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Abstract

Stochastic optimization (SO) plays a central role
in decision-making under uncertainty. Among SO
problems, time-varying stochastic optimization
(TV-SO) is particularly important due to its ap-
plications in adaptive control and machine learn-
ing. Non-parametric approaches have been pro-
posed for time-varying deterministic optimiza-
tion; however, they have not been developed
for their stochastic counterparts. This work ad-
dresses that gap by developing a stochastic vari-
ational framework based on Malliavin calculus.
This framework yields non-parametric optimality
conditions for SO problems with stochastic deci-
sions and supports the design of a scalable deep-
learning algorithm that is insensitive to the pa-
rameterization dimension. This algorithm, called
the Stochastic Path Follower (SPF), is applied to
two important problems under distribution drift,
namely least-squares recovery and logistic regres-
sion. Experimental results show that the proposed
approach outperforms state-of-the-art learning-
based and gradient-based methods in both perfor-
mance and scalability.

1. Introduction
Stochastic optimization (SO) studies decision-making under
uncertainty and has wide applications, for instance, in math-
ematical finance (Strini, 2019; Buehler et al., 2019), control
theory (Jin et al., 2022), machine learning (Bottou et al.,
2018; Sun et al., 2020; Levine et al., 2020). There has been
extensive research on finding the optimal solution of such
problems when the decision variable is deterministic (Duchi,
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2016; Cao et al., 2021; Cutler et al., 2021). Recent advances
have also addressed SO problems with stochastic decisions
through neural network (NN) parameterizations (Tzen &
Raginsky, 2019; Li et al., 2020; Oh et al., 2019; Kidger
et al., 2021). However, optimality conditions for SO prob-
lems with stochastic decisions would benefit greatly from
being insensitive to the parameterization dimension, thereby
improving scalability.

This work addresses this gap by developing non-parametric
necessary conditions for optimally solving SO problems
with stochastic decisions. The resulting non-parametric
methodology leads to an algorithm that is independent of
the parameterization dimension and is therefore both effi-
cient and scalable. In particular, we focus on time-varying
stochastic optimization (TV-SO), a class of SO problems in
which the expected objective and / or constraints vary over
time. TV-SO has applications in important fields including
adaptive control (Fazlyab et al., 2018; Simonetto et al., 2020;
Simonetto & Massioni, 2024) and machine learning (Cutler
et al., 2023; Maity et al., 2023), especially in settings where
the data distribution changes over time (distribution drift)
and the underlying environment is non-stationary. Our ap-
proach is complementary to the dynamic-programming prin-
ciple commonly used for sequential decision-making prob-
lems modeled by stochastic differential equations (SDEs) or
formulated as Markov decision processes (MDPs) (Fleming
& Soner, 2006; Bouchard & Touzi, 2011; Puterman, 2014;
Amidzadeh & Di Francesco, 2025). From a different analyt-
ical angle, the proposed Malliavin-based framework studies
time-varying stochastic objectives through non-parametric
optimality conditions.

There is a rich theory for analyzing optimality conditions in
time-varying deterministic problems (Simonetto et al., 2020;
Komzsik, 2019); however, their stochastic counterparts have
received much less attention in the literature. Hence, we
leverage Malliavin calculus to develop a stochastic varia-
tional framework for deriving optimality conditions in SO
problems. Malliavin calculus is essential in this context,
as it enables the formulation of non-parametric optimality
conditions. The resulting theory connects deterministic and
stochastic optimization by generalizing classical optimal-
ity conditions to the stochastic setting. Since these condi-
tions do not yield a closed-form expression for the optimal
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Table 1. Comparison of the SPF and PDM algorithms, where
n denotes the dimension of the decision variable and ϕ is the
parameterization dimension. For SPF, both the required SDEs and
the learning loss do not depend on ϕ, while they do for PDM.

Algorithm Dimension of SDEs and learning loss
required SDEs explicitly depend on ϕ

SPF (ours) n+ n2 No
PDM n+ nϕ Yes

stochastic solution, we design a deep-learning algorithm,
called the Stochastic Path Follower (SPF), to approximate it.
This algorithm is built on a non-parametric framework that
makes the learning procedure largely insensitive to the pa-
rameterization dimension, thereby providing a scalable and
low-complexity approach. Pathwise differentiation meth-
ods (PDMs), which estimate gradients of SDE-driven sys-
tems (Tzen & Raginsky, 2019; Liu et al., 2019), can also be
used to solve the SO problems of interest through a param-
eterized NN. However, their learning mechanism strongly
depends on the parameterization dimension; thus, it does
not scale to large models. Tab. 1 compares our proposed
SPF against PDM.

In summary, we establish the following contributions.

• We study time-varying stochastic optimization1 (TV-SO).
We then develop a non-parametric variational framework
based on Malliavin calculus to derive optimality condi-
tions for TV-SO problems.

• We accordingly develop an efficient NN algorithm to solve
TV-SO. This algorithm computes an optimal solution in a
manner that is largely insensitive to the parameterization
dimension and is therefore both scalable and efficient.

• We compare our proposed solutions with state-of-the-art
(SOTA) algorithms through experiments on two important
use cases: least-squares recovery and logistic regression.
The experimental results show that our algorithm outper-
forms SOTA methods in terms of both performance and
computational complexity.

2. Related Work

Time-Varying Optimization. This work is broadly related
to time-varying optimization problems. Such problems
involve parametric programming, in which the objective
function, the constraints, or both vary continuously over
time (Simonetto et al., 2020). Since optimality is sought
over a given time horizon, the optimality conditions yield tra-
jectories that can be represented by an ordinary differential
equation (ODE), termed a path-differential equation (Fa-
zlyab et al., 2018). This ODE traces the optimal trajectory

1Appendix F also addresses functional stochastic optimization as a
different class of SO problems.

over time while accounting for the time-varying nature of
the problem.

In contrast, this paper considers time-varying stochastic
optimization with stochastic decisions as a novel research
setting and develops optimality conditions that characterize
the evolution of optimal stochastic paths over time. We em-
ploy a diffusion process to solve these optimality conditions,
which leads to a stochastic path-differential equation. In
this sense, the resulting optimality conditions constitute a
stochastic generalization of those for time-varying optimiza-
tion problems.

Our work is also related to the gradient-based algorithm de-
veloped in (Cutler et al., 2023), termed proximal stochastic
gradient (PSG). PSG addresses convex optimization prob-
lems under distribution drift and tracks the optimal solution
using a stochastic algorithm with iterate averaging. In con-
trast, we directly target the optimality conditions and derive
a structured search direction based on the proposed stochas-
tic variational framework.

Neural Stochastic Differential Equations. Recent works
estimate gradients of SDE-driven functions using NN pa-
rameterization with backpropagation or adjoint methods (Li
et al., 2020; Kidger et al., 2021). However, they do not
address the joint optimization of a sequence of objectives
over an entire time horizon, and they inherently adopt para-
metric methodologies: they optimize a finite set of network
weights rather than the stochastic decision itself. In contrast,
our framework performs joint optimization of SO problems
over the whole horizon using a non-parametric and scalable
methodology, without being restricted to a specific parame-
terization.

