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Abstract

We analyze algorithms for solving stochastic vari-
ational inequalities (VI) without the bounded vari-
ance or bounded domain assumptions, where our
main focus is min-max optimization with possi-
bly unbounded constraint sets. We focus on two
classes of problems: monotone VIs; and struc-
tured nonmonotone VIs that admit a solution to
the weak Minty VI. The latter assumption allows
us to solve structured nonconvex-nonconcave min-
max problems. For both classes of VIs, to make
the expected residual norm less than €, we show
an oracle complexity of O(e~#), which is the best-
known for constrained VIs. In our setting, this
complexity had been obtained with the bounded
variance assumption in the literature, which is not
even satisfied for bilinear min-max problems with
an unbounded domain. We obtain this complexity
for stochastic oracles whose variance can grow
as fast as the squared norm of the optimization
variable.

1. Introduction

In this work, we focus on stochastic variational inequalities
(SVI) where the aim is to

find z* s.t. (G(z*),z—2")+r(z)—r(z") >0 Vz, (1.1)

where : R™ — R U {+o0} is a proper, convex and closed
function and G: R™ — R™ is an operator. When r is equal
to the indicator function of a convex and closed set C' C R™,
(1.1) reduces to a more well-studied SVI problem with set
constraints. In the stgchastic case, we assume that we have
an unbiased oracle G such that

E[G(2)] = G(z). (1.2)

"University of British Columbia, Vancouver, Canada. Cor-
respondence to: Ahmet Alacaoglu <ahmet.alacaoglu@ubc.ca>,
Jun-Hyun Kim <junhyun@student.ubc.ca>.

Proceedings of the 43" International Conference on Machine
Learning, Seoul, South Korea. PMLR 306, 2026. Copyright 2026
by the author(s).

One common application of SVI is stochastic min-max opti-
mization, formulated as,

min max f(x,y) + hi(x) — ha(y), (1.3)

xER yER"
where hy, hy are given regularizers. Taking h1, ho as indi-
cator functions results in constrained min-max optimization.
This problem maps to (1.1) with z = (;‘),

_( Vxf(xy) () = B (x
6a) = (G715 ) ana r(a) = ohie)

The problem (1.3) gained significant interest in machine
learning recently due to applications in adversarial and ro-
bust learning, as well as generative adversarial networks
(Duchi & Namkoong, 2021; Madry et al., 2018; Goodfel-
low et al., 2014). Moreover, (1.3) is a classical framework
for solving constrained optimization problems (Bertsekas,
2014). For example, given a nonlinear programming prob-
lem

min p(x) subject to g(x) < 0, (1.5)

xeX
the standard approach is to use the Lagrangian duality frame-
work to reformulate this problem as

min max p(x) + (y, ¢(x)). (1.6)

xeX y>0
It is now easy to see that this problem corresponds to (1.3),
which itself is a special case of (1.1). In addition to min-
max optimization, SVI is also a common framework to
model problems arising in game theory, see for example
(Mertikopoulos, 2019, Section 2.3).

Variance assumptions. In our stochastic setup, a common
assumption in addition to (1.2) is that of bounded variance
(Nemirovski et al., 2009; Robbins & Monro, 1951). In
particular, GG satisfies this assumption if the following holds
for a finite o2

E||G(z) — G(z)||* < o> (BV)
Despite being standard, it is well-known that this is a re-
strictive assumption. In particular, let us consider a simple
bilinear min-max problem, in view of (1.3). In this case, the
operator G from (1.1) is linear (see (1.4)), and hence (BV)
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fails with common sampling schemes to obtain stochastic or-
acles, such as row/column sampling, unless the domains of
h1, ho are bounded. Boundedness of the domains of hq, ho
is unfortunately unrealistic, which, for example, can be seen
by considering (1.5) with linear p, ¢ (which indeed gives us
the classical linear programming problem), where the result-
ing min-max problem (1.6) has unbounded domains. We
also refer to (Tusem et al., 2017, Example 1) for a discussion
about this assumption in our setting.

In this work, we focus on algorithms and convergence anal-
yses for solving SVI under the weaker assumption

E|G(z) - G(2)|* < B?|lz — 2*||* + o7, (1.7)
and its equivalent variant'
E|G(2) — G(2)|* < Bz — zo|* +0°,  (1.8)

which are used for example in (Gladyshev, 1965; Iusem
et al., 2017; Choudhury et al., 2023; Alacaoglu et al., 2025;
Kotsalis et al., 2022). It is simple to see that this assumption
is trivially satisfied when G is linear, which corresponds
to bilinear objectives in (1.3). For standard row/column
sampling in bilinear problems, the noise scales with the it-
erate, so bounded variance can fail on unbounded domains;
See Example A.2 in App. A for a concrete example. To
our knowledge, this is currently the most relaxed variance
assumption under which one gets optimal convergence rate
and complexity guarantees even for convex minimization,
see for example (Alacaoglu et al., 2025; Neu & Okolo,
2024). In particular, this assumption implies the other re-
laxations of (BV), such as the ones appearing in (Khaled
et al., 2023; Khaled & Richtarik, 2023) or (Mishchenko
et al., 2020), see Fact A.3.

Notation. The subdifferential of the convex function r in
(1.1) is denoted as 9r. With this, for notational convenience,
we write (1.1) as an inclusion problem:

find z* such that 0 € (G + Or)z*. (1.9)
Classical references containing the background for this for-
mulation include (Bauschke & Combettes, 2017; Rockafel-
lar, 1976). Recall the definition of the proximal operator:
prox, (x) = arg min, r(u) + |u — x||%.

Residual. Despite the ubiquity of SVI and the well-known
limitations of the bounded variance assumption (BV), anal-
ysis of algorithms for SVI under (1.7), especially for non-
monotone problems, remained mostly unexplored. This is
relevant especially in the case when we do not have bounded
domains (since a bounded domain would reduce (1.7) to

!The equivalence is trivial to see by using Young’s inequality
on the right-hand side and adjusting the definitions of constants
B?, 02, See Appendix A (Fact A.1) for details.

(BV)). Unbounded domains are common in min-max opti-
mization, as mentioned earlier. In this setting, we will focus
on complexity guarantees on the residual, given as

res(zy) = dist(0, (G + 0r)zx) =  min

[[all,
ue(G+0r)zy

(1.10)
which is the generalization of the gradient (or operator)
norm optimality measure (which is for unconstrained prob-
lems). Indeed, one can observe that when r = 0, this
reduces to ||G(zy,)||. For the min-max case, this is nothing

but \/[[Vscf (i, y)I? + [V £ (e, ) 12

The reason for our focus on the residual is the following:
When we have nonconvex-nonconcave problems, the duality
gap cannot be used. Even with convex-concave problems,
in the case of unbounded domains, the duality gap, which
is commonly used for VIs (see (Nemirovski et al., 2009;
Facchinei & Pang, 2003)), is not applicable, since it would
require taking a maximum over the domain of r which is
unbounded.

A common workaround is the so-called restricted duality
gap (Nesterov, 2007). The restricted gap is also not com-
pletely satisfactory because for the restricted gap to be an
optimality measure, one needs the knowledge of the norm
of the iterates that the algorithm generates (Nesterov, 2007,
Lemma 1). This is neither known in advance, nor easily con-
trollable in the stochastic case since stochastic algorithms
generate sequences that are not uniformly bounded, in gen-
eral.

Role of convexity and monotonicity. Let us consider the
case of convex-concave min-max optimization, which is
the problem we have when f(-,y) is convex and f(x, -) is
concave. This leads to a monotone SVI, that is, the operator
G defined by the gradients of f (see (1.4)) is a monotone
operator:

(G(x) - Gly),x—y) = 0.

To go beyond the convex-concave case, we will consider
a common assumption from the literature, which requires
the existence of a solution x* to the (p > 0)-weak Minty
Variational Inequality (MVI), that is,

(u,x — x*) > —plul2, where

(x,u) € gra(G+0r) = {(x,u) : u € (G+ 9r)x}.
(WMVI)

When r = 0, this assumption was proposed by (Diakoniko-
las et al., 2021) which generalized the comonotonicity as-
sumption of (Combettes & Pennanen, 2004; Bauschke et al.,
2021) (see also (Pethick et al., 2022) for the constrained
version) which is shown to hold for the so-called interaction
dominant min-max problems (Grimmer et al., 2023) and
others (Pethick et al., 2022). For brevity, we sometimes
refer to this as the weak MVI assumption in the sequel. This
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defines a class of nonmonotone problems since monotonic-
ity of GG is not required. The level of nonmonotonicity (or,
nonconvex-nonconcavity for the special case of min-max
problems in (1.3)) is set by the parameter p > 0.

When p = 0, this reduces to the well-known assumption
of the existence of a solution to the Minty VI (Facchinei
& Pang, 2003), which is also sometimes referred to as the
coherence, see, e.g., (Mertikopoulos et al., 2019). For policy
optimization in reinforcement learning, a variation of this
assumption with p = 0 holds (Lan, 2023). Some applica-
tions, including those with p > 0 are included in (Pethick
et al., 2022; Alacaoglu et al., 2024; Lee & Kim, 2021).

The assumption (WMVI) is among the weakest-known re-
quirement under which complexity results have been shown
for nonconvex-nonconcave problems. Some alternative as-
sumptions require Polyak-tojasiewicz (PL) or Kurdyka-
Lojasiewicz (KL)-type properties to hold for the dual vari-
able, see, e.g., (Li et al., 2025). The relationship between the
latter class of problems and problems satisfying (WM VI) is
not well-understood and the algorithm development between
these two classes of problems have been largely indepen-
dent of each other. We focus on analyzing algorithms under
(WMVI).

1.1. Assumptions

For all our results except Section 4, we require a standard
Lipschitzness assumption for the operator GG, which is de-
fined as

1G(x) = G(y)ll < LIx =y
We now collect our assumptions used in the sequel.

Assumption 1. Let G be L-Lipschitz and let G + Or satisfy
(WMVI) with a solution z* and p > 0.

In Section 4, we will use the stronger expected Lipschitzness
assumption that we discuss more in the sequel.

Assumption 2. We can get unbiased samples G (x,&) and

G(y, &) with the same random seed £ ~ P where P is a
fixed distribution. Let G be L-expected Lipschitz, that is:

EgHé(x, §) — é(Y=€)||2 < LBXPHX - Y||27

where E[G(x, £)] = G(x).

We finally formalize our assumptions concerning G.

Assumption 3. At each iteration, we sample { ~ P where
P is a fixed distribution and set G such that

E[G(z,¢)] = G(z) and
E|G(z,¢) - G(2)|* < B?|lz — =] + 0.

Clearly, this assumption can also be restated to hold only
at z = z;. As mentioned before, this remains the weakest

variance assumption under which optimal complexity guar-
antees are shown for convex minimization or monotone VIs
(Alacaoglu et al., 2025). In view of the last two a}§sumptions,
let us point out that we overload the notation G and use it
without the argument § when the context is suitable, that is,
we often use the notation G(x) := G(x, §).

1.2. Contributions and Comparisons

In the sequel, we first state the algorithms which are either
existing in the literature or are simple modifications over the
existing algorithms. Our main contribution is the analysis of
these methods without the bounded variance or bounded do-
main assumptions. We next highlight our main complexity
results (by which we mean the number of stochastic first-
order oracles —sfo— used by an algorithm) for obtaining
an output z for which we have E[res(z)] < ¢ (see (1.10)).

* We show, in Section 2, that for p < 37,
a forward-backward-forward algorithm with mini-
batching achieves the stochastic oracle complexity

O(e™4).

* We show, in Section 3, that for p < 1/L (which
is the tightest-known upper bound for the nonmono-
tonicity parameter p), an inexact fixed-point algorithm
equipped with multilevel Monte Carlo (MLMC) esti-
mator achieves the (expected) complexity O(s~4).

