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Abstract

Mixtures of Bernoulli product distributions are
a simple and widely used latent-variable model,
with applications in e.g. recommendation sys-
tems, crowdsourcing, and medical data analysis.
We consider the problem of reconstructing the
mixture parameters from oracle access to its prob-
ability generating polynomial (PGP), for instance
represented by a probabilistic generating circuit
(PGC). We show that the parameters are uniquely
identifiable for almost all mixtures, and give a ran-
domized algorithm that exactly recovers the mix-
ture weights and component marginals for mix-
tures of r Bernoulli product distributions over n
variables using only O(nr?) oracle queries. The
algorithm repeatedly applies restrictions to O(r)
variables, extracts low-degree coefficients, and
then recovers the parameters using a moment-
based tensor decomposition. To the best of our
knowledge, this is the first exact reconstruction
algorithm in this PGP oracle model with query
complexity linear in n and polynomial in 7.

1. Introduction

Mixtures of product distributions are a simple but surpris-
ingly expressive latent-variable model for unsupervised
learning. Each component is a product distribution, and mix-
ing induces dependencies between coordinates through an
unobserved label. This model has been used across a range
of applications and also serves as a convenient testbed for
developing and analyzing learning algorithms. In this work
we focus on the computational question of how efficiently
such mixtures can be reconstructed when the dimension n
is large.
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Guiding Question. Can mixtures of product distributions
be reconstructed with only O(n) oracle queries?

More concretely, suppose an unknown distribution over
{0,1}™ is a mixture of r product distributions. Is there an
algorithm whose query complexity is essentially linear in n
(assuming 7 is modest compared to n), while still efficiently
recovering all mixture parameters?

Mixtures of product distributions are among the most clas-
sical and widely studied latent-variable models. Each mix-
ture component captures coordinate-wise independence,
while the mixture introduces correlations through an un-
observed (hidden) variable. Beyond their foundational role
in probability and statistics, such models arise naturally in
many modern applications. For example, they appear in
image recognition, population genetics, recommendation
systems, medical imaging, and crowdsourcing, among oth-
ers (Pritchard et al., 2000; Juan & Vidal, 2004; Tomozei
& Massoulié, 2014; Dawid & Skene, 1979). In fact, it is
known that any boolean distribution can be represented as a
mixture of Bernoulli product components (Grim, 2006).

In this work, we revisit the learning problem from an al-
gebraic/symbolic point of view. Instead of relying solely
on sample access, we consider a symbolic setting in which
the distribution is presented through its probability generat-
ing polynomial ' (PGP) in a compact representation. This
access allows us to compute low-degree multilinear coef-
ficients efficiently (equivalently, low-order moments), and
enables a reconstruction strategy that is explicitly coefficient-
driven. This perspective connects distribution learning with
polynomial reconstruction and suggests new routes to fast
and explicit algorithms in structured access models. A po-
tential application of such a scenario is the case when we
have already learned a probabilistic generating circuit (PGC)
(Zhang et al., 2021). While such a representation supports
tractable marginalization, we cannot simply read off the
parameters of the mixture from the PGC, since it might
store the PGP in a different, more efficient way, for instance,
using DPPs as subcircuits. Our work extends the tractable
operations that are available for PGC, in the spirit of Vergari
et al. (2021), by adding parameter reconstruction with linear
query complexity to the toolbox. This is essential as recov-

!Since the joint distribution has finite support, PGP is the same
as the probability generating function (PGF).
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Figure 1. The tabular distribution represented as both: A proba-
bility generating polynomial p, and the probabilistic generating
circuit.

ery of parameters enables us to answer all sorts of inference
queries helping us reason about the data.

Model. We study mixtures of Bernoulli product distribu-
tions. An r-component mixture on variables 1, ..., x, can
be written via its PGP as

n

fan,mn) = > s [J((0=pij)zs +pig). (D)
=1

Jj=1

Here for alli € [r], u; > O and > .., p; = 1. Fur-
ther, p;; € [0,1] for all i € [r],j € [n], and denote the
marginal probability of z; = 1 in component 7. For alge-
braic convenience, we will often work with the equivalent
re-parameterization (1 — p;;)z; + pij = 1+ t;;2,;. We can
formalize the above PGP-access model via probabilistic
generating circuits (PGCs), which compute the polynomial
f compactly. We are allowed to query the circuit beyond
{0,1}™.

Why probabilistic generating circuits? A convenient way
to represent a high-dimensional distribution over binary
variables is through its probability generating polynomial,
whose coefficients encode all joint probabilities, as shown
in Figure 1. While this polynomial has exponentially many
coefficients, recent work has shown that many structured
distributions admit a compact representation as a probabilis-
tic generating circuit (PGC): a directed acyclic computation
graph that evaluates the generating polynomial efficiently
(Zhang et al., 2021; Harviainen et al., 2023; Agarwal &
Bliser, 2024).

PGCs form a tractable probabilistic model class while
also being expressive enough to subsume several classi-
cal tractable families including decomposable probabilistic
circuits (PCs) and determinantal point processes (DPPs)
(Zhang et al., 2021). PGCs sit within a growing view of
tractable probabilistic models as succinct representations of
multilinear polynomial semantics (Broadrick et al., 2025),
where different polynomial encodings (network, likelihood,
generating, etc.) can often be related by efficient transfor-
mations (Broadrick et al., 2024). Hence, our results transfer
to other means of access to the distribution probabilities,
for instance, through a probabilistic circuit (PC) (Poon &
Domingos, 2011; Choi et al., 2020). Furthermore, there

has been substantial recent progress on improving both the
learnability and scalability of such circuits, and practical
algorithms for learning them from data are now available
(Liu et al., 2024a; Gala et al., 2024; Zhang et al., 2025). A
key advantage of these models is that they support exact
inference queries efficiently, which makes them particularly
attractive in applications where reliable probabilistic reason-
ing is important. Not only that, they have also been used in
control and alignment of deep generative models (Liu et al.,
2024b; Zhang et al., 2024) among other applications (Saad
et al., 2021; Wedenig et al., 2024).

1.1. Our results

As our main result, we give an algorithm for recovering the
parameters of a mixture of Bernoulli product distributions,
as given by Equation 1. We assume that we have a query
access to the PGP representing the distribution, for instance
via PGCs. Further, for any hope of practical recovery, the
parameters of the distribution are assumed to be implicitly
specified upto a fixed precision. Our algorithm is designed
for the “generic” setting. Gyllenberg et al. (1994) showed
that mixtures of Bernoulli product distributions are nontriv-
ially non-identifiable, i.e., there exists more than one set of
parameter tuples (ignoring permutations of mixture compo-
nents or coincident component distributions) that agree with
the observed data. However, Allman et al. (2009) showed
that the set of these non-identifiable parameters can be char-
acterized through algebraic conditions and form a set of
measure zero within the parameter space. (In algebraic ge-
ometry, this is called a Zariski-closed set, see Vakil, 2025.)
Hence, we can “almost always” identify the parameters of
models originating in practice.

Remark 1.1. In the generic setting, we assume that p;; #
0,1foralli € [r] and j € [m] in Equation 1. This is a nat-
ural non-degeneracy assumption for mixtures of Bernoulli
distributions. Formally, the set of parameters for which
pi; € {0,1} for some 4, j is given by a set of algebraic
conditions, namely (p;; — 1)p;; = 0.

To the best of our knowledge, we provide the first algorithm
for reconstruction of parameters of a mixture of Bernoulli
product distributions such that the required number of
queries is linear in the number of variables and quadratic
in the number of mixtures r, assuming the aforementioned
genericity conditions. In addition, the algorithm recovers
the parameters of the distribution given by the PGP exactly.
Secondly, while inference queries like marginalization are
known to be tractable for PGCs (Zhang et al., 2021), we
expand the toolbox of efficient operations on PGCs (equiv-
alently, probabilistic circuits), by demonstrating efficient
parameter recovery in this setting. We now state our main
result.

Theorem 1.2. Given oracle access to a PGP representing
mixture of Bernoulli product distributions as shown in (1),
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we give an algorithm that reconstructs the exact parameters
in O(nr?) queries in the generic setting.

Remark 1.3. If we have oracle access to the PGP the algo-
rithm has a runtime of O(nr‘““”). In general, the running
time also includes an additive factor of O(ner) where s is
the size of the representation of the PGP.

Remark 1.4. For practical recovery, we assume that the
parameters are specified upto y fractional bits. Formally, for
any input parameters a, b, |a — b| < 277. Further, the oracle
is robust to precision losses due to marginalization, i.e., for
a query with n — k random variables set to 1 in (1), the
output is a value with precision bounded by 2~ (k+1)r+logr
or logr 4 (k + 1)~ fractional bits.

A key technical ingredient—of independent interest—is
an algebraic method to recover missing entries from off-
diagonal moments, avoiding matrix-completion style rou-
tines (see Proposition E.1).

Remark 1.5. We only assume query access to the PGP/PGC
and can’t inspect the internal structure of the circuit. To our
knowledge, no known algorithm using the circuit structure
would improve the running time of our algorithm, since a
PGC can store the PGP in a completely different way than
the standard sum of products representation.

Remark 1.6. Determining the fan-in r from black-box ac-
cess to f amounts to recovering 7 as a function of the hidden
parameters (e.g., via the Jacobian with respect to yi; and ; ;).
In the worst case, this task is computationally hard: even de-
ciding whether f admits such a representation with fan-in at
most 7 is known to be NP-hard (as it subsumes tensor-rank),
as shown in Hastad (1990). These lower bounds rely on
carefully constructed instances and do not reflect the generic
regime we study. Indeed, as a corollary of our results, we
can compute 7 in polynomial time (for r < (n — 1)/4, in
the generic setting) by enumerating candidate values of r,
running our reconstruction algorithm, and certifying the out-
put via polynomial identity testing by comparing values up
to logr + nlog < bits.