3. Background
This section provides the background needed on time-
varying optimization and key results from Malliavin cal-
culus.

3.1. Time-Varying Optimization

Consider the following time-varying optimization (TV-O)
problem:

TV-O: min
(xt)t∈[0,T ]

f(xt, t), ∀t ∈ [0, T ], (1)

where x0 is given, f : Rn × [0, T ] → R is a twice-
differentiable time-varying function, and the goal is to track
the sequence of solutions (xt)t∈[0,T ] over time. Since the
problem must be optimized2 jointly for all t ∈ [0, T ], the

2Note that minimizing the aggregated objective
∫ T

0
|f(xt, t)|, dt

does not, in general, yield the desired solution, since the mini-
mizer of f(xt, t) may change sign at different time instances.
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optimality condition ∇xf(xt, t) = 0 must hold for every t.
This leads to the following ordinary differential equation
(ODE):

d

dt
∇xf(xt, t) = ∇2

xf(xt, t)
dxt
dt

+
∂

∂t
∇xf(xt, t) = 0. (2)

A path-following method then tracks the solution of TV-O
by solving this ODE over t ∈ [0, T ] (Kungurtsev & Jäschke,
2017; Amidzadeh, 2023), using an ODE solver such as Eu-
ler’s method. Thus, the optimal solution necessarily satisfies
the following energy-functional loss:∫ T

0

∥∥∥∥∇2
xf(xt, t)

dxt

dt
+

∂

∂t
∇xf(xt, t)

∥∥∥∥2 dt. (3)

3.2. Malliavin Calculus

Malliavin calculus provides analytical tools to study the sen-
sitivity of stochastic processes with respect to variations of a
Wiener process W = (ws)s∈[0,t]. Consider a Wiener-driven
process xt =

∫ t

0
gτdwτ with a deterministic function gτ ; its

Malliavin derivative with respect to ws, denoted by Dsxt,
is defined as Dsxt = gs for all s ≤ t. The chain rule also
holds for this derivative, implying that for a Wiener-driven
process ut and a smooth functional F (·) in the domain of
the Malliavin derivative, DsF (ut) =

∂F (ut)
∂ut

Dsut. Accord-

ingly, we define the process yt =
∫ t

0
hτdwτ , where hτ is

Malliavin-differentiable, square-integrable, and adapted to
the filtration generated by w. Its Malliavin derivative with
respect to ws is then given by Dsyt = hs +

∫ t

0
Dshτdwτ .

Throughout the rest of the paper, we consider processes with
the same square-integrability and Malliavin-differentiability
properties.

Integration by Parts. The integration-by-parts formula in
Malliavin calculus (Alòs & Garcı́a Lorite, 2021; Nualart &
Nualart, 2018) plays a central role in this work. It states
that for any Malliavin-differentiable functional F (·) and
any adapted, square-integrable process us, the following
expression holds:

E
{
F

∫ t

0

usdws

}
= E

{∫ t

0

DsF usds

}
.

Malliavin Derivative of SDEs. We now consider the n-
dimensional SDE:

dxt = a(xt, t)dt+
d∑

l=1

bl(xt, t)dw
l
t (4)

where a : Rn × [0, T ] → Rn and B = [b1, ...,bd] :
Rn×[0, T ]→Rn×d are measurable functions with bounded
partial derivatives. Under these conditions, the Malliavin

derivative of xt with respect to wi
s is given by (Nualart &

Nualart, 2018):

Di
sxt = bi(xt)+

d∑
l=1

∫ t

s
Jxbl(xτ )Di

sxτdwl
τ+

∫ t

s
Jxa(xτ )D

i
sxτdτ, (5)

for i ∈ {1, ..., d}, where Jxa (respectively, Jxbl) denotes
the Jacobian matrix of the vector function a (respectively,
bl) with respect to x.

In addition to Eq. (5), we can express the Malliavin deriva-
tive of xt in terms of the stochastic flow ∂xt

∂x0 . To this end, de-
fine the Malliavin matrix Dsxt := [D1

sxt, . . . , D
d
sxt]. Then

we have (Nualart & Nualart, 2018):

Dsxt = Γs,t B(xs, s), (6)

where Γs,t := YtZs is the s-to-t stochastic flow, with the
flow matrix Yt =

∂xt
∂x0 ∈ Rn×n and its inverse Zt = Y−1

t

satisfying the following variational SDEs:

Yt =I +
d∑

l=1

∫ t

0

Jxbl (xs, s)Ysdw
l
s +

∫ t

0

Jxa (xs, s)Ysds

Zt =I−
d∑

l=1

∫ t

0

Zs

(
Jxbl (xs, s) dwl

s

−
∫ t

0

Zs(Jxa (xs, s)−
d∑

l=1

Jxbl (xs, s)2
)
ds. (7)

4. Time-Varying Stochastic Optimization
Throughout, we consider a filtered probability space
(Ω,F ,Ft,P), where Ω is the sample space, F is a σ-algebra
of events on Ω, and P : F → [0, 1] is a probability measure.
On this space, we consider a d-dimensional Wiener pro-
cess W = (wt)t≥0 with diffusion matrix I. The filtration
(Ft)t≥0 is taken to be the natural filtration of W, namely
Ft = σ((ws)s∈[0,t]), which encodes all the information up
to time t.

We next focus on time-varying stochastic optimization (TV-
SO); Appendix F studies another class, namely functional
stochastic optimization. In TV-SO, the decision variable
is a Wiener function and the objective is a Wiener func-
tional. We therefore need stochastic variational tools based
on Malliavin calculus to analyze the optimality conditions
of such problems. This, in turn, enables us to character-
ize the optimal decision by perturbing the solution along
Wiener-driven paths.

Specifically, we consider a time-varying stochastic optimiza-
tion (TV-SO) problem of the form

TV-SO : min
X

E
(Ξ, X)∼P⊗Q

{
f(xt, ξt, t)

}
, (8)
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where the optimization is carried out jointly for every
t ∈ [0, T ]. Note that minimizing the aggregated objective∫ t

0
|Ef(xt, ξt, t)|dt does not, in general, yield the desired

solution, since the minimizer of Ef(xt, ξt, t) may change
sign at different time instances.

We now make the following assumptions:

Assumption I: Ξ = (ξt ∈ Rm)t∈[0,T ] is a known
Malliavin-differentiable process, adapted to the filtration
of W under the law P.

Assumption II: f : Rn × Rm × [0, T ] → R is square-
integrable and twice continuously differentiable with respect
to xt and ξt, and represents a time-varying performance
measure.

Assumption III: In contrast to SO problems with a de-
terministic decision, the decision here is assumed to be
a Malliavin-differentiable process X = (xt ∈ Rn)t∈[0,T ]

under law Q.

Note that, for optimization purposes, Q should be induced
by the same Wiener process from which Ξ is derived. Conse-
quently, xt is viewed as a Wiener-driven function. Moreover,
Malliavin-differentiable functions form a broad class of pro-
cesses (including deterministic ones) and do not impose
restrictive assumptions on Wiener processes in practice.

Illustrative Example. As an illustrative example, consider
the SO problem minx(·) Eη∼N (0,1)

{
x(η)4 η2 + 4x(η) η

}
.

