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Abstract
Pretraining and fine-tuning are central stages in
modern machine learning systems. In practice,
feature learning plays an important role across
both stages: deep neural networks learn a broad
range of useful features during pretraining and
further refine those features during fine-tuning.
However, an end-to-end theoretical understanding
of how choices of initialization impact the ability
to reuse and refine features during fine-tuning has
remained elusive. Here we develop an analytical
theory of the pretraining–fine-tuning pipeline in
diagonal linear networks, deriving exact expres-
sions for the generalization error as a function of
initialization parameters and task statistics. We
find that different initialization choices place the
network into four distinct fine-tuning regimes that
are distinguished by their ability to support fea-
ture learning and reuse—and therefore by the task
statistics for which they are beneficial. In partic-
ular, a smaller initialization scale in earlier lay-
ers enables the network to both reuse and refine
its features, leading to superior generalization on
fine-tuning tasks that rely on a subset of pretrain-
ing features. We demonstrate empirically that the
same initialization parameters impact generaliza-
tion in ResNets trained on CIFAR-100 and SVHN
as well as Transformers trained on modular arith-
metic tasks. Overall, our results demonstrate an-
alytically how data and network initialization in-
teract to shape fine-tuning generalization, high-
lighting an important role for the relative scale of
initialization across different layers in enabling
continued feature learning during fine-tuning.
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1. Introduction
Deep neural networks are often trained in stages: first, they
are pretrained on general-purpose tasks for which large
amounts of data are available; then, they are fine-tuned on
the actual target task, for which data may be more limited.
This pretraining–fine-tuning pipeline (PT+FT) has emerged
as an essential workhorse for modern deep learning (Bom-
masani, 2021; Parthasarathy et al., 2024; Awais et al., 2025).

To benefit from fine-tuning, neural networks must learn
task-specific features during pretraining and reuse them
during fine-tuning (Lampinen & Ganguli, 2019; Saxe et al.,
2019; Shachaf et al., 2021; Tahir et al., 2025). At the same
time, fine-tuning further adapts these features, potentially
improving generalization (Yosinski et al., 2014; Huh et al.,
2016; Jain et al., 2024). As a result, the success of the
PT+FT pipeline critically depends on how feature learning
unfolds over the pretraining and fine-tuning stages.

Despite the practical success of PT+FT, the factors gov-
erning feature learning across pretraining and fine-tuning
have remained unclear. Prior work has shown that weight
initialization—in particular, its absolute and relative scale
across layers—shifts neural network training between a
fixed-feature (“lazy”) and a feature-learning (“rich”) regime
(Chizat et al., 2019; Braun et al., 2022; Dominé et al., 2024;
Kunin et al., 2024). In the single-task setting, feature-
learning regimes often induce improved generalization
(Chizat & Bach, 2020; Fort et al., 2020; Vyas et al., 2023).
However, it remains unclear how these insights extend to
multi-stage training like PT+FT (though see Lippl & Lind-
sey, 2024, see Section 2). This limits our ability to use
weight initialization as a principled tool for controlling the
balance between reusing pretrained features and inducing
continued feature learning.

To address this gap, we study the PT+FT pipeline in di-
agonal linear networks, a tractable theoretical model that
exhibits feature-learning behavior, and develop an end-to-
end theory of the resulting generalization error. Our theory
elucidates how weight initialization affect the inductive bias
of PT+FT, and how this bias interacts with data properties to
determine when different initialization schemes are optimal.
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Specific Contributions.

• We analytically derive the implicit bias of PT+FT in
diagonal linear networks and the resulting generaliza-
tion error as a function of weight initialization, task
parameters, and data scale (Section 4). To our knowl-
edge, prior work has not provided such an integrated
characterization in a PT+FT setup.

• We identify three limiting regimes induced by this im-
plicit bias: (I) a pretraining-independent rich regime,
(II) a pretraining-dependent lazy regime, and (III) a
pretraining-independent lazy regime. We further high-
light a universal trade-off between pretraining depen-
dence and feature learning in fine-tuning (Section 5.1).

• In light of this trade-off, we highlight a fourth, inter-
mediate regime: (IV) the pretraining-dependent rich
regime. We find that the relative scale of initialization
plays a key role in entering this regime (Section 5.2).

• We demonstrate that pretraining and fine-tuning task
parameters determine which of these regimes will gen-
eralize best (Section 5.3). In particular, we highlight
the relative scale of initialization across layers as a key
lever for controlling the inductive bias of PT+FT.

• Finally, in Section 6, we demonstrate that our theoreti-
cal insights extend empirically to deep neural networks
trained on vision tasks or modular addition.

Altogether, we provide an end-to-end understanding of how
initialization choices shape fine-tuning generalization. In
doing so, we identify actionable levers for controlling the
interplay between reusing pretrained features, refining those
features, and learning new features.

2. Related Work
Rich and Lazy Learning. Neural networks are often
trained in an overparameterized setting where there are
many possible solutions to the training data. In this set-
ting, the training procedure consistently biases the network
towards a particular solution (a phenomenon called “implicit
regularization,” Soudry et al., 2018), explaining why neural
networks generalize well even without explicit regulariza-
tion (Zhang et al., 2017). The distinction between lazy and
rich learning regimes has become central to understanding
the implicit regularization of neural networks. In the lazy
regime, training dynamics are governed by a fixed repre-
sentation, causing the network to effectively behave like a
kernel machine (Jacot et al., 2018; Chizat et al., 2019). In
contrast, the rich (or feature-learning) regime is marked by
the emergence of task-specific, low-dimensional representa-
tions and is commonly linked to finite-width networks and

smaller weight scales (Saxe et al., 2013; Gunasekar et al.,
2018; Savarese et al., 2019; Lyu & Li, 2020; Nacson et al.,
2019; Chizat & Bach, 2020; Atanasov et al., 2021). Recent
work has shown that the relative and absolute scale of initial
weights across layers induce a continuum of feature-learning
dynamics and corresponding inductive biases (Woodworth
et al., 2020; Azulay et al., 2021; Dominé et al., 2024; Kunin
et al., 2024). Our work builds on these insights to show
how this spectrum manifests in the PT+FT setting. We show
that, depending on task parameters, intermediate regimes
can induce superior generalization, suggesting that analyses
restricted to extreme cases may miss important behaviors.

Implicit Regularization and Diagonal Linear Networks.
Diagonal linear networks (Section 3.1) instantiate a simple,
analytically tractable model that captures the changes in in-
ductive bias arising from different learning regimes in more
complex models: specifically, lazy-regime training finds
the (non-sparse) solution with minimal ℓ2-norm, whereas
rich-regime training finds the sparse solution with minimal
ℓ1-norm (Woodworth et al., 2020; Azulay et al., 2021). Prior
work has characterized the emergence of the infinite-time
solution in these networks (Pesme & Flammarion, 2023;
Berthier, 2023) and investigated the role of stochasticity and
step size (Pesme et al., 2021; Nacson et al., 2022).

Implicit Regularization of Fine-Tuning. In dense lin-
ear networks, a higher similarity in task features between
pretraining and fine-tuning improves generalization perfor-
mance (Lampinen & Ganguli, 2019; Shachaf et al., 2021;
Tahir et al., 2025). Moreover, fine-tuning with backprop-
agation can result in improved in-distribution generaliza-
tion compared to only training the linear readout, but may
harm out-of-distribution performance (Kumar et al., 2022;
Tomihari & Sato, 2024). These theories generally focus on
single-output dense linear networks (which have the same
inductive bias in the rich and lazy regime) or training in
the kernel regime (Malladi et al., 2023). In contrast, our
perspective allows us to characterize how different pretrain-
ing initializations shift the fine-tuning behavior between
the lazy and rich regime. Other works characterize the in-
fluence of pretraining data selection on fine-tuning under
distributional shifts (Kang et al., 2024; Cohen-Wang et al.,
2025; Jain et al., 2025). Finally, Lippl & Lindsey (2024)
characterized the inductive bias of diagonal linear networks
for infinitesimal initial weights in pretraining and studied
the resulting generalization behavior using simulations in
a teacher-student setup. Here we substantially extend their
work by characterizing the inductive bias conferred by a
broad range of pretraining and fine-tuning initializations,
revealing a crucial role played by the relative scale of initial-
ization. Moreover, we derive an analytical theory describing
the generalization error (rather than relying on simulations),
providing closer insight into specific conditions under which
certain pretraining initializations help or hurt performance.
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Pretraining (PT) Fine-tuning (FT)a

PT Teacher FT Teacher
b c Initialization parameters

Task parameters
PT Prop. Active Dimensions

FT Prop. Shared Active Dimensions

FT Prop. New Active Dimensions

Figure 1. Setup. (a) We pretrain and fine-tune diagonal linear
networks. (b) We generate pretraining and fine-tuning tasks by
sampling from teacher networks with a subset of active dimensions,
which can overlap between tasks. (c) Our theory considers the
influence of initialization parameters cPT , λPT , and γFT and task
parameters ρPT , ρshared

FT , and ρnew
FT .

Replica-Theoretical Characterization of the Generaliza-
tion Error. We leverage the replica method (Edwards &
Anderson, 1975; Mézard et al., 1987) to characterize the
ability of diagonal linear networks to recover ground-truth
parameters in a fine-tuning setup. The replica method is non-
rigorous, but provides a powerful tool for analytically char-
acterizing estimation errors in the high-dimensional limit
under different penalties, including ℓ1 (Guo & Verdú, 2005;
Rangan et al., 2009). These formulas were later confirmed
using rigorous approaches (Bayati & Montanari, 2011a;b).
We specifically rely on the approach in Bereyhi & Müller
(2018); Bereyhi et al. (2019), which characterizes estimation
errors with potentially different penalties across dimensions.
Our results imply that pretraining can be understood as mod-
ifying the penalties across different dimensions (see also
Khajehnejad et al., 2009; Vaswani & Lu, 2010).

3. Theoretical Setup
3.1. Network Architecture

We study the generalization behavior of diagonal linear
networks (Fig. 1), a simple one-hidden-layer network archi-
tecture that parametrizes linear maps f : RD → R as

fw,v(x) = β(w,v)Tx, (1)

where β(w,v) := v+ ◦w+ − v− ◦w− ∈ RD (◦ indicates
element-wise multiplication). Here, w+,w− ∈ RD com-
prise the hidden weights of the network and v+,v− ∈ RD

comprise its output weights. w+,v+ and w−,v− parame-
terize the positive and negative pathway, respectively; sepa-
rating these pathways allows us to initialize the network at
β = 0 while avoiding a saddle point.

