+ 2

+ (1− p0 − p1)τ
[
τ log

(
1/τ

)
− c(1− τ)

]}
.

(8)

Since (1− τ)m > 0 for all m ≥ 1, the sign of ∆m is the sign of the bracket in (8).

Numerical positivity for the given parameters. With τ = 0.3887, θ = 0.627 we have c = 1−θ
1+θ ≈ 0.229 and hence

τ − c ≈ 0.3887− 0.2293 = 0.1594 > 0,

τ log(1/τ)− c(1− τ) ≈ 0.3673− 0.1401 = 0.2272 > 0.

All coefficients p0 = 0.5416 and 1− p0 − p1 = 0.37495 are nonnegative. Since every summand inside the braces
of (8) is thus strictly positive for every m ≥ 1, we conclude ∆m > 0 for all m ≥ 1.



Secretary Problem with Predictions and Ordering

Conclusion. ϕm+1 − ϕm = ∆m > 0 for all m ≥ 1 with the stated parameters. Hence (ϕm)m≥1 is strictly
increasing. □


