Attention’s forward pass and Frank—Wolfe

Albert Alcalde ' Borjan Geshkovski > Domeénec Ruiz-Balet 3

Abstract

We analyze the hardmax limit of self-attention
dynamics for token embeddings in the zero-
temperature regime (5 — +o00) and relate it to
finite-3 behavior. In this limit, the update rule can
be viewed as a Frank—Wolfe step for a quadratic
objective over the convex hull of the current token
embeddings. When the key-query matrix is nega-
tive semidefinite, the dynamics converge with the
standard sublinear rate O(¢~1) on the quadratic
energy, whereas in the positive semidefinite case,
extending the hardmax rule to the convex hull in-
duces a Voronoi structure: vertices are stationary,
interior points remain in their initial cells, and
each token moves along a straight line toward its
cell’s vertex with exponential convergence un-
der a step-size bounded away from zero. We
additionally establish well-posedness of the as-
sociated ODE limit in this regime. For finite /3,
we model self-attention as a Markov chain and
prove dynamic metastability: interior tokens reach
near-vertex configurations in a constant number
of steps and remain trapped for times exponential
in $ with high probability, before eventual col-
lapse to some point within the initial convex hull.
Thus, hardmax dynamics accurately approximate
the finite-5 process over exponentially long time
horizons.

1. Introduction

Since their introduction in the groundbreaking work
(Vaswani et al., 2017), Transformers have been at the center
of every major development in large language and founda-
tion models. Various attempts have been made to analyze
the inner functioning of these models. Here we focus on the
question of signal propagation: given a trained Transformer
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and an arbitrary prompt, we study how information flows
and is transformed across layers to produce the final repre-
sentation. This follows a line of recent theoretical work that
began with interpreting Transformers as interacting particle
systems in (Lu et al., 2019; Sander et al., 2022; Geshkovski
etal., 2023; 2025), and has since been developed extensively
in subsequent studies.

This question is not purely theoretical: a major part of com-
pute in large language models is expended during inference.
As such, the a posteriori analysis of trained models offers a
way to understand the representations they learn, with the
practical aim of reverse-engineering modules of the com-
plete architecture, so as to reduce costs. While the multi-
layer perceptron (MLP) component has been optimized and
parallelized through adaptive mechanisms such as mixture-
of-experts (Dai et al., 2024), the attention mechanism re-
mains a significant bottleneck due to its O(n?) complexity
in the number of tokens/context length n. The study of
signal propagation through the lens of interacting particle
systems has borne fruit: some of the scaling laws derived
in (Cowsik et al., 2025) have since been used in training
large language models (OLMO2 7B & 13B, (Team OLMo,
2025)).

Our study of the hardmax limit reveals a simple geometric
structure underlying self-attention:

* token embeddings move toward extreme points of their
convex hull via a linear optimization step;

* depending on the sign of the key-query weight, this
yields either clustering or a stable cell-wise partition
with stationary vertices;

* at finite temperature, this structure persists over expo-
nentially long time horizons before eventual collapse.

1.1. Setup

We consider encoder-only Transformers with a single head
and without MLP components. Given a sequence of token
embeddings (29);e[1,n) € (R?)", the ( + 1)-th layer of the
architecture is given by
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forall i € [1,n] = {1,...,n}, where V* and B! are
square parameter matrices, and $ > 0 is fixed. In the liter-
ature (Sander et al., 2022; Geshkovski et al., 2025; 2023),
(1) is referred to as the self-attention model. In practical im-
plementations, the matrix B? is typically parameterized as
(QY)TK?, where K* and Q* are (possibly low-rank) matri-
ces referred to as the key and query matrices, respectively—
in this regard, V't is called the value matrix. We shall there-
fore call B? the key-query matrix.

Due to the sign of the eigenvalues of the value matrix V¢, the
iteration (1) may diverge exponentially to +oc. In practice,
tokens are therefore renormalized at each step via layer
normalization. Following (Geshkovski et al., 2023), we
replace it by the analytically convenient renormalization
it (RY) 712ttt = (I, + V)~ 'zt which preserves
the qualitative dynamics. Then, the renormalized dynamics
read
n B(B'z},x})
:L‘EJrl — (Rt)—lxg_i_(Rt)—thZ ne ’

Iy Bl
k=1

25 (2)

Throughout the paper, we assume Iz + V'* is invertible.

1.2. Contributions and outline

The principal objective of the present paper is to study the
behavior of token embeddings z!—henceforth referred to
as particles—following the equation obtained by taking the
formal singular limit 5 — 4o0 (keeping d,n fixed), and
to relate this knowledge to the case 5 < +4o00. The limit
equation reads

2 = ol 4+ (I + vH—tyt

3

1

b yest

where we denote X* = {24} c[1,n and

B! = {y € X' (B'al,y) = max(B%E,z)}.
zeX?

We organize the paper as follows.

* In Section 2, after showing that 6! is generically a
singleton, we view (3) as a Frank—Wolfe update for
a quadratic objective when B! is symmetric. Recall
that in the setup of a convex function J : K — Ron a
compact convex set K C R<, the Frank—Wolfe method
(Frank & Wolfe, 1956), (Bach, 2024, Chapter 9) with
step-size v* € (0,1) minimizes J by using a linear
oracle as

2= (1= 912" +farg min(VI(z), y).
yek

L]

L]

We also discuss an interpretation of the matrix mul-
tiplier in (3) as a pre-conditioner (Section 2.2), since
throughout the subsequent analysis, we will exclusively
focus on the case V¢ = htI; with ht > 0. This yields

ot =t 44t [argmax(Bixl, y) — 2! | (SAL)
yeKt

where v* = h'/(1 4 h*) and K' := conv{z}};c[1,0]-

In Section 3, we focus on —B? = 0in (SA,). We
recover and extend results on Frank—Wolfe for convex
objectives (Frank & Wolfe, 1956; Jaggi, 2013; Bach,
2024), obtaining convergence to a single cluster at the
origin with a sublinear rate (Theorem 3.1).

In Section 4, for B! = B = 0, (SAy) is a Frank—
Wolfe update for a concave objective. Since existing
theory only provides coarse bounds on the duality gap,
we instead focus on an ad hoc analysis. We derive
an explicit geometric description: extending 6} to the
convex hull induces a Voronoi tessellation in which
vertices are stationary and interior particles converge
along straight lines to their cell vertices, yielding ex-
ponential convergence (Theorem 4.2). The same argu-
ments establish well-posedness of the associated ODE
(Theorem 4.9), partially resolving an open question
from (Geshkovski et al., 2025).

In Section 5, we relate these insights to the case
B < +o0o. We focus on B! = I; and 7' = ~
to avoid additional technicalities. Motivated by the
Gumbel trick!, we view the self-attention model as a
Markov chain with transition probabilities given by
the attention scores. We show that this process ex-
hibits dynamic metastability: with high probability,
particles rapidly approach near-vertex configurations
(Theorem 5.2) and remain trapped for times exponen-
tial in 8 (Theorem 5.4), after which they eventually
collapse to a single cluster (Proposition 5.1). Thus,
(SA) can be seen as a valid approximation of (1) up
to O(e”) steps.

In Section 6, we complement the theory with low-
dimensional experiments showing that the same qual-
itative picture persists beyond the exactly analyzable
setting: the cell geometry may deform, but the pro-
gression from vertex clustering to metastability and
eventual collapse remains visible.

We defer a comparison with prior work to Appendix A.

'https://francisbach.com/the-gumbel-trick/
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1.3. Notation

We denote by ||z| the Euclidean norm of z € R?, by
(z,y) = z "y the inner product of z and y, by ||z| 4 =
/{Az, z) the A-norm of & whenever A >~ 0, by B(0,r)
the closed Euclidean ball centered at 0 with radius r, and
By = B(0,1). For a bounded K C RY, we always denote
d(K) = diam(K).

2. Derivations

In this section, we further rewrite (3) and then motivate the
choice of V't = h'I; by viewing it as a pre-conditioner.

2.1. The argmax is a singleton

We begin with the following lemma.

Lemma 2.1 (arg max is a singleton). Suppose B! is invert-
ible for all t > 0. Then, for almost every initial configura-
tion (‘r?)ié[[l,n]] € (Rd)n’

el =1
forallt > 0andi € [1,n].
The proof can be found in Appendix B.1.

2.2. The value matrix as a pre-conditioner

By Lemma 2.1, for almost every initial configuration the
hardmax dynamics (3) can be written as

it =2t 4 (RY)TIV! <argmax<th§, y) — xf) . @
yeX?

Since linear functionals attain their maxima at extreme
points, the arg max may equivalently be taken over K.
When B? is symmetric, we can view (3) (for each 4) as
a Frank—Wolfe update with “matrix-valued step-sizes” for
a quadratic function J(z) = (B'z, ) over the convex
set K*.

Throughout the rest of the paper, we focus on the case
Vt = htI; with h* > 0, as it is not clear how to extend
our methods to the case of such “matrix-valued step-sizes”.
This restriction is consistent with empirical evidence that
value matrices in pretrained transformers often have strong
diagonal structure, and that identity-like value matrices can
still yield stable training (Trockman & Kolter, 2023). We
nonetheless discuss a possible interpretation of the role of
the matrix V¥ which also motivates our particular choice.
This informal discussion is almost entirely motivated by the
elementary observation that for an invertible matrix P,

argmax(B'z!, y) = P~ argmax((P~1) " Btz!, 2).
yeKt z€PK?

Hence the update (3), rearranged as

t+1 _ ot ¢ t,.t ¢
x" =x; + P' | argmax(B'z;,y) — x; | ,
yeK?

where P! := (I;+V*')~1V* can be understood as a precon-
ditioned Frank—Wolfe iteration. The term inside the paren-
theses plays—as usual—the role of a direction selected by
a linear oracle, and the matrix P* determines how this di-
rection is scaled and warped. Since limy+_,q P® = 0 and
limy+_, o Pt = I, P! interpolates between no update
and a full step depending on the magnitude and spectrum of
V't. Furthermore,

1. When V¢ = 0, (I + V*)~!'V" can be seen as
a surrogate for a natural gradient step. In partic-
ular, if V? ~ V2J(z!), then P! plays a role of
(Ig+ V2J(z)) ~! v2J(2!)—a damped Newton-like
correction.

2. The update can also be interpreted in the frame-
work of mirror descent with a quadratic mirror map
¢(z) = 3((Ia + V')z,z). In this case, the matrix
P? arises from mapping a dual-space step back to the
primal space via the inverse Hessian VZ¢(z)~! =
(I;+ V') =1, followed by applying V. Thus, P* cap-
tures how the dual geometry modifies the primal update
direction.

2.3. Shrinkage
In view of the above discussion, we now study (SA.,). By
definition of (SA.,), we immediately deduce the following.

Lemma 2.2 (The convex hull shrinks). Suppose that v* €
(0,1) for all t > 0. Then, the map t — K' is decreasing:
KHY C Kt forall t > 0.

The shrinkage of the convex hull of the particles is a property
that will be of significant use in what follows, which does
not hold in general for arbitrary value matrices.

3. Negative-definite key-query

We first consider (SA.,) with a symmetric B¢, which we
reparametrize as
B' = -B!.

This allows us to rewrite (SA,) equivalently as
it =2t 44t argmin(Blal,y) —al ). (5)
yeK?t

Consider )
Ji(x) = §<Bix,x>,
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which is convex when B! = 0, and VJ!(z) = Blz. Thus
(5) is a standard Frank—Wolfe scheme for J* over the con-
vex set K!. Adapting mostly standard theory (Bach, 2024,
Chapter 9.3) to J?, we can show the following.

Theorem 3.1 (Frank—Wolfe convergence (to a cluster)).
Suppose BL — B! = 0 and B! = 0 for all t > 0. Fix
vt =2/(t+2), let 2* € argmingexo 5 (B, z). Then for
all i € [1,n], particles evolving according to (5) satisfy

2

tff—&-l_t* <
Mt - e € oy

: Amax(BY) d(K°)?.

The proof follows by adapting standard arguments (Bach,
2024, Chapter 9.3) and can be found in Appendix B.2. We
fix y* = 2/(t+2) to obtain a sublinear O(¢t~1) convergence
rate on the quadratic energy. But in fact all the known theory
(Bach, 2024, Chapter 9.3) adapts to this setting, and one
can readily deduce a qualitative convergence result assum-
ing only that 4% € (0, 1) satisfies 3, (7%)? < +o0 and

+
Yo' = +oo.