Diagonal linear networks capture two key aspects of the
deep neural networks used in practice: 1) their initial

weights control their transition between the rich (feature-
learning) and lazy (kernel) regime and 2) their generalization
behavior is different between these regimes. They therefore
provide a useful theoretical model to study the impact of
initialization on pretraining and fine-tuning.

Beyond these high-level motivations, diagonal linear net-
works are also mathematically connected to nonlinear ar-
chitectures. The learning dynamics of ReLU networks de-
compose into two orthogonal components: one capturing
changes in the normalized first-layer weight vector, and one
capturing changes in the magnitudes of the first and second
layer, with the latter being identical to the dynamics of a
diagonal linear network. In particular, accordingly, both di-
agonal linear networks and ReLU networks exhibit a sparse
inductive bias in the rich regime (Woodworth et al., 2020;
Chizat & Bach, 2020). This grounds the relevance of our
analysis for nonlinear settings.

3.2. Network Training

We investigate diagonal linear networks trained with gra-
dient flow to minimize mean-squared error. We con-
sider two datasets: a pretraining (PT) task XPT ∈
RNPT×D,yPT ∈ RNPT and a fine-tuning (FT) task
XFT ∈ RNFT×D,yFT ∈ RNFT . The training proceeds
in two stages: we first pretrain on the PT task and then fine-
tune on the FT task (PT+FT) (Fig. 1a). In both cases, we as-
sume that the model trains to zero training error. We denote
the parameters learned during pretraining and fine-tuning by
wPT (t),vPT (t) and wFT (t),vFT (t), the corresponding
network functions by β̂PT (t) and β̂FT (t), and their predic-
tions by ŷPT = XPT β̂PT and ŷFT = XFT β̂FT . t denotes
the learning time, t = 0 indicating the initial weights, and
t = ∞ the weights at the end of training. Where the con-
text is clear, we denote the network functions at the end of
pretraining and fine-tuning by β̂PT and β̂FT .

Initialization. We assume w+(0) = w−(0) and v+(0) =
v−(0) (to avoid biasing the network towards positive or
negative coefficients). Building on insights from the fea-
ture learning literature, we focus on two key aspects of the
weight initialization: 1) the absolute scale (capturing the
overall initial weight magnitude),

cPT := w+
PT (0)w

−
PT (0) + v+

PT (0)v
−
PT (0), (2)

and 2) the relative scale (capturing the difference in initial
weight magnitude between the first and the second layer),

λPT :=
w+

PT (0)w
−
PT (0)− v+

PT (0)v
−
PT (0)

cPT
∈ [−1, 1].

(3)
After pretraining, we re-balance the positive and negative
pathways by setting

w±
FT (0) := w+

PT (∞) +w−
PT (∞), (4)
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to ensure that the effective network function at the beginning
of fine-tuning is zero again: βFT (0) = 0.1

We re-initialize the readout weights to a fixed scale γFT :

v±
FT (0) := γFT ≥ 0. (5)

By systematically varying these three initialization parame-
ters (cPT , λPT , and γFT ), we aim to understand their effect
on fine-tuning performance.

3.3. Data Generative Model

To investigate the generalization performance of diago-
nal linear networks trained in this manner, we consider
a teacher-student setup, where we sample ground-truth pre-
training and fine-tuning functions (“teachers”) by sampling
from a joint distribution β∗

PT , β
∗
FT ∼ pPT,FT (β

∗
PT , β

∗
FT ).

We generate the dataset by sampling random inputs,
XPT ,XFT ∼ N (0, 1

D ), and generating the outputs through
the teachers, yPT = XPTβPT , yFT = XFTβFT . We
aim to characterize the deviation between the ground-truth
β∗
FT and the estimate resulting from fine-tuning, β̂FT :

E := ∥β∗
FT − β̂FT ∥22. (6)

We characterize E through a replica-theoretical ap-
proach, which characterizes network behavior in the high-
dimensional limit (D →∞), where we scale the pretraining
and fine-tuning data size with D:

αPT := lim
D→∞

NPT /D, αFT := lim
D→∞

NFT /D. (7)

For most of our analysis we focus on the case αPT ≥ 1,
in which pretraining perfectly recovers the ground truth
(β̂PT = β∗

PT ). We relax this assumption and analyze im-
perfect pretraining (αPT < 1) in Section 5.3. We call
αFT (also known as the “load”) the data scale. Finally,
we characterize a specific family of generative models
pPT,FT (β

∗
PT , β

∗
FT ), in which there are J underlying groups

that are sampled with probabilities π ∈ RJ for each dimen-
sion d. For the sampled group j ∈ {1, . . . , J}, β∗

PT,d and
β∗
FT,d are independently sampled from group-specific dis-

tributions p(j)PT and p
(j)
FT , i.e. their dependency is mediated

via their group membership (see Definition C.1).

To investigate the consequences of our theory (and confirm
it in empirical simulations), we will focus on a spike-and-
slab distribution for β∗

PT , β
∗
FT . In diagonal linear networks,

feature learning is useful when only a sparse subset of di-
mensions are active for a given task. We therefore sample

1This rebalancing step is motivated by the structure of diago-
nal linear networks, in which the signs within each pathway are
conserved throughout training. Without rebalancing, an additional
inductive bias towards features of the same sign as during pretrain-
ing would arise, obscuring the effect of feature overlap.

the set of active dimensions for the pretraining task,

θPT ∼ Bernoulli(ρPT ), θPT ∈ {0, 1}D, (8)

and then generate βPT by sampling random signs for the
active dimensions (i.e. any d for which θd = 1):

βPT = (σ/
√
ρPT ) ◦ θPT , σ ∼ Cat({−1, 1}). (9)

We similarly assume that a subset of dimensions is active on
the fine-tuning task by sampling θFT ∈ {0, 1}D. However,
in this case, whether a given dimension is active can depend
on whether it was already active on the pretraining task:

θFT |θPT = 1 ∼ Bernoulli(ρshared
FT /ρPT ),

θFT |θPT = 0 ∼ Bernoulli(ρnew
FT /(1− ρPT )),

βFT = bFT ◦ θFT , bFT ∼ N (0, 1
ρshared
FT +ρnew

FT

).

(10)

Thus, ρshared
FT ≥ ρnew

FT means that dimensions active during
pretraining are more likely to be active during fine-tuning,
ρshared
FT ≤ ρnew

FT means that they are less likely (Fig. 1b).

Taken together, we will characterize how 1) initialization
parameters, cPT , λPT , and γFT , 2) task parameters, ρPT ,
ρshared
FT , and ρnew

FT , and 3) data scale, αFT , impact generaliza-
tion during fine-tuning (Fig. 1c).

4. Theoretical Characterization of
Generalization Error in Fine-Tuning

We will derive a theoretical characterization of the gen-
eralization error E in two steps: first, we will derive the
implicit regularization induced by PT+FT in diagonal linear
networks as a function of initialization parameters (Theo-
rem 4.1), then we will characterize the resulting generaliza-
tion error for our data generative model (Proposition 4.2).

4.1. Implicit Inductive Bias of Fine-Tuning

We first derive the implicit inductive bias of overparameter-
ized diagonal networks on PT+FT, building on analysis in
prior work (Azulay et al., 2021; Lippl & Lindsey, 2024).
Theorem 4.1 (Implicit bias). Consider a diagonal linear
network trained on PT+FT (as described in Section 3.2).
Then, the gradient flow solution at convergence is given by

argmin
βFT

Qk(βFT ) s.t.X⊤
FTβFT = yFT , (11)

where Qk(βFT ) =

D∑
d=1

qkd
(βFT,d), (12)

qk(z) =

√
k

4

(
1−

√
1 +

4z2

k
+

2z√
k
arcsinh

(
2z√
k

))
,

(13)

kd =
(
2cPT (1 + λPT)

(
1 +

√
1 + (β̂PT, d/cPT)2

)
+ γ2

)2
.

(14)
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Proof. Azulay et al. (2021) proved that cPT (when defined
as cPT = w+w− + v+v−) and λPT are conserved through-
out training (see also Marcotte et al., 2023). Extended cal-
culations allow us to recover the individual layers’ weights
from the effective network weights after pretraining. Details
are relegated to Appendix B.1 due to space constraints.

Theorem 4.1 shows that the function selected by the network
depends on λPT , cPT , and γFT in a non-trivial manner. Im-
portantly, this implicit bias also depends on β̂PT , implying
that the learned solution potentially depends on the pretrain-
ing task. Notably, even though in diagonal linear networks,
the relative scale λPT does not impact the inductive bias
of pretraining, it does impact the learned hidden represen-
tation and therefore the inductive bias of fine-tuning. In
Section 5.1 we show how these dependencies shape the re-
sulting learning regime. This substantially extends results by
Lippl & Lindsey (2024), which focused on cPT → 0 with
λPT = 0, γFT = 0. We will show that this only captures
a subset of the range of learning regimes we identify. In
particular, and perhaps surprisingly, we will see that even for
very small cPT , different values for λPT can fundamentally
change the generalization behavior.

4.2. Replica Theory of the Generalization Error

The replica method is a tool from statistical physics that
characterizes the typical behavior of high-dimensional esti-
mation problems in the limit D →∞ (Edwards & Ander-
son, 1975; Mézard et al., 1987). Rather than analyzing the
full joint distribution of estimates β̂FT ∈ RD, the method
reduces the problem to a scalar denoising problem governed
by a small number of effective parameters, whose values
are determined self-consistently by fixed-point equations.
Although non-rigorous in general, replica-theoretic predic-
tions have been confirmed by rigorous approaches in a range
of settings (Bayati & Montanari, 2011a;b) and have become
a standard tool for characterizing the generalization error
of high-dimensional regression problems under structured
priors and penalties (Guo & Verdú, 2005; Rangan et al.,
2009; Bereyhi & Müller, 2018; Bereyhi et al., 2019).

