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Abstract

We analyze the Accelerated Noisy Power Method,
an algorithm for Principal Component Analysis in
the setting where only inexact matrix-vector prod-
ucts are available, which can arise for instance in
decentralized PCA. While previous works have
established that acceleration can improve conver-
gence rates compared to the standard Noisy Power
Method, these guarantees require overly restric-
tive upper bounds on the magnitude of the pertur-
bations, limiting their practical applicability. We
provide an improved analysis of this algorithm,
which preserves the accelerated convergence rate
under much milder conditions on the perturba-
tions. We show that our new analysis is worst-
case optimal, in the sense that the convergence
rate cannot be improved, and that the noise condi-
tions we derive cannot be relaxed without sacri-
ficing convergence guarantees. We demonstrate
the practical relevance of our results by deriving
an accelerated algorithm for decentralized PCA,
which has similar communication costs to non-
accelerated methods. To our knowledge, this is
the first decentralized algorithm for PCA with
provably accelerated convergence.

1. Introduction

Principal Component Analysis (PCA) is a ubiquitous task in
machine learning and statistics. Given a symmetric positive
semidefinite matrix A > 0 and a target rank &, the goal is
to estimate the subspace spanned by the k leading eigenvec-
tors of A. The Power Method (Golub & Van Loan, 2013)
is a popular algorithm for PCA that iteratively refines an
estimate of this subspace, using only matrix-vector products
with A. Such algorithms are called matrix-free, in that they
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do not require explicit access to A but only to the product
x — Ax. This operation can be done at a low compu-
tational cost even when A is very large if it has a favor-
able structure, such as sparsity or a low-rank factorization.
More recently, there has been a growing interest in studying
algorithms for PCA in cases where only an approximate
matrix-vector product x — Ax + £ is available, where
£ is a perturbation of bounded magnitude. Such inexact
matrix-vector products naturally arise in various practical
scenarios. For instance, in private PCA (Chaudhuri et al.,
2012), random noise is added to Az to ensure privacy. In
stochastic or streaming PCA (Xu et al., 2018), A is the
covariance matrix of a distribution, and only noisy estimates
of Ax can be computed using samples from this distribu-
tion. In decentralized PCA (Wai et al., 2017), a network of
agents each holding a local matrix A; seeks to estimate the
top-k eigenspace of the average matrix A =n~t """ | A;,
by only exchanging information with their neighbors, and
with no central aggregating server. The agents can then
only compute approximate matrix-vector products, where in
that case, the approximation error £ stems from the limited
communication between the agents. We stress that in all of
these examples, there is a trade-off between the magnitude
of the noise £ and the strength of the external constraints:
in private PCA, stronger privacy guarantees require larger
noise; in stochastic PCA, the noise magnitude increases
with smaller sample sizes; in decentralized PCA, limited
communication budgets lead to larger approximation errors.

Hardt & Price (2014) show that the Power Method with
approximate matrix-vector products keeps the same con-
vergence rate as in the noiseless case, provided that the
magnitude of the noise remains e-small, where ¢ is the tar-
get precision of the estimate. The convergence rate of Hardt
& Price (2014) is prohibitively slow for ill-conditioned prob-
lems, in which the & and (k + 1)-th eigenvalues of A are
very close. Xu (2023) proposes an accelerated version of
the Noisy Power Method that achieves a faster rate, which
matches the optimal worst-case rate achievable by Krylov
subspace methods in the noiseless case (Saad, 2011). This
represents a significant speedup for poorly conditioned ma-
trices, which often appear in practice (Musco & Musco,
2015). However, their analysis requires the noise magni-
tude to be ¢-small, where p is a very large power for
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Table 1. Comparison of convergence rates and noise conditions for (Accelerated) Noisy Power Method. Notations defined in
Section 1.3. T is the number of iterations required to reach sin 65 (Uy, X1) < e, E; is the noise at iteration ¢. Xu (2023)’s
conditions were adapted to make comparisons more direct (see Appendix B for more details). g, pix+1 are constants verifying
i = Q(log( M1 /Xi)v/Ak/ (A — Air1)). "Results for Accelerated Noisy Power Method, with optimal parameter choice 8 = A7, /4.
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ill-conditioned problems. Their conditions are thus signifi-
cantly more restrictive than those of Hardt & Price (2014),
as shown in Table 1, and render their results impractical for
applications. As explained above, in practice the noise mag-
nitude is determined by system constraints, and gets larger
as the constraints get stronger. The relationship between
the target precision and the magnitude of the noise leads to
a trade-off between the utility of the estimate given by the
algorithm and the constraints of the problem. It is as such
crucial to have noise conditions that are as mild as possible,
in order to allow for accurate estimates even under strong
system constraints. As an example, while non-accelerated
algorithms for decentralized PCA exist in the literature (Wai
et al., 2017; Ye & Zhang, 2021), we are not aware of any al-
gorithm for decentralized PCA that converges at accelerated
rates. We believe that this hole in the literature is due to the
overly restrictive noise conditions required by existing anal-
yses of accelerated methods, which prevent their application
to decentralized PCA under reasonable communication bud-
gets. Note that in these scenarios, the number of iterations
required by these algorithms also leads to increased costs in
terms of privacy loss, communication rounds or number of
samples used. Acceleration is thus essential to improve the
utility-cost trade-off of those algorithms.

1.1. Related Work

Accelerated rates for PCA. The first matrix-free method
to provably achieve accelerated convergence was proposed
by Lanczos (1950) for large-scale sparse matrices. This
method belongs to the class of Krylov subspace methods,
described in (Saad, 2011). Musco & Musco (2015) provide
accelerated gap-independent rates for Krylov methods. Tak-
ing inspiration from Polyak (1964)’s Heavy Ball method
for convex optimization, Xu et al. (2018) propose a variant
of the Power Method with a momentum term that achieves
acceleration for appropriate parameter choices. Similar
momentum-based methods were used previously to acceler-
ate gossip algorithms (Liu & Morse, 2011).

Noisy power method. Hardt & Price (2014) give the first
analysis of the Noisy Power Method (NPM). Letting Ay,

be the relative gap between the k and (k + 1)-th eigenval-
ues, they show that NPM converges in O(A; ') iterations,
assuming that the noise & scales like O(Age), where € is
the target precision of the estimate. This analysis was later
extended by Balcan et al. (2016) to account for wider gaps
when the iterate X; has more columns than the target rank
k. The Accelerated Noisy Power Method (ANPM), which
adds a momentum term to NPM, was first introduced by
Mai & Johansson (2019). Xu & Li (2022) then proposed an
analysis of ANPM which shows accelerated convergence in

@(A;l/ 2), but requires unnatural conditions on the noise
that are hard to verify in practice. These unnatural condi-
tions were later removed in Xu (2023)’s analysis, which
however still requires restrictive bounds on the noise’s mag-
nitude, of the form O(Age"), where u = Q(A;l/Q). Ta-
ble 1 provides a comparison of results for noisy power meth-
ods. All of these works consider adversarial noise with
bounded spectral norm, as opposed to the centered stochas-
tic noise considered for instance in Shamir (2016); Xu et al.
(2018), which is orthogonal to our analysis. ANPM has
been applied to fair PCA by Zhou et al. (2026).

Decentralized PCA. Many decentralized versions of the
Power Method have been proposed (Kempe & McSherry,
2008; Raja & Bajwa, 2016; Wai et al., 2017), which lever-
age gossip algorithms (Boyd et al., 2006) to approximate
the matrix-vector product Az in a decentralized manner.
Such approaches require a number of communication rounds
that increase with the target accuracy. Ye & Zhang (2021)
propose an improved version of the decentralized power
method with a communication cost that does not increase
with the target precision, inspired by gradient tracking meth-
ods in decentralized optimization (Koloskova et al., 2021).
All of these algorithms converge at a non-accelerated rate.
Other approaches for decentralized PCA include decentral-
ized versions of Oja’s algorithm (Gang & Bajwa, 2022),
which converge at a non-accelerated linear rate, and ap-
proaches based on decentralized Riemannian optimization
(Chen et al., 2021) which only guarantee convergence to a
stationary point, with no guarantee of retrieving the top-k

10, Q and © hide logarithmic factors.
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eigenspace. We refer the reader to the survey of Wu et al.
(2018) for a more complete overview of the literature on
decentralized PCA.

1.2. Our Contributions

We propose a novel analysis of the Accelerated Noisy Power
Method, which preserves the guarantee of an accelerated
convergence rate under milder noise conditions than those
given in previous works. Our contributions are as follows:

(i) We provide new guarantees for the Accelerated Noisy
Power Method. Just like in Xu (2023)’s work, our analy-
sis shows that the algorithm converges at a rate linear in
1/+/Aj. However, our noise conditions are the same as
those of Hardt & Price (2014) for the non-accelerated Noisy
Power Method, and are significantly milder than those of
Xu (2023) in cases where the eigengap Ay is small (see
Table 1 for a comparison).

(i) We show that our analysis is worst-case optimal up to
constants: there are instances of the algorithm which con-
verge at a rate slower than 1/+/Ay, and there are instances
verifying relaxed versions of our noise conditions that do
not converge to the target precision.

(iii) We use our analysis to derive an accelerated algorithm
for decentralized PCA, which has similar communication
costs to non-accelerated methods (see Table 2 for a compar-
ison with other decentralized algorithms for PCA). To our
knowledge, this is the first decentralized algorithm for PCA
with accelerated convergence.

We stress that in our work and those of Hardt & Price (2014)
and Xu (2023), the perturbations £ are not assumed to be
stochastic, but rather to be adversarial and of bounded norm.

1.3. Notations

For a positive semidefinite matrix (PSD) A > 0, we de-
note by Ay = Ao = --- = Ag = 0 its eigenvalues in
non-increasing order, and we let u1, . .., u4 be correspond-

ing orthonormal eigenvectors. For all k € {1,...,d — 1},
let U, = [ul, ey uk], U_, = [Uk+1, - ,Ud], AL =
diag(A1, ..., ) and A = diag( Mgy, -+ Ad)-

For all integers d > k > 1, we denote by St(d, k) := {X €
RI*F . X TX = I,,} the set of d x k column-orthonormal
matrices. For all Y € R?*, we denote by QR(Y) the QR
decomposition of Y, which is a pair of matrices X, R such
that Y = XR, X € St(d, k) and R € R*** is an upper
triangular matrix with non-negative diagonal coefficients. If
Y is of full column rank, the QR decomposition is unique,
R is invertible, and its diagonal coefficients are positive
(Trefethen & Bau, 2022). || - ||2 and || - || denote the matrix
spectral and Frobenius norms respectively. For a matrix X,
we denote by omin (X) its smallest singular value, and by

X its Moore-Penrose pseudoinverse.

1.4. Principal Angles Between Subspaces

In this work, we study algorithms that aim to approximate
linear subspaces of R, For X, U € St(d, k), we quantify
the distance between range(X) and range(U) with princi-
pal angles between subspaces.

Definition 1.1 (Knyazev & Argentati (2002)). Let & €
{1,...,d — 1} and U,X € St(d,k), and let 1 > o1 >
.-+ > 0y > 0 be the singular values of U X. The principal
angles 01 (U, X) < - -+ < 6, (U, X) between the subspaces
spanned by the columns of U and X are defined as

Vie{l,...,k}, 6;(U,X):=arccos(o;) € [0,7/2].

Intuitively, 05 (U, X) is the smallest 6 such that any unit
vector in range(U) lies within angle 6 of some unit vec-
tor in range(X). Notice that 0, (U, X) = 0 if and only
if range(U) and range(X) coincide, and that the smaller
01 (U, X) is, the closer the subspaces are. In line with pre-
vious works on noisy power methods (Hardt & Price, 2014;
Balcan et al., 2016; Xu, 2023), our convergence results are
expressed in terms of sin 6y (U, X;).

2. Accelerated Noisy Power Method

We now introduce the Accelerated Noisy Power Method
(ANPM). We want to estimate the top-k eigenspace Uy, of
A = 0. However, we assume that we only have access to the
approximate product X € St(d, k) — AX +E, where = is
a perturbation. Given a sequence of perturbations {Z; }+>o,
ANPM with momentum parameter 3 > 0 is given by

1
Xp € St(d, k‘), Xy, Ri =QR (QAXO + Eo) R

Vi > 1, {

Before presenting our main result, we briefly explain the
idea behind the momentum term —3X; ;R;*. In the
noiseless case (i.e. E; = 0), the unnormalized iterates
Z; == X;R;---Ry can be written as Z; = p;(A)X,,
where p; is a degree-t scaled Chebyshev polynomial of
the first kind, verifying po(z) = 1, p1(z) = z/2 and

Y1 = AX; — 5Xt71R;1 + &y,

(D
Xit1, Rep1 = QR(Ye41).

Pit1(x) = xp(x) — Bpi—1(x). (2)

Compared to the monomial x* that would be obtained with-
out momentum (i.e. with the standard Power Method), p;
offers a significantly more favorable ratio between its mag-
nitude on the interval [—21/3, 24/5] and its growth outside
of it. This property is formally stated in the next result:
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Proposition 2.1. Forallt > 1, p, satisfies

xr) = ar min max T
pe) =arg min = max o lp(e)
le(p)=1/2

where 1c(p) denotes the leading coefficient of p.

Assuming that the interval [—2+/73, 21/3] contains only the
eigenvalues of A smaller than \;, Proposition 2.1 implies
that the polynomial p; is better at suppressing the effect of
those smaller eigenvalues on the iterates than ¢, leading to
accelerated convergence towards the top-k eigenspace Uy.
We note that other orthogonal polynomials could be used to
leverage additional structure in A (Berthier et al., 2020).

2.1. Main Result

Our main result is the following theorem, providing a conver-
gence rate for ANPM under conditions on the noise matrices
{E:}+>0 and appropriate choices of the parameter (3.

Theorem 2.2. Lete € (0,1) and A * O such that A\, >
Ait1. Let Xo € St(d, k) such that cos 0,(Uy, Xo) > 0,
and consider the ANPM iterates {X;}i>0 defined by (1)
with momentum parameter 3 > 0 satisfying \, > 2+/B >
Ai+1 and perturbations {E; },>0 satisfying, for all t > 0,

UL E e < c(Mr, — 2¢/B)e, 3)
ULz < e(h — 2¢/B) cos 0 (Up, Xy), (4

with ¢ := 3—12 Then, fort > T, sin 0, (U, X;) < €, where

- Ak tan 6, (U, Xo)
T—O( )\k_Q\/Blog( . ))

We make the following comments regarding our result:

Convergence rate. Under our assumptions, the conver-
gence rate of ANPM matches the rate of the noiseless
Power Method with Momentum given in Corollary 2 of
Xu et al. (2018). The optimal rate is obtained by choosing
B = pB* =\ 4+1/4, giving a convergence rate of order
O(v/ e/ (A — Aks1)), which is the optimal worst-case
rate achievable by a Krylov subspace method in the noise-
less setting. In that case, the rate improves by a square root
factor of the eigengap over the non-accelerated Noisy Power
Method, yielding substantial speedups for small gaps.

Noise conditions. Our conditions on the noise {E; }+>0
match those of the Noisy Power Method given in Hardt &
Price (2014) when 8 = S*. Our proof highlights the differ-
ent impact of the two components U, E; and U, Z, on
the convergence of ANPM. The component U™ ¢ causes
a constant term of order ¢ to appear in the upper bound
on sin 0 (Uy, X;), while the component U;Et affects a
geometrically decaying term in the upper bound. Condition

(3) then ensures that the noise does not make the estimates
drift too far away from Uy, while condition (4) ensures
that the impact of the noise on the geometric term does not
overwhelm the impact of A’s top-k eigenvalues. In com-
parison to the work of Xu (2023), our noise conditions are
significantly milder for small gaps, as shown in Table 1.
In particular, our bounds scale proportionally with the gap,
while those of Xu (2023) decay exponentially with it. Our
conditions (3)-(4) depend on cos (U, X;) and involve
the components of the noise in the directions Uy and U_y,
which are typically unknown quantities in practice. How-
ever, for ¢ < tan0;(Uy, X(), using Lemma C.10 in the
Appendix, one can show that a simple sufficient condition
for (3)-(4) to hold is

IZe]l2 < O((Ax — 2+/B) min(cos 6 (U, Xo), €)),

with ||Z¢||2 and cos 0 (U, X,) being generally easier to
control. We add that while our results focus on adversarial
noise with bounded norm, they can be used in the context of
stochastic noise, by using matrix concentration inequalities
(see e.g. Tropp (2015)) to ensure that the noise conditions
(3)-(4) hold with high probability.

Computational complexity. Denote by ¢(A) the number
of operations required to perform a noisy matrix-vector
product * — Ax + £. Then, the cost of an iteration of
ANPM is O(ke(A) + dk?), where the second term is the
cost of a QR factorization and of the product X;_1R; L In
particular, the inversion of Ry is relatively cheap, since it is
a triangular matrix of size k x k. This is the same complexity
as an iteration of the non-accelerated noisy power method.

