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Abstract

Conformal prediction (CP) is a distribution-free
method to construct reliable prediction intervals
that has gained significant attention in recent
years. Despite its success and various proposed
extensions, a significant practical feature which
has been overlooked in previous research is the
potential skewed nature of the noise, or of the
residuals when the predictive model exhibits bias.
In this work, we leverage recent developments
in CP to propose a new asymmetric procedure
that bridges the gap between skewed and non-
skewed noise distributions, while still maintaining
adaptivity of the prediction intervals. We intro-
duce a new statistical learning problem to con-
struct adaptive and asymmetric prediction bands,
with a unique feature based on a penalty which
promotes symmetry: when its intensity varies,
the intervals smoothly change from symmetric to
asymmetric ones. This learning problem is based
on reproducing kernel Hilbert spaces and the re-
cently introduced kernel sum-of-squares frame-
work. First, we establish representer theorems
to make our problem tractable in practice, and
derive dual formulations which are essential for
scalability to larger datasets. Second, the intensity
of the penalty is chosen using a novel data-driven
method which automatically identifies the sym-
metric nature of the noise. We show that consent-
ing to some asymmetry can let the learned predic-
tion bands better adapt to small sample regimes
or biased predictive models.

1. Introduction

Quantifying the prediction uncertainty of machine learning
models has become a major concern for machine learn-
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ing adoption in high stakes industries such as healthcare,
aeronautics, financial forecasting and autonomous driv-
ing, where predictions help make important decisions. In
practice, such prediction intervals should provide at least
marginal coverage guarantees that hold in finite sample and
without making any distributional assumptions on the data.
Conformal prediction (see, e.g.,|Gammerman et al.| (1998));
Papadopoulos et al.| (2002)); |Shafer & Vovk! (2008); [An-
gelopoulos & Bates|(2023)) has emerged recently as a sim-
ple yet very powerful tool to provide such uncertainty quan-
tification in the form of prediction intervals, with guaranteed
marginal coverage in finite sample, while being distribution-
free. CP also distinguished itself for its simplicity as it is no
more complex than computing a quantile.

However in real-word applications, additional features are
now commonly sought for. First adaptivity, which ensures
that prediction bands are wider when the model lacks confi-
dence or if the variability in the data is high, and narrower
when both the model is confident and the variability is low.
Quickly identified as an important bottleneck, adaptivity
has been the subject of intensive research and advances
in recent years (Lei & Wasserman, 2014; [Romano et al.|
2019; [Hore & Barber, 2024 |Gibbs et al., [2025]; |Allain et al.|
2026). Second, the noise distribution may be skewed: this
implies that symmetric intervals (as produced by standard
split CP) would exhibit under- or over-coverage below or
above the predictive model, even if they are calibrated to
achieve marginal coverage. The same situation also arises
if the noise is symmetric but the predictive model is biased.
Contrary to adaptivity, accounting for asymmetric noise is a
problem that has gone slightly unnoticed in recent research,
and is a common obstacle in real-word applications (Pouplin
et al, 2024), see Appendix for an in-depth discussion.
If the noise is by essence asymmetric, symmetric prediction
bands were shown to perform poorly in terms of coverage
(Linusson et al., [2014).

Mainly two alternatives have been introduced to account
for asymmetry in CP. Updating the calibration step was first
proposed by [Linusson et al.| (2014), with coverage guar-
antees outside the interval. This calibration procedure has
the appealing property of being applicable directly to most
CP methods (see e.g.,|[Romano et al.[|(2019); Barber et al.
(2021b); [Pion & Vazquez| (2025)). Concurrently, new score
functions adapted to asymmetry were proposed: Confor-
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malized Quantile Regression (CQR) (Romano et al., 2019),
which builds upon quantile regression, and Distributional
Conformal Prediction (DCP) (Chernozhukov et al., 2021)
based on the estimation of the conditional density function.
Unfortunately, if the noise is symmetric, relying on asym-
metric intervals may be detrimental since they are built with-
out using all available information and may be ultimately
wider. Adapting to the noise empirical distribution is thus es-
sential and more robust than assuming a specific symmetry
structure of the residuals. This flexibility is crucial, because
the empirical distribution often diverges from the true noise
distribution due to sampling artifacts: small sample settings
can induce artificial asymmetry, while bias in the predic-
tive model estimation can skew the residuals (Cheung et al.|
2026). Fully asymmetric bands may overfit this bias, while
symmetric bands remain overly conservative. Penalizing
asymmetry would allow the method to recover symmetry
when appropriate, without enforcing it a priori. To adapt
to these empirical imperfection, there is thus the need of a
new paradigm that can transition between symmetric and
asymmetric bands in a purely data-driven way.

Very recently, |Allain et al.| (2026)) suggested to learn a score
function to tackle adaptivity with symmetric prediction
bands. Focusing on a normalized score function, they rely
on reproducing kernel Hilbert spaces (RKHS) and kernel-
sum-of-squares (kSoS) (Marteau-Ferey et al.,|2020) to han-
dle the positivity constraint of the normalization function.
Interestingly, they also discuss an extension of their work to
learn an asymmetric score function, but only as a numerical
illustration. Following their initial findings, we build upon
their convenient learning framework to design a method that
can handle symmetric and asymmetric bands seamlessly.

Contributions. We start by presenting CP in Section [2]
and recent methods to account for asymmetric noise. In Sec-
tion 3] we first formalize the underlying theory to learn an
asymmetric score function in the kSoS framework, by pro-
viding a representer theorem and detailing its dual formula-
tion to construct scalable asymmetric prediction bands. Sec-
ond, we introduce two penalized versions to bridge the gap
between asymmetric and symmetric prediction bands, for
which we also prove a representer theorem and a dual formu-
lation to enable faster computation on large datasets. These
new problems can provide intermediate settings where in-
formation is shared between upper and lower prediction
bands. Finally, we propose a new data-driven strategy to
tune the penalty intensity and other critical hyperparameters,
such as the kernel lengthscales. This strategy is based on
an adaptivity criterion, for which we also provide warm-
start strategies to speed up the hyperparameter search. This
allows to automatically detect the amount of asymmetry
needed for any dataset. In Section[d] we conduct extensive
experiments to compare our methods to usual conformal

prediction methods and asymmetric focused ones. In par-
ticular, we illustrate that the proposed method dynamically
adapts to asymmetry induced by data defects, such as lim-
ited sample sizes. Crucially, it counterbalances estimation
errors in the predictive model, that would otherwise degrade
the performance of strictly symmetric models.

2. Conformal prediction and asymmetry

Split conformal prediction. The full CP setting was in-
troduced by |(Gammerman et al.| (1998)), but we focus here
on the split variant (Papadopoulos et al., [2002). We sup-
pose we have a training dataset Dy = {(X;,Y;)}¥,
from a pair (X,Y) ~ Pxy where X € X C R? and
Y € Y C R. This dataset is split in two parts: a pre-
training dataset D,, = {(X;,Y;)}"_, and a calibration one
Dy, = {(X;,Y;)}, with N = n + m.

The pre-training dataset D,, is used to train a predictive
model 7,(-), which can be any machine learning algo-
rithm. Then, the performance of the model is evaluated
through so-called scores on the hold-out calibration dataset
D,,: the most common score in the literature is defined
as the absolute errors S(X;,Y;) := S; = |Y; — mn(X;)|
for ©+ € D,,. These scores are used to compute the
quantile g, of the set {S;};ep,, with an adjusted level
[(1 — a)(m + 1)]/m, where « is the desired error rate.
Finally, for a new observation X 1, the split CP predic-
tion bands are Cp, (Xn41) = [ (Xn41) & Gal» which
satisfy the marginal coverage guarantee

P (Yns1 € Cpy(Xns1)) 2 1-a (1)

forany N if (X1,Y1),...,(X~n,YNn), (XN11, YN41) are
exchangeable. Importantly, these prediction bands are sym-
metric around the point prediction 7, (X y1) and are not
adaptive, i.e. they do not depend on X 1.

Accounting for asymmetry. Asymmetry in the prediction
bands can be accommodated at different stages within
CP. Modifying the calibration step was first proposed by
Linusson et al.| (2014): they consider the signed scores
S; = Y; — m,(X;) and compute the lower and upper
quantiles Gq,,, and Gy, of the set {S;}icp,, at adjusted
levels [aiow(m +1)]/m and [(1 — awp)(m + 1)]/m. For
Qow + ryp = @, the new prediction bands éDN (Xnt1) =
[ﬁln(XNH) — Qoo s M (X N41) + qA%p} satisfy  the
marginal coverage as in Equation (I)). But this calibration
scheme further guarantees a lower and upper coverage with
respective probability 1 — o and 1 — ayp, and it can
easily be adopted in many conformal prediction method
(see e.g.,Romano et al.|(2019)); Barber et al.|(2021b); Han
et al.| (2023)); Pion & Vazquez|(2025))). Unfortunately, those
supplementary guarantees may come at the cost of inflating
the width of the prediction bands (Romano et al., 2019).
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The second way to deal with asymmetric noise in CP is to
modify the score function itself. The popular CQR (Romano
et al}2019) relies on quantile regression: instead of using
an interval built around an estimate 77, (-) of the regression
function, they rely on estimates g1+ () and g, *?(+) of the
conditional quantiles, and build the interval Cp ~(XNt1) =
(209 (XN+41) — Qas Gn P (Xn41) + Qo] with the score
function S(X,Y) = max (g2~ (X) - Y,Y — g (X))
and where ¢, is the adjusted quantile of the set
{max (g% (X;) = Y, Y; — Gn " (X;)) }iep,,. By design,
CQR builds asymmetric prediction bands with a symmet-
ric calibration procedure. Although appealing, CQR suffers
from two well known practical limitations: (a) in high stakes
problems, decision makers usually prefer a point estimate
with an interval around that point and (b) quantile regression
in small data regime and/or in high dimensional problems
can be quite challenging. In a parallelAline of work, DCP
(Chernozhukov et al., 2021) considers Fy | x an estimate of
the conditional CDF with scores S; = ‘ﬁy‘ x, — 1/2], but
with the same limitations as CQR, see also|Sesia & Romano
(2021)).

Learning a score function for adaptivity. Recently, sev-
eral authors proposed to learn the score function in order
to target adaptivity. The core idea is to parameterize the
score with unknown functions, which are estimated on the
pre-training set. For example, Xie et al.| (2024) define a
task-specific loss (e.g. conditional coverage or minimum
width), and consider a score function given by S(X,Y) =
max (u1(X) =Y, Y — p2(X)) /o(X). This score is pa-
rameterized by three unknown functions (u1, ui2, o), which
are iteratively optimized with a boosting algorithm. In a
similar vein, |Allain et al.| (2026) focus on a score func-
tion S(X,Y) = (Y — m(X))?/f(X), where f is a pos-
itive function parameterized using kernel sum-of-squares.
Their learning problem is defined through several ingredi-
ents: first, minimization of intervals mean width and second,
100% coverage constraints on the pre-training set to un-
cover the band shape, which is later adjusted with the CP
calibration step. For medium-size datasets, their approach
showed better adaptivity than traditional competitors. How-
ever, their method is only limited to symmetric intervals,
even if they incidentally suggest a possible generalization to
asymmetric bands but do not provide theory, optimization,
tuning, or empirical validation. This is the starting point of
our proposal, which we tackle in the next section.

3. Regularized kernel SoS for asymmetric
prediction bands

Let us consider two RKHSs Hio, and H,, with re-
spective kernels kiow, kup, kernel lengthscales 8oy,
Oup and feature maps Qiow, Gup- For Aiw €

St (Hiow) and Ay, € Sy (Hup) two positive semi-
definite (PSD) operators from Hio, (resp. Hyp) to
Hiow (resp. Hup), we define two non-negative functions
flow (X) = <¢10W (X), A10W¢low (X>>'H10w and fup (X) =
(Dup(X), AupPup (X)) 21, called kernel sum-of-squares.
For brevity, we will subsequently use the notation (-) when
objects can be assessed for both 1oy and .. These two
functions, thanks to their non-negativity property, are key
components of our proposed new asymmetric score:

S(X,Y) = max (i, (X) = fiow(X) =Y,  (2)
Y — i (X) = fup(X)).

This is a variant of the CQR score function, anchored at
a predictive model 7, (X), where g%~ (X) and " (X)
are replaced by 7, (X) — fiow(X) and M, (X) + fup(X),
respectively. Our framework is agnostic to the choice of
point predictor 1., (X ), allowing the use of diverse off-the-
shelf models best suited to the underlying data distribution.
From there, we propose to estimate the functions fiow (X)
and f,p(X) defining the prediction bands by solving the
following learning problem:

b n
inf . Tow (Xi) + fup(Xi 3
Alowegi(ﬂlow) nz;(fl (Xi) + fup(Xi)) 3)
A“P€S+(Hllp) =

+ Qlow (»Alow) + Qup (Aup)
st My (Xi) = Yi — flow(Xi) <0, i € [n]
Yi — mn(Xi) — fup(Xi) <0, i € [n]

where Q) (A) = A1 [|All«+A¢)2]|All% is aregularization
function with nuclear and Frobenius norms. Such penalty
controls the complexity of functions f.y and the bands adap-
tivity, while the first term in the objective function promotes
tighter intervals. Importantly, the constraints impose 100%
coverage on the pre-training set, which helps learn an adap-
tive shape and makes the problem convex.

Once the non-negative functions are estimated, we apply the
usual split CP procedure using the asymmetric score defined
in Equation (2)), with final calibrated prediction intervals

aDN(X) = [mn(X) - ﬁoW(X> - Z]\av
i (X) + fup(X) + Gal, “)

where @, is the adjusted quantile of the set {S; };ep,,. Here
the predictive model m,, and the functions are estimated
sequentially on the pre-training dataset D,,.

Problem [3]is infinite dimensional, but by noticing it is sep-
arable we can derive a useful representer theorem. Be-
fore stating it, let us introduce additional notations. K(.)
and k() (X) = (k) (X1,X), ..., k() (X0, X)) denote
the kernel matrix and vector associated to kernel k(..
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Figure 1. Penalized kSoS with varying penalty (dataset 1, symmetric noise). Left: asymmetric prediction bands produce tighter bands.
Right: symmetric prediction bands tend to be overly conservative. An intermediate penalty value in the middle achieves tighter bands
without being overly conservative and is closer to the oracle. Asymmetry of prediction bands is magnified with orange color.

We further consider the Cholesky decomposition of the
kernel matrix K) = VZ) Vi and 716w (X3,Y:) =
M (X;) = Y5, rop (X5, Y;) = Y; — My, (X;) the residuals.
Finally, for a symmetric matrix A with eigendecomposi-
tion A = UDU', its positive part is defined as [A]
Umax(0,D)UT and we write Vo € R, Diag((-),) :=
Diag ((-)) + 1.

Theorem 3.1 (Representer theorem). Let (b,)\(.)l) €
]R?,_ and A(y2 > 0. ~Then Equation admits a
unique solution (fa; . fay ) of the form fA?_)(X) =
Q(,)(X)TAE‘,)@(.)(X) for some matrix A7, € S solu-
tion of the semi-definite programming (SDP) problem

b n _
inf — X; A A
P ; fac, (Xi) + A01llAG s + Ao2llAG |7

st 70y (X0, Y:) = fa, (Xi) <0, i€ [n]. 5)

The proof can be found in Section [A71] In practice, the
associated SDP problem can be solved efficiently up to 200
samples using off-the-shelves solvers (O’Donoghue et al.|
2016). Crucially, to scale up to larger training sizes, we
obtain a dual formulation for both functions.

Proposition 3.2 (Dual formulation). Let (b, A(.)1) € R2
and A2 > 0. Equation @ admits the dual formulation

sup Toyrly(X,Y) — Q% (V(yDiag(T(y_,)V())
TeyeRry
_ 1
whAere Qjﬁ(,)(B) = s
if T'(y is a solution of the dual formulation, a solution of
Equation () can be retrieved as

|[B - )\(,)lln}+||%. Moreover,

o~

1
A . =
0=

[V)Diag(T) ) V() = Aol R

As with CQR, the prediction bands obtained with Equa-
tion (@) are asymmetric and flexible: lower and upper bands
can have different kernel functions.

3.1. Symmetric penalization

To go further, the nature of the noise is often unknown and
assuming asymmetry can be detrimental since upper and
lower bands are estimated separately. Taking inspiration
from the literature on penalization for supervised learning,
our central idea is to add a penalty P(f.4,,,, fa,,) in the
objective function of Equation (3), so that the larger the
penalty, the more symmetric the prediction bands:

b n
inf — X; X; 6
el 2 Fan (X) + fa, (X)) ©
Aup €51 (Hup) =t

+ QIOW(AIOW) + Qup (A‘lp)

+ P(fAluwafAup)
s.t. ﬁ%n(Xz) -Y, — f-Alow(Xi) <0, 1€ [n]
Vi — i (X2) — fan, (X:) < 0. i € [n].

Introducing such a continuum between asymmetric and sym-
metric prediction bands can be advantageous in practice: it
allows to mitigate the impact of small samples and compen-
sate biased predictive models. As an illustration, in Figure[T]
we show that even for a test case with true symmetric noise,
penalized asymmetric prediction bands can lead to better
local coverage. Importantly, these new problems bridge the
gap between our asymmetric Problem (5] and the symmetric
one proposed by |Allain et al.[(2026). In the following, we
discuss two different penalties that can achieve this behavior.

Operator penalty. First, let us consider that lower and
upper bounds are associated to the same RKHS How =
Hup = H; the functions are thus only parameterized by
their operators, defined on the same space. In this case, a
natural way to incorporate a symmetric penalty in our prob-
lem is to enforce equality of the operators by considering a
regularization on their difference:

P(fAlow ) f.Aup) :)\penl H-Alow
+ /\pen2 ||Alow

— Aupll+ ™
= Aup|[-

Intuitively, as Apen1, Apen2 — 00, the operators will tend to
be equal and thus the lower and upper bands will coincide on
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their whole domain of definition (see Proposition[3.8)). This
will yield symmetric prediction bands, although different
from the ones initially proposed by |Allain et al.|(2026) (see
Appendix for a detailed comparison).