* We show, in Section 4, that for p < ﬁ (see Thm. 4.1
for the details), a variance reduced forward-backward-
forward method with Halpern anchoring achieves the
complexity O(s~%). This method is single-loop and
only uses 3 stochastic oracles for G at every iteration,
not requiring any large mini-batch sizes.

e In Section 5, we test the numerical performance of
our algorithms and illustrate two main points: (i) as
predicted by theory, Algorithm 1 converges for a wider
range of p compared to earlier works, for a problem
where even the deterministic extragradient algorithm,
without noise, diverges (Gorbunov et al., 2023), (ii) in-
troduction of Halpern anchoring in Algorithm 4 results
in a more robust behavior with respect to tuning of the
initial step size compared to the benchmark method in
(Pethick et al., 2023).

To our knowledge, we provide the first complexity results
where nonmonotonicity in view of (WMVI) can be tolerated
for constrained min-max problems without bounded vari-
ance. Table 1 contains a comparison between our results and
the existing results for SVI without bounded variance. Our
results match the complexity results known with bounded
variance for Halpern-based or variance reduced methods,
see (Lee & Kim, 2021; Pethick et al., 2023). That is, the
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stochastic first-order complexity 9] (%) for the residual for
solving weak M VI problems is the best-known even with
the bounded variance assumption.

In fact, even for constrained monotone VIs with bounded
variance, this complexity is the best-known for the resid-
ual guarantees (Iusem et al., 2017; Alacaoglu et al., 2025).
Better complexity results for the residual for monotone prob-
lems exist only in the unconstrained case (where the residual
norm becomes the operator norm) with bounded variance,
see (Cai et al., 2022; Chen & Luo, 2024).

As we will discuss further in the sequel, three main results
we prove are complementary: that is, they each extend
the state-of-the-art in different directions and none of the
proposed methods uniformly improve over the others. We
refer to Table 1 for a summary.

Discussion about Table 1. In the nonmonotone case
(p > 0 in Table 1), our main contributions are two-fold,
(i) we provide complexity results for constrained SVI with-
out bounded variance assumptions (ii) even in the uncon-
strained case, we improve the existing result of (Choud-
hury et al., 2023) because we show the results with the
best-known range on p and also without the knowledge of
hard-to-compute quantities about the solution, that were
required in (Choudhury et al., 2023, Thm. 4.5) for setting
the mini-batch size.

In the monotone case, which is implied by the results with
p = 0in Table 1, our contributions are the following: com-
pared to (Kotsalis et al., 2022; Tusem et al., 2017), we pro-
vide guarantees without large mini-batch sizes. Compared
to (Alacaoglu et al., 2025), we provide guarantees under
Assumption 1 which is weaker than Assumption 2 which
requires a multi-point access to the oracle with a stronger
Lipschitzness assumption.

A simple example of a G that satisfies Assumption 1 but
not Assumption 2 (see (Alacaoglu et al., 2024)) is G(z) =
G1(x) + Go(z) where G1(x) = 22 and Gy(x) = —a?
and G is selected uniformly at random between G1, Gs.
However, Assumption 2 remains needed for single-loop al-

gorithms even with bounded variance (Pethick et al., 2023).

Other related results under relaxed noise assumptions.
Several related stochastic extragradient-type results also
consider noise assumptions weaker than uniformly bounded
variance. The guarantee in (Mishchenko et al., 2020, Theo-
rem 2) without uniformly bounded variance is obtained in a
strongly monotone/strongly convex setting. In the merely
monotone case, the guarantee in (Mishchenko et al., 2020,
Theorem 3) is stated for a different optimality measure and
involves a supremum of the variance over the domain, which
requires a uniform variance bound on unbounded domain.
In Fact A.3, we prove that the relaxed noise assumptions in

this work imply ours.

The work of (Hsieh et al., 2020) allows distance depen-
dent noise growth, but its rate guarantees rely on an error
bound condition, which is stronger than monotonicity, and
are stated for an unconstrained case. The related result
of (Gorbunov et al., 2022) also considers relaxed variance
assumptions, but their main convergence rates rely on quasi-
strong monotonicity and uniqueness of the solution, and are
also stated for unconstrained VIs. These assumptions are
stronger than monotonicity and they are not satisfied by gen-
eral monotone linear operators such as bilinear examples.

2. Results with Minibatching

We start with the most straightforward approach one may
take to address our problem: an algorithm with large mini-
batches. On a high level, when the mini-batch size becomes
large enough, the algorithm behaves more and more like
a full-gradient algorithm. As a warm-up, we start with
analyzing such an algorithm. In fact, this simple approach
has complementary advantages to the other approaches we
consider in the sequel. In particular, we require the weakest
set of assumptions in this result and unlike our results in
Section 3, the number of oracles used at each iteration is
deterministic rather than expected. We discuss this further
in Section 3.

2.1. Algorithmic Ideas

An idea that we use throughout the paper is the forward-
backward-forward (FBF) algorithm of (Tseng, 2000), which
iterates as

Zky1/2 = pTOXnkT(Zk —mG(zk))
Zjp1 = zpr1/2 — T (G(zhs1/2) — G(zi)) -

One can easily extend this method to the stochastic case:

Zp41/2 = proxnkr(zk - nké(zk)) @
Zk+1 = Zg+1/2 — Mk (é(zk+1/2) - @(Zk)> ) .

where
~ 1 bk
Glzy) = ™ > G(z,&),) and (22)
i=1
N 1 & _
G(Zrt1/2) = o ZG(ZkH/%EZH/g), (2.3)
1=1

for i.i.d. samples £ ~ P and fli+1/2 ~ P fori =
1,...,bg.

Remark 2.1 (Feasibility of the iterates). When r = J¢ is
the indicator of a constraint set C, the prox step guarantees
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Constraint Need to know’ R:F pge Complexity Lipschitz Sir;ﬂ;l_(;’se&

(Choudhury et al., 2023) X L, ﬁ’zl:j [ﬁz(*xp I p< 5 O(e™%) Asp. 1 x (large MB)

(K(O};Zillst Ztlfllé’ozz(ﬁz) v L,B p=0 O(e™%) Asp. 1 x (large MB)
(Iusem et al., 2017) v L,B p=0 O(e™%) Asp. 1 x (large MB)
(Alacaoglu et al., 2025) v/ L,B p=0 O(e™%) Asp. 2 v
Thm. 2.2 v L,B p< a7 O(e™4) Asp. 1 X (incr. MB)
Thm. 3.1 v L,B p< it O™ Asp. 1 x (loops)
Thm. 4.1 v L,B p< it O™ Asp. 2 v

Table 1. Existing results without bounded variance assumption. *MB: mini-batch. TConstants that algorithms need to set parameters.*

L

The upper bound of p in this case converges to 157

that z; /o € C. Since our output is selected from these
points, the output is feasible. The point zj is an auxiliary
point used to continue the algorithm and may lie outside C'.
This is allowed in our setting because G is defined on R™.
If G is only defined on a restricted set, such as in (Farzin
et al., 2025), then our algorithm may not be applicable.

This algorithmic construction is certainly not new, see, for
example (Bohm et al., 2022) who analyzed a similar stochas-
tic FBF under bounded variance, for complexity results on
the expected gap function. Another related work by (ITusem
et al., 2017) analyzed an extragradient method 4 la (Korpele-
vich, 1976) under Assumption 3 with mini-batching, in the
case where p = 0. A similar result for FBF is studied in
(Bot et al., 2021).

2.2. Complexity Analysis

We start with our main complexity result of this section.

Theorem 2.2 (See Theorem B.2 for the detailed parameter
choices and proof). Let Assumptions 1 and 3 hold and
suppose that

For algorithm (2.1) with estimators computed as (2.2) with
b, = O(klog(k + 1)) and n, = ©(1/L), we have

Elres(z”)] < & with sfo complexity O(e %),

where z°"" is generated by selecting an index k uniformly
at random after running K iterations and letting z°' =
Ziy1/2

Remark 2.3. The main limitation of this scheme is that it
requires increasing mini-batch sizes and the upper bound for

as a step size parameter gets smaller, see Theorem D.4 for details.

p is suboptimal (which we did not fully optimize). However,
its strength lies in the fact that the number of stochastic
oracles used at each iteration is deterministic. Compared
to (Choudhury et al., 2023, Thm. 4.5), we can handle con-
strained problems and our batch sizes do not require any
knowledge about the solution?. Compared to (Kotsalis et al.,
2022; Tusem et al., 2017), we can handle p > 0.

Proof sketch. The main idea of this proof is similar to
(Kotsalis et al., 2022) and (Iusem et al., 2017) with the
exception that our analysis can tolerate a nonzero p. In par-
ticular, by using the specific form of the mini-batch size, one
can first show that the iterates stay bounded in expectation:

E|z, —2*|* < C*,

for a constant C, see Theorem B.2.

Then, one can use this bound on (1.7) to further upper bound
the variance along our iterates, with a term depending on
C. After this, the main analysis of FBF goes through. The
main reason that we can tolerate a nonzero p is the following
chain of identities that follow from the definitions of zj_ /2,
Z+1 in (2.1):

. 1 =
Zg+1/2 = argmin r(z) + %HZ — (2 — kG (z))|?

= zyy1)0 + MO (2141 )0) D 21 — kG2

= G(2pr1/2) + Or(2ps1/2) O M (2 — Zis1)

~

+ G(2Zry1/2) — G(Zg1)2)-

Parameter by, given explicitly in Thm. B.2 depends on L, p, B
whereas the batch size in (Choudhury et al., 2023, Thm. 4.5) also
depends on hard-to-compute ||xo — x*||? and o7 = E||F;(x*)]|>.
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Then, in view of the assumption (WMVI), we have

(" (2zk — Zh1), Zhy12 — 2°)

+(G(Zk11/2) — G(Zkr1/2), Zhy1/2 — 27)

> —pln, (2 — Ze41) + G(2rs1/2) — G(ziy1)2) |7,
as (21172, (8 = Zi41) + G(2py1/2) = Glzig12) €
gra(G + Or).

Analyzing FBF in the standard way from this, one has
Ellzns1 — 27 < Ella — 27

~

2
+£mmfmﬂuwuamﬂm—awwm»w
+ El|zes1 — zit1,2]1° — Ellzi — z41/2]% 2.4

It is also easy to see by Young’s inequality that
nﬁkHZk — Zs1 + (G (211 )2) — G(2Zhr1y2)) |1
= Ol =z ol + a2 = 7
+ n%“a(zk+l/2) - G(Zk+1/2)||2}>7
and

|Zk+1 — Zk+1/2||2
= O (L?||z — Zgs1/2]” + |G (2k) — G(z0)|?
+ |G (2zks1/2) — G(zs12)[17))-

Due to the last two bounds, with sufficiently small p, 7
and large enough by in (2.4), one can cancel the error
terms coming from nonmonotonicity and also coming from
1Zk+1 —2Zk+1/2(|*. The rest of the error terms can be proven

to be small since they are controlled by the mini-batch sizes.

3. Results with MLMC

As mentioned earlier, the parameter p determines the level of
nonmonotonicity (or nonconvex-nonconcavity for min-max
problems) in view of (wMVI). The largest-known upper
bound for p that can be tolerated by first-order methods is
recently established by Alacaoglu et al. (2024) who showed
the best-known first-order complexity results under p <
1/L. This work only focused on analyzing their method
under bounded variance. In this section, we show how to
generalize their analysis under Assumption 3 which relaxes
the bounded variance assumption.

3.1. Algorithmic Ideas

To describe the algorithmic ideas, let us recall the definition
of nonexpansiveness, which asks for the operator 7': R™ —
R™ to satisfy ||Tx — Ty|| < ||x — y||. We next recall the

resolvent operator, which is a generalization of the proximal
operator. In particular, we define the resolvent of G + Jr as

Jn(Grory = (Id+n(G +dr) 71, 3.1)

where we used Id to denote the identity operator.