To apply this framework to our setting, we first reformu-
late the implicit bias derived in Theorem 4.1 as an explicit
optimization problem:

β̂ := arg min
β∈RD

1

2λ
∥XFTβ − yFT ∥22 +Qk(βFT ), (15)

where β ∈ RD, k ∈ RD
+ . For λ → 0, this precisely char-

acterizes the implicit inductive bias of a diagonal linear
network trained on the training data (XFT ,yFT ). We now
characterize how accurately this optimization problem can
recover the ground-truth vector β∗

FT ∈ RD, given the label

yFT = XFTβ
∗
FT + ε, ε ∼ N (0, σ2

0). (16)

While our theory also applies to σ2
0 > 0, we will focus on

the noiseless case σ2
0 = 0. We assume that β∗

FT , β
∗
PT are

sampled from (8-10) and characterize the generalization
error in the high-dimensional limit:
Proposition 4.2. Let NFT →∞ and NFT /D → αFT >
0. Then, under the replica assumption, the estimation prob-
lem (15) decouples into a scalar problem

β̂sc(y; k, θ) := argmin
β∈R

{
(y − β)2

2θ
+Qk (β)

}
. (17)

Specifically, (β∗
d , β̂d, kd) converge in distribution to

β̂d = β̂sc(β∗
d + η; kd, θ), η ∼ N (0, θ0). (18)

Here θ and θ0 are the “effective” regularization and noise
parameters. They are not only governed by the external
noise and regularization, but also by the noise and regular-
ization induced from estimating the other parameters. These
two properties are governed by the fixed-point equations

p =

J∑
j=1

πjEβ∗,k,η

[
(β̂sc(β∗ + η; k, θ)− β∗)2

]
, (19)

χ = θ

J∑
j=1

πjEβ∗,k,η

[
∂yβ̂

sc(β∗ + η; k, θ)
]
, (20)

where θ = λ+χ
α , θ0 =

σ2
0+p
α .

Proof. The proposition follows from Proposition 1 in
Bereyhi & Müller (2018), see Appendix C.

This proposition, paired with Theorem 4.1, yields an exact
formula for the generalization error associated with PT+FT
in diagonal linear networks, as a function of weight initial-
ization, task parameters, and data scale. As we will show
in Section 5, different initialization choices induce distinct
learning regimes, favoring different task structures.

5. Understanding Learning Regimes in PT+FT
The theoretical insights developed in Section 4 help us
understand the inductive bias of PT+FT across the full
spectrum of weight initialization and task parameters. We
first use Theorem 4.1 to characterize how the initialization
parameters influence the network’s learning regime (Sec-
tions 5.1 and 5.2) and then use Proposition 4.2 to tie these
different learning regimes to the task parameters for which
they are favorable, both for perfect and imperfect pretraining
(Section 5.3).

5.1. Learning Regimes in the Limit

Building on Theorem 4.1, we characterize the learning
regime of the networks using two measures (introduced
in Lippl & Lindsey (2024)):
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Figure 2. Implicit bias and learning regimes of fine-tuning. (a)
ℓ-order and pretraining dependence jointly define four different
learning regimes in PT+FT. Different initialization parameters
induce changes between these learning regimes, as indicated by
the arrows. (b) We can interpolate between these four regimes by
shifting the initialization parameters (β̂FT,d = 1/

√
ρFT , ρFT =

0.1). (For a color legend, see panel (a).) Crucial transitions, which
we further highlight in the text and in panel (a), are indicated by
the arrows. Simulation details can be found in Appendix E.

1. The ℓ-order := ∂ log qkd
(βFT,d)

∂ log |βFT,d| , measures whether the
network benefits from sparsity. ℓ-order = 1 indicates
a sparse inductive bias (e.g. the ℓ1-norm), whereas
ℓ-order = 2 corresponds to a non-sparse inductive bias
(e.g. the ℓ2-norm).

2. The pretraining dependence2, PD :=
∂ log qkd

(βFT,d)

∂ log |βPT,d|
measures whether the network benefits from pretrained
features. PD = −1 indicates that the penalty is in-
versely proportional to the magnitude of the pretrained
feature |βPT,d|, whereas PD = 0 indicates that the
penalty does not depend on it at all.

We derive analytical formulas for these metrics as a function
of both the initialization parameters and βPT,d and βFT,d

(see Appendix B.2). We further identify a universal tension
between ℓ-order and PD:

Proposition 5.1. Across the full spectrum of initialization,
ℓ-order ∈ [1, 2], PD ∈ [−1, 0], ℓ-order + PD ∈ [1, 2].

Proof. We derive these ranges in Appendix B.2. They ex-
tend a finding from Lippl & Lindsey (2024) who found that
ℓ-order + PD = 1 for cPT → 0, λPT , γFT = 0.

In Fig. 2a, we identify three limiting regimes arising from
the interplay between the ℓ-order and pretraining depen-
dence. Taking appropriate limits of the initialization param-
eters λPT and cPT places the model in these regimes, each
corresponding to a familiar norm-based regularization:

2Lippl & Lindsey (2024) introduced this metric as feature
dependence; we call it pretraining dependence to emphasize that it
characterizes the dependence on the pretraining function directly.

(I) A rich, pretraining-independent regime, (new di-
mensions learned; ℓ-order = 1, PD = 0). This regime
is governed by the ℓ1-norm: Q(βFT )→ ∥βFT ∥1 and
is induced e.g. in the limit λPT → −1, γFT → 0. We
call an ℓ1-like inductive bias in diagonal linear net-
works “rich,” because it arises from feature-learning
dynamics (see Section 2).

(II) A lazy, pretraining-dependent regime, (reuse with
minimal adaptation; ℓ-order = 2, PD = −1).
This regime is governed by the weighted ℓ2-norm:
Q(βFT ) →

∑D
i=1 |βFT,i|2/|βPT,i|. It is induced e.g.

by considering cPT → 0 and λPT → 1.

(III) A lazy, pretraining-independent regime (ℓ-order =
2, PD = 0). This regime is governed by the un-
weighted ℓ2-norm: Q(βFT ) → ∥βFT ∥2. It implies
that fine-tuning behavior does not depend on pretrain-
ing and is induced e.g. by cPT →∞ or γFT →∞.

We highlight the identification of the novel regime (III),
which is accessible only in the fine-tuning setting and high-
lights that for badly chosen initialization parameters, pre-
training will not create transferable features.

5.2. Full Phase Portrait of the Learning Regimes

In Section 5.1, our analysis was restricted to asymptotic
behavior. However, in practice we may be operating in
an intermediate learning regime where the parameters do
not approach one of the above limits. Indeed, operating
in such a regime will often confer a beneficial inductive
bias: On the one hand, for pretraining to be useful, the
penalty should depend on the active pretraining dimensions,
i.e. ideally PD = −1. On the other hand, a sparse inductive
bias substantially improves generalization performance (if
the ground truth is also sparse), i.e. ideally ℓ-order = 1.
Proposition 5.1 highlights a fundamental tradeoff between
these desiderata: it is impossible to achieve PD = −1
and ℓ-order = 1. The set of possible values for the pair
(ℓ-order, PD) is given by a triangle whose edges are given
by regimes (I-III) (Fig. 2b). We thus highlight an important
intermediate regime:

(IV) The rich, pretraining-dependent regime (ℓ-order <
2, PD < 0) achieves a balance between pretraining
dependence and ℓ-order, enabling the model to leverage
both sparsity and feature reuse simultaneously.

Overall, the four learning regimes we highlight are distin-
guished by their pretraining dependence and sparsity bias/ℓ-
order. To understand how the initialization parameters im-
pact the learning regime, we plot the full phase portrait of the
learning regimes as a function of pretraining initialization
(Fig. 2b), considering a typical value at the end of training,
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Figure 3. Generalization curves for different initialization parameters and task parameters. The generalization error E as a function
of the data scale αFT . Lines depict replica predictions and points depict the results of our empirical simulations (±2 standard errors). In
all cases, ρPT = 0.1. We consider cPT = 10−3, λPT = 0, and γFT = 0, varying one initialization parameter for each panel. Simulation
details can be found in Appendix E. (a-c) We consider either overlapping (ρshared

FT = 0.1, ρnew
FT = 0) or distinct (ρshared

FT = 0, ρnew
FT = 0.1) FT

dimensions. (d,e) We consider ρshared
FT = 0 and vary ρnew

FT . (f) We consider ρnew
FT = 0 and vary ρshared

FT .

βFT,d = 1/
√
ρFT (setting ρFT = 0.1 as this will be a com-

mon setting in the next section). Note that because of our
task generation process, we either have β∗

PT,d = ±1/√ρPT

(for active dimensions; we set ρPT = 0.1) or β∗
PT,d = 0

(for inactive dimensions). Plotting the phase diagram for
both cases clarifies which learning regime we operate in for
active and inactive dimensions.

For active dimensions where β∗
PT,d = ±1/√ρPT , chang-

ing the relative scale λPT shifts the network from the lazy,
pretraining-dependent regime (II) to the rich, pretraining-
independent regime (I), with intermediate scales yielding
the rich, pretraining-dependent regime (IV) (see the dotted
line in Fig. 2a,b). Intuitively, a negative λPT implies that the
second-layer weights dominate over the first layer (v > w),
while a positive λPT indicates the opposite (w > v). When
λPT is large and negative, the first-layer representation is
comparatively small, even after pretraining. After rescal-
ing the second layer to γFT = 0, these large second-layer
weights are reduced, decreasing the overall scale of the
network—this drives the system toward the rich regime.
In contrast, as λPT increases, the learned first-layer rep-
resentation becomes larger, driving the network into the
lazy, pretraining-dependent regime. In contrast, increasing
the absolute scale cPT or the fine-tuning re-initialization
scale γFT moves the system toward the lazy, pretraining-
independent regime (III), where neither sparsity nor shared
dimensions improve generalization (solid line in Fig. 2a,b).

For inactive dimensions (β∗
PT,d = 0), we find that PD = 0.

Thus, instead of the two-dimensional continuum outlined
above, we recover a one-dimensional continuum between
the lazy, pretraining-independent regime (III) and the rich,
pretraining-independent regime (I) (Fig. 2b, right column).
Increasing γFT or cPT shifts the inductive bias from regime
(I) into regime (III) (see the dashed line in Fig. 2a,b). Addi-
tionally, (albeit less pronounced), increasing λPT also shifts
the inductive bias into a slightly lazier regime.

Overall, the different initialization parameters can therefore
change the inductive bias of PT+FT along three axes: they

can control 1) whether the network benefits from shared
dimensions with the pretraining task (measured by the PD
for active dimensions), 2) whether the network benefits from
sparsity in the new active dimensions (measured by the
ℓ-order for β∗

PT,d = 0), and 3) whether the network benefits
from sparsity in the shared active dimensions (measured by
the ℓ-order for β∗

PT,d > 0). In the next section, we leverage
Proposition 4.2 to study how these different initializations
impact generalization performance across task parameters.