Genericity. We prove reconstruction in a distribution-free
generic sense: the relevant Jacobian (or, equivalently, an
appropriate collection of its maximal minors) is not identi-
cally zero as a polynomial in the parameters, so the set of
parameters where our identifiability condition fails lies in a
proper algebraic variety. Equivalently, under any continu-
ous parameter distribution, this non-degeneracy condition
holds with probability 1. Importantly, this argument does
not constrain the mixture weights p;. An important thing
to note is the following: since we are doing zeroness tests
over numerical values, it is important to ensure that we
have a “large” enough set to pick these random values from.
In other words, the total degree A of the zero polynomial
should be such that A << 27. We call this the numerical
genericity condition.

1.2. Related works

Learning mixtures of product distributions. Learning
such mixtures goes back to the classical EM algorithm of
Dempster et al. (1977), and early complexity-theoretic in-
vestigations by Kearns et al. (1994) and Dasgupta (1999).
Efficient PAC-style algorithms for mixtures of discrete dis-
tributions were developed in Feldman et al. (2008), with
subsequent improvements in more structured regimes, e.g.,
under separation assumptions (Chaudhuri & Rao, 2008), and
via faster spectral/tensor methods (Chen & Moitra, 2019).
Much of this literature focuses on recovering a distribu-
tion close to the truth rather than the exact parameters, and
typically runs in time nP°" (") which quickly becomes im-
practical as r grows.

More recently, there has been progress on the identification
problem of recovering a model close enough to the true
model in the parameter space under additional assumptions.
Gordon et al. (2021) gave a 20(r*)pO(r) algorithm for learn-
ing mixtures of r products from approximate multilinear
moments under separability conditions, further refined in
Gordon et al. (2024). In their work, they assume that the
moments are given to them through an oracle access. In
particular, under certain “separability conditions” they even
give a n200?) running time. While this is linear in n, the al-
gorithm gets impractical even for moderate 7. In a different
direction, Jain & Oh (2014) obtained a polynomial-time al-
gorithm with running time poly(n, r) under a structured set-
ting where the components satisfy certain well-conditioning
assumptions. While polynomial, the dependence on n is
far from linear, and the approach relies on nontrivial linear-
algebraic subroutines.

Algorithmically, a recurring theme is to exploit low-order
moments (often second- and third-order) and perform a
recovery step from these statistics, as in the general method-
of-moments framework for latent-variable models (Anand-
kumar et al., 2014) using tensor decomposition tools such as
the tensor power method (De Lathauwer et al., 2000). In the
sample-based setting, moment estimation incurs sampling
error; moreover, for Bernoulli product mixtures, Jain & Oh
(2014) show that off-diagonal moment information alone
does not directly provide the diagonal statistics needed for
parameter recovery, motivating additional procedures such
as matrix completion and least-squares based recovery.

A circuit reconstruction viewpoint. A second, comple-
mentary perspective comes from algebraic complexity the-
ory. The probability generating polynomial of a mixture
of Bernoulli product distributions admits a depth-3 sum-of-
products representation (as in (1)), with top fan-in equal to
the number of mixture components 7. This links our setting
to the literature on reconstructing structured polynomials
from oracle (black-box) access. In the worst case, how-
ever, reconstruction for general depth-3 circuits is known
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to be highly expensive even for constant r: for example,
Bhargava et al. (2020, Theorem 1.6) gives a randomized
10

algorithm with running time n”"  for depth-3 multilinear
circuits. Subsequent results obtain polynomial-time guaran-
tees in certain restricted regimes (Kayal & Saha, 2019), and
quasipolynomial-time algorithms for constant r in greater
generality (Saraf et al., 2025), but these bounds remain far
from practical, even for moderately small fan-in 7.

1.3. Our perspective and comparison

Our work sits at the intersection of two viewpoints—
structured distribution learning and symbolic/algebraic
reconstruction—but in a different access model: we assume
the mixture is given through its probability generating poly-
nomial in a compact representation, formalized as a PGP
oracle or via PGCs (Zhang et al., 2021; Broadrick et al.,
2024; Agarwal & Bliser, 2024) or similar tractable models.
An application scenario is the case where we have already
learned the PGC and now want to reconstruct the parame-
ters, which one cannot read off from the circuit, since the
learned circuits can have a structure that is different from
the standard encoding as a sum of products, In particular,
PGCs are even allowed to use negative weights, or can have
determinantal circuits as subroutines (Zhang et al., 2021).
Compared to worst-case circuit reconstruction, we bene-
fit from working in a generic identifiability regime, which
is a reasonable scenario for machine learning applications
(Allman et al., 2009). Second, the PGP/PGC representation
provides efficient symbolic access to low-degree coefficients.
Once the PGC is learned, we have symbolic access to the
PGP of the learned distribution. In this way, we work in
an inference-oracle (noiseless) model: rather than receiv-
ing random samples, the learner can query the underlying
generating object to obtain exact low-degree coefficients /
moment information. This aligns more closely with classical
query learning (Angluin, 1988) and with mixture-learning
works that assume oracle access to the target distribution.

We utilize these low-degree multilinear coefficients (equiv-
alently, lower-order moments) in two ways. First, unlike
the standard sample-based setting, we can obtain the rele-
vant moments exactly from the representation, eliminating
sampling error in the reconstruction pipeline. Second, we
show that (in a generic sense) projections to a small number
of variables preserve the underlying mixture/circuit struc-
ture, allowing us to learn the model on low-dimensional
restrictions and stitch together the full solution across all
n variables. In the same spirit as Jain & Oh (2014), we
address the issue of recovering diagonal information from
off-diagonal statistics. In the generic setting, this step ad-
mits a particularly efficient algebraic solution, avoiding the
need for matrix completion or least-squares style procedures
allowing us to prove Theorem 1.2.

Comparison with other linear time algorithms. (Rabani
et al., 2014) study mixtures of arbitrary (unstructured) distri-
butions over a discrete domain [N], where N is the domain
size (e.g., vocabulary size), and their positive results rely on
multi-snapshot (“aperture”) samples (several i.i.d. draws
from the same hidden component). In our setting, a single
observation lies in {0, 1}, so the ambient domain has size
2"™; thus, mapping our problem into their framework would
correspond to N = 2", making their near-linear dependence
on N exponential in 7 in our case.

Gordon et al. (2021; 2024) consider source identification
for mixtures of r product distributions on n observable bits
from conventional i.i.d. samples, taking as input empirical
estimates of multilinear moments g(.5) = E[X ] up to or-
der |S| < 3r — 3. Their reported (post-sampling) runtime
is, in general, 200*) . nO(") arithmetic operations. Their
strongest linear-in-n runtime regime requires a quantitative
(-separation condition on the observables, and even then
the runtime includes a factor 20(7'2), which renders the al-
gorithm impractical even for moderate 7.

2. Proof idea and algorithm overview

We are given oracle access to the probability generating
polynomial (PGP) f(z1,...,2n) = Yy i [1j—y ((1 -
Dij)x; + pij), equivalently represented by a probabilistic
generating circuit (PGC). Our goal is to exactly recover the
weights {u;}{_; and marginals {p;;};—}”_ using as few
oracle queries as possible.

Preprocessing and genericity. We first apply a preprocess-
ing step to remove variables that do not appear in the PGP
and to factor out any linear terms that are common to all
mixture components, both of which can be detected using
only O(n) oracle queries; see Appendix A. Hereon, our
guarantees hold under mild genericity assumptions (hold-
ing for almost all parameter choices) on the parameters p;;,
which rule out degenerate cases such as identical mixture
components or parameters lying on a proper algebraic sub-
variety. In particular, our algorithm doesn’t require any
restrictions on the mixture weights ;.

A key challenge now is that we cannot work with all n
variables at once. Instead, our algorithm repeatedly restricts
the PGP to only m = O(r) variables (keeping the rest fixed),
solves the reconstruction problem in this low-dimensional
projection, and then stitches the solutions across blocks to
recover all n coordinates. This approach requires resolving
two conceptual issues:

(1) Small restrictions must preserve fan-in ». When we
restrict to a subset of variables, it is not a priori clear that
the resulting polynomial still corresponds to a mixture of
r distinct product components; in principle, different com-
ponents could collapse and the effective fan-in could drop
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below r. To rule this out, we study the coefficient map
induced by a restriction and show that, for almost all param-
eter choices, the restricted PGP cannot be represented as a
mixture of fewer than r products. Technically, we formalize
this via a Jacobian rank separation argument: even though
the Jacobian is not full rank in our setting, its rank is prov-
ably larger for an r-mixture than for an (r — 1)-mixture,
which certifies that the restriction preserves the mixture size
generically, see Appendix C.

(2) Identifiability and exact recovery from low-order co-
efficients. Once a restriction preserves fan-in r, we must
recover the parameters from that restricted instance. Oracle
access to the PGP allows us to extract low-degree multilinear
coefficients exactly via interpolation using only polynomi-
ally many queries in m (hence polynomial in ). These low-
degree coefficients can be organized as second- and third-
order moment objects of the restricted model, leading to a
structured low-rank tensor of the form 7' = Y. ; u?g.
We then apply a moment-based tensor decomposition rou-
tine (whitening followed by a tensor power method) to re-
cover the vectors u; and weights w; (up to permutation);
see Section 4.2 and Algorithm 2. To justify correctness,
we show in Appendix G that the resulting rank-r tensor
decomposition is generically unique (up to permutation and
scaling) via Kruskal’s theorem, ensuring that the recovered
components correspond to the true mixture parameters.