Penalization on the training set. Another way to impose
symmetry is to control the difference of the lower and upper
bands on the training points only:

n

P(f s Fon) = Apen D (Fon (Xi) = F (X2))

i=1
)
As Apen — 00, the lower and upper functions will coincide
on all training points. Contrary to the previous operator
penalty, this no longer imposes equality on their domain of
definition. But we show in Proposition @] that, under mild
assumptions, their difference can be upper bounded.

Representer theorems and dual formulations. To make
the penalized problems tractable, we prove the following
representer theorems, see Sections [A.2] and [A.3] for the
proofs and the resulting SDP problems.

Theorem 3.3 (Representer theorems with penalty). Let
(b7 )\lowla )\uplv )\pcnl) € Ri and >\10W2) )\upQ; Apcn2 >
0.  Then Problem () with Penalty (7) or Penalty
admits a unique solution (fa; (X),fas (X)) =
®(X)TA},®(X), ®(X)TAL, P(X)) for some matri-

ces (Afow, Aﬁp) € Sy x St

For scalability, we also derive dual formulations which allow
to consider datasets up to thousand samples.

Proposition 3.4 (Dual formulations with penalty). Let
(b7 )\lowla )\upla )\penl) € Ri and )\low27 >\up27 >\pen2 > 0.
Problem ([6) with Penalty ([7) admits the dual formulation

sup (Tup — 1110W)I'T - Q;en(w)
(Flow7rup)€R3,n
wes”
_Q:—,low (VIOWDiag(I‘low—b)VlZw - W)
—% L (VupDiag(Tup_ )V, + W)
where t is the vector of residuals r; = Y; — mp(X;),
1
Qr (B) oo 1B = AoIn] 7 Qen(B) =

1/4Xpen2) S°7 . max(0, | A;(B)|=Apen1 )2, while Problem
P i=1 p
(6) with Penalty (8) admits the dual formulation

T T
sup (Tup — Liow)r ' — apoy
(Tiow,Tup) ERT™

aoER™

b
Dpen

- Q:’low(vlowDiag((Flow + aO)*b)Vl—gw)
— 0 (VupDiag((Tup — ) )V,

+,up up)'

Contrary to the asymmetric case, observe that the dual for-
mulation for the operator penalty involves an optimization

problem with O(n?) unknowns. Interestingly, the training
set penalty however scales linearly, and is thus more suited
to larger datasets. The only downside is that controlling
equality of lower and upper bands everywhere requires ad-
ditional assumptions, as elaborated in the next paragraph.

Moreover, both dual formulations naturally accommodate
low-rank kernel approximations, enabling them to handle
datasets with up to n = 10000 samples, see Section 4.3

Errors bounds. We now give theoretical insights on these
two novel penalties. We place ourselves in the ideal setting
Hiow = Hup = H where we can reach strict equality of
lower and upper bands, and introduce assumptions on H
and X, the domain of definition of the inputs X.

Assumption 3.5. For a bounded open set X € R9, the
RKHS H of functions on X with norm || - ||3 satisfies
flX € H,Vf € C(R?). Moreover Vu,v € H,u-v € H
and IM > 1 such that ||u - v||3 < M||ul|x]|v]|5-
Assumption 3.6. For a bounded open set X € R?, the ker-
nel k of H satisfies max|q|—1 sup, ¢ [050 k(z,y)| <
D? < oo for some D > 1.

Assumption 3.7. X = U,csB,(z), where S is a bounded
subset of R? and B,.() is the ball of center 2 and radius 7.

Assumptions [3.5] and [3.6] are mild assumptions that hold
for classic kernels such as the Matérn 5/2 one. As noted
by Rudi et al.[(2025), Assumption can be relaxed to X
having Lipschitz continuous boundaries, which will typ-
ically hold for most datasets in practice. We can now
state our result which provides an upper bound on Ay =
SUPy e | Fan, (X) — fAup(X )|, the difference between
lower and upper bands, see Section[A.4]for the proof.

Proposition 3.8 (Error bounds). Let H be a RKHS with
associated kernel k which satisfies Assumption[3.3] If k is
bounded such that ||k|| := sup,cx /k(z,2) < 00, then
for any two PSD matrices Aoy, Ayp € ST}, we have

Ay < Mllk[loo [[Atow = Aupls-

If furthermore X satisfies Assumption (3.7 and H satisfies
Assumption then for any finite subset X = {X;}"_; of
& and any two PSD matrices Aoy, Ayp € ST, we have

Ap<2C5, f PR

n

| D0 (i (X0) = fa,, (X0))?

=1

Fan = 2dDM||Aiow — Aup ||« with D and M
low’ up
constants depending on kernel k. pg ., is the so-called fill-

where C a

in distance defined by p5 ,, = sup,cy miny ¢z — Xi|.

The first part of Proposition [3.8] gives an upper bound which
involves the penalty on the operators, while the second part
relates to the penalty on the training set.
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Figure 2. HSIC contour plots for asymmetric noise distribution (left) and symmetric ones (middle, right). Left: lower Apen values are
clearly favored by HSIC. Middle: allowing for some asymmetry produces more adaptive bands than asymmetric or symmetric ones. Right:
all Apen values achieve similar adaptivity. According to the KW test, the symmetric model is preferred over the highest HSIC model.

3.2. Hyperparameter tuning

In our experiments, we observe that A(.); and A(.), have
small impact on the estimated bands, which confirms the
findings of [Allain et al.|(2026)): we thus propose to fix their
value at )\(.)1 = )\(,)2 = 1. On the other hand, b, Apen and
kernel lengthscales (010w, fup) play an important role on the
shape of the prediction bands. Actually, the width penalty b
is compensated by 6.y, and 6., (see Appendix [B.2), such
that it is sufficient to fix b and optimize the lengthscales. We
thus focus now exclusively on (6iow, Gup; Apen)-

Given that adaptivity is a critical property, it can be used
as a principled objective for hyperparameter selection. Per-
fectly adaptive intervals would satisfy the conditional cov-
erage P(Yny1 € Cpy (Xn+1)| XN+1 =2) > 1 — @, but
such coverage is unfortunately impossible to achieve in a
distribution-free setting (Vovk, 2012 Barber et al., [2021al).
Alternatively, we consider a relgxed version of conditional
coverage ppy = P(Yni1 € Cpy (Xn+1)|[Dn, Xn41 €
wx ), where we condition on X being in a small neigh-
borhood wx € Fx from the event space Fx such that
P(X € wx) > 0. Deutschmann et al| (2024) recently
proved that such coverage with split CP can be controlled
with the mutual information between the inputs and the
score function. Their bound was generalized in|Allain et al |
for normalized scores, with the Hilbert Schmidt In-
dependence Criterion (HSIC, |Gretton et al.| (2005))) between
the residuals and the width of the intervals. The depen-
dence measure is now between one-dimensional variables
and quantified with HSIC to improve numerical stability.
Interestingly, we show below that it is possible to generalize
further their result for asymmetric scores as in Equation (2).

Proposition 3.9. Let CA'DN be prediction intervals built from
a score function S(X,Y) = max(I(X) - Y,Y — u(X))
through split CP with Dy = D,, U D,,,. Then:

1 M
>l—a——-,/1-
bPoy =2 @ 6\/ 1— O[QHSIC(’FDna WDn)

where Fp, = |Y — (iip, (X)+1p, (X))/2| are the absolute

centered residuals and Wp, = tip, (X) — Ip, (X) is the
width of the prediction bands. o is a constant and as only
depends on the kernel used for HSIC.

The proof can be found in Section [A73] Proposition [3.9]
provides an intuitive framework: a stronger dependence
between the width of the intervals and the absolute centered
residuals promotes neighborhood coverage, a relaxed ver-
sion of conditional coverage. To target local coverage specif-
ically, we thus propose to maximize HSIC(7p,, Wp, ).
This allows for the precise tuning of (fiow, 6yp) accord-
ing to this criterion, where HSIC is estimated with a cross-
validation procedure. To address potentially very small
values of HSIC, [Allain et al.| (2026)) advocated the use of a
test of independence to determine if its value is significantly
different from 0. If not, the simpler homoscedastic model
with arbitrary large (6iow, 6up) is chosen.

The final hyperparameter Ape, determines the choice be-
tween symmetric and asymmetric prediction bands. A nat-
ural approach is to select the level of symmetry that max-
imizes adaptivity by identifying (fiow, 0up) With highest
HSIC for each Apen. However, maximum HSIC values may
remain close across different e, values. This raises a ques-
tion similar to the homoscedastic case, where we ask if the
variation in HSIC is statistically significant across multiple
values of Apen. To answer this, we perform a Kruskal-Wallis
rank test over bootstrapped HSIC values. If significant dif-
ferences exist, we select (Biow, Qup, Apen) that maximizes
HSIC. Conversely, if the differences are not significant,
we conclude that the asymmetric bands do not offer a clear
advantage over symmetric ones. In that case, we default to
the simpler, symmetric model: we show this phenomenon in
Figure2] Finally, identifying the best penalty can be compu-
tationally expensive, as it requires evaluating multiple Apen.
But we can take full advantage of our dual formulations, by
using a warm-start approach which reduces computational
cost by ~ 65% when optimizing over multiple A, values,
making hyperparameter search practical even for n ~ 1000,
see Appendix B2} Algorithm|[I]in Appendix [B.2]details our
full training pipeline.
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4. Experiments

We compare our method against established baselines rep-
resentative of different approaches to CP: CQR as the stan-
dard asymmetric method using quantile regression ﬂ ho-
moscedastic GP as a symmetric adaptive baseline, and het-
eroscedastic GP (Binois et all,[2018) as an adaptive baseline
that can capture varying noise scales. We also consider the
symmetric kSoS of [Allain et al.| (2026). While additional
recent methods exist (e.g., DCP, locally weighted CP), these
baselines cover the key trade-offs: CQR provides asym-
metric intervals but relies on quantile estimation which can
be challenging in small samples, GPs provide probabilistic
predictions with theoretical guarantees but typically assume
Gaussian noise. Our method aims to combine the strengths
of both while automatically detecting when asymmetry is
beneficial. For all experiments we set « = 0.1 and homGP
as the predictive model except for asymmetric datasets 3 —5
where we use cubic splines.

4.1. Synthetic datasets

Table[Tl details the 4 datasets considered here: datasets 1 and
2 (symmetric) and datasets 3 and 4 (asymmetric).

Table 1. Synthetic datasets, n = 100, 20 repetitions. Target is
Y = pu(X) 4 0(X)e, see Appendix [B.3.6|for details.

Dataset Input X  Mean ;(X) Scale o(X)  Noise ¢
1 U1 w(X) Ixce+ X -Ixse VOI+2X2 N(0,1)
2 N(0,1) 05X | sin(X)| N(0,1)
3 U(-1,1) sin(6X X LogNormal(1)
4 U(-1,1) see[B.3.

To assess the quality of prediction intervals, we rely on
mean width and introduce two global measures of local cov-
erage. The natural measure of adaptivity is local coverage,
which can be estimated for synthetic datasets with condi-
tional samples. We could then compare methods with the
absolute coverage gap, the distance to the target level a:
ACG = L 37% [p(X;) — (1 — )| where f is an estimate
of the local coverage obtained with conditional samples
{(Xi, {Yi5}52,) 12 - However, in an asymmetric case, lo-
cal coverage can be misleading as it does not account for the
distribution tails: instead, we seek bands that satisfy lower
and upper local coverage at 1 — /2. This readily implies
that local coverage will be at least 1 — ¢, but the converse
does not hold.

We thus consider low and up alternate versions of the abso-
lute coverage gap: ACG() = T IPY(XG) — (1 -
«/2)| where p(*) are low/up local coverage estimations.
These metrics allow to capture defects in both tails of the

'We implement CQR with random forests following the origi-
nal paper’s recommendations for tabular data. While other base
learners (gradient boosting, neural networks) could be used, ran-
dom forests provide a strong baseline for our dataset sizes.

noise distribution, see Appendix [B.3.2]for an in-depth dis-
cussion. We denote by ACG€ the combination of the low/up
variants.

Mean Width Absolute Coverage Gap Combined

shide bbigs
soab- dhobd
RITUW e

Pen. kSoS Sym. kSoS Hom. GP  Het. GP CQR

Dataset 1

Dataset 3

Dataset 4

Pen. kSoS Sym. kSoS Hom. GP  Het. GP CQR

Figure 3. Mean width (left) and absolute coverage gap combined
(right) for datasets 1, 3 and 4 with b = 10, n = 100, 20 repetitions.

For dataset 1 with symmetric noise, Figure [3]top row, shows
that both CQR and homGP produce intervals with poor
ACG?®. On the other hand, penalized kSoS achieves slightly
lower ACG€ than hetGP and symmetric kSoS, but with
smaller mean width than hetGP and equivalent to symmetric
kSoS. The superior performance of penalized kSoS over
symmetric kSoS possibly comes from a small sample coun-
terbalancing effect and the biased predictive model, see
Figure [ for a discussion.
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Figure 4. Histogram of selected Apen among 500 repetitions.
When the sample size increases from n = 100 to n = 200 (top
row, dataset 2), and when the predictive model changes from a
Gaussian Process to the oracle (bottom row, dataset 1), the purely
asymmetric model is selected less often. Our hyperparameter
tuning method favors a symmetric model when the sample size
increases and when the learned predictive model is more accurate.



Asymmetric conformal prediction with penalized kernel sum-of-squares

For the asymmetric noise distribution in dataset 3, we ob-
serve in Figure [3| middle row, that homGP and penalized
kSoS are the only methods to produce tight intervals. How-
ever, homGP has much higher ACG® while penalized kSoS
achieves the lowest ACG* among all methods.

Finally, for dataset 4, penalized kSoS has both mean width
and ACG® much lower than all competitors. Penalized
kSoS is the only method to achieve good adaptivity while
maintaining small mean width in both types of noise distri-
bution. Appendix[B.3.6|contains results and discussion for
additional test cases.

4.2. Real-word datasets

Finally, we consider 13 real-word datasets commonly used
for regression. To measure the performance of prediction
bands we again consider mean width, but ACG is now out
of reach. To measure adaptivity in practice, we rely on
the worst-set coverage introduced by [Thurin et al.| (2025):
minl:Lm,L ]P)(YN+1 S CDN (XN+1)|XN+1 S Rl) where
{Ri}i=1,.... 1s a partition of X'. As before, we consider
low/up variants and denote WSC€ their combination.

Figure[5|reports the obtained mean widths and WSC¢. On
Concrete, homGP has the smallest mean width, however
only penalized kSoS achieves WSC* close to 1 — /2. On
Diabetes, homGP and penalized kSoS attain similar WSC®,
but penalized kSoS has much smaller mean width. On
this dataset, CQR exhibits similar mean width as penalized
kSoS, but underperforms for WSC®. On Housing, penalized
kSoS has a slightly larger mean width but is, by far, the
closest one to 1 — «/2 in terms of WSC, meaning that
it has much better adaptivity. On the remaining datasets,
penalized kSoS usually performs better in terms of WSC*,
and when ties occur, it reaches at least similar mean width, if
not smaller. Detailed results on all datasets and comparisons
with symmetric kSoS are available in Appendix [B.3.7]

These findings demonstrate that penalized kSoS is always
first or close second when measured by WSC® and mean
width, a robustness never achieved by any other method.

4.3. Low-rank approximation

In our dual formulations from Proposition the Fenchel
conjugate function £’} requires to compute the positive part
and hence the eigendecomposition of a n X n matrix of the
form V(A)Diag(l")V(T_) for some dual variable I' depending
on the penalty type and where V. is the Cholesky decom-
position of the kernel matrix K(.y. This means that each
evaluation of the dual objective function and its gradient has
complexity O(n?). To scale our method further, we now
show how standard kernel low-rank approximations fit natu-
rally into our dual framework, requiring no modification to
the algorithm or theory.

The full rank Cholesky decomposition of K.y can be re-
placed by a low-rank approximation K.y ~ \7(T_)\~/'(.) where

\~7(.) € R™" with rank < n. This reduces the compu-
tational complexity of % from O(n?) to O(r?®). Several
methods can be used to compute a low-rank kernel approxi-
mation, such as Nystrom (Williams & Seeger, 2000), Ran-
dom Fourier Features (Rahimi & Recht, | 2007) or random-
ized SVD (Halko et al.,2011)). In Figure@ we illustrate how
our dual formulation scales when using such approximation,
with a rank deduced to target a reconstruction error of the
kernel matrix less than 1% (measured by the Frobenius
norm). The dual formulation can be solved with n = 10000
samples in 10s, whereas the full rank version requires more
than 100s for n = 1000.

