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Abstract

Many optimization problems in machine learning
and data science—from deep neural networks to
Bayesian inference and beyond—fall outside the
standard Lipschitz smoothness framework that
underpins the convergence theory of stochastic
gradient descent (SGD). Motivated by this theory-
practice disconnect, we examine the almost sure
convergence of the trajectories of SGD in non-
convex landscapes under a generalized (Lo, L;)-
smoothness condition which allows for gradients
with superlinear growth (even exponential). We
begin by proposing a taming scheme for SGD that
achieves almost sure convergence under a gener-
alized ABC-type condition on the gradient noise.
Subsequently, to relax this requirement, we intro-
duce a more flexible, dissipative taming scheme
which converges almost surely under less restric-
tive moment bound conditions for the stochastic
gradients entering the process. For both taming
schemes, we show that the generated trajecto-
ries avoid strict saddle points (and/or manifolds
thereof) with probability 1 so, generically, both
methods only converge to local minimizers.

1 Introduction

Background. Contemporary machine learning models
and architectures—from neural networks to dictionary learn-
ing and inverse problems—invariably boil down to solving
a high-dimensional non-convex optimization problem of the
form

(Opt)

'Athens University of Economics & Business, Athens,
Greece. 2Archimedes, Athena Research Center, Athens, Greece.
3Univ. Grenoble Alpes, CNRS, Inria, Grenoble INP, LIG, 38000
Grenoble, France. Correspondence to: Vassilis Apidopoulos
<v.apidopoulos @athenarc.gr>.

min, cga f(x)

Proceedings of the 43"¢ International Conference on Machine
Learning, Seoul, South Korea. PMLR 306, 2026. Copyright 2026
by the author(s).

2 Panayotis Mertikopoulos 32

for some differentiable loss function f: R — R. When the
problem’s dimension is so high as to render exact gradient
computations prohibitively expensive, the de facto method
for solving (Opt) is the stochastic gradient descent (SGD)
algorithm

Xr+l =Xt = ViGr (SGD)
where vy, is the method’s step-size, and g;,t = 1,2,..., s
a sequence of stochastic approximations of V f(x;) that are
cheaper to compute than exact gradients.

Historically, (SGD) was introduced by Robbins & Monro
[68] and Kiefer & Wolfowitz [41] as a method for solv-
ing systems of nonlinear equations in the computationally
starved backdrop of the 1950’s. Still, despite the fact that
(SGD) has been around for more than 75 years, it remains
the method of choice for training massively large machine
learning systems—from large language models, to recom-
mender systems and transformers. As a result, the study
of (SGD) has generated a vast corpus of literature in op-
timization, probability and statistics, for both convex and
non-convex problems.

The first convergence result for (SGD) in a general, non-
convex setting was obtained by Ljung [48, 49, 50], who
showed that x; converges with probability 1 (w.p.1) to a
set of critical points of f, provided that sup,||x;|| < co.
Even though this boundedness caveat is often impossible
to verify from first principles, it persisted in the stochastic
approximation literature [5, 43] until the foundational work
of Bertsekas & Tsitsiklis [8] who showed that V f(x;) — 0
w.p.1 without resorting to any boundedness assumptions.
Ever since these landmark results, there have been a number
of refinements and extensions, including the almost sure
avoidance of saddle points [6, 14, 20, 24, 33, 37, 59, 64],
extensions to non-gradient systems [5, 12, 43], manifold
optimization [11, 13], and many other settings.

The role of smoothness and related work. A shared
baseline—and common underlying assumption—in these
works is that the problem’s objective satisfies a (global)
Lipschitz smoothness condition of the form

FO) S FO) + (V)2 =x) + (L/2) I = x| (LS)
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for some L > 0 and all x,x” € X'. This assumption serves
a dual purpose: first, it provides a local descent inequality
which is essential for the iterative analysis of (SGD); sec-
ond, it ensures that f(x) grows at most quadratically—and
[[Vf(x)|| at most linearly—as |lx|| — oo. This “tame
growth” requirement is crucial for establishing the conver-
gence and other properties of (SGD), because the method’s
stability analysis—i.e., showing that x, remains bounded
w.p.1—often hinges on a second-order Taylor expansion.

On the other hand, this smoothness condition breaks down
irrevocably when the loss landscape of f grows at a su-
perquadratic rate—e.g., as in deep nets, where losses exhibit
polynomial growth with a degree proportional to the number
of layers in the network. In turn, this creates a fundamental
tension between theory and practice, whereby a linchpin of
the analysis of (SGD) fails to hold in some of the method’s
most impactful application domains.

The effort to mitigate this disconnect has led to a flurry of
activity with the aim of replacing (LS) with a “generalized”
variant that concurrently allows for superlinearly growing
gradients while maintaining local control (in the form of a
suitable descent inequality). One of the most widely used
conditions of this type is the notion of (Lg, L)-smoothness,
which, in its simplest incarnation, posits that

V£ ()lF < Lo + Li[|V£(x) ]| (LoL1)

for suitable constants Lo, L; > 0 and all x € R?.! This
condition was introduced by Zhang et al. [83, 84] as a surro-
gate for a large class of differentiable functions that exhibit
polynomial gradient growth (or even exponential). These
functions do not satisfy the global version of (LS), so it is
not possible to construct a suitable quadratic majorant at
each point; however, thanks to (LoL1), it is still possible
to construct a global model capturing the geometry of the
objective function (and, in particular, its growth envelope).

In turn, this has led to the introduction of several gradient
shaping mechanisms, mostly based on clipping [7, 62, 63]
and normalization [31]; for a repesentative list of references,
cf. [7, 28, 31, 63, 84] and Appendix A. These methods
have been proven to be remarkably effective in dealing with
(Lo, L1)-smooth objectives: In the deterministic non-convex
setting Zhang et al. [83, 84] derived a series of iteration com-
plexity bounds for ||V f(x;)|| and (1/T) Zszl [V f(x)]l, see
also [17, 42, 79]. In the convex case, Koloskova et al. [42]
and Gorbunov et al. [29] derived a series of improvements
for clipped gradient descent in the (strongly) convex case,
which can be coupled further with acceleration techniques
or Polyak step-sizes [29, 45, 79].