A technical obstacle in prior spectral/sample-based ap-
proaches is that the required low-rank moment matrix/tensor
cannot be read off directly from observed moments because
certain diagonal blocks are missing; these are typically han-
dled via matrix completion or least-squares optimization.
In contrast, in our generic setting we recover the missing
diagonal statistics algebraically by exploiting the fact that
the relevant moment matrix has rank at most r, so every
(r 4+ 1) x (r + 1) minor vanishes. Choosing a minor that
contains exactly one unknown diagonal entry gives a single
linear equation in that entry, which we can solve in closed
form without any numerical optimization. See Section 4.1
and Algorithm 1.

Stitching across blocks. A single restriction to m = O(r)
variables only reveals the parameters on those coordinates,
and even within one block the recovered components are a
priori defined only up to permutation (and scaling). How-
ever, it can be shown that the relevant rank-r tensor decom-
position is generically unique, so the restricted parameters
are well-defined up to a permutation of components. You
can find the proof in Appendix G. To recover the full ma-
trix (p;;) over all n variables, we partition the variables
into blocks of size m = O(r) and reconstruct the restricted
parameters blockwise. Since each block recovery is only de-
fined up to a permutation of components, we align these per-
mutations globally using either the mixture weights (when

distinct) or by adding a small number of anchor variables
to later blocks to avoid collisions (see Appendix H for the
full technical argument). This yields exact global parameter
recovery with query complexity linear in n and per-block
cost polynomial in r.

3. Small restrictions preserve mixture size

In this work, we provide an efficient randomized algorithm
to learn the parameters of the distribution. One key compo-
nent of the algorithm is to project down to a few variables
and then learn the parameters from that small projection. For
this strategy to work, we must ensure that such restrictions
do not collapse the mixture structure—in particular, that
the fan-in remains . We show below that such a structural
relation always holds in the generic setting.

3.1. Small restriction

After preprocessing the input (see Appendix A), we may
assume w.l.0.g. that f has no nontrivial common factor and
that every variable appears in f.

To simplify the parametrization, we apply the shift z; —
xj + 1forall j € [n]in (1). Since we have oracle access to
the PGP, we can evaluate the shifted polynomial by querying
f at translated inputs. Define f(xl, ceyXp) = flxr +
1, ey Ty + 1) = Z::l i H;‘Ll((l — pij)xj + 1) For
convenience, we write ¢;; := 1 — p;;, so that each factor
becomes t;;x; + 1. Note that after this shift the linear forms
are no longer normalized (their coefficients need not sum to
1), but this normalization is not required for our arguments.

Next choose an alive set A C [n] of size m, and let
F := [n] \ A be the set of fixed variables. We empha-
size that the choice of A can be completely determinis-
tic; our guarantees rely on the genericity over the parame-
ters {t,; } rather than on the randomness in the restriction.
Permuting indices if needed, assume A = {1,2,... ,m}.
We set the fixed variables to 1, i.e., zp = 1 := (1);ep,
and obtain an m-variate polynomial ha(z1,...,Ty) =
f(itl, ey Timy, 1, ey 1) = Z::1 j2% H;.n:l(tijxj + 1)
From now on we relabel h 4 as h, so we work with
T m
com) =Y i [ [t +1), @)

i=1 =1

h(3}1, cen

where 0 < ?;; < 1 (by Remark 1.1).

The polynomial A is multilinear in z1, ..., z,,. Once we
have h, we compute symbolic rank of the Jacobian (see
Appendix B for a primer) to argue about the preservation of
mixture size.

Intuition. Fix an alive set A of size m and view the co-
efficient vector C' = (cs)sc(m) of h as a function of the
hidden parameters V' := {p;}icr) U {tij }icr, jem)- This
defines a polynomial map from parameters to observable co-
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efficients. An r-mixture has more degrees of freedom than
an (r — 1)-mixture, so generically its image has larger local
dimension. We certify this separation by lower-bounding
the symbolic rank of the Jacobian: generically, an r-mixture
produces a strictly higher Jacobian rank than any (r — 1)-
mixture under the same restriction, so the restricted instance
still has mixture size 7.

For any S C [m)], the coefficient of the monomial zg :=
[[jes;is given by cs = >0 pi [[jeq tiy. Let C =
(es)scim] € K2 denote the vector of all coefficients. We
only concern ourselves with real distributions and hence
K =R. Foreachi € [r] and S C [m],

Jdcs Ocs
o H tij, ot i - Lgpesy H tij-
Hi jes it jes\{}

Viewing the coefficients {cs} as polynomials in the pa-
rameter set V', we form the Jacobian matrix J,. (as defined
in Equation 7) with 2™ rows indexed by S C [m] and
r(m + 1) columns indexed by variables v € V, with entries

._ 0
s = G2

Let M, denote the submatrix of J,. obtained by restricting
to the columns indexed by {Zi¢}ic[r), ee[m and to the rows
indexed by S # (. Thus M, has size (2™ — 1) x (mr).
In J,, the p-columns contribute at most r additional rank,
while the row S = () contributes one to the rank (because
Ocy/Ou; = 1 for all i and dey/Ot;p = 0). Therefore,

1+ rank(M,) < rank(J,) < r+rank(M,). (3)

Hence, it suffices to determine rank(M,.). In fact, we can
show that rank(M,.) = rm in the generic setting (see Ap-
pendix C for the full proof). Thus, we get

rm+1 < rank(J,) < rm—+r. 4)

Separating r from r — 1. Once we have the above relation,
we can separate J,. from J,._; using the rank bounds. For
m > r + 1, the lower bound (4) gives rank(J,.) > rm + 1.
On the other hand, applying (3) to an (r — 1)-mixture yields
rank(J,_1) < (r—1)+rank(M,_1) < (r—1)+(r—1)m,
since M,._1 has at most (r — 1)m columns. Because m >
r+1,wehaverm+1 > (r—1)m+ (r — 1), and hence
the Jacobian ranks of the r- and (r — 1)-mixture models are
separated. This leads us to the following proposition:

Proposition 3.1. For m > r + 1, in the generic setting,
restricting to any alive set of size m does not reduce the top
fan-in of the PGC, i.e., the mixture size remains r.

4. Moment methods to recover parameters

Anandkumar et al. (2014) introduced the method-of-
moments framework for estimating parameters in a broad

class of latent-variable models. A key observation is that, for
many such models, low-order moments (or cross-moments)
admit a low-rank tensor structure. For instance, in the single-
topic model, these moments form a symmetric tensor and,
in certain regimes, even a symmetric orthogonally decom-
posable tensor (cf. Anandkumar et al. (2014, Theorem 3.1)).
Concretely, the second- and third-order moments take the
form

My = ZM a; @ ay, (5)

i=1

My =) i ® 0 @ i, (©)

i=1
where j1; € R, a; € R* for all i € [r], for some k € N.

To recover the parameters from these moments, one typi-
cally assumes a mild non-degeneracy condition: the vec-
tors aq,...,q, are linearly independent (and u; # 0).
This implies that rank(M2) = r, and moreover that
rankcp (Ms) = r, where rankcp (+) denotes CP rank (see
Kolda & Bader (2009)). When such non-degeneracy con-
ditions fail, learning is conjectured to be computationally
hard; see Mossel & Roch (2005); Moitra & Valiant (2010).
Remark 4.1. The linear independence of o, . . ., a, holds
generically: the set of parameter choices for which the
vectors become linearly dependent is characterized by the
vanishing of all r X r minors of the k x r matrix (aq| - - - |a),
and hence forms a proper algebraic subset. In particular,
this condition holds in our setting as well.

The recovery task can be reduced to a tensor decomposition
problem. For Ms, (5) corresponds to the eigendecomposi-
tion of a rank-r symmetric matrix. While matrix eigende-
compositions are well understood, tensor decompositions
are not unique in general. However, after whitening using
Mo, the third-order moment becomes an orthogonally de-
composable symmetric tensor, and its components can be
recovered using the tensor power method (and its robust
variants) as in Anandkumar et al. (2014). In our work, we
use this tensor-decomposition routine as a black box after
extracting My and M3 exactly from the PGP/PGC represen-
tation. We now briefly outline the full procedure.

4.1. Extracting moments using PGC

Recall that for any random restriction of size m, we can
view the restricted distribution as encoded by the restricted
PGP h (cf. Equation 2). As discussed above, throughout we
assume that the vectors oy, . . ., o, are linearly independent.

In the polynomial &, the degree-two terms are exactly the co-
efficients of monomials x;x; for ¢ # j, and the degree-three
terms are exactly the coefficients of monomials x;x ;x5 with
pairwise distinct indices. Given a PGP such coefficients
can be recovered by a standard interpolation procedure (see
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Appendix D). Hence, using Lemma D.1, we can recover all
such coefficients in time O(m?). Thus, we obtain all en-
tries (M3);,; for ¢ # j and all entries (M3)q 5, for pairwise
distinct a, b, ¢ € [m].

Remark 4.2. We query the PGP only for interpolating the
coefficients on these small restrictions.

However, to apply the method of moments, we require the
full objects My and M3, and not just the “off-diagonal”
entries. For example, the (1,1) entry of M, equals:
(Ma)1g = D opeq e 041%,1- We cannot recover this quantity
from interpolation, since the restricted PGP h is multilinear
and hence does not contain monomials such as % (or, more
generally, monomials with repeated indices).