4. Positive-definite key-query

We now consider (SA.) where B is positive definite. In
this case, the system is a Frank—Wolfe scheme for
iy ()

where J!(y) = —1(B'y,y). In the setting where the ob-
jective function is concave, less is known about the Frank—
Wolfe scheme. One naturally expects a dual behavior to that
of the convex case—in this instance particles should con-
verge to the boundary of the convex hull. A first result one

can show follows directly from the literature; for instance,
following (Yurtsever & Sra, 2022, Lemma 2.1)?%,

Proposition 4.1. Suppose B = B'B for B = 0, with
BB =4t/ forall t > 0. Foralli € [1,n], t >0,
particles evolving according to (SA ) satisfy

min max{VJ7(z]),z] —y)

Te[1,t] yeL™
1 (Jl(az}) _infyexr Jt(y)) |

= A1 At

We omit the proof since it is a straightforward adaptation of
(Yurtsever & Sra, 2022, Lemma 2.1), and serves no particu-
lar purpose in our analysis. The result is also not particularly
informative as there is no effective control over the step 7.
We instead focus on making more structural assumptions
on the initial configuration under which we can establish a
significantly stronger result.

2Another related work is (Lacoste-Julien, 2016), which shows
convergence of the same quantity with a O (1/+/%)-rate, for general
non-convex objectives.

We recall that for a convex polytope K C R? with vertices
v = (v1,...,Vs), and a square matrix B, the cells are
defined by

B:(v) = {m € K: (Bzx,v;) = max(Ba:,y>}. (6)
yeK

Our main result of this section is

Theorem 4.2 (Convergence to vertices). Let Bt = B = 0
and vt € (0,1) for all t > 0. Consider an initial configura-
tion (x?)ie[[lm]] € (RH™ such that

1. the vertices v = (v1,...,vs) of K =
conv{ad};cq1,n] satisfy
v; € 6;(v) \ | Gi(v); )
vy

2. if 2¥ is not a vertex, then it doesn’t lie on any face of
two adjacent cells.

Then the map o : [1,n] — [1, k] such that 9 € G4(;(v),
is well-defined, and particles evolving according to (SAs,)
satisfy

t—1 t—1 t—1

zt = (H(l - 'yT)> x?—l—z (’yT H (1-— 'ys)> Vo(i)
7=0 7=0 s=1+1

foralli € [1,n].

t

In particular, i converges to vs;) as t — +oo at

rate Hi;},(l — %), which is exponentially fast whenever
inf; v* > 0.

We provide the proof in Appendix B.3, which straightfor-
wardly follows after studying some geometric properties
of the cells defined in (6). We also comment on the pos-
sible genericity of the first condition in the statement in
Remark 4.7.

Remark 4.3 (Time-dependent key-query). The key takeaway
from the proof of Theorem 4.2 is that, due to the assump-
tions on the initial polytope, particles originating from the
vertices remain fixed, while particles inside a cell move
toward the cell’s vertex via linear interpolation. This consti-
tutes one step, and since B* (and thus the polytope K?) is
constant, the argument can be iterated.

Extensions to time-dependent matrices B > 0 are possible
but technically more involved. If B* = 5B with 8t > 0,
the inner-product ordering is preserved and the argument
extends directly. More generally, as long as the ordering of
(Btz,v;) at the initial vertices is preserved for all z € K¢,
the cell structure remains fixed; under weaker assumptions,
particles still move toward local maximizers, but the attract-
ing vertices may vary with ¢.
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Figure 1. Plot of the quadratic z — 3(Bz,z) with B =
diag(1, 2), over the convex hull of 5 vertices.

4.1. The cells

We begin by studying the geometry of the cells 6;(v) in (6).
Throughout this section, X C R is a convex polytope with
vertices v = (v1,...,0;), and B > 0.

Lemma 4.4 (Cell geometry). The cells 6;(v) satisfy:

1. Each cell 8;(v) is convex.

2. They have pairwise disjoint interiors: int(8;(v) N

Gj(v)) =@ fori#j.
3. They form a partition of K, i.e., Uie[[l,n]] Bi(v) =K.

The proof is included in Appendix B.4.

FURTHER OBSERVATIONS ON THE CELL GEOMETRY

One can naturally ask if the cells 6;(v) coincide with well-
known tessellations, such as the Voronoi diagram. It turns
out that this is indeed the case if the vertices all lie on the
same level set of

1

J@) =5

(Bz, ).

Proposition 4.5 (Voronoi cells). Suppose B > 0, let v =
(v1,...,v,) be the vertices of the convex polytope K C
R, and suppose that J(v;) = ¢ > 0. Define the B-norm
Voronoi cells

VOI’B (Uz) =

fo R o —vlla < o —vla Ve L},
Then, for each i € [1, k],

C&(v) = VOI’B(Ui) NnK.

The proof can be found in Appendix B.5.

Remark 4.6 (Power-diagram interpretation). The assump-
tion in Proposition 4.5 that the vertices {v;}/; liec on a
common level set of J(z) = 1(Bz, ) is not essential. In
general, the comparisons (Bzx, v;) > (Bx,v;) define the in-
tersection of K with the B—power diagram (Aurenhammer,

1987) generated by sites v; with weights w; = ||v;||%. The
equal-energy assumption corresponds to uniform weights,
in which case the power diagram reduces to the B—Voronoi
diagram.

WHEN DO THE VERTICES BELONG (ONLY) TO THEIR
OWN CELL?

It is not necessarily true that each vertex belongs to its
own cell. This leads to the natural question of determining
conditions under which each vertex belongs only to its own
cell. We provide a couple of comments on this issue.

Remark 4.7 (Gaussian vertices in high dimension). Let
Vlyeeny Vg ry N(0,1;) and B + 0 with condition number
bounded independently of d. Assume that « is fixed while

d — +o0. Then, with probability tending to 1 as d — +o0,
forall i € [1, K],
<Bvi,vi> > <BU¢,’U]‘> for all j 75 7,

that is, each vertex v; belongs to its own cell 6;(v) and no
pair of vertices belongs to the same cell.

Indeed, since B is positive definite with bounded condition
number, there exist constants 0 < Apin < Apax < 00
independent of d such that

Aminl|z||? < (Bz, ) < Aax||z]|? forall 2z € RY,
For v; ~ N(0, 1), we have |lv;||> ~ X2, which concen-
trates around d with fluctuations of order O(v/d), so

(Bui,v;) € [Amind — O(VA), Amaxd + O(Vd)

with high probability. On the other hand, for i # j, since v;
and v; are independent Gaussians, (Bv;, v;) = (vj, Bv;) is
a Gaussian random variable with zero mean and variance

E[(Bv;,v;)?] = E [vavaiTij] = tr(B?%) = 0(d),
so the typical size of (Buv;,v;) is of order O(v/d). Thus,
with high probability,

<B’Ui,1}i> — <B’Ui,’Uj> Z )\mind — O(\/a)

for all j # i. The inequality thus holds with probability
tending to 1 as d — +oc.

Remark 4.8 (An angle condition). Suppose B = I;. Fix a
vertex v; and consider all adjacent vertices:

neigh(v;) = {v € {ve}oeqpy:
there exists an edge connecting v and v; } 8)

We have v; € 6;(v) if and only if for every v € neigh(v;),
the angle between 0 and v centered at v;, Z,, (v, 0), satisfies

Ly, (v,0) < g for all v € neigh(v;). )
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Figure 2. Each panel shows the cells 6;(v) (colored). Vertices on S* yield Voronoi cells intersected with K. Left to right: x = 5 with
vertices in S, k = 5 with arbitrary vertex norms, £ = 7 with vertices in S, and k = 7 with arbitrary vertex norms.

More generally, if B > 0, consider the level sets (ellipsoids)
of J:

1

ZL(v) = {xeRd: 5

1
(Bz,x) = 2<Bv,v>}.
Let #(v) be the hyperplane tangent to £ (v) at v, with
equation (a,, z) + b, = 0. Then, v; € 6;(v) if and only if

(ay,;,v) + by, >0 forall v € neigh(v;) U {0},
or (10)
(@, , ) + by, <0 forall v € neigh(v;) U {0}.

The idea is that (10) is like being a local maximizer of J. The
second part can be shown by contradiction: the hyperplane
tangent to the level set at the vertex is defined by the gradient
at that point. Therefore, if two neighbors lie on different
sides of this hyperplane, there must exist a direction along
which the value increases. When B = 1, this reduces to
the angle condition (9).

4.2. The ordinary differential equation

The considerations of Theorem 4.2, interestingly, also allow

us to make sense of a continuous-time version of (4)—a first

guess is
i(t) = (B;(t), y) — (1),

arg max t>0.(11)

ye{z;(t)}jeqn,n]

This is not a trivial question at first glance, since most of the
classical ODE theory (Cauchy-Lipschitz, Osgood, DiPerna-
Lions...) does not apply—the right-hand side is not even
continuous! One can ensure existence by looking for so-
lutions in the class of Filippov solutions (Filippov, 1988),
but uniqueness is then an arduous procedure. We instead
see that—under the conditions on the initial configuration
as in Theorem 4.2—well-posedness can be ensured with
elementary arguments.

Theorem 4.9. Let B > 0 and consider an initial configura-
tion (29)iep1,n) € (RY)™ such that

1. the vertices v = (v1,..
conv{m?}ie[l)nﬂ satisfy

of K =

'7011)

v € 6;(v)\ | Bi(v);

i#]

2. if 1Y is not a vertex, then it doesn’t lie on any face of
two adjacent cells.

Then for any T > 0, the Cauchy problem for (11) with
data 2;(0) = 2? admits a unique solution (x;(t));c[1,n] €
CO([0, T); (RY)™), which is continuous with respect to the
initial data, and satisfies x;(t) € K for all i € [1,n] and
te[0,T]

The proof may be found in Appendix B.6.

The study of this equation is motivated by (Geshkovski
etal., 2023, Section 8.1.2) (see also (Geshkovski et al., 2025,
Problem 6)), where the authors argue that this singular limit
is the appropriate object to describe the long-time behavior
of the continuous-time self-attention dynamics (under a
specific rescaling in which 3 amounts to e?*). However, they
do not establish well-posedness of the equation, nor do they
justify the singular limit, due to potential non-uniqueness of
the arg max in non-generic configurations (e.g., T-junctions
formed by three particles).

5. What about (soft) attention?

The goal of this section is to transfer the results from the
previous sections on the model (SA.) to the actual self-
attention dynamics (2). We focus on the case® V! = hl,

3Time-dependent step-sizes ' could be considered under suit-
able decay assumptions, but are omitted to keep the arguments
transparent. The restriction B* = I, is adopted for notational
convenience: the conclusions of this section extend to any B > 0
by replacing the Euclidean inner product and norm with their
B-counterparts.
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and B! = I,;. The model then reads

n Blai,xf)
el \riy
A = (1=t 4 Y

j=1 Z Bl )
k=1

where we recall that v = h/(1 + h). It turns out that
proving convergence between the two models as 8 — +o0,
particularly with a quantitative rate, is rather challenging.
In fact, one cannot necessarily expect such convergence to
hold in general on arbitrarily long time intervals. Indeed,

(SAp)

Proposition 5.1. Suppose 3 > 0. There exists some
v+ € (0,1) sufficiently small such that for all v € (0,~),
the following holds. For any (x9);cp1,n] € (RY)" there
exists x* € conv{x)};cq1,n] such that for every i € [1,n],
particles following (SAg) satisfy xt — z* as t — +oc.

The proof follows mutatis mutandis from that of
(Geshkovski et al., 2024b, Proposition 2.1). All results
of this section hold verbatim for any B > 0, which is feasi-
ble in the single-head setting considered here. In multi-head
attention, the corresponding key—query matrices are typ-
ically low-rank and therefore cannot be positive definite;
extending the analysis to this degenerate case remains open.

5.1. A Gumbel-like trick

Instead, we proceed with a different but related idea, which
is perhaps even more natural. This idea is motivated by
the Gumbel trick, which provides a convenient method for
sampling from a categorical distribution.

Concretely, let (py, ...
over [1,n], so

,Pn) be a categorical distribution
e’
bi = ZZZl esk

for some scores (s1,...,$,) € R™. The Gumbel trick re-
lies on the fact that the Gumbel distribution is precisely
the noise distribution for which the expected maximum of
perturbed scores recovers the log-partition function. Specif-
ically, if we draw independent Gumbel random variables
gi ~ Gumbel(0, 1) for each i € [1, n], then

2o 0] - e (357,

This trick can be used to sample from the categorical distri-

bution by returning arg max(si + gi), since
i€1,n]

P (argmax(si +gi)= ]> =p;.
i€1,n]

We are impelled to consider the self-attention process

{(«4,...,2%)},5, defined by

- , , ePlaias)
P(2i = (1= 9)at +921) = ————, (SAv)
3 efletat)
k=1
with fixed initial particles (z9,...,2%) € (R4)". Clearly

this process is a Markov chain.