5.3. Learning Regime and Task Parameters Jointly
Determine Generalization Error Curves

In practice, the implicit bias described above is reflected
in the sample efficiency and generalization performance
observed during fine-tuning. We solve the fixed-point equa-
tions derived in Proposition 4.2 to understand how the dif-
ferent learning regimes and task parameters impact general-
ization performance. In particular, we examine the impact
of the different initialization parameters on the three axes
outlined above. To validate our analytical results, we addi-
tionally directly train diagonal linear networks.

Do We Benefit From Shared Dimensions? If our penalty
induces pretraining dependence, we should benefit from
sharing dimensions between pretraining and fine-tuning.
We therefore consider a fixed ρPT = 0.1 and compare the
case ρshared

FT = 0.1, ρnew
FT = 0 (in which case the pretraining

and fine-tuning task share all their dimensions) to the case
ρshared
FT = 0, ρnew

FT = 0.1 (in which case they share no dimen-
sions, but the overall sparsity level is matched). As cPT and
γFT decrease, performance becomes increasingly sensitive
to task overlap (Fig. 3a,b). On the other hand, decreasing
λPT decreases the extent to which we benefit from shared
dimensions (Fig. 3c). These trends are consistent with the
phase-portrait analysis, which indicates that for pretrained
dimensions, decreasing γFT and cPT at fixed λPT shifts
the network from a lazy, pretraining-independent regime
toward a lazy, pretraining-dependent regime (solid line in
Fig. 2). In contrast, decreasing λPT shifts the model from
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Figure 4. Effect of pretraining strength (αPT ) on the role of relative scale (λPT ). Generalization error as a function of fine-tuning data
scale αFT for different values of αPT and task overlap. For small αPT , behavior is largely insensitive to λPT . As αPT increases, the
effect of λPT becomes stronger, particularly in the no-overlap setting. For αPT ≥ 1, all choices of λPT perform similarly under full
overlap. Lines depict replica predictions; points depict empirical simulations (±2 standard errors).

a lazy, pretraining-dependent regime to a rich, pretraining-
independent regime (dotted line in Fig. 2).

Do We Benefit From Sparsity In New Active Dimen-
sions? For inactive dimensions (i.e. β∗

PT,d = 0), we can
either be in a rich regime where we benefit from a sparse
set of new dimensions, or a lazy regime where we learn
sparse and non-sparse sets equally well. We therefore con-
sider a task with no shared dimensions with the pretraining
task (ρPT = 0.1, ρshared

FT = 0) and compare performance
across different levels of sparsity on the fine-tuning task
(ρFT = 0.1, 0.9). We find that as cPT and γFT decrease,
sparsity becomes increasingly beneficial for performance
(Fig. 3d,e). This observation aligns with the phase-portrait
analysis, which shows that for β∗

PT,d = 0 the model tran-
sitions from a lazy, pretraining-independent regime, which
has no sparsity bias, to a rich, pretraining-independent
regime, which has a sparsity bias (dashed line in Fig. 2).

Do We Benefit From Sparsity In Shared Active Dimen-
sions? Rich learning regimes should also benefit from spar-
sity in pretrained dimensions (with β∗

PT,d = ±1/√ρPT ).
We therefore consider fully overlapping dimensions (ρPT =
0.1, ρnew

FT = 0) and compare ρshared
FT = 0.1 to ρshared

FT = 0.01.
We observe that as λPT decreases, the network increasingly
benefits from sparsity (Fig. 3f). However, this effect van-
ishes if cPT or γFT are very large. This observation again
aligns with the phase-portrait analysis: as λPT decreases,
we move into the rich, pretraining-dependent regime (dotted
line in Fig. 2), but if cPT or γFT increase, we move into
the lazy, pretraining-independent regime regardless of λPT

(solid line in Fig. 2).

The Role of Pretraining Strength. So far, we have fo-
cused on the case αPT ≥ 1, in which pretraining perfectly
recovers the ground truth. In practice, however, pretrain-
ing is often imperfect. We therefore extend our analysis to
αPT < 1, where β̂PT deviates from β∗

PT .

Intuitively, αPT controls the accuracy of the active dimen-

sions learned during pretraining, while λPT continues to
determine whether these dimensions are reused or adapted
during fine-tuning. In Fig. 4, we vary αPT across different
levels of task overlap. For small αPT , behavior is largely
insensitive to λPT , as the pretraining signal is too weak to
be reused. As αPT increases, the effect of λPT becomes
progressively stronger, particularly in the no-overlap setting
where fine-tuning must learn new features. On the other
hand, while for αPT ≥ 1 negative λPT makes generaliza-
tion worse under full overlap (Fig. 3f), for αPT < 1 it
can improve performance even in that case, as it allows the
model to refine the imperfectly learned pretraining struc-
ture. This highlights that imbalanced initialization may be
especially important when pretraining data is limited.

Summary. Taken together, the generalization curves elu-
cidate how initialization parameters interact with task pa-
rameters to shape generalization behavior. In particular,
the generalization curves demonstrate the same trade-off
between sparsity and pretraining dependence we predicted
from Proposition 5.1: as λPT becomes more negative, we
move along the diagonal representing the trade-off between
ℓ-order and pretraining dependence (dotted line in Fig. 2).
As a result, the network benefits less from overlap: for
ρshared
FT = 0.1 (i.e. full overlap), decreasing λPT makes gen-

eralization worse (Fig. 3f). At the same time, the network
benefits more from sparsity: for ρshared

FT = 0.01, trading off a
stronger sparsity bias for a weaker pretraining dependence
is worthwhile, and a smaller λPT yields better performance.
Overall, this identifies λPT as a crucial factor for changing
the inductive bias of PT+FT and highlights that the optimal
learning regime will depend on the task parameters (Fig. 6).

6. Large-Scale Vision Experiments
Our theoretical analysis and small-scale experiments sug-
gest that modifying pretraining and re-initialization parame-
ters provides a theoretically principled mechanism for induc-
ing useful feature learning during fine-tuning. To evaluate
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Figure 5. ResNet CIFAR-100. Generalization performance as a
function of the number of samples and initialization parameters.
We vary (a) the absolute scale of initialization by multiplying all
weights in the network by cPT , (b) the relative scale of initial-
ization by multiplying the first three blocks of the ResNet by κ
(equivalent to λPT ), and (c) the readout initialization by multiply-
ing the readout by γFT (Simulation details: Appendix E).

this prediction, we pretrain a ResNet on 98 classes from
CIFAR-100 and subsequently fine-tune it on the remaining
two classes. The class split is sampled randomly and re-
peated fifty times. We design three experimental settings
that translate the theoretical parameters λPT , cPT , and γFT

to a realistic deep-network architecture. The ResNet-18 ar-
chitecture consists of an initial embedding layer followed by
four stages of residual blocks. To induce imbalance across
network layers, we upscale the embedding layer and the first
three residual stages by a constant factor κ. To implement
an equivalent notion of cPT scaling in this architecture, we
scale all network parameters by a constant factor. Finally, to
implement an analogue of γFT , we rescale the parameters
of the final classification layer after pretraining3. Further
experimental details are provided in Appendix D.

In Fig. 5a, we observe that a ResNet initialized with a non-
standard small value of κ—where κ < 1 corresponds to
a negative relative scaling—exhibits improved generaliza-
tion during fine-tuning. We note that the ordering between
individual κ values is not always consistent (e.g. the blue
and violet lines in Fig. 5a), though these differences are
not statistically significant. This may reflect a trade-off
between initialization scale and optimizer dynamics, po-
tentially compounded by the fact that sparsity and overlap
are not explicitly controlled in this setting. Similarly, as
shown in Fig. 5b, increasing the scale of cPT also leads to
degraded fine-tuning generalization, in agreement with our
theoretical predictions. Finally, Fig. 5c shows that decreas-
ing the scale of γFT improves fine-tuning generalization for
intermediate sample sizes. Overall, all parameters identified
by the theory have a meaningful impact on generalization
during fine-tuning in practice.

To verify that these interventions induce the rich,
pretraining-dependent regime predicted by our theory, we
conduct a representation-level analysis. We measure the

3For completeness, we report in Appendix D the heuristic
proposed by Lippl & Lindsey (2024)

dimensionality of the network representation before and
after fine-tuning using the participation ratio (PR; Gao et al.,
2017), and the number of dimensions shared between the
two states using the effective number of shared dimensions
(ENSD; Giaffar et al., 2024). The pretraining-dependent
rich regime predicts that fine-tuning should compress the
representation, i.e. PR(XFT ) < PR(XPT ), while preserv-
ing its alignment with the pretrained representation, i.e.
ENSD(XPT , XFT ) ≈ PR(XFT ). In Appendix D, we
show that all three interventions (κ, cPT , γFT , as well as
the cFT rescaling heuristic of Lippl & Lindsey (2024)) pro-
duce this signature in the final ResNet layer. We further
investigate the robustness of our results by fine-tuning on
a different dataset (SVHN; we use this to probe the im-
pact of decreased task similarity, Appendix D.5), running
experiments with different optimizers and data splits (Ap-
pendices D.7 and D.6), and exploring the impact of bal-
ancedness on Transformers pretrained and fine-tuned on
modular addition (Appendix D.8).

Several limitations merit discussion when interpreting these
results. Our theoretical analysis is developed in a diagonal
two-layer setting, while ResNets are nonlinear and include
residual connections and batch normalization. Our experi-
ments also do not explicitly control sparsity levels or feature
overlap. We leave a more careful study of these parameters
in practical networks to future work.