In sample-based settings, such missing diagonal (or
repeated-index) statistics are typically handled using nu-
merical estimation or optimization procedures. In fact, this
issue is well-studied for mixtures of Bernoulli product dis-
tributions. Jain & Oh (2014) formulate recovery of the
diagonal entries of M5 as a matrix completion problem, and
give an alternating minimization algorithm that can exactly
recover the diagonal when provided exact off-diagonal en-
tries. For M3, instead of computing it exactly, they estimate
a whitened version of M3 via a least-squares method using
only the off-diagonal entries. While their algorithm runs
in time poly(n, r), the dependence is not linear, and it also
requires M> to be sufficiently well-conditioned.

In contrast, we show that in the “generic” setting, we can
recover the missing entries of both M, and M3 exactly
and efficiently using a purely algebraic procedure. Intu-
itively, since we have only r mixture components, we have
rank(Ms) < r, and similarly every mode-flattening of M3
has rank at most . Therefore, all (r + 1) x (r + 1) minors
of M> (and of each flattening of M3) must vanish. By care-
fully choosing such submatrices so that they contain exactly
one unknown entry, each vanishing determinant yields a
linear equation in that unknown entry, which we can solve
in closed form. Accounting for the required precision, this
allows us to recover all missing entries of both My and M3
in total time O(r***), where w is the matrix multiplication
exponent abd O(-) is the standard variant of O(-) which
subsumes polylogarithmic factors. We defer the technical
details to Appendix E, and we summarize the moment ex-
traction procedure in Algorithm 1.

4.2. Reconstructing the parameters

We first fix a restriction of size m. Then, as described above,
we recover My and M3 exactly. We now briefly describe
how we can learn the parameters using the approach of
Anandkumar et al. (2014).

Since M, is a real symmetric m X m matrix of rank r, it
admits an eigendecomposition M, = 2221 d; uzu;r =

Algorithm 1 Moment extraction

1: Input: PGP f(z1,...,%n)

2: Output: Moment objects Ma, M3

3: Use Lemma D.1 to obtain all off-diagonal entries of M> and
all entries of M3 with pairwise distinct indices.

4: Recover the diagonal entries of M (via vanishing (r+1) x
(r+1) minors), as shown in Section E.1.

5: Use vanishing minors of the mode-flattenings of M3 to re-
cover all its remaining entries.

UDUT, where U € R™*" has orthonormal columns, and
D e R"™7 is diagonal with the (non-zero) eigenvalues
dy,...,d,.. We use this eigendecomposition to define a
whitening matrix W € R™*" such that W T MW = I,..
Concretely, define W = UD~'/2, Clearly, W M,W =
I,.. From Appendix E, we know that Ms has entries of
atmost v/ = O(r(logr + v)) = O(r?logn) fractional
bits. Hence, recovering W upto " many fractional bits re-
quires time O(r‘““) using well-known eigendecomposition
bounds (Golub & Van Loan (2013)).

Moreover, using M, = 22:1 picvie, we have
WIMW = Y (Wha)(Whay)T =

S (VE W) (VW a) . Now set & =
Vi W a; € R". Then, I, = Y|, &4, .

Since there are exactly r vectors in R" and the above sum
has full rank, the vectors &4, ..., &, form an orthonormal
basis. Recall that M3 = Y7, ,uia??’, where M3 is an
m X m X m tensor. We now whiten M3 using WV to obtain a
smaller 7 x 7 x 7 tensor: Mz := S1_, ju; (WTa;)®% =
S, LA,

To compute M; from Ms, we need to multiply M3
with W along all three modes, i.e., (Mg)abc =
> Z;n:l Sy Wi aW; s We o(M3);50.  Naively, this
computation would take will lead to a cubic overhead in m.
However, we can speed up the whitening using a careful or-
dering of multiplications (see Appendix F), obtaining Ms in
time O (r*m® +r*m?+rm) with precision of O(r? log n)
fractional bits.

Once we have Mj, we apply the robust tensor power method
of Anandkumar et al. (2014). For any target precision of
e fractional bits and any fixed constant § > 0, their algo-
rithm runs in time O(r°*°(log r + log€)), to extract all r
eigenvector—eigenvalue pairs, even with repeated eigenval-
ues. For our precision parameters, this implies a running
time of O(r>+9).

Finally, using Anandkumar et al. (2014, Theorems 4.1
and 4.3), the robust eigenvectors of Ms are precisely the
vectors ¢;, with corresponding eigenvalues \; = 1/,/11;.
Thus, we can recover u; = 1/ )\12. Moreover, since
G = /i WTa;, we can recover «; via the Moore—
Penrose pseudoinverse of W ': oy = (W T)T(1/ /i)
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Algorithm 2 Recovering parameters from moments

Algorithm 3 Main Algorithm

1: Input: Moment objects M2, Ms.

2: Output: Parameters { (i, ;) }i—1.

3: Compute the eigendecomposition Ms = UDU ' and set
W =UD""2

4: Whiten Mj to obtain Mz = Ms(W, W, W).

5: Run the tensor power method on Ms to obtain robust eigen-
pairs (A;, &;).

6: Set y1; = 1/A7 and recover a; = (W) (&i//1q).

Here we use that each «; lies in the column span of M5, so
the above inversion is well-defined on the relevant subspace.
Accounting for precision, it is known that the complexity
of computing the pseudoinverse of an m x r matrix (with
m > r)is O(mr4) (Golub & Van Loan (2013)). We know
that the input parameters only have precision 7. As we
will see later, we only need v = O(rlogn) and hence
the algorithm recovers them precisely since we were main-
taining all intermediate values upto precision O(r2 logn).
Finally, since m = O(r) suffices, the runtime for these
linear-algebraic operations is dominated by O(TG) since
we can choose 0 < § < 1. We describe the procedure in
Algorithm 2.

4.3. Analysis of the algorithm

We summarize our full procedure in Algorithm 3. By the
above discussion, using Anandkumar et al. (2014) and our
preprocessing step (see Appendix A), we have three main
steps: first we recover My, M3 fully after extracting the
missing entries, we then obtain the whitening matrix W
from M5 and use it to produce Ms, and we then finally run
the tensor power method on Ms to recover the parameters
s, ;. If we do not use projections, then in settings where
n sufficiently dominates r, the first and second step both
incur a cubic blowup in n, which is practically inefficient
when n is large. On the other hand, Jain & Oh (2014) use a
matrix completion approach to recover the diagonal entries
of the lower-order moments and obtain a runtime that is
polynomially dependent on n, r, and the condition number
01(Ms) /o, (M), where o;(Ms) denotes the i-th singular
value of M.

Running Time. However, if we use our “genericity” con-
ditions along with small projections, then using Proposi-
tion 3.1 and the subsequent discussion, we obtain a signif-
icantly faster algorithm. As we saw above, we only need
m = O(r). Analysing the runtime of all the steps in the
oracle access model: O(nr) for preprocessing, O(r““’) for
recovering the moments exactly for each restriction, and
then O(T’G) for recovering yu;, cv; for any restriction. Instead
of running the above analysis on n-dimensional moments,
we run it on restrictions of size m with m = O(r), and
hence we need to perform this procedure for only n/m

Input: PGP of f
Output: Parameters p;, o forall ¢ € [r],j € [n].
Use Algorithm 4 to preprocess the input.
Setm = 4r + 1.
for i from 1 to | - | do
Pick restriction S; of size m containing variables
Ti, ..., Titm—1 such that » — 1 ”identifying” variables (us-
ing Lemma H.2) are always selected except when ¢ = 1.
{For ¢ = | - | pick all the variables until z.}
7:  Use Algorithm 1 to recover the moments.
8:  Use Algorithm 2 to recover the parameters u;, o;; for i €
[r],5 €8S.
9: end for
10: Stitch together the parameters recovered in each S; to get
complete reconstruction.

AR A

blocks. Combining all this, we obtain a total running time
of O(n/m - (r% + r*t) + nr) = O(nr**t*) due to the
trivial w > 2 lower bound for matrix multiplication. In the
general setting, where each query takes time O(s) (where
s is the size of the representation), the runtime includes an
additive factor of O(nsr?).

Query Complexity. In our algorithm, we only query the
oracle during preprocessing and for recovering the second
and third order moments. Using Appendices A, E and m =
O(r), in total we need O(n + Zm?) = O(nr?) queries.

Numerical Stability. The algorithm recovers the parame-
ters specified up to +y fractional bits exactly under the gener-
icity condition. Here, the value of v depends on the nu-
merical genericity conditions under which the algorithm
operates. In particular, our algorithm operates correctly
when v = Q(rlogn). First note that a generic condition
specified by two polynomials P = 0, = 0 is equiv-
alent to a generic condition specified by the polynomial
H = P-Q =0, where deg(H) = deg(P) +deg(Q). Now,
the first generic condition we need is p;;(1 — p;;) = 0 for
alli € [r],j € [m], giving a polynomial of degree 2rn. Sec-
ondly, the Jacobian criterion fails when all 7m x rm minors
of the Jacobian matrix vanish, giving a polynomial of degree
(Mrm? = O(r®n") using m = O(r). Finally, to recon-
struct the p;s, a;8, we need linear independence of the «;s,
which means all r-sized minors of the matrix formed by ;s
should be zero, giving a polynomial of degree (Z)r Hence,
our algorithm works only outside the zeroset of a polynomial
of degree A = O(2nr +n"r3+n"r) = O(n"r®) = O(n")
when n sufficiently dominates r. Hence, by Lemma A.1, we
need the parameters to come from a set of size atleast twice
this size, i.e., 27 > O(n"), and hence v = Q(r logn).