Choice of 5. Theorem 2.2 requires 3 to belong to the in-
terval [\, /4, A} /4), which gets smaller as the eigengap
decreases, and the optimal choice 3* requires knowledge of
Ak+1, Which is a priori unknown. However, we prove in The-
orem C.12 in Appendix C.3 that forall 0 < 8 < /\i+1/4,
ANPM still converges faster than the non-accelerated Noisy
Power Method, under the same noise conditions as those
of Hardt & Price (2014), showing that there is generally no
drawback to using ANPM with smaller values of 3.

Adaptive 5. Taking inspiration from Xu (2023), we pro-
pose a heuristic to adaptively tune 3. Letting X; have k + 1
columns? instead of k, we set at each iteration 3; as

X/ (AX, + E¢)]2,/4. 5)

= min
fi G=1 00 k41
Typically, 8; < §* and f3; approaches 5* as t increases.
We show in our experiments that this tuning-free method
performs similarly to using the optimal value S* in practice.

Random initialization. The condition cos 0 (U, Xg) >
0 is satisfied almost surely when X spans the column space

2Note that adding a column to X leaves the evolution of the k
first columns unchanged.
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of a random matrix with i.i.d. standard Gaussian entries.
In this case, using Lemma 2.4 from (Hardt & Price, 2014),
with probability at least 1 — 7~ (1) — ¢=2(4) " we have that

tan 0 (U, Xo) < \/217{% for all 7 > 0.

Proof sketch. The full proof of Theorem 2.2 is deferred
to Appendix C.2. We provide here a proof sketch. We start
by analyzing the evolution of the matrix H;, defined by

H, := (ULX)(U[X,) 7" e RUTIXE

whose spectral norm is tan 6y (U, X;) (see Proposition A.1
in the Appendix). This matrix is convenient to study, as
its homogeneous structure allows us to write it as H; =
(UT,Y)(UrY,)"!. We can then derive the following
three-term recurrence relation for H; using the ANPM iter-
ation (1) linking Y41 to X;, X;_; and R;:

H;1Ci1 = A tH,C, — fH; 1Cy 1 + ¥, Cy,

where ¥, = (U, E,)(U/X;)"! is a noise term con-
trolled by condition (3), C, satisfies

Cit1 = A Cy — BCy_1 + ALECy,

and E; := A,(U/E,)(U]X,)"! is a noise term con-
trolled by condition (4). These recursions allow us respec-
tively to express H, in terms of scaled Chebyshev polynomi-
als verifying (2), and to tightly control the spectral norm of
the factors depending on C;. This leads to an upper bound
on tan 8 (Uy, X;) that can be decomposed as the sum of
a constant term of order ¢, stemming from ¥,, and a term

that decays geometrically at a rate O(y/\z/(Ax — 2v/5)).

The key argument in our proof lies in a precise analysis the
evolution of the matrix Hy, enabled by the introduction of
the sequence {C;}. This allows us to sharply control the
impact of the noise on the convergence of tan 6, (U, X;).
In contrast, Xu (2023)’s proof instead starts by analyzing
the evolution of X, which requires to use coarse upper
bounds on ||R¢||2 depending on A; to derive upper bounds
on |H||2. This leads to the suboptimal noise conditions
involving py and pig41, as defined in Table 1.

2.2. Complexity Lower Bounds, Tightness of the Noise
Conditions

Our improved analysis provides milder noise conditions
than Xu (2023)’s. The theorems in this section show that
our analysis is in fact tight (up to constants), in the sense
that we can exhibit instances of ANPM that 1) satisfy (3)
and (4), and need at least Q(1/ A, /(A\r — 2/B)) iterations
to reach tan 05 (Uy, X;) < € and 2) satisfy either one of the
conditions (3) or (4) with a constant larger than ¢, and fail
to reach tan (U, X;) < € in any number of iterations.
For all of the theorems in this section, we let \;, > 2+/3 >

0. All of our results are based on ANPM on the matrix
A = diag(Ag, ..., Ak, 248, ..., 2¢/B). The first result
shows that even with no noise, the iteration complexity in
OV e/ (M — 24/B)) generally cannot be improved.

Theorem 2.3 (Complexity lower bound). Lete € (0, 1) and
Xq € St(d, k) such that cos 0;,(Uy, Xo) > 0, and consider
the ANPM iterates {X,}+>0 defined by (1) with momentum
parameter 3 and perturbations Z; = 0. Then, forallt < T,
tan 0 (U, X;) > €, where

B Ak tan&k(Uk,Xo)
T—Q( )\k_2\/Blog( 5 ))

The next two results respectively show the tightness of the
noise conditions (3) and (4). Indeed, in each theorem, we ex-
hibit an instance of ANPM where =, satisfies one of the two
noise conditions with a larger constant than in Theorem 2.2,
and such that tan 0 (U, X;) < ¢ is never reached.

Theorem 2.4 (Tightness of condition (3)). Let e € (0,1).
There exists Xo € St(d, k) such that cos 0 (U, Xp) > 0
and perturbations {E; }>0 verifying U] E; = 0 and

UL B2 < 8(M — 2¢/B)e,

such that the ANPM iterates {X;},>0 defined by (1) with
momentum [ verify tan 0, (Uy, X;) > e forall t > 0.

Theorem 2.5 (Tightness of condition (4)). Lete € (0,1).
There exists X € St(d, k) such that cos 0;,(Uy, Xo) > 0
and perturbations {2 }1>¢ verifying UIkEt = 0and

[ULE2 < (A — 2¢/B) cos 0, (Uy, Xy),

such that the ANPM iterates {X;}>0 defined by (1) with
momentum [ verify tan 0y, (U, X;) > ¢ forall t > 0.

The proofs for these results can be found in Appendix C.4.
The result from Theorem 2.3 is not surprising: it corre-
sponds to the worst-case complexity of block Krylov meth-
ods for top-k PCA in the noiseless setting. The results from
Theorems 2.4 and 2.5 provide insights on the impact of the
two noise components U, E; and U, E; on the evolution
of {X;}. In the proof of Theorem 2.4, we show that a
sufficiently large component U, =; makes the estimates
drift away from the subspace spanned by Uy, preventing
convergence. In the proof of Theorem 2.5, we show that a
sufficiently large component UzEt can effectively render
ANPM equivalent to a Power Method with momentum on a

matrix with eigengap 0, which does not converge to Uy,.

3. Application to Decentralized PCA

We now apply our results on ANPM to the problem of de-
centralized PCA. We consider a connected undirected graph
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Table 2. Number of iterations 7' and number of gossip rounds per iteration L required for decentralized algorithms to reach

sin 0, (U, X;,+) < €. Here, M := max;=1

,,,,,

» || As||2 and yw is defined in Definition 3.1. The third row corresponds to applying the

results of Xu (2023) to ADePM, while the last row corresponds to Theorem 3.3. TResults for the optimal parameter 3 = )\iﬂ /4.

Algorithm T L

DePM (Wai et al., 2017) O (52108 (4)) O (Azlog (L524—1))

DeEPCA (Ye & Zhang, 2021) O (52— log (1)) O (Azlos (A52%))

ADePM (using (Xu, 2023))! O[5 tos(2) ol [od og (M 1))
ADePM (Theorem 3.3)" O(\/52-108(2) O Azlog(£52-1))

G = (V,E) with V := {1,...,n}, representing a decen-
tralized communication network with n agents. Each agent
1 € V has access locally to a matrix-vector product x
A ;x. The objective of decentralized PCA is to compute the
top-k eigenspace of the matrix A := n='>" A; = 0
through local computations and communications between
neighboring agents only. This setting arises for instance
when a dataset ® = [®] ..., ®,]T € R™*4 s distributed
over G so that agent i € V locally holds ®; € R™i*4
with Y7, m; = m. The goal is then to estimate the
principal components of the empirical covariance matrix
A=1oTd=1%" A, where A; :=2®/®, We
provide another application in our experimental section (Sec-
tion 4.2) to decentralized spectral clustering.

3.1. Gossip Algorithms

The method we propose for decentralized PCA is based on
the idea of approximating at each iteration the matrix vector
product  — Ax using only neighbor-to-neighbor commu-
nications. Gossip algorithms (Boyd et al., 2006) are iterative
methods for decentralized averaging over networks. At each
iteration, each agent ¢ performs a weighted averaging of
their estimate with those of their neighbors j € N;. These
weights define the gossip matrix:

Definition 3.1. A gossip matrix W € R"*™ is a sym-
metric matrix with non-negative coefficients which is dou-
bly stochastic (i.e. W1 = WT'1 = 1) and such that
foralli,j € {1,...,n}, w;; > 0if and only if i = j
or (i,7) € E. We define its absolute spectral gap® as
yw = 1 — max{|A2(W)|,|\,(W)|} € (0,1], where
1=XM(W) > = X\, (W) are the eigenvalues of W.

The convergence speed of each agent’s estimate to the
network-wide average depends on the spectral gap yw of
the gossip matrix. For our decentralized PCA application,
we will use an accelerated gossip algorithm introduced in
(Liu & Morse, 2011) which is described in Algorithm 1.

3From the Perron-Frobenius theorem (see e.g. Chapter 7 from
Meyer (2023)), we have 1 > |\;(W)| foralli =2,...,n.

Algorithm 1 Accelerated Gossip

Require: Gossip matrix W € R™*" [, > 1, initialization
{(Yiolin, = {Yi 1}, inRE,

1—y/Yw(2—yw)

L W)

2: for{=0to L —1do

3:  foreachagenti € {1,...,n} in parallel do

4: Yierr = (1+w) ZjeMu{i} Wi i Y je—wYi 1
5.  end for

6: end for

Instead of simply performing a weighted averaging at each
iteration with their neighbors, each agent adds a momentum
term to the weighted average. As shown in Proposition 3.2,
this allows the algorithm to converge at the rate O(1//7w)
instead of the standard O(1/yw ) rate achieved by classical
gossip algorithms (Boyd et al., 2006), thus reducing the
communication costs of our method.

Proposition 3.2 (Ye & Zhang (2021)). Let Y :=
n=1 E?:l Y;o. Forall L > 1, for all agents i €
{1,...,n}, Algorithm I outputs Y ; 1, satisfying

1Yz —Yllr < (1—Aw)" \/ﬁjfll&}?_(n 1Y 0= Yl

3.2. ADePM: Accelerated Decentralized Power Method

We now present our Accelerated Decentralized Power
Method (ADePM) for decentralized PCA, which is de-
scribed in Algorithm 2. The idea is to approximate at each
iteration the matrix vector product & — Aa through gossip-
ing. Each agent ¢ maintains a local estimate X; ; € St(d, k)
of the top-k eigenspace of A, and at each iteration performs
a local matrix vector product with A ;, adds momentum, and
gossips to approximate the average over the network. The
next theorem provides convergence guarantees for ADePM.

Theorem 3.3. Let ¢ € (0,1) and {A;}]—, be matri-
ces in R locally held by each node in G, and let
A = n 'Y A, = 0 such that Ny > Ngy1. Let
Xo € St(d, k) such that cos 0 (Uy,Xo) > 0, and con-
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Algorithm 2 ADePM

Require: Gossip matrix W € R"™™"™ g > 0, L > 1,
T>1,Xq € St(d, k).
Initialization:

1: Vi= 1,...,7’7,, X,‘70=XQ
2: {Y;1 1, = AccGossip(W, L, {3 A, X0} ;)
3: for each agenti € {1,...,n} in parallel do
4 X;1,Rin = QR (Y1)
5: end for
Iterations:
6: fort =1toT — 1do
7. for each agenti € {1,...,n} in parallel do
8: Yitt12= A X — 5Xi,t71R;t1

9: end for
10: {Yisr1}iey = AccGossip(W, L, {Y; 141/2}7-1)

11:  for each agenti € {1,...,n} in parallel do
12: Xii+1, Rity1 = QR(Y 141)

13:  end for

14: end for

sider the ADePM iterates {X; 1} given by Algorithm 2 with
momentum 3 > 0 satisfying Ay > 2v/B = Apr1. Assume
that the number of gossip rounds per iteration L satisfies

1 <M Ak tan@k(Uk,X0)>>

L>0(—1Io
<\/’YW s kA —2v/8 €

where M := max; |A;||a. Then, foralli € {1,...,n}, for
allt > T, we have sin 0, (U, X, ;) < €, where

. Ak tan@k(Uk,Xo)
T—O( )\k_Q\/Blog( a ))

Convergence rate. For the optimal parameter § =
B* = A\},,/4, ADePM converges at the accelerated rate

O(vV/ e/ Mk — Aks1)). significantly improving over the
standard rate O(\/ (M, — Ars1)) reached by other classi-
cal methods. We are not aware of any other decentralized
PCA algorithm achieving this accelerated rate.

Communication cost. In comparison to other decentral-
ized power methods (Wai et al., 2017; Ye & Zhang, 2021),
ADePM requires a comparable number of gossip steps per
iteration, as shown in Table 2. The communication costs
are negatively impacted by small eigengaps 1 — Agy1/ Ak,
client heterogeneity (which is quantified by the constant M),
and poorly connected communication networks (i.e. small
values of yw). We show in Table 2 the communication
costs of ADePM had we used the result from Xu (2023),
which represents a significant increase over our result and
over previous decentralized algorithms. This shows the im-
portance of our refined analysis of ANPM for the design of
communication-efficient decentralized algorithms.

Remark 3.4. Ye & Zhang (2021) achieve a communication
cost L independent of € using a subspace tracking technique,
relying on tight inequalities. While we do not consider such
methods in this paper, our tight analysis of ANPM would
be a necessary first step towards accelerating DeEPCA.

The proof for Theorem 3.3 is deferred to Appendix D. The
idea is to use Theorem 2.2 to obtain the convergence rate.
To do so, we define a “network-average” iterate X; which
remains close to all local estimates X; ; and follows the
ANPM iteration on the average matrix A and with noise =,
induced by the gossiping errors. The remainder of the then
proof consists in establishing a relation between the number
of gossip communications L at each step and the magnitude
of the noise E;, to show that the conditions (3)-(4) are sat-
isfied whenever L satisfies the assumption in Theorem 3.3.
These relations are derived from Proposition 3.2, and from
perturbation bounds on the QR decomposition.

4. Experiments

We provide experimental results for ANPM on synthetic in-
stances, and for ADePM on real datasets. More details
on the experimental setups and additional experimental
results are provided in Appendix E. The code used for
the experiments is available at https://github.com/
pierreaguie/ANPM.

4.1. ANPM

We conduct experiments on synthetic datasets for NPM and
ANPM. The aim is to highlight the impact of the eigengap
Ag :=1—Ag41/ Mg, the norm of the noise & := ||Z||2, and
the momentum parameter 5 on the convergence speed and
final precision of (A)NPM. Here, the noise =, is sampled
randomly using a distribution inspired by the adversarial
examples used for the proofs of Section 2.2. We show in
Figure 1 the impact of these parameters on the evolution
of sin 0y (Uy, X;) by varying 3, Ay and &, all other pa-
rameters being fixed. f* = A7, /4 refers to the optimal
momentum parameter, 3. := A% /4 to the upper bound on
valid choices of 3 in Theorem 2.2, and f3; to the adaptive
tuning heuristic defined in (5). More details on the synthetic
instance generation are provided in Appendix E.1. We make
several comments on our results:

Transient and stationary regimes. All plots shown in
Figure 1 display a transient regime, in which sin 0 (U, X;)
decays geometrically, and a stationary regime, in which it
stays almost constant at a final accuracy e, which depends on
Ay and €. This was expected from our proof of Theorem 2.2.

Impact of 5. ANPM with 8 = * significantly improves
the convergence speed over NPM (i.e. 5 = 0), especially
for small eigengaps, while leaving the final accuracy un-
changed. This confirms our theoretical results, which show


https://github.com/pierreaguie/ANPM
https://github.com/pierreaguie/ANPM

Improved Analysis of the Accelerated Noisy Power Method with Applications to Decentralized PCA

10° =
S 1071
o) 1072 +
o 8
—2 T *
=10 0 50 100 0 A
< e 0.58% —— B*+8c
= ) 5
m 1073 0.88* 3.
IR VS N N — 0.98 3,
T T T T T T T T T T
10°
Ap, "
0 10710 fo—z.o
M 107! 10-16 1024
é 1072-2 1072.8
B 1072 — 10-2%2 — 10732
Qvf 107344 1073.6
= 10-40 ——{p=ro
w1073 ‘
- T T T T T - T T T T T
0 250 500 750 1000 0 250 500 750 1000
t t

Figure 1. Results for (A)NPM. (Top left) fixed ¢ = 107* and A, = 1072, varying 3; (Top right) fixed £ = 10™% and A, = 1073,
varying 3; (Bottom left) fixed ¢ = 10~* and 3 = 8*(Ay), varying Ay; (Bottom right) fixed Ay, = 1072 and 3 = 3*, varying &.

that acceleration comes at no extra cost in terms of final
precision in comparison to NPM. We note that smaller val-
ues 0 < B < B* and larger values 8* < 5 < f3. still lead
to faster convergence than NPM (though slower than the
optimal tuning), and that setting 3 = 3. does not allow the
algorithm to converge, suggesting that the interval of valid
[ values in Theorem 2.2 cannot be improved. The tuning
heuristic /3, attains similar convergence speed to the optimal
tuning. For larger values of 3, we observe oscillations in
the transient regime, corresponding to the oscillatory behav-
ior of the Chebyshev polynomials p; defined in (2) in the

interval [—2+/3, 2v/0].