In the stochastic non-convex setting—our paper’s main fo-
cus due to its connection to deep learning—most guarantees

"Here ||A||F = y/tr(AT A) denotes the Frobenius norm of A.

for clipped / normalized SGD concern “regret-type” bounds
of the form E[ zT:I IV£(x)I?] = OT). Following the
“random stopping” trick popularized by Ghadimi & Lan
[25], bounds of this sort can produce a (randomized) output
point X7 with E[||[Vf(x7)|’] = O(g) after T = O(1/&?)
iterations on average, cf. [42, 45, 83] and references therein.
Finally, complementing this analysis blueprint with stop-
ping time arguments, [18, 23, 45] derived a series of high
probability guarantees under generalized smoothness.

For further elements of related work, see Appendix A.

Our contributions. All these results provide efficient and
streamlined methods of obtaining a point with low gradi-
ent norm (on average or in high probability), but the long-
run behavior of stochastic gradient methods in non-convex
landscapes with superlinearly growing gradients remains
opaque—for example, it is not even possible to tell if the
produced point lies in the vicinity of a minimizer, a saddle
point, or even a local maximum of f. In view of this, our
point of departure can be summarized as follows:

Is it possible to obtain almost sure convergence guarantees
in non-convex optimization without global smoothness?
And, if so, are saddle points avoided in the long run?

Our approach is based on the observation that similar sta-
bility issues arise in the numerical analysis of stochastic
differential equations when the drift of the stochastic dif-
ferential equation (SDE) exhibits superlinear growth [35].
Concretely, standard numerical integration techniques break
down when the drift of an SDE—corresponding to V f in our
case—exhibits superlinear growth. A principled paradigm
to restore stability in this context is the technique of tam-
ing, originally due to Hutzenthaler et al. [36] and Sabanis
[71, 72], which consists of modifying the drift of the SDE
under study in an asymptotically vanishing way, and then
using exponential moment bound and/or isoperimetric tech-
niques to control the resulting “tamed” trajectories.

Motivated by this observation, we introduce a taming
scheme for SGD—which we call tamed stochastic gradient
descent (TSGD)—and which can be seen as running (SGD)
with an adaptive, position-dependent step-size. By tethering
the scale of the taming scheme to the smoothness profile
of f, we show that the trajectories of the method converge
with probability 1 to the set of critical points of f, thereby
extending the seminal result of Bertsekas & Tsitsiklis [8] to
the (Lo, L1)-smooth setting. In addition, we also propose a
dissipative version of TSGD, which allows more flexibility
in the choice of taming and step-size parameters, and which
we also show converges w.p.1. Finally, by establishing a
link between taming and the theory of stochastic approxi-
mation [5], we show that the proposed taming methods also
avoid strict saddle points (a.s.), thus recovering and general-
izing existing results for (SGD) in the Lipschitz case [6, 59].
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We are not aware of any comparable results in the literature
on generalized smoothness, and we find both particularly
appealing for the applicability of taming to deep learning
loss landscapes, where saddle points are ubiquitous.

2 Problem setup and preliminaries

We now proceed to describe and discuss in detail our stand-
ing assumptions for (Opt) and the oracle providing gradient
information on f. Some of these requirements may be re-
laxed (depending on the precise setting), but we refrain from
doing so to avoid unnecessary technicalities and to have the
cleanest presentation of our analysis and results.

2.1. Assumptions on the objective. We begin with our
assumptions for f, writing X = R for the domain of (Opt).

Assumption 1. The objective function f: X — R of (Opt)
satisfies the following conditions:

(a) C?-smoothness: f is two times continuously differen-

tiable on X'.

(b) Gradient coercivity:

\%

V7@

x|

that is, (Vf(x),x) = Q(||x||?) for large x.

lim inf

llx[l—eo

0 (GO)

These requirements are fairly standard, the first for stream-
lining statements regarding the characterization of the crit-
ical points of f, and the second as a “sanity check” that
guarantees the existence of solutions to (Opt) and disqual-
ifies instances with near-critical behavior at infinity—e.g.,
as in the case of f(x) = log(1 + ||x]|?). In particular, (GC)
readily implies that

(a) f is bounded from below, i.e.,
Je=infyex f(x) > —co. (1a)
(b) The critical set
critf={xe X :Vf(x) =0} (1b)
of f is nonempty and compact.
We will use both facts freely in the sequel.

Moving forward, as we discussed earlier, many problems
of central interest to machine learning may exhibit super-
quadratic growth, so, in terms of smoothness and growth
requirements, we will assume that f is (L, L1)-smooth.

Assumption 2. f satisfies (LoL;).

To connect with the literature, Assumption 2 with f assumed
C? is equivalent to the (I1-symmetric) first-order condition

IVF () =Vf Il < (Lo+Li supyepy oIV (@)l])-1x"=x]]
2

for all x,x” € X, cf. [17, 29, 79, 83] and references therein.
At the cost of a more complicated analysis and presentation,
(2) can be used as a stand-in for objectives that are not C2-
smooth, but this will not be important for our purposes. By
contrast, an immediate consequence of (LoL) which will
play a central role in our analysis is the expansion

FT) < f(x) +(Vf(x),x" —x)
L Lot Li[|VF )l RATEN

5 I = x[I*, (3)

which holds for all x,x” € X' [17, Prop. 1]. This variant of
(LS) lends itself directly to a (local) descent lemma, so (3) is
often taken as the starting point for the analysis of gradient
methods in this context; for a representative selection of
works on the topic, cf. [17, 29, 42, 78, 79, 83, 84] and
references therein.