7. Conclusion
Despite the prevalence of the pretraining–fine-tuning
(PT+FT) pipeline in modern deep learning, a comprehensive
understanding of the inductive bias of PT+FT, and how it
relates to initialization structure and task parameters, has
remained elusive. Here we developed an end-to-end theory
of PT+FT in diagonal linear networks, analytically comput-
ing the generalization error as a function of initialization
parameters, task parameters, and data scale. Albeit based
on a simplified neural network model, our analysis pro-
vides quantitative insights relevant to practical scenarios in
machine learning and neuroscience. In particular, it under-
scores the importance of relative weight scales across layers.
Our work also opens up several directions for future investi-
gation. A similar analysis could be conducted in a continual
learning setting, allowing us to characterize the conditions
on task similarity and initialization that support forward and
backward transfer. Extending the framework to nonlinear
neural networks would allow it to capture richer forms of
feature overlap and could help uncover how feature reuse
and adaptation arise across both artificial and biological
systems, e.g. via influence functions (Koh & Liang, 2017).
Finally, the implicit inductive biases identified here could
inform the design of explicit regularization objectives that
drive networks into the desired learning regimes.
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A. Extended Results
We showcase the four limit regimes by plotting the generalization curves across three different ground truth structures,
varying sparsity and overlap:

Figure 6. Comparison of the four fine-tuning learning
regimes. We show three task parameter settings: 1) no overlap
between pretraining and fine-tuning dimensions; 2) identical
pretraining and fine-tuning dimensions; 3) fine-tuning dimen-
sion as a subset of pretraining dimensions. We should for
initialization parameter settings: a lazy, pretraining-dependent
regime (II, shown in purple), a lazy, pretraining-independent
regime (III, shown in grey), an intermediate rich, pretraining-
dependent regime (IV, shown in green), and a richer, less
pretraining-dependent regime (I, shown in yellow). We ob-
serve that for the task parameter setting without any over-
lap, the regime approaching the rich, pretraining-independent
regime (in yellow) is optimal. For the complete overlap
between pretraining and fine-tuning dimensions, the lazy,
pretraining-dependent regime (II, in purple) is optimal. Fi-
nally, for the task where the fine-tuning dimensions are a sub-
set of pretraining dimensions, the rich, pretraining-dependent
regime (IV, in green) is optimal. All of these observations are
predicted by our theoretical insight in the inductive bias of
PT+FT.

B. Theoretical Analysis of the PT+FT Learning Regimes
B.1. Implicit Bias

Theorem 4.1 (Implicit bias). Consider a diagonal linear network trained on PT+FT (as described in Section 3.2). Then,
the gradient flow solution at convergence is given by

argmin
βFT

Qk(βFT ) s.t.X⊤
FTβFT = yFT , (11)

where Qk(βFT ) =

D∑
d=1

qkd
(βFT,d), (12)

qk(z) =

√
k

4

(
1−

√
1 +

4z2

k
+

2z√
k
arcsinh

(
2z√
k

))
, (13)

kd =
(
2cPT (1 + λPT)

(
1 +

√
1 + (β̂PT, d/cPT)2

)
+ γ2

)2
. (14)

Proof. We follow a similar proof method as in (Azulay et al., 2021). We assume the pretraining quantities:

w+(0)
2 − v+(0)

2
= λ̃PT

w−(0)
2 − v−(0)

2
= λ̃PT

w+(0)w−(0) + v+(0)v−(0) = cPT ,

where λPT = λ̃PT /cPT .
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Reparameterize:

w+ =

√
λ̃PT cosh θ+, w− =

√
λ̃PT cosh θ−

v+ =

√
λ̃PT sinh θ+, v− =

√
λ̃PT sinh θ−

We use the conserved quantities cPT , λ̃PT to get an expression for θ+ + and θ−.

cosh θ+ cosh θ− + sinh θ+ sinh θ− =
cPT

λ̃PT

cosh θ+ sinh θ+ − cosh θ− sinh θ− =
βPT

λ̃PT

Therefore

w+ =

√
λ̃PT cosh

(
1

2

[
arcosh

(
cPT

λ̃PT

)
+ arsinh

(
βPT

cPT

)])
v+ =

√
λ̃PT sinh

(
1

2

[
arcosh

(
cPT

λ̃PT

)
+ arsinh

(
βPT

cPT

)])
w− =

√
λ̃PT cosh

(
1

2

[
arcosh

(
cPT

λ̃PT

)
− arsinh

(
βPT

cPT

)])
v− =

√
λ̃PT sinh

(
1

2

[
arcosh

(
cPT

λ̃PT

)
− arsinh

(
βPT

cPT

)])
After pretraining, we reinitialize parameters:

w+
FT (0) = w−

FT (0) = w+
PT (∞) +w−

PT (∞)

v+
FT (0) = v−

FT (0) = γFT

We are interested in the initial conserved quantity before finetuning, cFT .

By definition:

cFT = w+
FT (0)w

−
FT (0) + v+

FT (0)v
−
FT (0)

=
(
w+

PT (∞) +w−
PT (∞)

)2
+ γ2

FT

=
(
w+

PT (∞)
)2

+ 2w+
PT (∞)w−

PT (∞) +
(
w−

PT (∞)
)2

+ γ2
FT

Let

A = arcosh

(
cPT

λ̃PT

)
, B = arsinh

(
βPT

cPT

)
We compute:

w+
PT (∞)2 = λ̃PT cosh2

(
1

2
(A+B)

)
= λ̃PT

(
1 + cosh(A+B)

2

)
w−

PT (∞)2 = λ̃PT cosh2
(
1

2
(A−B)

)
= λ̃PT

(
1 + cosh(A−B)

2

)
So:

w+
PT (∞)2 +w−

PT (∞)2 = λ̃PT

(
1 +

cosh(A+B) + cosh(A−B)

2

)
14
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Recall the identity:

cosh(A+B) + cosh(A−B) = 2 coshA coshB

Therefore:

w+
PT (∞)2 +w−

PT (∞)2 = λ̃PT (1 + coshA coshB)

Now:

2w+
PT (∞)w−

PT (∞) = 2

√
λ̃PT cosh

(
A+B

2

)
·
√
λ̃PT cosh

(
A−B

2

)
= 2λ̃PT cosh

(
A+B

2

)
cosh

(
A−B

2

)
= λ̃PT (coshA+ coshB) ,

using the identity 2 coshx cosh y = cosh(x+ y) + cosh(x− y).

Now compute:

coshA =
cPT

λ̃PT

, coshB = cosh

(
asinh

(
βaux

cPT

))
=

√
1 +

(
βaux

cPT

)2

cFT = λ̃PT
cPT

λ̃PT

√
1 +

(
βPT

cPT

)2

+ λ̃PT

 cPT

λ̃PT
+

√
1 +

(
βPT

cPT

)2
+ γ2

FT

cFT =
(
λ̃PT + cPT

)1 +

√
1 +

(
βPT

cPT

)2
+ γ2

FT

Now, from Azulay et al. (2021) we know that the implicit bias of a diagonal linear network is parameterized as in Eq. (1)
that converges to a zero loss solution can be expressed as:

β∗(∞) = argmin
βFT

Qk(βFT ) s.t. X⊤
FTβFT = yFT ,

where Qk(βFT ) =

D∑
i=1

qki
(βFT,i),

with qk(z) =

√
k

4

(
1−

√
1 +

4z2

k
+

2z√
k
arcsinh

(
2z√
k

))
,

where ki = 4c2i . In our case ki = 4c2FT,i =
(
2(λ̃PT, i + cPT, i)

(
1 +

√
1 + (βPT, i/cPT, i)2

)
+ γ2

FT

)2
. Hence ki = 4c2FT,i.

The theorem follows from replacing λ̃PT,i = λPT,icPT,i.
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B.2. Pretraining Importance and ℓ-order

We now derive an analytical expression for ℓ-order and pretraining dependence (PD), where

ℓ-order :=
∂ log qk(βFT )

∂ log βFT
and PD :=

∂ log qk(βFT )

∂ log βPT
. (21)

We define
ζ :=

2βFT√
k

, s :=
βPT

cPT
, ϕ(z) = 1−

√
1 + z2 + z arcsinh (z) . (22)

We additionally define the quantity

κ :=
∂ log k

∂ log βPT
. (23)

Intuitively, κ captures how much a certain function that was learned during pretraining transfers to fine-tuning features.

Proposition B.1. We find that

ℓ-order =
ζ asinh(ζ)

ϕ(ζ)
, (24)

κ =
4cPT (1 + λPT )s

2

(2cPT (1 + λPT )(1 +
√
1 + s2) + γ2

FT )
√
1 + s2

, (25)

PD =
1− ℓ-order

2
κ. (26)

Notably,
ℓ-order ∈ [1, 2], κ ∈ [0, 2), PD ∈ [−1, 0], (27)

and
ℓ-order + PD ∈ [1, 2] (28)

Proof. First, with ζ := 2βFT /
√
k we can rewrite

qk(βFT ) =

√
k

4

(
1−

√
1 + ζ2 + ζ arcsinh(ζ)

)
=

√
k

4
ϕ(ζ).

We now first derive the closed forms before deriving bounds for the different quantities.

Closed form for ℓ-order. For fixed k,

ℓ-order =
∂ log qk(βFT )

∂ log βFT
=

∂ log ϕ(ζ)

∂ log ζ
= ζ

ϕ′(ζ)

ϕ(ζ)
.

Since ϕ′(ζ) = asinh(ζ),

ℓ-order =
ζ asinh(ζ)

ϕ(ζ)
.

Closed form for κ. Write
√
k = A where

A := 2(λ̂PT + cPT )(1 +
√
1 + s2) + γ2

FT , s := βPT /cPT .

Then k = A2, so

κ =
∂ log k

∂ log βPT
= 2

∂ logA

∂ log βPT
.

Since s = βPT /cPT we have ∂ log s/∂ log βPT = 1. Also,

d

ds

√
1 + s2 =

s√
1 + s2

, ⇒ ∂A

∂s
= 2(λ̂PT + cPT )

s√
1 + s2

.
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Thus
∂ logA

∂ log βPT
=

s

A

∂A

∂s
=

s

A
· 2(λ̂PT + cPT )

s√
1 + s2

=
2(λ̂PT + cPT )s

2

A
√
1 + s2

,

and therefore

κ =
4(λ̂PT + cPT )s

2

A
√
1 + s2

=
4(λ̂PT + cPT ) s

2(
2(λ̂PT + cPT )(1 +

√
1 + s2) + γ2

FT

)√
1 + s2

.

Closed form for PD. By definition,

PD =
∂ log qk(βFT )

∂ log βPT
=

∂ log qk(βFT )

∂ log k
· ∂ log k

∂ log βPT
=

∂ log qk(βFT )

∂ log k
· κ.

Now

log qk(βFT ) =
1

2
log k + log ϕ(ζ)− log 4,

and ∂ log ζ
∂ log k = −1/2. Hence

∂ log qk(βFT )

∂ log k
=

1

2
+

∂ log ϕ(ζ)

∂ log ζ
· ∂ log ζ

∂ log k
=

1

2
− 1

2
ℓ-order,

which yields

PD =
(1
2
− 1

2
ℓ-order

)
κ =

1− ℓ-order
2

κ.

Bounding ℓ-order. Assume ζ ≥ 0. First, since 1−
√

1 + ζ2 ≤ 0,

ϕ(ζ) ≤ ζ arcsinh(ζ) ⇒ ℓ-order =
ζ arcsinh(ζ)

ϕ(ζ)
≥ 1.

For the upper bound, we show ϕ(ζ) ≥ 1
2ζ arcsinh(ζ), i.e.