In the special case of min-max problems, we have
Jycror) (21) = arg m&n max f(a,v) + hi(u) — ha(v)

1 1
+ —llu—wl’ - —[v-vl>, (32

2n 2n

which is a strongly convex-strongly concave optimization
problem. To make this connection explicit, we will refer
to the estimation of approximate solutions of (3.1) as the
proximal subproblem. Approximate solutions to (3.1) or
(3.2) can be found efficiently with stochastic gradients of
f or stochastic evaluations of G, see for example (Kotsalis
et al., 2022).

Then, the algorithm in (Alacaoglu et al., 2024) proceeds
by applying the classical inexact Krasnoselskii-Mann (KM)
iteration to the conically quasi-nonexpansive operator (in
view of (Bauschke et al., 2021)) J;,(g+-ar), Where this prop-
erty of Jy(g+ar) under (WMVI) follows from the develop-
ments in (Bauschke et al., 2021), see (Alacaoglu et al., 2024)
for the details.

As motivated in (Alacaoglu et al., 2024), to get the best
complexity with this scheme, one needs a strong control over
the bias of the estimation of J,,(g15,). Multilevel Monte-
Carlo technique is a natural choice because it helps trade-
off the bias and variance of the estimator. The primitive
used in MLMC is an algorithm that can solve the strongly
monotone proximal subproblem (see (3.1), (3.2)) with an
optimal complexity. This is indeed where bounded variance
was required in the work of (Alacaoglu et al., 2024). Hence
we have precisely the same algorithm, but we show how it
can be analyzed under more general Assumption 3.

3.2. Complexity Analysis
The main complexity result in this section is summarized in
the following theorem.

Theorem 3.1 (See Theorem C.5 for the detailed parameter
choices and proof). Let Assumptions 1, 3 hold and suppose
that p < 1/L.

Then, for Alg. 1 with n < % and oy = \/W*g(k-l%)
(where the expressions for Ny, My, are in App. C), we have
]E”ng - 77(G'+87")(Z}})|| <e
with expected sfo complexity O (e,
where z;, is selected uniformly at random after running the
algorithm for K iterations.
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Algorithm 1 Inexact KM iteration (see (Alacaoglu et al., 2024))

Input: Parameters 1, Ni, My, o =1 — %,

for k=0,1,2,...
J

,K—1do

g M; F(z
Jncror)(Zx) = ﬁ 2ic Jf]()G+(')r)(zk)

zi1 = (1 — ap)zi + ardyaron (zk)

afp = —=1———r
k= Vkir2log(k+3)’

Zg, subroutine MLMC~FBF given in Algorithm 2

n7(72+87,)(zk) = MLMC-FBF (zk.7 Ni,nor, 1d + 77@, 1+ nL) independently m = 1,..., My,

Algorithm 2 MLMC-FBF(xq, N, A, B,Lp) (see (Ala-
caoglu et al., 2024))

Algorithm 3 FBF (20, T, A, By, L) from (Tseng, 2000) —
Stochastic

Input: Initial iterate xg, subsolver FBF from Algorithm 3

Define y' = FBF(xo, 2, B, A, L) for any i > 0. Draw
I ~ Geom(1/2)

Output: yo' = y0 + 2/ (y! — y/=1)if 27 < N, other-
wise y°U = yY.

Remark 3.2. One can translate this result to
Elres(z°")] < e with expected sfo complexity O(z %),

where z°" is generated by applying one step of (2.1) for
problem (3.2), starting from z;,. A similar argument appears
in (Cai et al., 2024, Lemma C.4).

Remark 3.3. From a theoretical point-of-view, this the-
orem gives us the strongest result because we obtain the
best-known complexity results under (WM VI) with the best-
known range on p without bounded variance. On the other
hand, a theoretical limitation of this approach is that the
number of stochastic oracle calls at each iteration is random,
causing the final complexity result to be on the expected
number of oracle calls (which is shared by approaches rely-
ing on MLMC). A practical drawback is that the algorithm
is not single-loop.

Remark 3.4. Similar to the discussion in Remark 2.1, our
subsolver Algorithm 3 in this section generates iterates X1
which are not necessarily feasible. For cases where G is not
defined on the whole space, one can replace Algorithm 3
with a stochastic variant of the extragradient method (Kor-
pelevich, 1976) and analyze it using the same ideas we used
for analyzing Algorithm 3. For this variant, all the iterates
where the operator G is evaluated would be feasible.

We start with a lemma from (Alacaoglu et al., 2024) which
only uses Assumption 1 and gives a bound on how close zj
is to be a fixed-point of the resolvent J,go,). We use the
notation [E;, to denote the conditional expectation where we
condition on the o-algebra generated by the iterates until zy.

Lemma 3.5. (See (Alacaoglu et al., 2024, Lemma C.8)) Let

Input: Initial iterate xo, B(-) = Bi,(-) — X0

fort=0,1,2,..., T —1do _
Xi41/2 = proxﬂr(xi— TtB(XtD

Xt+1 = Xg41/2 + T B(x¢) — TtB(Xt+1/2)

Assumption 1 hold and p < 1. We then have

K-1
B (1d = Ty yom) (z) |2 = O(|lz0 — 27
k=0
K-1 _
+E {aiHJn(GJrar)(Zk) — Jna+or) (21)|1?
k=0

+ iz — 2| (s om (2k) — Exlacom (2] )

The main message of this lemma is that the error in the
form of bias, that is ||.J,G+ar) (2k) — Ex[Jycror) (24)]]]
is only multiplied by «;, whereas the error in the form of
variance B||J,G+or) (2k) — Jy(G+or) (zi)||? is multiplied
by 7. Since ay, is small, this means that the analysis has

the former error as the bottleneck.

This is where MLMC comes into play and the primitive in
this estimator is a subsolver for the proximal subproblem.
As mentioned before, this is the only place where (Alacaoglu
et al., 2024) needed the bounded variance assumption. We
next show that the bounded variance is in fact not needed: by
a slightly different choice of step size, one can incorporate
Assumption 3. Similar results appeared in (Kotsalis et al.,
2022; Wang & Bertsekas, 2015) for different algorithms. We
provide our analysis for simplicity and to be self-contained.

Lemma 3.6. Let Assumptions I, 3 hold. Let v =
S} (m) and p < n. We have for the output of Alg. 3
that

Elxr — Jyron (@) = O(T ™).

This lemma tells us how close x is to being a solution of the
proximal subproblem, see (3.1) and (3.2). The main idea is
extremely simple and can be found in standard textbooks for
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Algorithm 4 Variance reduced FBF with Halpern anchoring

Input: Initial iterate zo and parameter p > 0.
for k=0,... do

z, = Brzo + (1 — Br)zk

Zpt1/2 = PYOXI,CT(Zk — VrEk)

Set Gry1/2 = G(Zry1/2:Ehrn/2) N

Zpt1 = ZNk — Tk(Zk — Zkt1/2 — VREk + sz’““/Z)
8k+1 = G(Zpt1, &pr1) + (1 — ) (8 — G2k, Ept1))

the minimization case, see (Wright & Recht, 2022, Section
5.4.3). In particular, once we have strong convexity (or
strong convexity-strong concavity), handling the additional
error terms coming from Assumption 3 is straightforward,
because the negative term that the strong convexity gives
can be used to cancel these when the step size is chosen

properly.

Let us provide the sketch of the argument here. Without the
explicit constants, the main recursion for the stochastic FBF
under bounded variance is the following

Bz — 2*||* < (1 — 7o) El|ze — 2*||2 + O(77),

which one can use to get a rate O(1/t), by induction. Under
Assumption 3, the recursion becomes

Elzey1 —2*|)* < (1 — rep+ 17 B*)E|z — 2*||> + O(17).

Focusing on the coefficient of the first term on the right-hand
side, the new error term scales as 77. This can be absorbed
in the term —7 s since for small 73, we have TE < 7. Hence,
even though our problem is, strictly speaking, more general,
the resulting recursion is the same as SGD and the same
ideas as (Wright & Recht, 2022, Section 5.4.3) can be used.

Equipped with this result, which gives us the desired be-
havior from the subsolver under Assumption 3, the analysis
follows the same steps as (Alacaoglu et al., 2024).

4. Variance Reduction

In this section, we design a single-loop algorithm that does
not rely on large mini-batch sizes, that uses 3 unbiased
samples of GG at every iteration.

4.1. Algorithmic Ideas

The three main components of this algorithm are (i) vari-
ance reduction via STORM estimator (Cutkosky & Orabona,
2019), (ii) the FBF method (Tseng, 2000) and (iii) the
Halpern anchoring (Halpern, 1967; Yoon & Ryu, 2021).
This algorithm and our analysis in this section are combining
the ideas from (Pethick et al., 2023; Alacaoglu et al., 2025)
to combine the best-of-both-worlds in each case. Compared
to the former work, we show guarantees without bounded

variance and compared to the latter, our results can accom-
modate p > 0, all with the same complexity. An earlier
work on the FBF variant used in Alg. 4 is (Giselsson, 2021).

In particular, when S = 0 in Alg. 4, one can see that
this algorithm reduces to the one in (Pethick et al., 2023).
When 7 = 1, one can also notice the similarity between this
algorithm and the classical FBF algorithm of (Tseng, 2000).
Indeed, FBF is the same as Alg. 4 when 3, = 0,7 = 1
and when the estimators are replaced with the full operator
evaluations.

As recently observed by Neu & Okolo (2024) for convex-
concave min-max problems, including a nonzero Sy, is im-
portant to handle Assumption 3. With the selection of
Br = ©(1/k), the anchoring in the algorithm corresponds
to that of the classical Halpern iteration (Halpern, 1967;
Yoon & Ryu, 2021).

4.2. Complexity Analysis

We state the main result and then the proof ideas. The
complete proof is rather technical and is provided in App.
D. See Theorem D.4 for a precise statement.

Theorem 4.1 (See Theorem D.4 for detailed parameter
choices and proof). Let Assumptions 1, 2, 3 hold and let
p < f(7) for a function f where f(7) — 1/(16L) as
T — 0 (the precise form of f(T) appears in Theorem D.4).

Then, for the output of Alg. 4 with B, = O(1/k), ag, =
O(1/VE), v = O(1/Lexp), 7 = O(1/Vk), we have

Elres(z™)] < & with sfo complexity O (e~ %),

and z°"

where Pr(k = k) = iﬁogﬁ = Zit1/2

7:(i43)
Remark 4.2. This result gives us the simplest algorithmic
construction compared to earlier sections. We neither need
large mini-batch sizes nor inner loops in this method. The
cost is the need for the slightly stronger oracle and the
Lipschitzness assumption given in Assumption 2, which,
in fact, is common for variance reduction (Arjevani et al.,
2023; Pethick et al., 2023). Another limitation compared to
Sec. 3 is that the upper bound for p is suboptimal (which is
not optimized fully).

Proof sketch. One critical property of this FBF-based
method in Algorithm 4 (compared to the algorithm consid-
ered in (Alacaoglu et al., 2025)) is the following property
(similar to Section 2.2): Notice that 7% (Zk — Zit1/2) — 8K+
G(Zk+1/2) € (G + Or)(2j41/2) and hence using (WMVI):

Vo N2k — Zig1/2 — Vo8 Zit1y2 — Z)
+(G(Zr11/2), Zly1/2 — 2°)
> —pllv 'z — Zrt1)2) — 8k + G(Zrs1y2)|*



Solving Stochastic Variational Inequalities without the Bounded Variance Assumption

10°
@ Alg.1 106 |
EG

104 F

100
102}

100

squared operator norm
squared operator norm

10-2 F
10-4

—— Alg.4
PFL+23

—e— Alg.4
PFL+23

squared operator norm

104

L L L
0 5.00x105  1.00x10°  1.50x10® 0.00 0.05 0.10

operator evaluations

2.00x10°

. . . !
015 020 025 030 0.0 0.2 0.4 0.6 0.8 1.0
14 Y

Figure 1. Left: Alg. 1 and EG for the counter-example problem. Middle and right: Alg. 4 and the algorithm of (Pethick et al., 2023) for
an unconstrained problem with noise distributed as Student’s t and Laplace-distribution.