Importantly, the low-rank dual approach scales without de-
grading the performance of our method. Table [2|compares
penalized kSoS with a low-rank approximation against CQR
on some analytical datasets and two real-world ones where
the available dataset is large enough to consider a training

Dataset | CQR Het. GP Hom. GP Pen. kSoS = oo 5o ; L';‘;"P T e
Concrete 22.66 & 1.06 21.53 & 1.58 21.01 + 1.58 21.744+1.19 s o 44+t
Bike 217.98 £6.54  199.23+14.27  169.57 £ 7.83 162.47 + 5.86 o gog—smbttooe
Diabetes 188.65 +12.59 196.25+16.01 19321 +£15.80 19046 +14.63 .. g 3 o
Housing log | 0.967 £ 0.039 0.855+0.041  0.768 £ 0.040 0.836 £ 0.037  conererce o DU IR 5 e
Housing 1.77 £+ 0.055 1.70 &+ 0.14 1.60 £ 0.082 1.80 & 0.14 o o .
MPG 9.82 + 1.06 9.76 + 1.31 9.33 +1.02 9.32+1.14 T 5'°'_§_‘ °
Boston 12.16 + 1.18 10.85 + 0.92 9.76 + 0.80 11.05 + 1.23 o, Hisfies
Energy 1.50 £ 0.16 1.46 4 0.098 1.72 4+ 0.079 1.39 £0.12 BETE B
Miami 31.4e* £1.17e*  36.4e* £8.23¢*  29.5¢* £2.29¢* 26.9e* £ 1.45¢* Diabetes® s °
Sulfur 0.051+0.003  0.055+0.009  0.050=+0.003  0.050 =+ 0.002 e g oe—epgnt$
Power 13.29 4+ 0.30 12.88 + 0.40 13.05 + 0.36 12.99 4+ 0.29 o g i |
Yacht 0.645+0.085  0.595+0.086  0.609 & 0.082 0.599 4+ 0.105 ——ti—t - -
Kin8nm 0.607 & 0.020 0.425+0.023  0.386 % 0.009 0.39340.011  Housinge =—3—G——3 ¢ o

Figure 5. Left: mean width of prediction intervals on the test set for thirteen real-world datasets (mean=sd on 10 repetitions, values within

1% of the minimum in bold). Right: worst-set coverage low/up combined for three datasets.
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Figure 6. Dataset 1: computing time for solving primal, dual
and low-rank dual (reconstruction error < 1%) formulations as a
function of n (mean=-sd over 20 repetitions).

size n up to 10000. Our results show that penalized kSoS
still achieves better or equivalent WSC® in all instances
except one, and systematic better mean width.

5. Conclusion

In this work, we introduce a flexible framework for asym-
metric conformal prediction bands using kernel sum-of-
squares. By incorporating two novel symmetric penalties,
our approach seamlessly transitions between symmetric and
asymmetric bands. We establish representer theorems that
reduce these infinite-dimensional problems to SDP formula-
tions, and derive dual versions to ensure scalability to larger
datasets.

Beyond the core optimization, we contribute two significant
tuning strategies: an HSIC-based approach for optimizing
kernel lengthscales to enhance adaptivity, and a data-driven

method for calibrating symmetric penalization levels. Our
results demonstrate that this flexibility enhances resilience
against small samplex sizes, and compensates for bias in
predictive models. Crucially, our experiments illustrate that
while our framework can automatically detect symmetric
noise distributions, allowing for controlled asymmetry can
often yield superior adaptivity even when the noise itself is
symmetric.

While effective, the current approach faces two primary
constraints. First, consistent with standard kernel methods,
performance is best suited for dimensions up to approxi-
mately 15. However, the framework remains compatible
with specific kernels for structured objects such as time se-
ries or graphs, which would allow for higher-dimensional
applications. Furthermore, the current approach scales effi-
ciently to n ~ 1000 via dual formulations and warm-start
optimization. For larger datasets, the framework remains
compatible with kernel approximation techniques (Nystrom,
random features), but these extensions require additional
theoretical analysis of their impact on bands, which is a
promising direction for future work.

All our experiments can be reproduced using the code avail-
able at gitlab.com/drti/ksos-bands-asym.

Impact statement

This paper presents work whose goal is to advance the field
of Machine Learning. There are many potential societal
consequences of our work, none which we feel must be
specifically highlighted here.
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Asymmetric conformal prediction with penalized kernel sum-of-squares

This appendix is organized as follows:

¢ Section A: Theoretical Proofs

- A.1: Asymmetric problem without penalty (Theorem [3.1] Proposition [3.2)

- A.2: Asymmetric problem with operator penalty (Theorem 3.3] Proposition [3.4)

- A.3: Asymmetric problem with training set penalty (Theorem 3.3] Proposition [3.4)
— A.4: Error bounds for both penalties (Proposition [3.8)

— A.5: HSIC-based coverage bounds (Proposition [3.9)

* Section B: Additional Experiments

— B.1: Cross-validation and Kruskal-Wallis test details

— B.2: Implementation details, computational complexity, warm-start
— B.3: Extended experimental results

[lustration of asymmetry and adaptivity of noise distribution
Evaluation metrics discussion and justification

Differences between operator and training set penalties
Comparison with symmetric prediction bands

Symmetric versus asymmetric calibration

Additional synthetic test cases (datasets 1-5)

Complete real-world dataset descriptions and results

¥ X X ¥ X X ¥

Key results we reference from the main text:

* For the discussion on adaptivity and asymmetry: Section[B.3.1]
* For scalability: Section[B.2](warm-start), Figure 9]

* For algorithm description: Section[B.Z]

* For adaptivity metric justification: Section[B.3.2] (Figure[TT)

* For penalty selection patterns: Section [B.2](Figure§), (Figure [26)

A. Proofs

To begin, we first introduce some notation common to several proofs. Since we are working with kernel SoS functions
depending on operators defined on different RKHSs, we use subscripts (-) to differentiate them. Associated to each kernel
SoS function, we thus consider a RKHS 7—[(.), a kernel k(.), a kernel matrix K(.), a feature map ¢(.) and a column vector

k() (X) = (k) (X1, X), - ey (X, X))

defined for all X € X.

For kernel matrices [K(.)];; = k(.(Xs, X;), we further consider their Cholesky decomposition and empirical feature map
T -T
K(.) = V(.) V(.) and @(.)(X) = V(') k(.)(X).
Depending on the theorems, (-) will refer to either 1oy, and y;, or will be used to enumerate a collection of kernel SoS

functions s =1,...,p.

Next, for a Hilbert space 7 we write S(H) the set of bounded Hermitian linear operators from 7 to H and S () those
that are positive-definite. We also write S™ = S (R™*™) the set of real, symmetric and square matrices of size n and
ST =S4 (R™*™) the set of real, symmetric and positive-definite square matrices of size n. We also consider m/(-) to be a
fixed predictive model which has been trained separately.
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In some of the following proofs, we will rely on a generalization of Theorem 1 from Marteau-Ferey et al.[(2020) to different
operators on p different spaces, that we will particularize to our setting. We then start by proving this extension.

Let us consider a collection of p operators
A= (A1,..., Ay) €K (Ha,. . Hy) =St (H1) X ... x St(Hp),
and denote the following multivariate function
fa(X) = fay,on,(X) = (fa,(X),..., fa,(X)) eRE, VX € X

where fa_(X) = (¢s(X), Asps(X))n., s =1,...,p. We also introduce below a specific class of regularizers.
Assumption A.1. Let # be a Hilbert space, for any A € S(H), Q2(A) is of the form

Q(A) = Tr(q(A)) = >, a(ok) if A= UDiag(o)U" € Soo(H), Y1 (o) < +00 ©)
400 otherwise,
where ¢: R — R, is:
* non decreasing on R with ¢(0) =0
* lower semi-continuous
e qlo) — +oo.
|o| =400
We can define for each operator A, a penalty function {2, and consider the aggregated penalty function
P
Quga(4) = D Qu(As). (10)
s=1

The following theorem is the main result and shows that Equation (11]) admits a solution that has a finite dimensional
representation.

Theorem A.2. Let L be a lower semi-continuous and bounded below function and let ),go be defined as in Equation @I)
where each Qg,s = 1, ..., p satisfies Assumption[A.1} The problem

inf L X1)y.- Xy Qa 11
et DA, A + Qa4 an
admits a solution A* = (Z?jzl Bsijqbs(Xi)qbs(Xj)T)K o such that f o« can be written as
’ <s<p
_ y , AT
Far(X) = (30 Buigou(X)on(X))7) (12)

ij=1
for p matrices B, € R"*™, By = 0.

Proof. We follow the proof of Marteau-Ferey et al.|(2020), Section B.3. The first step is to prove the following lemma,
which generalizes Lemma 2 of [Marteau-Ferey et al.| (2020).

Lemma A.3. The function Q.. in Equation satisfies the following properties:

1. For any collection of Hilbert spaces (H%, e ,’Hzl)) and (’H%, e ,7—[12,) and any linear isometries Os: H — H2,

s=1,...,p, it holds that for all A, ..., A, € K¢ (3‘-{%,...77-[;):

p p

D Q(0,A,07) =) Q. (A).

s=1 s=1
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2. For any collection of Hilbert spaces (H1, . .., Hp) and any orthogonal projections I1, € S(Hs), s =1,...,p, it holds
that for all Ay, ..., A, € K€ (H1,..., Hp):

> QL(MLAL) < i Qs (As)

s=1
3. For any collection of finite dimensional Hilbert spaces (Hn1, . . ., Hnp), it holds that:
P
Qagg is lower semi — continuous and Quge(A) = Z Qs (A, — +00 (13)
= sup [|As [lop—+o00

Proof. (l,gs is defined as a separable sum of 25, s = 1, ..., p which all satisfy Lemma 2 of [Marteau-Ferey et al.| (2020)
under Assumption[A.T] Properties 1, 2 and continuity in 3 are thus straightforward by applying equalities and inequalities
element-wise on each €25, s = 1,...,p. The last part of Property 3 comes from Lemma 2, (iii) from Marteau-Ferey et al.
(2020) applied to 25+ (As+) for s* corresponding to sup, ||As||op- O

Now, the first part of Theorem [A.2] comes from the following proposition, which shows that the solution of the infinite-
dimensional problem of Equation (IT)) with p operators and penalty function in Equation (I0) lies in a space of finite dimen-
sion. For every Hilbert space H,, we write H,,5 for the finite dimensional subspace of H generated by {(¢s(X;))1<i<n}
and define I1,, s the orthogonal projection on H,,s such that:

M,, € S(H,), M2, =T1,,, range(Tl,s) = Hns.
Finally, we denote
KS(Hi, oo Hy) = {1 ALy, . I ApTT,) o (A, Ay) € K€ (o Hy) b
Since V1 < s < p, I,,sAIL,s € S(Hs) and I1,,5.4,11,,5 > 0, we have the inclusion:
KS(Hi, ..., Hy) CKE(Hy, ..., Hy). (14)

Proposition A.4. Let L be a lower semi-continuous function, bounded below and let §),qs be defined as in Equation
where each Qs,s = 1, ..., p satisfies Assumption[A.1} The problem

Aezcc(iglf,...,ﬂp)[/ (fa(X1), ., fa(Xn)) + Qagg (A)

admits a solution A* € KS (Ha,..., Hyp).

Proof. Let us first write for any A € S (H1) x ... X S4(Hyp), J(A) == L ((fa(Xi))i<i<n) + Qage(A). The goal here

is to show that inf J(A) admits a solution in XS (H1, ..., H,). The proof consists of three main steps:
AEKC (..., Hyp)

¢ we first show that

inf J(A) = inf J(A) (15)
AKS (M1, Hyp) AEKC (Hy,... Hp)
¢ then, we show that if inf J(A) exists, it is attained for operators with bounded Frobenius norm

AEKS (Ha,.... Hp)
* finally, we show that such minimum exists.
First step. This is a direct generalization of the proof of Proposition 7 in Marteau-Ferey et al.| (2020). Using the
projections Il s, s = 1,...,p, it is easy to show that for all 1 < i < n, fa(X;) = f(nns»Aans)1<s<p(Xi) and that
Qage (A) = Qagge ((HnsAans)1<s <p) (using Property 2 from Lemma . Putting those results together and using the

inclusion in Equation (T4), the first step follows.
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Second step. 'We rigorously mirror the proof of Proposition 7 in Marteau-Ferey et al.|(2020). The key idea is to show that
we can replace XS (Hi, ..., H,) with

Kr, = {A € KC (Hn, - Hup) s V1< s < p, [l As]lp < Ro} (16)

where Ry is a constant. First, by defining for all 1 < s < p the injections Vy,5: Hps = Hs (s.t. Vi VY, = 1,5 and
V¥ Vias = 1, .), we have:

ns

inf  JA) =  inf J((VnsASVJS)KKP).
AEKS (Hy,..., Hp) Ar s Ap€KC (Ht s Honp) -

Next, using Property 1 from Lemmait is immediate to show that for any A, ,Ap € KC (Hna, - .. s Honp),

P
T (WVarAVihzas) = L (Fvdovioe.o, (50) + D0 0ulA) 17
s=1
Now, let (flos)lgsgp € K¢(Hna,-..,Hnp) be a point such that Jo = J ((/iob»)lgsgp) < 400, and let ¢y be a lower
bound for L. By Property 3 of Lemma there exists a radius Ry such that V(/is)lgsgp € K€ (Hn1y- -y Hnp), 350 € [D]
satisfying:
p
||-Aso||F > Ry = ZQS(-AS) > Jo — cp.
s=1

This means that the infimum of Equation (I7), if it exists, lies in the space of operators with bounded Frobenius norm.
Finally, ¢ being a lower bound for L, this implies that

5 B inf J ((VnsAsV:s)lgsSp) = . inf J ((VnsASv;s)lfsfp) .
Ay, ApERC (M, Hnp) Ary A €K (M Hinp)
Vs, || A ||<Ro

Third step. We finally show that our problem admits a solution, because we minimize a lower semi-continuous function
on a non empty compact space. Observe first that K, is a non empty compact space. This follows directly from the fact
that 1, ..., Hpp are finite dimensional: the space Kg, is compact (closed and bounded) and non empty (it contains
(J‘I{)shgsgp)- Next, the function

Arzesy — J (Vi AiVirzusy ) as)

is lower semi-continuous, as a composition of the linear semi-continuous function L with the linear (thus continuous)

function (Ay)1<s<p — ( v ave 1<i<n. Plus the linear semi-continuous penalty function 2 (Assumption .

s)lSsSP)

Thus, the function in Equation (I8) admits a minimum on any non empty compact set, and in particular g,

A€ Kny: T (VasAiVidicosy) = i T (VeAsVirsosn)
At Ap€KC (Hnt ooy Honp)
Vs, || As || <Ro

By going back up to the previous equalities, we have that

J(AY) = inf J(A)
AEKC (H1,.... Hp)
with A* = (Vm./zlS V¥ )1<s<p» which completes the proof of Proposition O

The last part is to show that A* € KS(H1,...,H,) the solution from Proposition leads to a function f as in
Equation (T2)). This is achieved with the following lemma.
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Lemma A.5. The set KS (M1, ..., H,) can be represented as
KS(Ha,. .. Hy) = (Z Bsz‘jébs(Xv:)éf’s(Xj)T) :V1<s<p, B, eR"" B, =0
ig=1 1<s<p
In particular, for any A € KS (H, ... , Hp), there exists p matrices By € R"*", B, > 0 such that

A= (zn: Bsijqﬁs(Xi)qﬁs(Xj)T)lgsgp — VX € X, fa(X) = (f: Bsiij(Xi,X)ks(Xj,XD

1<s<
i.j=1 i.j=1 =P

Proof. We apply Lemma 3 of Marteau-Ferey et al.[(2020) to each individual operators A, € S; () to retrieve the result

on the collection of operators (As)1<s<p- O
Applying Lemmato the solution A* € K (H1,...,H,) concludes the proof of Theorem O
Theorem[A.2|provides a finite-dimensional equivalent problem which involves unknown PSD matrices By, . .., B,,. [Marteau]
Ferey et al.|(2020) and |Allain et al.| (2026) also propose an equivalent formulation with a different parameterization in terms
of PSD matrices Aq,..., A, based on the Cholesky decomposition of the kernels. More precisely, define

fa (X)) =@,(X) A, ®,(X) (19)
for s = 1, ..., p. With these notations, the following proposition shows that we obtain the same solution if we optimize the

PSD matrices Ay,..., A, instead of By, ..., B,.

Proposition A.6. Under the assumptions of Theorem[A.2] the following problem has at least one solution, which is unique if
forall1l < s < p, A\so > 0and L is convex:

p
o 8 (e 00) 30000

Moreover, for any given solution A¥, ..., A7 € S of Equation li the function f(A§)1<S<p is a minimizer of Equation lb

Proof. Foreach s € {1,...,p}, define the operator
Sns : Hs = R, Sns<h) = (<h> ¢s(xi)>7-ls)1§i§n

and its adjoint S}

ns

: R™ — H, is then given by
Sper =Y py(x;), VaeR"
i=1

It follows that K, = S,,4S;:,. Then, for each s € {1,...,p}, we define
Ops i R* 5 Hy,  Opy = S5, VI (V,V]) T

where we assume that K is full rank (this is the case when using a universal kernel as the Matérn one, and if all training
points X, are distinct). Further note that all O, satisfy Lemma 4 from Marteau-Ferey et al. (2020).

Now, for each s € {1,...,p}, define:
fa (X) = @(X) A D (X), AERVT, A0,
where the feature map ®; : X — R" is defined as ®5(X) = O}, ¢s(X), such that
fon.a.0:. = fa.. (21)
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Moreover, as in|Marteau-Ferey et al.[(2020) proof of Proposition 3, Equation (b),

{OnsAO! i Ag e RV A =0} =8 (Hs)+ (22)
where S,,(Hs)+ corresponds to KS (H1, ..., Hp) = Sn(H1) v X ... X Sn(Hp) -
Finally, since O, is an isometry, we have

Qs (On,s As o;

ns

) = Qs(Ay), (23)
and using Equations 21| and [23]it holds that
J((OnsAsOZs)ISSSP) = J((AS)ISSSP)~

Finally, it follows from Equation that

inf J((Ag)i<s = inf J((Bs)1<s = inf J(B
Al,...lil&peSi (Ashi<osr) Bl,‘.prEIlCI%(Hl,.WHP) ((Bs)i<ss) BeicC(lﬁh...,Hp) (B)

where the last equality comes from Equation (I5). This shows that the solution of the left hand side problem (i.e.
Equation (20)) is a solution of the right hand side problem (i.e. Equation (TT})), which concludes the proof. O
A.1. Asymmetric problem with different kernels
For any linear operator A € S(H), let us first define the penalty function
Q) (A) = A0 Al + AcyelMAIIE (24)

with Fenchel conjugate Qz), and the residuals

m(X;) —Y; if (-)islow

Ty (X3, Yi) = . .