If x is constrained to be deterministic, the optimal solu-
tion is x∗ = 0 with objective value 0. Allowing x to take
the linear form x(η) = a+ bη yields the optimal solution
x∗(η) = −η/ 3

√
5 with objective value −1.216, which is

smaller than in the deterministic case. This example also
shows that the condition E{4x(η)3η2 + 4η} = 0 cannot
uniquely determine the optimal solution, since it admits
infinitely many solutions {a/η1/3, aη, aη5/3, ...} for a con-
stant a.

As the law of X is induced by the Wiener process W, the
objective of TV-SO can be reformulated as the following
(Riemann) integral:∫

f(xt(W), ξt(W), t)P(W)dW. (9)

Note that xt should be viewed as a Wiener function rather
than a simple variable, and the objective as a Wiener func-

Table 2. Comparison of optimality conditions of TV-O (1) and
TV-SO (8) problems.

Problem Condition

TV-O ∇2
xf

dxt
dt

+ ∂
∂t
∇xf = 0

TV-SO E
{
∇2

xf Dsxt +∇ξ∇xf Dsξ
}
= 0

tional. Hence, the expression in Eq. (9) does not explic-
itly depend on xt, so ∇x

∫
f(xt(W), ξt(W), t)P(W)dW

cannot be used to obtain the optimal solution. In
addition, as the illustrative example above shows,∫
∇xf(xt(W), ξt(W), t)P(W)dW does not necessarily

lead to an optimum. This calls for stochastic variational anal-
ysis to characterize the optimality conditions. Moreover, we
aim to extend the solution mechanism of the TV-O problem
in §3.1 to its stochastic counterpart in Eq. (8). Accordingly,
we develop a stochastic perturbation framework based on
Malliavin calculus, which provides non-parametric optimal-
ity conditions for optimizing TV-SO at a given t.

The following theorem provides the necessary optimality
conditions for TV-SO (8).

Theorem 4.1 (Necessary optimality conditions). Con-
sider problem TV-SO under Assumptions I–III, with
X = (xt)t∈[0,T ] and Ξ = (ξt)t∈[0,T ] being F-
adapted, Malliavin-differentiable, and square-integrable
processes. Then TV-SO is optimized at a given instant t
if the following necessary conditions hold:

E
{
∇2

xf(xt, ξt, t)D
i
sxt +∇xξf(xt, ξt, t)Di

sξt
}
= 0,

E
{
∇xf(xt, ξt, t)

}
= 0, (10)

for s ∈ [0, t], i ∈ {1, . . . , d}, where Di
sxt ∈ Rn (re-

spectively, Di
sξt∈Rm) is the Malliavin derivative of xt

(respectively, ξt) with respect to wi
t (the i-th component

of wt).

Proof. See Appendix B.

Remark 4.2. Note that Eq. (10) introduces an additional
condition required to ensure the optimality of the stochastic
paths generated by X. This Malliavin-based term can also
be written as

E
{
Di

s∇xf(xt, ξt, t)
}
= 0, i ∈ {1, ..., d},

which is the direct stochastic analogue of the determinis-
tic stationarity condition d

dt∇xf(xt, t) = 0 from Eq. (2),
with the time derivative replaced by the Malliavin deriva-
tive. This analogy can also be seen by moving from Eq. (2)
to Eq. (10) via dxt

dt → Dsxt and ∂
∂t∇xf → ∇xξf (see

Tab. 2).

As in Problem TV-O, we aim to optimize TV-SO jointly for
every t ∈ [0, T ]. This leads to a sequence of optimization
problems over the entire horizon and requires the optimality
conditions in Eq. (10) to hold for all t ∈ [0, T ]. Accord-
ingly, the stochastic trajectories should satisfy Eq. (10) at
each time t, which yields a framework of stochastic path
following as the stochastic counterpart of the path-following
method described in §3.1.
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Remark 4.3. A decision process X = (xt)t∈[0,T ] can be
jointly optimized in TV-SO for every t ∈ [0, T ] by enforcing
the following energy-functional criterion:

LTV(x, Dx) =
∫ T

0

(∥∥∥E{∇xf(xt, ξt, t)
}∥∥∥2 (11)

+

d∑
i=1

∫ t

0

∥∥∥E{∇2
xf(xt, ξt, t)Di

sxt+∇xξf(xt, ξt, t)Di
sξt
}∥∥∥2ds)dt

Notice that this criterion is the stochastic counterpart of the
deterministic case in Eq. (3).

5. Diffusion Process as a Candidate Decision
Recall from Eq. (2) that the solution of a time-varying opti-
mization problem can be obtained via an ODE. Accordingly,
we consider an SDE to solve Problem TV-SO in Eq. (8). For
this purpose, we introduce the following diffusion process
based on Eq. (4):

Diffa,B =
{

X =(xs)s∈[0,T ] : dxt = a(xt, t)dt+
d∑

l=1

bl(xt, t)dwl
t

}
,

(12)

with given x0. We impose standard bounded-derivative con-
ditions on a and {bl}dl=1 to guarantee the existence of a
unique solution to the process (Li et al., 2020). Hence, find-
ing the probability law Q in Problem TV-SO [i.e., Eq. (8)]
is equivalent to finding a diffusion process with optimal
drift a and diffusion functions B = [b1, . . . ,bd]. Moreover,
the Malliavin derivatives Dsxit satisfy the variational SDE
in Eq. (5). Therefore, evaluating the optimality conditions
in Eq. (11) depends mainly on the Malliavin derivative of
the chosen diffusion process, which motivates us to develop
a method for computing Dsxt.

5.1. Computation of Malliavin Derivatives

We next explain how to compute Dsxt. For this purpose,
we use the following proposition.

Proposition 5.1. Consider the Malliavin derivative
Drxt = [D1

rxt, ..., D
d
rxt] in Eq. (5) for the SDE

in Eq. (12). Then

Drxt = Γr,t B(xr, r), for r ≤ t, (13)

where r-to-t stochastic flow Γr,t ∈ Rn×n represents a
linear SDE, adapted to the filtration Fr, given by

dΓr,t =

(
d∑

l=1

Jxbl(xt, t) dw
l
t + Jxa(xt, t)dt

)
Γr,t, (14)

with initial condition Γr,r = I.

Algorithm 1: Computation of the Malliavin derivative
via the Euler–Maruyama scheme
Data: Forward trajectory {xr,wr}r=0:∆r:t, time-step ∆r.
// Initialize via terminal condition:
Γr,r ← I
// Solve the SDE in Eq. (14):
for t← 0 to r with step ∆t

Compute
∆Γr,t =

(
Jxa(xr, r)∆r +

d∑
l=1

Jxbl(xr, r)
(
wr − wr−∆r

))
Γr,t

Update Γ r , t+∆t ← Γr,t +∆Γr,t

// Recover Malliavin derivatives:
for r ∈ {0,∆r, 2∆r, . . . , t}

Drxt ← Γr,t B
(
xr, r

)
return (Drxt)r=0:∆r:t

Proof. See Appendix C.