A key point worth noting here is that the Assumption 2
imposes a worst-case growth bound of the form ||V f(x)|| =
eOUxI+o(1))) (see Lemma B.1 and Remark 5 in Ap-
pendix B), showing in this way that (Lo, L;)-smoothness
allows for loss functions with at most exponentially growing
gradients. This black-box upper bound on the growth of
||V f(x)]l, issuing from (Lg, L)-smoothness, plays a central
role on the design of the proposed methods (see Sections
3 & 4). An important example of this type is deep neu-
ral networks with continuously differentiable, unbounded
activation functions—such as softplus, exponential and/or
Gaussian error linear units, etc. In this case, the resulting
loss function exhibits polynomial growth with a degree that
scales linearly with the order of the number of layers L in
the network—typically as O(||x||) for hinge losses, and as
O(||x[I*) under quadratic losses.

2.2. Assumptions on the oracle. To compute gradient
information for f, we will assume throughout that the opti-
mizer has access to a stochastic gradient oracle (SGO), i.e.,
a black-box mechanism that returns an estimate of the gra-
dient of f at the point of interest. Formally, when queried at
ax € X, an SGO returns a stochastic gradient of the form

G(x;w) = Vf(x) + Z(x; w) (SGO)
where w is a random seed drawn from some (complete) prob-
ability space (Q, F,P), and Z(x; w) denotes an umbrella
error term intended to capture all sources of noise and ran-
domness in the oracle. Our blanket assumption throughout
will be that G is unbiased, that is,

E[Z(x;w)] =0 forallx € X. @
This is a bare-bones requirement which is standard for

stochastic gradient methods. Other than that, in terms of
magnitude, we will make the following assumption for Z.
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Assumption 3. The gradient noise term Z: X' x Q — R¢
of (SGO) has pointwise sub-Gaussian tails, i.e.,

E[exp((Z(x; w), p))] < e27 ) lPI? (SubG)

for some variance proxy parameter o (x), x € X

Assumption 3 simply means that the tails of Z are bounded

as
2

P(|Z(x;w)|| = 1) < 26_20,(7)()2 . 5)

Importantly, the variance proxy parameter o (x) in (5) is
state-dependent, so the variance of the noise may grow
unbounded for large x. We will explore the precise ramifica-
tions of this assumption in the next section.

During implementation, G is typically queried along a se-
quence of points x; € X, ¢ = 1,2, ..., with random seeds
wy drawn i.i.d. from Q according to P. In this way, we get a
sequence of stochastic gradients of the form

9 =G(xpw) =Vf(x) +Z (6)

where Z, is a martingale difference sequence measuring
the noise in the oracle at time ¢. For posterity, in order to
formalize what is and what isn’t random in (6), we will
write F; for the history of x; up to time ¢ (inclusive), so that
X is Fy-measurable, while wy, §;, and Z, are not.

2.3. Discussion on the assumptions. To illustrate the
range of validity of Assumptions 1-3, consider the regular-
ized empirical risk minimization (ERM) objective

N
) = S E) + S ERM)
i=1
where &;, 1 = 1,2,..., N, is a set of training data points,
€(x; &) is the loss of model x against datum &, and 4 > 0
is a regularization parameter. In this finite-sum setting, the
most common mechanism to estimate the gradient of f is to
sample a random minibatch w C {£1,...,&n} of fixed size
|w| = B < N, and consider the minibatch gradient
G(x;w) = 1 D VE(x;€) + Ax. (7)
lwl £z2

Standard examples of this framework are neural networks
with smooth activations and linear models with non-convex
loss functions, cf. [22, 46, 52] and works cited therein.
Accordingly, under standard choices for ¢ (squared / logistic
loss, etc.), Assumptions 1 and 2 are trivially satisfied—the
former thanks to the Tikhonov regularization term, the latter
because ¢ grows at most polynomially at infinity. As for
Assumption 3, taking B = 1 for simplicity (the general case
is similar) and abusing notation to write w « £, we get

1Z(x: )l =

| N
v D Ve(x &) - Vf(x;f)H
izi

1 N
< 5 2llVE: &) = Ve o)l = 0(r(x) @)
i=1

if [|[Ve(x;&)]| = O(r(x)) for all £ (so r(x) can be cho-
sen to grow at most polynomially in x). By a rou-
tine application of Hoffding’s lemma, this implies that
log E[exp({Z(x; @), p))] = O(lIpllPr(x)*), so Assump-
tion 3 holds with o (x) = O(r(x)).

We detail the role of this scale function and the interplay
between the growth of f(x) and o (x) in the next section.

3 Taming SGD and first results

As we noted before, a crucial element in the convergence
analysis of (SGD) is the L-smoothness assumption (LS):
This condition ensures that gradients grow at most linearly
at infinity, a property which is in turn essential for con-
trolling the algorithm’s iterates and establishing conver-
gence. By contrast, under the more general assumption
of (Lg, L1)-smoothness, this growth condition breaks down,
so the algorithm’s updates must be controlled in a different
manner—typically through some combination of gradient
clipping and renormalization techniques.

These mechanisms allow us to recover the ergodic conver-
gence guarantees of “randomly stopped” variants of (SGD)
a la Ghadimi & Lan [25], producing a random output point
xr with E[||Vf(E7)|I?] = O(e) after T = O(1/&?) itera-
tions on average [42, 45, 83] . However, finer properties of
(SGD)—Iike the convergence of the generated trajectories
or the avoidance of non-minimizing critical points—remain
highly elusive in this setting.

We address these questions via an adaptive rescaling tech-
nique known as “taming”. To build intuition for the method,
we start with a basic taming scheme, which we analyze
here under a slight refinement of Assumption 3; for a more
sophisticated algorithm and analysis, see Section 4.