Y, —m(X;) if () is up.

Note that Q. (-) satisfies Assumptionas long as A(y; > 0or Apyp > 0.

For the asymmetric setting without penalty, our infinite dimensional problem writes:

b n
i f — Xi Xz Qow oW Qu -Au
el D (60 4 £ () + i) B
Aup €S+ (Hup) =
st Tiow (X3, Y:) — fa,, (Xi) <0, i € [n] (25)

Tup (XMY;) - f.Aup(Xi) <0,:¢€ [’Il] .

Since this problem is separable in both objectives and constraints, it is sufficient to prove a representer theorem for each
problem independently:

b n
inf = fa (X0) + Q0 (Ap) 06)
AESL(Hy) N ; ©) (OO
st 1) (X, Yi) = fa, (Xi) <0, i € [n].

Theorem A.7 (Representer theorem). Let (b, A(.y1) € Ri and \(.yo > 0. Then Equation admits a unique solution
fA?) of the form fA(*_) (X) =@, (X)TAE‘.)@(.)(X)for some matrix A7, € S'}.

Proof. We follow the proof of Theorem 2 from |Allain et al.| (2026) with a fixed mean function, by replacing their residuals
r2 with r(.). In the end, Problem li admits a finite representation entirely characterized by a PSD matrix A(.) € S" given
by
b n
inf =Y fa., (X A A3 2
A o ;fA(.)( i) T AMAG I+ A2 flAG 7 (27
st. () (X3, Y) = fa, (Xi) <0, i € [n],

with fa (Xi) = @) (X)) TAL B (X)) O
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The optimal solution of Problem l) is thus recovered as fa: (X) = ®iw(X) Al Piow(X) and faz, (X) =

P, (X )TAﬁp@up(X ) for matrices A}, A%, € S% solutions of Equation with (-) equal to 1y and ,p, respec-
tively.

Now, for each independent problem i,y and ,,, we exhibit a dual formulation. Let us first introduce, for any symmetric
matrix A € S", the penalty function {2, .y defined as

Q) (A) i A=0

. (28)
+00 otherwise

Qp)(A) = {
where §2(.)(A) is the matrix equivalent of Equation .
Proposition A.8 (Dual formulation). Let (b, A(.)1) € Ri and Ay > 0. Equation admits a dual formulation of the

form

sup F(.)P(.)(X, Y)T — Qj’(,)(V(.)Diag(I‘(.)_b)V(T_)) (29)
T()€eRrY
where Q_*h(_)(B) = ﬁ” B — /\(_)11n]+||% and Yz € R, Diag (I'(,) := Diag (L'(y) + £L,. Moreover, if T() is
solution of Equation @]} a solution of Equation can be retrieved as

~

1
A=
0=

[V Diag(T ) )V = AL .

where [A] _ denotes the positive part of A. For a symmetric matrix A with eigendecomposition A = UDU'', its positive
part is defined as [A], = Umax(0,D)U".

Proof. Again, we apply the proof of Proposition 2 from |Allain et al|(2026)) with a fixed mean function and by replacing r2
with T()-

Finally, to solve such dual formulation, we rely on explicit gradients given below.

Gradient computation.
8 (F()P() (X, Y)T)
Ty

= I‘() (X, Y)

9" (V(,Diag(T(, V) i
e OMMObt SO YALO) : T X . T

More details can be found in|Allain et al. (2026)).

Recovering the solution from optimal Lagrange multipliers. Once the dual problem is solved (see Appendix Sec-
tion , we need to recover the optimal solutions of the primal problem. Denoting I'(.y € R} the optimal Lagrange
multipliers for both problems, to reconstruct the matrices A(i) we follow |Allain et al.| (2026):

Ay = VL (V(~>Diag(r<~>—b)V<T->)
!
ZA()2

[V(.)Diag(f‘(,),b)V(T_) - /\(.)1171} N
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A.2. Asymmetric problem with operator penalty

For the asymmetric setting with the penalty on operators, our infinite dimensional problem writes:

Alow ES+ (H)
Aup €S+ (H)

St Tiow (X3, Y3) — Fa, (X:) <0, i € [n] (30)
Tup (XlaYZ) - f.Aup(Xi) S Oa 1€ [n]

U (o (30 £ (X0) ¥ (i Aup)
=1

where ¥ (Aiow, Aup) = Qiow (Aiow) + Qup(Aup) + Qpen(Aiow — Ayp). This time, the problem is no longer separable
because of the penalty term.

Theorem A.9 (Representer theorem with operator penalty). Let (b, AMow1, Aup1, Apen1) € Ri and Aow2, Aup2, Apen2 >
0. Then Problem admits a unique solution (fs; .fsy) of the form (fg; (X), fsy (X)) =
(k(X) "B, k(X), k(X) "B} k(X)) for some matrices (B}, B},) € (ST)%

low low?
Proof. We apply Theorem[A.2]to the case p = 2 with 71 = H, = H with kernel k and loss function

Dy (fion (Xi) 4 f, (X)) (Atow, Aup) € C
+00 otherwise

L((f Ao (Xi), fa, (Xi))1<ic<n) = {

where C'is the set of all positive definite operators (Ajow, Ayp) such that

Tlow (Xia Y;) - fAlow (Xl) <0,:¢€ [n]
rup (X3, Ys) — fa,,(Xi) <0, i € [n]

and the new penalty function ¥ ((Aiow, Aup)) = Qiow (Aiow) + Qup(Aup) + Qpen (Aiow — Aup), where Qigy, Qyp and
Qpen are defined as in Equation (24).

First, notice that Ajow — Ayp is not a positive semi-definite operator anymore but Remark 3 in[Marteau-Ferey et al.| (2020)
still applies since Ajo — Aup € S (H). Furthermore, Qp., verifies Assumption However, ¥ no longer writes as
a separable sum as in Equation (I0), and we need to show that it satisfies the three properties of Lemma [A.3|to apply
Theorem[A.2

For the first and second property, we can directly apply Lemma 2 from Marteau-Ferey et al.| (2020) individually to
Qlow, Qup and Qpen, since it requires the operators to be symmetric only (not necessarily positive semi-definite), and thus
also applies to €)y,¢,. For the third property, W is continuous as a composition of the linear (hence continuous) function
(Aiow, Aup) = (Aiow, Aup, Alow — Aup) and lower-semi continuous functions (Qiow, Qup and Qpe,). The last part of
property 3 holds because if at least one of || Aiow ||op, ||-Aupllop goes to infinity, we have:

‘IJ((-Alowa Aup))

—
max(|[ Alow [lop, | Auplop) —+00

Finally, since L: R?"™ — R is lower semi-continuous (notice that it is linear and bounded below by 0) and ¥ satisfies all
properties from Lemma[A.3] we can apply Theorem[A.2] with p = 2 to deduce that the solution is entirely characterized by
two PSD matrices (Bf,,,B},) € (S)? and

low?

(feg,, (X), fB, (X)) = (k(X) "Bio k(X), k(X) "Bi k(X)).

low

Theoremalso has an equivalent with matrices Aoy, Ayp instead of Bioy, Byp involving fA(_) as in Equation |i

20



Asymmetric conformal prediction with penalized kernel sum-of-squares

Proposition A.10 (Representer theorem with operator penalty, formulation A). Let (b, Mow1, Aup1, Apent) € Rﬁ_ and
Alow2; Aup2; Apen2 > 0. The following problem admits a unique solution if L is convex:

e - Z (P (X0) + Fay (X)) + W (Ao, Au)
Aup€Sh
s.t. Tlow (X’L7 )/Z) - fAlow(Xi) S 0’ 1€ [n] (31)

Tup (Xi,Y3) = fan, (Xi) <0, i € [n].

Moreover, for any given solution Af, , Ay, € S} of Equation l) the function ( fAl*OW, fA‘*‘p) is a minimizer of Equa-

tion (30).

Proof. Similarly to the proof of Theorem[A.9] we apply Proposition[A6|to the case p = 2 with H; = Ha = H, but ¥ does
not write as a separable sum: we thus must check if it satisfies the isometry invariance property to conclude. This is trivial,
since

U((0pA1ow Oy, On A1 05)) = Qow (OnAlowOy) + Qup(OnAyp OF) + Qpen(On AtowO;, — O Ay, O;)
= QIOW(AIOW) + Qup( up) + Qpen(On (Alow - AUP)O:L)
= Quow (Alow) + Qup(Aup) + Qpen(Atow — Ayp)
= \I'((Alowv Aup))-
O

Proposition A.11 (Dual formulation with operator penalty). Lef (b, Aiow1, Aup1; Apen1) € Ri and Now2, Aup2; Apen2 > 0.
Problem 31| admits a dual formulation of the form

sup (Fup - Flow) Q;en (W) (32)
TlowERY ,Typ ERY
wes™

- Qi,low(VlowDiag(Flowfb)Vl—gw - W) Q

+,up

(VupDiag(Tup )V, + W)
where r is the vector of residuals v, = Y; — m(X;), th(_)(B) = 4)\( > 1[B =A@yl } 17 Q5en(B) =

(1/4Apen2) Y1y max(0, |A;(B)| — Apen1)? and Va: € R, Diag ((+),) := Diag (()) + £L,. Moreover, if (Tiow, 1"up7 W)
is a solution of Equation (32), a solution of Problem[31|can be retrieved as

Klow = 5~ {VlowDiag(flow)—bvl—gw - W - AlowlIni|
2/\10W2 +
~ 1 _
Ay = s [Vuleag(I‘ b)) bV + W — )\uplIn} R
Proof. The dual problem is defined as
d= sup inf E(F10W7 I‘up7 A10W7 Au ) = Ssup (Fup - ]--‘low)r—r + D(Flowa Fup) (33)
Tjow ERY Alow €8T Tlow €RY
Topek? Aup€S” TR
where we denote
D(Tow, Tup) = inf L(Tiow, Tup, Alow, Au 34
(T 0) = e, ot pr 2 G4
with £ defined as
Z(]--‘low; I‘u aAlowa Au ) :i(é - Flow 1)f~A (Xz) + i(ﬁ - 1_\u ’L)fNA (Xz)
P p Pt n 5 low Pt n P, up

+ Q«k,low(lAlow) + Q+,up(Aup) + Qpen(*Alow - Aup)-
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This time, to derive the optimality conditions for (A oy, Aup), we follow |Allain et al.|(2026) Appendix A.2, Equation (15).
First, observe that

L= \I]+ (AIOW) Aup) - <(A—10W7 Aup)> (VIOWDiag(flow)fbvl—gw; VupDiag<fup)7bVIp)>S” xXSn

where ¥ (Aiow, Aup) = Qi 1ow (Alow) + Q4 up (Aup) + Qpen (Alow — Ayp). Then, by definition, D (Tioy, I'yp) writes
as the Fenchel conjugate function of W evaluated at specific matrices

D(Tiow, Tup) = =W (ViewDiag(Tiow) Vit VipDiag(Tup) bV, )- (35)

The explicit formulation of ¥ is given in the following lemma.

Lemma A.12. The Fenchel conjugate of U1 (A1, Ag) = Q10w (A1) + Qp up(Az) + Qpen (A1 — Ag) writes

U (By,Bg) = — sup —Q} 1, (B1 — W) — O

+,up(B2 + W) - Q3 (W)
wesn

pen

Proof. The proof relies on the fact that ¥ can be written as a composition W(A1, As) = f o L(A1, As) of the linear

operator L: (A1, Ay) € (S")? — (A1, Az, A; — Ay) € (S™)? and the function f: (U, V, W) € (S")3 = Q4 10w (U) +

Qi up(V) + Qpen(W) € R. The Fenchel conjugate of ¥, then writes (see, e.g., Theorem 16.3 inRockafellar| (1970)):
V%L (B1,By) = inf Fow(U) + Q% 4, (V) + 0

U V,.W Hup pen
s.t. LY (U, V,W)=(B1,B>)

(W) (36)

where L*, the adjoint of L, can be deduced from

(L(A1,A2), (U, V,W)) g5 = (A1, U) + (A3, V) + (A; — Ay, W)
= (A, U+ W)+ (A, V-W)
= ((A1,A2),L* (U, V,W))gn2

such that L*(U, V,W) = (U+ W,V — W) € (S")2. Now Equation writes

\Ili(Bh B2) = U+iVI\17f:B1 Q:,IOW<U) + Qi,up(") + Q;en(w)
V-W=B,
W
and the result follows by replacing U and V by B; — W and By + W, respectively. O

Before concluding the proof, we need to derive the dual function 25 (this is not the same as QE‘.), because it is defined on

symmetric matrices and not positive semi-definite ones), which is addressed in the following lemma.

Lemma A.13. For any symmetric matrix X € S™ such that X = U Diag(A(X))U where A\(X) = (A(X), ..., A\ (X))
denotes the eigenvalues of X, the functionf(X) = A ||X||« + Xo||X||% admits a Fenchel conjugate given by

(Y) = ﬁ S max(0, |\ (Y)] — Ar)?
=1

with gradient
1

VIY) = 5

U "Diag(sign(A(Y)) x max(0, |]A(Y)| — A\))U.

Proof. We first write f as a function ¢ of the singular values of X. The nuclear and Frobenius norms are the 1- and
2-Schatten norms, respectively, which implies that

fX) =M\ Zai(X) + A2 ZUz'(X)2 = p(0(X))
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where o((s1,...,8n)) = A1 Dy Si + A2 > s7 and o(X) are the singular values of X. Because f is unitary invariant,

=11
from Theorem 2.4 in [Lewis| (1995)), we know that

Now, let us compute the dual function ¢*. By definition, it is given by

©*(t) = sup (t,s) — A\ Zsi — A Zsf
i=1 i=1

5>0
= sup (tisi — A\18; — Xas?).
(815---,50)2>0 ;
Since this optimization problem is separable, we can maximize each term individually. Let g(s) = ts — A5 — A2s%, which
attains its maximum for s = (¢ — A\1)/2\3. We now have two cases: either ¢ — A\; < 0 and the supremum is reached for
s = 0 and its value is 0, or t — A; > 0, in which case the supremum is reached for s = (¢ — A1)/2)2 and its value is
(t — A1)?/4X2. Allin one, sup,>q g(s) = max(0, (t — A1)/4A2)* and @*(t) = i S max(0, (8 — A\1))>

This means that the Fenchel conjugate of f is f*(Y) = ﬁ S max(0,0;(Y) — A1)?, and since X and Y are symmetric

matrices, we have 0;(Y) = |A;(Y)| from which we deduce
* 1 S 2
(YY) = e ;max(o, A (Y)[ = A1)™

Now, to compute its gradient, observe that f*(Y) writes as some function h applied to the eigenvalues of Y with

h(u) = ﬁ >, max(0, |u;| — A1)?. Because h is permutation invariant, we can apply Theorem 1.1 from Lewis|(1996)
to f* to get
V*(Y) = U'Diag(h'(A\(Y)))U. (37)
The last step is to compute the gradient of h. For all 1 < ¢ < n, we have
Oh(u) 1 d 9
= — 0, Ju;| — A
3ui 4)\2 duz maX( ’ |U | 1)

and observe that:

o If Ju;| < A1, then max(0, |u;] — A1)? = 0 and the derivative is 0.

o If u; > Ap, then max (0, |u;| — A1)? = (u; — A\1)? and the derivative is 2(u; — \;) — . 0.
ui—>)\1

o If u; < —Aq, then max(0, |u;| — A1)? = (u; + A\1)? and the derivative is 2(u; + A1) — 0.

ul—)—/\;

Consequently, max(0, |u;| — A;)? is differentiable with derivative 2sign(u;) x max(0, |u;| — A1). Plugging this into
Equation gives

1
V(YY) = T U " Diag(sign(A(Y)) x max(0, |A(Y)| — \))U
2
which concludes the proof of Lemma[A.13] O

Finally, applying Lemma together with the explicit formulation of 25, from Lemma in Equation , our main
dual problem writes

d= sup (Tup — Diow)r | — Qpen(W)
F10W€R17PU])ER1
Wwes™

— 0 Jow(ViewDiag(Tiow —p) Vi, — W) — O}

+,up
= sup g(F10W7 ]-‘upv W)
I‘lowequrup E]Ri
Wwes”

(VupDiag(Tup 1) Vi, + W)
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Gradient computation.

0 . N . T
ar{q — —r = Diag (Vih, [V o (ViewDiag(Tiow ) Vb, = W)] ' Viey)
dg . T * . T T
— r — Diag (V[ [VQ . (Vuleag(Fup_b)Vup + W)} Vap
Ty
P
a—\% — V(W) + VO o (ViewDiag(Tiow_p) Vi, + W)

-V (VupDiag(Fup_b)VIp + W)

These gradients come from elementary computations as in previous sections, and V5 is given in Lemma

Recovering the solution from optimal Lagrange multipliers. Similarly to Proposition by denoting

(flow, f‘up, W) € R? x R’ x S™ the optimal variables of the dual problem, to reconstruct the matrices Aoy, Ayp
we have:

Alow = VQi,low (VlOWDiag(f‘low,b)Vl—gw — W)

1 A _
- [ViowDiag(Tiow 1) Vil = W = Aol
2>\low2 +
Ay =V (VupDiag(fup_b)vjp n Vv)
1 - -
= — Vu D Fu — VT W - >\u In:|
2\up2 [ pDiag(Tup—b)Vyy, + pring .,
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A.3. Asymmetric problem with training set penalty

For the asymmetric setting with training set penalty, our infinite dimensional problem writes:

. b n n 5
A e.lsnf(H ) n Z (f-Alow (Xi) + fAu,p (Xz)) + Qow (Alow) + Qup(Aup) + Apen Z (valuw (Xi) — fAup(Xi))
low + low . .
Aup €St (Hup) =1 i=1
5.6 Tlow (Xi,Y3) = fan, (Xi) <0, i € [n] (38)

Tup (XMY;) - f_Aup (Xz) <0, 1€ [’I’L] .