Combined with an SDE simulator, Proposition 5.1 enables
the recursive computation of the Malliavin derivative Dsxt.
Starting from Γr,r = I, we can increment t to evaluate
the right-hand side of Eq. (14) for t ∈ [0, T ]. In particu-
lar, we can use the Euler–Maruyama scheme, which has
a convergence rate of O(

√
∆r) (Kloeden & Platen, 1992),

to simulate Γr,t and Drxt for r ∈ (0, t] given t. Alg. 1
provides the corresponding pseudo-code based on the Euler–
Maruyama scheme.

6. The Stochastic Path Follower Algorithm
This section presents an adaptable deep-learning algorithm
for TV-SO problems based on the variational framework
of Theorem 4.1. As the algorithm follows stochastic op-
timal paths for TV-SO, we refer to it as the Stochastic
Path Follower (SPF). To this end, we design diffusion pro-
cesses that minimize the criterion in Eq. (11). Although
the framework developed in §4 is independent of any spe-
cific parameterization technique, we adopt NN parameter-
ization due to its demonstrated effectiveness in learning
SDEs (Kidger et al., 2021; Li et al., 2020). Specifically,
we consider θ-parametric NNs for the drift and diffusion
functions in Eq. (12). In detail, we set

SDE(a,B, x0,θ) : dxt = a(xt, t,θ)dt+
d∑

l=1

bl(xt, t,θ)dwl
t, (15)

with given x0, where a : Rn × [0, T ] × Θ → Rn and
B = [b1, . . . ,bd] : Rn × [0, T ] × Θ → Rn×d are two
θ-parametric NNs, and Θ ⊂ Rϕ is the corresponding pa-
rameter set. We then apply the SPF algorithm to solve
TV-SO problems.

SPF consists of the following three main phases.

Forward pass. Simulate the SDE in Eq. (15) to obtain

5
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Algorithm 2: Stochastic Path Follower (SPF)
Goal: Solving stochastic optimization problem TV-SO .
Input: Neural drift and diffusion functions

a(·, t,θ) : Rn×p × [0, T ]×Θ→ Rn×p,
B(·, t,θ) : Rn×p × [0, T ]×Θ→ Rn×p×d, initial
process x0 ∈ Rn×p, number of sample paths P ,
number of episodes Neps.

Output: Diffusion process X with optimal solution θ of TV-SO.
for E = 1 to Neps

// Simulate the neural SDE to obtain sample
paths:

(xt,wt)← SDEsolve(a,B,x0,θ);
// Compute Malliavin derivative Dsxt by

simulating the SDE of the s-to-t stochastic
flow Γs,t

Dsxt ← SDEsolve(Jxa,JxB,Γs,s);
// Evaluate the energy-functional loss
L(θ; x, Dx)

L(θ)← L(θ; x, Dx);
// Update parameters of neural SDE:
θ ← AdamOptimizer(θ,L(θ));

the stochastic paths of (xt)t∈[0,T ]. In addition, compute the
Malliavin derivatives Dsxt using Proposition 5.1.

Loss evaluation. Compute the expected loss associated
with Problems TV-SO, as given in Eq. (11).

Parameter update. Update the parameters of the drift and
diffusion functions using an Adam-type optimizer.

Pseudocode for the SPF algorithm is provided in Alg. 2,
and to guarantee the convergence of the SPF algorithm, we
rely on the results in (Chen et al., 2022). In particular, we
follow Algorithm 2 and the setup of Theorem 17 in that
work. Moreover, to achieve an ϵ-stationary point, we choose
the batch size as p = 1/(ϵ ϕ), where ϕ denotes the NN
parameterization dimension (see §7 for the specific values
used in our experiments).

7. Performance Evaluation
This section evaluates the proposed stochastic variational
framework through illustrative experiments and selected ap-
plications, namely least-squares recovery and logistic regres-
sion. The source code of our solution is available at https:
//github.com/amidimohsen/StochasticPathFollower.

We now introduce several algorithms from the literature
as state-of-the-art (SOTA) baselines for comparison. As a
learning-based approach, we adopt the pathwise differen-
tiation method (PDM) (Tzen & Raginsky, 2019; Liu et al.,
2019). PDM can be used for joint optimization over the
entire time horizon (i.e., optimization for every t ∈ [0, T ]),
in contrast to adjoint sensitivity approaches (Li et al., 2020).
It yields parametric optimality conditions based on a pre-

Table 3. Average runtime per update step (in seconds).

Problem SPF (ours) PDM

Scalar TV-SO (Exp1) < 1 9
Constrained TV-SO (Exp2) < 1 41

scribed diffusion process (see Appendix D for more details).

In addition, we consider the proximal stochastic gradient
(PSG) method from (Cutler et al., 2023) as a gradient-based
baseline. This algorithm addresses convex optimization
problems under distribution drift and is a stochastic gradient
descent method. PSG tracks the optimal decision process
using a stochastic algorithm based on iterate averaging.

7.1. Benchmark: Stochastic Extrapolation

Here, we consider a few simple yet representative problems
to benchmark the SPF algorithm against PDM (note that
PDM is a baseline approach for optimizing SDE-driven
functions and can also be applied to time-varying optimiza-
tion over an entire time horizon). Specifically, we aim to
find optimal stochastic trajectories that optimize expected
time-varying objectives. As a practical methodology, we ex-
trapolate known optimal solutions of these objectives at time
t = 0 into the unknown paths at t > 0 using the optimality
condition in Theorem 4.1. We therefore consider objectives
of the form Ef(xt,wt, t), where xt is the decision process,
wt is the Wiener process, and f(·, ·, t) is a time-varying
function. Moreover, we assume that the solution is known
at t = 0. The goal is then to extrapolate this solution from
t = 0 to any t ∈ (0, T ] by following the stochastic paths
that optimize the objective of interest. In what follows, we
first revisit the illustrative example presented in §4, and then
evaluate a constrained TV-SO problem (see Appendix E for
details of the experimental settings).

Scalar TV-SO (Exp1). Consider the following problem:

min
Diffa,B

E
(w,x)∼P⊗Q

x4
t (1− t+ tw2

t ) + 4 xt (1− t+ twt),

for every t ∈ [0, 1]. The objective at t = 1 becomes
Ew1∼N (0,1){x4w2

1 + 4xw1}, since w1 ∼ N (0, 1), which
matches the illustrative example in §4. For t = 0, the
optimal solution is x∗

0 = −1. We then extrapolate this de-
terministic optimal solution at t = 0 into a stochastic path
for t ∈ (0, 1] using the stochastic path-following method
implemented by SPF. To this end, we consider a diffusion
process initialized at x∗

0. For comparison, we also apply the
parametric PDM algorithm.

Fig. 1a reports the learned optimal values at t = 1 ob-
tained by the SPF and PDM algorithms. The importance
of the proposed framework has been established theoreti-
cally in §4. Here, we further assess it through an ablation
study of SPF. Specifically, Fig. 1a (curve with legend Abla-
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Figure 1. (a) Learning performance and ablation results for problem Exp1 at t = 1 for the SPF and PDM methods; the ablation curves
are obtained by omitting the Malliavin-based term in Eq. (11). (b) Optimal values for each t ∈ [0, 1] in problems Exp1 and Exp2.
Non-degenerate optimal stochastic trajectories obtained by SPF in problem Exp2 for all t ∈ [0, 1] for (c) xt,1 and (d) xt,2.

tion) shows the learning performance when the Malliavin-
based term in the optimality criterion in Eq. (11), namely
E
{
∇2

xf(xt, ξt, t)Di
sxt+∇xξf(xt, ξt, t)Di

sξt
}

, is omitted. In
this case, the optimal solution cannot be recovered. Fig. 1b
(curves with legend Exp1) shows the resulting optimal val-
ues for all t ∈ [0, 1]. SPF not only performs competitively
with PDM, but is also computationally more efficient than
the conventional PDM approach, as indicated by the average
runtime per update step reported in Tab. 3.