On the other hand, analyzing the inner products on the left-
hand side gives a recursion of the form

Elz* — 241
< (1= Br)E||z* — zi||* + Bellz* — zol?
— Goody, + Bady, + O(7?)

where

Goody, = O(7k)E||zi — zj11/2]° + O(1E||zi — zp41 ||
+ O (kB )El1Z0 — Zit1/2/I”> + O(Br)El 20 — Zis1?

and
Bady = O(,)El|gx — G(z)]?

T _
+@(Qﬂﬁumeuer&—G@Hm»w

On a high level, one can see

PTk vy =

IE”Zk — Zp1/2 — Ye(8k — G(Zpg1,2)) I
T

<O (f;: + PTk%L2> Ellzi — zi41/2]

+@Cwm)M%—%HMP
Yk
+ O (prive) Ellgr — G(ze)|I?

By selecting the parameters accordingly, when p is small
enough (see Thm. 4.1) and the orders of the parameters are
e = O(1/Vk), Br = O(1/k), 7 = O(1/L), the error
terms can be cancelled.

The final error will be due to the variance error E||g) —
G(zy)||>. The control for this comes from the standard
bounds on STORM estimator (Cutkosky & Orabona, 2019),
see Lemma D.3. Routine calculations help us finish the
proof.

5. Numerical Results

Our numerical experiments evaluate robustness across three
benchmarks. (Left) We reproduce the counter-example
from (Gorbunov et al., 2023, Thm. 4.3) with operator
F(z) = LAz where A is a rotation matrix. We set p = 5,
a regime in which EG is known to lose stability on this
instance. In this setting, EG diverges as expected, whereas
Alg. 1 converges. (Middle/Right) Here, we compare Alg.
4 with (Pethick et al., 2023, Alg. 1) on the unconstrained
quadratic Example 2 of (Pethick et al., 2023) (see (E.2))
with noisy oracle: the middle figure uses noise with Stu-
dent’s ¢-distribution with parameter v = 2 and the right
figure uses Laplace noise. For each step size v on a fixed
grid, we run 7 independent seeds per method and plot the
mean of the results. As ~ decreases, Alg. 4 remains sta-
ble and convergent over a broad range, whereas (Pethick
et al., 2023, Alg. 1) diverges for small , demonstrating
stronger robustness of Alg. 4 to noisy oracles. See App. E
for details. Code for reproducing all numerical experiments
is available at https://github.com/JunHyun—-K/
stochastic-vi-without-bounded-variance.

6. Conclusions

We provided three different algorithms that all achieve com-
plexity O(s~%) for solving nonmonotone stochastic vari-
ational inequalities without uniformly bounded variance
(which is the best-known complexity, up-to log terms, even
for constrained monotone SVIs with bounded variance).
These algorithms provide distinct advantages compared to
each other and hence are complementary. An open question
is to design and analyze a unified algorithm that can achieve
the best-of-three-worlds: a single-loop algorithm with the
best range for p and without large mini-batches. Moreover,
for problems satisfying (WMVI), it is still unknown whether
it is possible to improve O(e~*) for getting E[res(z)] < ¢,
even with bounded variance and no constraints.


https://github.com/JunHyun-K/stochastic-vi-without-bounded-variance
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A. Preliminaries

Notation. In the sequel, we use the notation Ej, to denote the conditional expectation where we condition on the o-algebra
generated by all the iterates until z,. The notation E_ /5 is defined similarly.

Fact A.1. The inequalities (1.7) and (1.8) are equivalent up to a redefinition of constants.

Proof. Young’s inequality gives ||z — z*||? < 2||z — zo || + 2||zo — z*||>. Substituting this into (1.7) gives
E|G(z) — G(2)|]* < 2B|lz — 20| + (2B?|z0 — 2*||* + 0?),
*||2

which matches (1.8) after renaming constants since ||zg — z*||“ is a constant.

The reverse direction follows similarly by using ||z — zol|? < 2||z — z*||* + 2||z* — zo||*. O

Example A.2 (A concrete example where bounded variance fails but (1.7) holds). We give a simple example illustrating
why (BV) can fail on unbounded domains, while (1.7) holds naturally. Consider the unconstrained stochastic bilinear saddle
point problem.

min max (y, Ax
xER" yeR™ v, Ax),

where A € R™*"™, Letz = (;‘) € R**™, and let a] and b, denote the ith row and jth column of A, respectively. The

associated operator is
ATy
Goxy) = (1)

Let £ = (4,7), where 7 and j are sampled uniformly from {1,...,m} and {1, ..., n}. Define the stochastic operator
~ B n(bjTy)ej
G(z,6) = <—m(a,;'—x)ei

where e; € R™ and e; € R™ are standard basis vectors. Then

Ee[G(z,€)] = <_Z%%L(b; yle; ) = (f‘;f{) = G(a).

ie1(a; x)i

Note that we have z* = (8).
Since G/(z, €) is unbiased and E¢||G(z, £)||? = 7”Lz:;;1(b;'—y)2 +m > (a]x)? = n||ATy||> + m| Ax||%, we have
Ee|G(z,6) - G(@)|* = Ecl|G(z,&)II* - |G()|* = (n — DA [ + (m — 1) Ax]||*.

This quantity is not uniformly bounded on an unbounded domain in general. For example, if A # 0 and n > 1, choose y
such that ATy # 0 and take z; = (g). Then

Ee||G(z1,€) — G(z)||* = *(n = | A"y|> = 00 as t = oo,
Hence the bounded variance assumption (BV) fails on unbounded domains.
On the other hand, (1.7) holds immediately. Indeed,
E¢||G(2,€) — G(2)|* < max{m — 1,n — T} A|*(|x||* + [ly||*) = B>z — z*||*,

where one can take B? = max{m — 1,n — 1}||A||?. Thus (1.7) holds with o = 0, while bounded variance assumption
does not hold in general.

Fact A.3. If G(-,€) is Lipschitz and E||G(x*, €)||2 < 02 where x* is the solution, then the Assumption 3 holds for G.

Proof. We use Lipschitzness of each component to derive
E|G(x,€) - Gx)|? < E[G(x, &) < 2E[|G(x,€) — Gx*,)|? + 2E[G(x", )2 < 2L%||x — x*|12 + 202,
where the first step is by E|| X — EX||2 < E|| X||%. O

This fact implies that Assumptions 2 and 4 in the work of Mishchenko et al. (2020) are stronger than our assumption since it
implies Assumption 3.

13



Solving Stochastic Variational Inequalities without the Bounded Variance Assumption

B. Proofs for Section 2

We start by analyzing one iteration of the algorithm given in Equation (2.1). This is a rather standard analysis in the
monotone case, see for example (Bohm et al., 2022). What we have in this lemma is a straightforward generalization that
includes the (WM VI) assumption instead of monotonicity.

Lemma B.1. Let Assumption 1 hold. Then we have

100 50
T L) + SR ~ 1) Bl = gl

+ 50771%E||é(zk+1/2) — G(2zgy1/2)|?
+ (100pm, + 5002) E[|G(zx) — Gz

Ble* -zl < Bl — 2P +

Proof. The definitions of zj, /o and the proximal operator give us that

2 = avgminr(a) + 5o = (1 — Gl |
— 77%(%“/2 ) + Glaw) + Or(zrgys) 30
< G(2Zpy1)2) + Or(Zpy1/2) 2 ﬂik(Zk — Zy41)2) + G(Zht1/2) — Glz)
= G(Zky1/2) + Or(2p11/2) D nik(zk- = Zg41) + G(Zpy1)2) — é(zk+1/2)a

where the last line used the definition of z 1.

Then, in view of the assumption (WMVI), we have

(7, (21 — Zr41) + G(Zrs1/2) — G(Zk+1/2)a Ziy1/2 — 2°)
—pllig, H(2h = zir1) + G(2ry172) — Glzrr o)l (B.1)

because (z11/2,M, (2 — Ze+1) + G(Zp11/2) — G(Zh11/2)) € gra(G + Or).

We now continue with the standard analysis of FBF-type methods (Tseng, 2000). Let us first note
2(zk — Zhy 1, Zrt1/2 — Z7)
=2(Zk — Zhi1, 241 — 27) + 2(Zk — Brt1, Zhg1/2 — Zhtl)
= Nz — 2*)1 = llznsr — 2* 1 + |21 — zrsrjoll® = llze — 2or1 /2]

Moreover, by zj /2 being deterministic when we condition on the history up to and including z /> and also the

unbiasedness of GG, we have

Ept1/2(G(Zr41/2) — a(zk+1/2) Zpy1/2 —2)
) —

= (Exr1/2[C(Zh11/2) — C(Zhi1/2))s Zhyr)2 — 2°)

=0.

We now multiply both sides of (B.1) by 27, take expectation, use tower property, and then use the last two estimates in
(B.1) to get

Elzr+1 — 2** < Ellzi — 2** + Ellzit1 — 2zxs1/2]” — Ellze — 2er12]

2
+ n—fEnzk — 21+ (G Br112) — Clzrgr)0))]|. (B.2)

14
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Young’s inequality gives, for any ¢; > 0,

~

|zt — Zis1 + (G (Zry1/2) — G(Zht1/2))|?
= |lzi — Zry1/2 + (G (Zg11/2) — G(zr))|?

1 N
< (14 el — sa o + e(Clansrse) — G| + (1 T ) 21Ga) - Gl

C1

1 .
< (14 )1+ D)2 — zas ol + (1 n Cl) R1G(z) - Gl

We next use Young’s inequality and Lipschitzness of G to obtain, for any d; > 0,

Ellzk+1 — Zk+1/2||2
= |G (zk) — G(zrr1)2)|?

1
< 0i((L+ d) LEllzi — zps2]* + -

dy

L+ 1) (16 - Gl + ElGonsa) - Clanra) ),

1t ) E|G(zi) — Gla) + Gl y2) — Clanss) )

< (L + dv) LPE||z — ziy1)2]” +

7 N 7N

because,

E|G(z) — G(zk) + Gl2r11/2) — Clzriayo)l” = E|Glzr) — Gzl + EllG (zr11/2) — Glzniry)

+2E(G(z1) — Gl2zk), G(Zhs1/2) — G(Z141/2))

by conditioning on the history up to and including z; 1 /2, we have

~

E(G(zk) — G(21), G(2s1/2) — G(2h11/2))
— E(G(z1) — G(2), Ers1/2[G(2h11/2) — G2k 11/2)])
=0.

Plugging in the last two estimates into (B.2) and combining the like terms,

2
Blown — 2 < Blo 21+ (220 4+ )+ ml)? + 200+ )2~ 1) Bl — aus ol

i (zpnk <1 ; 11> o (1 " dll)> E|IG(zx) — Glap)

1 N
+ e (1 + d1> E||G(2r11/2) — G(2zky1/2)|.

Let us pick

Using these values conclude the proof.

Let us restate Theorem 2.2 and the provide its proof.