Interestingly, even though (SAg) converges to a point
asymptotically, for certain initial configurations, the sys-
tem will remain “close” to the hardmax dynamics for a time
interval that is at least exponentially large in 5. This is a
manifestation of the so-called dynamic metastability or slow
motion (Otto & Reznikoff, 2007), previously proven for the
self-attention model on the unit sphere (Geshkovski et al.,
2024a; Bruno et al., 2025).

5.2. Dynamic metastability

Figure 3. The eroded cone .%;(n) © 0By, n = 0.05 and 6 = 0.02.

Given a convex polytope X C R? with vertices v =
{wi}ie1,x]- recall the definition of the cells

Bi(v) ={r e L:(v;—v;,z) >0forall j € [1,x]}.

Assuming that v; € 6;(v) \ U; 4, 6;(v), leto: [1,n] —
[1, k] be the map assigning each x? to its corresponding
cell, i.e., 2 € Bq(;)(v). Given A C R and § > 0, we
define the interior erosion of A by

AO B, = {:cERd:z+5BlCA},

where B denotes the closed unit ball centered at the origin.
Finally, for n > 0 we define

Fi(n) ={x € K: (vi —vj,x) 20 Vj € [1,c]\{i}}.

We are now ready to state the first main result of this section.

Theorem 5.2 (Clustering). Lety € (0,1), and K C R% a
convex polytope with vertices v, . . . , v, which satisfy

i) Foranyi € [1, k],
(x—vy, y—v;) >0 forallz,y e K\ {v;}. (12)
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ii) Foralli,j € [1,k],

[vill = [lv; I - (13)
iii) There exists co > 0 such that
(v,,v,) > (v,ve) +co  ift#Le[Lk]. (14)

Let n > k. Then there exists some (3, > 0 (depending on
n, and the geometry of K), such that for all B > p., the
following holds.

Consider any initial configuration (x);c1,n) € K™ such
that

e 29 =, fori € [1,r];
e a2l e Jg(i)(ﬁ_é) GB_%Blfori € [k +1,n].

Then

IP( N {a:T eB(vi,ﬂ*i)} N

i€[1,k]
ﬂ {xrl € B(vy(; OT)}) >1- 3%
J o) -
JE€lr+1,n]
where C' > 1 is a universal constant,

. Co RV 200
T:= min N
i€[1,k] Qman;,gi Hvi —UjH 2

Al (L — min 2% — vg(; ,
(=) min 1t = vuiy )

and

T L *
| = og [ — .
log(1 — ) minjefet1,n] 129 = Vo)l

The proof can be found in Appendix B.7.

Remark 5.3 (On Theorem 5.2). We provide some com-
ments regarding the setup of Theorem 5.2. The radius
[~1/4 arises from bounding the self-interaction probability
(cf. Claim B.3); all other powers of § can be improved to
B~1/4=¢ for any £ > 0, up to constants. Assumption (12)
is purely technical and is only used in Claim B.2; more-
over, (14) is equivalent to (7). The polynomial (rather than
exponential) probability bound is due to (possibly coarse)
variance estimates—see (38). Finally, the arguments extend
to show the convergence of (SAp) toward (4) and (11) by
letting 8 — oo and T — 0 (and rescaling time as v — 0),
noting that the associated transient time diverges as T — 0.

After Theorem 5.2, we enter the second phase which is
summarized in the following theorem.

Theorem 5.4 (Metastability). Consider the setup of K as
in Theorem 5.2. There exists some ¢, > 0 such that the
following holds.

Consider any initial configuration (22);c1,n] € K™ such
that
;) € B(vo(s), C)

foralli € [1,n]. Fori € [1, k], let u; denote the number
of points in the ball around v;:

ni = #4j € [Ln] : 22 € B(v;, CT)}.

For i € [1,k], relabel all the points x) as x9; if x}) €
B(v;, C). Then for any ¢ € (0,e,) and y € (0,1) such
that e /v > 2d(K), the random variable

Ty = inf {t >0: $§Z ¢ conv{x?i}jeﬂl’mﬂ + B(0,¢)

for some (i,7) € [1,K] x [[1,;@1-]]}

is such that for all t > 1,

P(Ty, >t) > 1—exp ( (1-1— E) log (lt) +
~ €

(1 n E) logn — 5COE>. (15)
Y 2y

The proof can be found in Appendix B.8.

To ensure P(T» > t) is close to 1, we must have

B> (1 + i) <log (gt) + logn> .

This implies that the metastable time horizon scales expo-
nentially in 3, namely, ¢t < e-~y~! - e for some ¢ > 0. In
terms of steps, the total number of iterations before leaving
the metastable state satisfies ¢ - y~1 < =2 . ¢8. Thus, for
fixed spatial accuracy ¢, the metastability lasts for an expo-
nential number of time steps in 3, provided the time-step
~ is sufficiently small. This reflects a trade-off: smaller
improves stability but slows down the effective time evolu-
tion. Since T is fixed by the geometry of the polytope, (15)
highlights how the metastability window depends on the
interaction between temporal discretization and f3.

6. Numerical experiments

We complement the analysis with low-dimensional numeri-
cal experiments illustrating the induced geometry beyond
the exactly analyzable setting. The experiments show that re-
laxing the assumptions can deform the geometry and shorten
metastability, while the progression from vertex clustering
to eventual collapse remains visible. Code for reproduc-
ing our results is available at https://github.com/
borjanG/2025-transformers—-frank-wolfe.
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(a)t=0 (b) t = 200 (c)t = 3000

Figure 4. The dynamics (2) for 5 = 10, B = I4,and V = 0.114,
composed with residual ReLU feedforward layers. The active
ReLU half-space is shaded in red.

(a)t =20

(b)t =200

(c)t =12000

Figure 5. The dynamics (2) for 5 = 10, B = I4 and V a rotation
matrix by 7 /4.

Feedforward layers We compose each self-attention
layer with a residual ReLU feedforward map

FF(z) = 2 + wReLU(a' z +b),

with fixed w,a € R? and b € R. This adds a piecewise-
linear deformation to the cell geometry. As shown in Fig-
ure 4, the feedforward layer changes local velocities and
can accelerate merging in the active ReLLU half-space. Nev-
ertheless, the qualitative dynamics persist: particles cluster
near vertices, remain metastable, and eventually collapse.

Non-diagonal value matrices Next, we replace the diag-
onal value matrix by a non-diagonal one, which can rotate
or rescale the dynamics. In Figure 5, V! = V is fixed as the
rotation matrix by angle /4. The trajectories are observed
to acquire a rotational component, but the qualitative behav-
ior is unchanged: particles still cluster near vertices, remain
metastable, and eventually collapse.

Non-symmetric key-query matrices Next, we test the ro-
bustness of our theory to non-symmetric key-query matrices.
Writing B = sym(B) + skew(B) separates the symmet-
ric component, which is covered by our theory, from the
skew-symmetric component, which induces rotations. For
non-symmetric B, the update is no longer a gradient Frank—
Wolfe scheme, but it retains a conditional-gradient-type
form with direction Bxz. We simulate the case B = (} §).
As shown in Figure 6, for ¢ = 0.1 the cell geometry is only
mildly deformed and metastability remains visible. The
case ¢ = 1 is shown in Figure 7, where rotational effects are
more dominant and the cell structure is more distorted, yet
the metastable phenomenon remains visible.

(a)t=0 (b) t = 200 (c)t = 1000

Figure 6. The dynamics (2) for 5 = 10, V = 0.114, and B non-
symmetric with skew-symmetric size ¢ = 0.1.

(a)t=0

(b) t = 200

(c)t = 1000

Figure 7. The dynamics (2) for 5 = 10, V = 0.114, and B non-
symmetric with skew-symmetric size ¢ = 1.

7. Concluding remarks

We analyze the hardmax self-attention dynamics (3) — the
B — 400 limit of softmax attention — in the regime where
the key-query matrix B? is symmetric and of fixed sign.
We further relate this singular-limit model to the finite-/3
dynamics and establish dynamical metastability for the latter.
Finally, parts of our discrete-time analysis are key in proving
the well-posedness of a singular ODE that arises naturally
in the asymptotic study of continuous-time self-attention.

The present analysis has some limitations: we prove metasta-
bility for constant key-query matrices B > 0 and simple
value matrices. Section 6 suggests that the geometric picture
is informative beyond these assumptions; extensions to this
broader setting remain an open direction for future work.

Acknowledgements

B.G. thanks Francis Bach for pointing him to the Frank—
Wolfe method and the Gumbel trick. A.A acknowledges
funding from the European Union (Horizon Europe MSCA
project ModConFlex, 101073558); B.G from a Sorbonne
Emergences grant and a gift by Google, and D.RB from
“France 2030” managed by the Agence Nationale de la
Recherche, under the reference ANR-23-PEIA-0004.

Impact Statement

This paper presents work whose goal is to advance the field
of Machine Learning. There are many potential societal
consequences of our work, none which we feel must be
specifically highlighted here.



Attention’s forward pass and Frank—Wolfe

References

Abella, A. R., Silvestre, J. P, and Tabuada, P. Consensus
is all you get: The role of attention in Transformers.
In Forty-second International Conference on Machine
Learning, 2025. URL https://openreview.net/
forum?id=XR0O16J4wjX.

Adu, D. O. and Gharesifard, B. Approximate controllability
of continuity equation of transformers. IEEE Control
Systems Letters, 8:964-969, 2024.

Agazzi, A., Bruno, G., Garcia, E. M., Saviozzi, S., and
Romito, M. Stochastic scaling limits and synchronization
by noise in deep transformer models. arXiv preprint
arXiv:2604.26898, 2026.

Alcalde, A., Fantuzzi, G., and Zuazua, E. Clustering in pure-
attention hardmax Transformers and its role in sentiment
analysis. SIAM Journal on Mathematics of Data Science,
7(3):1367-1393, 2025. doi: 10.1137/24M167086X.

Alcalde, A., Bungert, L., Riedl, K., and Roith, T. Quan-
tifying concentration phenomena of mean-field trans-
formers in the low-temperature regime. arXiv preprint
arXiv:2605.10931, 2026.

Alman, J. and Song, Z. Only large weights (and not skip
connections) can prevent the perils of rank collapse. arXiv
preprint arXiv:2505.16284, 2025.

Alvarez-Lépez, A., Geshkovski, B., and Ruiz-Balet, D. Per-
ceptrons and localization of attention’s mean-field land-
scape. arXiv preprint arXiv:2601.21366, 2026.

Anagnostidis, S., Biggio, L., Noci, L., Orvieto, A., Singh,
S. P, and Lucchi, A. Signal propagation in transform-
ers: Theoretical perspectives and the role of rank col-
lapse. In Oh, A. H., Agarwal, A., Belgrave, D., and Cho,
K. (eds.), Advances in Neural Information Processing
Systems, 2022. URL https://openreview.net/
forum?id=FxVH7iToXS.

Aurenhammer, F. Power diagrams: Properties, algorithms
and applications. SIAM Journal on Computing, 16(1):
78-96, 1987. doi: 10.1137/0216006.

Bach, F. Learning theory from first principles. MIT press,
2024.

Bao, H., Hataya, R., and Karakida, R. Self-attention net-
works localize when QK-eigenspectrum concentrates.
In Forty-first International Conference on Machine
Learning, 2024. URL https://openreview.net/
forum?id=aRZJRJ41WQ.

Barbero, F., Arroyo, A., Gu, X., Perivolaropoulos, C.,
Velickovié, P., Pascanu, R., and Bronstein, M. M. Why

10

do LLMs attend to the first token? In Second Con-
ference on Language Modeling, 2025. URL https:
//openreview.net/forum?id=tud4dFUsW5z.

Biswal, S., Elamvazhuthi, K., and Sonthalia, R. Universal
approximation of mean-field models via Transformers.
In Forty-second International Conference on Machine
Learning, 2025. URL https://openreview.net/
forum?id=vs1u8WK1B5.

Bovier, A. and Den Hollander, F. Metastability: a potential-
theoretic approach, volume 351. Springer, 2016.

Bovier, A., Gayrard, V., and Klein, M. Metastability in
reversible diffusion processes ii: Precise asymptotics for
small eigenvalues. Journal of the European Mathematical
Society, 7(1):69-99, 2005.

Brahma, S., Zablotskaia, P., and Mimno, D. Breaking BERT:
evaluating and optimizing sparsified attention. arXiv
preprint arXiv:2210.03841, 2022.

Bruno, G., Pasqualotto, F., and Agazzi, A. Emergence of
meta-stable clustering in mean-field transformer models.
In The Thirteenth International Conference on Learning
Representations, 2025. URL https://openreview.
net/forum?id=eBS3dQQ8GV.