Impact of the eigengap. Smaller gaps lead to slower con-
vergence and worse final accuracies at fixed noise magni-
tude. The relationship between final accuracy and gap in
Figure 1 is near linear (as suggested by Theorem 2.2), ex-
cept between Ay, = 107! and 10~15, which we suspect is
due to the fact that the component in range(U_j) of the
noise we generate is not fully contained in Span(wj41).

Impact of the noise magnitude. The final accuracy scales
proportionally with £, as suggested by Theorem 2.2. On the
ranges of noise norm ¢ considered, the convergence rate in
the transient regime is not significantly impacted by &.

4.2. ADePM

We present results for ADePM on decentralized PCA on the
Fed-Heart-Disease dataset from FLamby (Ogier du Terrail
et al., 2022) and two different splits (homogeneous and
heterogeneous) of the digits dataset (Alpaydin & Kaynak,
1998), and on decentralized spectral clustering on a subset
of the Ego-Facebook graph from (Leskovec & Mcauley,
2012). More details are provided in Appendix E.3. We
compare ADePM to DePM (Wai et al., 2017) and DeEPCA
(Ye & Zhang, 2021). The results are shown in Figure 2. 3;
refers to an adaptation of the heuristic defined in (5) to the
decentralized setting, which is detailed in Appendix E.3.

Communication costs. Just like for ANPM, we observe
for DePM and ADePM an exponentially decaying transient
regime, followed by a stationary regime where the error
stabilizes, due to the dependence of the final accuracy on
the number of gossip communications L. The final accuracy
reached is roughly the same for DePM and ADePM at fixed
L. DeEPCA does not reach a stationary regime, which
is consistent with the independence of L from the target
accuracy ¢ for this algorithm.

Impact of heterogeneity. For the digits dataset, we con-
sider two ways of splitting the data across agents: one where
the data is split randomly across agents (homogeneous split),
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Figure 2. Results for decentralized PCA.

and one where each agent only has access to data points
corresponding to a specific digit (heterogeneous split). M is
significantly larger in the heterogeneous setting. The impact
of heterogeneity is reflected in the final accuracy reached at
fixed L, which is worse in the heterogeneous setting than in
the homogeneous one for all algorithms and all values of L.

Convergence speed. Both versions of ADePM (with fixed
optimal 5 = * or with adaptive 3 = ;) significantly out-
perform DePM and DeEPCA in terms of convergence speed.
In scenarios where fast convergence is prioritized over final
accuracy, ADePM is a better choice than DeEPCA.

5. Conclusion

We provided convergence guarantees for ANPM, showing
that it converges at an accelerated rate under milder noise
conditions than previous analyses. We showed that our anal-
ysis is tight, and applied our results to design ADePM, an
accelerated algorithm for decentralized PCA with compara-
ble communication costs to non-accelerated decentralized
algorithms. While our work is mainly of theoretical na-
ture, our experimental results show that using heuristics
to adaptively tune the momentum can lead to significant
speedups over non-accelerated methods without requiring
manual parameter tuning.

Balcan et al. (2016) and Xu (2023) provide convergence
rates for (A)NPM that depend on the wider gap A, — Ap41
whenever X, has p columns but only the top-k eigenspace
is estimated, with p > k. This can represent significant
improvements in terms of convergence speed and noise
conditions in some cases. Extending our analysis to this
setting is an interesting direction for future work.

Acknowledgements

PA acknowledges funding from PEPR TA (grant REDEEM
ANR-23-PEIA-0005). LM acknowledges funding from
PR[AIJRIE-PSAI — Paris School of Artificial Intelligence,
reference ANR-23-IACL-0008.

Impact Statement

This paper presents work whose goal is to advance the field
of Machine Learning. There are many potential societal
consequences of our work, none of which we feel must be
specifically highlighted here.

References

Alpaydin, E. and Kaynak, C. Optical recognition of hand-
written digits. UCI Machine Learning Repository, 1998.
doi: 10.24432/C50P49.



Improved Analysis of the Accelerated Noisy Power Method with Applications to Decentralized PCA

Balcan, M.-F,, Du, S. S., Wang, Y., and Yu, A. W. An
improved gap-dependency analysis of the noisy power
method. In 29th Annual Conference on Learning Theory,
volume 49 of Proceedings of Machine Learning Research,
pp. 284-309, Columbia University, New York, New York,
USA, 23-26 Jun 2016. PMLR.

Berthier, R., Bach, F., and Gaillard, P. Accelerated gossip
in networks of given dimension using Jacobi polynomial

iterations. SIAM Journal on Mathematics of Data Science,
2(1):24-47, 2020.

Boyd, S., Ghosh, A., Prabhakar, B., and Shah, D. Random-
ized gossip algorithms. IEEE Transactions on Informa-
tion Theory, 52(6):2508-2530, 2006. doi: 10.1109/TIT.
2006.874516.

Chang, X.-W. On the perturbation of the Q-factor of the QR
factorization. Numerical Linear Algebra with Applica-
tions, 19(3):607-619, 2012.

Chaudhuri, K., Sarwate, A., and Sinha, K. Near-optimal
differentially private principal components. In Advances
in Neural Information Processing Systems, volume 25.
Curran Associates, Inc., 2012.

Chen, S., Garcia, A., Hong, M., and Shahrampour, S. De-
centralized Riemannian gradient descent on the Stiefel
manifold. In Proceedings of the 38th International Con-
ference on Machine Learning, volume 139 of Proceedings
of Machine Learning Research, pp. 1594-1605. PMLR,
18-24 Jul 2021.

Gang, A. and Bajwa, W. U. FAST-PCA: A fast and exact
algorithm for distributed principal component analysis.
IEEE Transactions on Signal Processing, 70:6080-6095,
2022. doi: 10.1109/TSP.2022.3229635.

Golub, G. H. and Van Loan, C. F. Matrix Computations.
JHU press, 2013.

Hardt, M. and Price, E. The noisy power method: A meta
algorithm with applications. In Advances in Neural In-
formation Processing Systems, volume 27. Curran Asso-
ciates, Inc., 2014.

Horn, R. A. and Johnson, C. R. Matrix Analysis. Cambridge
University Press, 1985.

Kempe, D. and McSherry, F. A decentralized algorithm
for spectral analysis. Journal of Computer and System
Sciences, 74(1):70-83, 2008. ISSN 0022-0000. Learning
Theory 2004.

Knyazev, A. V. and Argentati, M. E. Principal angles
between subspaces in an A-based scalar product: Al-
gorithms and perturbation estimates. SIAM Journal
on Scientific Computing, 23(6):2008-2040, 2002. doi:
10.1137/S1064827500377332.

Koloskova, A., Lin, T., and Stich, S. U. An improved analy-
sis of gradient tracking for decentralized machine learn-
ing. In Advances in Neural Information Processing Sys-
tems, volume 34, pp. 11422-11435. Curran Associates,
Inc., 2021.

Lanczos, C. An iteration method for the solution of the
eigenvalue problem of linear differential and integral oper-
ators. Journal of Research of the National Bureau of Stan-
dards, 45(4), October 1950. doi: 10.6028/jres.045.026.

Leskovec, J. and Mcauley, J. Learning to discover social cir-
cles in ego networks. In Advances in Neural Information
Processing Systems, volume 25. Curran Associates, Inc.,
2012.

Leskovec, J., Adamic, L. A., and Huberman, B. A. The
dynamics of viral marketing. ACM Trans. Web, 1(1):5—es,
May 2007. ISSN 1559-1131. doi: 10.1145/1232722.
1232727.

Liu, J. and Morse, A. S. Accelerated linear iterations for
distributed averaging. Annual Reviews in Control, 35(2):
160-165, 2011. ISSN 1367-5788.

Mai, V. V. and Johansson, M. Noisy accelerated power
method for eigenproblems with applications. IEEE Trans-
actions on Signal Processing, 67(12):3287-3299, 2019.
doi: 10.1109/TSP.2019.2908126.

Mason, J. and Handscomb, D. Chebyshev Polynomials.
CRC Press, 2002. ISBN 9781420036114.

Meyer, C. D. Matrix Analysis and Applied Linear Alge-
bra, Second Edition. Society for Industrial and Applied
Mathematics, Philadelphia, PA, 2023. doi: 10.1137/1.
9781611977448.

Musco, C. and Musco, C. Randomized block Krylov meth-
ods for stronger and faster approximate singular value de-
composition. In Advances in Neural Information Process-
ing Systems, volume 28. Curran Associates, Inc., 2015.

Ogier du Terrail, J., Ayed, S.-S., Cyffers, E., Grimberg, F.,
He, C., Loeb, R., Mangold, P., Marchand, T., Marfoq,
O., Mushtaq, E., Muzellec, B., Philippenko, C., Silva, S.,
Telenczuk, M., Albarqouni, S., Avestimehr, S., Bellet, A.,
Dieuleveut, A., Jaggi, M., Karimireddy, S. P., Lorenzi,
M., Neglia, G., Tommasi, M., and Andreux, M. FLamby:
Datasets and benchmarks for cross-silo federated learning
in realistic healthcare settings. In Advances in Neural
Information Processing Systems, volume 35, pp. 5315—
5334. Curran Associates, Inc., 2022.

Polyak, B. Some methods of speeding up the convergence
of iteration methods. USSR Computational Mathematics
and Mathematical Physics, 4(5):1-17, 1964. ISSN 0041-
5553.



Improved Analysis of the Accelerated Noisy Power Method with Applications to Decentralized PCA

Raja, H. and Bajwa, W. U. Cloud K-SVD: A collaborative
dictionary learning algorithm for big, distributed data.
IEEE Transactions on Signal Processing, 64(1):173-188,
2016. doi: 10.1109/TSP.2015.2472372.

Saad, Y. Numerical Methods for Large Eigenvalue Problems.
Society for Industrial and Applied Mathematics, 2011.
doi: 10.1137/1.9781611970739.

Shamir, O. Convergence of stochastic gradient descent for
PCA. In Proceedings of The 33rd International Confer-
ence on Machine Learning, volume 48 of Proceedings
of Machine Learning Research, pp. 257-265, New York,
New York, USA, 20-22 Jun 2016. PMLR.

Stewart, G. and Sun, J. Matrix Perturbation Theory. Com-
puter Science and Scientific Computing. Elsevier Science,
1990. ISBN 9781493301997.

Sun, J.-G. Perturbation bounds for the Cholesky and QR
factorizations. BIT Numerical Mathematics, 31(2):341—
352, 1991. doi: 10.1007/BF01931293.

Trefethen, L. N. and Bau, D. Numerical linear algebra.
SIAM, 2022.

Tropp, J. A. An introduction to matrix concentration inequal-
ities. Foundations and Trends® in Machine Learning, 8
(1-2):1-230, 2015.

Wai, H.-T., Lafond, J., Scaglione, A., and Moulines, E.
Decentralized Frank—Wolfe algorithm for convex and
nonconvex problems. IEEE Transactions on Automatic
Control, 62(11):5522-5537, 2017. doi: 10.1109/TAC.
2017.2685559.

Wu, S., Wai, H.-T., Li, L., and Scaglione, A. A review of
distributed algorithms for principal component analysis.
Proceedings of the IEEE, 106:1321-1340, 2018. doi:
10.1109/JPROC.2018.2846568.

Xu, P, He, B., De Sa, C., Mitliagkas, I., and Re, C. Ac-
celerated stochastic power iteration. In Proceedings of
the Twenty-First International Conference on Artificial
Intelligence and Statistics, volume 84 of Proceedings of
Machine Learning Research, pp. 58—-67. PMLR, 09-11
Apr 2018.

Xu, Z. On the accelerated noise-tolerant power method.
In Proceedings of The 26th International Conference
on Artificial Intelligence and Statistics, Proceedings of
Machine Learning Research, pp. 7147-7175. PMLR, 25—
27 Apr 2023.

Xu, Z. and Li, P. Faster noisy power method. In Proceedings
of The 33rd International Conference on Algorithmic
Learning Theory, volume 167 of Proceedings of Machine
Learning Research, pp. 1138—-1164. PMLR, 29 Mar-01
Apr 2022.

11

Ye, H. and Zhang, T. DeEPCA: Decentralized exact PCA
with linear convergence rate. Journal of Machine Learn-
ing Research, 22(238):1-27, 2021.

Zhou, X., Fan, X., and Lv, S. An accelerated noise-
tolerant power method for fair streaming PCA with PAFO
learnability. Information Sciences, 733:122948, 2026.
ISSN 0020-0255. doi: https://doi.org/10.1016/j.ins.2025.
122948.



Improved Analysis of the Accelerated Noisy Power Method with Applications to Decentralized PCA

A. Useful Linear Algebra Results
A.1. Formulas for Principal Angles Between Subspaces

We provide here useful formulas for the cosines, sines and tangents of the principal angles between two subspaces in terms
of their orthonormal bases. These formulas will be used extensively in our proofs, in particular to control the evolution of
tan 6y (Uy, X;) along the iterations of the algorithms we study.

Proposition A.1 (Stewart & Sun (1990), Corollary 5.4). Let U, X € St(d, k), and let V € St(d, d — k) be a matrix whose
columns span the orthogonal complement of the range of U. Then,

08 01, (U, X) = 0pnin (U T X),

sin 0 (U, X) = |V X]|z.

Ifcos 0, (U, X) > 0, UT X is invertible and

tan 0, (U, X) = (VI X)(U'X) 7.
We give here a simple proof of these formulas for completeness.

Proof. By definition of the k-th principal angle, we have that 6, (U, X) = arccos(o (U " X)), where o, (U T X) is the k-th
largest (i.e. the smallest) singular value of U T X. This proves the first part of the proposition.

Let P € St(k, k), Q € St(k, k) be the left and right singular vectors of UT X such that UTX = PXQ, where ¥ :=
diag(o1(UTX),...,0,(UTX)) = diag(cos 6, (U, X), ..., cos 0, (U, X)). Since V spans the orthogonal complement of
the range of U, we have VV' T + UUT = I,;. Then, we can check that the right singular vectors of VT X are also Q and
that its singular values are o;(V ' X) = sin 0, (U, X) forall i € {1,...,k}. Indeed,
X'VV' X=X"(I;, -UUNX =1, -X'UU'X = Q(I, - Z*)QT,
= Qdiag (1 —cos® 60, (U,X),...,1—cos? (U, X)) Q'
= Qdiag (sin 6 (U, X), ... ,sin 0, (U, X))*’QT.

>

From this, we deduce that the largest singular value of VT X is sin 6, (U, X).

Then, assuming that cos 6;,(U, X) > 0, UT X’s smallest singular value is positive and it is thus invertible. Denote by
P’ € St(d — k, k) the left singular vectors of V" X such that VT X = P’'QT. We then have

(VIX)(UTX) = P'EQTQE 1T - Pl (00T BT

cos 6 (U, X)"" "7 cos (U, X)

As such, the singular values of (V'X)(UTX)™! are tan6;(U,X),...,tan6,(U,X), and its spectral norm is
tan (U, X). O
A.2. Perturbation Bounds for the QR Decomposition

We state here two useful perturbation bounds for the QR decomposition, which will be used for the analysis of our
decentralized algorithm. The first one provides a bound on the perturbation of the Q-factor of a full column rank matrix
under additive perturbations.

Theorem A.2 (Chang (2012), Theorem 3.1). Let X € R4*P (with p < d) be of full column rank with QR factorization
X = QR, and AX € R¥*P g perturbation. If

X2l AX]J2 < 1,
then X + AX has the unique QR factorization

X + AX = (Q+ AQ)(R + AR),

12
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and the following bound holds

V2| XT ||| AX |

1AQllr < :
1 — [IXTl2[[AX ][

Theorem A.3 (Sun (1991), Theorem 1.6). Under the same hypotheses as Theorem A.2, the following bound holds:

V2| XT|| | AX ||
1—[IXTlo[[AX][2

AR [|r < IR ]2-

A.3. Weyl’s Inequalities

We will often need to bound the difference between the singular values of two matrices. To do so, a useful result will be the
following theorem, which is a consequence of Weyl’s inequality.