ζ arcsinh(ζ) ≥ 2(
√
1 + ζ2 − 1).

Let ζ = sinh t with t = arcsinh(ζ) ≥ 0, so
√
1 + ζ2 = cosh t. The inequality becomes

t sinh t ≥ 2(cosh t− 1).

Define h(t) := t sinh t− 2(cosh t− 1). Then h(0) = 0,

h′(t) = t cosh t− sinh t, h′′(t) = t sinh t ≥ 0 (t ≥ 0).

Thus h′ is increasing and h′(0) = 0, so h′(t) ≥ 0 for t ≥ 0, implying h(t) ≥ 0. Hence ℓ-order ≤ 2.

Bounding κ. Clearly κ ≥ 0. Also A ≥ 2(λ̂PT + cPT )(1 +
√
1 + s2), so

κ ≤ 4(λ̂PT + cPT )s
2

2(λ̂PT + cPT )(1 +
√
1 + s2)

√
1 + s2

= 2 · s2√
1 + s2 (1 +

√
1 + s2)

.

Let B :=
√
1 + s2 ≥ 1. Since s2 = B2 − 1,

2 · B2 − 1

B(1 +B)
= 2 · B − 1

B
< 2,

with equality approached only in the limit B →∞ and γFT → 0. Hence κ ∈ [0, 2).
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Bounding PD and ℓ-order+PD. From PD = 1−ℓ-order
2 κ, the bounds ℓ-order ∈ [1, 2] and κ ∈ [0, 2) imply

PD ≤ 0, PD ≥ 1− 2

2
· 2 = −1,

so PD ∈ [−1, 0]. Finally,

ℓ-order + PD = ℓ-order +
1− ℓ-order

2
κ =

(
1− κ

2

)
ℓ-order +

κ

2
.

Since κ/2 ∈ [0, 1), this is a convex combination of ℓ-order ∈ [1, 2] and 1, hence it lies in [1, 2].

C. Replica Theory
C.1. Proof of Proposition 4.2

We considering following generative model for (β∗
PT,d, βFT,d).

Definition C.1. We assume that there are J underlying groups. Each group is sampled with probability πj ,
∑J

j=1 πj = 1,

denoted by j ∼ Cat(π). Each group has associated pretraining and fine-tuning distributions p
(j)
PT and p

(j)
FT which are

independent when conditioned on j:

j ∼ Cat(π), β∗
PT,d ∼ p

(j)
PT , β

∗
FT,d ∼ p

(j)
FT . (29)

This means that any dependence between βPT and βFT is mediated by their respective group membership j. We apply
Proposition 1 of Bereyhi & Müller (2018) to the estimator (15).

Step 1: Notation. We begin by noting a few notational differences to their setting. Specifically, to translate our setting
into theirs, we set

A := X, x := β, cd := kd, uj(v; c) := qc(v). (30)

Moreover,
gdec
j ≡ β̂sc, (31)

except that we write out the dependence on θ explicitly. Finally, they treat (cd) as a deterministic sequence, whereas we
consider a particular probability distribution for each block, p(j)c . However, because they average over coordinates, we know
that this converges to the corresponding block-mixture expectations, weighted by πj = limD→∞ |Bj |/D

Step 2: Simplifying for i.i.d. X. Proposition 1 of Bereyhi & Müller (2018) states (under the replica assumption) that, in
the high-dimensional limit, the joint law of a typical coordinate decouples into a scalar Gaussian channel: for d ∈ Bj ,

(β∗
d , β̂d, kd) ⇒ (β∗, β̂sc(β∗ + η; k, θ), k), η ∼ N (0, θ0),

where (β∗, k) ∼ p
(j)
β ⊗ p

(j)
k and the block is drawn according to πj . Moreover, the scalar estimator is the MAP operator

β̂sc(y; k, θ) := argmin
β∈R

{
(y − β)2

2θ
+Qk(β)

}
,

which matches our definition.

Step 3: Simplifying the fixed-point equations. We now consider their resulting fixed-point equations and show how they
evaluate to the fixed-point equations presented in our proposition. First, we note that because X is i.i.d. with variance 1/D,
we can evaluate the R-transform. Specifically, X has variance 1/D. Thus 1

αX has variance 1/N . Thus, R 1
αX

(ω) = α
α−ω .

By the properties of the R-transform (see e.g. Müller et al. (2013)),

RX(ω) = αR 1
αX

(αω) =
α

1− ω
. (32)
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Thus,

θ =
λ+ χ

α
, θ0 =

σ2
0 + p

α
. (33)

For the fixed-point equation for χ, we additionally simplify the expression a little bit:

θ0
θ
χ =

J∑
j=1

πjEβ∗,k,η

[
(β̂sc(β∗ + η; k, θ)− β∗)η

]
(1)
=

J∑
j=1

πjEβ∗,k,η

[
β̂sc(β∗ + η; k, θ)η

]
(2)
= θ0

J∑
j=1

πjEβ∗,k,η

[
∂yβ̂

sc(β∗ + η; k, θ)
]
,

(34)

where (1) arises from the fact that β∗ and z are independent and E[z] = 0 and (2) is a direct application of Stein’s lemma,

E[Xf(X)] = σ2E[f ′(X)] for X ∼ N (0, σ2). (35)

Hence, we can reduce the original matrix-valued fixed point equations to a system of scalar fixed-point equations in the
parameters (p, χ).

Expressing ∂yβ̂(y; k, θ). Denoting

q′k(x) :=
∂qk(x)

∂x
, q′′k (x) :=

∂2qk(x)

∂2x2
, (36)

the first-order optimality condition for

β̂sc(y; k, θ) = argmin
β

(y − β)2

2θ
+ qk(β)

is
0 =

1

θ

(
β̂sc(y; k, θ)− y

)
+ q′k

(
β̂sc(y; k, θ)

)
.

Implicit differentiation with respect to y gives

∂yβ̂
sc(y; k, θ) =

1

1 + θ q′′k
(
β̂sc(y; k, θ)

) .
We note that

q′k(z) =
1

2
asinh

(
2z√
k

)
, q′′k (z) =

1√
k + 4z2

. (37)

Substituting β = β̂sc(y; k, θ) yields the explicit Jacobian

∂yβ̂
sc(y; k, θ) =

1

1 +
θ√

k + 4β̂sc(y; k, θ)2

.

p =

J∑
j=1

πjEβ∗,k,η

[(
β̂sc(β∗ + η; k, θ)− β∗)2], (38)

χ = θ0

J∑
j=1

πjEβ∗,η


1 +

θ√
k + 4β̂sc(β∗ + η; k, θ)2

−1
 , (39)

with the closure relations

θ =
λ+ χ

α
, θ0 =

σ2
0 + p

α
. (40)

This proves the proposition.
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D. Experiments
In this section, we provide a more detailed description of the experiments conducted on ResNet architectures in different
settings. We pair the accuracy results presented with a measure of the representation before and after fine-tuning. We
employ the commonly used participation ratio (PR; (Gao et al., 2017)) as a measure of dimensionality, and the effective
number of shared dimensions (ENSD; (Giaffar et al., 2024)) as a measure of the number of principal components aligned
between two representations. Intuitively, the PR and ENSD of network representations before and after fine-tuning
capture the key phenomenology of the pretraining-dependent rich regime. Specifically, we expect that the dimensionality
of the network representation XFT after fine-tuning is lower than that of the representation XPT after pretraining, i.e.,
PR(XFT) < PR(XPT), and that nearly all representational dimensions expressed post-fine-tuning are inherited from
the pretraining state, i.e., ENSD(XPT, XFT) ≈ PR(XFT). The manifestation of this regime is more or less pronounced
depending on the parameter we vary.

D.1. Experiments λPT

The ResNet-18 architecture consists of an initial embedding layer followed by four stages of residual blocks, each containing
two convolutional layers with identity skip connections. To induce imbalance across the network, we upscaled the embedding
layer and the first three residual stages. In this experiment we modify lambda balanced during pretraining and leave the
network unchanged during fine-tuning. In Fig. 7 we observe that for decreasing κ the representation in the last layer
looks like a signature of the pretraining-dependent rich regime described above. Furthermore, we observe that the overall
dimensionality of the network decreases as a function of κ.

Figure 7. ResNet experiments on CIFAR-100. Resnet layers before and after fine-tuning (PR Pre and PR Post) as well as their ENSD as
a function of the κFT re-initialization.

D.2. Experiments cPT

To implement an equivalent notion of cPT scaling in this architecture, we scale all network parameters by a constant
factor κ. In this experiment, the overall scaling is applied during pretraining, while the network remains unchanged during
fine-tuning. In Fig. 8 we observe that for decreasing cPT the representation in the last layer looks like a signature of the
pretraining-dependent rich regime described above.

Figure 8. ResNet experiments on CIFAR-100. Resnet layers before and after fine-tuning (PR Pre and PR Post) as well as their ENSD as
a function of the cPT re-initialization.
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D.3. Experiments γFT

To implement an equivalent notion of γFT rescaling in this architecture, we scale the last layer parameter. In this experiment,
the overall scaling is applied during fine-tuning, while the network remains unchanged during pretraining. In Fig. 9 we
observe that for decreasing γFT the representation in the last layer looks like a signature of the pretraining-dependent rich
regime discribed above.

Figure 9. ResNet experiments on CIFAR-100. Resnet layers before and after fine-tuning (PR Pre and PR Post) as well as their ENSD as
a function of the γFT re-initialization.

D.4. Experiments cFT

For completeness, we include the heuristic proposed by (Lippl & Lindsey, 2024) for inducing a pretraining-dependent rich
regime, which consists of rescaling all network weights by a constant cFT < 1 during fine-tuning (see Appendix D). As
shown in Fig. 10, this heuristic is reported to improve performance relative to the baseline. The values found are not the
same as the one reported in (Lippl & Lindsey, 2024) since the set of parameter used are different. In Fig. 10 we observe
that for decreasing cFT the representation in the last layer looks like a signature of the pretraining-dependent rich regime
described above.

Figure 10. ResNet experiments on CIFAR-100. (a) Generalization performance as a function of the number of samples and initalization
parameters. We vary cFT . (b) Resnet layers before and after fine-tuning (PR Pre and PR Post) as well as their ENSD as a function of the
γFT re-initialization.