Theorem B.2. (Detailed restatement of Theorem 2.2) Let Assumptions 1 and 3 hold and suppose that

41 1 2 50
R L

P 1+ muL)?
P=%90L ~ 12 5L 19 (14 L)

49nk

15
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where § > 0 by definition, and

- — 48B?
br. = b(k + 1) log®(k + 3), where b = 5725

Then, the algorithm in (2.1) with gradient estimators computed as (2.2) and parameters as above outputs z°*' such that

Elres(z)] < e with stochastic oracle complexity O(e~%),

where z°" = Zii1)0 and k is selected uniformly at random from {0, ..., K — 1}.

Remark B.3. The range of p obtained in this result is indeed rather pessimistic. We did not aim to optimize this constant
and it can be improved by using, for example, the two step variant from (Pethick et al., 2022). That is, one can analyze the
algorithm

Define ﬁ(zk) =z — nG(zk) (zk_H/Q) =Zpt1/2 — né(zkH/Q)
Zit1/2 = Jnar(F(Zk))
Zii1 = 2 — T(F(2k) — F(2Z41/2)),

where 7 is smaller than 7) proportionally to obtain a better range for p, by using the insights from (Pethick et al., 2023; 2022).
In either case, the resulting range for p will be smaller than the best-known range given in Section 3. As a result, we skip
this variant for brevity.

Proof. Let us pick

s 4
M = 25L2 )
where we assume that p < 490 T90L ~ 12 157 - This implies that
50 100p 41
5= niLl? — S (1 +mL)* = ;o —10pL > 0,
gL~ g, (L)’ = 45 =100

and then the inequality in Lemma B.1 becomes
0E||zk — zp+1/2]|* < Ellz" — zp|* — Ellz" — 241

8
+ 7EHG(ZI€+1/2) — G(zp41)2)|?
| 8+40pL

72 ElG(zi) — Glan)|. (B.3)

We next bound the terms in the last two lines. By using the fact that G is a mini-batch estimator that averages unbiased i.i.d.
samples, we have, by standard estimations (see e.g. (Kotsalis et al., 2022, Eq. (3.45))) that

~ 1~
E(|G(zk11/2) = G(Zri1y2)[|” < aE”G(Zk—&-l/%f;Jﬂ/z) — G(zp12)|1?
1
< o (B?E||zg+1/2 — zol|* + 0°)
3B2 N . o2
< ?E (lZks1/2 — 2ell® + [z — 2°)|* + [|2* — 20]*] + o

and similarly,

~ 2 2B? *112 * 2 o’
E||G(zk) — G(zo) || < =—E [z — 2*||* + [|lz* — 2] + -~
by, by,
After plugging in the last two estimates into (B.3) and using

48B2

b= Ti5 and by, = b(k + 1) log*(k + 3),

16
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we obtain

]

1
—El|zy — 2z 2< (14 )EZ*—Z 2_Elz* -z 2
Sl = g ol < (14 G s ) Bl sl B~z
1 2002
+ S||z* — zo||* + === > . B.4
(k + 1) log>(k + 3) ( | o+ T (B4)
First, we discard the nonnegative term on the left-hand side and obtain
Bl ~ mn < (1+ Sy )l -l
(k+1)log”(k + 3)
1 2002
+ §||lz* — zo|)* + == ) .
(k + 1) log?(k + 3) ( | ol + 75
Note how this recursion is of the same form as (Bauschke & Combettes, 2017, Lemma 5.31) because ZZOZO ) IOIgQ =) <
2, hence arguing in the same way gives us that
E|z* — zx||* < C < +o0. (B.3)
for an easily computable C. Then plugging in this uniform upper bound on E||z* — z||? into (B.4) gives
1= 1
K > Ellzk — zi1p2ll =0 (K) ; (B.6)
k=0

. [e'e) 1
since 3 ;7 D Tog2(k13) < 2.
We finally bound the quantity - " Elres?(zj41/2)] = = Srey E[minye(G4or)z,4, . [[ull?]. For this, note that

. 1 ~
Ziy1/2 = argmin(z) + %HZ — (2 — mG(z))|?
= Zgt1/2 + Wkar(zk_,_l/g) S Zp — nk@(zk)

= Glzns1j2) + Or(znsy2) 2 10 (@ — zigrj2) + Clarsy2) — Gla)
which implies by Young’s inequalities that

Blres? (o)) =Bl min  ulP) < 3(7g + L2)El o — mpssoll® + 3E]Gli) — e
ue(G+0r)z41/2
_ 3
<32+ LP)E|lzk — ziy1/2]® +

_ B2E||z; — zol|? + 02) .
b(k+1)log2(l<:+3)( 71 = 2oll* + %)

This gives that
7 Elres®(z41/2)]

K—-1
1 3
= 3(n 2+ L)E||z, — = 24 B’E||z; — z 2+02>.
K 2 ( (Uk ) || k k+1/2|| b(k+1)10g2(k+3) ( H k 0|| )

We now plug in (B.5) and (B.6) here (after applying Young’s inequality) and use ZZOZO =) 101gQ i

3) < +o00 to obtain

K
k=0

17



Solving Stochastic Variational Inequalities without the Bounded Variance Assumption

Hence, the number of iterations K to make the left-hand side less than £2 is of the order e ~2. Moreover, the rpini-batch
sizes over {0, ..., K — 1} are upper bounded by b, < bK log?(K + 2), giving the stochastic oracle complexity O (¢ ~*) for
getting

]E[resz(z,%H/Q)] <&

where £ is selected uniformly at random from {0, ..., K — 1}. Note also that we use Jensen’s inequality to conclude the
assertion in the theorem statement since E[res(zj, , )] < | /E[res?(z; ., ;)] where 2" =z, . O

18
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C. Proofs for Section 3

In this case, the main departure from the work of (Alacaoglu et al., 2024) is the realization that a bounded variance
assumption is not required for their construction to go through. That is, the only place that bounded variance is needed in
this paper is for the inner solver used in the MLMC estimator. This inner solver is an operator splitting algorithm applied to
a strongly monotone problem. Thanks to strong monotonicity, it is rather straightforward to handle Assumption 3 which
replaces the bounded variance assumption, with a small change on the parameter choices. Then we will see that we can use
this analysis for the inner solver under Assumption 3 and obtain the same complexity guarantees as (Alacaoglu et al., 2024),
which also allows us to handle problems where p has the best-known upper bound.

We start with the analysis of the inner solver. It is worth noting that different operator splitting methods are already analyzed
under Assumption 3 and strong monotonicity, see for example (Iusem et al., 2017) and (Kotsalis et al., 2022). We provide
a proof for FBF under this case for being self-contained and then we show how to use this result in the construction of
(Alacaoglu et al., 2024) for getting the final result.

In particular, in the innermost loop of our algorithm, we are solving a strongly monotone inclusion problem. Hence let us
write down the abstract problem (and we will see later how to map this back to our original setting)

0 € (A+B)x*, (C.1)

where we have access to B such that E[B(x)] = B(x). For terms such as strong monotonicity or maximal monotonicity,
we refer to the textbook (Bauschke & Combettes, 2017). What matters for our purposes is that our subproblem, that is,
estimation of J, (4 r)(2x) satisfies these assumptions.

Lemma C.1. (Detailed restatement of Lemma 3.6) Let A in (C.1) be maximally monotone and B be Lg-Lipschitz and
u-strongly monotone. Assume that E|| B(x) — B(x)||? < B?||x — x¢||> + 0% Let 71 = . Then, we have for
the output of Algorithm 3 that

4
(t+1)pu+144M2/p

3k||x* — xo||? + 28202 />
T+k

Eflx* —xz|? <

9

where k = 144M? /u? with M = max(Lg, B).

Remark C.2. Note that the above lemma is written for an arbitrary problem of finding x* such that 0 € (A + B)x*.
However, in our particular case, our subproblem (that is, finding the resolvent J,(c4s,)(21)) is finding x such that
0 € (Id + nG)x + ndr(x) — zx, hence in the notation of the above statement, we have x* = .J, (g1, (2x) and then
the left-hand side of the statement becomes E||x — Jn(G+5T)(zk)||2. The operators are mapped as A = ndr and
B(-) = (Id +nG)(") — z.

Proof. For brevity, let us denote L = Lg in this proof. We proceed as (Alacaoglu et al., 2024, Theorem C.1, until Equation
(50)). By using strong monotonicity of G and monotonicity of Jr, one obtains

1w 1 19
(QTt + 2) Elx* —xp41]* < TﬁE”X* — x>+ %]EHXHI — Xp412°
1
= g Ellxe - X127, (C2)

since e < 1/36.

We estimate using Young’s inequalities, Lipschitzness of B, and Assumption 3 to obtain

Ellxir1 — Xep1/2)” < 2| B(x) — E(Xt+1/2)”2
< 3728 (1 B(x) — Bxo) |2 + |1 B(xis1/2) — Bxesaso) 12+ [Bxe) — Blxesr o))
< 317 B?E|jx; — xol|* + 372 B?E||x441/2 — Xo||* + 6770° + 372 L°E||x¢ — X441 2]?
< 6778% (Ellx, — x| + [[x0 — ")

+ 97282 (Ellx; —x"[|2 + Elxe — xu41/22 + x0 — x|

+ 3T3L2EHX1§ — Xt+1/2||2 + 67}20'2.
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We plug this into (C.2), use % x 1572 B? < 87, B2, and the notation M = max(L, B) to get

1 * 1 * *
— +£ Elx* —xi1*> < | =— 4+ 87:B? | E|x* — x;||* + 87, B?||xo — x*||?
27} 2 27}

1
+ (107’th - 27_) ]E”Xt - Xt+1/2||2 + 5Tt0'2.
t

To simplify, let us assume that 87 B?% < % and define

1 1 W
— =—4=. C3
2"}% 27'75 + 4 ( )
Then, we can equivalently write the previous recursion as
1 K * 2 1 * 2 2 2
— + = — < — - 8B —x*
(3 +5) I =l < 5ol =l + smPlxo = )
1
+ (1oTtM2 — 2?7) %t — X¢11/2]|* + Breo”. (C.4)
t

Hence, the main recursion we have is very similar to (Alacaoglu et al., 2024, Eq. (51)).

Assume now

1
10m,M? < 7 = 2072 M? < 1.
Tt

Let us now set

B 4 1 (t+3)pu+ 144M3 /p andi+ﬁ ~ (t+5)p+144M?/p
T 3+ 144 2y 8 2 4 8 ‘

Let us note that this also gives the following for 7;:

1 (t+1p+144M?/p 4

27, 8 T+ D+ 14402

Notice how both of the following requirements are satisfied with this choice of 7;:

2072M? <1 and 87B% < %.

-1

64’/]th

t+3)p+ 144M? /0
* 2 < ( * 2 _w*||2
i (t+5)u+144M2/u”X x +(t+5)u+144M2/M”X0 x|
N 64 )
g .
(t+5)u + 14402/ "
Plugging in 7, gives
t+3)u+ 144M? /1
* 2 < ( * 2
" 25607 L
((t + 5)p + 144M2 /) (¢ + 1) + 14402 /)
256 )

T8 T 1442 ) (( + D+ 14402 ) 7
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An equivalent way to write this, by letting k = 144M?2/u? is

(t+3)+k

* 2
s el

" = % ||* <

2K o
+ (t+5)+r)((t+1)+ k) lIxo — x|
25602/ 12

((t+5)+r)((t+1)+ k)

We now prove by induction that
ak||x* — xg 2 4 bG? /L2
Xt||2 < H || /

E|x* —
t+ kK

b

with a = 3 and b = 282.