Theorem A.4 (Horn & Johnson (1985), Corollary 7.3.5). Let X, Y € R™"*™ and q := min(m,n). Let 01(X) > --- >
0¢(X) = 0 (resp. 01(Y) = -+ 2 04(Y) > 0) be the non-increasingly ordered singular values of X (resp. Y ). Then, for
allie{1,...,q}

|03(X) = oi(Y)| < [ X = Y2,

Another useful consequence of Weyl’s inequality is the following result on the impact of deleting a row of a thin matrix on
its smallest singular value.

Theorem A.S (Horn & Johnson (1985), Corollary 7.3.6). Let X € RY*P and with d > p. Let X be a matrix obtained from
X by deleting one of its rows. Then,

Omin (X) Z Omin (X) .

B. Derivation of the Noise Conditions for (Xu, 2023) in Table 1

The noise conditions shown in our work and those of Hardt & Price (2014) and Balcan et al. (2016) are time-independent
(except for the dependence of ||U, E||2 in cos 0 (U, X;)). This is not the case for the conditions of Xu (2023), where the
upper bounds decay geometrically as the iteration count increases. In order to compare our results with those of Xu (2023),

we report an upper bound on the spectral norms of U, =; and U, =, that must be verified at some iteration of ANPM for
their result to hold. We first restate their main theorem below.

Theorem B.1 (Xu (2023), Theorem 3.1). Lete € (0,1), k € {1,...,d — 1}, A = 0 with eigenvalues \y > -+ > A\ >
Akt1 = -+ = Mg = 0and Uy, € St(d, k) its top-k eigenvectors. Let X € St(d, k) such that cos 0,(Uy, Xo) > 0, and
consider the ANPM iterates {X;}+>0 defined by (1) with momentum parameter 3 > 0 satisfying A\, > 2v/B > A1 and
perturbations {2, },> satisfying, for all t € {0,...,T},

1 t
[ULE ]l = O (T(T—t+1) (\)\/E) \/BSinek(UkaXO)> , (6)
1
- 1 AT\
UL E 2 =0 T 11 <A’;) A cos 0, (U, Xo) |, )
1

where the )\j s are defined as in (29):

AT = )‘1+\/)‘%_46
1
2

)

A et VAL = 48 \/2*13—45_

Then, forallt > T, sin 0, (Uy, X;) < ¢, where

. Ak tanek(Uk,XO)
T—@( )\k_Q\/Blog(s ))
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Remark B.2. In the original statement in (Xu, 2023), the condition on ||[U ", Z|5 is actually a condition on || Z,||2, which is
more restrictive. However, their proof actually only requires a bound on |[U”, = ||2. We chose to state the theorem in this
slightly improved form, in order to make the comparison with our results more direct. Similarly, Hardt & Price (2014) state
their noise condition in terms of ||E;|2, but their proof only requires a bound on [|[U T E,||».

The next proposition shows that at a certain time step ¢, the noise conditions (6) and (7) imply the bounds given in Table 1.

Proposition B.3. Consider the same setting as in Theorem B.1. Then, at a certain iteration t € {0, ..., T}, the conditions

(6) and (7) imply
.
U B2 = <)"€_2\[ (tan@k(Uk,Xo)> >,

U7=de =0 (0 —2v5) (i) oshUn X))

where g, |1, are constants verifying

ea( () )

e = <1Og Y. 2\/5)

Proof. Att = |T/2], the conditions (6) and (7) become

[7/2]
U&= 0 (; (%) Ve sinekwk,xo)) ,

A
1 /aF [7/2]
UL Bl = O =3 (;) A cos 0, (Uy, Xo) | -
1
From Theorem B.1, we have that
1 _6 A =2V
T2 /\k

We also have that /3 < )\; < Ay and sin 0, (Uy, Xo) < 1. Furthermore, from the proof of Theorem B.1 in (Xu, 2023),
tan 0, (Uy, X;) decays geometrically, so that cos 0 (U, Xo) = O(cos 0, (U, X;)). Using these inequalities, we obtain

[ULE |2 = ( Ak —2v/B) (\/B) LT/QJ) :

A ) 7/2]

10 (Ak —2\/

cos Gk(Uk,Xt)> )

‘We then have

|T/2] N+ s

(\/_?) =exp|© log —1 ( ) ,
/\1 /\k — 2\/B f tan@k Uk,XO tan Gk Uk,X0>

+\ LT/2] o

)\—k' (C] log

)\1+ )\k — 2 tan Gk Uk, XO tan Qk Uk, Xo) ’

where g and py, verify

=Q|lo A1 Ak lo
T \avB ) Ve —evE ) T g Ak—wﬁ
since AT /A > Ai/\, and AT > \q/2. This concludes the proof. O

14
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C. Proofs for Section 2

C.1. Variational Property of Scaled Chebyshev Polynomials
Let 5 > 0. We prove here Proposition 2.1, which states that the polynomial p; defined recursively as

T

po(z) =1, pi(z) =73

9 Pir1(x) = xpe(x) — Bpe—1(x), VE>1,

minimizes the infinity norm on the interval [—21/83, 2+/5] among all degree-t polynomials with leading coefficient equal to
1/2. The result is restated here for convenience.

Proposition C.1 (Proposition 2.1). For all t > 1, the polynomial p, defined above satisfies

r) =arg min max x)|, 8
pt( ) & PER[z] z€[-2v/B,2V/B] |p( )| ®
deg(p)=t
le(p)=1/2

where lc(p) denotes the leading coefficient of p.

Proof. This proof relies on the oscillatory behavior of the scaled Chebyshev polynomials on [—2+/f,2+/f]. Forall ¢ > 1,

let T3 (x) := %‘ﬁ/@. T; is the t-th Chebyshev polynomial of the first kind, as it satisfies

To(x) =1, Ti(z)=z, Tiyi(x)=22T(z)—Ti—1(z), Vt=>1.
Then, from Definition 1.1 of (Mason & Handscomb, 2002), we have that for all ¢ >> 0 and for all § € R,
T;(cos @) = cos(t0).

We deduce from it that for all z € [—2+/5,2/7],

po(x) = /B cos (t arccos <2%)> .

As such,

t
max pe(x)| =8 .
ze[_2ﬂ72m| i) = VB

Now, let ¢ be a degree-t polynomial with leading coefficient equal to 1/2, and such that max,c[_» /32,3 [2(2)] < VEB.
Since ¢ and p; have the same leading coefficient and are of degree ¢, the polynomial r := p; — ¢ is of degree at most ¢ — 1.

However, since |q(x)| < VB forallz € [—2v/B, 2+/[), we have that for all k € {0,...,t},

(o5 () o))+ o ()20
—(1VE —acos () 21)
{> 0, ifk is even,

<0, ifkisodd.

Then, from the intermediate value theorem, 7 has at least one root in each interval (2\/3 cos (@) ,2+/B cos (kT’T)) for

allk € {0,...,t — 1}. As such, r has at least ¢ distinct roots, which is impossible since deg(r) < t — 1. We deduce that no
such polynomial ¢ exists, which concludes the proof.

O

15
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C.2. Proof of Theorem 2.2

We recall the assumptions and the notations introduced in the main body. We consider a PSD matrix A > 0 of size d X d
with eigenvalues Ay > --- > Ay > 0 and corresponding eigenvectors uy, ..., uq. Fork € {1,...,d — 1}, we assume that
Ak > Ap+1 and introduce the following matrices:

Uy := [uq,...,ug] € St(d, k), U_g := [ugs1,...,uq] € St(d,d — k),

Ay = diag(\g, ..., \g) € RFXF A_p = diag(Mpp1, ..., Ag) € RETRX(A=R),

Given X, € St(d, k), such that cos (U, Xo) > 0, we consider the ANPM iterates {X,; };>( defined by
1
Y1 = §AXO =+ Eo, Xl, R1 = QR (Yl) 5 (9)

vVt > 1, { T = (10)

Xit1, Reg1 = QR(Ye41).

with momentum parameter § > 0 satisfying A\ > 2v/8 > A\r41 and perturbations {Z, };> satisfying for some ¢ € (0, 1),
forallt > 0,
UL Ell2 < e — 2v/B)e, (10
10 Eellz < (A = 24/8) cos B (U, Xo), (12)
where ¢ := 1/32. For convenience, we restate here Theorem 2.2.

Theorem C.2 (Theorem 2.2). Let ¢ € (0,1) and consider the ANPM iterates {X,}i>0 defined by (9)-(10) with momentum
parameter 3 > 0 satisfying i > 2+/B > A1 and perturbations {E:}i>0 satisfying the noise conditions (11) and (12).
Then, forallt > T, sin 0, (Uy, X;) < ¢, where

1 R

L 2h0 _ /\k tan ek(Uk,Xo)
T:= log =)= @ N 275 log . .
—log (1 _— /W) k

As explained in Section 2, the proof relies on studying the evolution of tan 0, (Uy, X;). More specifically, we will show
that tan 0, (U}, X;) is upper bounded by a constant term of order ¢, which is related to the component U T, =, of the noise,
plus a term that decreases geometrically in ¢. To do so, we study the evolution of the matrix H; defined as

H, = (U, X,)(U/X,)"! e RUF)xE (13)
whose spectral norm is h; := tan 65 (U, X;). We also introduce the matrix sequence {G;} defined by
V>0, Gi= s~ BATGAL +Epy) 7 (14)
Go = (Ix/2+ Eo) ™,
where for all t > 0, E; is a scaled noise matrix defined by
E; = A, (U E)(ULX,) ™ (15)
In particular, because of (12), |E¢|l2 < cA, where A is the gap defined as

Ak — 2
A= 2VB (0,1). (16)
Ak
Before getting to the proof of Theorem 2.2, we draw attention to a point that was not addressed in Section 2, regarding the
well-definedness of the quantities we will manipulate. We will first prove that the various sequences we introduced up until
now are well-defined. More specifically, we need to show:

16
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« that the ANPM iterates given by (10) are well defined, i.e. that Y is of full column rank for all ¢ > 1, which justifies
that R; is invertible for all £ > 1 and that the QR decomposition is unique,

* that the matrices H; given by (13) and E; given by (15) are well defined, i.e. that U;Xt is invertible for all ¢ > 0,

+ that the sequence {G} given by (14) is well defined, i.e. that the matrices Ij,/2 + Eg and I, — A, 'G,A; " + E,
are invertible for all ¢ > 0.

We show in the next proposition that all of these properties are verified under the noise condition (12) and the assumption
that cos 05, (U, Xg) > 0. To do so, we leverage a relationship between Y1, G; and UkTXt and a uniform upper bound
on the spectral norm of G;. This lemma also provides an expression of G in terms of X;, X;_; and Ry, which will be
useful later for the proof of Theorem 2.2.

Proposition C.3. Assume that condition (12) holds for all t > 0 and that cos 0y, (Uy, Xo) > 0. Then, forall t > 0, U} X,
is invertible (which implies that E, is well defined), G is well defined, and U,IYtH and Y 141 are of rank k. Furthermore,

[Gell2 < 1/2%&’ (17)
G has the following closed-form expression for all t > 0:
Gi = (L — BA; (U] X)) (U[XR) ' +E) (18)
where X_1 := %AXO, and the following relationship holds for all t > 0:
U] Y1 = A G HULX). (19)

Proof. We will prove the result by induction.

Base case: For ¢ = 0, by assumption cos 05 (U, Xy) > 0, so that U;—Xo is invertible. Then Eg is well defined, and
[|IEo|l2 < cA. Notice that

1 1
I Eo=1,—- (=1, - E
21<:+ 0 k <2k o),

and that ||I;/2—Ep||2 < 1/24¢A < 1/24c¢ < 1. As such, I /2+ Eq is non-singular and G is well defined. Furthermore,
we have that

1 1 1

1Gollz < 1= T/2 —Eols S 1—(1/2+cA)  1/2—cA

We show the closed-form expression of G by simply plugging in the definition of X _; into the right-hand side of (18):

_ _ (1 _
I, — BA; N (UL X 1) (UL XoRo) ' +Eg =1;, — AL} <25Ak(U,jxo)> (U] Xo)" ! + Eg

1 1
=1, - -I;+Eo=-I,+E
k 2k+ 0 2k+ 0,

which gives
1 -1 -1
Gy = (21k + E0> = (I — BA (UL X 1) (UL XoRo) ' + Eg) .

We now need to show that UzYl is of rank k, which immediately implies that Y is of rank k. To do so, we will prove
(19): we have from (9) that

1 1 I _
UlY, = §UZAXO + U B = §Ak(U,IXo) + UL By = Ay, (2’“ + E0> (U} Xp) = AyGy 1 (U] Xo).

17
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Since Ay, Gg Land (UZXO) are all non-singular, U;Yl is non-singular, and thus Y is of rank k. From this, we conclude
that X1, R are well defined. This concludes the base case.

Induction: Now let ¢ > 0 and assume that Proposition C.3 is true for all steps in {0, ..., ¢}. Then, we have that
U/ X =UL Y, iR

The right hand side is well-defined and invertible because of the induction hypothesis which is verified for step t. Thus
U/ X1 is invertible and E; 1 is well defined. We now prove that G ; is well defined. By the induction hypothesis, we
have that

B 1

X ijz—ca T8

IBALTGAL = Evpa ]2 < BIAL3Gell2 + [Eesall2 <

1 1
———+cA —— 1,
5 4eA TR SgT g tes

where we used the fact that § < )\i/ll and A < 1. As such, I, — 5A,§1GtA,;1 + E;; is non-singular and G4, 1 is well
defined. Furthermore, we have that

1 1 1 A€]0,1] 1

< = f < -
1—[BAL GA =B 1— A%||Gt||2 —eA 11— %% — A 1/2—cA

[Ges1ll2 <

We now prove the closed-form expression of G1. By the induction hypothesis, we have that

G =T — BA'GAL + Egyy) !

- (Ik (I — BALH (UL Xm1)(R)HULX) ™ + Et)_l A+ Et+1)7
_ —1
_ (Ik HUTX,) (AU X, — BUL X, )(Re) ™+ UTE) T + Et+1)
_ —1
_ (Ik SHUTXY) (U] (AX, — X1 (R) 1+ E)) Et+1)

-1
(I = BAL (UL X) (UL X1 Regr)  + By)

where the last equality is because X; 1 R¢41 = AX; — BXt_lRt_l +E; since X441, Ryp1 = QR(AX(t) — BXt_lRt_l +
=). Note that this is also verified for ¢ = 0 using the definition of X _;.

Finally, we show that U;—Yt+2 is of rank k. We have from (10) that

U Y2 = UJAX - BUIXR ) + U By
= Ap (I = BAL (UL X)) (UL X1 Reg1) ™ + Egg) (U Xiq1)
= AkGL (U Xop), (20)

where the last equality is due to (18). Both G and U;Xtﬂ are of rank &, which proves that U’IYtJrQ is of rank k, and
thus that Y5 is of rank k. This concludes the induction and the proof. O

We now have the necessary tools to start the proof of Theorem 2.2. The proof is structured around multiple technical lemmas.
The roadmap is the following: in Lemma C.4, we derive a three-term recurrence relation on the matrices Hy, in which the
matrix sequence {G;} appears. This allows us to rewrite H; using scaled Chebyshev polynomials in Lemma C.5. Then,
by upper bounding the spectral norm of the different factors in this expression, which is done in Lemma C.8, we show in
Lemma C.9 that h; is upper bounded by a geometrically decaying term, a constant term of order €, and a linear combination
of the previous h;’s. We derive from this the geometric decay of h; up to a constant term of order € in Lemma C.10, which
allows us to conclude the proof of Theorem 2.2.

We first prove the three-term recurrence relation on H;.

18
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Lemma C4. Forallt > 1,
H1Cip1 = A H,C, — H,_1C_1 + ¥, Cy,

where for allt > 0

t—1

C = [[ MG ..
s=0

= (ULE)(ULXy)™!

Furthermore, we have that

1
chl = §A_kHQCO + \I’()C().

Proof. Lett > 1. From the definition of H;; in (13) and the ANPM update in (10), we have that
-1

UT, (AX, — BX, 1(R) ™' +5,)) (U] (AX, — X 1 (Ry) ™ +5))

A UL, X, —BUT, X, 1 (Ry) !
LUTX, - UL, X, 1 (R) ™+ UTLE) (UF X)) GAL

— (A, UT, X, — BUT, X, 1 (Ry)™ +UT VB (UIX,) 7 GAy?
= A H,GA Y — B(UT X, ) (UL X Ry) TIGA LT + B,GyA !