D.5. Control of task similarity

While it is not straightforward to exactly measure task overlap, we investigate its impact by fine-tuning on a different dataset
(SVHN), which is less similar to the PT data and therefore serves as a proxy for lower overlap (Fig. 11). FT performance
exceeds that of single-task learning at intermediate training stages across all kappa values. Consistent with our CIFAR
results, initializing ResNet with a smaller-than-standard scale enhances FT generalization. Overall, these findings support
the hypothesis that reducing dependence on PT amplifies the advantages of scaling for tasks with lower overlap (compared
to the CIFAR experiment in Fig.5 a).

D.6. Method robustness to optimizer choice

We observe the same qualitative trend as diagonall networks in non-linear. In Fig. 11b, using a ResNet trained with
Adam with weight decay, smaller α -our practical proxy for negative relative scale-consistently improves FT performance,
indicating that the effect is not tied to a specific optimizer or model. While different optimizers introduce stochasticity,
finite step sizes, and adaptive scaling, the qualitative dependence on relative scale and task structure remains unchanged,
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Figure 11. Further ResNet experiments: (a) New SVHN Dataset: After pretraining on 98 classes of CIFAR-100, we fine-tune the
model on 2 classes of SVHN. Consistent with our CIFAR results, initializing ResNet with a non-standard small scale (κ < 1, denoting
negative relative scaling) improves fine-tuning generalization. We contrast these results with the single task learning results on the two
classes of SVHN and observe benefits of fine-tuning in the intermediate sample setting. We posit that the gap in performance gain
(compared to CIFAR FT) might be smaller because the task overlap is smaller (b) Adam Optimizer: To test robustness across optimizers,
we replace SGD with Adam (weight decay of 5× 10−3 during pre-training; decay towards initial weights during fine-tuning, inspired by
our diagonal network findings). The κ trend remains consistent, though slightly attenuated. (c) Data Split: We adjust the CIFAR-100
pretraining/fine-tuning split from 98/2 to 60/40. The benefits of a smaller κ on generalization persist, confirming the robustness of the
relative scaling effect under different task distributions.

indicating that the observed regimes are not optimizer-specific.

D.7. Data split

Data Split: We vary the CIFAR-100 split from 98/2 (pretraining on 98 classes and fine-tuning on 2) to 60/40. Consistent
with our CIFAR results, a smaller initialization scale () improves generalization (Fig. 5 c)

D.8. Modular addition in Transformers

To assess whether our insights transfer to a different model architecture, we considered a novel PT+FT setup in Transformers.
We pretrained a one-hidden-layer Transformer, expanding the codebase provided under the following link: https://
github.com/teddykoker/grokking. The Transformer was pretrained on six different target outputs (using different
linear readouts): for inputs x, y, these target outputs were x op y mod b, where op ∈ {·,+} and b ∈ {33, 145, 194}. We
fine-tuned these models on modular addition using nine possible moduli: three seen moduli (33, 145, 194), three novel
moduli that share prime factors with the seen moduli (55, 87, 97), and three moduli that don’t share any prime factors
(49, 127, 169). We pretrained and fine-tuned all models using Adam with a learning rate of 4 · 10−3, no weight decay,
β1 = 0.9, β2 = 0.98. We pretrained for one million steps and fine-tuned for 32,000 steps, in order to investigate how quickly
models are able to transfer their features to these different tasks. To examine the impact of balancedness, we multiplied the
initial weights of the embedding by κ (following Kunin et al. (2024)).

We found that smaller balancedness generally improves generalization performance during fine-tuning (Fig. 12a). Moreover,
we also found that tasks involving only novel prime factors were noticeably harder (Fig. 12b).

E. Implementation and Simulations
E.1. Figure 2

In the code we approximate

PD =
∂ logP (k, βFT )

∂ log βPT
=

∂ logP

∂ log k
· ∂ log k

∂ log βPT
=

∂logP

∂logk
· ∂k

∂βPT
· βPT

k
(41)

=

[
1

2
− βFT√

k
· q

′

q

]
· βPT

k
· ∂k

∂βPT
(42)

(43)
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Figure 12. Experiments on Transformers with modular multiplication. We pretrain a one-hidden-layer Transformer on a mixture
of modular multiplication and addition tasks using three moduli (p = 33, 145, 194). Following Kunin et al. (2024), we manipulate
balancedness by multiplying the initial weights of the embedding by κ. We then fine-tune the Transformer on modular multiplication
with nine distinct moduli, to test varying degrees of task overlap. Specifically, we consider the seen moduli (p = 33, 145, 194), in which
case the model must select the relevant subset of pretraining features; moduli that share prime factors (p = 55, 87, 97), in which case the
model can similarly rely on a set of overlapping features; and moduli that do not share any prime factors (p = 49, 127, 169), in which
case the model may be able to transfer some features but may also have to learn a set of novel features. We ran 25 random seeds per setup;
error bars reflect ± one standard error. a) Best validation error as a function of κ. Smaller κ generally performs better. b) Best validation
error averages within the different categories of fine-tuning tasks. Tasks involving only novel prime factors are noticeably harder.

with

∂k

∂βPT
≈ k+ − k−

2ϵ
. (44)

k+ = 2(λPT + cPT)
(
1 +

√
1 + ((βPT + ϵ)/cPT)2

)
+ γ2

FT (45)

k− = 2(λPT + cPT)
(
1 +

√
1 + ((βPT − ϵ)/cPT)2

)
+ γ2

FT (46)

E.2. Figure 3

E.2.1. SOLVING THE REPLICA FIXED POINT EQUATIONS NUMERICALLY

The RS order parameters are

p = E
[
(βft − β̂ft)

2
]
, χ = θ0 E

[
∂yβ̂

sc(y;K, θ)
]
,

where the expectation is over (βft,K, v) with y = βft + σv, v ∼ N (0, 1), and σ2 = θ0 = (p+ σ2
0)/α.

The fixed-point closure is
θ0 = δ(σ2

0 + p), θ = δ(χ+ λ),

with δ = 1/α, additive label-noise variance σ2
0 (set to zero in the noiseless teacher setting), and an optional external ridge

parameter λ.

These equations are solved iteratively for (θ0, θ) at each α. In order to solve each equation, we need to evaluate to separate
expectations.

The expectations defining p and χ are approximated by Monte-Carlo sampling. Given m i.i.d. samples (βft,i, ki, vi), we
form scalar observations

yi = βft,i +
√
θ0 vi, vi ∼ N (0, 1).

For each yi and penalty parameter ki, the scalar estimator β̂ft,i is given by the RS scalar denoiser

β̂ft,i = β̂sc(yi; ki, θ) = argmin
β∈R

{
(yi − β)2

2θ
+ qki

(β)

}
.
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This scalar optimization balances fidelity to the noisy observation yi against the implicit-bias penalty qki
, with θ controlling

the strength of the quadratic term. For the qk family considered here, the objective is strictly convex, so the minimizer is
unique and can be computed reliably via a safeguarded Newton method.

At the scalar optimum, we also compute the local curvature

s2i :=
(

1
θ + q′′ki

(β̂ft,i)
)−1

,

where β̂ft,i = β̂sc(yi; ki, θ) and yi = βft,i +
√
θ0 vi. This expression follows by implicit differentiation of the first-order

optimality condition for the scalar denoiser:

0 =
β̂sc(y; k, θ)− y

θ
+ q′k

(
β̂sc(y; k, θ)

)
.

Differentiating both sides with respect to y gives

0 =
1

θ

(
∂yβ̂

sc(y; k, θ)− 1
)
+ q′′k

(
β̂sc(y; k, θ)

)
∂yβ̂

sc(y; k, θ),

and therefore

∂yβ̂
sc(y; k, θ) =

1

1 + θ q′′k (β̂
sc(y; k, θ))

=
s2

θ
, s2 =

(
1
θ + q′′k (β̂

sc)
)−1

.

We compute s2i (equivalently ∂yβ̂
sc) at the optimum because it provides a numerically stable evaluation of the susceptibility:

it only involves the positive quantity 1
θ + q′′ki

(β̂ft,i) (which is bounded away from zero under strict convexity), avoiding
finite-difference approximations of ∂yβ̂sc that can be noisy or ill-conditioned.

The Monte-Carlo estimates of the RS moments are then

p̂ =
1

m

m∑
i=1

(βft,i − β̂ft,i)
2, χ̂ = θ0 ·

1

m

m∑
i=1

∂yβ̂
sc(yi; ki, θ) = θ0 ·

1

m

m∑
i=1

s2i
θ
,

which are substituted into the fixed-point closure relations and iterated (with damping) until convergence.

When the penalty parameter k takes values in a finite set, the Monte-Carlo evaluation can be accelerated by grouping samples
with identical k. In the PT→FT oracle considered here, k is deterministic conditional on PT activity: by construction (and
because αpt ≥ 1 in our setting), pretraining recovers the teacher exactly so each coordinate has β̂pt,d ∈ {0,±1/

√
ρpt}.

Since kd is a deterministic function of β̂pt,d and the initialization hyperparameters (cf. Eq. (15)), it follows that kd can
only take finitely many values (one for PT-inactive coordinates and one for PT-active coordinates, or more generally one
per PT group if multiple groups are used). Importantly, while the proximal solution β̂sc(yi; ki, θ) depends on the sampled
βft,i through yi, the parameter ki itself does not: it is fixed by the pretrained coordinate type (PT-active vs. PT-inactive).
Therefore grouping by identical k is valid even though β̂ft,i varies across samples within a group.

E.2.2. FIXED-POINT ITERATION AND NUMERICAL STABILIZATION

Although the replica-symmetric fixed-point equations are theoretically well defined, naive numerical iteration can be
unstable, especially near sharp transitions or in regimes with multiple admissible solutions. We therefore employ a damped
fixed-point scheme with simple numerical safeguards to ensure stable and reproducible convergence.

Iteration variables. For a fixed inverse sample efficiency δ = 1/α, the solver iterates on the RS state variables (θ0, g).
Given a current iterate, Monte-Carlo estimates of the RS moments p̂ and χ̂ are computed as described in Section 2 and used
to form the updates

θnew0 = σ2
0 + δp̂, gnew = γext + δgχ̂.

A fixed point of this map defines the RS solution at the given α.

Damping. To suppress oscillations and divergence, the updates are applied with damping parameter λ ∈ (0, 1]:

θ0 ← (1− λ)θ0 + λθnew0 , g ← (1− λ)g + λgnew.