The base case ¢ = 0 holds trivially when a > 1. We want to show that

T + 3 + k ak||x* — xo||* + bo? /> 2K

* 2 < * 2

" = x| “T+5+k T+k (T+5+K,)(T+1+I£)”X xol
25602/ 2

T4+ +1tr)
For some constant d > 1, let us have 2 < % and 226 < 1 and then we have

1 T+34+k 1
T+k d(T + 1+ k)

x* —x 2<
I =il < 7

) (sl = xolP + b0
and then we wish to find d such that (after setting A = T'+ x = T + 144M? /yi? and where A > 144)
A+3 1 1
+ <
AA+S) TAAT )AL S A+l
< 4Ad+3d+ A<HAd < 3d+A<dA <= 3d < (d—1)A4,

— d(A+1)(A+3)+A<dA(A+5)

which is satisfied when d = 1.1 since this would require 3.3 < 0.14 <= 33 < A which is true because A =T + k >
Kk > 144. We then use the bounds for a, b as

a>22 and b> 256 x 1.1

The proof is completed. O

C.1. Results for the MLMC estimator

We now continue with the results related to the MLMC estimator, taken from (Alacaoglu et al., 2024). The only difference
will be the change in the complexity analysis inner solver used for estimating the resolvent (that is, the proximal subproblem).
As a result, the only change in the lemmas we cite below are the constants.

For brevity, let us denote the upper bound in Lemma C.1 as
C = 3k||x* — x¢||* + 28202 /%, C, =3k, Co=282/u. (C.5)

where k = 144M? /i?. The lemmas below have identical proofs to the corresponding results we cite from (Alacaoglu et al.,
2024) with the minor differences of having the constants in Lemma C.1 instead of (Alacaoglu et al., 2024, Theorem C.1).
Hence, we do not repeat their proofs and just refer to (Alacaoglu et al., 2024).

Lemma C.3. (Alacaoglu et al., 2024, Lemma C.9) Under the setting of Lemma C.1, we have, for the output of Algorithm 2,
that

2C
Eyvou] — v* 2 <
IEly*™] = y*II° <
E|y™ — y*||* < 14Clog, N.

where C'is as defined in (C.5) and the number of calls to Bis O(log, N).
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Lemma C4. (Alacaoglu et al., 2024, Corollary C.10) Let =717(G+8r) (z1) be as defined in Algorithm 1. Under the setting of
Lemma C.1, we have for any by, v that
B[ Tp(cror) (21)] = Tyiarom (261 < BE(I1Ad = Tyiaron) (z)lI° + o),
EllJycvor (z) = Jyarom (z)1? < 0*(1(1d = Ty@ran ) (z6) |12 + 02),
where

max{2C1,2C5}
min{b7,v2/2}

28 max{C4, Cs} log, Nk—‘ (C.6)

| .«

—‘ , and My = [
where C1, Cy are as defined in (C.5). The number of calls to the stochastic first-order oracle at each iteration is O((log Ny,) -
My,) in expectation.

Finally, the complexity analysis will be the combination of these three results. Most of the derivation is the same as
(Alacaoglu et al., 2024) up to the change of the inner solver, as a result, we only sketch the differences in the proof, compared
to (Alacaoglu et al., 2024, Theorem C.11).

Theorem C.5. (Detailed restatement of Theorem 3.1) Let Assumptions 1 and 3 hold and suppose that p < 1/L. Then, for
Algorithm 1 withn < % anda=1—p/n, ap = ﬁg(’cﬁ%); and Ny, My, given in (C.6) with b% = W, v? = 61—0,
we have

Ellz;, — Jyc+or)(2;)|] < € with expected sfo complexity 6(574),

where z;, is selected uniformly at random after running the algorithm for K iterations.

Proof. The proof of this theorem mirrors that of (Alacaoglu et al., 2024, Theorem C.11) which is in fact oblivious to the
inner solver until the last paragraph of the proof, particularly the calculation of the stochastic oracle complexity of each
iteration. In our case, Ny, M}, depend on C1, Cy which are slightly different than (Alacaoglu et al., 2024), due to us using
Lemma C.1 which requires only Assumption 3, unlike the result of (Alacaoglu et al., 2024) that used the bounded variance
assumption. However, this only changes the absolute constants for the number of expected calls to the stochastic oracle and
the complexity result is hence the same. O
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D. Proofs for Section 4

Let us provide a further intuition for Algorithm 4. Note that by the definition of zj /2, we have

1 _
(Zk+1/2 —Zp + %gk)

<~ 0€or(z + —
(Zk+1/2) o

1 ,_
< G(2Zpy1)2) + Or(Zpy1/2) 2 o (Zk — Zht1/2 — Ve8k + VG (Zht1/2)) -

Hence, the second step, that is, the update of z;.; is a subgradient descent-like step by using the unbiased estimate
of a particular subgradient (indeed for a min-max problem, G contains the gradients of the coupling function) from
(G + 0r)zj,41/2 With step size 7;, (Which absorbs the 1/~ appearing above). In this update, we move from the anchored
iterate zy, to follow the idea of Halpern anchoring.

We now analyze one iteration of this method.

Lemma D.1. Let Assumptions 1, 2, and 3 hold. Then we have, for Algorithm 4, that

1—71
Ellz" — zictl’ < (1 BBl — zull® + Aellz” — 2ol ~ P W g g2
+ Tk
+ C1xEllzi — zii1/2l” + ConEllze — zp4a |
+C3.5El120 — zig1 /2] + CarElgr — G(zp)]|” + Ex- (D.1)
where we define
727’,?7,%02
L
1+7
1/4 4+ (9/2)v2L? 4+ 721,y L% — 2(1 — 5p7m(1 —
Cl,k:Tk(/ +(9/2)7, L7 + 271 (1= B)) , 5pmi(l — Br) 11 L,
1+ 7 27k
1 (1 — 7)1 = Bi)
Cor — _ D.2
2F T 01+ 1) 1+ 7 ©-2)
Cor — 5pmifr | 2m(36Tkvi B — fBi)
3,k = +
’ 29 147
47,7v2(9 + 18
Cap = 110pm, + T2E(O0F 1878)
’ 1+7

Remark D.2. The bound on the right-hand side of (D.1) is rather complicated. The main intuition is that for each of the
error terms independent of z*, we have negative coefficients that we can use to cancel the positive coefficients (after picking
the parameters accordingly), except the last terms on the right-hand side of (D.1). For the second term of the last line, we
will use the classical bound of STORM variance reduced estimator of (Cutkosky & Orabona, 2019). The last term in the last
line will be sufficiently small due to the choice of 7.

Proof of Lemma D.1. The definitions of zj_ /o and the proximal operator give

Ziy1/2 + VO (Zht1/2) D Zk — KBk

1,
= G(zpy1/2) + Or(Zpg1/2) 2 " (Zk - Zk+1/2) — 8k + G(Zit1/2)-

Then, using (WMVI) gives

1,
<(Zk — Zit1/2) — 8k + G(Zry1/2)s Zryr/2 — Z*>

2
D.3)

Yk
1
> —p %(Zk — Zpt1/2) — 8k + G(Zpy1)2)
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After multiplying both sides by 7xvx, we get

TlZk — Zhg1/2 — Vh8k> Zht1/2 — Z°) + T VAG (Zhg1/2), Zig1/2 — 27)

Th ) =
> —%sz — Zgy1/2 — Vk8k + VG (211 2) |- (D4)
We estimate the first inner product. The definition of zj 1, after rearranging and dividing each side by 7 yields

_ 1 _ ~
Zht1/2 =K = - (Zht1 — Zk) — W8k + VG (Zet1/2, Spr1/2)-

As a result, we have for the first inner product in (D.4) that

Te(Zht1/2 — Zk + YR8k, 2" — Zit1/2) = (Zhy1 — Z + TR VG (Zhg1/2,Ekt1/2), 25 — Zig1)2)-

This gives in (D.4) that
(Zhi1 — 2k, 2" — Zpp1/2) + TeVR(G (Zhg1/2) — é(zk+1/27£k+1/2)>zk+1/2 —z")
PTk | -
> *%sz — Zp1/2 — Y68k + WG (Zrt1,2) |-

After taking expectation, using the tower property, and the assumption of é(z k+1/2> $k41/2) being unbiased, we obtain
_ * Tk =
E(zp i1 — 2k, 2" — Zgy1/2) > *%EHZk — Zp1/2 — Vk8k + WG (Zh1/2) |- (D.5)

We rewrite the inner product using squared norms to derive

_ * * 7 *
2(2Zpy1 — Z1,2" — Zy1/2) = 2(Zhg1 — Zhy1/2,2" — Bpr1y2) + 2(Bpt1/2 — Zk, 2 — Zppa)2)

= l|zet1 — zegayoll® = 12" = 21 ® = Zor1/2 — 2ell” + |27 — 2. (D.6)
We continue to estimate the main error term |21 — Zg41/2||* as

Zk+1 — Zk+1/2||2

= (Zks1 — Zi41/25Zk+1 — Zk+1/2>

= (1= 7 ){(Z — Zrt1/2, Zht1 — Zrr1/2) + TEVR(Gk — G(Zhg1/2: Ekg1/2)s Zhr1l — Zig1)2)
1-— Tk _ _

= (12 = Zig1 /2 + 2ki1 — Zrgryall® = ll2rra — 2l|?)

2
+ T8k — G(Zhs1/2: €1 )2)s Bt — Zit1)2)s (D.7)

where the second equality used the definition of zj; as

Ziy1 — Zhi1/2 = Zk — Zht1/2 — Tk(Zk — Zi1/2 — Y8k + WG (Zhg1/2: Erv1/2))

= (1= 7)(Zr — Zps1/2) + TeVe(8h — G(Zht1/2,Ekt1/2))-
The last equality in (D.7) used the elementary identity (a, b) = % (|la||* + ||b[|* — |la — b]|?).
Rearranging (D.7) leads to

147,
2
_1—77C

2

Zk+1 — Zk+1/2||2

(12 — Zrs12ll® = |Zs1 — Zal?) + Teve(8r — G(Zhi1/2, Exr1/a)s Zhtt — Zhi1)2)-

2
147

Multiplying both sides of gives us

1-— Tk _ _
[Zk+1 — Zk+1/2H2 = 1+ (||Zk - Zk+1/2H2 = [|Zry1 — Zk|\2)
27V ~
1+ (8k — G(Zi+1/2,Ek+1/2), Bhr1 — Zht1/2)-
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With this, we estimate (D.6) as

2(zpy1 — 2k, 25 — Zig1)2)

—27'k _ 1— Tk _ B
“1in |21 — Zhg1/2]” — . 241 — 2k |)* = 12" — 2oy |* + 127 — 2|
2TV =~
1+ {8k — G(Zk+1/2v£k+1/2)»zk+1 - Zk+1/2>~ (D.8)

Next, we use the definition of z;, for estimating the first, second and fourth terms on the right-hand side of (D.8), to derive

2Zr41 — Ziy 25 — Ziy1/2) = Brllz” — 2ol + (1 — Be)l|z* — zil” — ||2* — zpsa ||
2Tk 2 2
- - 1 — 2
Ttr (Brllzo — zit120° + (1 = Br)l|ze — zos1,27)

Br(1 — k) o (1—=Pk)(1—11) 2
Ty g - LB )
2Tk ~
1 Jrlk (8k — G(Zrr1/2:Err1/2)s Zht1 — Zhy1/2), (D.9)

by using the identity [|3a+ (1 —3)b||? = B|la||*> + (1 — B)||b||* — B(1 — B)||a — b||? three times for all the terms involving
Zy, in (D.8).