Further, our algorithm relies on the tensor power method as
used in Anandkumar et al. (2014). In their work, they show
that the method has a quadratic rate of convergence if we
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start with a “good” vector. Formally, if e; denotes the error
atiteration ¢, then one has a recurrence of the form ||e;41 || <
C|le¢||* for some constant 0 < C' < 1. In particular, the
error decays doubly-exponentially with ¢t. Hence, we have
the log v dependence on runtime. However, we still need to
get this “good” starting vector §. Anandkumar et al. (2014)
show that with probability > 1 — n, we can get such a
6 in r'+%1og 1/n iterations. They also show that in log r
iterations, starting from 6 we get 6" which is a vector that is
in the zone of quadratic convergence. Finally, we need to
do this for all r eigenvectors.

Separation of parameters. Finally, we will also like to
make the following remark. Gordon et al. (2021) show that
source identification is possible if and only if at least 2r — 1
random variables (RVs) have mixture probabilities {p;; }
that are mutually distinct and separated by e = 27 or y frac-
tional bits. In this case, they give a nO™or® query complex-
ity algorithm for identification. Further, if they have all RVs
e-separated then they can give a O(nTz) query complexity
algorithm. In the same context, if we have all random vari-
ables as e-separated our algorithm will return the parameters
up to e precision in O(nr?) query complexity. When instead
only 2r — 1 random variables are e-separated, our method
performs substantially better than Gordon et al. (2021). An
implication of Lemma H.2 is that if one fixed variable, say
X, is known to be e-separated, then keeping X alive in
every restriction already suffices to distinguish all mixture
components since «; 1 # ;1 forall i # j € [r]. The main
challenge is that we do not know beforehand which vari-
ables are the e-separated ones. In Gordon et al. (2021), this
necessitates a brute-force search over all candidate subsets
of size 2r — 1, giving rise to the n°(") overhead. By contrast,
our algorithm needs only one good variable! So, it suffices
to ensure that X; occurs in the first random restriction we
take, and this can be ensure in % choices of the first restric-
tion.. As aresult, when only 27 — 1 variables are e-separated,
we obtain query complexity O(2 - nr?) = O(n?r) where
each parameter is recovered up to e precision, significantly
improving over their work.

5. Conclusion and future directions

In this work, to the best of our knowledge, we give the
first algorithm that requires linear in n and quadratic in r
queries to exactly learn the parameters defining a mixture
of products of Bernoulli distributions.

We believe that there are many interesting future directions
to consider. One of them is extending this setup to the
noisy setting. Concretely, we can assume some bounded
noise in the PGC outputs and then see how efficiently and
closely we can reconstruct the parameters. Secondly, we
want to explore reconstruction when, on a certain fraction of

inputs, the PGP gives adversarial oracle outputs while being
correct on the remaining queries. Finally, reconstruction
for different types of distributions like mixtures of bounded-
treewidth models, and sparse distributions represented by
PGPs is also an interesting open question.
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A. Pre-processing: Identifying common factors

Since we have oracle access to the probability generating polynomial (PGP), we will rely on standard tools from algebraic
complexity for our algorithm. In particular, we use Polynomial Identity Testing (PIT).

A.1. Polynomial Identity Testing (PIT)

The PIT problem asks whether a given polynomial is identically zero. Explicitly expanding a multivariate polynomial
may require inspecting exponentially many monomials, but PIT can be performed efficiently via randomized evaluation: a
nonzero polynomial remains nonzero under a random substitution with high probability.

Lemma A.1 (Zippel 1979, Schwartz 1980). Let p(x1, ..., 2, ) be a nonzero polynomial of total degree at most d over a
field K. Let S C K be a finite set, and sample aq, . .., a, € S uniformly at random. Then
d

Pr[p(al,...,an) + 0] > 11— E

A.2. Preprocessing step

Given f as in Equation 1, in this step, we reduce the effective number of variables by (i) removing variables that do not
appear in f, and (ii) factoring out any linear term common to all mixture components.

Variables not appearing in f. A variable z; does not appear in f if and only if f(1,...,1) = f(1,...,1,0,1,...,1),
where the 0 occurs in the j-th position. This is because, using Equation 1 and Remark 1.1, f(1,...,1,0,1,...,1) =
i < >oipi = f(1,...,1). Let Shot € [n] be the set of such indices. This can be found using 1 + n queries: first
query f(1,...,1) once, and then query f with z; = 0 and all other variables set to 1 for each j. Note that in our model
(see Remark 1.4) the query f(1,...,1) can have precision 2~ (7+1°87) while a query of the type f(1,...,1,0,1,...,1) can
have precision 2~ (27+1og7)

Common linear factors. Fix j ¢ S, and define the univariate polynomial
gj(z) = f(1,...,1,z,1,...,1).
By Equation 1, g, is affine in  and g;(1) = f(1,...,1) # 0. Set

Dj = 9;(0) and § = B -
g;(1) 1—pj

Then (1 — p;)x; + p; divides f if and only if the polynomial obtained by substituting z; = z; is identically zero:

f(xl, ey L1525, Ljgdy - - ,{I,‘n) =0.

We can test this condition using PIT (Lemma A.1). Let Sy C [n] denote the set of indices for which this test succeeds, and
store the corresponding parameters p; for each j € Sy.

Overall, this preprocessing uses O(n) oracle evaluations and identifies all such common linear factors along with their exact
parameters. Henceforth, whenever we query the PGP, we will set all variables in

Sy 1= Sf U Shot
to 1 and work with the resulting reduced polynomial on [n] \ S.

The details have been summarized in Algorithm 4. In the PIT check in the algorithm, we view
f(z1,...,2j-1,%j,%j+1,. .., Tpn) as a polynomial in the remaining variables and test whether it is identically zero using
Lemma A.1, which is just evaluation of the poynomial at some random points, which is O(1) in the oracle access model,
and O(s) in the general setting, where s is the size of the PGC.

It is easy to see that we only make O(n) queries to the PGP in the algorithm. Further, in each iteration, we do at most one
PIT check. Hence, the query complexity is O(n). The running time is O(n(2y + logr)), or simply O(n - M(y + logr)),
where M (k) is the standard notation to represent multiplication/division operations on k bits. We will later see that the
numerical genericity condition only requires v = O(r log n), hence using standard multiplication algorithms, the running
time becomes O(nr) where O(-) is the standard notation and subsumes log factors. In the general case, the running time
becomes O(nrs).
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Algorithm 4 Preprocessing: removing irrelevant variables and identifying all common factors

1: Input: Oracle access to f(x1,...,ZTn)

2: Output: Syot C [n], Sy C [n], and parameters {p; } jes,
3: Query F «+ f(1,1,...,1)

4: Snot — @, Sf «— @

5: for j =1tondo

6:  Query F; « f(1,...,1, 0 ,1,...,1)

~
j-th

7: if F; = F then

8: Shot < Snot U {j} {x; does not appear in f}

9: else

10: P — F]/F

1: zj < —p;/(1 —p;)

12: if f(z1,...,2j-1,2j,%j41,...,%Tn) = 0 (via Lemma A.1) then

13: Sy« SrU{j}

14: Store parameter p;

15: end if

16:  end if

17: end for

B. Jacobian and symbolic rank

Let® = (®y,...,®;) : K — K be a polynomial map over a field K, and let § = (61, . ..,60,) € K¢ denote the parameter
vector (in our setting, 6 collects parameters such as y; and ¢;;). The Jacobian of ® is the k x d matrix

0P
Jo(0) = ( ) , 7
90y aclk], be[d]

which we view as a symbolic matrix with entries in the polynomial ring K[6]. Its symbolic rank is the rank of Jg () over the
function field K(6), equivalently the largest ¢ such that some ¢ x ¢ minor is not the zero polynomial. In particular, if Jg ()
has full column rank symbolically, then it has full column rank for all parameter values outside a proper Zariski-closed set,
yielding a generic non-degeneracy condition (Vakil, 2025; Leung et al., 2016). When K € {R, C}, full column rank at a
point further implies local injectivity of ® in a neighborhood of that point by the inverse/implicit function theorem (Lee,
2012).

Remark B.1. In our setting, we first apply a restriction to project the PGP to m = O(r) variables, and then view the resulting
low-degree coefficients (e.g., all degree-< 3 coefficients) as polynomial functions of the underlying parameters . This
defines a polynomial map ® from parameters to observable coefficients. We analyze the symbolic Jacobian of this map to
show that it has large rank generically, which in turn implies that the restricted instance remains identifiable for almost all
parameter choices.

C. Rank bound on the Jacobian

In this section we show how we can bound the rank of the Jacobian matrix .J,. formed from the distribution coefficients of a
r-mixture. We demonstrate that there is a separation in these ranks for any 1 # ro. For ease of reading, we begin with the
special case r = 2, which serves as a gentle introduction to the main ideas.

C.1. Toy case: separating r = 2 from r = 1

In this subsection we illustrate the main idea behind our rank-based separation argument by analyzing the smallest nontrivial
case: distinguishing fan-in 2 from fan-in 1. The general rank bound for arbitrary r is proved later.