Smaller values of λ slow convergence but substantially improve stability, particularly near phase transitions.
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Positivity constraints. The RS variables are constrained to remain in their admissible domains by enforcing

θ0 ≥ σ2
0 , g ≥ gmin,

where gmin > 0 is a small numerical floor. These constraints prevent degeneracy in the scalar denoiser and curvature
evaluation and act purely as numerical safeguards. I practice we pick gmin = 10−14

Convergence criteria. Convergence is assessed using the maximum absolute residual

res = max{|θnew0 − θ0|, |gnew − g|} .

The iteration terminates when res < tol or when a preset iteration limit is reached.

E.2.3. STABILIZATION ACROSS SAMPLE EFFICIENCIES

In addition to within-α stabilization, the RS fixed-point equations may admit multiple stable solutions as the sample
efficiency α varies. To robustly track solutions across α, we use continuation with warm starts and a simple branch-selection
rule.

Forward/backward continuation in α. Given a grid of sample efficiencies {αj} (equivalently δj = 1/αj), we solve the
fixed-point equations sequentially in two passes. In the forward pass, solutions at αj are initialized using the converged
state from αj−1; in the backward pass, the grid is traversed in reverse order, initializing from αj+1. This bidirectional
continuation helps detect multistability and reduces sensitivity to initialization.

We explicitly verify that the forward and backward continuations converge to consistent solutions across the entire grid.
For each αj , we compare the converged forward and backward fixed points and observe no evidence of multistability.
Quantitatively, the median branch mismatch ∥θfwd − θbwd∥ is ∼ 1.5× 10−7 (with the 95th percentile below 2× 10−6), and
the corresponding fixed-point residuals are of order 10−7–10−6. The resulting Monte-Carlo estimates of p and χ differ by
less than 1.5% in median and 2.5% at the 95th percentile, well within the intrinsic sampling error.

In addition, the implementation includes an automated reliability score that flags numerical instabilities; no runs failed to
converge or exhibited exploding behavior across all sweeps. A small MSE floor (∼ 10−12) is used to prevent numerical
issues in the high-sample-efficiency regime, where such instabilities are known to arise. Taken together, these checks
confirm that the fixed-point solutions are robust, path-independent, and insensitive to the direction of continuation in α.

Warm starts. At each αj , the fixed-point iteration is warm-started from the nearest converged solution along the
continuation path, rather than from a generic initialization. This reduces the number of iterations required for convergence.

Branch selection rule. Forward and backward continuation may converge to different fixed points at the same α, reflecting
genuine RS multistability. In such cases, we select the branch with smaller predicted MSE as the reported solution. The
discrepancy between forward and backward solutions is retained as a diagnostic of numerical sensitivity.

E.2.4. DIAGNOSTICS AND RELIABILITY CHECKS

To assess the reliability of numerical RS solutions, we record diagnostics that quantify fixed-point convergence, multistability
across continuation paths, and Monte-Carlo uncertainty.

Residual checks. For each α, convergence is monitored using the fixed-point residual

res = max{|θnew0 − θ0|, |gnew − g|} .

Solutions with res > tol are considered unconverged and flagged as unreliable.

Branch mismatch. Let MSEfwd(α) and MSEbwd(α) denote the RS predictions obtained from forward and backward
continuation, respectively. We quantify branch disagreement via

∆branch(α) =
∣∣10 log10(MSEfwd(α)

)
− 10 log10

(
MSEbwd(α)

)∣∣ .
Large values indicate RS multistability or sensitivity to initialization.
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Monte-Carlo uncertainty. Let

e2i =
(
βft,i − β̂ft,i

)2
.

The Monte-Carlo estimate

M̂SE =
1

m

m∑
i=1

e2i

is assigned a standard error SE(M̂SE), computed using batch-means estimation. Uncertainty on the log scale is approximated
via the delta method,

SEdB ≈
10

ln 10

SE(M̂SE)

max{M̂SE, ε}
,

with a small floor ε > 0 to avoid numerical blow-up.

Failure indicators. A solution at α is flagged as unreliable if any of the following occur:

• res > tol: the fixed-point residual exceeds the prescribed tolerance. In all experiments, the residual remained strictly
below tol = 10−10, with a maximal observed value of approximately 9.9× 10−7.

• ∆branch(α) exceeds a prescribed threshold: the mismatch between forward and backward continuation branches be-
comes large. Across all sweeps, the maximal observed branch mismatch (∆branch, measured in dB) was approximately
3.6× 10−4 dB, occurring in the most challenging low-α regimes, and is negligible relative to the reported MSE effects.

• SEdB is comparable to or larger than the reported effect size: the Monte Carlo standard error of the predicted MSE (in
dB) becomes large. In practice, SEdB was capped by a numerical floor and remained below approximately 0.07 dB
even in the low-α regime, ensuring that uncertainty in the RS predictions remains well controlled as MSE→ 0.

These indicators are retained alongside RS predictions to identify unstable or poorly resolved regions. In the current
experimental setups, no solutions exceeded these reliability thresholds.

The consistently small values of all failure indicators can be attributed to (i) strict convergence criteria combined with
conservative damping and a large iteration budget, (ii) the absence of detectable multistability in the explored parameter
regimes, as evidenced by near-identical forward and backward continuations, and (iii) explicit slope capping in the dB-scale
error estimation, which prevents numerical amplification of Monte Carlo uncertainty at very small MSE.

E.2.5. PARAMETER SWEEPS AND CURVE GENERATION

All replica-theory curves are generated by solving the RS fixed-point equations over a dense grid of sample efficiencies α,
mirroring the structure of the corresponding empirical experiments.

Numerical parameters. Replica fixed-point equations are solved using Monte-Carlo approximation with m = 80,000
samples per α. Fixed-point iteration uses damping factor 0.25, convergence tolerance tol = 10−6, and a maximum of 900
iterations per α. A small external ridge parameter γext = 10−6 is included to improve numerical stability. All runs use a
single random seed.

Parameter sweeps. For each experiment, a baseline configuration is evaluated together with one-dimensional sweeps over
individual hyperparameters, with all remaining parameters held fixed. Baseline values are excluded from sweep lists to
avoid duplicate runs. Each parameter configuration produces a full generalization curve indexed by α.

Parallelization and curve assembly. To increase parallelism, the α-grid may be partitioned into contiguous chunks, with
each job solving the RS equations on a subset of α values for a fixed parameter configuration. Results from all chunks are
concatenated to form the final curve, which is saved together with per-α diagnostics and metadata.

E.2.6. DIAGONAL NETWORK EXPERIMENTS (EMPIRICAL SETUP)

This section specifies the empirical diagonal-network experiments used to compare finite-dimensional training with the
replica-symmetric predictions. All experiments use diagonal linear networks trained by gradient flow and are averaged over
multiple random seeds.
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Global settings. Unless stated otherwise, all experiments use the following hyperparameters:

Parameter Value
Input dimension d 5000
Test samples 10,000
Learning rate 0.5
Max epochs 5× 106

Convergence threshold 10−4

Data scale α = n/d 11 values in [0.01, 0.5]
Random seeds 14 (seeds 6–19)
Teacher signal scale aPT 1.0
Pretraining sparsity ρPT 0.1

Mean squared error is evaluated on an independent test set after convergence.

Task parameterization and overlap. Fine-tuning task structure is specified by (ρsharedFT , ρnewFT ) as in Eq. (11), with total
fine-tuning sparsity

ρFT := ρsharedFT + ρnewFT .

For convenience, we additionally report the overlap fraction

ω :=
ρsharedFT

ρsharedFT + ρnewFT

∈ [0, 1],

so that, for a fixed ρFT , sweeping ω corresponds to setting ρsharedFT = ω ρFT and ρnewFT = (1− ω) ρFT .

Pretrain–fine-tune protocol. For pretrain–fine-tune (PT+FT) experiments, fine-tuning is initialized from an analytically
constructed infinite-pretraining state determined by the pretraining teacher βPT and homogeneous parameters (cPT , λPT ).
Here we assume αPT ≥ 1 so that pretraining perfectly recovers the ground truth βPT . At the start of fine-tuning, a
reinitialization scale γreinit is applied to set β(0) ≈ 0 while preserving the coordinate-wise richness structure.

Experiment 1: Benefit from existing features. Fixed parameters:

ρPT = 0.1, ρFT = ρsharedFT + ρnewFT = 0.1.

Baseline:
ω = 0.5 (i.e., ρsharedFT = ρnewFT = 0.05), cPT = 10−3, λPT = 0, γreinit = 0.

Swept parameters:

Parameter Values
Overlap fraction ω {0, 0.5, 1}
cPT {10−6, 10−3, 1}
λPT {−10−3,−0.99 · 10−3, 0, 0.99 · 10−3}
γreinit {0, 1, 10}

Experiment 2: Learning new features. Fixed parameters:

ρPT = 0.1, ρsharedFT = 0 (equivalently ω = 0).

Swept parameters:

Parameter Values
ρnewFT {0.1, 0.9}
(ρFT = ρnewFT since ρsharedFT = 0)
cPT , λPT , γreinit same as Experiment 1
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Experiment 3: Nested feature regime. Fixed parameters:

ρPT = 0.1.

Swept parameters:

Parameter Values
Overlap fraction ω {0, 1}
ρFT {0.01, 0.04}

Implied (ρsharedFT , ρnewFT )
ω = 1 : (ρsharedFT , ρnewFT ) = (ρFT , 0)
ω = 0 : (ρsharedFT , ρnewFT ) = (0, ρFT )

cPT , λPT , γreinit same as Experiment 1

Experiment 4: Single-task learning (SLT). In this setting, the network is trained from scratch without pretraining. We
generate a single sparse task with sparsity ρ (denoted ρPT for notational consistency).

Swept parameters:

Parameter Values
Task sparsity ρ (denoted ρPT ) {0.01, 0.04, 0.1, 0.9}
cPT {10−6, 10−3, 1}
λPT {0,−cPT ,−0.99cPT , 0.99cPT }

Mapping to replica curves. Empirical results are compared to replica-symmetric predictions by mapping the initialization
at the start of fine-tuning to the replica penalty parameter

ki = 4 c2FT,i,

and solving the associated fixed-point equations for each data scale α.

Code. The experiments and replica curves are generated using:

• ptft empirical finetune df.py

• ptft replica qk.py

• compute emp curves worker exp[1--4].py

• ExperimentSetup.md

E.3. Figure 5

All experiments are performed using ResNet-18. Each plot is based on 30 random seeds, with the mean performance shown
and standard errors represented as error bars. The network is pre-trained on 49,000 samples until the loss reaches 0.01.
During fine-tuning, the number of samples is varied as indicated in the figure, using a loss threshold of 0.0001. For the
corresponding ENSD experiments, we use 500 samples.
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