Once again, the problem is not separable because of the penalty term. To derive a representer theorem, we use Theorem
from which the following theorem is a special case.

Theorem A.14 (Representer theorem with training set penalty). Let (b, Miow1, Aup1) € Ri and Aiow2, Aup2, Apen >

0. Then Problem admits a unique solution (fs; ,fs:,) of the form (fg; (X),[fs; (X)) =
(klOW(X)TB* Kiow (X), kup(X)TBﬁpkup(X))for some matrices (B* B;p) € (Sﬁ)z.

low low?

Proof. We apply Theorem[A.2]to the case p = 2, with the loss function

L (Fron (Xi) + fa,, (X)) ,
L((f Ao (Xi)s fap (Xi))1<i<n) = § FApen Dorey (fiow (X)) = fa,, (Xi))™ if (Alow, Aup) € C
+00 otherwise

where C is the set of all positive definite operators (Ajow, Aup) such that

Tow (X, Yi) = fa,, (Xi) <0, 4 € [n]
Tup (Xi, Y3) — fa,,(Xi) <0, i € [n]

and with the penalty function Q((Aiow, Aup)) = Qiow (Aiow) + Qup (Aup), where Qi and Q,, are defined as in Equa-
tion (24).

First, from Remark 3 in Marteau-Ferey et al.|(2020), 20w and ., verify Assurnption Then, since L: R?” — R is lower
semi-continuous (notice that it is linear and bounded below by 0) and (2 writes as a sum as in Equation (I0), we can apply
Theorem with p = 2 to deduce that the solution is entirely characterized by two PSD matrices (B, ,B},) € (S7)?
and

(fBr. (X)), fB1 (X)) = (Kiow(X) "By Kiow (X)), kup(X) "B kup(X)).

low up

O

Once again, a solution of the previous representer theorem can be recovered with matrices Aoy, A,p instead of By, Byp.

Proposition A.15 (Representer theorem with penalty 1, formulation A). Let (b, AMow1, Aup1) € Ri and ANow2, Aup2, Apen >
0. The following problem admits a unique solution if L is convex:

n

i 23 (e (X0 + Fany (60)) + Qtow(Bon) + Py (Aup) + Apen D (Fa (X0) = Fa (X0))
i=1

AloweS:l; i=1
Ayp€eSt

S.b. Tlow (X;, Y;) — fAlow (Xz) < 0, R [n] (39)
rup (X3, Vi) = fa,, (Xi) <0, i € [n].

Moreover, for any given solution Aj, , Ay, € S’ of Equation l) the function (fAfow’ fAGp) is a minimizer of Equa-

low?
tion (38).

Proof. This is a direct application of Proposition [A.6] with p = 2, and the penalty and loss functions as in the proof of
Theorem [A. T4 O
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We now exhibit a dual formulation for Problem (39).

Proposition A.16 (Dual formulation with training set penalty). Let (b, Miow1, Aup1) € Ri and Now2, Aup2s Apen > 0.
Problem (39) admits a dual formulation of the form

T T
sup (Tyup — Tiow)r D @0 (40)
FIOWER17Fup E]Ri pen
ag€ER™

fi—,low (ViowDiag((Tiow + aO)—b)VlT)w) Q:- up(VupDiag((I‘up - aO)—b)VIp)

where r is the vector of residuals r; = Y; — m(X;), Q3 ((B) = ﬁ” B — )\(,)11”}+H% andVz € R, Diag ((+)) :=

Diag ((-)) + £1,. Moreover, if (Tiow, fup, Q) is a solution of Equation , a solution ofProblemcan be retrieved
as

~ 1 . = ~
Aoy = {Vloleag((Flow + aO)—b)Vl—(r)w - )\lowlIn:|
2)\low2 +
~ 1 R
w = o | VusDing((Tup — 60)-u) Vil ~ L] |

Proof. As opposed to the separable case in Proposition @ the interaction between A, and A, in the penalty term
requires more attention. The dual problem is defined as

d= sup inf_ L(Tiow,Tup, Atow, Aup) = sup (Tup — Liow)r " + D(Tiow, Tup) 41)
Dlow €R" Alow €S™ Tiow€RY
Typ€eRY ! Aup€S TupeRY

where we denote

D(Flow; Fup) = A GSLan GS"Z(I‘IOW’ I‘\up7 Alow> Aup) (42)

with £ defined as

n

_ n b .
L(I‘lowarumAlowz up :Z Flow'L fAlOW(X') + Z(ﬁ - Fup,i).fAup(Xi)
=1 1=1

+ Apen O (Far (Xi) = fa,, (X:))?

i=1

+ Q—i—,low(-‘Alow) + Q—i—,up(-Aup)-

:\0"

<.

Contrary to|Allain et al.| (2026) where D() has an explicit expression, here we follow Marteau-Ferey et al.|(2020); |Allain
et al.|(2026) and use Theorem 3.3.5 from |Borwein & Lewis|(20006) to get the following lemma.

Lemma A.17. The dual problem associated to Equation @2) writes

1

D(Tiow, Tup) = sup — = oy (43)
ap€ER™ pen

% tow(ViewDiag((Tiow + o) —b) Vi) (44)

— 4 (VupDiag((Tup — ) b)) Viyp)

Proof. First notice that D can be decomposed as:

D(Tow,Twp) = inf  L(Rx)+ f(x)

xES™ xS™
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where X = (Alow, Ayp), R X €S xS™ 5 (oo, Farn (X os fan, (Xi)s -+ )y F(X) = Qi tow(Aow) + it up(Aup)
and
n b _ n b - n - ~
L(RX) = Z(ﬁ - FIOW,’i)fAlow (X’L) + Z(ﬁ - Fup,i)fAup (Xl) + )‘pen Z(fAlow (Xl) - fAup (Xl))z

i=1 i=1 i=1
Applying Theorem 3.3.5 from [Borwein & Lewis| (2006) to Equation ([#2) gives

D(Tiow, Tup) = sup — L*(=a") = f*(R"a”). (45)

ar=(af, ,al’;p)ERzn

We first derive the expression for L*, by expressing L in quadratic form. Note that L*(—a*) = [L(u)]*(a*), where
L(u) = L(—u), such that:

L(u) = L(—u)
= Z(Flow,i - E)ulowj + Z(Fup,i - E)uup;i + )\pen Z(uup,i - ulow7i)
i=1 i=1 i=1
1

=a'u+ -u' Mu

b In _In
wherea = [..., Tiow,s — 2+ Dupi — 7, -] and M = 2 ey 7 e It follows that

~ 1
L*(a*) = = (a* —a) 'M'(a* — a) (46)

2

for a* € Range(M) + a (Becker et al., 2019) and where M is the pseudo-inverse of M. It remains to compute M and
Range(M) + a.

First, observe that the pseudo-inverse of the matrix {_I}L II"} is given by + [_I; II"} , which leads to:

+
1 -1 1 T -1 1
T n n _ n n| __
M? = (2/\‘”“ {—In I, D "~ 8\pen {—In I, ] = o0z, M

pen

For identifying Range(M) + a, let v € R?™, Then,
Myv = 2)\pcn |: In _In:| |: Vl:n :| _ 2>\pcn |:U1:n - U(n+1):2n:|
I I, U(n+1):2n U(n+1):2n — Vlin

and it follows that
Range(M) = {V eR?™: vy, = —'U(n+1):2n} )

Denoting oty € R"™ the vector which consists of the first n components of v, then a* in Equation (46)) can be parameterized
as

ot = (af(owv a;p) = [OLQ +ain, —og + a(n+l):2n] € Ra‘nge(M) +a, 47)
such that Equation (6] becomes
* * 1
L (7(1 ) = maoag.

Next, since f is defined as a separable sum, its conjugate is the sum of the conjugates: f*(Af , A

) A W( e w)
* up(AL,). Finally, to compute R*a* notice that low +.lo Alow) +
,up up/* 5 p

Rx = (oo, fan, (X),o, fag, (Xi),...)
— (Diag(VIOWAbWVgW), Diag(VupAuy VI )) .

27



Asymmetric conformal prediction with penalized kernel sum-of-squares

By considering the Frobenius scalar product on (S™)?2, we thus have

Ra* = (VlOWDiag(afow)Vl—cr)w7 VUPDlag(azp)VIp>

_ * * * *
- (Rlowalow7 Rupaup) .

where RY a7 ) = V(_)Diag(a’(ﬁ))V(T,). The value of f* at R*a* is finally given by

f*(R*(X*) = Qi,low (VIOWDiag(afow)Vl—c:w) + Q* (VUPDlag(a;p)VIp)

+,up
= Qi,low (VIOWDiag<a0 + a)VlTjw) + Qi,up(VuPDiag(_ao + a)vl—p)7
which concludes the proof of Lemmal[A.T7] O

Putting things together, using Lemma[A.T7]and Equation @IJ), our main dual problem writes

T T
d= sup (Tup — Tiow)r ' — ﬁaoao
Tiow €RT T, €RT pen
aoeRn

- :—,low(VlowDiag((Flow + aO)—b)VlTow) - Q:—,up (VupDiag((Fup - aO)—b)VIp)
= sup g(Flowv Fup7 aO)-

Tiow GR:_ JTup G]Ri
ageR™

Gradient computation.

0 . " - i
8I‘;q = —-T — Dlag (Vl—(r)w [VQJ’-,IOW (Vloleag((I‘IOW + ao)_b)ng)] VIOW)
Jg . . T
. r — Diag (VIP [VQj_’up (Vuleag((Fup - aO)—b)VIp)] VuP)
up

dg 1 : T x - T
a3 = o — Diag (Vlow [VQJF low (Vloleag((Flow + ao)—b)vlow)] Vlow)
8040 2)\pen 7

. T * : T\ "
+ Diag (Vup (VO (VapDiag((Tup — a9) ) ViL)] Vup)
These gradients come from elementary computations following |Allain et al.| (2026)).

Recovering the solution from optimal Lagrange multipliers. Similarly to Proposition by denoting

(Tiow, Lup, Qo) € R’ x R’ x R™ the optimal variables of the dual problem, to reconstruct the matrices Ajoy, Ayp
we have:

Klow - in,low (VlowDiag((f‘low + aO)fb)Vl—gw)

1 =~ ~
= {VlowDiag((Flow + aO)—b)Vl—IC—)W - )\lowlIn:|
2)\low2 +
Aup - VQj—,up (VupDiag((I‘up - aO)—b)VIp)
1 . EN ~
= 5 | VupDing((Fup — &) ) VI, = Au L] |
see Theorem 8 in Marteau-Ferey et al.[(2020)) and Appendix A.2 in|Allain et al.| (2026). O
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A.4. Error bounds

To derive the error bounds for both penalties, we make the following assumption on the space H (Assumption 2(a) in/Rudi
et al.| (2025)).

Assumption A.18. For a bounded open set X € R?, the RKHS H of functions on X’ with norm || - || satisfies f|X € H,
Vf e C“(Rd). Moreover Vu,v € H, u - v € H and IM > 1 such that

[l o2 < MlJull3|[o]/3-

This assumption has an important implication: if it holds, kernel SoS functions will live in the RKHS 7, and their norm can
be controlled by the nuclear norm of their operator, as elaborated in the following lemma.

Lemma A.19 (Lemma 9 in[Rudi et al.| (2025).). Let X’ and H satisfy Assumption|A. 18 If A is a trace-class operator; then
fa(X) = (¢(X), Ad(X)) € H and
[ fallz < M| Al

A.4.1. OPERATOR PENALTY.
We can now state the error bound with the operator penalty, which controls the difference between two kernel SoS functions

with the nuclear norm of their operator difference.

k and feature map ¢ which satisfies Assumption|A.18| If k is bounded such that ||k|| o := sup,cx \/k(z,x) < 00, then for
any two PSD operators A1, Ay € S1 (), we have

sup [f4, (X) = f4,(X)| < M[|k[[ [[ AL — Az,
Xex

Proposition A.20 (Error bound with operator penalty). Let H be a reproducing kernel Hilbert space with associated kernel
oz

where f4,(X) = (p(X), A10(X)) € Hand fa4,(X) = (p(X), A2d(X)) € H are the kernel sum-of-squares functions
associated to Ay and As, respectively.

Proof. Writing Af = f1 — fo, if H satisfies Assumption then Af € H, such that
Af(X) = (AL R D < AflllE]l oo,

see [Steinwart & Christmann| (2008) Lemma 4.23. We conclude the proof by applying Lemma to Af(X)
(6(X), (A1 — A2)o (X)) with A = A; — As.

o

A.4.2. TRAINING SET PENALTY.

While the operator penalty controls the difference of kSoS functions through the difference of their associated operators, the
training set penalty relies instead on the difference of the functions on the training points.
For this penalty, we first need a new assumption on the space H (Assumption 2(d) in|[Rudi et al.|(2025) with m = 1).

Assumption A.21. For a bounded open set X € RY, the RKHS # of functions on X’ with associated kernel & satisfies

max sup 0505 k(z,y)| < D* < oo
la|=1g yex ’

for some D > 1.
Assumption implies that H C C*(X) and that Vu € H,

max sup |Oyu(x)] <D (48)
lal=1gex

see Remark 2 in|Rudi et al.| (2025)).
We also require the following geometric property on the domain A’

Assumption A.22. X writes as X = U,csB,.(z), where S is a bounded subset of R? and B,.(w) is the ball of center = and
radius 7.
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In order to show that controlling the difference of functions on a finite subset X = {Xi,...,X,} allows to control the
difference of functions on their whole domain X', we rely on traditional scattered data approximation techniques. In
particular, they bring into play the distance of any data point = to X, known as the fill-in distance defined by:

P = Sup min |z — X;l.
’ zeX X;€X

Proposition A.23 (Error bound with training set penalty). Let X satisfying Assumption and X = {X1,...,Xn}bea
finite subset of X. Let H be a RKHS of functions defined on X with associated kernel k satisfying Assumptions[A. 18 and
Then for any two PSD operators A1, As € Sy (H), it holds

n

sup, [fa,(X) = fa,(X) € 2Cy, popg o+ 4| D (F1(X0) = f2(X0))?
=1

where f4,(X) = (p(X), A1p(X)) € Hand fa,(X) = (p(X), A20(X)) € H are the kernel sum-of-squares functions
associated to Ay and As, respectively, and Cy, y, = 2dDM|| A1 — Asz||. with D and M constants depending on kernel k.

Proof. The proof relies on the following general result (Wendland & Rieger| (2005)), [Rudi et al.| (2025) Theorem 13 with
k = m = 0) which states that for any function f: X — R, if X satisfies Assumption and f is at least C*(X) then

sup |f(z)] <2Cppg o + max|f(X;)]
TeX X;eX

withCp =37, L sup e x]0°f].
The core idea of the proof is to apply this result to the difference of kSoS functions. First, notice that Af = f; — fo € C!
as a difference of C' functions. Then, we need to explicit the bound C's. By Assumption applying Equation to
A f we have:

max sup|9®Af (x)| < DJIAS 5.

la|=1gzex
Next, applying Lemmal[A.19to A f we obtain [|Af|3 < M||.A; — As||, where M is the constant from Assumption[A.18]
Putting things together, we have:

1 (63
Cag= 3 Ly Suplo"Af(x)] < dDM] Ay — Aol

la=1
To conclude the proof, we use

max [Af(X;)| <

X;eX

O

In our work, we focus on the Matérn 5/2 kernel for its superior empirical performance. Crucially, the following remark
shows that this kernel actually satisfies all the assumptions needed for Proposition and Proposition[A.20]

Remark A.24. Following Proposition 1 in|Rudi et al.|(2025)), the Matérn 5/2 kernel with lengthscale 0 is a Sobolev kernel
with v = s — d/2 which satisfies Assumptionsand with constants

(2m)**\/d/3.

M = 23+4/2(97)4/2 and D =

=

A.4.3. POST-OPTIMIZATION ERROR BOUNDS.

Proposition[A.20]and Proposition [A.23] give error bounds for the infinite dimensional operators. We need to show that the
finite representation of those operators still controls the difference between the finite representation of the functions. This is
done using the following lemma.
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Lemma A.25. Let H be a reproducing kernel Hilbert space with associated kernel k and feature map ¢. For any matrix
A € S™, any partial isometry U: H — R"™ and any p > 1, we have

[All, = [[U" AU,

where ||||,, is the p-Schatten norm.

Proof. Let U: H — R™ be a partial isometry (i.e. UU* is the identity over R™).
By first noticing that (U*AU)* (U*AU) = U* A*AU, non-zero singular values of U*AU are given by

o(U*AU) = \/ M(U*AT)* (U*AU))

where the third equality comes from Pedersen| (2012) Exercise 4.1.3, which states that A(AB) \ {0} = A(BA) \ {0} for
any two bounded operators, applied to U*A* and AU (which are bounded because U* A* is defined on R™ and AU is its
adjoint). This concludes the proof because p-Schatten norms are solely defined by the singular values. O

Proposition A.26. Under the same hypothesis as Proposition if (Alow, Ayp) are solutions of Equation then

sup Ao (X) = Fa, (O] < Mk loo [|Atow — Atow]l«

where fa, (X) = ®(X)TAjow®(X) € H and fA“p( ) = ®(X) A, ®(X) € H are the kernel sum-of-squares
functions associated to Aoy and A, respectively.

Proof. Let (Ajow, Ayp) be solutions of Equation (31)) and write (Alow7 Ayp) their associated operators. Let us consider
U: ‘H — R"™, the following partial isometry f — V TUH(X1), 1)y (D(X0), ).