Constrained TV-SO (Exp2). We now consider:

min
Diffa,B

E
(w,x)∼P⊗Q

{
f(xt)⊤g(wt, t)

}
, s.t. E{1⊤xt} = 3/4,

optimized ∀t ∈ [0, 1], where xt = [xt,1, xt,2], w = [w1, w2]⊤

is a vector Wiener process, f(xt) = [x4
t,1, 4xt,1, 2x

2
t,2, xt,2]

⊤,

and g(wt, t) = [g0(w
1
t , t), g0(w

1
t
2
, t), g0(w

2
t , t), g0(w

2
t
2
, t)]⊤

with g0(w, t) = 1− t+ tw.

The problem has optimal solution (x∗
0,1, x

∗
0,2) = (0, 3/4) at

t = 0. The goal is to determine the optimal paths for t > 0
using SPF. We therefore employ a vector SDE initialized at
(x∗

0,1, x
∗
0,2) and then apply Alg. 2.

Fig. 1b (the curves with legend Exp2) shows the obtained
optimal values for all t ∈ (0, 1]. The SPF solution is con-
sistent with that of PDM, but it exhibits significantly lower
computational complexity (see Tab. 3). Figs. 1c and 1d
illustrate the optimal trajectories of the resulting diffusion
process optimized by SPF for t ∈ [0, 1], demonstrating that
SPF maintains rich and non-degenerate dynamical behavior.

7.2. Least-Squares Recovery

Here, we consider a least-squares recovery problem used
in (Cutler et al., 2023; Maity et al., 2023). This problem
aims to recover the variable x∗

t ∈ Rd, which follows a
non-stationary distribution, from the observed parameter
nt ∈ Rn through the following optimization problem:

min
X

E
(xt,nt∼Pt)

{
f(xt, nt) :=

1

2

∥∥Axt − nt

∥∥2} , ∀t ∈ [0, T ]

(16)

where n > d, X = (xt ∈ Rd)t∈[0,T ] is the stochastic pro-
cess to be determined, Pt = N (Ax∗t ,C) with A ∈ Rn×d

a fixed measurement matrix, and C = (σ2/n∥A∥2)In the
covariance matrix. The hidden parameter x∗t follows an
Ornstein–Uhlenbeck (OU) process:

dx∗t = Θ(µ− x∗
t )dt+ γdwt, (17)

where Θ ∈ Rn×n, µ ∈ Rn, and γ ∈ Rn are the parameters
of the OU process.

We require the gradient ∇xf and the Malliavin derivative
Ds∇xf for Alg. 2. These are given by ∇xf(xt, nt) =
A⊤(Axt − nt) and Ds∇xf(xt, nt) = A⊤(ADsxt −Dsnt).
Notably, computing Dsnt does not require knowledge of x∗t .
Under the factorization Θ = VA with V ∈ Rd×n, we can
directly obtain Dsnt = Dszt, where zt := Ax∗

t obeys the
following SDE:

dzt = Θ′(µ′ − zt)dt+ γ′dwt,

with Θ′ = AV, µ′ = Aµ, and γ′ = Aγ. Since
n > d, the factorizing matrix V can be determined as
V = (A⊤A)−1A⊤.

Problem and Algorithm Setup. We primarily follow the
setup of (Cutler et al., 2023) for both the problem parameters
and the OU-process parameters (i.e., Θ, µ, σ), all of which
have uniform entries; we set n = 10, d = 5, T = 1, and
σ = 1 for the time-varying distribution Pt.

We use an NN architecture with three hidden layers, each
containing 16 neurons. The SPF algorithm employs Gelu ac-
tivation functions, while the PDM algorithm uses LipSwish.
For PDM, normalization layers are applied after each layer
to enhance training stability. We adopt the Adam-type op-
timizer from (Chen et al., 2022) with a learning rate of
8 × 10−3. The batch size is set to p = 100, ensuring an
ϵ-stationary point with approximately ϵ = 10−5 precision.

Results. Figs. 2a and 2b compare SPF with the learning-
based PDM and gradient-based PSG methods for σ = 1
using two performance metrics: (i) the optimality distance
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Figure 2. (a) The optimality distance E∥xt − x∗
t ∥2 and (b) the objective suboptimality E|f(xt)− f(x∗

t )| for the considered approaches on
the least-squares recovery problem in §7.2. (c) The optimality distance E∥xt− x∗

t ∥2 and (d) the objective suboptimality E|f(xt)− f(x∗
t )|

for the considered approaches on the logistic regression problem in §7.3.

E∥xt − x∗
t ∥2, which measures how close the recovered solu-

tion xt is to the true target x∗t , and (ii) the objective subopti-
mality E|f(xt)− f(x∗

t )|, which measures the difference be-
tween the objective evaluated at xt and the optimum f(x∗t ).
Although the PDM algorithm achieves an optimality dis-
tance close to that of SPF in Fig. 2a, SPF outperforms both
PDM and PSG overall (see §8 for a scalability evaluation
of SPF and PDM). The same trend holds in Fig. 2b for ob-
jective suboptimality, where SPF exhibits the lowest error
among the learning-based and gradient-based approaches.

These results can be explained by the fact that SPF enforces
optimality more directly through its loss function, thereby
providing a more structured search direction toward optimal
solutions.

7.3. Logistic Regression

We now consider an ℓ22-regularized logistic regression prob-
lem used in (Cutler et al., 2023). Specifically, we study:

min
X

E
(xt,bt)

{
f(xt, bt) :=

1

n

( n∑
i=1

log(1 + exp(a⊤
i xt))− b⊤

t Axt

)
+

µ

2
∥xt∥2

}
,∀t ∈ [0, T ] (18)

where X = (xt ∈ Rd)t∈[0,T ] is the stochastic process to
be learned, matrix A ∈ Rn×d has standard Gaussian rows
{ai}ni=1, bt ∈ [0, 1] is a random sequence of soft labels,
and µ > 0 is the regularization coefficient. Moreover, bt

follows a time-varying model bt,i = 1/(1+ e−yt,i), with yt

obeying the OU process in Eq. (17), where yt,i (respectively,
bt,i) denotes the i-th component of yt (respectively, bt).

Accordingly, we can compute the gradient ∇xf and the
Malliavin derivative Ds∇xf required to execute Alg. 2.
Note that Ds∇xf depends on the Malliavin derivative
Dsbt, which can be derived by the chain rule as Dsbt,i =

e−yt,i/
(
1 + e−yt,i

)2
Dsyt,i.