Same as the derivation of (Alacaoglu et al., 2025, Eq. (4.27)), one can estimate by Young’s inequality that

2Tk ~
T+ (8t — G(Zki1/2,Et1/2), Bhsl — Zioy1/2)
2
Tk 2, TEVRC1 2
< — —FEl|zr — 2z 4+ —=—FE —G(z
< (1 T Tk)Cl || k k+1/2H 1+ 7 ”gk ( k+1/2)||
1 T242¢9 ~
4+ ——El|z —z||?+ 2R —G(z , 2 D.10
T |Zk+1 — 2z || 0+ gk (Zrs1/2> Ekt1/2)|l (D.10)
where we used
Ert1/2(8r — é(zk+1/27 Ekr1/2)s Zht1 — Zhy1/2)
= Ept1/2[(8k — G(Zht1/2,Ekt1/2): 2k — Ziy1/2) + (8 — G(Zit1/2,Ekr1/2) Zht1 — Zi)]
=gk — G(Zry1/2): 2k — Zrt1/2) + Erg1/2(8k — G(Zrr1/2, Eht1/2)s Zha1 — Zk))-
On (D.10), after Young’s inequality and Lipschitzness of G, we estimate as
E 27 (gr — é(zk+1/2afk+l/2)azk+l - Zk+1/2>
14+ 7
Tk 2 ATt s Aomvicr 2
< ——FEl|zr — 2 4+ ————F"FEllzy — z 4+ —=—="F —G(z
=+ e g2 k+1/2|\ 1+ (7% k+1/2|| 1+ 7 (=93 (z) |l
1 312v2¢y
+ —E|z — 7|+ FEEER — G(zp)|?
(1 + Tk)CQ || k+1 k” (1 + Tk:) ||gk ( k)”
3L27’]?7]%62 5 3TEYEco ~
+ —E K|z — 2 + Lk ZERIG(z - G(z , 2, D.11
T+ 72) Zk — Zpt1/2]] (0+m) |G (Zhy1/2) (Zht1/2, Epv1/2)]l (D.11)
where A; = (1+a1), A2 =(1+ i) for any positive a.
Applying Assumption 3 results in the estimate
IE||G(Zk+1/2) - é(zk+1/27§k+1/2)”2 < B2E||Zk+1/2 - ZO||2 +0° (D.12)
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We also have by Young’s inequalities that

PTk |-
VTHZ/C — Zg41/2 — Vk8k T %G(Zkﬂ/z)HQ
< (Elf”k(l—ﬁk)
Yk
 BrpmiBe
k

+ E3L2p7'k’)/k) |2k — Zt1 2|2
llzo — Zk+1/2H2 + Expriyillgr — Gz, (D.13)

where we use the property

12k — Zhg1 /2]
= ||Brzo + (1 — Br)zk — Zps1 211> < Brllzo — zry1/2)” + (1= Bi)llZk — Zpgr 2]
On (D.13), we have By = (1 +ey), By = (1 + é)(l +e3),and B3 = (1 + é)(l + é) for any positive e, €.

Finally, we set

1 1
=4, co =24, alzg, 61217 es = 10.
With these choices, we have
9 5 11
A =—, Ay = Ei=-, Ey= FEs = —.
1 8’ 2 97 1 47 2 55a 3 9
Next, we multiply both sides of (D.5) by 2, then plug in the expectation of (D.9), (D.11), (D.12), and (D.13) to get the
result. =

We now continue with the recursion of the STORM estimator of (Cutkosky & Orabona, 2019) that is used to update gj.
This lemma is taken from (Alacaoglu et al., 2025, Lemma 6.1) (which we refer to for the proof of this precise statement)
that followed the idea of (Cutkosky & Orabona, 2019) with the minor change of using the Assumption 3 rather than the
uniformly bounded variance.

Lemma D.3. (See (Cutkosky & Orabona, 2019) for the original idea and (Alacaoglu et al., 2025, Lemma 6.1) for the
statement used here) Let gy, be as defined in Algorithm 4. Then, under Assumptions 1 and 3, we have

« «
S Ellge — Gz |* < (1 - 5°) Ellge — G20 ~ Ellgiss — Glars)|l?
+ 2L°E||zp 41 — zi||* + 202 (B*E||zi — 20> + 02).

We now include the restatement of Theorem 4.1 that includes the parameter details and then provide its proof.

Theorem D.4. (Detailed restatement of Theorem 4.1) Let Assumptions 1, 2, 3 hold and suppose that p > 0 is sufficiently

small with
L 83 97 1 1 27 982
<mind — [ —/—/— — — — — +3 =: f(7). D.14
p= mm{55 (24L2 \/§L2>’ 12L° 16L(1+7) 17v3L ( Iz " ) } U ©.14)
Then, for the output of Algorithm 4 with
3 2 1 T
= AL = s = -, T = y
’ P ke3P Tar T Ukes

1
k+3’
L2

L2
21982 50(3B2+L2) Then, we have

where T < min {

Elres(z)] < e with stochastic oracle complexity O(e~%),

where Pr(k = k) = k) g gou

ST (i43) = Zit1)2

26



Solving Stochastic Variational Inequalities without the Bounded Variance Assumption

Remark D.5. As the result in Section 2, the range of p is quite restrictive. In particular, as 7 — 0 the dominant term in the

upper bound L 27 (QLi; + 3) , becomes ~

_ _1
> 16L(1+47) 17+/3L 16L "

To show that all the terms in the upper bound of p are strictly positive, we require,

17v/3L2 o,
28882 + 96>

1 27 (9B2

16(14—7_')_17\/3 L2+3>>0 <~

2
Because m > T, this is satisfied. It is easy to show that the other arguments in the definition of p, in (D.14), are
strictly positive.

To get the best dependence, one would also have to use the idea of (Pethick et al., 2023) to include another term in the
potential function to have a bound for p that approaches ﬁ as 7 — 0. We do not pursue this here for brevity since the
best-known upper bound for p (which is 1/L) is attained in Section 3 for another algorithm.

Proof of Theorem D.4. To upper bound the last term on the right-hand side of the assertion of Lemma D.1, we use the result
of Lemma D.3. In particular, in Lemma D.3, we let o, = \/% and multiply both sides by 7(11#)63 to get

7(1 = Br)c
%Eﬂgkﬂ = G(zk+1)

77'(1 — Bk)Cg ( 1 ) 2
< T OW)es () Elgi — G -
< 5 ) Elle ~ Gl

+ 2?(1 — Bk)03EHZk+1 — Zk||2
27(1 — By)csaiB

L2

I?

f(l — Bk)03ak

27(1 — Bk)03ai02

+ T2

2
E|zx — zo||2 +

Using the identity (1 — Sx) (1 — kl +3) < Z—E and Young’s inequality on the last inequality gives us that

7(1 — B )c:
%Eﬂgkﬂ — Glzr)|

ekt Do 2 T = Besarp, 2
< Lg(k+3)E||gk G(z)|| 575 Ellgr — Gzl

+27(1 = Br)esE|zprr — i
2’77'(]. — 5]0030[%0’2

477'(1 — ﬂk)C3Oz2B2
+ Fot (Ellzrs1 — 20l + Ellz — zipa]|”) + 73 (D.15)
Let us also note for the sixth term on the right-hand side of (D.1) that
5pmifBr | 27k(36TYi B — B)
C ]E — 2 = k E _ 2
3.kEl|Z0 — Zp11 /2] < 2 1+ |1Z2o — Zk+1 2]
5pTk B 27kﬂk> 2
< — Elzg — z
< (25 - 2P g — gyl
3 x 7272~2 B2
SRR (0 — i |2 + llzies — 2l + 12 — zi41211%) (D.16)
+ Tk
Adding (D.15) to the result of Lemma D.1 and using (D.16), we obtain
7(1 = Br)c
Elle" — zinl? + C PO B Gl
* o Taz(k+1) 2 * 2
< (1= Be)E[z" —ze|” + mEllgk = G(zi)[I” + Brllz" — zol|” + Re
+ D1 kEl|zx — zi1/2]1* + D2 kEllze — 241 ]* + Ds kEll20 — zi41/2]?
+ Dy kEllgr — G(zi)||* + D5 1El20 — zis1 ), (D.17)
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where the coefficients are defined as (where we assigned c3 = 6 for the free variable)

127(1 — By)aia?

Rk - gk + L2 ’
2167’27232
Dy =Cq 1+ kT
1,k 1,k T+ T+

247(1 — B.)a2 B2 21672~2B2
Dap = Cogo+ 127(1 — By) + 2TL=Bu)ag 272

L2 ]. + Tk
727772 B2
Dar =Cas — — k7
3.k 3,k 1 . )
37(1 — le}
Dy =Cap — %7
Do — 247_'(1 - Bk)a%B2 2167’,3’)/,%32 ﬂk(l — Tk)
R L? 1+ 7, 1+7m

This is, unfortunately, an even more complicated bound than Lemma D.1. One can see that the first two lines of (D.17)
contain terms that will telescope after minor manipulations. The third line of (D.17) contains the term R, which scales as
O(72 + a2) = O(1/k). What remains is to select the parameters such that the last five terms of (D.17) will be nonpositive.

We wish to upper bound the sum of the last five terms in (D.17) with

O(—7kE[(1 = Bi)llzk — Zrr12l1> + (1 — Be)llge — G(zi)|1> + Brllzo — Zat1/2]°])-

Let us recall

2 1 T
« = 5 = —_— TL. = .
P ks T an T k13

Then the last term of (D.17) will be nonpositive, that is, D5 , < 0, if,

9677'(1 — Bk)Bz 2772 B2 < ﬁk(l — Tk)
32 a0+ S 1+

First, upper bound the left hand side. Since 1 — 5 < 1, 72 < 7 because 7 < 1 and ﬁ <1, we get

967(1 — Br)B? 2772 B? - 967 B> N 277 B? - 2197 B2
(k +3)L2 20k +3)(1+m)L2 = (k+3)L% ' 2(k+3)L2 — 2(k+3)L%

Next, lower bound the right hand side,

5k(1*7—k) - 1 ].777€ > 1
l+7  k+3 1471 ~ 2(k+3)

1—7% 1-1/3

where () = k%_:,), and Tor = 17173 — 1/2 since 7, = \/ZW < 7 < 1/3. Therefore it is enough to require
2197 B2 1
2(k+3)L2 ~ 2(k+3)°
This will be implied by,
1,2
TS 219B2°

We estimate the second from last term of (D.17). By using C4 j, from (D.2) and Tay, = 274, we have

477@’}/]%(9 + ].87%) . 6Tk(1 — ﬂk)
1+ L2

Dy j = 110p7iyi +
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We will upper bound this term by —% That is, we have
Ti(1 — Br) 55p 9 97 191(1 — Bg)
Dy < ——————2 & —— < ,
AR DY oL TI2(1 ) 221+ )vEis o 32L?

where for the equivalence, we divided both sides of the inequality by 7, and plugged in .