First, we show that f4, (X) = fa,.. (X) forany X € X:

Ao (X) = (2(X), Ao B (X))
= (Up(X), AtowUp(X))
= (0(X), UrApon Ug(X))
= ((X), Aowd(X))

= [Aion (X).
The same results holds for up,: fa,,(X) = fAup (X) forany X € X.
By applying Proposition to (Aiow, Aup), We have
SUD [f Ay, (X) = ft (X)] < M| oo [[Arow — Auplx;
Xex
and ~
SUD [ fa o (X) = Fau, (X)] < MIIE]loo [ Aiow — Aup]l+-

Xex

Finally, by applying Lemma withp = 1t0 Ajow—Ayp and U, we have that || Ajow —Aup ||+ = [[U*(Alow —Aup) Ul =
| Aiow — Aupl|+» which concludes the proof.

Proposition A.27. Under the same hypothesis as Proposition if (Alow, Ayp) are solutions of Equation then

n

SUD | fa, (X) = fa,, (X)] < 207, fa,Prxt D (A (Xi) = fa,, (Xi))?
Xex P i=1
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where fa, (X) = ®(X)TAjow®(X) € H and fAup (X) = ®(X)" Ay ®(X) € H are the kernel sum-of-squares

functions associated to Aoy, and A, respectively, and with C Far Faw = 2dDM||Aiow — Aup |-

Proof. Let (Ajow, Ayp) be solutions of Equation and write (Ajow, Aup) their associated operators. As in the proof of
Proposition , we have fa, (X) = fa,, (X)and fa,, (X) = fa,, (X)forany X € &.

We now apply Proposition to (Ajow, Aup) to get

sup, [F i (X) = Fay OIS 2Cr, pan P+ ol D Fion (Xi) = Fa,, (Xi))?

where C'y, = 2dDM|| Ajow — Aup ||« and

w S Aup

sup Ao (X) =, () S 2C1pan P22+ 4| D0 (i (X0) = Fa,, (X))
i=1

Finally, by applying Lemma[A.25|with p = 1t0 Aoy — Ay, and U, we have that || Ajgw —Aupl = [|[U* (Algw—Aup) Ul =
[Atow — Aup |+, which gives Cp, 7, = and concludes the proof. O

fArow  fAup

A.5. Bounds on local coverage
Before giving a detailed proof of our bounds, we first recall the definitions of the maximum mean discrepancy and the
Hilbert-Schmidt independence criterion.

Definition A.28 (Maximum Mean Discrepancy (Smola et al., [2007))). Let X and Y be random vectors defined on a
topological space Z, with respective Borel probability measures Px and Py. Let k : Z x Z — R be a kernel function and
let H be the associated reproducing kernel Hilbert space. The maximum mean discrepancy between Px and Py is defined
as

MMD(Px, Py) = HfS”uP<1 |Ex~py [f(X)] = Eyopy [f(Y)]]

= |lupx — ppy |

where pp, = [ k(z,-)dPx(z) and pp, = [ k(z,-)dPy () are the kernel mean embeddings of Px and Py, respectively.

The squared MMD admits the following closed-form expression:

MMD?(Px, Py) = Ex~py, x/mpx [K(X, X')] + Ey~py yinpy [K(Y,Y)]
= 2Ex~py v~ry [K(X,Y)],

which can be estimated thanks to U- or V-statistics.

Now given a pair of random vectors (U, V') € X x ) with probability distribution Py, we define the product RKHS
H = F x G with kernel k((u, v), (v',v")) = kx(u,u)ky(v,v"). A measure of the dependence between U and V' can then
be defined as the distance between the mean embedding pp,,,, of Pyyv and pp, ® pup, of Py ® Py, the joint distribution
with independent marginals Py and Py :

MMD?*(Pyy, Py @ Py) = |ppyy — tipy @ ey |3

This measure is the so-called Hilbert-Schmidt independence criterion (HSIC, see|Gretton et al.| (2005))) and can be expanded
as
HSIC(U,V) = MMD?(Pyv, Py @ Py)
=Eyu vy kx (U, U )ky(V,V')
+ Ep,ukx (U, U)Ey,v ky(V, V')
— 2By [Ep ka(U, U )Ey ky(V,V")]
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where (U’, V') is an independent copy of (U, V'). Once again, the reproducing property implies that HSIC can be expressed
as expectations of kernels, which facilitates its estimation when compared to other dependence measures such as the mutual
information. Let us now state our proposition again, before giving a detailed proof.

Proposition A.29. Let Cp ~ be the prediction intervals built from a score function S(X,Y) = max(I/(X) = Y,Y — u(X))
through split CP with Dy = D,, U Dy,. Then for any wx in Fx such that P(X € wx) > 6, denoting ppy =P(Yn41 €
Cpy(XN+1)| DN, XNt1 € wx) we have

1
poy > 1 —a— g\/l — aj exp(MI(7p, (X,Y), Wp, (X)) (49)

and

poy 2 1l—a— < /11— - ’
1) 1-— (XQHSIC(TDn (Xa Y),an (X))

where 7p, (X,Y) = |Y — (up, (X) + Z\Dn (X))/2| are the absolute centered residuals and Wp_ (X) = (up,, (X) —
Ip, (X))/2 is the width of the prediction bands. o is a constant and a only depends on the kernel used for HSIC, which
must be characteristic.

(50)

Proof. First, let us rewrite the score as a function of the width and the absolute centered residuals.
S(X,Y) =max(I(X) - Y,Y — u(X))

LC SRl C.9 . (l(X) _y 4 WO x4 WO ) l(X)>

2 2 ’ 2
(X)) - I(X) w(X) 4+ 1(X) w(X) +1(X)
——2+max(2—Y,Y—2>
0 |y w00 +100)

2 2
= O Ly )
= ——W(QX) +R(X,Y)

= fW(X), R(X,Y)).

Then, placing ourselves in the context of split CP, we are working conditionally on Dy, thus up, (-) and ZADn () are
deterministic functions and to lighten notations we will write W = W (X) and R = R(X,Y’). We now have

MI(X, 5) = MI(X, f(W, R))

< MI(X, (R,W)) Vg, MI(g(X),Y) < MI(X,Y)
< MI(( Y), (R, W) MI((X1, X3),Y) = MI(X,,Y)

H(R,W) - H(R,W|X,Y) MI(X,Y) = H(X) — H(X[Y)
=H( W) H(Y[X) =04 39, Y =g(X)
= H(R) + H(W) — MI(W, R) MI(X,Y) = H(X) + H(Y) - H(X,Y)
S H(X,Y)+ H(X) - MI(W, R) Vg, H(g(X)) < H(X)

and we can observe that only MI(W, R) depends on up, () and ZAD" (). We thus deduce that
1 —exp(—MI(X,5)) < 1— ay exp(MI(W, R))

where a1 = exp(—H (X,Y) — H(X)) is independent from @p, (-) and lApn (+). Deutschmann et al.| (2024) showed that

ppy > 1—a— %\/1 —exp(—MI(X, 5))
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and we obtain Equation {#9) by using the previous bound.

For the second part of the proposition, from |Wang & Tay| (2023, Equation 15), we have the bound
1
2V My,
where TV(P, Q) = jléli])JP(A) — Q(A)| for P, Q defined on a measurable space (§2, F) and MMD (P, Q) are the total

TV(P,Q) > MMDy (P, Q)

variation and the maximum mean discrepancy between probability distributions P and @, respectively. Here, the MMD

depends on the choice of a kernel &, which is bounded by M}, = sup k(z, z), and must be characteristic for the inequality
zeX

to hold. We then apply this inequality to P = Py g the joint distribution of (W, R) and Q = Py ® Pg the joint distribution
with independent marginals Py and Pg, to get

1 — exp(—=MI(W, R)) > TV?(Pwr, Py ® Pr) > auHSIC(W, R),

where the inequality on the left is the Bretagnolle-Huber inequality, the inequality on the right comes from the HSIC
definition HSIC(X,Y) = MMD?(Pxy, Px ® Py) and we denote ay = 1/(4M,) with k the kernel used in HSIC. We
finally have

ay

1— I <1-
ai exp(MI(W, R)) <1~ -— a-HSIC(W, R)

and Equation (50) follows.
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B. Additional experiments and details
B.1. Cross-validation for kernel hyperparameter estimation and Kruskal-Wallis rank test

Cross-validation. Let K be the number of folds. For k € [K], we write Dy, the fold dataset k£ and D_;, = D,, \ Dj. We
denote by fiow,—k, fup,— the lower and upper bands trained on D_j,. Define two sets,

_ fup,fk(Xi) - flow,fk(Xi)

K
} and Wy = U {Fup—k(Xi) + fiow,—r(Xi) }ien, -
€Dy, k=1

max HSIC (W, R), (51)
(Glow,éup) € RIxR4

where H/SI\C(VV7 R) is estimated with samples Wi and Rg. In all our experiments, we use the energy distance kernel
k(xz,z') = |z| 4+ |2'| — |z — 2’|, which has been shown to be characteristic by Sejdinovic et al.| (2013).

Kruskal-Wallis rank test. To assess whether HSIC varies significantly across different \,e,, we treat each value of
Apen as a “group” and the HSIC values computed from each cross-validation replicate as repeated observations. However,
because cross-validation replicates are not independent and identically distributed across groups (they overlap, share data,
and violate the independent-samples assumption of classical parametric tests), we use a permutation-based nonparametric
framework rather than standard ANOVA or rank-based tests with asymptotic null distributions. Specifically, we first compute
the classical Kruskal-Wallis test statistic Hqp,s on the pooled data (after rank-transforming all HSIC values), but derive its
null distribution via permuting the A, labels across all replicates. We generate B = 2000 random label permutations and
compute the permuted H -statistics, producing an empirical null distribution. The p-value is the fraction of permutations
whose permuted H exceeds or equals the observed H,ps. This yields a valid significance test under the null hypothesis that
the distributions of HSIC are identical across Apen, Without requiring independence of replicates or parametric assumptions.

B.2. Implementation details

Optimization. For the primal problems with the SDP formulation, we use the SCS algorithm (O’Donoghue, 2021}
O’Donoghue et al.,|2023) available in the convex optimization software CVXPY (Diamond & Boyd, 2016; /Agrawal et al.,
2018)), with a maximum number of iterations equal to 10000. An example of script that implements the SDP problems
defined by Equations (27), (31)) and (39) is shown below. Here, matrix variable_low and matrix_variable_upp
denote the unknowns Ay, € S} and Ay, € S7. The remaining variables, such as the feature vectors phi matrix_low
(P1ow (X)) and phi matrix upp (®,,(X)) have to be computed by the user using the training set and the chosen kernels.

import numpy as np
import cvxpy as cp
import scs

penalty = "Asymmetric"/"Operator"/"Training set"
# Variables

matrix_variable_low cp.Variable ((n, n)
matrix_variable_upp = cp.Variable((n, n)

, symmetric=True)
, symmetric=True)
# Expressions

f_low = cp.reshape(
cp.diag(phi_matrix_low.T @ matrix_variable_low @ phi_matrix_low),
(71/ 1) ’

order="C",
)
f_upp = cp.reshape(

cp.diag(phi_matrix_upp.T @ matrix_variable_upp @ phi_matrix_upp),

(_lr 1)!

order="C",

# Objective
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match penalty:
case "Asymmetric":
objective = cp.Minimize (
+ (b/n) x cp.sum(f_low+f_upp)
+ lambdal_low * cp.trace(matrix_variable_low) + lambda2_low * cp.square(cp.
norm (matrix_variable_low, "fro"))
+ lambdal_upp * cp.trace(matrix_variable_upp) + lambda2_upp * cp.square(cp.
norm(matrix_variable_upp, "fro"))
)
case "Training set":
objective = cp.Minimize (
+ (b/n) * cp.sum(f_low+f_upp)
+ lambdal_low * cp.trace(matrix_variable_low) + lambda2_low * cp.square(cp.
norm (matrix_variable_low, "fro"))
+ lambdal_upp * cp.trace(matrix_variable_upp) + lambda2_upp * cp.square(cp.
norm(matrix_variable_upp, "fro"))
+ lambdal_pen x cp.sum(cp.square (f_low-f_upp))
)
case "Operator":
objective = cp.Minimize (
+ (b/n) * cp.sum(f_low+f_upp)
+ lambdal_low % cp.trace (matrix_variable_low) + lambda2_low * cp.square (cp.
norm (matrix_variable_low, "fro"))
+ lambdal_upp * cp.trace (matrix_variable_upp) + lambda2_upp * cp.square (cp.
norm (matrix_variable_upp, "fro"))
+ lambdal_pen % cp.norm((matrix_variable_low-matrix_variable_upp), "nuc")
+ lambda2_pen x cp.square(cp.norm( (matrix_variable_low-matrix_variable_upp),
fro™))

"

)
# Positive semi-definite constraints
constraints = [matrix_variable_low >> 0]
constraints += [matrix_variable_upp >> 0]

# 100% coverage constraints
constraints += [y_train <= mean_predictions + f_upp]
constraints += [y_train >= mean_predictions - f_low]

# Problem definition

prob = cp.Problem(objective, constraints)
# Solve

prob.solve (solver=cp.SCS)

# Retrieve final matrices

Ahat_low = matrix_variable_low.value
Ahat_upp = matrix_variable_upp.value

Listing 1. Solving the SDP problem with CVXPY and SCS.

For dual problems, unlike |Allain et al.| (2026) who developed a projected gradient method with Nesterov acceleration, we
prefer to use the L-BFGS algorithm (Liu & Nocedal, [1989) for its robustness and faster convergence, since we only have
at most a few thousands optimization variables in our experiments. We use SciPy’s minimize algorithm (Virtanen et al.,
2020), with a maximum number of iterations equal to 10000, tolerance equal to 10~2 and initialize all Lagrange multipliers
to 0 (except when using the warm-start strategy detailed below).

Hyperparameter and training pipeline. In Algorithm [T]we give details about the steps to follow in order to train the

penalized kSoS model for both penalties with the Kruskal-Wallis rank test and the HSIC independence test. The conformal
step is performed after the final stage when (Ajow, Ayp) are computed.
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Algorithm 1 Hyperparameter selection and training for the penalized kSoS model

Require: Training set D,,; mean model Mm,,; candidate sets © (pairs (fiow, Oup)) and A (values of Ayen); number of CV
folds K; bootstrap HSIC repetitions B; validation HSIC test repetitions R; p-value thresholds akw, apsic; default
lengthscales 6hom for homoscedastic noise (typically 20) and default penalization Ay, for symmetric noise (typically

100).

o~

Ensure: Estimator (f&low, Ayp).

11:
12:

13:
14:
15:
16:
17:
18:
19:

20:
21:
22:
23:
24
25:
26:

27:
28:

P RN LR

// Stage 1 — Cross-validation grid search
// Can be coupled with warm-start

: Partition D,, into K folds {Dj } X,
: for each (6,)\) € © x A do

fork=1,..., K do R
Fit Pen. kSoS on D_;, with (6, A) and predict ( fiow, fup) on Dy,
end for
Aggregate out-of-fold residuals Ry and widths Wk
Compute observed HSIC(0, \) and bootstrap replicates { HSIC®) (0, N

: end for

// Stage 2 — Best 0* per A

: for each A € A do
10:

0*(\) < arg maxgeo HSIC(6, \)

®)
HSIC (\) « maxgee HSIC®) (0, \), foreachb = 1,..., B
end for

// Stage 3 — Kruskal-Wallis rank test with bootstrap

(b
PKW TESTKW ({HSIC( )()‘)}bE[B])\EA)
if PKwW > QKw then
A = Agym
else
A* « arg maxyep HSIC(6* (M), \)
end if
0% « 6*(\)
// Stage 4 — HSIC test of independence
forj=1,...,Rdo
Partition D,, into K folds and run CV with (6*, \*) to obtain R(Ig) and WI((J)
pj < TESTusic (R, i)

end for

if median(p1,...,pr) > ausic then
0% < bhom, A\* < Agym

end if

// Stage 5 — Final fit
(Alow, Aup) < Pen. kSoS trained on full D,, with (6%, \*)
return (Ajoy, Ayp)

> default to symmetric model

> default to homoscedastic model
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Scaling with respect to n.  To illustrate the advantage of our dual formulation over the primal one, in Figure[7]we compare
the computation time for both of them when the number of samples n increases. The primal formulation can only handle up

to n = 200 samples, while the dual solver easily scales to n = 1000.

Formulation
=@= Primal
1204 —s= Dual
100 q
. 80
@«
~ 3
o
£ 60
=
404
[ )
204 / ’lﬁ /+
/' x/* /
0{ @—@—F—st—i—N""
0 200 400 600 800 1000

Number of Samples (n)

Figure 7. Dataset 1: computing time for solving SDP and dual formulation as a function of n (penalty 1, b = 0, fiow = fup = 0.3,
Apen = 1, max iter = 104), mean=+sd over 20 repetitions.

The simulations were performed on an AMD Ryzen 7 9700X 8-Core Processor (3.80 GHz) with four max threads.
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Interaction between b and (0o, 6,,p). In|Allain et al. (2026)), it was observed that the penalty intensity b on the one
hand, and the kernel lengthscales 6 (for the symmetric kSoS model) on the other hand, compensate each other through an
interaction. Indeed, both influence the optimal kSoS function complexity: for a given (b, #), similar bands with equivalent
adaptivity can be obtained for higher values of both hyperparameters, as long as b is sufficiently large (typically 10 or larger).

In order to corroborate this assertion for our new penalized kSoS, we focus on one of our analytical test cases and compute
the HSIC criterion for a grid of (Apen, 8) values (we fix f1ow = 6, = 6) and four different values of b = 1, 10, 100, 1000.
Figure[8]displays these contour plots for three different random seeds (one row corresponds to one seed).

b=1 b=10 b =100 b = 1000

102 0 0 ot 1 10 02 0! 100 10! 1R 10 102 10! 100 10! 1 103 102 0! 100 10! 10?

0 00 10! 0 0 w0 00 0! 09 0-2 01 00 0! 103 0-2 01
Apen Apen Apen Apen

Figure 8. Contour plots of the HSIC criterion for a grid of (Apen, 8) and b = 1, 10, 100, 1000, case 2, n = 100.