3.1. Tamed SGD. To make the motivation clearer and
connect our approach with the literature, we first discuss the
deterministic gradient case §; = V f(x;), and we reinstate
the stochastic regime after this first discussion.

To begin, recall that the optimal step-size choice for gradient
descent in the class of L-smooth functions is of the form
v = a/L for some a € (0,2), leading to the update rule

X1 =X — (@/L)V f(x;) . 9)

If we regard (Lo, L1)-smoothness as “vanilla” Lipschitz
smoothness with L replaced by Lo+ L1||Vf(x)]|, a plausible
analogue of (9) for (Ly, L)-smooth functions would be

a

“Lrngvror @ 40

Xt+1 =
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This update is commonly referred to as (Lg, L) gradient
descent, and it is known to exhibit the same convergence
properties as ordinary gradient descent for L-smooth func-
tions, see e.g., Li et al. [45, Thms. 4.2 and 4.3] and Gor-
bunov et al. [29, Thm. 3.3] for the (strongly) convex case,
and Li et al. [45, Thm. 5.2] for non-convex problems.

Since the constants Ly and L; are not always known, a
more flexible update rule would be the normalized gradient
descent algorithm

(o3

T B VG

for tunable a,, 8 > 0.% In a similar vein, a variant of (NGD)
which is very popular in practice is the clipped gradient
descent algorithm

Vf(xe) (NGD)

Xe+1

ay

~ max{B, [|V.f (x|}

which “clips” the renormalization factor of (NGD) when
V f(x;) drops below the threshold parameter 8. This clip-
ping technique was introduced by Pascanu et al. [62, 63] as
an efficient way to counter exploding gradients in (SGD)
and to improve the method’s stability and performance in
neural network training, cf. [1, 27] and references therein.

Vf(x) (CGD)

X+l = Xt

The starting point of our approach is the observation that
all these algorithms can be seen as special instances of the
more general tamed gradient descent scheme

L )

1+ Aer(x;) (TGD)

X4l = Xt

where A; > 0 is a variable taming parameter and r(x) > 0 is
a suitably chosen continuous coercive scale function. From
an implementation standpoint, the most immediate choice
for this scale function would be to ensure that |V f(x)|| =
O(r(x)) in order to dampen excessively large gradients and
stabilize the iterates of the method. In so doing, we have:

(a) The (Lo, L1) update (10) is recovered by taking y, «
n/Lo, 4 < Li/Lo, and r(x) = [|[Vf(x)].

(b) (NGD) is obtained by setting y; «— a;/B, ; «— 1/B,
and r(x) = |IVS(0)|l.

(c) (CGD) is recovered by letting y; « a;/B, ; < 1/8,
and r(x) = max{B, [[Vf(x)|l} - B.

Thus, returning to the stochastic regime, if the optimizer can
only access stochastic gradient (SG) information, we obtain
the tamed stochastic gradient descent scheme

(TSGD)

t ~
X =Xy - —m8Mm88 —
1+l " +/l,r(x,)gt

2We follow here the terminology of Zhang et al. [84]; at the
same time, we should note that (NGD) is also encountered with
B =0, cf. Chen et al. [17] and Vankov et al. [79].

with g, generated by (SGO) as per (6). This method will be
our main focus in this section, so some remarks are in order.

Remark 1. The terminology—and methodology—of “tam-
ing” has its roots in the numerical analysis of SDEs, where it
has been used extensively to remedy the numerical instabil-
ity of approximating solutions of SDEs with superlinearly
growing gradients. More precisely, the solutions of the
Langevin SDE

dX, = -Vf(X,) dt + dW, (LSDE)

and the trajectories of its Euler—Maruyama discretization

X1 =X — YV f(x) + Wzt (EM)

are known to diverge away from each other at an exponential
rate when V f grows superlinearly [35] (in the above, W;
is a standard Brownian motion in R? and Z, is a Gaussian
random vector with zero mean and unit covariance). In this
context, “taming” consists of constructing a modified drift
coefficient b, (x) for (LSDE) such that ||b,(x)|| = O(||x]|)
and b (x) —» -Vf(x) as A — 0. The taming factor of
(TSGD) is a typical modification of this sort—cf. [30, 36,
71, 72] for its uses in numerical analysis, and [38, 39, 47,
51, 53-56, 60? ] for its applications to sampling. +

Remark 2. A subtle aspect of the tamed scheme (TSGD)
is that, as stated, the scale factor r(x) is deterministic, so
it does not allow taming by a random factor like ||g;|| (or
any other factor that is not F;-measurable). To recover
random normalization (or clipping) schemes of this type,
one could consider randomized scale functions of the form
r(x; w) instead of r(x); however, this choice introduces an
unavoidable estimation bias which, if left unchecked, could
prevent convergence to crit f (see the related discussion
in Chen et al. [16], Koloskova et al. [42] and references
therein). This bias can be mitigated under stronger assump-
tions for the noise—e.g., boundedness, as in [83, 84]—but
the analysis and results are much more transparent with
a deterministic scale factor, so we do not treat this more
general model here. +

3.2. Analysis and results. We are now in a position to
move forward with our analysis of (TSGD). As we men-
tioned earlier, a major challenge here is the control of the
gradient noise term. To that end, our approach will hinge on
the observation that Assumption 3 implies the exponential
moment bound

log E[e!?:)] < €0 (x) + Cror(x)? (11)

for suitable constants C1,C, > O and all x € X. Thisis a
key technical result which requires a delicate handling of
the tail bound (5), and which we detail in Appendix B.

In view of (11), to relate this bound with the growth of f in
a way that is compatible with (Lo, L;)-smoothness, we will
make the following ABC-type assumption:
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Assumption 4. The variance proxy of Z(x; w) is bounded
as

o(x)? < A[f(x) —inf f] + B|Vf(0)|* + C
forsome A,B,C >0andall x € X.