W.lo.g. let A = [m]. For r = 1, the parameters are y, t1, . . ., t,, (for simplicity), and the Jacobian .J; (with rows indexed by
S C [m] and columns indexed by {1} U {t;} je[m]) has 2" rows and m + 1 columns. In particular, rank(.JJ;) < m + 1, and
in fact, it is easy to show that rank(J;) = m + 1. Consider the (m + 1) x (m + 1) submatrix of .J; obtained by taking rows
indexed by S = 0,{1},...,{m} and columns indexed by u, %1, ..., t,,. This submatrix is upper triangular with diagonal
entries 1, 4, . .., u, and hence has determinant ™ # 0 as a polynomial.

Fact 1. The rank of J; is m + 1.
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For r = 2, the Jacobian J has 2™ rows and 2(m + 1) columns. It has the following form:

w1 op2 oty tim o1, ... tom

cy 1 1 0,...,0 0,...,0
C{1} * * U1,{1} V2,{1}
(®)
Clizy [+ 0¥ V1,{1,2} Y2,{1,2}
Clm] * * U1,[m] V2,[m]
where vy, s denotes the row vector corresponding to derivatives of cg with respect to the variables {tx1, ..., tgm . For
example, for S = {1, 2} we have cg = piti1t12 + potortas, and hence vy g = [pat12 patin 0 --- 0]

We now isolate the contribution of the constant coefficient row cy. Using row operations, we can make all entries in the
first 11-column zero except in the first row. Next, using column operations among the p1, fio columns, we can make the
top entry of the p15-column equal to 0. Since all ¢{-columns have a 0 in the first row, these operations do not affect any vy, s
block. As a result, the rank of Js is at least one more than the rank of the submatrix obtained by restricting to: (i) rows
indexed by nonempty sets S # (), and (ii) columns indexed only by the ¢;;’s.

Proposition C.1. Let M be the submatrix of Jo whose rows are indexed by nonempty S C [m] and whose columns are
indexed by {t;;}ic[2], je[m)- Then
rank(Jy) > 1+ rank(M).

We now lower bound rank (). Group the rows of M according to | S|, and view M in the following block form:

(t1j)jetm)  (t25)jelm)
S| =1 palm p2Im
S| =2 [ mBip p2Ba,2

|S|=m \ p1Bimnm t2Ba

where B; i, is a (7,?) x m matrix whose entries are polynomials in {¢; ; } je[m]- Concretely, the rows of B; j, are the vectors

ivi’g over all k-subsets S C [m)].

Since we only care about rank (and work over a field), we may apply row and column operations; in particular, we may
assume (7 7 0 (otherwise swap the two mixture components). Perform the following column operations: for each j € [m],
replace the column 25, by to; < 12; — Z—f t1;. This makes the singleton block in the (tgj) columns identically zero, while
the 1111, block in the (¢1;) columns remains unchanged. Hence rank(A) > m.

Next consider any doubleton row S = {a, b}. Before the column operation, the entry in this row and the column ¢5,, equals
Latay, while the entry in the same row and the column ¢, equals p1t1p. After the column operation, the new entry in column
toq becomes piotop — ﬁ - (pitip) = pa(tas — t1p), which is a nonzero polynomial. Therefore, the transformed (¢2;) block
contains a nonzero entry in some doubleton row, while all singleton rows have zeros in the (t2;) block. This yields at
least one additional independent direction beyond the m pivots coming from the p; I,,, block, implying rank(M) > m + 1.
Combining with Proposition C.1, we conclude that rank(.J3) > m + 2, separating the r» = 2 case from the r = 1 case.

Fact 2. The rank of .J5 is at least m + 2.

C.2. Rank bound on the Jacobian in the general setting

We now prove rank-separation in the general r case. Recall that the Jacobian J,. has rows indexed by S C [m] and columns
indexed by the parameters {1; }ic,) U {tie}ic|r), ec[m)- Let M denote the submatrix of .J,. obtained by columns indexed by
{tie}ic[r), te[m)> rows indexed by S (except S = ). Thus M has size 2™ — 1 x mr and entries
805
Ms i) = o, M liresy H tij-
JjeS\{¢}
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In J,, the p~columns contribute at most r additional rank, while the row S = ) contributes at least one rank (because
Ocp/Ou; = 1 for all i and Ocy/Ot;p = 0). Therefore,

1+ rank(M) < rank(J.) < 7+ rank(M). )

Hence, it suffices to determine rank ().

A specialization. To lower bound the symbolic rank of M, it is enough to exhibit one assignment of parameters for which
M attains large rank. We specialize to

tij =a;-b; foralli € [r], j € [m], (19)

where a;, b; # 0. (Since we only use this as a witness assignment for rank, the signs are irrelevant; in our model one may
take a;, bj > 0.)

Under (10), for any S C [m] with |S| = k and any ¢ € [m)],
805 o o k—1
o, = Hiluesy I (ab) = wiaf™ 1gesy [ 0
* jes\{} jes\{}

Grouping the rows of M by k = |S|, we can write M in the following block form:

(tlla“'athn) (t217"-7t2m) (trla-"atrm>
|S| =2 piay G p2a2 G prar G
M= : : : : 1
S| =k piah Gy poab Gy, prakf=1Gy, (1
|S| =m /-‘la;n_le MQQ?_le o /fcra;n_le
where for each k € {1,...,m} the matrix Gy, is a (') x m matrix depending only on (b1, ..., by,), with rows indexed by
k-subsets S and columns indexed by ¢ € [m], and entry
(Gr)se = lyesy ]___[ bj.
jes\{¢}
Note that G; = I,,,, and G,,, is a 1 x m row vector with all entries nonzero.
Lemma C.2. Foreveryk € {1,2,...,m — 1}, we have rank(G}y) = m.
Proof. We prove the claim by exhibiting one assignment of (b1, ..., b,,) for which G, has full column rank. Set b; =

-+ =by, = 1. Then (Gy)s,c = 14esy, i-e., G becomes the incidence matrix of k-subsets vs. elements.

Suppose o € K™ satisfies G = 0. Then for every k-subset S C [m] we have ), gy = 0. Fix i # j and choose a set
T C [m]\ {i,j} of size k — 1 (possible since k < m — 1). Apply the constraint to S =T U {i} and S’ = T U {j} and
subtract to obtain a; — ; = 0. Thus all coordinates of « are equal: a; = --- = o, = . Plugging into any constraint
gives ka = 0, hence oo = 0 (over characteristic 0, e.g. R or C). Therefore the nullspace is trivial and rank(Gy) = m. O

Reducing to a Vandermonde structure. By Lemma C.2, for each k € {1,...,m — 1} there exists an invertible matrix

Im
0
independently within each |S| = & block of (11) (and discarding the resulting all-zero rows), we obtain a submatrix M’ of

of row operations Ry, such that R; G}, has the form [ (i.e., its first m rows form I,,,). Applying these row operations
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M with (m — 1) - m + 1 rows and rm columns of the form

(tlla"'atlm) (t217"'7t2m) (trlw"atrm)
k=1 /~L1Im ,UfQIm c MrIm
k=2 :ulal—[m /'L2a2Im e M’r’arIm
M = : : : : (12)
k=m-1 ulaT_QIm ,uga;"_QIm e pra™ 21,
k=m pa G poay "t pra™ G

where @ is a fixed nonzero m x 1 vector (coming from G,,). Clearly rank(M) = rank(M’) and hence rank(M) <
min{rm, (m —1)m+ 1}.

Now assume m > r + 1 and choose p; # 0 and pairwise distinct ay, . . ., a,.. Consider the submatrix of M’ formed by
taking the first r block-rows (i.e., k = 1,2, ..., r) and all columns. This submatrix equals

1 1 . 1

ai as ce. a,

®Im 'diag(ﬂla--~7ﬂr)>
r; 1 'r; . 7'.— 1
which has rank rm since the r X » Vandermonde matrix is nonsingular when the a;’s are distinct. Therefore rank(M') = rm,
and hence rank(M) = rm for this assignment. Consequently, the symbolic rank of M is rm whenever m > r + 1.

Combining with (3), for m > r + 1 we obtain
rm+1 < rank(J,) < rm+r. (13)

Remark C.3. The lower bound above fails only on a proper algebraic subset of the parameter space (where all rm x rm
minors of M vanish, that is at most (:1) - rm - m degree determinants vanish). Hence, in the generic setting and for
m > r + 1, the ranks of the Jacobians separate different mixture sizes. In particular, this separation holds for arbitrary
choices of the weights {y;} (as long as u; # 0), since p only appears as a nonzero diagonal scaling in the Vandermonde
witness argument above.

D. Interpolation

Given query access to a polynomial f, a basic task is to recover its low-degree coefficients. By Equation 1, our PGP is
multilinear (i.e., each variable appears with exponent either O or 1 in any monomial). In our algorithm we will need to
extract all degree-2 and degree-3 coefficients.

Lemma D.1. Suppose we have query access to a multilinear polynomial f € Clxy, ..., x,] of degree at most n:
flz1,...,zn) = Z CSHJ%‘-
SCln] icS

Then we can recover cg for all |S| < 3 using O(n®) queries.

Proof. For each S C [n], let es € {0,1}" denote the indicator vector of S, i.e., eg(j) = 1if j € S and es(j) = 0
otherwise. Since f is multilinear,
fles) = Z er.

TCS

In particular, ¢y = f(eg) = f(0,...,0). For each i € [n],

C{i} = f(E{i}) — Cg.

For each distinct 4, j € [n],
crigr = flegijy) — ey — ey + o
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For each distinct 4, j, k € [n],

Cligay = F(efijk}) = Cig) = Clik) — CkY — €L} — €Y — Ck) — Co-

Thus, by querying f(eg) for all S of size at most 3 and storing these values, we can compute all coefficients c¢g with |S| < 3.