Bruno, G., Pasqualotto, F., and Agazzi, A. A multi-
scale analysis of mean-field transformers in the mod-
erate interaction regime. In The Thirty-ninth Annual
Conference on Neural Information Processing Systems,
2026. URL https://openreview.net/forum?
1d=WCRPgBpbcA.

Burger, M., Kabri, S., Korolev, Y., Roith, T., and Weigand, L.
Analysis of mean-field models arising from self-attention
dynamics in transformer architectures with layer nor-
malization. Philosophical Transactions A, 383(2298):
20240233, 2025.

Calvello, E., Kovachki, N. B., Levine, M. E., and Stuart,
A. M. Continuum attention for neural operators. Journal
of Machine Learning Research, 26(300):1-52, 2025.

Castin, V., Ablin, P,, Carrillo, J. A., and Peyré, G. A unified
perspective on the dynamics of deep transformers. arXiv
preprint arXiv:2501.18322, 2025.

Chan, T. M. Optimal output-sensitive convex hull algo-
rithms in two and three dimensions. Discrete & computa-
tional geometry, 16(4):361-368, 1996.

Chen, S., Lin, Z., Polyanskiy, Y., and Rigollet, P. Critical
attention scaling in long-context transformers. arXiv
preprint arXiv:2510.05554, 2025a.


https://openreview.net/forum?id=XROl6J4wjX
https://openreview.net/forum?id=XROl6J4wjX
https://openreview.net/forum?id=FxVH7iToXS
https://openreview.net/forum?id=FxVH7iToXS
https://openreview.net/forum?id=aRZjRj41WQ
https://openreview.net/forum?id=aRZjRj41WQ
https://openreview.net/forum?id=tu4dFUsW5z
https://openreview.net/forum?id=tu4dFUsW5z
https://openreview.net/forum?id=vs1u8WKlB5
https://openreview.net/forum?id=vs1u8WKlB5
https://openreview.net/forum?id=eBS3dQQ8GV
https://openreview.net/forum?id=eBS3dQQ8GV
https://openreview.net/forum?id=WCRPgBpbcA
https://openreview.net/forum?id=WCRPgBpbcA

Attention’s forward pass and Frank—Wolfe

Chen, S., Lin, Z., Polyanskiy, Y., and Rigollet, P. Quantita-
tive clustering in mean-field Transformer models. arXiv
preprint arXiv:2504.14697, 2025b.

Clark, K., Khandelwal, U., Levy, O., and Manning, C. D.
What does BERT look at? an analysis of BERT’s atten-
tion. In Proceedings of the 2019 ACL Workshop Black-
boxNLP, pp. 276-286. Association for Computational
Linguistics, 2019. doi: 10.18653/v1/W19-4828.

Clarkson, K. L., Horesh, L., Ito, T., Park, C., and Ram, P.
Finding clustering algorithms in the transformer architec-
ture. arXiv preprint arXiv:2506.19125, 2025.

Cormen, T. H., Leiserson, C. E., Rivest, R. L., and Stein, C.
Introduction to algorithms. MIT Press, Cambridge, MA,
third edition, 2009. ISBN 978-0-262-03384-8.

Cowsik, A., Nebabu, T., Qi, X., and Ganguli, S. Geometric
dynamics of signal propagation predict trainability of
transformers. Physical Review E, 112(5):055301, 2025.

Criscitiello, C., Rebjock, Q., McRae, A. D., and Boumal,
N. Synchronization on circles and spheres with nonlinear
interactions. arXiv preprint arXiv:2405.18273, 2024.

Dai, D., Deng, C., Zhao, C., Xu, R., Gao, H., Chen, D, Li,
J., Zeng, W.,, Yu, X., Wu, Y., et al. Deepseekmoe: To-
wards ultimate expert specialization in mixture-of-experts
language models. In Proceedings of the 62nd Annual
Meeting of the Association for Computational Linguistics
(Volume 1: Long Papers), pp. 1280-1297, 2024.

Desai, A., Yang, S., Cuadron, A., Zaharia, M., Gonza-
lez, J. E., and Stoica, I. HashAttention: Semantic spar-
sity for faster inference. In Forty-second International
Conference on Machine Learning, 2025. URL https:
//openreview.net/forum?id=Em20aXd8Dc.

Dong, Y., Cordonnier, J.-B., and Loukas, A. Attention
is not all you need: Pure attention loses rank doubly

exponentially with depth. In International conference on
machine learning, pp. 2793-2803. PMLR, 2021.

Dovonon, G. J.-S., Bronstein, M. M., and Kusner, M.
Setting the record straight on Transformer oversmooth-
ing. Transactions on Machine Learning Research, 2025.
ISSN 2835-8856.
net/forum?id=HHI6QWLFF1.

Duerinckx, M., Geshkovski, B., and Rossi, S. Kinetic theory
for transformers and the lost-in-the-middle phenomenon.
arXiv preprint arXiv:2605.09213, 2026.

Esteve, C., Geshkovski, B., Pighin, D., and Zuazua, E.
Large-time asymptotics in deep learning. arXiv preprint
arXiv:2008.02491, 2020.

URL https://openreview.

11

Filippov, A. F. Differential equations with discontinu-
ous righthand sides, volume 18 of Mathematics and its
Applications (Soviet Series). Kluwer Academic Pub-
lishers Group, Dordrecht, 1988. ISBN 90-277-2699-
X. doi: 10.1007/978-94-015-7793-9. URL https:
//doi.org/10.1007/978-94-015-7793-9.

Frank, M. and Wolfe, P. An algorithm for quadratic pro-
gramming. Naval research logistics quarterly, 3(1-2):
95-110, 1956.

Fukunaga, K. and Hostetler, L. The estimation of the gra-
dient of a density function, with applications in pattern
recognition. IEEE Transactions on information theory,
21(1):32-40, 1975.

Gang, Y., Shun, J., and Qing, M. Smarter Fine-
Tuning: How LoRA Enhances Large Language Mod-
els. Preprint, March 2025. URL https://hal.
science/hal-04983079.

Gayrard, V., Bovier, A., Eckhoff, M., and Klein, M. Metasta-
bility in reversible diffusion processes i: Sharp asymp-
totics for capacities and exit times. Journal of the Euro-
pean Mathematical Society, 6(4):399-424, 2004.

Geshkovski, B. and Zuazua, E. Turnpike in optimal control
of PDEs, ResNets, and beyond. Acta Numerica, 31:135—
263, 2022.

Geshkovski, B., Letrouit, C., Polyanskiy, Y., and Rigol-
let, P. The emergence of clusters in self-attention dy-
namics. In Thirty-seventh Conference on Neural In-
formation Processing Systems, 2023. URL https:
//openreview.net/forum?id=aMjaEkkXJx.

Geshkovski, B., Koubbi, H., Polyanskiy, Y., and Rigollet, P.
Dynamic metastability in the self-attention model. arXiv
preprint arXiv:2410.06833, 2024a.

Geshkovski, B., Rigollet, P., and Ruiz-Balet, D. Measure-to-
measure interpolation using Transformers. arXiv preprint
arXiv:2411.04551, 2024b.

Geshkovski, B., Rigollet, P., and Sun, Y. On the number
of modes of Gaussian kernel density estimators. arXiv
preprint arXiv:2412.09080, 2024c.

Geshkovski, B., Letrouit, C., Polyanskiy, Y., and Rigollet,
P. A mathematical perspective on transformers. Bulletin
of the American Mathematical Society, 62(3):427-479,
2025.

Giorlandino, A. and Goldt, S. Two failure modes of deep
transformers and how to avoid them: a unified theory of
signal propagation at initialisation. In The Fourteenth
International Conference on Learning Representations,
2026. URL https://openreview.net/forum?
id=ut SgpxQHXJ.


https://openreview.net/forum?id=Em2oaXd8Dc
https://openreview.net/forum?id=Em2oaXd8Dc
https://openreview.net/forum?id=HHI6qWLFF1
https://openreview.net/forum?id=HHI6qWLFF1
https://doi.org/10.1007/978-94-015-7793-9
https://doi.org/10.1007/978-94-015-7793-9
https://hal.science/hal-04983079
https://hal.science/hal-04983079
https://openreview.net/forum?id=aMjaEkkXJx
https://openreview.net/forum?id=aMjaEkkXJx
https://openreview.net/forum?id=utSqpxQHXq
https://openreview.net/forum?id=utSqpxQHXq

Attention’s forward pass and Frank—Wolfe

Gu, X., Pang, T., Du, C., Liu, Q., Zhang, F., Du, C., Wang,
Y., and Lin, M. When attention sink emerges in lan-
guage models: An empirical view. In The Thirteenth
International Conference on Learning Representations,
2025. URL https://openreview.net/forum?
1id=78Nn4QJTEN.

Hu, Y., Zou, D., and Xu, D. An in-depth investiga-
tion of sparse rate reduction in transformer-like mod-
els. In The Thirty-eighth Annual Conference on Neural
Information Processing Systems, 2024. URL https:
//openreview.net/forum?id=CAC74VuMwWX.

Huan, M. and Shun, J. Fine-tuning transformers efficiently:
A survey on LoRA and its impact. Preprint, 2025.

Jaggi, M. Revisiting Frank-Wolfe: Projection-free sparse
convex optimization. In International conference on ma-
chine learning, pp. 427-435. PMLR, 2013.

Jarvis, R. A. On the identification of the convex hull of a
finite set of points in the plane. Information processing
letters, 2(1):18-21, 1973.

Kan, K., Li, X., Zhang, B., Sahai, T., Osher, S., and Kat-
soulakis, M. Optimal control for Transformer archi-
tectures: Enhancing generalization, robustness and effi-
ciency. In The Thirty-ninth Annual Conference on Neural
Information Processing Systems, 2026. URL https:
//openreview.net/forum?id=IpZbmX90sTI.

Karagodin, N., Polyanskiy, Y., and Rigollet, P. Clustering
in causal attention masking. In The Thirty-eighth Annual
Conference on Neural Information Processing Systems,
2024. URL https://openreview.net/forum?
1d=0iVxYfOtrag.

Karagodin, N., Ge, S., Polyanskiy, Y., and Rigollet, P. Nor-
malization in attention dynamics. In The Thirty-ninth
Annual Conference on Neural Information Processing
Systems, 2026. URL https://openreview.net/
forum?id=miCXNgXyVSs.

Koubbi, H., Boussard, M., and Hernandez, L. The impact of
lora on the emergence of clusters in transformers. arXiv
preprint arXiv:2402.15415, 2024.

Koubbi, H., Geshkovski, B., and Rigollet, P. Homogenized
transformers. arXiv preprint arXiv:2604.01978, 2026.

Lacoste-Julien, S. Convergence rate of Frank-Wolfe for
non-convex objectives. arXiv preprint arXiv:1607.00345,
2016.

Landim, C., Marcondes, D., and Seo, I. A resolvent ap-
proach to metastability. Journal of the European Mathe-
matical Society, 27(4):1563-1618, 2023.

12

Lu, Y, Li, Z., He, D., Sun, Z., Dong, B., Qin, T., Wang,
L., and yan Liu, T. Understanding and Improving
Transformer From a Multi-Particle Dynamic System
Point of View. In ICLR 2020 Workshop on Integra-
tion of Deep Neural Models and Differential Equations,
2019. URL https://openreview.net/forum?
id=pxlgJa2lC.

Mehta, P. and Meyn, S. Functional role of synchronization:
A mean-field control perspective. Journal of Systems
Science and Complexity, 38(1):313-337, 2025.

Motsch, S. and Tadmor, E. Heterophilious dynamics en-
hances consensus. SIAM review, 56(4):577-621, 2014.

Nawrot, P, Li, R.,, Huang, R., Ruder, S., Marchisio,
K., and Ponti, E. M. The sparse frontier: Sparse at-
tention trade-offs in transformer llms. arXiv preprint
arXiv:2504.17768, 2025.

Nguyen, T., Nguyen, T., and Baraniuk, R. Mitigating over-
smoothing in transformers via regularized nonlocal func-
tionals. Advances in Neural Information Processing Sys-
tems, 36:80233-80256, 2023.

Otto, F. and Reznikoff, M. G. Slow motion of gradient flows.
Journal of Differential Equations, 237(2):372—420, 2007.

Polyanskiy, Y., Rigollet, P., and Yao, A. Synchroniza-
tion of mean-field models on the circle. arXiv preprint
arXiv:2507.22857, 2025.

Preparata, F. P. and Shamos, M. I. Computational geometry.
Texts and Monographs in Computer Science. Springer-
Verlag, New York, 1985. ISBN 0-387-96131-3. doi: 10.
1007/978-1-4612-1098-6. URL https://doi.org/
10.1007/978-1-4612-1098-6.