(ABC,)

Remark 3. By our standing assumptions for f, we have
inf f = f. > —co, cf. Eq. (1a) in Section 2; obviously, if
inf f = —oo, the bound (ABC, ) becomes meaningless. 4

Remark 4. The terminology “ABC” is a pointer to Khaled
& Richtarik [40], who considered the condition

E[|IG(x; w)|*] < A[f(x) - £.] + BIVf(x)|I* + C (ABC)

for some A,B,C > 0 and all x € X. This condition
is not equivalent to ours—though it is implied by it, cf.
Lemma B.4 in Appendix B. Different versions of (ABC)
go back to Blum [10], Gladyshev [26], and Bertsekas &
Tsitsiklis [9] (with some terms missing, or a slightly differ-
ent scaling, depending on the precise version under study).
For an excellent survey and an in-depth treatment of related
conditions in the literature, see Alacaoglu et al. [2]. +

Assumption 4 suggests that the stochastic gradients entering
the algorithm can be controlled by the RHS of (ABC,).
Thus, going term-by-term, a sensible setting for the scale
function of (TSGD) would be to take

r(x) = Q(max{1, VI — £ IVfOI}) - (12)

implying in turn—by unfolding (ABC,)—that o (x) =
O(r(x)). Importantly, (12) concerns only the asymptotic
growth of f(x) and ||V f(x)]|, so it is easy to meet in prac-
tice.

Below we provide some typical examples of optimization
problems, where the objective function provides a precise
characterization for the scale function r(x).

1. Feedforward Neural Network. The optimization prob-
lem of training a deep neural network with square loss,
has the following form

N
min f(x) = > fi(x)/N,  fi(x) = (h(w;;x) —y;)* /2
i=1

(13)
where h(w;x) is the prediction model and (w;, y;)i<n
the couples of input-output data. If the model has depth
L and is positively homogeneous (which is the case for
most of the common Lipschitz activation functions, e.g.
ReLU, GELU, softplus, sigmoid, Swish,...), then one can
take a scale function of the form r(x) = 1 + ||x||?Z L.

2. Phase retrieval. The standard Phase retrieval inverse
problem has the following form

N 2
min £(0) = > f@/N, fi(0) = (@] =) /4,
i=1
(14)

where (w;);<n are the sampling coefficients and (y;);<n
the observed measurements. In such problems, the objec-
tive function is a quartic polynomial in the optimization
parameter, yielding a scale function r(x) = 1 + ||x|>.

3. Matrix factorization/completion. In this case the opti-
mization problem can be usually expressed as

min f(U,V) = |UV" - M|3/2 (15)

where the (coupled) optimization variable is (U, V). In
this case, the objective function is quartic in (U, V),
which naturally leads to a scale function of the form
r(U,V) =1+ (U3

In the black-box case, where there is no structural informa-
tion about f whatsoever, the sole assumption of (Lg, L;)-
smoothness ensures that f and V f(x) grow at most expo-
nentially in x, so, as a last resort, one can take r(x) = ellxl
(see Lemma B.1 and Remark 5 in Appendix B). We stress
however that, in most cases of practical interest, this would
be a needlessly pessimistic choice.

With all this in hand, we obtain the following almost sure
convergence result for (TSGD).

Theorem 1. Suppose that Assumptions 1-4 hold. Assume
further that (TSGD) is run with a scale function r(x) as per
(12), and bounded step-size /taming parameters such that

(o]
2 V=00,
t=1

Then, with probability 1, we have lim; 0 V f(x;) = 0. In
particular, if y; o< 1/tP and A; o< 1/t4, p,q € [0,1], x;
converges to crit f (a.s.) as longas (g +1)/2 < p < 1.

) 2
Y
L <o and

t=1 At

t—o00

. Vi
lim =— =0. 16
im 1 (16)

To the best of our knowledge, Theorem 1 is the first al-
most sure convergence result in the literature for functions
that are locally—but not globally—Lipschitz smooth. In
the non-convex setting, existing results require either a
bounded iterates assumption (sup,||x;|| < oo with proba-
bility 1) [5, 12, 43, 48, 50] or a global Lipschitz smoothness
assumption [9, 59, 81] (and in all cases, stochastic gra-
dients with uniformly bounded variance). In this regard,
Theorem 1 broadens substantially the class of functions
where convergence is guaranteed—encompassing in particu-
lar deep learning objectives that typically exhibit superlinear
gradient growth. This flexibility is a central advantage of
the taming approach.

We prove Theorem 1 in Appendix C and only provide a
sketch of proof below. The first step is relatively straightfor-
ward and involves deriving a suitable (one-step) descent-like
inequality under (L, L1)-smoothness. However, in contrast
to the L-smooth case, the derived descent inequality in-
volves a term that scales exponentially with the gradient
input to (TSGD). To tame this term, we employ a series
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of sharp bounds for random variables with sub-Gaussian
moments, which appear to be new in the literature. Then,
coupling Assumption 4 with a carefully tailored schedule for
v; and A,—which is where the summability conidtions (16)
originate—a second series of exponential moment bounds
allows us to show that the evolution of f(x,) under (TSGD)
forms an “almost supermartingale”, that is, a supermartin-
gale up to a summable error term. At this point, by a direct
combination of the Robbins—Siegmund theorem [69] and
the coercivity of f, it follows that the iterates x, of (TSGD)
are bounded with probability 1. Theorem 1 then follows
by leveraging the local Lipschitz continuity of V f along
with a lemma on numerical sequences by Orabona [61], it-
self a simplification of an arduous string of estimations by
Bertsekas & Tsitsiklis [9].

The noise assumption (ABC,) plays a crucial role in our
analysis of (TSGD), as it couples the (central) moments
of g, with the growth of f and ||V f||, which is what is
ultimately required to establish the “almost submartingale”
property for f(x,). Without Assumption 4, showing that
the iterates of the method are bounded (a.s.) is considerably
more difficult; we address this issue in the next section.