For all seeds, we recover the expected behavior: when b increases, the optimal HSIC is reached for larger values of 6, and we
observe that the value of the optimal HSIC is attained as soon as b = 10 or b = 100 in average. Interestingly, we can deepen
the analysis by having a closer look at the differences between the seeds. At the top, we see that our model systematically
chooses the smallest value for A,ep, thus indicating that asymmetry is strongly favored for this seed, and only 6 increases to
reach the optimal HSIC. Similarly, we notice the exact same phenomenon, although mirrored, in the bottom contour plots.
This time, a strong symmetry is identified for the random samples, with only large selected values of A,c,. In between,
the seed points towards including a small amount of symmetry for better adaptivity, where intermediate penalty values are
preferred. But the optimal Ay, increases with b and 6: to preserve the same amount of beneficial symmetry, the model
necessitates a stronger constraint to compensate for the effect of increasing both b and 6.

39



Asymmetric conformal prediction with penalized kernel sum-of-squares

Warm-start optimization strategy. To search for the best (6iow, Gup, Apen) that maximizes HSIC, a brute-force and naive
approach consists in solving the dual problem separately for all hyperparameter values to test. However, for fixed kernel
lengthscales (Oiow, Oup ), it is reasonable and intuitive to expect that the solution of the dual will only slightly vary between
two close values of Apc,. This means that once a penalized kSoS is trained for a given value of Ay, the corresponding
optimal Lagrange multipliers can be used as initialization for training a subsequent penalized kSoS with a new value of
Apen- If both are close, we anticipate a drastic reduction in the number of iterations required for convergence.

In order to validate this intuition, we consider one of our analytical test case and record the number of iterations at
convergence for two strategies: a) the brute-force approach where all dual problems are solved separately and are initialized
at the same value (the cold-start approach) and b) an iterative approach where we first solve the dual for Ape, = 1074
and gradually increase its value while using the previous optimum as the initial point for the next problem (the warm-start
approach). Results are reported in Figure 0]

—&— C(old-start (mean =+ s.d.)
103 —8— Warm-start (mean =+ s.d.)

Iterations

10~ 1073 102 107! 100 10 102
Apen

Figure 9. Dataset 1. Number of iterations at convergence for the cold-start (blue) and warm-start (red) approach with the dual formulation
and penalty on the training set, n = 100, b = 10 (mean=sd on 10 repetitions).

We observe first that for both approaches, the number of iterations can substantially vary with the value of Apen: this means
that some dual problems are harder to solve than others, typically those associated to very low or very high values of Apep.
But crucially, we also clearly see that the warm-start approach yields considerable computational savings, with a reduction
factor that can reach 3 or 4. In average, warm-start is 65% cheaper than cold-start: this means that in practice, we can
investigate 10 different values of A\c, for maximizing HSIC at the cost of 3 single kSoS trainings only.
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B.3. Additional numerical experiments
B.3.1. ILLUSTRATION OF ASYMMETRY AND ADAPTIVITY OF NOISE DISTRIBUTION

The most commonly pursued feature in prediction bands is adaptivity, also known as conditional coverage, and is a needed
property when the noise exhibits heteroscedastic behavior, as showcased in Figure [I0] bottom row, where the noise is a
function of the input X. On the other hand, both homoscedastic (top row) and heteroscedastic noise (bottom row) can exhibit
either symmetric (left column) or asymmetric noise (right column). Adaptivity refers to whether the noise distribution is
independent of X or not, while asymmetry refers to whether the noise distribution is symmetric around the mean or not.

Symmetric Asymmetric

==" Qo.05, 90.95 i

Homoscedastic

Heteroscedastic

1.0
X

Figure 10. Noise taxonomy between two properties: adaptivity (homoscedastic versus heteroscedastic, rows) and asymmetry (columns).

In our numerical experiments on synthetic datasets, we thus consider several of these variants: datasets 1-5 are heteroscedas-
tic while dataset 6 is homoscedastic, and asymmetric noise appears in datasets 3—5. Dataset 4 is special because it has
homoscedastic lower noise and heteroscedastic upper noise, resulting in asymmetric noise.

B.3.2. DISCUSSION ON EVALUATION METRICS

As is usually done in the literature to compare interval adaptivity, we compute the mean width of the prediction intervals on
the test set. Unfortunately, when considered alone, this performance metric is of limited relevance. Indeed it is very common
to have intervals with similar mean width but with highly different local coverage quality (we illustrate this phenomenon
below). As such, to better measure adaptivity, we also consider additional metrics.
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For our experiments on analytical test cases, we consider the local coverage, obtained by approximating P(Yy41 €
CA'D ~(Xn+1) | Xn+1 = z) by its empirical counterpart with samples from Y™ (of size ny) at different random locations X
(of size nx), denoted p(X;). We then compute a global measure of local coverage quality, the absolute coverage gap, by
considering the average distance to the target level 1 — a:

nx

ACG = — Z|p —(1-a)).

For real-world datasets, since such conditional samples are not available, we rely instead on the worst-set coverage introduced
by Thurin et al.[(2025). Starting from a partition {R;};=1,... 1, of the input space, we compute the marginal coverage in
each region P(Yn 41 € GDN (XNn+1)|Xn41 € Ri). The worst-set coverage WSC is defined as the minimum of all these
coverages: the closer it is to the target (1 — «), the more adaptive the intervals. In practice, we follow the ideas of [Thurin
et al.[(2025) to define the regions, with a procedure that may not yield a partition: we randomly select L = 10 samples
from the test set, and for each of them we identity the 100-th closest neighbors in the feature space to estimate the marginal
coverage.

These two measures indicate how well prediction intervals capture the noise distribution and are powerful in practice to
compare CP procedures. However, they only focus on the central part of the intervals: for asymmetric noise distributions, they
may fail to detect if a prediction interval is better than another one. Instead, we can consider their asymmetric variants, where
we evaluate local coverage below or above the prediction interval, i.e. p'°V(Xy11) = P(Yyy1 > I(Xn11) | Xnp1 = 2)
and p"PP(Xn11) = P(Yvyr < w(Xn+1) | Xvy1 = ) for an interval Cp (Xn41) = [(Xn41), w(Xni1)]s see
Linusson et al|(2014) and Romano et al|(2019). Ideally, we would like p'®" (X ;) and p"™P(X ;) to be greater
than 1 — /2 for all X 1, which would mean the prediction interval also captures well the lower and upper tails of the
distribution. If this is the case, traditional local coverage also holds since

P(Yni1 ¢ Coy(Xni1) | Xnp1 = x) P(Ynt1 <U(Xn41) U Y1 > u(Xyp1 | Xy =)
P(Yny1 <UXN41) | Xnvg1 = 2) + PV > u(Xnt1) | Xvp = o)
= (1 — P (Xn41)) + (1= p"P(Xn4))
<a/2+a/2=a.

Following this idea, we can define the lower and upper absolute coverage gaps

ACGIOW — Z | Alow 1 _ a/2)|
ACGPP = — Z [pUPP(X;) — (1 — /2)].

Similarly, we consider the lower and upper worst-set coverage WSCY and WSCUPP. When aggregating such lower and
upper adaptivity measures over several experimental replications, we will concatenate lower and upper indicators to draw
boxplots or compute averages: we will thus refer to them as ”combined”, with notations ACG® and WSC*.

Now, we illustrate numerically two important facts which motivate the evaluation metrics discussed so far:

1. Mean width alone is not sufficient to measure adaptivity, since two intervals can have similar mean width but one can
be locally adaptive while the other one is not.

2. For asymmetric noise distribution, local coverage is not sufficient because an interval can have equivalent or better
local coverage than another one, while failing at capturing lower and upper tails.

We focus on the analytical test case 4 (described later on), and compare the intervals produced by heteroscedastic GP and
our penalized kSoS (we consider both methods after split CP calibration which guarantees marginal coverage). For two
replications, Figure[IT|shows the prediction intervals from the two procedures as well as their mean width and ACG variants.
Visually, it is clear that heteroscedastic GP is not adaptive, since it does not capture the noise distribution with an interval
composed of ’holes” on the right. On the contrary, kSoS learns the shape of the noise and is much more adaptive. But when
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looking at the metrics, we observe that heteroscedastic GP has equivalent or better mean width and ACG than kSoS, which
clearly shows that they are not sufficient to properly evaluate adaptivity. On the other side, both ACG'®" and ACG"PP
indicate that kSoS certainly outperforms heteroscedastic GP.

Asymmetric | | Symmetric
e Mean Prediction Bands ®  Training Set
Heteroscedastic GP Penalized kSoS
Mean Width = 2.977 Mean Width = 3.143
81 |RMSE vs. Oracle = 1.293 1 |RMSE vs. Oracle = 0.618
ACG =0.041 : . ACG = 0.034
s1 [ACG“Y =0.070 . 1 | ACG*Y =0.036 0
ACG" =0.054 . ACG"™ =0.022
44 . K
<«
= 2
5]
|75]
04
o . .
.
i
64
Mean Width = 3.349 : Mean Width = 3.292
81 |RMSE vs. Oracle = 1.332 1 | RMSE vs. Oracle = 0.560
ACG = 0.034 ACG =0.052
61 |ACG"Y =0.064 . 1 | ACG™Y =0.040 .
ACG"™ =0.042 ACG"™ =0.033
N .
=]
=2
5]
|72]

1.00 0.75 0.50 0.25 0.00 0.25 0.50 0.75 1.00 1.00 0.75 0.50 0.25 0.00 0.25 0.50 0.75 1.00

Figure 11. Prediction intervals for heteroscedastic GP and penalized kSoS for two random seeds on test case 5.

All in one, we advocate the comparison of ACG® or WSC* first (since in practice we do not know beforehand if the noise
distribution is symmetric or not, it may be misleading to use ACG or WSC), and for methods that have similar lower and
upper adaptivity, to compare as a second step their mean width to potentially break the ties. This is similar in spirit to the
assertion “maximize the sharpness of the predictive distributions subject to calibration” of |Gneiting & Raftery| (2007), which
was later emphasized again in|Chung et al.| (2021).
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B.3.3. OPERATOR PENALTY VERSUS TRAINING SET PENALTY

Both penalties achieve similar goals but differ in implementation and theoretical properties. The operator penalty provides
a continuous functional view of the problem, and consequently inherits tighter bound independent of the fill-in distance.
But in terms of computational complexity, the operator penalty involves O(n?) dual variables, as opposed to O(n) for the
training set one, and is also less flexible since the exact same kernels (and lengthscales) must be used for both bands. In
this particular case, we illustrate in Figure[I2] that the operator penalty does not yield improvement in either mean width or
coverage over the training set penalty for two test cases, but we observe this phenomenon for all the datasets we investigated.

WSC*

Mean Width Absolute Coverage Gap Combined Mean Width

364 0.060 4
0,055 4

sid] 195 0.95
000

0.045 4 190

0.040 4 185
30 0.035 4 150
0.030 4 s

0.90

0.025 4

— Training set Operator

0.020 4

Training set penalty ~ Operator penalty Training set penalty ~ Operator penalty Training set penalty  Operator penalty -—= 1-0a/2

(a) Mean width and absolute coverage gap combined for both (b) Mean width and worst-set coverage combined for both
penalties on dataset 1. penalties on dataset Diabetes.

Figure 12. Comparison of operator and training set penalties on an analytical test case (left) and a real-world dataset (right).

We thus recommend to use the operator penalty for small datasets where strongest theoretical control is desired and
computation is not limiting, but use the training set one in all other instances.

B.3.4. DIFFERENCE WITH SYMMETRIC KSOS

When the predictive model 77, (+) is fixed, the symmetric kSoS problem introduced in |Allain et al.[(2026) writes

. b —
R E;fA(Xz) +Q(A)

st (Vi —ma(X3))? < fa(Xa), i € [n]

while our penalty operator formulation is

Alow ES+ (7‘[)
Aup €Sy (H)

st fn(Xs) — Vi — fa (X:) <0, i€ [n]
Y — M (Xi) — fa, <0, i€ [n]

. b
inf E Z (fAlow (XZ) + f-Aup (Xz)) + Qlow(‘/4low) + Qup (Aup) + Qpen(Alow — Aup)
=1

where Qpen (-Alow - Aup) = )\penl ||A10w - -Aup”* + )\pen2||-'410w - Aup”%‘
When Apent, Apen2 = +00, Qpen (Alow — Aup) = LAy, =A,, With tc the indicator function of the set C'. The penalized
formulation thus tends to

b n
i f - Xz X7, Qow Aow Qu Au
o nz;(ffhow( )+ faup (X)) + Qow (Atow) + Qup (Aup)
Aup€S(H) =
Alow:Aup

s.t. ’I’?Ln(Xl) -Y;, — fAlow (Xl) <0, 1€ [n]
Yi — M (Xi) = fa,,(X3) <0, i € [n].
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Now, since by definition Aoy = Ayp implies VX, fa,, (X) = fa,,(X), the last problem is equivalent to
inf éﬁég(X)+f@Y»+Q (A) + Qun (A)

AeSi(H) N v A i A ) low up
S.t. T/ﬁn(Xi) — }/z — f.A(Xz) S 0, Z (S [
Vi —mp(X;) — fa(X;) <0, 0 €|

=,

=,

If we also take Aigw1 = Aup1 and Ajowa = Aup2 such that Qo (A) = Qyp(A) = Q(A), this boils down to

. b
Ae'lSIif(H) 2 <n ; fa(Xs) + Q(A))
st Y — i (X5)| < fa(X5), i€ [n]

with a score function which becomes S(X,Y) = max (M, (X) - Y — fa(X),Y — M, (X) — fa(X)) = Y —mpn(X)| —
fa(X). At first sight, this closely resembles the symmetric kSoS of |Allain et al. (2026), where the constraints write
(Y; — M (X)) < fa(Xi) & |Yi — mn(X;)| < /fa(X;). From this perspective, f4(X) in our work plays the role of
a standard deviation function, while in|Allain et al.|(2026)) it relates to a variance function. However, there are important
differences:

* To get a strict equivalence of the problems, we should use Y. | \/f4(X;) instead of ", f.4(X;). This means that
the optimal solutions are not the same

* More importantly, the score functions are fundamentally different and the final intervals differ:

Allain = |Y; — mn(XJ”
CAI(X) = i (X) £ g, (MXj) ) FalX)

COM(X) = Mmn(X) £ (ga (1Y) = M (X5)] = 4(X5)) + fa(X)

Ultimately, the method by [Allain et al.|(2026) is not a special case of our penalty formulation, because of both the objective
function and the CP score functions. However, we insist that when the penalty is large, our problem still produces symmetric
prediction bands, although different from |Allain et al.|(2026).
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B.3.5. SYMMETRIC VERSUS ASYMMETRIC CALIBRATION

As discussed inRomano et al[(2019), score functions of the form S(X,Y) = max({(X) — Y, Y — u(X)), as in CQR or
penalized kSoS, can easily be used in an asymmetric calibration procedure. Denoting ga,,,, and ga,,, the adjusted quantiles
of the sets {I(X;) —Y;, i € Dy, } and {Y; — I(X;), i € Dy, }, respectively, then

Coy (Xn+1) = [[(XN+1) = Gagon» W(XN+1) + Gy )

has 1 — o marginal coverage as long as qow + vypp = a. But|Romano et al.|(2019) also mentions that the stronger coverage
guarantee (marginal coverage below and above the interval) comes at the cost of slightly longer intervals. We also investigate
this behavior on twelve real-world datasets (detailed later on). For both CQR and penalized kSoS, we examine how often
asymmetric calibration produces longer intervals, and how close to local coverage intervals after either calibration are, when
measured with WSC®. Results are given in Table 3] averaged over 10 repetitions.

Table 3. Percentage of times asymmetric calibration yields larger intervals than Table 4. Mean width relative increase
symmetric calibration, and mean distance between worst-set coverage (lower and for intervals with asymmetric calibration
upper) and target level 1 — /2, over 10 repetitions and for both CQR and penalized vs intervals with symmetric calibration,
kSoS. averaged over 10 repetitions.

MWasym —MWsym

Dataset | MWasym > MWeym  [WSCheym — (1 — a/2)] [WSCym — (1 — a/2)] Dataset

MWoym
All datasets \ 69.17% 0.0322 0.0315 All datasets ‘ 1.48%
Concrete 65% 0.01700 0.01425 Concrete CQR 1.47%
Bike 75% 0.05400 0.05775 Bike CQR 1.20%
Diabetes 70% 0.02100 0.02350 Bike kSoS 1.30%
Housing log 65% 0.02975 0.02725 Boston CQR 2.96%
Boston 60% 0.01700 0.01025 Housing kSoS 1.45%
Energy 85% 0.02500 0.02375 MPG CQR 8.32%
Miami 40% 0.04500 0.04225 MPG kSoS 5.68%
Sulfur 75% 0.04175 0.04425 Yacht CQR 2.46%
Power 75% 0.06600 0.06525 Yacht kSoS 3.52%
Yacht 70% 0.01725 0.01950

We observe first that both calibration methods have equivalent lower and upper worst-set coverage, meaning that asymmetric
calibration does not improve local coverage in these examples. However, except for Miami, asymmetric calibration
predominantly produces longer intervals, in 69.17% of the cases in average. To go further, we study in Table E] the relative
increase of mean width induced by asymmetric calibration on some of these datasets. We observe that in average the
increase is limited, but it can be very large in specific instances. Since asymmetric calibration was observed to come with no
benefits on lower and upper local coverage in these experiments, we only consider symmetric calibration in all the following
experiments.
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B.3.6. ADDITIONAL ANALYTICAL TEST CASES AND RESULTS

For all experiments related to adaptivity metrics, we perform 20 replications with different random seeds, and local coverage
is estimated with nx = 100 independent random locations X 4 for which we generate ny = 1000 independent samples
from Yy 41. Mean width is estimated with a test set of size nes = 1000. We consider CQR with random forests and both
homoscedastic and heteroscedastic GPs with Matérn 5/2 kernel. As for kSoS, we also use a Matérn 5/2 kernel with a
predictive model given by a homoscedastic GP for symmetric cases and a cubic spline for asymmetric ones. We evaluate the
symmetric variant of |Allain et al.|(2026) and our penalized version with the penalty on the training set only, since we did not
observe differences with the operator penalty in our experiments. For both kSoS methods, we train first an initial model with
O1ow = Bup equal to the median of the feature distances (a usual rule-of-thumb for kernel methods) and extract the values of
the mean-width and the norms, which serve as a normalization before setting the hyperparameter values A\(.j; = A2 = 1
and b (depending on the test case). For all methods, we use a calibration set of size m = 2000, and also compute the root
mean-squared error (RMSE) with respect to the oracle prediction bands, as well as plot the density of local coverage.