Sander, M. E., Ablin, P., Blondel, M., and Peyré, G. Sink-
formers: Transformers with doubly stochastic attention.
In International Conference on Artificial Intelligence and
Statistics, pp. 3515-3530. PMLR, 2022.

Schlichting, A. and Slowik, M. Poincaré and logarithmic
Sobolev constants for metastable Markov chains via ca-
pacitary inequalities. The Annals of Applied Probability,
29(6):3438-3488, 2019.

Scholkemper, M., Wu, X., Jadbabaie, A., and Schaub, M. T.
Residual connections and normalization can provably
prevent oversmoothing in GNNs. In The Thirteenth
International Conference on Learning Representations,
2025. URL https://openreview.net/forum?
id=i8vPRlsrYu.

Shalova, A. and Schlichting, A. Solutions of station-
ary McKean-Vlasov equation on a high-dimensional
sphere and other Riemannian manifolds. Adv.


https://openreview.net/forum?id=78Nn4QJTEN
https://openreview.net/forum?id=78Nn4QJTEN
https://openreview.net/forum?id=CAC74VuMWX
https://openreview.net/forum?id=CAC74VuMWX
https://openreview.net/forum?id=IpZbmX90sI
https://openreview.net/forum?id=IpZbmX90sI
https://openreview.net/forum?id=OiVxYf9trg
https://openreview.net/forum?id=OiVxYf9trg
https://openreview.net/forum?id=miCXNqXyVS
https://openreview.net/forum?id=miCXNqXyVS
https://openreview.net/forum?id=pxlqJa21C
https://openreview.net/forum?id=pxlqJa21C
https://doi.org/10.1007/978-1-4612-1098-6
https://doi.org/10.1007/978-1-4612-1098-6
https://openreview.net/forum?id=i8vPRlsrYu
https://openreview.net/forum?id=i8vPRlsrYu

Attention’s forward pass and Frank—Wolfe

Nonlinear Anal.,
2026. ISSN 2191-9496,2191-950X. doi:
anona-2025-0141.
1515/anona-2025-0141.

15(1):Paper No. 20250141, 48,
10.1515/

Shi, H., Gao, J., Xu, H., Liang, X., Li, Z., Kong, L., Lee, S.
M. S., and Kwok, J. Revisiting over-smoothing in BERT
from the perspective of graph. In International Confer-
ence on Learning Representations, 2022. URL https:
//openreview.net/forum?id=dUV9luaXm3.

Son, S., Park, W., Han, W., Kim, K., and Lee, J. Prefix-
ing attention sinks can mitigate activation outliers for
large language model quantization. In Proceedings of
the 2024 Conference on Empirical Methods in Natural
Language Processing, pp. 2242-2252. Association for
Computational Linguistics, 2024.

Sun, S., Canziani, A., LeCun, Y., and Zhu, J. The spike, the
sparse and the sink: Anatomy of massive activations and
attention sinks. arXiv preprint arXiv:2603.05498, 2026.

Synk, R., Hoover, M., Kirchenbauer, J., Jain, N., Stein, A.,
Shu, M., Sanchez, J. M., Duraiswami, R., and Goldstein,
T. Exploiting sparsity for long context inference: Mil-
lion token contexts on commodity GPUs. In The Ist
Workshop on Vector Databases, 2025. URL https:
//openreview.net/forum?id=11iBrBNngRh.

Tadmor, E. On the mathematics of swarming: Emergent
behavior in alignment dynamics. Notices of the American
Mathematical Society, 68(4):493-503, 2021.

Team OLMo, €. a. 2 olmo 2 furious, 2025.

Tomihari, A. and Karakida, R. Recurrent self-attention
dynamics: An energy-agnostic perspective from jaco-
bians. In The Thirty-ninth Annual Conference on Neural
Information Processing Systems, 2026. URL https:
//openreview.net/forum?id=GKLePUzyOS8.

Trockman, A. and Kolter, J. Z. Mimetic initialization of self-
attention layers. In Proceedings of the 40th International
Conference on Machine Learning, ICML 23. JMLR.org,
2023.

Vaswani, A., Shazeer, N., Parmar, N., Uszkoreit, J., Jones,
L., Gomez, A. N., Kaiser, L., and Polosukhin, I. At-
tention is all you need. Advances in neural information
processing systems, 30, 2017.

Vinyals, O., Fortunato, M., and Jaitly, N. Pointer networks.
In Cortes, C., Lawrence, N., Lee, D., Sugiyama, M.,
and Garnett, R. (eds.), Advances in Neural Information
Processing Systems, volume 28. Curran Associates, Inc.,
2015.

URL https://doi.org/10.

13

Viswanathan, K., Gardinazzi, Y., Panerai, G., Cazzaniga,
A., and Biagetti, M. The geometry of tokens in internal
representations of large language models. arXiv preprint
arXiv:2501.10573, 2025.

Wang, H., Dedhia, B., and Jha, N. K. Zero-tprune: Zero-
shot token pruning through leveraging of the attention
graph in pre-trained transformers. In Proceedings of the
IEEE/CVF Conference on Computer Vision and Pattern
Recognition, pp. 16070-16079, 2024.

Wu, X. and Varshney, L. R. Transformer-based causal
language models perform clustering. In Findings of the
Association for Computational Linguistics: NAACL 2025,
pp. 5347-5372, 2025.

Wu, X., Ajorlou, A., Wang, Y., Jegelka, S., and Jadbabaie,
A. On the role of attention masks and layernorm in trans-
formers. In The Thirty-eighth Annual Conference on Neu-
ral Information Processing Systems, 2024. URL https:
//openreview.net/forum?id=1IH60Cdppg.

Yu, Y., Buchanan, S., Pai, D., Chu, T., Wu, Z., Tong, S.,
Bai, H., Zhai, Y., Haeffele, B. D., and Ma, Y. White-box
transformers via sparse rate reduction: Compression is all
there is? Journal of Machine Learning Research, 25(300):
1-128, 2024. URL http://jmlr.org/papers/
v25/23-1547 .html.

Yurtsever, A. and Sra, S. CCCP is frank-wolfe in dis-
guise. In Oh, A. H., Agarwal, A., Belgrave, D., and Cho,
K. (eds.), Advances in Neural Information Processing
Systems, 2022. URL https://openreview.net/
forum?i1d=0GGQs4xFHrr.

Zhai, S., Likhomanenko, T., Littwin, E., Busbridge, D.,
Ramapuram, J., Zhang, Y., Gu, J., and Susskind, J. M.
Stabilizing transformer training by preventing attention
entropy collapse. In International Conference on Machine
Learning, pp. 40770—-40803. PMLR, 2023.

Zimin, A., Kutakh, A., Polyanskiy, Y., and Rigollet, P.
Learning gaussian mixture models via transformer mea-
sure flows. In ICML 2025 Workshop on Methods and
Opportunities at Small Scale, 2025. URL https:
//openreview.net/forum?id=MGygEvYnlT.


https://doi.org/10.1515/anona-2025-0141
https://doi.org/10.1515/anona-2025-0141
https://openreview.net/forum?id=dUV91uaXm3
https://openreview.net/forum?id=dUV91uaXm3
https://openreview.net/forum?id=1iBrBNngRh
https://openreview.net/forum?id=1iBrBNngRh
https://openreview.net/forum?id=GKLePUzyO8
https://openreview.net/forum?id=GKLePUzyO8
https://openreview.net/forum?id=lIH6oCdppg
https://openreview.net/forum?id=lIH6oCdppg
http://jmlr.org/papers/v25/23-1547.html
http://jmlr.org/papers/v25/23-1547.html
https://openreview.net/forum?id=OGGQs4xFHrr
https://openreview.net/forum?id=OGGQs4xFHrr
https://openreview.net/forum?id=MGyqEvYn1T
https://openreview.net/forum?id=MGyqEvYn1T

Attention’s forward pass and Frank—Wolfe

A. Discussion and related work
THE n2 COMPLEXITY OF ATTENTION AND COUNTING VERTICES

At each layer of a Transformer, standard soft attention as in (1) requires O(n?) operations to compute all pairwise attention
scores between n tokens. In contrast, our analysis hints that the mechanism may only need to identify the structural extremes
of the token cloud.

Concretely, let (21, ...,2,) € (R?)"™ denote the token embeddings at a fixed layer, and let x be the number of vertices
of their convex hull. Classical output-sensitive algorithms from computational geometry compute « efficiently when the
ambient dimension d is fixed. For instance, the gift-wrapping (Jarvis march) algorithm (Jarvis, 1973) identifies one vertex at
a time in O(nk) time using constant memory, making it especially effective when x < n. Chan’s algorithm (Chan, 1996)
improves this to O(n log k) time with O(n) space, matching known lower bounds for exact enumeration. In streaming or
memory-constrained settings, the convex hull can be incrementally maintained online with expected O(n«) cost (Cormen
et al., 2009; Preparata & Shamos, 1985). The application of such algorithms to the setting of natural language processing
has already borne fruit in the past—see (Vinyals et al., 2015) for instance.

Empirically, x appears to grow sublinearly with n and often remains in the tens even for thousands of tokens. Several
studies support this observation—attention in large language models typically concentrates on a small subset of input tokens,
with less than 20-30% of tokens contributing meaningfully to the output (Brahma et al., 2022), and sometimes as few as
1-2% sufficing for accurate predictions in long-context inference (Synk et al., 2025)—see also (Clark et al., 2019)—such
conclusions have also been made in the context of oversmoothing or rank-collapse (Dong et al., 2021; Anagnostidis et al.,
2022; Shi et al., 2022; Zhai et al., 2023; Nguyen et al., 2023; Dovonon et al., 2025; Scholkemper et al., 2025; Wu et al., 2024;
Alman & Song, 2025), and attention sinks (Son et al., 2024; Gu et al., 2025; Barbero et al., 2025; Sun et al., 2026). These
findings align with our geometric picture where only a small number of extreme points govern the dynamics. They also
motivate algorithmic strategies that exploit sparsity, such as top-k attention or token pruning, to reduce the computational
burden of attention (Nawrot et al., 2025; Wang et al., 2024; Desai et al., 2025).

SELF-ATTENTION DYNAMICS

Since the clear presentation in (Sander et al., 2022), the dynamics in (1) have been studied in great detail in the mathematical
literature, much as in the neural ODE literature (Esteve et al., 2020; Geshkovski & Zuazua, 2022). In (Geshkovski et al.,
2023), the authors consider the continuous-time version and prove various clustering results as time tends to infinity,
depending on the spectral properties of the value and key—query matrices. These results are consistent with consensus
phenomena known in collective-behavior models (see (Motsch & Tadmor, 2014; Tadmor, 2021) and the references therein).
The mean-field case (without rescaling) is then studied in greater depth in (Castin et al., 2025). The dynamics also bear a
striking similarity to the mean-shift method (Fukunaga & Hostetler, 1975).

Our work is strongly inspired by (Geshkovski et al., 2023) and focuses on the discrete-time setting; we obtain precise rates,
allow time-dependent parameters, and explain intermittent behavior. A related discrete-time work is (Alcalde et al., 2025),
which assumes time-independent parameter matrices and restricts to the symmetric positive-definite key—query case, without
rates.

The above-cited works omit true layer normalization. With layer normalization, the dynamics evolve on the unit sphere, as
observed in (Geshkovski et al., 2025), where various clustering results are proved using synthetic gradient-flow techniques.
In two dimensions, the authors originally established the result only for certain values of [3; this was improved in (Criscitiello
et al., 2024) and then completely resolved—and, surprisingly, generalized to a small window of negative temperatures—in
(Polyanskiy et al., 2025) (see (Karagodin et al., 2026) for further discussion on normalization in self-attention dynamics).

These works have since impelled a number of refinements: dynamic metastability (Geshkovski et al., 2024a; Bruno et al.,
2025); bounds on the number of clusters (Geshkovski et al., 2024c); extensions to more general parameters (Burger et al.,
2025; Abella et al., 2025; Koubbi et al., 2026; Agazzi et al., 2026); additive noise (Shalova & Schlichting, 2026; Kan et al.,
2026; Agazzi et al., 2026); masked attention (Karagodin et al., 2024; Wu & Varshney, 2025; Duerinckx et al., 2026); the
mean-field regime (Chen et al., 2025b; Zimin et al., 2025; Bruno et al., 2026; Alcalde et al., 2026; Alvarez-Lépez et al.,
2026); mean-field control (Geshkovski et al., 2024b; Adu & Gharesifard, 2024; Biswal et al., 2025; Mehta & Meyn, 2025);
LoRA-style ideas (Koubbi et al., 2024; Huan & Shun, 2025; Gang et al., 2025); and applications to operator learning
(Calvello et al., 2025; Yu et al., 2024). See also (Cowsik et al., 2025; Hu et al., 2024; Viswanathan et al., 2025; Bao et al.,
2024; Tomihari & Karakida, 2026) for related directions; initialization issues are studied in (Cowsik et al., 2025; Giorlandino
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& Goldt, 2026; Chen et al., 2025a); and connections to clustering algorithms appear in (Clarkson et al., 2025; Zimin et al.,
2025).