4 Dissipative taming

We now return to the general, umbrella setting of Assump-
tion 3, and we present a more flexible taming scheme for
(SGD) that does not require (ABC,-) as an additional as-
sumption. The starting point of our approach is the ansatz
that, if x, converges to crit f, it is much more likely to
encounter very large gradients in the earlier stages of the
method rather than later ones. As such, to bootstrap this
ansatz, we would require a mechanism that expressly dissi-
pates large gradients that occur far from crit f, but whose
influence decays with time (in order to avoid introducing a
lasting bias in the algorithm’s gradient steps).

A direct way to achieve this would be to introduce an explicit
regularization term in (TSGD), as per the update rule

Y

t ~
-— 17
1 +/1[r(.xt)gt ( )

Xt+l = Xt — Yt Xy

for some suitable regularization parameter a; > 0. From a
qualitative viewpoint, the term a,x, has the desired coerciv-
ity effect as it provides an explicit drift towards the origin.
From a quantitative standpoint however, the regularization
schedule a, would have to be set “just right”: too small
and the iterates might escape, too large and the dissipative
term might overcompensate and introduce an asymptotic
bias relative to (SGD).

To overcome this roadblock, we consider instead an implicit
regularization scheme where the amount of dissipation is
directly coupled to the taming mechanism. This yields the

dissipatively tamed stochastic gradient descent algorithm

gr — axy

[+ 4 () /o] (DTSGD)

Xe+l =Xt =Vt —YiaXe,
where the parameters a and & can be tuned freely by the
optimizer. In more detail, setting aside for the moment the

role of &, the iterates of (DTSGD) can be rewritten as

Yt

[+ () /o] (18)

Xt+1 = X — — Yt Xy

where

gy = [1+Ar(x)e]% - la. (19)

[1+Ar(x)V2]®

In this regard, the main difference between (DTSGD) and
(17) is that the regularization weight in the latter does not
have to be guessed at the outset: instead, it grows or shrinks
adaptively based on the amount of taming in the process.
When x, grows large, the regularization weight parameter
a,; is approximately equal to a, so the scheme is strongly
dissipative; by contrast, when x; is small for large ¢, a; is
near-zero, so the scheme is weakly dissipative.

With all this in mind, and motivated by the discussion of the
empirical risk minimization problem in Section 2.3, we will
assume in the rest of this section that (DTSGD) is run with
a scale function r(x) such that

r(x) = Q(max{[|Vf(x)[l,o(x)}) . (20)

As we discussed in Section 3, in the context of (ERM),
IV f(x)|| and o-(x) exhibit the same growth, so r(x) can be
readily estimated from the structure of the problem’s loss
function £. For example, in the case of an L-layer neural
network with hinge losses and Lipschitz activation functions
(ReL.U, softplus, Swish, sigmoid, ... ), one can simply take
r(x) = ||x||E. More generally, by the (Lo, L{) smoothness
condition (LoL;), gradients grow at most exponentially, so
we impose throughout the pessimistic bound

r(x) = exp(O(||x]))) - 2

To streamline our presentation, we will treat (21) as an
operational ceiling, but we stress that it would be overkill
to select r(x) = exp(O(]|x||)) in practice: as in the case
of (ERM), the vast majority of problems of interest in data
science and machine learning have sufficient structure to
allow for a much more principled choice for r.

As for the exponent &, this is an a posteriori scaling trick
which allows us greater flexibility in setting the step-size
and taming parameters of the method. With all this in mind,
we have the following almost sure convergence result.

Theorem 2. Suppose that Assumptions 1-3 hold. Assume
further that (DTSGD) is run with a scale function r(x) as
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above, and step-size /taming parameters such that

o0
2V =00,
t=1

Then, with probability 1, we have lim; o, Vf(x;) = 0. In
particular, if y; o< 1/tP and A; < 1/t9, then x; converges to
crit f (a.s.) aslongas0<1-p<q<(p-1/2)/e

o [} 2
Yedi <o and > % <. (22)
t=1 ¢

t=1

The proof of Theorem 2 is deferred to Appendix D. While
the main lines of the proof follows those of Theorem 1,
the absence of Assumption 4 (use of the extended descent
lemma, i.e., Lemma B.1) on the stochastic oracle makes the
associated analysis considerably more challenging in terms
of the noise control. The extra regularization term a, in (19)
which is used in the scheme (DTSGD), has exactly the role
of regularizing even further the noise effect and allows to
obtain useful a priori estimates on the (square) exponential
moments of the iterates (cf. Lemma D.6), that are necessary
to conclude with an ”almost supermartingale” relation a la
Robbins-Siegmund [69]. The last part of the proof follows
the arguments presented in Orabona [61, Lemma 1] with
some additional handling due to the regularization term a; .

5 Avoidance analysis

In this last section, we turn to the sequend question we asked
in the introduction, seek to see if it is possible to refine the
convergence guarantee of Theorems 1 and 2 so as to exclude
convergence to non-minimizing saddle points of f.

To make this statement precise, we say that g € crit f is a
strict saddle point of f if Amin(V2f(g)) < 0. More gener-
ally, following [59], we say that a smooth connected com-
ponent Q of crit f is a strict saddle manifold of f if

(a) Q consists of strict saddle points, i.e., Amin(V2f(g)) <
Oforallg € Q.

(b) There exist constants c¢. > 0 such that, forall g € Q,
the negative eigenvalues of V2 f(q) are bounded above
by —c_ < 0, and any positive eigenvalues thereof are
bounded below by c, (if any such eigenvalues exist).