Hi 1 = (UL X Repa) (Uy X1 Rega)
= (
= (
= (A

Then, from the expression of UkT,Yt in (19), we have that forall ¢t > 1
U/ XR;, =U]Y, = AG ! (U] X1),
so that
(ULXRy) ™ = (U Xo1) T 1Gy AL
Plugging this into the expression of H;; in (25), we obtain

Hi = A HiGAL T — BH Gy 1AL GiAL T + B, GA

) )
+ULE) (AU X, — UL X (Ry) M+ UL E,)

1

21

(22)

(23)

(24)

(25)

Multiplying both sides by C; 41 = A, G; 'C; = A, G, 1A,:l(}t__l1 C;_1 on the right, we obtain the desired recurrence:

H(1Cpy = A H,C, — fH,_1C; + P,C,.

We now prove the equality H;C, = %A_ rHoCgy + ¥¢Cy. From the initialization (9), we have that

-1

H, = (UL, Y1) (U Y,)

1

A_
(2

1
- (34
1
T2

A_ HoGoAL ' + WGoAL L,

-1
1
U', X, + UTkEO> (QAkU;XO + UZE@)
— -1 _
U, X, + UTk.:()) (UIXo)  GoAy!
which gives the desired result after multiplying both sides by C; = A, G 1Cy on the right.

19
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Define the following sequences of scaled Chebyshev polynomials {p;} and {q:} as

Per1(x) = ape(z) — Bpi—1(x), (26)

_Z
=3
z,  q1(z) = 2q(x) — Bgi—1(x). 27

We show using the previously obtained three-term recurrence relation that H; can be simply written in terms of the
polynomials {p,} and {q;}.
Lemma C.5. Forallt > 0,

t—1

H, = pi(A_)HoC; ' + > q(A ) ¥y CryC; (28)
s=0

Proof. The proof is by induction. The case ¢t = 0 is immediate as pop(x) = 1 and Cy = Ij. For ¢t = 1, we have from (24)
that H1Cy = p1(A_;)HoCo + qo(A_1)®(Cy, which gives the desired result after multiplying both sides by Cfl on the
right. Now, let £ > 1 and assume that the result is true for £ — 1 and ¢. From (21), we have that

Hi1Ctp1 = A H:Cy — fH; 1 C o + U, Cy.
Plugging in the induction hypothesis, we obtain, if £ > 2

t—1
Hi11Cip1 = Ay (pt(A ) HoCy +Zq5 )W 1-C1-sCy >Ct

s=0

5(}% 1(A_p)HoC t1+zq3 kW0 sCio C, - )Ct 1+ ¥:.Cy

t—1

= (A_ppe(A_k) — Bp—1(A—y)) Ho + Z A_pgs(A—k) — Bgs—1(A_)) ¥y 1_sCi1_s + ¥,Cy,
s=0

=per1(A_g)Ho + Z gs(A—i)P—sCys.

Ift = 1, we have

HyCs = Ay, (p1(A—i)HoCT ' + qo(A_)¥oCoC1 ') C1 — Bpo(A_)HoCy ' + ¥,C4
(A kp1(A—k) — ﬁpo( k) Ho + A_rqo(A—k)®oCo + ¥1Cy,

H0+qu \Ill sC1s.

In both cases, we obtain the desired result after multiplying both sides by C,_ +11 on the right. This concludes the induction
and the proof. O

The next step of the proof consists in upper bounding the different factors appearing in the expression of H; in (28). Before
proving these bounds in Lemma C.8, we need two intermediate results. The first one regards the sequences of polynomials
{p+} and {q:}. More specifically, we give closed-form expressions of these polynomials, which will allow us to upper bound
their values on the interval [0, 21/].

Lemma C.6 (Xu (2023), Lemma 3.4). Forallt > 0 and x € R, we have
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where for all z € R, 2 are the roots of the polynomial 2> — xz + f3:

/2248 .
. )/ if x*>4p,

Tt = . —
xtiy/48—x lf .732 <4,B,

2

(29)

where i is the imaginary unit.

Proof. Our proof follows the same principle as the proof of Lemma 20 in (Xu et al., 2018). Let {m:} € {{p:}, {a:}}
Then, for all ¢ > 0, we have 4 2(z) = am41(z) — Bmi(x). Let z € R and denote I1(z) := Y ;2 m(x)z" the generating
function of the sequence {m;(x)}. Then, we have

II(2) — mo(x) — m(2)z = z2 (II(2) — mo(2)) — B"II(2),
wo(@) + 2(m () — amo(a))
1—2z+ 22
H(Z) — C+(.I') C*($> ;

1—-Bz/zt  1—pz/x™
where C () are constants that depend on z and the initial conditions of the sequence {7 }. These equalities are valid

for all z such that |z| < min{|z" /3|, |z~ /B|}, which is non-zero. Then, multiplying both sides by (1 — 3z/z™) (resp.
(1 — Bz/x7)) and taking the limit z — z /3 (resp. 2 — x~ /3) gives

II(z) =

)

i) = ML )
O (2) = mo(x) + 1[3_(7;1(3/6;: zmo(x))

Furthermore, we have that
B +o00 ﬁ t ﬂ t .
M(z) = > | Ci(x) =) tC@(=) |
t=0

Identifying the coefficients then gives for all £ > 0,

m(2) = O, (2) (ﬁ) +C (@) (f)
= O @) ) + O (@)@,

Where the last equality is because z+2~ = (. Plugging in the initial conditions for {p;} and {q;} gives the desired
closed-form expressions. For {p;}, we have po(z) = 1, p1(x) = /2, which gives

A 1 l_z =z 1
2 2
Cha) = A=) O =t =

which gives for all £ > 0,

1
pe(x) = §($+)t + §($_)t
For {q;}, we have qo(x) = 1, ¢1(x) = z, which gives
- +
x x
O = =T )=
which gives for all ¢ > 0,
)L ()L t o
Qf(J?) _ ( )x+ _2(L,_ ) _ S:O(l,Jr)s(x )t s
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The second intermediate result we need is an upper bound on the spectral norm of G that is tighter than the one shown in
Proposition C.3.

Lemma C.7. Forallt > 0,

t t
T+ R

[Gell2 < W7

where

(1—cA)+,/(1—cA)2 -8

T4 = )

k=14 2¢

VI = A2 —43/X2 —cA

Furthermore, we have . < 16/15.

Proof. Notice first that (1 — ¢A)? — 43/A% > 0, so that 71 are well-defined. Consider the sequence {m;} defined by the
following Riccati difference equation:
1
(1 — CA) — ;%mt
k
_ 1
C1/2—cA”

mi+1 =

)
mo

Since /A = (1 — A)?, we have that for all ¢ > 0, 0 < m; < (1/2 — ¢A)~! (this can be shown by a simple induction).

We will now prove by induction that for all ¢ > 0, ||G¢||2 < m;. The base case ¢t = 0 is true from Proposition C.3. Now, let
t > 0 and assume that |G|z < m;. Then, we have

1 1

1Git1llz = (T — BAL ' GAL + Eigr) 72 < <
B L= lGillz —eA ™ (1—eA) = 5m,

= Mt41,

where the second inequality is valid due to the fact that m; < (1/2—cA)™ < (1 —cA)A}/B. This concludes the induction.

We will now derive a closed-form expression of m;. Let {y;} be the sequence defined as y; := Hi;é my ! (with the

convention yo := 1). Then, we have that forall ¢t > 1,

Y1 = P Yt ((1 —cA) - )\Bth—l) =Yt ((1 —cA) — ﬁyt_l) ,
k

my )\i Yt

B
Y1 = (1 — Ay — /szt—r
k
With initial conditions yg = 1 and y; = 1/2 — ¢A, we can solve this linear difference equation to obtain for all ¢ > 0,
yo = ryrh ot

where 4 are defined in the statement of the lemma, and where the constants . are defined as

. 1 1 cA
STa T Vaar )

Then, since m; = y¢/yr+1 and ||G¢|l2 < my for all ¢ > 0, we have that

1Gy [ < Kyt 4+ kort rt 4+ krt
tl2 X = )
/@rriﬂ —+ i«@J"t+1 thl —+ m"tfl
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where

K_ cA
Ki=—=1+42 .
Kt V(= A2 —48/32 —cA

Finally, we prove the upper bound on « by noticing that because of the concavity of the function u — \/u? — 43/A3 over
[2¢/B/ Ak, +00), we have

\/(1 — A2 —43/X2 = \/<(1 —¢) +c2f> - i*g > (1—e)y/1—48/X2 > (1— o)A,

from which we deduce

cA c 16

<142 ——F <1 +2— = —.
" * (I1-c)A—=cA + 1-2¢ 15

We can now prove the upper bounds on the spectral norms of the factors appearing in (28).

Lemma C.8. Forallt > 1, forall s € {0,...,t — 1},

C1

(=o)X + c\/ﬁ)t7

_ C
ICi—1-sC; 2 < -

((1 — c))\;: + c\/B)H_1 7
(A2 < VB,
lae(A_)l2 < (t+1)V/B

where ¢y := 31/15 and )\2' is defined as in (29) (i.e. as the largest root of x> — A\yx + B).

IC; M2 <

1
9

Proof. Recall that C; = [['_{ A, G;},_,. Thus, we have

t—1
IC 2 < TT IGull2l AL 2,
u=0

t—1
IC1-sCit o< [ IGull2ll AL o
u=t—1—s
From Lemma C.7, we have for all v > 0,
i+ Kt
[Gull2 < P g T
and ||A; '[|2 = 1/As. Thus, we have
R | T
s 3 Wb = X e ) S Gur”
t—1 t—1—s t—1—s
_ 1 rY + krt* T + Kkr” c1
1€e1-+Cll2 < At u:tli[ks rfrl + kretl )\ZH(Ti +rrt) ()\kr+)s+1’
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since kK < ¢; — 1 from Lemma C.7 and since 4 > r_. Analyzing the factor A\;r, we have

/\km_;((ch)\kJr\/ch?)\z 45)
_ % ((1 — A + \/((1 — e+ c\/B)2 - 45)
>;<(1_CA)Ak+(1—c) Ag_w)
= (1 =)\ + VB,

where the inequality is due to the concavity of the function u — +/u? — 43 over [24/[3, +00). This gives the desired bounds
on [|C; 2 and [|Cy—1—C; .

The bounds on ||p;(A_g)||2 and ||g:(A_k)]||2 are obtained through the closed-form expressions of p; and ¢; shown in
Lemma C.6. Recall that A_ is a diagonal matrix whose diagonal coefficients are all in the interval [0, 2//3]. Furthermore,
for all z € [0, 2/, we have that

o = 5V/E 4 = B

Then, from Lemma C.6, we have that for all z € [0, 2v/0],
1 t
Ipe(z)| < (\x+|t+ =7 = VB,

e Zw o[ = (t+ 1)V/B

u=0
which concludes the proof. O
Using these bounds, we can now prove a recurrence inequality on h; = ||H¢||2 = tan 6, (U}, X;) using the expression of
H, given in (28) which depends on p;(A_g), ¢:(A_g), Ct_1 and C;_,_1 Ct_l.
Lemma C.9. Forallt > 1, we have

t—1

he <erv'ho+nY (s + 1)y (1+ hyo1—s), (30)
s=0
where
Y= \/F S [07 1)7
(1—c)A\f +eVB
1 = coA¢g,
and ¢y = 2/15.

Proof. Lett > 1. From (28), we have

he = [[Hyl2 < [lpe(A—)l2][Holl2[|C; 1||2+z:\|qs W21 [l2)Com1—sCF o
s=0

Using the bounds shown in Lemma C.8, we deduce the following upper bound on h;:

t Cc1 C1
h: < h + +1 v s — . 31
+ < VB 0( L ont 1 B Z 5 2 - (= ox +C\/B)5+1 €1y
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Furthermore, from the definition of ¥, in (23), we have for all ¢ > 0,
— -1 — -
1242 = |[(UT,E) (U7 X)) < 10T &l (07 X))

< eApAc(cos Oy (Up, X)) = eApAc(l + h?)l/z
< eMpAs(1 4+ hy),

where the second inequality is from the noise condition on UT =t (11), the second equality is from the trigonometric

identity cos @ = (1 + tan? 9)*1/ 2 and the last inequality holds because v/1 + 22 < 1+ z for all z > 0. Plugging the bound
on || ¥,z into the bound on h; (31) gives:

cci A\ Ae
he < e1v'ho + s+ 1)y (1 + hi_1_s 32
¢ 170( )\++C\FZ t—1-s)- (32)
Since )\ﬁ > A\i/2, we get
cei g cC1 g .
(I—e)\ +evB ~ (L=0A\/2 2
which gives the desired result when plugged into (32). O

Finally, we show that any sequence {h;, } satisfying the recurrence inequality (30) decays exponentially as (1 — v/A/2)?
until it becomes e-small.

Lemma C.10. Forallt > 0,
t
he < /2 + ho (1 - \/Z/Q) . (33)

Proof. Let {y;} be the sequence defined as yo = hg and forall ¢ > 1

t—1
ye=c1v'ho+1) (s + 17 (1 +y-1-s)- (34)
s=0

Then, for all ¢ > 0, we have h; < y; (this can be shown by a simple induction using the recurrence inequality (30)). The
proof will then consist in upper bounding y; by the right-hand side of (33).

To do so, consider the generating function of the sequence {y; } defined as Y (z) := Z;LZOS ys2*. We will use the following
identities, which are true for all |z| < 1/7:

+oo 1 “+oo 1

tot tt
g vzt = , g (t+1)y'2' = 5
t=0 1=z t=0 (1-72)

Then, by multiplying both sides of (34) by z* and summing over all ¢ > 1, we have

+oo t—1 toot—1
OIS CRTS 3) DN IEEES 3) DIRT LMY
t=1 s=0 t=1 s=0
1 1 1 1
Y(z) — ho = c1h —1 s V()2
(z) 0 Cc1 O(l—q/z )+772(1 )21_Z+772 ()(1_72)27

nz Yz 1 1
Y() (1= —" ) —n (1
“’"( (172)2) ( *Cllwz)”zuvzmz’

o (1+ e ) + et

Y(z)= T

nz
(1—vz2)?
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Here, the second inequality used the fact that the generating function of the convolution of two sequences is the product of
the two associated generating functions. These equalities are true for all z whose magnitude is less than the pole of the
right-hand side with lowest magnitude, which is non-zero. Indeed, the poles of Y (z) are 1 and the roots of the polynomial
(1 — ~v2)? — nz, which are

2v+n+ /(27 + 1) — 4+2
Pk VA i n-42

2y
We can then decompose Y'(z) into partial fractions:
K1 K K_
Y(z) = 35
(2) 1—2z 1-—z/py 1—2z/p_ (35)
from which we deduce that for all £ > 0,
1\’ 1\’ 1\’
yt B Hl + - <) + H:+ (> g Hl + (K—‘r + K_) <>
p— P+ p—
1 t
ht < K1 + (I‘E+ + Iﬁ}_) (p) . (36)

Here, the first inequality is due to the fact that . is non-negative. Indeed, multiplying both sides of (49) by (1 — z/p.) and
taking the limit z — p, gives after simplification

oy = ho(1 —vp+)(1 — yp+ + c1vp4) +mp+ /(1 — ps)
1—pi/p-

which is non-negative since py > p_, 1 —vp; < 0,1 —p;y <0Oandc; > 1.

)

Multiplying both sides of the partial fraction decomposition of Y (z) in (49) by (1 — z) and taking the limit z — 1 gives

Ui
Ky = . (37
B
Evaluating (49) at z = 0 gives
Ky + Ko =ho—K1. (38)
We now analyze in detail the term 1 — . We have
) VB
—y=1- -
Q=) +evB
s1-a-9Y2 -
Ak
VB
—(1C)<1/\+ ; (39)
k
where the inequality is due to the convexity of u +— 1/u. Rewriting 1 — \/3/ )\; in terms of A = 1 — 24/8/ )y, gives
VB M+ —48-2VF V2—A-VA
1- Y- = =VAY—_— T (40)
)\k Ak+\/A%*4/B 1_A
—————
=:f(A)

Then, according to Lemma C.11, for all A’ € (0,1), we have f(A’) > 1, so that

1—»VB;>vQS

A
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Plugging this inequality into the previously found lower bound on (1 — ~) (39) gives
1—y>(1—c)VA. (41)

Then, (1 —7)2 =1 > (1 — ¢)?A — c3eA > 0, so that k1 > 0. We deduce from (38) that x, + x_ < hg. Furthermore,
from the expression of 1 in (37), we have

o coAe coAe o€ <2
LT 0o — A T (1 —PA—As S (1—c2—c T
Plugging these inequalities into the upper bound on h; (36) gives
1 t
ht <e/24 ho (p) . (42)
Finally, we analyze the factor 1/p_. We have
1 n )’
— =7 =71+ + (1+> -1
p— ; 0\ 2 2y 2y
1+ —y[(1+ ) -1

LRy | G LI Sy (A
v+2+ W—&—Q gl 7+2+ 777+4

n
Syt V4,

where the last inequality is because v < 1. Since, = c2eA € [0, 1], we have > < n < /7, so that

1 1+5 1+5
<t +2\[\/ﬁ<1—(1—c)\/l+ +2\[\/ﬁ

L <1-vap, (43)

where the second equality follows from the inequality of 1 — + (41). Plugging the above bound on 1/p_ (43) into the
inequality on &, in (42) gives the desired result:

he < /2 + ho (1 - \/Z/Q)t.