The number of such subsets is 1 + (1) + (5) + () = O(n?). O

Remark D.2. We will only apply Lemma D.1 after restricting f to m = O(r) variables, so the cost becomes O(m?) =
poly(r) per restriction.

E. Recovering missing entries of )/; and M3 from off-diagonal entries

We show here how, in the generic setting, we can recover the missing diagonal (and repeated-index) entries of M, and M3
using only the off-diagonal entries obtained via interpolation. Formally, we show the following.

Proposition E.1. Let M be a real symmetric matrix of size m X m and rank r, and T be a real third-order symmetric
tensor of size m X m X m and CP rank r with each entry having precision bounded by O(rlog n) fractional bits.

1. Suppose we have access to all off-diagonal entries of M, ie, we are given M ; for all i # j where i, j € [m]. Then, in
the generic setting, we can recover all the diagonal entries of M (M, ; for i € [m]) in time O(m? + mr?™) where w
is the matrix multiplication exponent.

2. Suppose we have access to all off-diagonal entries of T, ie, we are given T; ; i, for all pairwise distinct i, j, k € [m)].
Then, in the generic setting, we can recover all the diagonal and repeated index entries of T (T; ; . for i, j, k € [m]
where at least two of the three indices are equal) in time in time O(m?3 + m?r?T+),

Further, these entries are unique in the generic setting. Here, O() denotes standard complexity variant of O(-) which
subsumes polylogarithmic factors.

The proof of the proposition follows in the subsequent subsections.

E.1. Vanishing of minors of a symmetric rank-r matrix in the generic setting

We first make the following observation: Let A be a real symmetric  x n matrix of rank exactly . Then, generically over
the set of rank- symmetric matrices, all 7 x r minors of A are non-zero, otherwise they would form a proper algebraic
subset over such matrices. In particular, consider a Vandermonde-type matrix V' € R™*" defined by choosing distinct
nonzero scalars ¢, . .., t, and setting V,, , = tJ~". Forany I C [n] with |I| = r, the submatrix V7 (rows indexed by I)

is a Vandermonde matrix on distinct parameters and hence satisfies det(V;) # 0. Further, for M = VVT, since VT has
full-column rank r, rank(M) = r. Hence, it is a proper subset.

This is useful for reconstructing the missing diagonal entries of M, from its off-diagonal entries. Fix a restriction of size
m > 2r + 1 and obtain all off-diagonal entries of M5 (e.g., by interpolation on degree-2 coefficients). Now choose two
disjoint r-subsets A;, As C [m] such that A; N Ay = ), and pick an index

/e [m] \ (Al U Ag)

Consider the (r 4+ 1) x (r + 1) submatrix K of My whose rows are indexed by A; U {¢} and whose columns are indexed
by Az U {¢}. By construction, K contains exactly one diagonal entry of Ms, namely

x = (Ma)e,,

and all other entries of K are off-diagonal and hence already known.

Since rank(Ms) = r, every (r + 1) X (r + 1) minor vanishes, so det(K) = 0. Expanding det(K) along the row/column
containing x, we obtain an identity of the form

xC1+ Cy =0,
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where C is an r X r minor of M, (specifically, the cofactor corresponding to x), and Cs depends only on the known
off-diagonal entries. By the observation above, generically C; # 0, and hence we can solve uniquely for

To compute = numerically, it suffices to compute C (a determinant of size ) and C5 (which can be obtained, for example,
by evaluating det(K) after setting = = 0, i.e., one determinant of size 7 + 1). Thus, the time to recover a single diagonal
entry is T, + T}.+1, where T}, denotes the time to compute the determinant of a £ x k numerical matrix. Using fast linear
algebra, T, = O(k*). Further, if all the parameters had precision upto ~y fractional bits, then each off-diagonal entry of of
My can have precision upto 4" = 2 + log r fractional bits. The determinant of any such matrix will have a precision of
at most v/ = O(rlogr + rv') = O(r(logr + 7)) fractional bits (Bareiss, 1972). We only need to keep track of O(v")
fractional bits to compute the diagonal entries. As we discussed earlier in Appendix A, v = O(r logn). Hence, recovering
all m, diagonal entries takes total time O(msr<*2).

Using Lemma D.1, we only need O(m?) queries to obtain all off-diagonal entries of M. In case of oracle access to the PGP
this leads to time complexity of O(m?), while in the general case it is O(sm?), where s is the size of the PGC. Combining
this with the time to reconstruct the diagonal entries, the total time to recover the full exact matrix My is

O(m2 + mr”“)

in the oracle access model, and O(5m2 + mr?*@) in the general case. Further, the query complexity is O(m?) for a fixed
alive set.

E.2. Vanishing of minors of a third-order rank r tensor in the generic setting

In Mo, interpolation helps us recover all off-diagonal entries. For M3 as above, we can again recover all entries (M3)q.p,c
for all pairwise distinct a, b, c by interpolation. However, we are again missing entries where a = b = ¢, or where exactly
two of the three indices coincide. We show that using similar ideas as above, we can recover these entries exactly.

Let T' € R™*™*" be a third-order symmetric tensor of the form

T = Zaiui®ui®ui, a; # 0, (14)
i=1
where uq,...,u, € R" are linearly independent. Let U = [u; --- u,] € R"*" and A = diag(ay,...,a,). Using the
matricized CP identity (Kolda & Bader, 2009, Equation (3.2)), the mode-1 unfolding of 7" can be written as

Thy = UNUGU)T,

where ® denotes the Khatri—-Rao product (columnwise Kronecker product). Note that (U @ U) € R™* %7 js precisely the
matrix
L =u1Qui usua -+ U Quy|.

In particular, L has at most r columns, and in the generic setting these columns are linearly independent, i.e., rank(L) = 7.

Since rank(U) = r and rank(A) = r, we obtain
rank(T};)) = rank(UAL") = r.

By symmetry of 7, the same argument gives rank(7\2y) = rank(73y) = r. Moreover, from (14) we have rankcp (7)) < 7.
Since every flattening rank is a lower bound on CP rank (Christandl & Zuiddam, 2019, Section 2.3), it follows that
rankcp(T) = 7.

We now use these rank constraints to recover the missing entries of M3. Fix a restriction of size m and let F' := T{;) denote
the mode-1 unfolding, viewed as a matrix of size m x m?. Index the columns of F by ordered pairs (4, k) € [m] x [m], so
that

Firy = Tijk-
From the above discussion, in the generic setting we have rank(F') = r, and hence every (r + 1) X (r + 1) minor of F’
vanishes.

?For example, taking U to be a Vandermonde-type matrix yields rank(L) = r, and hence rank(L) = r holds generically.
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Recovering entries of the form T, ; ,, with i # k. We choose an ( + 1) x (r + 1) submatrix of F’ that contains exactly
one unknown entry of this form. Concretely, pick index sets

R C [m]with |R| =r+1, C C [m] x [m] with |C| =r + 1,

such that: (i) for all but one column (j,k) € C, we have j, k distinct from every ¢ € R, so that the corresponding
entries T; ; ;. are already known from interpolation (pairwise distinct indices), and (ii) there is exactly one special column
(i*,k*) € C withi* € Rand k* ¢ R, for which the unique unknown entry is Tj+ ;« p+ (two indices equal). Let B denote the
resulting (r 4+ 1) x (r + 1) submatrix of F’ with rows R and columns C. Then det(B) = 0 since rank(F') = r. Moreover,
det(B) is linear in the single unknown entry T}« ;= 5+ (all other entries are known), and expanding along the position of this
unknown gives an equation of the form

Tix jx jox - C1 +C2 =0,

where 'y is an 7 x 7 minor of F' and Cs depends only on known entries. By a similar argument as in Section E.1 (applied
to the rank-r matrix F') and accounting for precision as above (here each entry of 7' can have precision upto €?), we have
C # 0 generically, and hence we can solve for T« ;+ 5+ exactly.

There are ©(m?) such entries (up to symmetry), so all entries with exactly two equal indices can be recovered in time

O(m?r?T%), in the oracle access model, and an analysis as the M, recovery case tells us, we again need O(r(logr + 7))
fractional bits.

Recovering entries of the form T ; ;. Similarly, we recover diagonal entries T; ; ; by selecting a minor containing exactly
one entry with all three indices equal, while all other entries correspond to pairwise distinct indices. Since there are only m
such values, this takes time O(mr?*%) after accounting for precision.

Putting the two cases together, the total time (in the oracle access model) to reconstruct all missing entries of M3 exactly is
O(m?r?+e).
Adding the time O(m?) required to recover all entries with pairwise distinct indices via interpolation, we can recover the
full exact tensor M3 (in the oracle access model) in time
O(m?® + m2r¥+).
and in time O(sm? + m?r?T%) in the general setting. Further, the query complexity was only O(m?).

Combining with the discussion on recovering Mo, the total query complexity is O(m?) for each alive set. The running
time is: O(m? + m?r>**) in the oracle access model, and O(sm® + m?r?**) in the general case. Using Proposition 3.1,
we only need m > r + 1 to preserve the fan-in r. Further, to reconstruct all missing entries of Ms and M3 using the
above minor-vanishing procedure, it suffices to take m > 3r + 2. Thus, we can run our algorithm with restrictions of size
m = 3r + 2. Since m = O(r), this gives a running time of O(r***) (in the oracle access model) for recovering M5 and
M3 exactly on a restriction.