METASTABILITY

We use the notion of dynamical metastability as in partial differential equations such as the Allen—Cahn equation (see (Otto
& Reznikoff, 2007) and references therein): the dynamics rapidly approach a nearly stationary state, remain there for a very
long time, and only eventually converge to equilibrium. In this regard, there are several results for the continuous-time
analogue of (1) on the unit sphere; see (Geshkovski et al., 2024a; Bruno et al., 2025). Our setting is much closer to
(Geshkovski et al., 2024a), whereas (Bruno et al., 2025) does not consider the limit § — 4oc¢ and instead performs a
perturbative analysis around the unstable equilibrium in a mean-field regime n — +4-co0. Beyond the substantive differences
that we work in discrete time and use a different normalization mechanism, the metastable state in our setting is characterized
by the hardmax dynamics.

Finally, for Markov chains similar to (SAp), several works obtain analogous results and provide general criteria under which
they hold (Gayrard et al., 2004; Bovier et al., 2005; Bovier & Den Hollander, 2016; Landim et al., 2023). Applications
include models from statistical physics such as the Curie—Weiss model (Schlichting & Slowik, 2019). We leave it to future
work to determine whether our model fits within these frameworks.

B. Proofs
B.1. Proof of Lemma 2.1
Fix t > 0, let ' := conv{z!}jc1,ng With v, ..., v}, its vertices for k < n. Consider

Hl ={z eR?: (B'z,v] —v}) =0}

fori,j € [1, x]. By construction, each H, fj is a (d — 1)-dimensional hyperplane and since B! is invertible, they have zero
measure in R%. Since
t._ t
H:= |J H,
i,j€[1,K]
is a finite union of zero measure sets, for almost every x € R, ¢ H t. Thus, the map T : R4 — R? such that

TH(z) =x+ (I +VH V! (arg max(B'z,y) — x)
yeK?

is uniquely defined. To extend the argument for all ¢ > 1, we need to verify that 7" does not map positive measure sets into
zero measure sets. This is clear because T is piecewise affine, so it maps any positive measure set into a finite union of
positive measure sets. O

B.2. Proof of Theorem 3.1
Without loss of generality, we assume that 0 € KXY and thus J!(z*) = J*(0) = 0. Fix i € [1, n], let

st = argmin(BLxl,y),

7
yeKt
so that the update becomes
t+1 _ ot (ot ¢
;= x4 (s; — ).

Expanding J* (21!) exactly:

1
J(@i ™) = 5 (Bi (w49 (s = a0)) i 49 (5 — 7))

t\2
= (@t 44t (Blat st - at) + L (B (st ) of - o).

i
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By convexity of J¢ and since 0 € Kt, we have
J(0)=0<J(y), Wyek',

and in particular,
(Blal,s; —at) < —J'(x}).

*) T

Moreover, since st, 2t € K C K9 and using the hypothesis on B!, we have
(Bi(sf — @), 87 — 7)) < Amax(BY)d(K?)?.

Therefore,

JH Yy < Ity — 4 0 (al) + @Amax(Bf)d(’Co)za

which simplifies to
2

t
FEE) < 0y )+ O (B0
Now, using the assumption B! < Bt and K™ C K, we have

Jt+1(l‘t-+1) < Jt(xt—i-l)

%

s0:
ty2
S ) < (0= 2 + T (B0,
Let C = § Amax(BY)d(K")?, and recall v = ;25. Then
2 4
Lty < (] — bt .
) s ( t—|—2>J =)+ e
Define a' == (¢t + 1)J%(z%). Then
a =t +2)S @Yy < (t4+2)(1- 2 ) e +4C
’ - t+2)t+1
t t
= 4C'
it T
Inductively, with a® = 0, we obtain
4
a' <40t = Il < ——,
t+1

as claimed.

B.3. Proof of Theorem 4.2

Note that the cell-assignment map o is well-defined since the cells 6;(v) have mutually disjoint interiors (Lemma 4.4).
By definition of the cells 6;(v), none of the vertices vy, ..., v, move along the evolution of (SA.). Generally, since

29 € Bo(i)(v), the maximizer of (Bz?,y) over y € K is vy(;). In other words,

arg max(Bx?, y> = Vo (4),
yek

and thus
z; = (1 =72 + 7000

By convexity of 6(;)(v), and since both 29 and V(i) lie in G4 ;) (v), we conclude that zl € B(s)(v) (and in fact, remains

in the interior of the cell). Repeating this argument inductively yields the stated formula.
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B.4. Proof of Lemma 4.4
We begin by showing the first point. Let 21, 2 € 6;(v) and A € [0,1]. For all y € K, we have
(Bx1,v;) > (Bx1,y), (Bx2,v;) > (Bxa,y).
Taking a convex combination,
(B(Az1 + (1 — XN)x2),v;) = MBxq,v;) + (1 — N\){Bwza, v;)
and similarly for (B(Azy + (1 — A)x2), y). Thus,
(B(Az1 + (1 = N)z2),vi) = (B(Az1 + (1 = A)z2),y),
showing that Az1 + (1 — M)z € 6;(v). Hence 8;(v) is convex.

We now show the second point. Suppose int(®;(v) N 6;(v)) # @ for i # j. Then there exists x € int(6;(v) N 6;(v)). In
particular,
(Bz,v;) > (Bz,y) and (Bz,v;) > (Bz,y) YyeKk.

In particular, taking y = v; and y = v; respectively, we get
(Bz,v;) > (Bx,vj), (Bx,v;)> (Bz,v;),
thus (Bz, v;) = (Bx,v;). Now, if B is full rank, the face
Fig; = {z € K: (Bz,v; —v;) =0}
is a hyperplane, hence has empty interior, contradicting the assumption that x lies in the interior.
We conclude by showing the third point. Let » € K. Then, since {v; };e[1,x] is a finite set, there exists v; such that
(Bz,v;) > (Bx,vj) Vje [l k]

Thus z € 6;(v), and so K C Uie[l,n]] ®;(v). The reverse inclusion is immediate since each 8;(v) C K by definition. [J

B.5. Proof of Proposition 4.5

For fixed z € K, the map y — (Bx, y) is linear. Since K = conv{vy,...,v,}, we have

Bz,y) = Bz, v;).
max(Bz,y) = max (Bz,v;)

Therefore, by the definition of ;(v), a point 2z € K belongs to G;(v) precisely when

(Bz,v;) > (Bzx,v;) forevery j =1,... k.

By assumption, J(v;) = c for every j, so we have ||v;||% = 2c. Using the polarization identity, we obtain, for each j,
2(Bx,vj) = zllB + lv;ll5 — llz = v;llB = llzllE + 2¢ — [l — v5|3
Subtracting the identities above for v; and v; gives
2((Bx,vi) — (Bx,v;)) = llz — vl — [z — vill5.

Thus the inequalities
(Bz,v;) > (Bx,vj), j=1,...,K,

are equivalent to

|z —villg < ||z — v B, ji=1,... K.
It follows that
Gi(v) ={zeK: |z —vilp <|z—-vlz Viell,x]}.
The set on the right-hand side is exactly Vorp(v;) N K, proving the result. O
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B.6. Proof of Theorem 4.9

We split the proof in three parts.

PART 1. EXISTENCE

Fix i € [1,n] and consider
it = (1 =)zl + v argggx(Bzﬁy, YY),

29 =z} € int(;(v)),

for v > 0. Arguing as in the proof of Theorem 4.2, we gather that
z! € B;i(v) forallt > 0.

Moreover, the evolution
1
altt — a2l = (v —al)
shows that the sequence (wtw)tzo moves along the straight line segment from ¥ toward v;.
We sketch the argument to pass to the continuous limit as v — 0, which is mostly classical. We proceed as is always done
for proving the convergence of the Euler method. Namely, we define two types of interpolants: the piecewise constant
interpolant ‘
E,(t) =2 forte [, (+ 1)),

and the piecewise affine interpolant
. pot—7 j i o
iy (t) =2l + %wl —ad) fort € [jv.(j +1)).

Since the dynamics take place inside the compact set /C, there exists M > 0 such that
12+ (O], 124 (@] < M forall £ > 0.

Moreover, from the discrete evolution,
t+1 ¢
Ly v

| =l =t < 20,

so that both 7, and £, are uniformly Lipschitz continuous with Lipschitz constant 2/ independent of . By the Arzela—
Ascoli theorem, the families (% ),>0 and (& ),>0 are relatively compact in C.(R>0; R?). Thus, up to extraction, both
interpolants converge uniformly on compact intervals to a continuous curve z(t). Moreover, for the affine interpolant z.,
we have

alt —

B(t) = T = —ad,

v

which is uniformly bounded and converges uniformly to v; — x(t). Therefore, Z., converges strongly in Wli’cw to z. Passing
to the limit, the limiting curve z satisfies the differential equation

z(t) = v; — x(t),
with initial condition z(0) = z?. Thus, the motion follows the straight line joining z{ to v;, exponentially approaching v;.
PART 2. UNIQUENESS
Note that the vector field v : £ + (R%)", v = (v!,...,v"), in (11), defined as

vi(z) = argmax (Bw;y)— v,
ye{zi}jenn,ng

satisfies
VI e e (mayny < 2d(KC).
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Define

0 := min _dist x?,a%j(v) N U @1 (v)
Jeltn] keneigh(o(j))

(Recall the definition of the neighbor vertices in (8).) Then, any solution to (11) satisfies

z;(t) € Co(j)(v) for (¢,5) € {O, %dt(glC)} x [1,n].

This means that, on the time interval [0, %], equation (11) reduces to

T (t) = vo(j) — (1) (16)

By standard Cauchy-Lipschitz theory, the solution to (16) is unique and given by

zi(t) = (1 — e gy + e fz;(0), fort € [0, (17)

0
2d(K) |~
Now, define
0j = min dist | @;(t),0Go(;(v) N .U G(0) ] >0,
= k€neigh(o (7))

where () is the extension of the curve in (17) to the positive real line. This minimum is positive since (17) is a convex
combination of 2;(0) and vy ;). We can now set §* = min; 0, and repeat the argument on the time interval

24(K)’ 2d(K)  2d(K)

o o 6*}

with the solution again given by (17) on this interval. By the definition of §*, we can iterate this argument ad infinitum, thus
obtaining uniqueness for any time interval.
PART 3. CONTINUITY WITH RESPECT TO DATA

Consider 79 = 29 + A; with ||A;|| < &, and let ©; denote the vertex of conv{Z{} corresponding to v; for ¢ small enough.

Claim B.1. There exists €, > 0 such that for all ¢ € (0,¢,) and i € [1,n],
<B§:?7ﬂ0"(i)> > <B.f?,y> forally € {i‘g}keﬂl,n]] \ {{)O'(i)} .
Proof of Claim B.1. Compute
(BE, Ug(i)) = (B, ve(;)) — C1(B) (e + €7),

and, for any y # Vg (s,
(BZ{,y) < (Bxj,y) + Ca(B) (e +€%).

We find
<Bi‘?,’l~}6(i)> — <B§3?,y> > <B$?,1}U(i)> - <B:v?,y) + O(E)

Note that the first term of the right hand side is positive by uniqueness of the arg max of the unperturbed problem, therefore,
there exists some small enough €, > 0 for which the right hand side is positive. O

Therefore, for € small enough, the dynamics for z; simplify to
& = Vo) — xis  i(0) = 27,

since ¢ lies in the region where Vg (;) is the unique maximizer. Viewing ¥4 ;) as a fixed parameter, we note that the equation
is linear with constant coefficients. By standard continuity results for ODEs with respect to parameters and initial conditions,
the resulting trajectory depends continuously on the perturbation, and thus remains close to the unperturbed one.
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B.7. Proof of Theorem 5.2

The proof is split in four steps.

Step 1. Non-entry time

Consider the random variable
iy ==

where 332 corresponds to a realization of the process emanating from an initial particle JJ?— lying in the cell €;(v). In this first
step, we look to show that
di; > (1—)'dy; with probability 1. (18)

From this we will deduce an estimate of the time up to which the particle :c§ cannot enter a ball centered at the vertex of the
cell in which it lies.