Using the geometric decay of h; we just showed, we can finally prove Theorem 2.2.

Proof of Theorem 2.2. The proof directly follows from Lemma C.10 and the definition of h; = tan 0 (U, X;). Indeed,
from the inequality sin 6 < tan 6 that holds for all § € [0, 7/2), we have for all ¢t > 0,

Sinak(Uk,Xt) < ht.
Thus, from Lemma C.10, we have for all t > 0,
sin 0y (U, X;) < 8/2 + tan@k(Uk,Xo)(l — \/Z/?)t.

For all t > T where T is defined in the statement of Theorem C.2, we have that the second term on the right-hand side is
less than /2, so that sin (U, X;) < e, which concludes the proof.

O
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We conclude this section by proving the technical lemma used in the proof of Lemma C.10, which bounds a function f
of the gap A over [0, 1). We prove additional bounds on this function beyond the one that is necessary for the proof of
Theorem 2.2, as these additional bounds will be useful in the proofs of the theorems in Section 2.2.

Lemma C.11. Forall A € [0,1), let

VI=A- VA

fa) =2V

Then, f is decreasing over [0, 1). In particular, we have 1 < f(A) < V2 forall A € [0,1), and f(A) < V3-V2 < 1for
all A € [1/2,1).

Proof. Forall A € [0, 1), we have that
,  1-4 1 2
V2-A+VAL-A V2 A+ VA

Letting g(A) := v2 — A + VA, we have f(A) = 2/g(A). g is differentiable over (0,1) with derivative ¢'(A) =
—1/(2v2 — A) + 1/(2V/A). Thus, ¢’'(A) > 0 for all A € (0, 1), so that g is increasing over [0, 1). Thus, f is decreasing
over [0,1), forall A € [0,1),

f(A) =

and forall A € [1/2,1),

FA) < fF1/2)=vV3-V2<1.

C.3. Behavior of ANPM with 0 < 3 < A7, /4

In this section, we prove a result which is not stated in Section 2, which guarantees that performing ANPM with a momentum
parameter 3 smaller than A} i+1/4 (aregime not covered by Theorem 2.2) still improves the convergence rate compared to
the non-accelerated noisy power method. This result is interesting as it shows that using a small momentum parameter does
not make convergence worse than NPM, and that it can still be useful in practice even when the condition § > A7, /4 is
not satisfied. For all of this section, we will use the same notations as those used in Appendix C.2.

Theorem C.12. Ler e € (0,1), let A = 0 such that N\, > A41 and let X such that cos 0, (Uy, Xg) > 0. Consider the
ANPM iterates {X }1>0 defined by (9)-(10) with momentum parameter (3 > 0 satisfying A\x+1 > 2+/B and perturbations
{Et}e>0 satisfying

IUT,Eell2 < ek — Art1)s, (44)
UL El2 < e(A — Meg1) cos 0 (Uy, Xy), (45)

where ¢ = 1/32. Then, for all t > T, sin 0 (U, X;) < &, where

+
T—0 AL log tan 8 (Uy, Xo) .
A= N <

Remark C.13. Forall 8 € (0,A7,,/4), we have that

A 1 Ak

= < ,
AZ_ - )\;i__i_l >\k+1 1+ 1— 4B/Ak+1 )\]9 - )\k+1
Ak 144/1-48/22

1—

so that the convergence rate of ANPM in this regime is better than that of the non-accelerated Noisy Power Method shown
by Hardt & Price (2014).
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Proof. 1t is easy to see that under the noise condition on Uk E¢ (45) and the assumption that 3 < A} +1/4, the proofs
of Proposition C.3 and Lemmas C.4 and C.5 can be adapted and that the results are valid with A defined to be A :=
1 — Met1/Ak € (0,1) instead of 1 — 2/B/A\,. We get in particular from that that all of the sequences introduced in
Appendix C.2 are well defined, and that for all ¢ > 0,

t—1
H, = pi(A x)HoC; '+ gs(A )% 1,Ciy,C; (46)

s=0

where C; and ¥, were defined in Lemma C.4, and p; and ¢, are the scaled Chebyshev polynomials defined in (26)-(27).
Furthermore, the bounds shown in Lemma C.7 are also valid with our new definition of A, and we have that for all ¢ > 0,

rt + krt
G < 27
” t||2 T‘zjl + Ktjl
(1 —cA) £ /(1 —cA)2—48/\2
2 )

r4 =

€ [0,16/15).

Then, the proof for the bounds on H C, ||2 and H Ci_1_sC; /|2 shown in Lemma C.8 can be adapted to our new setting,
using the definition of C; = AkG AkG . We then have forallt > 1,s € {0,. -1},

1

Cols < —
H t ”2\ /\zriv
—-1 C1

< —.
t H2 = )\Z+1ri+l

|‘Ct71750

where ¢; := 31/15. We can then bound A7 as

Apry = % ((1 —cA)A; + \/(1 — cA)2NZ — 4ﬁ)
_ % ((1 — A\ + \/((1 — e + c\/B)2 - 4ﬂ)
> % <(1 —cA) + (1 =)y /A2 — 45)
=1 =)Af + ey = (1 =)\ +c)\k+1,

where the first inequality is due to the concavity of the function u — +/u? — 40 over [24/3, +00). The final bound we need
is on ||p¢(A_g)l|2- Since Ag+1 > 24/, the bound from Lemma C.8 is not valid anymore, and we instead have

)+ Or)!
e (A=)l = pr(An) = 2T < ()

We now upper bound h; := ||H;||2 using (46) and the bounds we just obtained. We then have, using the same techniques as
those used in the proof of Lemma C.9, forall ¢ > 1,

t—1

1
he < c17'ho + % qu(Ak—‘rl)

ﬁ(l +hio1-s), 47)
s=0

where

bi=(1—c)A) + A, v = A4, /b€ (0,1),
1 := c1cALA¢g, ey :=2/15.
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Note that in (47), we do not upper bound ¢s( A1) as in Lemma C.9, which would lead to a loose bound since in the case
where A\, 11 > 2/5, )\,:,L 41 and A, can be very different from each other. We will thus rely on a finer analysis of the above
recurrence inequality, directly involving gs(Ag+1). Letting y; be the sequence defined as yo = hg and for all ¢ > 1,

t 1
1
yr = c17'ho + an Met1) g (L4 g-1-5),

we have for all ¢ > 0, hy < y;, since gs(Ag4+1) = 0 for all s. We can then analyze the generating function Y'(z) :=
Z:fg y; 2" of the sequence {y; }. Using the same techniques as those used in the proof of Lemma C.10, we have

_ Yz nz 1
Y(Z) h0_61h01—’72’+ b (Z)(1_2+Y(Z)>,

where Q(z) is defined as

“+o0
A 1
Z) —§q$(>\k+l) (5) o 1—)\k+1z/b+522/b2'

Here, the expression of the generating function of the sequence {¢s(\x+1)} comes from the proof of Lemma C.6. We
deduce the following closed-form expression for Y'(z):

hO (1 +011 ) + nz 241 )\k+1z/b+522/b2

Y(z) = T (48)
b 1— /\k+12/b+522/b2
From this expression, we can decompose Y (z) into partial fractions:
K1 K+ K
Y(2) = , 49
(2) 1—z+1—z/p++1—z/p_ )
where p. are the roots of the polynomial bﬁzz2 - Lbﬁ'"z +1,1i.e.,
A1+ 0 £V Oegr +1)2 — 48
P+ = b .
2p
Multiplying both sides of the expressions of Y'(z) in (48) and (49) by 1 — z and evaluating at z = 1 gives
b
= n/ _ U (50)

1= M1 /b+B/02—n/b b— A1 +6/b—n"

We will first upper bound «1, to show that it is of order . To do so, consider the function g(z) = = + 8/z for z > 0. This
function is convex, and we have the following inequality:

g(b) — ()‘;:+1) 9/()‘z+1)(b_)‘k+-+1)
()‘;4-1)( C)(A+ )‘;_-&-1)

where the equality is from the definition of b = (1 — c)/\+ + c)\k+1 Notice that because )‘:H is atoot of 22 — A\g12 + 3,
we have g(\; +1) = Ak+1. Similarly, we have g(A{) = Ax. The above inequality can be rewritten as

b= s+ B/b = g' (NG ) (1= o) = M) (51)

Next, by the mean value theorem, we have that

gD — 9N ,)
%g sup lg' (@) = g"(A k+1)
k+1 €N AT

0<
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so that we finally deduce the following lower bound on b — A1 + /b using (51):

g()\;r) - 9()‘;;1)

b— A1 +B/b=(1—c¢) T T
A — A

F = Na) = (1= 0 = A1) = (1 — o) \A.

Plugging this lower bound into the expression of x; in (50) gives

o < n B c1cAAe B cic
'S U-OM - (I—0AM —cicdAe 1—c—cyc

e<e/2.

We now focus on the other terms of the partial fraction decomposition of Y'(z) in (49). We can show that k. > 0 by
multiplying both sides of (49) by 1 — z/p, and taking the limit 2 — p. . Furthermore, evaluating (49) at z = 0 gives

Ky + K-+ k1 =Y (0) = ho.

Then, we get from the partial fraction decomposition of Y (z) in (49) the following upper bound on h;:

1\' 1\
he <ye < Ky + (kg + o) (p) <e/2+ho (p) . (52)
- +
What remains to show is that p_* decays geometrically with a rate O < /\+’\’j\+> . We can write 1/p_ as
kT~ k41

1 28 1

p— b (Nerr + 1) + V(g1 +0)2 — 45

1 (Aers + 1) + /(s + 1) — 48
2 (L= o)Af +eXf

Since ) < ce1 (Mg — Ag41), we have

1 1
7<7
p— 2

(1 —cer)Mey1 + cerde + /(1= ce1) Apy1 + cordi)? — 48
(L—o\f +eXf, '

Then, by concavity of the function u — +/u? — 4 over [21//3, +00), we have

i < (1- ccl))\:_H + clc)\: < (1- ccl)/\Z'_i_l + Clc/\Z' - ccl)Ak - AL
o 1 - + et = 1—cie)\ = AL
k E+1 k k
Denoting ¢3 :=1 — ¢; — cc; > 0, we finally have
N =AY
hi <e/24 ho 1—02/\7++ )
k
so that for all t > T, sin 05 (Uy, X;) < hy < €, where T is defined as
1 2h0 )\z tan Gk (IJ]€7 X())
' oy e () - (w ST |
— 10g 1— CQT
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C.4. Proofs of Theorems 2.3 to 2.5

We recall the notations introduced in Section 2.2 related to the adversarial examples we use to prove the tightness of
our analysis in the proof of Theorem 2.2. Letd > k > 1, Ay > 2/3 > 0and A = W € (0,1). We define

A = diag( Mg, ..., A, 245, . .., 2¢/B) € R¥*4 where ), is repeated k times and 2/73 is repeated d — k times. We denote
by Uy, € R¥*¥ the matrix whose columns are the first & standard basis vectors of R?, and by U_;, € R%*(4=%) the matrix
whose columns are the last d — k standard basis vectors of R?. We also denote Ay, := A\, I and A_j = 2/BI4_. It will
also be convenient to introduce v, ..., vy the standard basis vectors of R¢, and v1, V5 the standard basis vectors of R2. All
of the proofs in this section will consider ANPM instances with the matrix A, aiming to approximate the subspace spanned
by Uk.

We restate the theorems from Section 2.2 before proving them.

Theorem C.14 (Theorem 2.3). Let ¢ € (0,1) and Xy € St(d, k) such that cos0;(Uy,Xo) > 0, and consider the
ANPM iterates {X;}1>0 defined by (1) with momentum parameter 8 and perturbations 2; = 0. Then, for allt < T,

tan 0 (U, X;) > €, where
1 tan@k(Uk,X0)>>
T=Q(—=log| ———————= ).
<\/Z g( e

Proof. In the case where E; = 0, the ANPM iterations read:

X1, Ri =QR (;AXO) ,
V=1, Y1 =AX, - X, Ry,
Xit+1, Rer1 = QR(Ye41),
so that defining Z¢ := X and Z; := X;R; ... R forall ¢t > 1, we have
Vt>1, Zii1=AZy— L2y,

1
Zl == §AZO

‘We can then write Z; as
Z; = pi(A)Xo,
where p; is the polynomial defined in (26). Since R ... Ry is non-singular, tan 63 (U, X;) can conveniently be written as:
tan0(U, Xo) = ||(ULX0) (Uix) || = || (0Teze) (U7 2) 7| -
We deduce from it that for all ¢ > 0,
tan 04U, X,) = || (UTp(A)X0) (U] pu(A)X0) ||

—1 _
= Ip(A-p)lz || (UT,Xo) (U7 Xo) ™" [lpeAn) I,
N——— 2 N————
=p:(2vB) =1/pt(Ak)
2VB'
= ————tanf,(Ug, X
G+ gy e
VB

t
> <+> tan 0, (Ug, Xo),
AL

where the last equality is from Lemma C.6, and )\ki are defined in (29). Then, using (40) and Lemma C.11, we know that

‘/321_\/Ef(A)>1—a\/Z>o,

A
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where f is defined in Lemma C.11 and o = V3 —V2if A >1/2,anda = V/2 otherwise. Thus, for all ¢ > 0,
tan 0 (Ug, X¢) = (1 — a\/g)t tan 0, (U, Xo).

We deduce from it that for all t < 7", where

we have tan 0, (Uy, X;) > e. This concludes the proof. O

Theorem C.15 (Theorem 2.4). Let € € (0, 1). There exists Xy € St(d, k) such that cos 0;,(Uy, Xo) > 0 and a sequence of
perturbations {2 }¢>0 verifying

||Ujk5t||2 <8(A\k — 2\/3)5,
U, Byll2 =0,

such that the ANPM iterates {X,}i>0 defined by (1) with momentum parameter (3 verify tan 0, (Uy, X;) > € forall t > 0.

Proof. Let 6, := arctan(2¢) and let X € St(d, k) be the matrix whose k — 1 first columns are vy, ..., vi_1, and whose
last column is cos 0y vy + sin Opvy41. Notice that since Uy, is the matrix whose columns are vy, ..., vy, we have that
U] X, = diag(1,...,1,cosp), so that cos 0 (Uy, Xg) = cosfp and tan 0 (Uy, Xo) = tany = 2¢ > «.

We consider the perturbations =; defined as
E, =80\, — 2¢/B)e)0, ..., 0, viy] € RTXF,

E, verifies [UT, Ell2 < 8(A\x — 2v/B)e and U] E; = 0.

Since the k — 1 first columns of X are aligned with the top-k eigenvectors of A and the & — 1 first columns of =, are zero,
the k — 1 first columns of X; remain constantly equal to vy, ..., vi_1 throughout the iterations. Furthermore, the k-th
columns of X and =; are contained in Span(vy, vi.+1), which is stable by multiplication with A. Thus, we only need
to analyze the evolution of the k and k + 1-th components of the k-th column of X, which we denote by x;, € R?. The
dynamics then become:

1 -
y1 = §AX07 x1 = y1/|ly1lle,
Vi>1, yir = Axy — Bxi1/|yill2 + 8Ok — 2¢/B)eva,

Xt4+1 = Yt+1/||Yt+1||27

and we have that 0, (U, X,) = 0, (V1,x,) = arccos((V1,x,)). Here A := diag(\y, 2¢/B). This is the ANPM dynamics

in dimension 2 with perturbations &; := 8(\;, — 2/B)eva.