Problem and Algorithm Setup. We follow the same setup
as in the previous section with µ = 10−4; the SPF algo-
rithm employs Tanh activation functions, while the PDM

algorithm uses Gelu to ensure stability in this experiment.

Results. Figs. 2c and 2d illustrates the performance of SPF
compared with the learning-based PDM and gradient-based
PSG methods in terms of the optimality distance E∥xt −
x∗
t ∥2 and the objective suboptimality E|f(xt)−f(x∗

t )|. SPF
achieves a better optimality distance than PDM and compet-
itive overall performance. The same pattern is observed for
the objective suboptimality in Fig. 2d, where SPF improves
over the gradient-based PSG baseline and performs com-
parably to the conventional learning-based PDM method
(see the next section for a scalability evaluation of SPF and
PDM). SPF solves this logistic regression problem effec-
tively by directly enforcing the optimality condition in its
formulation.

8. Scalability
We finally evaluate the scalability of SPF against the conven-
tional learning-based method (PDM) and the gradient-based
baseline (PSG) in a high-dimensional setup.

First, we consider the least-squares recovery problem
from §7.2, vary the dimension of the NN parameterization,
and measure the average time required to update the network
parameters for one episode. Fig. 3a presents the average
runtime for SPF and PDM. The runtime of SPF remains
largely unaffected by the NN parameter dimension ϕ, while
PDM exhibits a strong dependence on ϕ, resulting in signif-
icantly higher computational complexity. This difference
can be understood from the structural distinction between
the two algorithms. SPF simulates the SDEs {xt,Γr,t},
which together have total dimension n + n2. Hence, the
dimensionality of the required SDEs is insensitive to the
parameterization and does not involve differentiation with
respect to it, making the SPF forward pass computationally
efficient. In contrast, PDM must simulate both the orig-
inal SDE and its variational counterpart, which together
have dimension n + nϕ. Consequently, the dimension of
the required SDEs scales directly with the parameteriza-
tion dimension. These factors make PDM inefficient for
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Figure 3. (a) Average runtime on the least-squares recovery problem for SPF and PDM. (b)-(c) Performance of SPF on a high-dimensional
least-squares recovery task compared with the gradient-based baseline method, PSG.

high-dimensional NNs.

Next, we consider the least-squares problem in Eq. (16)
in a high-dimensional setting with n = 100 and d = 50,
while keeping the other configurations identical to those
in §7.2. Figs. 3b and 3c compare the performance of SPF
with that of the gradient-based PSG method; we do not
evaluate PDM owing to its computational inefficiency in
this high-dimensional setting. SPF clearly outperforms PSG,
demonstrating a substantial performance advantage.

This scalability analysis confirms the effectiveness of the
SPF algorithm for high-dimensional problems, both in terms
of computational efficiency and overall performance.

9. Conclusion
This work investigated time-varying stochastic optimization
(TV-SO), a class of stochastic optimization problems. We
derived non-parametric optimality conditions for these prob-
lems using Malliavin calculus and proposed a deep-learning
algorithm that obtains optimal solutions in a manner in-
sensitive to the parameterization dimension. We compared
our method with both learning-based and gradient-based
state-of-the-art approaches. The results highlight the advan-
tages of the proposed algorithm in terms of performance
and scalability for stochastic optimization problems subject
to distributional drift.

Future research could focus on establishing non-parametric
sufficient conditions and extending the proposed framework
to applications such as time-series forecasting.
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A. Preliminaries
This section introduces preliminary results needed to prove Theorems 4.1 and F.1. We begin by recalling Stein’s lemma: for
zero-mean Gaussian random variables x ∈ Rn and y ∈ Rn, and a vector-valued, square-integrable function f : Rn → Rn,
the following holds:

E
{

f(x)⊤y
}
= tr

{
E {Jxf(x)}⊤ E

{
xy⊤

}}
(19)

Theorem A.1. Assume that f : Rn → Rn is a vector-valued function in the domain of the Malliavin derivative; X =
(xt)t∈[0,T ] is a Wiener-driven, Malliavin-differentiable, and square-integrable process; and {Gl = (gl

t)t}dl=1, with gl
t ∈ Rn,

are adapted and square-integrable processes. Then,

E

{
f(xt)

d∑
l=1

∫ t

0

glsdw
l
s

}
=

d∑
l=1

∫ t

0

E
{

gls
⊤Jxf(xt)Dl

sxt
}
ds,

where Dl
sxt is the Malliavin derivative of xt with respect to the Wiener process wl

s.

Proof. This theorem extends the integration-by-parts formula from Malliavin calculus (see Section 3.2) to the multivariate
setting. Without loss of generality, we prove it for the case xt =

∫ t

0

∑d
l=1 hl

sdw
l
s, which generalizes directly to other

cases (Nualart & Nualart, 2018; Alòs & Garcı́a Lorite, 2021). Let Fh,g denote the σ-algebra generated by the processes hl

and gl up to time t. Then,

E

{
f(xt)

d∑
l=1

∫ t

0

glsdw
l
s

}
= EFh,gE

{
f(xt)

d∑
l=1

∫ t

0

glsdw
l
s

∣∣∣ Fh,g

}
(a)
= EFh,g tr

{
d∑

l=1

E
{
Jxf

∣∣ Fh,g
}
E
{∫ t

0

hl
sgls

⊤
ds
∣∣∣ Fh,g

}}

= EFh,g

d∑
l=1

∫ t

0

E
{

gls
⊤
Jxf Dl

sxt
∣∣∣ Fh,g

}
ds =

d∑
l=1

∫ t

0

E
{

gls
⊤
Jxf Dl

sxt
}
ds

where (a) uses Stein’s lemma from Eq. (19), and (b) follows from tr{Azz⊤} = tr{z⊤Az}. The interchange of integral and
expectation is justified, as F is square-integrable and Malliavin-differentiable.

B. Proof of Theorem 4.1
We use variational analysis to derive the necessary optimality conditions for Problem TV-SO. Let X = (xt)t∈[0,T ] denote
an optimal F-adapted process, where xt depends on the paths of {ws : 0 ≤ s ≤ t}. We therefore consider variations that
depend on these paths. To this end, we analyze the variation of the objective E{f(xt, ξt, t)} by introducing perturbations
drawn from the Hilbert space of admissible variations:

Vt =

{
kt +

d∑
l=1

∫ t

0

gl
sdw

l
s

∣∣∣ ks, gls ∈ L2([0, t];Rn)

}
, (20)

where L2([0, t];Rn) is the space of Rn-valued square-integrable functions. Here, glt represents a stochastic variation and kt

a deterministic one. We perturb the optimal process X along a direction dt ∈ Vt using

xϵt = xt + ϵ dt.
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Let the variation of E{f(xt, ξt, t)} along d be denoted as δdEf(xt, ξt, t). We obtain

δdEf(xt, ξt, t) = lim
ϵ→0

1

ϵ

(
E{f(xϵt , ξt, t)} − E{f(xt, ξt, t)}

)
(21)

= E

{
∇xf(xt, ξt, t)⊤

(
kt +

d∑
l=1

∫ t

0

glsdw
l
s

)}
(a)
= E {∇xf}⊤ kt +

d∑
l=1

∫ t

0

gls
⊤
E
{
∇2

xfDsxlt
}
ds+

∫ t

0

gls
⊤
E
{
∇xξf Dsξ

l
t

}
ds

= E {∇xf}⊤ kt +

d∑
l=1

∫ t

0

gls
⊤
E
{
∇2

xfDsxlt +∇xξf Dsξ
l
t

}
ds.