Case 1. Inspired from|Gramacy & Lee|(2009).
d=1, X~U[-1,1], Y =m(X)+0o(X)e, e~N(0,1)

(X) = sin(m(2X + 1/5)) + 0.2cos(4n(2X + 1/5)) if 10X +1 < 9.6
| X —9/10 otherwise

o(X) =101+ 2X2

We display the adaptivity metrics in Figure[T3] CQR and homoscedastic GP tend to produce intervals that overcover and are
too large. Heteroscedastic GP, symmetric and penalized kSoS yield better ACG® (with a slight advantage for penalized
kSoS), but both kSoS models have smaller mean width among all competitors. This is confirmed by the density plot of
local coverage, where heteroscedastic GP, symmetric and penalized kSoS have local coverage density closer to the target
1 — /2 than homoscedastic GP and CQR. This illustrates that the automatic choice of the penalty allows to recover the best
performing results of symmetric kSoS, which is also confirmed with both of them reaching the smallest RMSE.

Figure [I4] gives the optimal solution of our dual formulation for n = 1000.

Case 2. Corresponds to setting 1 in|Hore & Barber| (2024)).
X ~Nyg(0,15), Y=m(X)+0c(X)e, e~N(0,1)

d
m(X)=05) x®
] 1=1 |
o(X) = lein(X(”)l

Similarly to the previous case, penalized kSoS and heteroscedastic GP have better ACG® than other competitors and
equivalent to symmetric kSoS, as can be seen in Figure[I5] This is again confirmed by the local coverage densities: they
show that homoscedastic GP tends to undercover and overcover more than other methods, which can be explained by the
constant width of the produced bands. But penalized kSoS has much smaller mean width and RMSE, although it does not
reach the mean width or RMSE of symmetric kSoS.

With n = 1000, we obtain in Figure [I6] the following optimal solution of the dual formulation.
Case 3. Inspired from [Braun et al.| (2025)), with a lognormal noise:
d=1, X ~U[-1,1], Y =m(X)+o(X)e, e~ Lognormal(0,1)
m(X) = sin(5X)
o(X)=X

Figure[17]demonstrates once again that on such asymmetric case, penalized kSoS produces intervals with much better ACG*
and smaller mean width than all competitors, except for homoscedastic GP in terms of mean width. But as already discussed,
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Mean Width Absolute Coverage Gap Combined
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Figure 13. Test case 1 with d = 1 and n = 100. Mean width, Absolute Coverage Gap combined, RMSE versus oracle and density of
local coverage lower and upper combined, b = 10.

Asymmetric [ ] Symmetric

= Mean fi(X) === Prediction Bands C(X) = Oracle pu*(X) ®  Training Set Dyrain

~1.00 =0.75 —=0.50 =0.25 0.00 0.25 0.50 0.75 1.00
X

Figure 14. Test case 1 with d = 1 and n = 1000. Optimal solution of dual formulation with penalty 1.
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Mean Width Absolute Coverage Gap Combined
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Figure 15. Test case 2 with d = 1 and n = 100. Mean width, Absolute Coverage Gap combined, RMSE versus oracle and density of
local coverage lower and upper combined, b = 100.

Asymmetric [ ] Symmetric

= Mean fi(X) === Prediction Bands C(X) = Oracle pu*(X) ®  Training Set Dyrain

> 4

Figure 16. Test case 2 with d = 1 and n = 1000. Optimal solution of dual formulation with penalty 1.
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using this indicator only can be misleading. As in the previous test case, penalized kSoS also approximates the oracle
prediction intervals with a much higher accuracy, with a very small RMSE. The local coverage density plot clearly shows
that penalized kSoS has the best local coverage. It also showcases a similar behavior for all symmetric methods (symmetric
kSoS, homoscedastic and heteroscedastic GP) with a tendency to overcover in some input regions and undercover in others.

Mean Width Absolute Coverage Gap Combined

-u-0o

Pen. kSoS Sym. kSoS Hom. GP Het. GP CQR Pen. kSoS Sym. kSoS Hom. GP Het. GP CQR
RMSE vs. Oracle Local Coverage Density

[0 Pen. kSoS

161 71 Sym. kSoS
1 Hom. GP

1 I Het GP

\ ? o] 1 CQr
0.80 0.85 0.90 0.95 1.00

Pen. kSoS Sym. kSoS Hom. GP  Het. GP CQR Local Coverage

Figure 17. Test case 3 with d = 1 and n = 100. Mean width, Absolute Coverage Gap combined, RMSE versus oracle and density of
local coverage lower and upper combined, b = 10.

In Figure I8 we display the optimal solution of the dual formulation for n = 1000.

Case 4. Asymmetric test case with split-normal noise.

d=1, XNU[0747T]7 Y:m(X)+6 0*(X> 1{e<0}+0+(X) 1{620} ) ENN(Ou 1)
m(X) = sin(X)

o_(X)=0.2

o4(X) =04(sin(X)+ 1) + 0.1

Case 4 involves asymmetric bands with a heteroscedastic upper band and a homoscedastic lower one. The flexibility of our
framework, which allows to use different kernels for the upper and lower bands, is particularly appropriate here. Figure [I9]
demonstrates that penalized kSoS is much more adaptive than any other method, when measured with the ACG® or when
looking at the densities of local coverage. Penalized kSoS also produces much narrower prediction bands and achieves much
higher accuracy, with a very small RMSE.

We give in Figure 20| the optimal solution of the dual formulation obtained with n = 1000.
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Figure 18. Test case 3 with d = 1 and n = 1000. Optimal solution of dual formulation with penalty 1.
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case 4 with d = 1 and n = 500. Mean width, Absolute Coverage Gap combined, RMSE versus oracle and density of

local coverage lower and upper combined, b = 10.
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Asymmetric [ ] Symmetric

= Mean f1(X) Prediction Bands f’()\') = Oracle p*(X) ®  Training Set Dyrain
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Figure 20. Test case 4 with d = 1 and n = 1000. Optimal solution of dual formulation with penalty 1.

Case 5. Test case from Braun et al.[(2025)), which involves an exponentially distributed noise:
d=1, X~U[-1,1], Y=m(X)+0o(X)e, e~E(1)
m(X) = sin(2X)
o(X)=05+2X

For this asymmetric dataset, Figure shows that penalized kSoS has much better local coverage (as measured by the ACG®
and in the density of local coverage plot) than all competitors, where all symmetric procedures have poor adaptivity. In
addition, penalized kSoS also yields the smallest mean width, with a much smaller RMSE with respect to oracle prediction
bands.

The optimal solution of the dual formulation obtained for n = 1000 is given in Figure[22]
Case 6. Inspired from [Kivaranovic et al.|(2020).
X ~U0,1]% Y =m(X)+0o(X)e, e~N(0,1)
m(X) = 2sin(7f" X) + 78" X

o(X) = /14 (87x)?

The oracle prediction bands are close to be constant for this test case: we expect the automatic HSIC independence test to
activate. In dimension d = 1 we set 3 = 1 and obtain the remaining adaptivity metrics given in Figure 23]

As expected, homoscedastic GP, which produces almost constant intervals, performs the best in this setting. Symmetric
kSoS activates the HSIC test of independence on most random seeds, and thus yields similar performance. Interestingly, our
penalized kSoS almost always selects a symmetric model, thus allowing to get metrics close to the best ones.

Figure 24 shows the optimal solution of the dual formulation obtained for n = 1000.
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Figure 21. Test case 5 with d = 1 and n = 100. Mean width, Absolute Coverage Gap combined, RMSE versus oracle and density of
local coverage lower and upper combined, b = 10.
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Figure 22. Test case 5 with d = 1 and n = 1000. Optimal solution of dual formulation with penalty 1.
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Figure 23. Test case 6 with d = 1 and n = 100. Mean width, Absolute Coverage Gap combined, RMSE versus oracle and density of
local coverage lower and upper combined, b = 0.
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Figure 24. Test case 6 with d = 1 and n = 1000. Optimal solution of dual formulation with penalty 1.
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B.3.7. ADDITIONAL REAL-WORLD DATASETS AND RESULTS

The 13 real-world datasets we consider are the following:

1. Concrete (Yehl|1998) and Bike (Fanaee-T),|[2013) are taken from [Romano et al.|(2019)).

2. Diabetes (Efron et al.l 2004), Housing (Pace & Barry,|1997), MPG (Quinlan, [1993), Boston (Harrison Jr & Rubinfeld,
1978), Energy (Tsanas & Xifaral 2012), Miami (Mayer et al., [2022)), Sulfur (Fortuna et al.,[2007)), Power (Tfekci &
Kaya, |2014), Yacht (Gerritsma et al.| [1981)) and Kin8nm (Ghahramanil [1996)) are standard regression datasets.

Table [5] provides a detailed description of each of them in terms of number of features and total sample size. Note that
for some of them, we perform a preliminary preprocessing step, by removing outliers (with a homoscedastic GP model)
and removing inactive features (following previous literature where they were investigated for CP or regression tasks).
For Housing specifically, we remove censored data (target > 5) and consider two variants with or without logarithm
transformation of the target. We also apply such transformation for Yacht.

Table 5. Description of thirteen real-world datasets: number of features (before and after filtering, if applicable), total sample size, training
set sample size, calibration set sample size, test set sample size, percentage of removed outliers in training set.

Dataset ‘ Nb features Total sample size  Nyain~ Neal nest  Outliers
Concrete | 8 1030 412 412 206 30%
Bike \ 13 (18) 10886 1000 1000 1000 20%
Diabetes | 10 442 101 170 171 NA
Housing log ‘ 8 20640 1000 1000 1000 NA
Housing \ 8 20640 1000 1000 1000 NA
MPG \ 7 398 100 146 146 NA
Boston \ 10 (13) 490 100 200 190 NA
Energy \ 6 (8) 768 300 234 234 NA
Miami ‘ 7 (16) 13932 1000 1000 1000 NA
Sulfur \ 6 10081 1000 1000 1000 NA
Power \ 4 9568 1000 1000 1000 30%
Yacht \ 1(6) 308 100 108 100 20%
Kin8nm \ 6 (8) 8192 1000 1000 1000 NA

Each experiment is repeated 10 times, where we randomly sample the training, calibration and test datasets. We compare our
penalized kSoS (predictive model obtained with a homoscedastic GP and hyperparameters estimated with our HSIC criterion,
isotropic Matérn 5/2 kernel) with CQR, homoscedastic GP and heteroscedastic GP (both also with Matérn 5/2 kernel, but
anisotropic) and symmetric kSoS from |Allain et al.| (2026)). For kSoS, we apply the same normalizing preprocessing step as
for analytical test cases, and only consider the training set penalty which scales linearly with the number of training samples.
For completeness, we first provide in Table [f] the estimated marginal coverage on the test set: as expected from theory, all
methods achieve the target coverage (o = 0.1 here).

The mean width achieved by each method is given in Table[7] First observe that homoscedastic GP very often yields the
smaller intervals among all methods, in particular for Concrete, Housing, Boston and Kin8nm. But we will see below that
precisely for these datasets, it comes at the price of a poorer local coverage, thus confirming our assertion that mean width
alone is not sufficient to differentiate competitors. Our penalized kSoS model also exhibits the smaller mean width in most
instances, but with much better local coverage, as elaborated in what follows.

To investigate adaptivity, we thus also analyze the worst-set coverage (where lower and upper variants are combined) in
Figure[25] In average, CQR and kSoS (penalized and symmetric) have better worst-set coverage than both GPs: this confirms
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Table 6. Estimated marginal coverage on the test test for thirteen real-world datasets (mean=£sd on 10 repetitions).

Dataset ‘ CQR Het. GP Hom. GP Sym. kSoS Pen. kSoS

Concrete 0.906 £0.023 0.900 £0.027 0.903 £0.027 0.904 +£0.018 0.916 £ 0.026
Bike 0.897£0.017 0.897£0.020 0.902+0.018 0.895+0.016 0.894+0.014
Diabetes 0.881 £0.044 0.888£0.024 0.907+£0.023 0.902+0.027 0.899 £0.023
Housing log | 0.900 £0.009 0.900 £0.016 0.897£0.016 0.895+0.013 0.899 +0.011
Housing 0.902 £0.007 0.903 £0.012 0.899 £0.014 0.892£0.011 0.888 £0.011
MPG 0.901 £0.048 0.905+£0.025 0.889+0.048 0.886+0.042 0.894 +0.049
Boston 0.910£0.021 0.900£0.032 0.902+0.022 0.904 £0.017 0.912+0.016
Energy 0.902+£0.024 0.896 £0.021 0.897+£0.026 0.904 £0.015 0.903 £0.016
Miami 0.899£0.016 0.899+0.016 0.903+£0.016 0.900+0.017 0.900 £ 0.011
Sulfur 0.897 £0.015 0.900 £0.014 0.891+£0.014 0.901 £0.014 0.902 +0.011
Power 0.895+£0.007 0.894£0.010 0.898+0.010 0.896 +£0.007 0.897 =+ 0.008
Yacht 0.895+£0.055 0.901 £0.034 0.901+£0.036 0.909+0.040 0.907 +0.041
Kin8nm 0.902+£0.017 0.900£0.013 0.895+0.014 0.898+0.011 0.894+0.014

Table 7. Mean width of prediction intervals on the test test for thirteen real-world datasets (mean=+sd on 10 repetitions). Mean width
values within 1% of the minimum are displayed in bold.

Dataset ‘ CQR Het. GP Hom. GP Sym. kSoS Pen. kSoS
Concrete 22.66 + 1.06 21.53 £ 1.58 21.01 £ 1.58 28.00 £ 2.78 21.74 +1.19
Bike 217.98+6.54  199.23+14.27  169.57+7.83  177.53+11.82  162.47 +5.86
Diabetes 188.65 +12.59 196.25+16.01 193.21+15.80 19580+ 15.81 190.46 + 14.63
Housing log | 0.967 + 0.039 0.8554+0.041  0.768 £0.040  0.967 + 0.140 0.836 & 0.037
Housing 1.77 £ 0.055 1.70 £0.14 1.60 £ 0.082 2.02 4+ 0.38 1.80 £0.14
MPG 9.82 4 1.06 9.76 +1.31 9.33 +£1.02 9.68 +1.35 9.32+1.14
Boston 12.16 +1.18 10.85 £ 0.92 9.76 £ 0.80 17.93 + 18.06 11.05 £1.23
Energy 1.50 £ 0.16 1.46 £ 0.098 1.72 £ 0.079 1.79 £ 0.42 1.39+0.12
Miami 31.4e* £1.17e*  36.4e* £8.23¢*  29.5¢* +2.29¢* 28.3e* +1.53e* 26.9e* + 1.45¢*
Sulfur 0.051+0.003  0.0554+0.009  0.050+£0.003  0.064 + 0.010 0.050 £ 0.002
Power 13.29 £0.30 12.88 +0.40 13.05 £ 0.36 13.62 £0.45 12.99 +0.29
Yacht 0.6454+0.085  0.595+0.086  0.609 £ 0.082 0.616 & 0.097 0.599 4 0.105
Kin8nm 0.607 & 0.020 0.4254+0.023  0.386 +0.009  0.453 + 0.043 0.393 4+ 0.011

the initial findings of |Allain et al.|(2026)), and shows that our penalized kSoS has the desired adaptive property. Now, if we
compare exhaustively penalized kSoS against competitors, we notice that:

1. Penalized kSoS almost always outperforms CQR in terms of worst-set coverage, while the latter systematically yields
intervals with much larger mean width

2. Penalized and symmetric kSoS have equivalent worst-set coverage in all cases, but symmetric kSoS always produces
bands with larger mean width

3. For the datasets where homoscedastic GP had smaller mean width than penalized kSoS (Concrete, Housing, Boston
and Kin8nm), it is significantly behind in terms of worst-set coverage in most instances. For the other datasets, where
penalized kSoS and GPs have similar worst-set coverage:

* Bike: homoscedastic GP and penalized kSoS also have similar mean width, which hints towards a symmetric
dataset. In Figure @, selected Apen values for kSoS indicate that pure asymmetry is never considered for our
model.

* Diabetes: both kSoS have mean width equivalent to homoscedastic GP, once again suggesting this is a symmetric
dataset. This intuition is confirmed by Figure 26] where we automatically select a symmetric model half of the
time.
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* Energy: penalized kSoS clearly outperforms both GPs in terms of mean width.

* Miami: same behavior as for Energy.

* Sulfur: mean widths for penalized kSoS and homoscedastic GP are similar, from which we can infer underlying
symmetry. Figure shows that our model indeed heavily favors high values of A,ey.

» Power: heteroscedastic GP produces intervals with the same mean width as penalized kSoS. As can be seen
in Figure [26] our model also selects larger penalty values in average, which corroborates the hypothesis of a

symmetric noise distribution.
¢ Yacht: same behavior as for Power.
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Figure 25. Mean and standard deviation of worst-set coverage lower and upper combined, 10 repetitions.
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Figure 26. Histogram of automatically selected value of A\pen with HSIC and Kruskal-Wallis test, 10 repetitions.
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