Condition (b) above is a technical requirement that ensures
that the eigenspaces of V2 f decompose smoothly along
its negative, zero, and positive eigenvalues (again, if the
latter exist). In this way, the Q admits three (smooth) vector
bundle structures, one along the negative, unstable directions
of V2 f, one along the integral manifold of the nullspace of
V2 f over crit f, and one along the stable directions of V2 f
(which could be empty).

The second condition that we will require is a refinement of
our noise assumptions to avoid degeneracies and maintain
control on the noise near crit f.

Assumption 5. The gradient noise term Z: X’ x Q — R¢
of (SGO) satisfies the following conditions:

(a) Uniform excitation: There exists some ¢ > 0 such that
E[{(Z(x;w),u)+] > ¢ (23)

for all x € X and all unit vectors u € RY, |Ju|| < 1.

(b) Boundedness near critical points:
supyey, IZ(x; )| < o0 (24)
for some compact neighborhood /.. of crit f.

At a high level, Assumption 5(a) simply means that there
is “enough noise” in the process to excite the unstable di-
rections of V f2(x); this could be relaxed to a “transversal
excitation” requirement, where the noise is only required
to excite those directions that are transverse to the non-
positive eigenspacs of V f2(x), but this is not important for
our purposes and lies beyond the scope of our work. As
for Assumption 5(b), this is simply a technical bound on
the steps of the process near a saddle manifold: since crit f
is compact (by Assumption 1), it is easy to check that it is
satisfied by (ERM).

Under this assumption, we obtain the following result:

Theorem 3. Suppose that Assumptions 1, 3 and 5 hold, and
let x; be the sequence of iterates generated by (TSGD) or
(DTSGD), with step-size and taming parameters of the form
ve o< 1/tP and A, o< 1/14, with p € (1/2,1], q € (0, 1], and
p/2 < q < 1. If Q is a strict saddle manifold of f, we have
P(x; » Qast — o) =0.

Thus, applying Theorem 3 in tandem with Theorems 1 and 2
for taming and step-size schedules of the form y; o 1/tP
and A; o 1/t9 with p € (1/2,1], g € (0, 1], we have:

1. With probability 1, (TSGD) converges to crit f and
avoids strict saddle manifolds as long as

2/3<p<1 and p/2<qg<2p-1. (25a)
2. With probability 1, (DTSGD) converges to crit f and

avoids strict saddle manifolds as long as
l-p<g<(p-1/2)Je and p/2<qg<1 (25b)

for some ¢ € (0, 1).

We plot the relevant parameter regions for different values
of £ in Fig. 3 in Appendix E. Importantly, for small values of
g, we see that (DTSGD) allows step-size schedules that are
arbitrarily close to the standard Robbins—Monro boundary
p > 1/2, whereas (TSGD) is constrained to p > 2/3.

The proof of Theorem 3 hinges on the observation that the
iterative structure of both (TSGD) and (DTSGD) can be
recast in the generalized Robbins—Monro template

X1 =X —¥e(Vf(x1) + Zs + by) (RM)
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where, under the ansatz that x; lies in the vicinity of crit f,
the bias term b; of (RM) can be shown to be O(4;). With
this basic estimate in place, the rest of our proof hinges on
two basic pillars: The first is a deep differential-geometric
construction, originally due to Benaim & Hirsch [6] and
Benaim [5], which leverages the center stable manifold the-
orem to build a suitable Lyapunov function which “stratifies”
the center/stable and unstable manifolds of a strict saddle
manifold Q under the gradient flow of f. The second is a
probabilistic estimate for conditionally positive stochastic
processes due to Pemantle [64] and extended by Benaim [5]
which allows us to show that the probability of the noise
acting against the gradient flow of f and driving the process
against the unstable directions of Q is zero. We provide all
the necessary details in Appendix E.

6 Concluding remarks

Perhaps the most important take-away of our work is that,
beyond its origins as a numerical integrator of unstable
SDEs, taming provides a flexible and principled paradigm
for stabilizing SGD in non-convex landscapes with steep,
superquadratic growth. We find the method’s almost sure
convergence and saddle-point avoidance under (Lo, L;)-
smoothness—both results extending the scope of what can
be shown in the context of generalized smoothness condi-
tions—particularly appealing for the applicability of the
method to deep learning loss landscapes, where saddle
points are ubiquitous. In this regard, a natural—albeit highly
challenging—research direction that arises is to examine
whether taming can be combined with momentum-based
optimizers—such as Adam—and whether it is possible to
obtain trajectory-wide convergence rates (as opposed to
ergodic guarantees). We leave these questions to the future.

7 Numerical experiments

Our goal in this section is to illustrate the behavior of
(TSGD) on two simple synthetic experiments: «) a phase
retrieval problem; and b) the training of a (regularized) deep
diagonal neural network model. in order to complement our
theoretical results. For the details of our setup and additional
experiments, see Appendix F.

7.1. Phase retrieval. We consider the Phase retrieval in-
verse problem (14) with synthetically generated (Gaussian)
random vectors (w;);i<, € R? and x, € R? and the observa-
tions are set as y; = (wlT.x*)z, with d = 10 and N = 200.

In Fig. 1, we illustrate the performance of (TSGD) in terms
of success rate for the convergence criterion ||V f(x;)|| <
0.001, over 50 runs, for different maximum caps of number
of iterations. We compare three instances of (TSGD) with
r(x) = |Ix|I’, r(x) = |Ix|l® and r(x) = exp(|lx[|) (the last
two correspond to a more pessimistic choice for the scale

Phase retrieval
100%

w & TSGD ||x|?
v ~#— TSGD ||x|°
= 809
= 80%1 3 TsGD exp(x)
g - sGD
=R cl-SGD (4)
.
=]
L 0%
©
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%]
3 20%
o
p=3
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Figure 1. Success rate for achieving an accuracy of 0.001 (in terms
of gradient) across different max number of iterations, over 80 runs.
Here we compare three instances of (TSGD) with r(x) = ||x||?
(red), r(x) = ||x||° (green) and r(x) = exp(||x||) (purple), with
vanilla (SGD) (blue) and clipped stochastic (CGD) (orange).