Here, (a) follows from Theorem A.1 and the following identity derived from Stein’s lemma:

E
{
F (x, ξ)⊤y

}
= tr

{
E {JxF (x, ξ)}⊤ E

{
xy⊤}+ E {JξF (x, ξ)}⊤ E

{
ξy⊤}} .

For xt to be optimal, δdEf(xt, ξt, t) = 0 must hold for all (kt, (gs)s∈[0,t]) in the Hilbert space Vt. This jointly requires
E {∇xf} = 0 and E

{
∇2

xfDsxlt +∇xξf Dsξ
l
t

}
= 0 for all s ∈ [0, t], in accordance with the fundamental lemma of the

calculus of variations. Hence, the statement follows.

C. Proof of Proposition 5.1
According to Eq. (5), the Malliavin derivative Drxt—for a given r and as a function of t—is a diffusion process adapted
to the filtration Fr. Therefore, based on Eq. (6), the r-to-t stochastic flow Γr,t := YtZr, for a given r, is adapted to Fr.
Moreover, from Eq. (7), we obtain

dΓr,t = dYtZr = Jxa(xt, t)YtZr dt+

d∑
l=1

Jxbl(xt, t)YtZr dw
l
t =

(
d∑

l=1

Jxbl(xt, t) dw
l
t + Jxa(xt, t) dt

)
Γr,t.

Hence, the statement follows.

D. Details of the PDM Algorithm
We adopt the PDM framework (Tzen & Raginsky, 2019; Liu et al., 2019) as a learning-based baseline for joint optimization
over the time horizon, i.e., optimization for every t ∈ [0, T ]. This approach formulates parametric optimality conditions
based on a specific diffusion process. Note that the optimality conditions in Eq. (8) are non-parametric and do not depend
on any particular parameterization policy. However, the TV-SO problem can also be addressed through a parametric
reformulation. To that end, we impose a parameterized SDE as in Eq. (15), so that, given an initial state x0, the full trajectory
(xt)t∈[0,T ] is determined by a set of parameters θ. The TV-SO problem can then be solved via

min
θ

E
{
f(xt, ξt, t)

}
, ∀ t ∈ [0, T ],

s.t. dxt = a(xt, t,θ) dt+
d∑

l=1

bl(xt, t,θ) dwl
t. (22)

Taking the derivative with respect to θ yields the condition

E
{
∇xf(xt, ξt, t)⊤Jθ

t

}
= 0,

which must hold for every t. Here, Jθ
t = Jθxt is the pathwise Jacobian of xt with respect to θ and satisfies the variational

SDE

dJθ
t =

(
Jθa(xt, t,θ) + Jxa(xt, t,θ)J

θ
t

)
dt+

d∑
l=1

(
Jθbl(xt, t,θ) + Jxbl(xt, t,θ)J

θ
t

)
dwl

t, (23)

12
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with the initial condition Jθ
0 = 0. Since the sign of f(xt, ξt, t) may vary with t, and the condition E

{
∇xf

⊤Jθxt
}
= 0

should hold jointly for all t ∈ [0, T ], the corresponding parametric loss is defined as

Lbench(θ) =

∫ T

0

∥∥∥ d

dt
E{∇xf

⊤Jθ
t }
∥∥∥2dt =∫ T

0

∥∥∥∥ 1

dt
E
{
d∇xf

⊤Jθ
t +∇xf

⊤dJθ
t + d∇xf

⊤dJθ
t

}∥∥∥∥2dt, (24)

where the differentials inside the norm can be simplified using Itô’s formula. Note that the loss in Eq. (24) serves as the
stochastic analogue of the deterministic loss in Eq. (3), differing in that it explicitly depends on the parameters of the SDE
in Eq. (15), whereas the losses in Eq. (11) and Eq. (27) do not. Accordingly, the PDM algorithm (referred to simply as
PDM) proceeds as follows:

1. Forward pass: jointly simulate the parametric SDE in Eq. (15) and the variational SDE in Eq. (23) under the current θ.

2. Loss evaluation: compute the parametric loss Lbench(θ) using Eq. (24).

3. Parameter update: update the drift and diffusion parameters based on the computed loss.

E. Algorithm Setup for Baselines
We use the same neural network structure for the SPF (respectively, PDM) algorithm. To this end, we consider a deep-
learning architecture with 3 hidden layers, each with 32 neurons, equipped with normalization layers and activation functions
LipSwish(·) (respectively, tanh(·)). We employ the Adam optimizer with a learning rate in the range [8 × 10−3, 10−2].
The number of batches, which simulate realizations of the diffusion process, is set to 400.

F. Functional Stochastic Optimization
We next consider functional stochastic optimization (F-SO) problems, defined as follows:

F-SO : min
X

E
X, X′∼Q
Ξ,Ξ′∼P

∫ T

0

f(xt, x′t, ξt, ξ
′
t, t)dt, (25)

where:

• X and Ξ are F-adapted, Malliavin-differentiable processes.

• xt (respectively, ξt) is an independent copy of x′t (respectively, ξ′t), i.e., the processes X = (xt)t∈[0,T ] and X′ = (x′t)t∈[0,T ]

(respectively, Ξ = (ξt)t∈[0,T ] and Ξ′ = (ξ′t)t∈[0,T ]) share the same law Q (respectively, P) but arise from independent
Wiener processes W and W′.

• The function f : Rn×Rn×Rm×Rm → R is twice continuously differentiable with respect to its arguments, square-
integrable, and symmetric in the pairs (xt, x′t) and (ξt, ξ

′
t).

The following theorem specifies non-parametric optimality conditions for Problem F-SO.

Theorem F.1. Consider Problem F-SO, where X = (xt)t∈[0,T ] and Ξ = (ξt)t∈[0,T ] are two F-adapted, Malliavin-
differentiable processes driven by the Wiener process W. Moreover, x′t (respectively, ξ′t) is an independent copy of xt

(respectively, ξt). Then Problem F-SO can be optimized by enforcing the following optimality conditions:

E
{∫ T

s

(
∇2

xfD
i
sxt +∇xξfD

i
sξt
)
dt

}
= 0,

E
{
∇xf

}
= 0, s ∈ [0, T ] (26)

for i ∈ {1, ..., d} and s ∈ [0, T ], where f abbreviates f(xt, x′t, ξt, ξ′t, t), and Di
sxt (respectively, Di

sξt) denotes the Malliavin
derivative of xt (respectively, ξt) with respect to wi

t.