Using 71— < 1,1 — 8 > 2/3 since k > 0, and \/7 < 1/4/3, it is enough that

550 9 o7 _ 191 55p _ 83 97

—_— — — .
or Tarz " 2v/3L2 ~ 48L2 2L ~— 48L%?  2/3L2

Therefore, a sufficient condition is

L 83 97
PE=\ls73 751 D.1
55 (24L2 \/ng) (D.18)
We estimate the third from last term of (D.17). We wish to show that D3 ;, < — 3(lef j‘k) . By using Cs3 j, from (D.2), we have
Dy — 50miBe  27kPk < W o 1 ’
’ 2k 1+ 7 31+ 1) 29k — 3(1+ )

when p < 12L We used here that 1 4+ 7, < 2since 7, < 7 < 1 and v = ﬁ

We estimate the sixth term in (D.17). We wish to show that D ;, < 0. Let us use the definition of Cy ;. from (D.2) to write

247(1 — B1.)a2 B2 N 21672938 (1—7)(1— B

Dy =————+127(1 —
2k 24(1 + 7) +127(L = Be) + L2 1+ 7 147
Using ai = ﬁ 'y,f 161L2 and Tk = k:iS , the terms that are the second and third from the last become
247(1 — Bp)a B> 967(1 — Bi) B? o 21673 B% 2772 B?
L2 (k+3)L? ~’ 1+ 2(k +3)(1 + 74) L%

Now the lower bound of the first and last term gives

(1—Tk)(1—ﬂk) 1 . (1—Tk)(1—ﬁk)—1/24 N 59

147 24(1+11,) 1+ 7 ~ 1201 + 7))’

because 1 — B > 2/3,and 1 — 7, > 4/5 since 73, < ﬁ < % So it is enough to show,

967(1 — f3,) B> 2772 B2 _
(k+ 3)L2 20k +3)(1 + )L ~ 120(1 + 7,)

'Dgﬁk <0« 12?(1 —ﬁk) +

1

For the right hand side, since 7, < 1 gives, 17— + > 5

SO

9 .59
120(1+ 7,) — 240°

Using 1 — 8 <1, 773 < %, T<1/3(so, T 2 < 7)and < 1, we get upper bound of left hand side,

+ 1+T
i 967(1 — ) B2 2772 32 | 327> 97B> _ 7352
127(1 — <1274 222 L T2 12
L e ey T T Ry N Ry T o

Therefore it is sufficient that

(124 ) B
212 '
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This is implied by

FETEE
~ 120 \73B2 +2412 )"
For the cleaner statement, we use the simpler sufficient condition,
1,2
T < 50(3B% + 12)’

because,

15082 + 50L% > % (73B® +24L%) and hence 50(3;22+L2) < % <7332L+224L2) :
We next estimate the fifth term in (D.17). Let us use the definition of C; j from (D.2) to write

1/4 2v2 L2 21 v2 L% — 2(1 — 1-— 21672y B
Dl L= Tk( / + 9/ ’7]{) + 7 Tk’)/k ( 6]6)) + 5p7—]€( Bk) 4 11kaL2'Yk + 67—]@’7]@ )
’ 1+ 7 2, 147

We then have that

k(1 — Br) 11pL 9
C128(1 + 1) 4(1 4 1) 4 320+

N 7 (2732 9) < 255(1 — )

VE+3(1 + 1) = 128(1 4+ 1)’

212 + 2
where we divided both sides by 7 and used v, = ﬁ in the equivalence step.

Dy < +10Lp(1 = i) +

Because 1 — (), > 2/3, the previous inequality will be implied by
11pL T 27B% 9 51
+ =+t <
4 VE+3(1+7) \ 2L 2 64(1 + 7%)
Now upper bound the left hand side. By using 1 — B < 1,

10Lp(1 — Bi) +

1pL 51 7 7
10Lp(1— B+ 2 <21y and —0" < T
O VEi3(l+m) V3

because vk + 3 > v/3, and ﬁ < 1. Therefore it is enough that

Sy
17T

51L 7 (27B? 9 < o1
212 2

* ~ 641+ 1)

This is true as long as

< 1 27 (9B? +3
P=16L(1+m) 17v3L \ L2 ’
which can be easily made independent of k since 7, is nonincreasing, that is, this bound of p is implied by

1 27 9B2
< - — +3 D.19
p= 16L(1+7) 17v/3L < Iz " ) ©.19)

where the upper bound is guaranteed to be positive due to the definition of 7.

Summarizing the constraints derived from the nonpositivity of Dy 1., D3 1, and Dy 1, we require the parameter p to satisfy
the following condition,

oL (s ot 1 Lo (B
p= 55 \24L2  \/302) 120° 16L(1+7) 17v3L \ L2 '
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_ . L2 L2
where 7 < min { 51652 503677 L2 }

As T — 0, the bound in (D.18) approaches ﬁ, while the bound in (D.19) approaches ﬁ, so this is the bound we have
in our theorem statement for 7 — 0.

With these, we then estimate (D.17) as

. 67(1 — B)
2z — zelP + TP B — Glan) P
67(k +1 .
< (1= BBl - ml? + Tl - GaIP + Aull” ~ zl?
n 7213730%  127(1 — By)ajo?
T+ Z
(1 — Bk) 2 Tk Bk > Tr(1— Bk) 2
_ TR T PR g, — TR iz, — I TP e, G .
T Bl — mural - 3Bl ~ ol — U Bl - Gl

We now multiply both sides by k + 3 to obtain

(k + 9Bz — zn | + T DBg L, — Gl

<kt 2Elz — ) + T Vg, @)+ - o
(k4 3) <7(21T§_'y§:) n 127(1 — ﬂk 02)
- Tk(f;;(?i)fﬂc)ﬂk)mzk — 212 — Tg((k i 3)fkﬂ‘jﬂzo — zpp1/2?
(K -I—S?;)L(; - ﬁk)EHgk _ Gz

That is, since 7, < 1/3, the following inequality holds with § = 3/512,

1 _
Ot (k + 3)E Tﬁkﬂgk — G(zr)|I? + (1 = Be)llzk — zr1/2lI” + Bellzo — gt 2|1

67(k + 2)
L2
67(k+1)
L2

—(k + 3)E|z* — zp41||* — Ellgir1 — G(zrs+1)|?

+ (k+ 2)E|z* — z||* + Ellgr — G(z4)]* + O(1).
Summing up, using ZkK:O 7 (k + 3) = Q(K3/2), since 7, = ©(1/Vk), we obtain that

K-1
ZTk k+3)E {

B 2 2
= lgr — G(zr)ll” + (1 = Bi)llzk — zry1y2ll
Zk oTk(kJF?’ —0 o

+ Brllzo — Zk+1/2||2 = O(K~'/?),

that is, the left-hand side is smaller than &2 after O(s~*) iterations. The left-hand side of the last inequality can be converted
to res(zy41/2) and after using (Alacaoglu et al., 2025, Lemma 6.2). With the same idea as Section 2 and (Alacaoglu et al.,
2025, Theorem 4.6), we convert this to a guarantee on a randomly selected iterate. O
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E. Details for Section 5 and Further Numerical Results

E.1. Additional experiment

- T - Alg.1 ®p~1/50
4 y - I " . EG p=1/2L
1.0 i - 1001

€ €
5 +p~ 1150 5
< p=1L <
0.5 oS S 100
0.0 g 3
3 iy | B
-05 @ 107* I}
3 =}
2 = & KLL+22
@ @ 1J0+17
-10 + AMW+25
1061 10-4
15 - 0 5.0x10° 1.0x10° 0 5.0x10° 1.0x108
15 -10 05 0.0 05 10 15 operator evaluations operator evaluations

Figure 2. Left: Trajectories of Alg.1 and EG for the LAx counter-example (see (E.1)). Middle: Alg.1 for counter-example with varying p.
Right: Methods from (Kotsalis et al., 2022), (Iusem et al., 2017), (Alacaoglu et al., 2025) in Table 1 for the LAx counter-example. Middle
and Right panel has log-scaled y-axis.

Throughout this section, the numerical examples are unconstrained, i.e., we take » = 0. Hence Or = 0 and the residual
res(z) = dist(0, (G + 9r)zy,) reduces to ||G(z)]|. Therefore, we report the squared operator norm ||G/(z)||%.

We use the LAx counter-example instance from (Gorbunov et al., 2023, Theorem 4.3). For L > 0 define
G(z) = LAz, r € R?,

where A is the rotation matrix
__(cosf —sind  cost
A= (sin@ cos@)’ P=="r" (E.1)

(Fig. 2, Left) We use the same setup as the left panel of Fig. 1 fixing p = ﬁ to match the residual plot and keep the
initialization and stopping criterion identical. In this setting, EG spirals outward and diverges as predicted by theory
(Gorbunov et al., 2023), whereas Algorithm 1 converges to the solution and stabilizes.

(Fig. 2, Middle) On the same LAX instance, we examine stability as a function of the rotation angle 6. We report the operator
norm ||F(z)]|? on a log-scaled y-axis. Over the tested grid of 6, Algorithm 1 is stable for p < + and becomes unstable at
p= %, confirming a stability boundary near % for this instance, confirming our theoretical results.

(Fig. 2, Right) For a fixed instance with p = ﬁ, we also run the three methods in Table 1 that require p = 0 ((Kotsalis et al.,
2022), (lusem et al., 2017), (Alacaoglu et al., 2025)) using the same initialization where the noise in the stochastic gradient
have the Gaussian distribution. In this setting, all three baselines become unstable and diverge since their theory only covers
p=0.

In Fig. 3, and Fig. 1 (middle/right), we use the unconstrained quadratic problem from (Pethick et al., 2023, Example 2),
b b
Iznei]g Iggﬁ{ o(z,y) == axy + 53:2 - §y2 (E.2)

To avoid confusion with our wMVI parameter p, we denote by p the parameter used in (Pethick et al., 2023, Example 2).
Under their convention

a=+/L?—Lp?, b= L?p.
For this example, the corresponding wMVI parameter in wMVIis p = —p. Thus, in our experiments, we set L = 1 and
p = 1oz equivalently p = — 13+

For Fig. 3, we replace the heavy-tailed noise (from Fig. 1 (middle/right)) with zero-mean Gaussian noise and keep the same
~ grid and seven-seed, reporting the mean of the last iterate. We reuse the Algorithm 4 schedule fixed in the main text. Both
methods behave similarly for moderate +; as it decreases, the method of (Pethick et al., 2023) loses stability and diverges,
whereas Algorithm 4 remains stable.
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—e— Alg.4

5L
10 PFL+23

103

squared operator norm

0.0 0.2 0.4 0.6 0.8 1.0
Y

Figure 3. Alg. 4 and the algorithm of (Pethick et al., 2023) for the unconstrained problem in (E.2) with Gaussian noise. Panel has
log-scaled y-axis.

E.2. Experiment Details and Hyperparameters

For the LAx counter-example with Algorithm 1 we tune the o, schedule by sweeping the multiplier cin o = \/m+g(k+3)’
increasing ¢ from 1.0 and enforcing oy < 1. For the Algorithm 2 inner loop, we run a coarse-to-fine search over a single
scaling coefficient that determines the per-iteration budgets (N, M}, ), targeting the smallest sample sizes that preserve the

observed accuracy. Fig. 1 (left) and Fig. 2 (left) correspond to the same run.

For Fig. 2 (middle) we reuse the Ny, M}, value from the example above for Algorithm 1. We retune only the o, multiplier
c using the same sweep and selection rule. At the boundary p = L n= 1 ,weneeda =1 — B =0,s0weseta =103
to initialize the (N, M} ) budgets (since they depend on «), but Algorlthm 1 still diverges at th1s threshold. Fig. 2 (right)
For each method, we use the hyperparameter setting prescribed by its theory and show the method becomes unstable since

p#0.

Similar to Algorithm 1, we tune the oy, schedule for Algorithm 4 with a coarse-to-fine grid over the initialization ay and the

decrease factor c, that is o, = \/0‘707 in Algorithm 4. We first run a broad scan over «y to identify a stable region, then

k/c+1
perform a focused search around the best area to select the final setting. The chosen ayg and c are frozen for the full v sweep

and reused across noise models. With this schedule, Algorithm 4 remains stable as  decreases, while (Pethick et al., 2023)
diverges.

E.3. Computing infrastructure

All experiments are ran locally on a MacBook Pro (Apple M2 Pro, 10-core CPU; macOS, arm64). We used Julia 1.10.5 and
Python 3.8.20. No GPU acceleration was used; all results are CPU-only. We fixed pseudorandom seeds for each run and
logged hyperparameters and metrics for reproducibility. Environment files are included in the supplement.

E.4. Code bases and modifications

Julia (LAx / Alg. 1) We build on an open-source Julia package from (Alacaoglu et al., 2023) available at https:
//github.com/AxelBohm/beyond_golden_ratio.git. While keeping its original structure, we implemented
LAX counter-example problem and our Algorithm 1

Python (Example 2 / Alg. 4) We adapt our code-base from (Pethick et al., 2023) and its repository at https://github.
com/LIONS-EPFL/stochastic-weak-minty—-code.git. We use their method, labeled as PFL+23 with no
change, and implemented Algorithm 4 using their primitives in the codebase.
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