We use the following purely geometric fact.
Claim B.2. Fixi € [1,n]. Assume that for all z,y € K,

(= v,y —v;) >0, (19)
Then, for every x € K,
argmin”(l —Y)x + Yy — UlH = v;,
yeK

Proof of Claim B.2. Fix x € K and set a :== x — v;. Forany y € K set d := y — v;. Then

(I=yz+vy—vi=1-y)(@—v)+vy—v)=(1—-7)a+~d

Therefore,
2 2
11 = Ya+yd||” = |1 = yal]” = 29(1 = 7){a,d) +~°|ld]* > 0,
where the last inequality uses (19) and ||d||? > 0. Hence, the minimum is attained at d = 0, i.e. y = v;. O
Note that
|25 = vi]| = [|(1 = )} + vz — vi| with probability pj_,,
> H(l - fy)a:z + yv; — le with probability 1,

where the second inequality holds due to Claim B.2, and where

GBlatah)

—_— -
3 eplelal)
=1

3 —
Pjp =

We can repeat the above argument: with probability 1,
o = = 1 =)+ v
= min|(1 = )1 = y)aj™" +79) + v - vif
=(1- )mlnH(l Nz + v — |

= (1=7)[|lz5™" — v

)

where in the last equality we use Claim B.2. Iterating yields (18).

Define
1 T
T, = log . (20)
Y bog(l —) (IIx? - v)J
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We recall that
V2
T:= min €0 A YD Q1)
ie[1,x] 2max;z; ||v; — vj| 2
As a consequence of (18),
P (.’E; ¢ B(’Ui,T)) =1 fort € Holeji]]'
Consider
T1 = min lei
jelr+1,n]
1€[1,k]

1 T
= 1 ;
{log(l =) (minje[ml,n]] =5 — Uc(j)“)J

the last equality follows from (13) and Proposition 4.5. One has

P (2} ¢ B(vi, 1)) =1 fort € [0,T1], forall j #iandi € [1,x].

Step 2. Up to the non-entry time, vertices barely move

Fix i € [1,x] and ¢ € [0, T1], and define the random variable
M =#{se[Lt]:af £z}, (22)

Recalling that the increments of the process (SAp) are bounded by vd(K), and that 20 = v;, we have

-1 pi _
P(xfEB(vi,ﬁ )‘Mf< 'yd(IC)> =1

Hence

P (s} € B(ui,57H))

B - B Bi

_P<$§€B(’U1HB )‘M¢t< ,yd(]c)>P<Mit< 'yd(/C)>
s B~1 Bi

+P<xfeB(Uz‘,5 )‘Mztz w(/@)[@(Mfz 'yd(IC)>

i
Z]P’(Mit< ’yd(lC)>'

To lower bound the last probability, we use
Claim B.3. There exists 3, > 0 such that for t € [0,T1] and i € [1,n] and § > B, conditioned on the event

f_ b
{M" < vd(/C)}’

Pt >1—ne PT/4

we have

Proof of Claim B.3. Since we condition on M} < %, we have z! € B(v;, 3 ’%) with probability 1. Furthermore, since
t € [0, T1], 2} ¢ B(v;, 7). Take an arbitrary y € B(v;, %) and ¢ € B(v;,7)° N K.
We separately consider the cases ¢ € 6;(v) N B(v;,T)¢ and ¢ ¢ B;(v). Let us start by ¢ € 8;(v) N B(v;, T)¢. Then

T < lvi = ¢ = ol + €I = 2(¢ vis
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SO
T < Joil® + 117 = 2(C, va).

Consequently
1 2y ) T 2 _ T
(v1,€) < gl + el = 5 < ol = 5 23)

where the last inequality stems from ¢ € 6;(v) and so H{H < ||vg]]. Indeed, ¢ € B;(v) implies (C,v;) > (¢, (), whilst
v; € 6;(v) by (14) whereupon we gather ((,v;) < (v;, v;).

We move to the other case: fix ( € K\ 6;(v) and consider the set
8 = conv(K \ G;(v)).
Because of the choice of T in (21), we have 8 N B(v;, T) = &. We also have

[ < sy Ui/
gezrél\%f(m«’” ) < Igggdé v;)

Let (. € S be the maximizer. Since § is a convex polytope,

ijvj + kavk, with Zm] + ka =1

JFi JFi

where {vy } re[p] are the new vertices in S that lie on the boundary of 6€;(v). Then, owing to (23) and (14) we have

P
(Corvi) = > myvj,v0) + > mi(vg, i)
e k=1
72\ &
< (ol = co) Sy + ([l = 5 )
i k=1
2 ) T
< ma { al? = e sl? - 5 }.
By (21) we also have (||v;]|? — co) < (J|Jvi]|> — T2/2), therefore
T2
(Gui) <lill* = for( € K\ B(vi, ). (24)

On the other hand, y € B(v;, 87%), hence y = v; + A for some ||A|| < 371, and satisfies

(y,9) = llos]]” = 2d(K)B™1 — B2, (25)
Combining with (24), we have that
2
9:0) = (00,Q) + (A, ) < lull® = 5 + 87 Hd(K). 26)
Finally, gathering (25) and (26) we find
2
W.y) = (,€) > 5 —3d(K)BF — g7, )

Thus for (5 large enough, using (27), we have

. eBlzhal) 1 N 1
Pisi = =
. xf,wh)—(xf,al)) 1 —1)ePr/4
S -1
= J#t
> 1 —ne AT/4, O
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Set
p =p(B) ==ne P/, (28)
Using Claim B.3, we show that
_1
i
Yd(K)
B i
P( M < > P(Bin(t + 1,p) =m (29)
( vd(’C)> 2 ) =m)
1
"4
Lde

_1
3 4
\‘vd(’C)J

where Bin(¢, p) denotes the usual Binomial distribution. Inequality (29) follows from the following claim.

Claim B.4. Let {b%}._ be independent Bernoulli random variables with parameters {p*}._. Assume that p* > p for all
s € [0,t], and define

Then, for all ¢ € R, one has
P(S <¢) <P(Bin(t +1,p) <§).

Proof of Claim B.4. Lety°, ...,y bei.i.d. Bernoulli random variables with parameter p, and define
t
B=) ¢ ~Bin(t+1,p).
s=0
To prove the result, we introduce i.i.d. uniform random variables u°, . . ., u’ on [0, 1], for which it holds that

b® = 1{us§ps}, ys = 1{u5SP}7 Vs € [[O,t]].

Since p* > p, we have {u® < p} C {u® < p*}, hence b® > y* a.s. in s and therefore,

We just need to check that S > B a.s. implies the monotonicity for the cumulative density functions, that is,
P(S <& <P(B<¢).
Indeed, fix £ € R and define the events
C={w:5w) <&}, D={w:Bw) <}

Let F = {w: S(w) < B(w)}. Since S > B a.s., we have P(E) = 0. Now, if S(w) < £ and S(w) > B(w), then B(w) < ¢
as well, and thus C'\ D C E. This implies that P(C'\ D) = 0 and we obtain

P(S <) =PC)=P(CND)+P(C\D)<PD)=PB <,

as desired. O

23



Attention’s forward pass and Frank—Wolfe

Since

we conclude that

g1
~d(K)

1
P (mf € B(vi,ﬁ_%)) >1 —p{ J2t for (¢,4) € [0,71] x [1,&]. (30)
Due to the form of p, this already yields one part of the statement, should 3 be large enough.

Step 3. Probability that an interior point drifts away from its origin

We proceed similarly in bounding
P(@ € Jo()(B73) |29 € Fo()(B73) © BBy, ot € B(v;, 1), foralli € [L, H]]>

fort € [0,71] and j € [k + 1,n]. We prove and use a couple of facts. The first one is purely geometric.
Claim B.5. Fixi € [1,&]. Foranyn > 0, z € J;(n) and z € K \ B(v;, T), we have

<$,Z> S <.’17,’Ui> — LT

d(K)

Proof of Claim B.5. Any point z € K can be written as

2= Nuvj, where; >0, Y \j=1,
j=1

j=1

thus

K

(x,2) = Z)\j<x,vj> = (z,v;) — Z)\j@,vi — v;).

J#i
Since = € .%;(n), we have

(@, 2) < (z,00) =0 ) N = (2,0) =0l = Xy).

JFi
Then
2 = will = || Ajlw; —vi)|| < Y Ajllvy — vl < d(K)(1 = Np).
J#i J#i
As ||z — v;|| > T, wehave 1 — \; > rfc), and substituting into the earlier bound yields the claim. O

We crucially need

Claim B.6. There exists 5, > 0 such that for t € [0,T1], conditioned on

{xﬁ € B(vi,ﬁfi)foralli € [[1,/-@}]} ,

we have that
7
¢ —BET/2
Pisoe() = 1 —ne pET/2,
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Proof of Claim B.6. Fix x; € Jg(j)(ﬂ’%). Fory € B(vg(j),ﬁfi), as Y = vg(;) + A with [[A < B~%, we have
(25.9) > (2, v0()) = B35 2 {25, v0(p)) — B H(K). (31)
On the other hand, by virtue of Claim B.5, we have
(5,2) < (25,v0(5)) — TB3 (32)
forall z € K\ B(vg(j), T). Using (31) and (32) we obtain
(wj,y) = (wj,2) = =167 + 7 4d(K),

which implies that for 3 large enough,

_17T
{@y,y) —{xj,2) 2 =677 5.
This implies
e
p2_>g<j) >1—ne 872
as desired. O
Set

D= ne*ﬁ%T/Q.

Following the same arguments as in the previous step, we can deduce

P(xé € Joy(B7F) |29 € Fo()(B73) © 871 By,

xt e B(vi,ﬁ_%), foralli € [[1,&]])

at € B(v;, 377) foralli € [[m]])

P (xf € B(v;, 377 foralli € ﬂl,nﬂ)

1
s 4

1
B~ 4
> 1—5{“’(“) ot 1—,<;p{”‘““’J2t . (33)

Step 4. Reaching a ball centered at the vertex

Here we look to estimate

P <1'JTl € B (’U(y(j),CT) \B (UU(j),T) ’Q)
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for some numerical C' > 1 to be determined later, where
Q= {xf €B (%‘,57%) Vi € [1, k],

I; € jg(j)(ﬂié) VJ S HH+ 1,71]], Vit € HO,Tlﬂ}

To simplify notation in this step, all expectations, variances, and probabilities are conditioned on {2 without explicit mention.
However, we emphasize that the probabilities can be estimated directly using (30) and (33).

STEP 4.1. EXPECTATION OF THE CONTRACTION

By Claim B.2, Claim B.3, and Claim B.6,

dif' > (1—~)dj;  with probability 1, (34)
while
dift < (1—9)(dj; — B4) with probability at least 1 — p, (35)
and
dift < di; +~vd(K) with probability at most p, (36)

where p = p(f) is as in (28).
Indeed, (36) follows from the bound ||z[| < d(K).