Remark E.2. Our main speedup comes from exploiting Proposition 3.1. If we apply the method of moments naively on n
variables, then reconstructing Mo and Mj exactly would take O(n?) queries and a running time of O(n® + n2r2+%) in the
oracle access model.

F. Speeding up the whitening process for }/3

We saw that whitening M3 to get M; requires us to do the following computation:
(Ms)ape = D DD Wi aWisWio(Ms) i

Doing the multiplication naively would lead to a running time of O(m?r3). However, using multiplication along the
different flattenings, we can achieve significant speed-up in this step. We demonstrate the method now: In the first step, we
compute the first intermediate tensor 73 of size X m X m using M3 such that

(T1)aji = Z Wia(Ms3)ij1

i=1

20



Fast Reconstruction of Mixtures of Bernoulli Product Distributions

We have rm? entries and computing each entry takes m arithmetic operations. Recall that M3, W have entries with precision
of O(r? log n) bits. Hence, total time to compute 7} is O(rm? - M(r?logn)) and each entry of T} has precision bounded
by O(logm + r2 log n) fractional bits. Once, we have 17, we use it to get 75, a r X r X m tensor. Formally,

m

(T2)abt = > Wjp(Th)ajt

Jj=1

2

Here we have r“m entries, and hence time taken is O(r2m2). Finally, we use 75 to get M. 3.

(MS)abc - Z VVl,c(T2)abl
=1

Using the same analysis, M will have entries with precision O(logm + r?logn). Since, we have r3 entries, the time is
O(r*m- M(log m+r?log n)). Hence total time to get M3 from Ms is O ((rm? +r2m? +r3m) - M(logm+r2logn)) =
O(r3m3 +rtm? + 7’5m).

G. Uniqueness of projections

For a fixed fan-in r, for every alive set A we know the number of variables we need to learn, namely m := | A|. Moreover,
by Proposition 3.1, as long as m > r + 1, the projected distribution generically has exactly » mixture components, and
hence admits a rank-r moment decomposition for any projection.

However, a priori it is still possible that a particular projection is not identifiable: namely, there could exist two different
parameter tuples that yield the same projected PGP. Concretely, there may exist f (1, ..., Zm) = D iy i HT:1 (vijz;+1),
and g(x1,...,2m) = i, 8 [[2,(Bijz; + 1), such that f = g as polynomials, even though (u;, i;) and (9, Bij)
are not the same up to permutation. Equality of polynomials implies equality of all coefficients, and hence for every

{k1,... ke} C [m] wemusthave S0, pi [Tomy ik, = Sy 8 [Toey Bike-

We show that such non-uniqueness cannot occur in our (generic) setting: for a generic choice of parameters, the projected
moments determine the mixture components uniquely (up to permutation), and therefore the above situation is impossible.

We recall that the Kruskal rank k4 of a matrix A is the largest integer k such that every set of k& columns of A is linearly
independent.

Theorem G.1 (Kruskal uniqueness for tensor decomposition, Kruskal (1977)). Let T' € R™*™*™ qdmit a rank-r tensor
decomposition of the form

T
T =3 aobad,
i=1

andlet A = [a1| -+ |a;), B =[b1]---|bs], C = [c1] - - |er] be the corresponding factor matrices. Let k4, kg, ko denote
their Kruskal ranks. If

ka+kp+kc > 2r+2,

then the above decomposition is unique up to permutation of the r terms and rescaling within each term.

Since we are looking at tensors of the form Equation 14, it is a special case of Theorem G.1 with factor matrices

A=B=C=U,where U = [uz]---|u,] € R™*". Therefore, uniqueness holds whenever
3ky > 2r+2.
For m > r, the matrix U has Kruskal rank ky = r for generic choices of {u;}}_;, and hence the decomposition

T=>%", uiul@g is generically unique up to permutation and rescaling. Since we also use the second-order moments for
reconstruction, we can always avoid the scaling issue simply as the method of moments learns the correct weights p; and
parameters ¢;; from given My, M3.
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H. Avoiding collisions in reconstruction

We would first like to point out that suppose we look at a projection under an alive set A as shown in Equation 2. Then, for
distinct p;, the {p;} themselves act as the identifier of the particular mixture. However, suppose w.l.o.g. (11 = uo. Then, it
can’t be the case that [[ ;¢ 4 (125 + 1) = [[;ca(a2;z; + 1), as then in the particular projection A, the fan-in would not
be r, which contradicts Proposition 3.1.

Proposition H.1. Suppose j1; = ;. For projections of size m > r + 1, the corresponding product distributions can’t be
identical in the ”generic” setting.

However, we can still run into the following problem: Suppose, our original distribution was parametrized as following:
We have (a) r = 2771 = 4, M1 = U2 = 05, (b) (01117 12,113, Oé14) = (01, 02,03, 04), and (C) (Otgl, 92,23, 0424) =
(0.6,0.7,0.8,0.9).

Let our first alive set be A; = {1,2} and second alive set be Ay = {3,4}. Using our reconstruction algorithm with
the restriction to A; and ignoring permutations, we will recover p; = ps = 0.5, and (a11,092) = (0.1,0.2) and
(21, a2) = (0.6,0.7). However, when we now take the alive set Ao, since we only look at f = 22:1 I ]-_-[jEAz (vijz;+1)
and (11 = po, we would have no way to distinguish whether (a3, a4) takes the values (0.3,0.4) or (0.8,0.9). Clearly, if
we choose the second tuple, then we will have recovered an incorrect distribution. However, we now show that by only
using an overhead of at most r(r — 1) parameters (in fact, one parameter per mixture for » — 1 distinct variables), we can
always avoid the above error. For instance, in the above example, we first set the alive set A; = {1,2}. But now, instead
of using A = {3,4}, we will use A2 = {1, 3,4} (equivalently, {2, 3,4}). Then, the recovered tuples under A5 would be
(0.1,0.3,0.4) and (0.6, 0.8,0.9). Since by A; we already know the mixture the probabilities 0.1 and 0.6 correspond to, we
can recover the other parameters without any errors. Here, r was 2 and we only needed to carry r(r — 1) = 2 parameters
0.1, 0.6. Formally, we have

Lemma H.2 (Carry overhead is small). Given f = ._, 1 H;Z 1(ag5x;+1), assuming a correct reconstruction algorithm,

we can recover the correct distribution by requiring an overhead of at most r(r — 1) parameters (equivalently, one parameter
value for each mixture for each of the r — 1 distinct variables).

Proof. Without loss of generality, suppose there is a subset S C [r] of size k such that
S={1,2,...,k} and Pl = o =0 = g = U
Fix an alive set A of size m > r + 1. By relabeling variables, we may assume A = [m)].

We claim that there exists a subset V' C A of size |V| = k — 1 such that for every ¢ € S, and for every £ € S \ {i}, there
exists some j € V with

Qij #
In other words, by examining the parameters on the coordinates indexed by V/, we can distinguish all £ mixture components
inS.

For k£ = 1 there is nothing to prove. For k = 2, Proposition H.1 implies that the two components must differ on at least
one coordinate j € A, i.e., a1 # ao;. By permuting coordinates, assume j = 1. Thus, to distinguish the two mixtures it
suffices to retain the single variable x, and hence 75 < 1.

Let T}, denote the minimum number of variables (coordinates) needed to distinguish & mixture components whose weights
are all equal (i.e., u1 = --- = ug). We have 77 = 0 and 75 < 1. Assume inductively that
T, <?(-1 for all £ < k.

We now prove Ty, < k — 1.

By Proposition H.1, there exists at least one coordinate b € A such that not all of ayy, ..., ak, are equal (otherwise
all £ components would be identical). By permuting coordinates, assume b = 1. Consider the multiset {«;; };cs and
partition S into buckets By, ..., B, such that two indices ¢,7’ € S lie in the same bucket iff a;; = cv/1. Then g > 2 and

Ztg=1 |Bt| =k.
The coordinate x; separates different buckets, but does not distinguish components within the same bucket. Therefore, to
fully distinguish all £ components, it suffices to: (i) keep coordinate x1, and (ii) within each bucket By, keep 7}, additional
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coordinates to distinguish its members. Hence,

g
T, < 1+ZT|Bt|'
t=1

Using the inductive hypothesis 7|z, < |B;| — 1, we obtain

g g
Ty < 143 (Bl =1) = 14 (Y IBl) ~g = 14k—g < k-1,
t=1 t=1

since g > 2. This proves the claim that £ — 1 variables suffice to distinguish the £ components in S.

Finally, in the general case we can partition [r] into A > 1 buckets S1, . .., Sy, where within each S; all mixture weights are
equal. Applying the above argument to each bucket, we can distinguish the components inside S; using at most |S;| — 1
variables. Therefore, the total number of variables we need to carry over is at most

(15;]-1) = r—h < r—1

h
=1

J

Since our initial alive set has size m > r + 1, we can choose a subset A’ C A of size at most  — 1 containing these
distinguishing coordinates, and thereafter ensure that every subsequent alive set contains A’. This guarantees that across
projections we never lose the ability to distinguish mixture components, and we can repeat the procedure until we recover
all parameters ¢;; for all j € [n]. O

Recall that to properly reconstruct the third-order moments we needed m > 3r + 2. Now, to ensure we don’t confuse
between the parameters Lemma H.2 tells us that we need r — 1 more variables. Thus, withm = (3r+2) 4+ (r—1) = 4r+1,
we can always recover the parameters without any issues. Note that, we assume that the reconstruction method has recovered
each parameter correctly upto ~y fractional bits. Hence, we only need to compare upto the corresponding number of bits for

Hi OF any pjj.
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