In this setting, the sequence {G;} defined in (14) reduces to a scalar sequence {g;} defined by the following Riccati
recurrence:

1

Vi20, gir1=—F5— Ggo=2.
’ 1- )\%gt
k
It is easy to prove that in this case, for all ¢ > 0,
Pk
gt = )\k: t( ) )
Pr1(Ak)

where p; is the polynomial defined in (26) (a simple way to prove it would be to notice that the sequence m; := A, /(gi—1 -
...~ go) verifies the linear recurrence ms11 = A\pmy — fmy_1, withmg = 1 and my = A /2).
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The noise condition (12) holds, since {flTét = 0, so Proposition C.3 and Lemmas C.4 and C.5 still hold. In particular, from
Lemma C.5, denoting h; := tan 6, (v1,x;), we have for all ¢ > 0,

= P2 s 2By BCVE)_ pois()
k

pt(Ak) pe(Ak) cosby(Vi,xe—15)

s=0

where ¢; is the polynomial defined in (27). Then, using Lemma C.6 and the fact that 1/ cos# > 1, we have for all t > 0,

t t—1 s
A —2

hy > ({?) ho + 4EM Z(s +1) (\/.?)
Ak Ak s=0 Ak

)\Z—g)\k t—1

> q'hy +4Ac Z(s +1)y°

s=0

— (t+ 1)y + iy

(1—=7)? ’

1
=~ hy +4Ace
~

=2¢

where we defined v := /B/A\{ € (0,1). From (40), we have 1 — v = VAf(A) where f is defined and bounded in
Lemma C.11, so that 1 — v < vAV?2. Thus, A > (1 —+)?/2 and we have for all ¢ > 0,

he 2 28 (1= t(1—7)7") = p(t).

 is a differentiable function over R with derivative

¢'(t) = 2e(1 = 7)(=1 + tlog(1/7))7"-
Letting t* be defined as

1
= ——— >0,
log(1/7)

we have that ¢’ (t) < 0 forall t € [0,¢*) and ¢’(t) > 0 for all ¢ > t*. Thus, ¢ is decreasing over [0,¢*] and increasing over
[t*, +00), and is minimized at ¢*. Thus, for all ¢ > 0,

s () =2 (1- ).

Since v € (0, 1), we have log(1/) > 1 — ~y so that for all £ > 0,

1
ht>25<1—>>5,
e

which concludes the proof. O

Theorem C.16 (Theorem 2.5). Let e € (0,1). There exists Xy € St(d, k) such that cos 0, (U, Xo) > 0 and a sequence of
perturbations {E; }1>¢ verifying

UL B2 =0,
[ULE 2 < (A — 24/B) cos 0 (Uy, Xy),

such that the ANPM iterates {X,}+>0 defined by (1) with momentum parameter (3 verify tan 0, (Uy, X;) > e forall t > 0.

Proof. We define X similarly as in the proof of Theorem 2.4, with  := arctan(2¢). X € St(d, k) is the matrix whose
k — 1 first columns are vy, ..., vg_1, and whose last column is cos 8gvy, + sin Ogvy1. Then, we have cos (U, Xo) =
cos 0y and tan 0 (Uy, Xo) = tanfy = 2 > e.
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We define recursively the sequences {X;} and {E;} starting from Xg:
1
Hy = _5(/\}’@ — 2\/5) cos 0 (U, X0)[0,...,0,vi] € Rka,

1
X, R = QR <2AX0 + EO> ,
Vi1, By =—(\ —2v/8) cos 0, (Ug, X)[0,...,0,vy] € R¥¥F,

Y1 = AX, - X, R+ By,
Xt+1aRt+1 = QR(Yt+1)~

Then, {X,} follows the ANPM dynamics with perturbations {Z; }. Notice in particular that for all ¢ > 0,

UL B2 < (A — 2¢/8) cos 01,(Uy, Xy),
||U7k'='t||2 =0.
The same argument stated for the proof of Theorem 2.4 holds: since the & — 1 first columns of X are aligned with the
top-k eigenvectors of A and the k& — 1 first columns of =; are zero, the & — 1 first columns of X; remain constantly equal
to vi,...,Vvi_1 throughout the iterations. Furthermore, the k-th columns of X and Z; are contained in Span(vg, Vi41),
which is stable by multiplication with A. Thus, we only need to analyze the evolution of the £ and k£ + 1-th components of
the k-th column of X, which we denote by x, € R2. The dynamics then become:
1+ 1 -
y1=5Ax0— 5\ - 2v/B) cos 0 (U, Xo)¥1,
x1 = y1/[[y1]2;
Vt21, yi = Ax; — Bxi—1/||yell2 — (Ax — 2\/3) cos O, (U, Xy) V1,
Xt+1 = Y1/ [[yetallz,
and we have that 0, (U, X;) = 601(V1,x:) = arccos({(Vy,x;)). Here A = diag(Ag,2v/B). Then, cos 0y (U, X;) =
frlTxt, and the dynamics of x; can be rewritten as:
1
= 52\/BX07 x1 =y1/[ly1l,

VE> 1, yi = 2v8x — Bxe_1 /|| yilles
Xt+1 = Yt+1/||Yt+1H27

since A — (\x — 2¢/B)v1v] = 21/BI,. From this, we deduce that for all ¢ > 0, x; is a unit norm vector in Span(xo), s
that 01 (v1,x;) = 01(V1,%0) = 0, (U, Xo) remains constant for all ¢ > 0. Thus, for all ¢ > 0,

tan 0 (U, Xy) = 22 > &.

D. Proof for Section 3
D.1. Proof of Theorem 3.3

We first restate Theorem 3.3 with an explicit condition on the number of gossip iterations per step.

Theorem D.1. Lete € (0,1). Let {A;}1; € (R such that A :==n=1Y"" | A; = 0is PSD with eigenvalues \; >
Ak > A1 = -+ = Mg and let Uy, € St(d, k) be its top-k eigenvectors. Let X € St(d, k) such that cos (U, Xg) > 0,
let B > 0 such that \p > 2v/B > Apy1, and let W be a gossip matrix. Then, running Algorithm 2 with L gossip
communications per step, where L verifies

log (CQW AL 1) (53)

\/ Ak )\k—Z\/Baoe
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returns for all t > T and for all i € {1,...,n} an estimate X, ; € St(d, k) such that sin 0;,(Uy, X, 1) < 2¢, where

T _ O )\k log (tan Hk(Uk7X0)) '
Ak — Akt1 £

Here c1 := 6 and co := 11 are universal constants, and oy and M are defined as:
1
0= >
V14 (/2 + tan6,(Ug, Xo))
M = max }”AZHQ

i€{l,...,n

(07

)

The idea for this proof is to define an iterate X; which represents an “average” of the local iterates {X; ;}"_; at each step ,
and to show that (i) X; follows the ANPM dynamics of (1) and thus enjoys the convergence guarantees of Theorem 2.2, and
(ii) each local iterate X,; ; stays close to X, throughout the algorithm, so that the convergence of X, implies the convergence
of each X ;. Both of these properties hold under the assumption that the number of gossip iterations L per step is sufficiently
large. We first recall the dynamics of the local variables {X; ;, Y, ¢, R; ¢}, given by Algorithm 2 for all ¢ > 1:

Vie{l,...,n}, Y10 =AiXi; — ﬂxi,t—lR;tlv

Y41 = ACCGOSSiP({Yj,t+1/2}?:17 W, L, i),
Xi+1, Rigy1 = QR(Y 141),

where AccGossip({Y111/2}7-1, W, L, 4) refers to the output of Algorithm 1 on node i after L iterations, with gossip
matrix W and initialization {Y ;1 1/2}7_;. We can then define the global quantities that will be the backbone of our
analysis. These quantities will typically be represented by an overline symbol:

Xo = Xo, EO =0
- 11 1, S -
Y1 = E ; 5A,’Xi70 = 51&)(07 Xl,Rl = QR(Yl),

YtJrl = %Z?:l Yi,t+1/2 - %Z?:l (AiXi,t - Bxi,tflR;tl) )
Vt 2 17 Xt+17Rt+1 = QR(Yt+1), (54)
E‘t = Yt+1 - (AXt - ﬁXt_lf{t_l) .

Then, (X;, Ry, Y;) follows the ANPM dynamics with noise Z;:
_ 1 o _
Yl = §AXO + EO7 X17R1 = QR(Yl)v

e e e
Vi1, Yoy = AXy = X R+ &y (55)
Xy, Rip1 = QR(Y¢41)-

Furthermore, from Proposition 3.2, we have the following upper bound on the approximation error ||Y; ; — Y| after L
gossip iterations at each step ¢:

Vie{l,...,n}, HYi,t - Yt||F <(1- \/’YW)L\/EJ.:TI}&X” ||Yj,t—1/2 - Yt||F~ (56)

.....

Accordingly with the notations used for the proof of Theorem 2.2 in Appendix C.2, we introduce the sequence {G;} defined
as:

1 _ _ _
Gy = 7Tk Giy1 = (I — BAL'GAL + Eig) 7, vt =0,
0

where E;:= A; (U] E,)(U;X,) !, vt >
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To prove Theorem D.1, we use the following proposition, which shows that =Z; satisfies the noise conditions (3) and (4)
under the assumption that L satisfies (53). This guarantees that { G} is well-defined, as shown in Proposition C.3, and will
allow us to apply Theorem 2.2 to X;. This proposition also shows that each local iterate X; ; stays close to X;, which will
allow us to derive the convergence of each X; ; from the convergence of X;.

Proposition D.2. Under the assumptions of Theorem D.1, for all t > 1, we have that

yeeey

Y A2al Ap—
n | Yie = Yi|[p < CS%W@

(Pe) : maxi;=1,....n ||Xi,t - Xt||F < Cﬁ()\k - 2\76)&36,
1Z¢]]2 < (A — 2v/B) cos 0 (Up, Xy )e.

where ¢ := 1/32 is the universal constant from Theorem 2.2, and cs = 1/1250 and c4 := 1/200 are universal constants.

The proof of this proposition relies on multiple technical lemmas, which relate various bounds on the norms of quantities
involved in the algorithm.

Lemma D.3. Lett > 1 and assume that
Vse{l,....,t—1}, B2 < (A — 24/B) cos 0 (Uy, X, )e.
Then, for all s € {0,...,t}, we have that
cos 0, (U, X;) > ap. (57)

—

Proof. Under the hypothesis of the lemma, E satisfies the noise conditions (3) and (4) of Theorem 2.2 for all s €
{0,...,t — 1} (recall that & is defined to be 0). Thus, we can apply Lemma C.10 to the sequence {X;}!_, defined by
(55), which gives for all s € {0,...,t},

tan 0 (Ug, X,) < (1 — VA/2)" tan 04 (U, Xo) + %

< tan@k(Uk,Xo) + %,

where A =1 — 2y/B/A\x € (0,1). Then, using the fact that cos§ = 1/v/1 + tan® @ for all § € [0, 7/2), we have for all
s€{0,...,t},

1

cos 0, (U, X,) > -
V14 (tan6,(Ug, Xo) + 5)

= Qp,

2

which concludes the proof. O

Lemma D.4. Lett > 1 and assume that
Vse{l,....t —1}, [l < e — 24/8) cos 0 (Ug, X, )e.

Then,

1 1

Y= IR < ——.

(58)

Proof. First, from Lemma D.3, we have that cos 6 (Uy, Xt_l) > «g. Furthermore, from the hypothesis of the lemma, we
have that the noise condition (12) is satisfied, so that Proposition C.3 holds. In particular, we have the following bound on
[Ge—1ll2:

1
[Gi-1ll2 < 1

ﬁ7 (59)

and the relationship (19):

U Y, =AG LU X, .
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2, we prove a positive lower bound on oy, (Yt). Because of Theorem A.5, we have

To prove the upper bound on || Y]

Omin(Y¢) = Omin {g{? f{t ] ) > 0min(U} Y¢). We can then lower bound oy, (U} Y) as follows:
—k

Ak cos 0y (Up, X;_1) 67,69

Umln(Uk Yt) amln(Ath__llU;Xt—l) 2 HG || 2 )\kao(l/Q - C) > 0. (60)
t—1l[2
Since Ry is the R-factor of Y, we immediately have that
_ _ 1 1
Yio=|R o< ———.
%0l = IR < 17—
O
Lemma D.5. Lett > 1 and assume that forall s € {1,...,t — 1},
IZsll2 < e(Ak — 24/B) cos B, (Uy, X, )e,
and that for all i € {1,...,n},
o )\ ap A\, — 2V
Y.—-Y b\ DAL A 220y
1Y tllp < M A €
Then, foralli € {1,...,n},
1 1
R, L —, 61
IR € (61)

where c5 := % —c—cs.

Proof. Leti € {1,...,n}. R;, is the R-factor of Y; ;. We will thus prove the lemma by lower bounding cin (Y ;).
Using Theorem A.4, we have

Umin(Yi,t) 2 Umin(Yt) ||Y7, t Yt||2 Umln(Yt) ||Yi,t - YtHF

The assumptions of Lemma D.4 are satisfied, so that we can use (58) to bound Umin(Yt). Thus, using both (58) and the
assumption on ||Y; ; — Y,||r, we have

2.5 )
amin(Yi7t) 2 )\ka0<1/2 — C) — CgMME

M Ak
= c5 A0,
where the last inequality is due to oy < 1, A ;\f‘/B <1l,e <1, and
M <M= |Alls = liA <lzn:||A-|\ <M 62)
kX N\ — 2 = ni:l 2\ni:1 2 X .

We thus obtain

R, o —
Rl < S

Lemma D.6. Lett > 1 and assume that for all s € {1,...,t — 1},

1Zs]l2 < e(Ae — 24/8) cos 0 (Uy, X, e,
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and that for all i € {1,...,n},

S )\ ap A\ — 2V
Y, - Y A% Ak T EVE
1Yi¢ tllp < M A €
Then, for alli € {1,...,n}, the following inequalities hold:

S . 1
||YT||2HY” -Yr <z <1, 63)

VA ol Yie = Yille _ Mad M—2VB

[\V]

4 (64)
1- HYTH2”Y17§_YtHF M Ak
X — Xellr < c4—0(Ak —2y/B)e, (65)
”Ri,t Rt||2 0466 k — 2\/> aoa (66)

where c3 and c4 are the universal constants defined in Proposition D.2, cs is the universal constant defined in Lemma D.5,
and cg =1+ ﬁ.

Proof. Let i € {1,...,n}. Because of the assumption on the norm of E; for all s € {1,...,¢# — 1}, we can apply
Lemma D.4 to get the bound (58) on || Y] ||o. Then, using the assumption on Yi:— Yi|lr, we have

1 1 c3 )\iag /\k- - 2\/,(75
)\ka() 1/2—6 M )\k
B ez Aag A — 2\/35 o cs 1
C(1/2—-¢) M Ak S (1/2-¢) T2

Y] 20Yo0 = Yille <

—_

where the second-to-last inequality is because oy < 1, Ak QI < 1,e < 1,and A\ < M from (62). This proves (63).

Then, (64) can be obtained by lower bounding the denominator by 1/2, and upper bounding the numerator using the
assumption on || Y; ; — Y||p and the bound (58) on || Y] |2:

V2 Y] o[ Yie — Yillr

\fHYT” 1Y+ — Yi|p
1= Y]l Y — Yt||F '

1 1 Aol A, — 2¢/B
2 C3 9
)\kao 1/2 —C M )\k
4 —
g ¢ )\kOLO >\k 2\/357
M Ak

where the last inequality holds since 21/2 % < ¢4

The two last bounds of the lemma are proved using the perturbation bounds in Theorems A.2 and A.3, which are both
applicable because of (63). First, from Theorem A.2, we have

V2|l Y — Vel <er Ao A — 2\/66
1= Y] |l2Yie = Yile M Ak

2
C4MO(/\k — 2\/B)€

where we used in the last inequality cvg < 1. This proves (65). Then, from Theorem A.3, we have

X0 — Xellr <

V2| YH|l2] Yo = Yillr

Rt — Rell2 <
’ 1= Y12 Y — Yol

|R|2. (67)
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We thus need to upper bound || R |2 to conclude. Since Ry is the R-factor of Yy, we have ||Ry¢||2 = [|Y¢||2. Then, from the
definition of Y, and the triangle inequality, we have

n

— 1
1Y¢ll2 = H” Z (A X — BXz‘,thi i

i=1

n

1
*Z [[Al2][Xs,

ii—1 ||2||R;t1 [2)

<L (68)

R o < M+ 6
” tH 05)\k040 040

where the second-to-last inequality is due to the bound (61) on || R |2 from Lemma D.5, and the last inequality is due to
ap < 1and B/, < A\i/4 < M /4. Plugging (68) and (64) into (67) concludes the proof of (66):

_ Aot A\ — 2 M
IR;: — Refl2 < szi;wok\/gweoé0 = cac( M, — 2¢/B)ade.