Proof. As in Appendix B, we use the variational Hilbert space Vt from Eq. (20) to compute the variation of the objective∫ T

0
f(xt, x′t, ξt, ξ′t, t) dt. The processes X and X′ share the same dynamics but are driven by independent Wiener processes

W and W′. Accordingly, we consider the variational directions dt = kt +
∑d

l=1

∫ t

0
glsdwl

s and d′
t = kt +

∑d
l=1

∫ t

0
gl
sdw

l
s
′

13
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for xt and x′
t, respectively. Let Di

sx′
t and Di

sξ
′
t denote the Malliavin derivatives of x′t and ξ′t with respect to wi

s
′. Then,

δdE
∫ T

0

f(xt, x′
t, ξt, ξ

′
t, t)dt =

∫ T

0

E

{
∇xf

⊤

(
kt +

d∑
l=1

∫ t

0

gl
sdw

l
s

)
+∇x′f

⊤

(
kt +

d∑
l=1

∫ t

0

gl
sdw

l
s

′
)}

dt

(a)
=

∫ T

0

E {∇xf}⊤ ktdt+

∫ T

0

E {∇x′f}⊤ ktdt+

d∑
l=1

∫ T

0

∫ t

0

gl
s

⊤E
{
∇2

xfDsxl
t +∇xξf Dsξ

l
t

}
ds dt

+

d∑
l=1

∫ T

0

∫ t

0

gl
s

⊤E
{
∇2

x′fDsxl
t

′
+∇x′ξ′f Dsξ

l
t

′}
ds dt

(b)
=

∫ T

0

E {∇xf}⊤ ktdt+

∫ T

0

E {∇x′f}⊤ ktdt+

d∑
l=1

∫ T

0

gl
s

⊤
∫ T

s

E
{
∇2

xfDsxl
t +∇xξf Dsξ

l
t

}
dt ds

+

d∑
l=1

∫ T

0

gl
s

⊤
∫ T

s

E
{
∇2

x′fDsxl
t

′
+∇x′ξ′f Dsξ

l
t

′}
dt ds,

where (a) uses Theorem A.1, and (b) follows from changing the order of integration.

For (xt, x′t) to be optimal, we require δdE
∫ T

0
f(xt, x′t, ξt, ξ′t, t)dt = 0 for all (kt, (gs)s∈[0,t]) in the Hilbert space Vt.

By the fundamental lemma of the calculus of variations and the symmetry of f in (xt, x′t) and (ξt, ξ
′
t), this jointly

implies E {∇xf} = 0 for t ∈ [0, T ] and
∫ T

s
E
{
∇2

xfDsxl
t +∇xξf Dsξ

l
t

}
dt = 0 for s ∈ [0, T ], which yields the stated

conditions.

Remark F.2. Problem F-SO can be optimized using the following energy-functional criterion:

LF (x, Dx) =
d∑

i=1

∫ T

0

∥∥∥∫ T

s

E
{
∇2

xf Di
sxt +∇xξf Di

sξt
}
dt
∥∥∥2ds+ ∫ T

0

∥∥∥E{∇xf
}∥∥∥2 dt, (27)

where f is shorthand for f(xt, x′t, ξt, ξ′t, t).

F.1. Probability Law Following

In this section, we aim to construct a diffusion process whose marginal trajectory matches a given non-stationary distribution.
Langevin dynamics (Brosse et al., 2018) can be applied in the case of stationary laws. Let (P(·, t))t∈[0,T ] be a family of
probability laws. We seek a diffusion process (xt)t∈[0,T ] inducing the law Q(·, t) = Pr(xt ∈ ·) such that Q(xt, t) = P(xt, t)
for almost every t ∈ [0, T ].

We employ the kernelized Stein discrepancy (KSD) (Liu et al., 2016) to enforce similarity between the distributions P and Q.
This discrepancy uses a smooth, positive definite kernel K(x, x′) and is defined as S(Q,P) = Ex,x′∼Q{κP(x, x′)}, where

κP(x, x′) = sP(x)⊤K(x, x′)sP(x′) + sP(x)⊤∇x′K(x, x′) +∇xK(x, x′)⊤sP(x′) + tr(∇x,x′K(x, x′)),

and sP(x) is the score function of P, i.e., sP(x) = ∇x logP(x). We then formulate an F-SO problem that uses the average
KSD as the objective and minimize it over the diffusion process in Eq. (12):

min
Diffa,B

Ex,x′∼Q
1

T

∫ T

0

κP(·,t)(xt, x′
t)dt. (28)

To minimize this objective, we use the optimality condition LF in Eq. (27) and apply the SPF algorithm with learning loss
LF to enforce alignment between the induced and target laws.

Experiment: We now consider several target distributions, with Pi(·, t) = 0.3N (µi,1(t), σi,1(t)
2)+0.7N (µi,2(t), σi,2(t)

2)
for i ∈ {1, 2}, where µ1(t) = [4t,−4t], µ2(t) = [4− 4t, 4t− 4], σ2

1(t) = σ2
2(t) = [0.5 + t, 0.5 + 2t]. We also consider

Pi(·, t) = N (0, σi(t)
2) for i ∈ {3, 4}, where σ2

3(t) = 0.5 + 3.5t and σ2
4(t) = 4 − 3.5t, and P5(·, t) = N (4t, 1), all for

t ∈ [0, 1].

For comparison, we employ the Finite Dimensional Matching (FDM) and Truncated Signature kernel (TruncSig) ap-
proaches (Bonnier & Oberhauser, 2024; Zhang et al., 2025) as learning-based baselines. These methods use neural SDEs
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Table 4. Average KSD (mean± std) for the law-following problems with Pi defined in Section §F.1. Comparison of our SPF algorithm
against SOTA methods (FDM and TruncSig). SPF outperforms SOTA for most of the considered laws Pi.

Model P1 P2 P3 P4 P5

SPF (ours) 0.04 ± 0.01 0.037 ± 0.004 0.02 ± 0.005 0.018 ± 0.005 0.011 ± 0.003
FDM 0.08 ± 0.015 0.051 ± 0.008 0.028 ± 0.015 0.016 ± 0.003 0.015 ± 0.005
TruncSig 0.08 ± 0.01 0.16 ± 0.022 0.07 ± 0.015 0.22 ± 0.05 0.12 ± 0.02

together with scoring rules designed to learn probability laws of diffusion processes. FDM employs a rule tailored to
Markov processes, whereas TruncSig uses a rule based on truncated signature kernels (Zhang et al., 2025). We apply these
approaches to solve the F-SO problem in Eq. (28) and compare their performance with that of SPF.

Settings: For this experiment, we use a Gaussian kernel

K(x, x′) = exp
{
∥x − x′∥2/(2σ2)

}
,

with bandwidth σ = 1 (Zhang et al., 2025). The neural architecture consists of 4 hidden layers, each with 32 neurons and
tanh(·) activations. We employ Adam / AdamW optimizers with learning rates in [6× 10−4, 10−3], and set the number of
batches to 500. For FDM and TruncSig, we use the respective scoring rules proposed in (Zhang et al., 2025; Bonnier &
Oberhauser, 2024) as training losses for learning the probability laws.

Results: Tab. 4 reports the performance of SPF relative to the state-of-the-art methods FDM and TruncSig in terms of
average KSD (mean ± std) for the law-following problems with P = Pi, i ∈ {1, . . . , 5}. The mean and std of the average
KSD are computed from multiple episodes after convergence. Our method outperforms these baselines for most target
laws and achieves comparable performance for P4. SPF attains these results by directly enforcing the optimality condition
through its loss function, thereby providing a more structured search direction toward optimal solutions.
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