To justify (35), fix # € K\ B(v;, 37 7). Then

min (1 —etrv—vll=  min (1) - v) + 30— v)]
vEB(v;,f” 1) vEB(v;,f” 1)
=  min [|(1=7)z+ywl,
weB(0,874)
where z := 2 — v;. Since z ¢ B(0, 5~ %), the minimum is attained at w = 3~ 3 Ty vielding
10z 1 1 _1
1=z 32 | = T = el 9870l = 1= )l 4257+

Reversing the change of variables, we obtain
dfjl < (L—v)dj; + VBT with probability at least 1 — p.
Combining (34), (35), and (36), we find that
(1-7)'dy <E[d}]
< ((L=p)(L =) +p)'dy

t
+3 (=P =) +p)* (pd(C) — (1= p)(1 = )BH) . &)

=0

S

STEP 4.2. BOUNDING THE VARIANCE

t+1

‘We want to bound the variance of dfjﬂ. To do so, we express the variance of d;;

law of total variance:

in terms of the variance of dj; using the

Var (dif') = E [Var (' | di;)] + Var (E [d[' | di;]) .
We first address the first term by noting that

Var (dif | dy) = [(df) | dly| B [dif* | dty)?
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Letting p = p(f) be as in (28), we have
2 2
E (@) | dy] < [(1=p)(1 =) + 1] (d)
+ [200 = )21 = p) + 297 (10) |
+ {(1 —pB2 +p72d(’C)2} ~
On the other hand, by the same arguments as in Claim B.2, we have

E [dZd | dﬁj] >(1- ’V)dﬁj'

Hence,
2
Var (dif™ | di;) < py(2—7) (di))
+ 2y [(1 — )87 (1~ p) +pd(/C)} di;
+(1-p)?B87 % + pyPd(K)% (38)
Therefore,

E [Var (4" | )] < py(2 - DE[ ()]

+29 [(1=7)87H(1 - p) + pd(O)| E [d]

+ (1 p)2B7% +py2d(K)2. (39)
We now address the second term:
Var | E[di" | dl] | =E[¢*] —E[4]*.
—— —

=p

Proceeding similarly, we find

E [¢°]

<[P+ -p)?A =77 +2p(1 - p)(1-7)|E [(dﬁj)z]
+ [2p27d(/C) +2(1—p)2(L =8~ % +2p(1 —p) (V8% + vd(’C))} E [d;]
+ [pd00)? + 2(1 = p)y287Hd(K) + (1 - 92672
while )
El¢)* > (1-7)%E [dl;]".
Thus,

Var [¢]

<[P+ =p*1 =7 +2p(1 —p)(1 —7)]E [(dﬁj)ﬂ

— (1-9)E [4;)’

+ [21927 d(K) +2(1 = p)* (1 — B~ + 2p(1 — p) (7B~ % + Wd(’C))] E [d;]

+ [Py ()2 + 201 — p)y?BHA(K) + (1 - p)287H ] (40)
Combining (39) and (40), and using the inequality

aE [2%] — bE[2]” < bVar[z] + (a — b)E [7],
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along with the bounds (1 —v) <1, (1 —p) < 1,and E [dﬁj] < d(K), we obtain

Var [df;rl}
< (1—=7)*Var [dﬁj}
2
+p[p+ (P —2)1 =7 +201-p)(1 =) +v(2-)] E[d]
+57F [37d(R) +2 + 2967F + 22871 ]
+ p[d00)? +29d(K)? + 2py d(C)? + 298~ Hd(KC) + 29 d(K0)?
+prd(K) + 2926 Hd(K) +42d(0)?]
< (1—7)?Var [d'] + Cop + C1 577,
where Cy and C; depend on h,d(K), 5, and p as in the inequality above. Furthermore, Cjy and C; remain uniformly
bounded as § — 400, and v — 0. All in all,
! 1
Var [dfjl] < (1 —7)*Var [d}j] + Z(l — )2 (Cop + Clﬁ_z> .
5=0
STEP 4.3. CONCENTRATION
By Chebyshev’s inequality, we have
P (|di; —E [d;]] > )
- Var [df;]

<—
t
(1= 7)2Var [dl] + (1 =) (Cop+ C187F)
< s=0
< =
Var [d}j] +t (Cop + Clﬂ_%>
< : (41)

22
and

Var [d%j}
< P12 = DAIO)? + (27d(K) +9287F) 57F + (29d(K)? +42d(K)?) p,

. . . . . 4 t 0 .
where the inequality follows similarly to (38), replacing” d;; by d;;. From (37), we obtain
_1
(1=)'d; B [dl] < (1+p)'dl; +t [pyd(K) + (1= p)(1 = 7)57H] .

Evaluating at

t="1T; 1 log i
= = (0] " 9
! log(1 — 1) Mige [r+1,n] Aop)

#*Note that in the law of total variance, the second term is absent since dy; is fixed. Therefore, E [d%j | dm is not a random variable.
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we obtain, for 5 large enough,

o . 14+0(p)

i 0
: : 0 <E [dgj] < : 0 dij

MiNge[r+1,n] Cpg(p) MiNge[r+1,n] Gyo(p)

+ Ty (md(’c) + 5_%)
Tdy;
minge[[/-;+1,n]] dgc(é)

+ T (md(’C) + B*%> :

<(1+0()

Since (13) holds, we know by (4.5) that the cells are Voronoi cells. Therefore, the minimum in (20) is attained for some pair
(¢,0(¢)). Fix £ € [k + 1,n] to be the minimizer of (20). Let

do.

i
C = max_ max - T
i€[1,n] j€lr+1,n] MINye[r41,n] d@g(g)

STEP 4.4. CONCLUSION
Gathering (30), (33), and (41), we obtain
Tdy; Tdy

Mile [41,n] D (e MINCE[r+1,n] Doop)

i} e l +0(Tip) +O(TyB~7) +¢

forall j € [k + 1, n], with probability at least

Pl o] € B o 01\ B (vou) 1)}
jelr+1,n]

=P () {2 €B (v O\ B (vo 1) | |2 | BQ)
jE€lk+1,n]

=P ﬂ {l’fl eB (vo(j)a CT) \ B (’Uc(j),’t)} N Q.
je[[”""L”ﬂ

Note that the event in the last expression is precisely the event in the statement of the theorem. Now,

P ﬂ {.%‘fl €eB (’Ug(j),CT> \B (’Ug(j),’t)} ‘Q P(Q)
jelr+1,n]

=(1—-P U {ijl € B (’UG(]-), CT) \B (UU(]-)7T)} ’Q ]P’(Q)
jelr+1,n]

(1 —(n—k) max P (aszl € B (vg(;), CT) \ B (Vg (), T) ’Q)) P(Q).

j€lr+1,n]

Y

Using (41) with ¢ = T7, we obtain a lower bound for
T
P (a:jl €B (Uc(j),CT) \B (’Ug(j),’t) ’Q) .
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At the same time, we can obtain a lower bound for P(2) by (33) and (30), ending up with

Pl N {%Tl € B (vo():CT) \ B (Uc(j)aT)} ‘Q P(2)

J€[r+1,n]
> (1 — (n— 2002 +€?(T154)> P()
Z<1OlMOCHM+;Xn54)><1§g¢Qn> <1Hpg;2ﬂ>_ @)

For (3 large enough, expanding IP(2), we obtain

_1 n—k _1
1-P©Q)<1- (1 _ A 2T1> (1 — rp IS 2T1)

1 _1
<1 (1 . >A~2> <1 et 2T1>

= exp (_52275(&) +O(TY) + 2log(n A (n — k) — 0(1)) .

All in all,

Pl {a] € B o)D)\ B (o)1) |

JjE€[r+1,n]
O (Typ) + O(T1B~ 1)
62

+O(Ty) +2log(n A (n— K)) — O(l)) .

>1—(n—k)

T
2vd(K)

— exp (_ﬁi

Choosing ¢ = 3~ 32, we can take [ large enough to obtain the bound in the statement of the theorem. This concludes the
proof. O

Remark B.7. We can improve (30) by applying a Chernoff inequality for the binomial distribution. Fix
B
a=|———+1
bd ()

P (Bln(t,p) Z O[) =P <e>‘ Bin(t,p) Z e)\a) .

and A > 0. Then,

By Markov’s inequality, we obtain

P (Bin(t,p) > a) < e **E {eABin(t’p)} .
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At the same time, since the binomial is the sum of ¢ independent Bernoulli random variables, denoted X ~ Bern(p) for
s=1,...,t, we compute:

E {e,\Bin(z&,p)] ) {engzl Xs} _E

()

—=
[}
>
s
.
I

= (1-p+pet),
where we used independence in the last equality of the first line.

We choose A = log (a(tp) '), assuming o > tp, so that A > 0. This leads to

P(Bin(t,p) = a) < e (5 (1-p+ g)t < <6tp> ; 43)

Therefore, the final inequality yields

for (¢,7) € [0,T1] x [1,n], whenever {ﬂ_%("yd(K))_lJ +1> pt.

B.8. Proof of Theorem 5.4

‘We henceforth denote

By(e) = conv {zy; } 1+ B(0,¢).

i€[1,pe
We begin with the following crucial fact.

Claim B.8. Conditioning on the event
{xl, € By(e) forall (¢,i) € [1,K] x [1, ue]},
where, iy € [1,n] denotes the number of points in the cell €;(v), fix £ € [1, ] and i € [1, pe]. We have

e B{ze,w5,)
t . € ’ Y
Plioy—e = Z pra—— >1-— (n — N/Z) g€ [3,

j=1 Z Z LI

m=1 k=1

where X = co — 4d(K) (e + 1) — 2(e + 1)2
Proof of Claim B.8. First, note that

(@t 2ty) > (vg,v) — 2d(K) (e +T) — (e +7)%

Hence,
o B((ve,00) —2d(K) (e+7) —(e+1)%) He eBl@heahe)
e—B{ve,ve) —2d(K) (e+7)—(e+7T)?) K Hm .
j=1 Z Zeﬁm,xw
m=1k=1

He  Blatyaly)—B((ve,ve) —2d(K) (e+1) —(e+71)?)

=2 = (44)

Jj=1
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where
e
=) Bete i) =B ((ve,00) —2d(K) (e+1)~ (e+70)%)
k=1
K fm
4 Z B T Tl ) — <”€v“é>—2d(lc)(€+T)—(€+T)2).

m=1k=1

mAL

Since (v, v;) > (v, ve) + ¢o with ¢g > 0 for any ¢ # i, we have z!, = vy + y!, with ||y},|| < ¢ + T, and similarly
zt =, +yt with ||yl || < e+ T. Hence,
<x§£a x}tcm> = <U£7vm> + <yf£a vm> + <y2m7/u£> + <yf£a yim>
< (v, vm) + 2d(K) (e +7) + (¢ +7)°
< (ve,ve) +2d(K)(e + 1) + (e + 1)* — co.

Therefore,
(2, 2} — (ve,v0) — 2d(K)(e + 1) — (e +1)° < —co,  form # L.

Consequently, we can lower bound (44) by

He €B<m§e-,1;'e>—B(<W7W>—2d()c)(5+”f)—(5+"f)2)

>

=1 ZeB(-%feere)—ﬂ((wmz>—2d(’C)(6+T)—(6+T)2) + (n — pg)ePeo
k=1
-1
— —cof8
> |14 (n — pee

e

3 Bttt ) —B((ve,ve) —2d(K) (e+0)— (e+7)%)

>1- (n = pg)e™™" .
3 Plaieae) =B ((veve) ~2d(K) (e+0)—(e+1)?)
k=1
We finally bound
(2hy, 2hy) — ((ve,ve) — 2d(K) (e + 1) — (e +1)%) > —4d(K) (e + T) — 2(e + 1),
which yields

(n— pg)e” "

Zeﬁ(%zv%z ((ve,ve)—2d(K) (e47)— (e+7)°)

Pliy—e = 1

>1- (n — pe)peexp (=B (co —4d(K)(e + 1) — 2(e +1)%)) . O
Proceeding similarly to Steps 1 and 2 of Appendix B.7, we deduce that, with probability 1,

i)

Fix to == |e(yd(K))~'|. Then,

ax M <~
= e T Ad(K)
Le1,k]
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(Recall the definition of M}, in (22).) Fix o := |£(2vd(K)) ™|, and recall that £(yd(K)) ™ > 2. We estimate

P léﬁ%ﬂM9 <ao | =P| | (N {Mf < a0} (45)
¢e[1,x] Le[1,k] i€[1,pe]
N——
=0

=1-P| |J U {Mp>a}

Lel,k] i€, pe]
-2 > (1-P(M <ap)).
Ce[1,k] i€[1,pe]

Note that by the definition of ¢, we have

P ﬂ m {.Z‘ E%g } =1.

e1,x] i€[1,pe]
Therefore, by Claim B.4, and arguing as in Step 2 of the proof of Theorem 5.2, we obtain (using a Chernoff-type bound
(43)):

. etop\ *°
P(MZ-;SO(())ZI— I— 221—50

Qo

where p is the upper bound of 1 — p’Ei )=t in Claim B.8. Therefore, going back to (45), we find

P| max M P <ag| >1—n& =:no. (46)
i€[1,pe]
Le1,k]
It follows that
P 4 rﬁllax | dist (279, 0B¢(e)) < & — apyd(K) > 1.
e 1, e
Le1,k]

Now, set t; = |£(2vd(K))~*|. Then,

Pl N {xm*tle%g(s)}‘go —1.

Le[1,k] i€[[1,pe]
Much like what is done for (46), we find
P(Ty > to +t1 [ Q)

>P| max Mt°+t1 < ap

N {=" eBue)}

P i telml i€ Lpe
to+t @o
21_n<(0+1)p) ::1_,'151:
&%)

Therefore,

P Zen[f[llaic]]Mt“*“ <ag | > nom.
£
Le(1,k]

::Ql
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This again implies

Pl N el esdo} o] =1

te1,k] i€[1,me]

We can repeat this procedure to obtain

1€[1,pue]

L
P(Ty > to+Lty) > P | max ME*H" <ag | > [,
Le(1,x] J=0

where

n=1-n ((’50 +jt1)p>a°
;= ALY/ B

Qo

Now fix t > 1. Recalling that t; = |£(2vd(K)) '] and ty = |e(7d(K)) ! |, we choose the smallest integer L > 1 such
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To estimate the final probability, we upper bound L by
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All in all,
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where p is the upper bound of 1 — pfm _,p in Claim B.8. This concludes the proof. O
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