Ak
O
Lemma D.7. Lett > 1 and assume that forall s € {1,...,t — 1},
1Zs]l2 < e(Ae — 24/8) cos 0 (Uy, X, e,
and that foralli € {1,...,n},
. A2ad M\ — 2B
Yo~ Yip < e kS0 2k~ VP
1Y tllr <cs M M €
Then, for alli € {1,...,n}, the following bound holds:
_ - _ 1
[Xi 1R = X Ry e < er 3 (A = 2V/B)awe, (69)
k

where c7 := Zi (1/2 c—f—l)

Proof. Leti € {1,...,n}. We decompose Xi7t_1Ri_)t1 — Xt_lf{t_l into the following terms:
Xi,tflR;tl -X;Ry = Xi,t71R;t1 - thlR;tl + thlR;tl - X1 R, !
= (Xit-1 — Xt—l)RZtl + Xt—l(Ri_,tl -R; )
= (Xj—1 — thl)R;tl + X1 RyT(Re - Ri7t)R;t1~
We can thus bound its norm as
[Xi-1R;; = Xea Ry e < IR 2l Xiim1 — Xecalle + [ X ll2lR; 2l Re — Riglle Ry l2-

Each of these factors have been upper bounded in previous lemmas, whose assumptions are satisfied. First, from Lemma D.5,
we have the bound (61) on ||R;t1 ||2. From Lemma D.4, we have the bound (58) on ||R; ! ||2. Then, from (65) in Lemma D.6,
we have the bound on ||X; ;1 — X;_1]|r and from (66) in Lemma D.6, we have the bound on |R; — R.; ;||r. Applying all
these bounds on the above inequality yields the wanted result:

6406 k — 2\/> aOE

_ 1 1
||Xi,t71Ri7 . 1R ||F . Ak —2[

o
>\k - 2\/6)0[067

cs Oto)\k

1
/2

<er

Ai

where the last inequality is due to A < M.
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We can now prove Proposition D.2.

Proof of Proposition D.2. We will prove this result by induction. We recall the definition of the proposition (P;) for all
t>1:

maxi—1__n||Yit— Ye|r <ec Ak?” 2k /\if g,

(Pt) : maXx;=1,..n ||X'Lf - XtHF < M (>\k 2f)a067
1Z¢t]l2 < c(Ar — 2¢/B) cos 0 (Ug, Xy )e.

Base case: We first show (P1). {Y;1}} ; is the output of Algorithm 1 after L gossip iterations on the initial values
{3A:X; 0}, Thus, from Proposition 3. 2 we have that forall i € {1,...,n},

_ 1 1
[Yi1 = Yilr < (- yAw)“vn max HQAiXi,O — 5AXo
i=1,...,n F
1
<= yvAaw) Vi max o | [|Al2 | Xiolle + A2 1 Xolle
i=1,...,m 2 | e e — —— ——
M Uk <n S A<M —vE

< (1= Aw)EVnkM.

From the assumption on the number of gossip iterations L in (53), since ¢; > 5, ¢5 > 1/c3 and -Vn 2 \/B s =1, we
have
1 M2 Ak 1 1)
L>— 1o vn
—log(1 — \/7w) & ( )\2 Ak — 2B aj e
so that
- )\ ad A
Y1 — Yi|lp < e =20 A =28 (70)

STM T

This proves the first point of (Py). The second point of is the bound (65) from Lemma D.6, whose assumptions are satisfied
because of the bound on ||Y; 1 — Y1||r in (70).

Finally, we control the norm of E; to prove the last point of (P ). From the definition of E; in (54), we have

_ _ o 1 & 3 _ o
E1=Yo — (AX; - BXoR;") =~ ((AiXin — BXoR;|) — (AXs — fXoRy))
i=1
[E1ll2 < [[Eallr < L i A2 X1 — X lle + g i 1XioR; ) — XoRy e (71)
n — , n — ) 7,1 1

[Xi.1 — Xy is upper-bounded in (65) from Lemma D.6, and || X; oR; 1 — XoR | is upper-bounded in (69) from
Lemma D.7. Both of these lemmas have their assumptions satisfied because of (70). Plugging these two bounds into (71)
yields

c
||51||2<MJ\; k—Q\[aoe—l—ﬁw k—Q\/aoa

(A — 2v/B)age,

where the last inequality is due to 3 < A7 /4 and ¢4 + ¢7/4 < c. This concludes the proof of (P;).

Induction: Let ¢ > 2 and assume that (Ps) holds for all s € {1,...,t — 1}. We will show that (P;) also holds. First, from
the induction hypothesis, we have that for all s € {1,...,t — 1},

1Zs]l2 < e(Ae — 24/8) cos 0, (Ug, X, )e.
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We can prove the upper-bound on ||Y; ; — Y ||r in the first point of (7;) using a similar reasoning as in the base case. Since
{Y; .}, is the output of Algorithm 1 after L gossip iterations on the initial values {A;X; ;1 — BXi 2Ry, tl_l}?zl, we
have from Proposition 3.2 that for all ¢ € {1,...,n},

1

‘Aixj,u—ﬁxj,t 2Ry ==Y (AnXon i1 — X 2Rp)y )
m=1

1Yi:e— Yellp < (1— \/W)L\/ﬁj:rrllaxn

F

<(1- \/WW)L\/EJ.:H}%??” <||Ai|2||Xj,t1F + B1X 2 llp Ry o+

1 _
0 Z 1A 201X -1 +ﬁ||xm,t2||FRm%“2)>

< (1—Aw) Vnk <2M +28 SAM))

CgM
(7)) ’

< (1—vAw) " Vink

where the second-to-last inequality is due to the bounds (61) on ||R;£t71 ||2 in Lemma D.5, whose assumptions are veriﬁed
because of the induction hypothesis, and where the last inequality is due to 3/\,, < A\x/4 < M /4 and cg := 2+ 5. Using

the assumption on the number of gossip iterations L in (53), since ¢; = 6, A,/ (Ar —2v/B) = 1, M/, > 1, ag < 1 e <1,
Vnk > 1and c¢§ > cg/cs, we have

1 X e 11
L>— Vnk
—log(1 — \/Ww) ( AQ e —2v/B af 8)

so that we can upper bound (1 — /7w )’ and obtain the wanted bound on ||Y;; — Y||r:

S A2ad M\ — 2B

Yi:—Yyp gt 028 VP
Iir = Yelle < e5 = ————¢
Then, just like in the base case, the second point of (P;) is (65) from Lemma D.6, whose assumptions are satisfied because
of the bound we just proved on ||'Y; ; — Y,||r and because of the bounds on E for s € {1,...,t — 1} from the induction
hypothesis.

Finally, we control the norm of Z; to prove the last point of (P;). We proceed similarly as in the base case: from the
definition of E; in (54), we have

_ _ _ _ 1 & _ _ _
B = Yo - (AX, - BX R, ) = — > ((AXi — X 1R ) — (AX — BX, 1R ),
=1

1 n ~ n B ~ _
Eellz < [[Belle < D O IA2lXi e — Xl + - Z IXi R, = X Ry e

Then, using the bounds (65) on || X; ; — X || from Lemma D.6 and (69) on ||Xi7t_1Ri_7t1 — Xt_lf{t_l |l¢ from Lemma D.7,
whose assumptions are satisfied because of the bound we just proved on ||'Y;; — Y, |lr and because of the bounds on = for
s €{1,...,t — 1} from the induction hypothesis, we have

C

1Ze]|2 < M]\; K —2v/B)ade + /307 Ae — 2v/B)aoe
k’ — 2\/7 0406,

where the last inequality is due to 8 < A7 /4 and ¢4 + ¢7/4 < c. This concludes the proof of (P;) and thus the induction.
O
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We can now prove Theorem D.1.

Proof of Theorem D.1. According to Proposition D.2, we have that for all ¢ > 0,

Itz < e(Ax — 2\/5) cos 0, (Uy, Xy)e.

As such, the ANPM Eiynamics (55) followed by {Xt}t>0 satisfy the noise conditions in Theorem 2.2. Thus, forall ¢t > T,
we have sin 0 (Uy, X;) < &, where T is such that

. Ak tan Gk(Uk, Xo)
T—“)( N2/ ())

Furthermore, according to Proposition D.2, we have that forall ¢ > T, and forall: € {1,...,n},

X 1 Ap — 2
HXi’t - Xt”F < C4M(>\k — 2\/3)04(2)3 < k)\k\/BE

X — Xell2 <&,
where the second inequality is from ¢4 < 1, Ay, < M and o < 1. Then, using Proposition A.1, we have forall ¢t > T,

sin Oy (Ug, X;0) = [UL X lla < [ULXello + UL (X5 = Xo) 2
= Sinek(Uk,Xt) + ||Xi,t — thlg < 2e.

This concludes the proof. O

E. Experimental Details
E.1. Experimental Details for ANPM

For all of the experiments shown in Figure 1, we generate a single orthogonal basis of eigenvectors U € St(d, d) (by taking
the Q-factor of a d x d matrix with i.i.d. standard normal entries). The matrix A is then constructed as

A = Udiag(A1, ... A1, Aoy M1 Ay -5 A)U T,

where Ay = A\, = 1, Ay = 0.5 and A\ is varied to obtain different eigengaps Ay = 1 — Ap4+1. In our experiments, we set
d = 1000 and k£ = 10. X is generated as the Q-factor of a d x k matrix with i.i.d. standard normal entries.

Note that the adaptive tuning heuristic 3; requires to run ANPM on k + 1 columns instead of k. In that case, for each
plot, the initialization X is chosen so that its first £ columns are the same as the initialization used for the other methods.
Furthermore, the quantity plotted corresponds to sin of the k-th principal angle between Uy, and the k first columns of X,
so that the comparison with other methods is fair. Indeed, from (Balcan et al., 2016; Xu, 2023), we expect the convergence
of ANPM to the top-k eigenspace to improve when running it on more than k columns.

We sample the noise matrices =; from a so-called “adversarial” distribution, inspired by the adversarial examples used
in the proofs in Appendix C.4. The adversarial examples from Appendix C.4 were designed to be in a single direction
corresponding to the eigenvectors of A, hindering as much as possible the convergence of NPM/ANPM. In our experiments,
given a noise norm £, we sample =; as

— Uuv ii.d
Ei=—trg V=il e RF 0 "IN(0,1).
IVl
This ensures that 1) Z; is of spectral norm £ and 2) all the columns &; of Z; verify(&;, w;) < Oforall j € {1,...,d}, which

tends to hinder the convergence of ANPM in a similar way as the adversarial examples from Appendix C.4.
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Figure 3. Experimental results for (A)NPM with stochastic mean-centered noise. From left to right: fixed noise norm and large gap,
varying momentum; fixed noise norm and small gap, varying momentum; optimal momentum and fixed noise norm, varying gap; optimal
momentum and fixed gap, varying noise norm.

E.2. Additional experiments for ANPM
E.2.1. ANPM WITH MEAN-CENTERED NOISE

In the same setting as described in the previous section, we perform experiments where =, is sampled from a centered
distribution. We argue that mean-centered noise models behave differently from the adversarial noise used in Appendix E.1.
Indeed, we show in Figure 3 the results of the same experiments as in Figure 1, but where =, is sampled uniformly on the
sphere of radius £ for the spectral norm:

Vv

V]2’ V= [u ] € RPE v R AN(0,1).

[

=<

We observe notably that 1) ANPM’s evolution is still separated into a transient exponentially decaying regime followed by a
stationary regime, 2) the level of the stationary regime (i.e. the final precision reached) seems to depend on the momentum
parameter 5 (which was not the case with adversarial noise), and 3) the level of the stationary regime is not proportional to
the gap Ag. These two last points suggest that the behavior of ANPM with mean-centered noise is different from the one
with adversarial noise.

E.2.2. LARGE-SCALE EXPERIMENTS FOR ANPM WITH GAUSSIAN NOISE

We show in the next experiment that ANPM can be used for very large-scale matrices with favorable structure. We perform
spectral clustering on the Amazon0302 graph dataset (Leskovec et al., 2007), which consists of d = 262111 nodes and
s = 1234877 edges. The resulting matrix is very large, of size d x d, but sparse with s + d < d? non-zero entries. This
allows for efficient matrix-vector products even though storing in memory the matrix in dense format would be impossible
for many devices. We consider i.i.d centered Gaussian noise [Z;]; ; i (0, 02) for two different values of o, and compare
ANPM using the tuning heuristic 3; described in (5), and non-accelerated NPM. We let £ = 30, and show the results in
terms of reconstruction error || (I; — X;X, ) A2 rather than using the approximation error sin 6 (U, X;), since we do not
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Figure 4. Experimental results for ANPM with Gaussian noise on the Amazon0302 dataset. (Left) o = 1073, (Right) 0 = 2 x 1073,

have access with high precision to Uy. The results are given in Figure 4. We observe that for smaller noises, ANPM with
the tuning heuristic 3; converges faster than NPM, while for larger noises, ANPM performs similarly to NPM.

E.3. Experimental Details for ADePM
E.3.1. DETAILS FOR FED-HEART-DISEASE

Fed-Heart-Disease is a dataset from the FLamby collection (Ogier du Terrail et al., 2022), which consists of tabular data of
dimension d = 13 partitioned into n = 4 hospitals. We perform decentralized PCA on rescaled local covariance matrices.
Letting ®; € R™:*? be the local data matrix of agent s foralli = 1,..., 4, we let

n I I
A= —8®,, A== A== o'®,
where m = > | m; = 486 is the total number of samples. This way, A is the empirical covariance matrix of the full
dataset. We choose a ring graph topology for our communication network, with a gossip matrix W defined as

1/2 1/4 0 1/4
1/4 1/2 1/4 0
0 1/4 1/2 1/4
1/4 0 1/4 1/2

W =

E.3.2. DETAILS FOR EGO-FACEBOOK

Ego-Facebook (Leskovec & Mcauley, 2012) is a graph dataset consisting of 4039 Facebook users, connected by edges
representing friendships. We pick a subset of size n = d = 50 of this graph by selecting the nodes labeled O through 49.
This subset constitutes a connected graph G. The goal of spectral clustering is to find a low-dimensional embedding of the
nodes of GG by using the bottom eigenvectors of its normalized Laplacian matrix, defined as

Lnorm = In - D_l/ZSD_l/Za

where S is the adjacency matrix of G, such that s; ; = s;; = 1 if there is an edge between nodes 7 and j and 0 otherwise, and
where D is the diagonal degree matrix of G, such that d; ; = E;’Zl s; ;. This matrix has eigenvalues in [0, 2], with 0 being
the smallest eigenvalue. Thus, finding the bottom & eigenvectors of Ly, is equivalent to finding the top k eigenvectors of
the PSD matrix

A:=2I, —Lym =1, +D /2SD" 2 =0
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The agents i € {1,...,n} can construct matrices A; such that A = n~' " | A; by using only knowledge of their
neighbors and their degrees. Letting d; be the degree of node i, we let A; be the matrix such that for all neighbor j of i in G,
A =1 [Adi = [Adis = —
i)i,e — Ly 11,7 zj,z—2 didj’

and all other entries of A, are 0. We can then use the decentralized PCA algorithms on the family of matrices {A,;}7_; to
find the bottom k& eigenvectors of Ly o, .

To reduce the communication costs of our experiment, we suppose that the communication network G’ is given by the graph
G, to which we add ~ nlog(n) edges uniformly at random among the pairs of nodes that are not already connected in G, in
order to increase the connectivity of the graph. We then define the gossip matrix W with the Metropolis-Hastings weights
on the communication graph G': letting ; be the set of neighbors of node ¢ in G’, and d} its degree in G, we let

1 . .
Tmax(d},d}) if j € N,
Wij = 1= cn, Wis ifi=j,
0 otherwise.

E.3.3. DETAILS FOR DIGITS

The digits dataset (Alpaydin & Kaynak, 1998) is a dataset of 1797 grayscale 8 x 8 images of handwritten digits. We
consider two different ways of splitting the dataset between n = 10 agents. In the homogeneous split, the data is distributed
uniformly at random among the agents, so that the agents have similar local covariance matrices. In the heterogeneous split,
the data is distributed between the agents according to their labels, so that each agent has data of a single digit and thus very
different local covariance matrices. In both cases, we perform decentralized PCA on rescaled local covariance matrices, as
in the case of Fed-Heart-Disease. The communication network is a ring graph of size 10, with a similar gossip matrix W as
the one defined for Fed-Heart-Disease (i.e. a circulant matrix with coefficients (1/2,1/4,0,...,0,1/4)).

E.3.4. ADAPTING THE TUNING HEURISTIC (5) TO ADEPM
We adapt the tuning heuristic (5) for ANPM to ADePM as follows. Recall that the tuning heuristic for ANPM is, given an

iterate X; with k + 1 columns,

Br= min [X](AX;+8,)]

j=1,...k+1 J:J

/4.

For ADePM, each agent ¢ approximates 3; locally as

2
JsJ

Bi =  min [X;'l,—t(Yi,tfl + ﬂi,t71Xi7t72R;t1_1)} /4,

j=1,.. k+1
since
Y1+ 5i,t—1Xi,t—2RZt1_1 =AX; 1+ (*5i,t—1xt—2R;11 + 6i,t—1xi,t—2Ri_7t1_1) + 8+ (Yie—1— Y1)

is a good approximation of AX, ;,_; for large gossip communications L. Here, we reused the notations from Appendix D.
This method of choosing 3; ; does not require any additional communication between the agents compared to vanilla
ADePM.
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