Neural Network

14000 {+-
i [
¥ 12000
@ 10000 <
2 000 o— CI-SGD (100)
] —e— CI-SGD (200)
n 6000 —— TSGD, x|’
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Figure 2. Number of iterations needed in order to achieve an accu-
racy of at least 0.005 for different initializations of the stepsize yq
when solving the regularized ERM problem with diagonal network
(F.3). Here we compare (TSGD) (red) with clipped stochastic
CGD with two clipping levels (orange & green) and vanilla (SGD)
(blue). Each box (and whisker resp.) represents the interquartile
(and min-max resp.) range over 50 independent runs and the thick
colored lines connect the medians of each box.

function r(x)) together with vanilla (SGD) and stochastic
(CGD). Overall, we observe that the “tight” version of
(TSGD) (with r(x) = ||x||*) performs better than all the
other methods both at low and high maximum number of
iterations.

7.2. Diagonal Neural Network. We consider the prob-
lem of training a (regularized) diagonal Neural Network
asin (13), with f;(x) = 3 (h(w;;x) = y:)* + & lx||%. where
p > 0 and the prediction model is given by h(w;x) =
S, (TTey xorJwe with d = 5, N = 128 and L = 4. In
this experiment, we illustrate the behavior of (TSGD), in
terms of stability to the choice of the initialization yg of
the step-size (see e.g. [4, 77]), and compare it with vanilla
(SGD) and stochastic (CGD) with two different clipping
levels. The results are reported in Figure 2 (see also Fig. 5
in Appendix F). From Fig. 2, we can observe that for large
values of g, the (TSGD) is more stable, maintaining a good
performance, even when the rest of the other methods, fail
to achieve the convergence criterion.



Taming SGD: Almost Sure Convergence and Saddle-Point Avoidance under (L, L|)-Smoothness

Acknowledgments

This research was supported in part by the French National
Research Agency (ANR) in the framework of the PEPR TA
FOUNDRY project (ANR-23-PEIA-0003). VA, IL and PM
are also members of the Archimedes Research Unit/Athena
RC, and were partially supported by project MIS 5154714
of the National Recovery and Resilience Plan Greece 2.0
funded by the European Union under the NextGenerationEU
Program.

Impact Statement

This paper presents work whose goal is to advance the field
of Machine Learning. There are many potential societal
consequences of our work, none of which we feel must be
specifically highlighted here.

References

[1] Abadi, M., Chu, A., Goodfellow, 1., McMahan, H. B.,
Mironov, 1., Talwar, K., and Zhang, L. Deep learning with
differential privacy. In Proceedings of the 2016 ACM SIGSAC
conference on computer and communications security, pp.

308-318, 2016.

Alacaoglu, A., Malitsky, Y., and Wright, S. J. Towards
weaker assumptions for stochastic optimization. https://
arxiv.org/pdf/2504.09951, April 2025.

Armstrong, M. A. Basic Topology. Springer, 1983.

Asi, H. and Duchi, J. C. Stochastic (approximate) proxi-
mal point methods: convergence, optimality, and adaptivity.
SIAM Journal on Optimization, 29(3):2257-2290, 2019.
Benaim, M. Dynamics of stochastic approximation algo-
rithms. In Azéma, J., Emery, M., Ledoux, M., and Yor, M.
(eds.), Séminaire de Probabilités XXXIII, volume 1709 of
Lecture Notes in Mathematics, pp. 1-68. Springer Berlin
Heidelberg, 1999.

Benaim, M. and Hirsch, M. W. Dynamics of Morse-Smale
urn processes. Ergodic Theory and Dynamical Systems, 15
(6):1005-1030, December 1995.

Bengio, Y., Boulanger-Lewandowski, N., and Pascanu, R.
Advances in optimizing recurrent networks. In 2013 IEEE
international conference on acoustics, speech and signal
processing, pp. 8624-8628. IEEE, 2013.

Bertsekas, D. P. and Tsitsiklis, J. N. Gradient convergence in
gradient methods with errors. SIAM Journal on Optimization,
10(3):627-642, 2000.
Bertsekas, D. P. and Tsitsiklis, J. N. Gradient convergence in
gradient methods with errors. SIAM Journal on Optimization,
10(3):627-642, 2000.
Blum, J. R. Approximation methods which converge with
probability one. Annals of Mathematical Statistics, 25(2):
382-386, June 1954.

Bonnabel, S. Stochastic gradient descent on Riemannian
manifolds. IEEE Trans. Autom. Control, 58(9):2217-2229,
September 2013.

Borkar, V. S. Stochastic Approximation: A Dynamical Sys-

tems Viewpoint. Cambridge University Press and Hindustan
Book Agency, 2008.

2

—

(3]
(4]

[5

—

[6

—_

(7]

[8

—

[9

—

(10]

(1]

(12]

10

[13] Boumal, N. An introduction to optimization on smooth mani-
folds. https://www.nicolasboumal.net/book/, 2022.

[14] Brandiere, O. and Duflo, M. Les algorithmes stochastiques
contournent-ils les pieges ? Annales de I’Institut Henri
Poincaré, Probabilités et Statistiques, 32(3):395-427, 1996.

Candes, E. J., Li, X., and Soltanolkotabi, M. Phase retrieval
via wirtinger flow: Theory and algorithms. /EEE Transac-
tions on Information Theory, 61(4):1985-2007, 2015.

Chen, X., Wu, S. Z., and Hong, M. Understanding gradient
clipping in private sgd: A geometric perspective. Advances
in Neural Information Processing Systems, 33:13773-13782,
2020.

Chen, Z., Zhou, Y., Liang, Y., and Lu, Z. Generalized-
smooth nonconvex optimization is as efficient as smooth
nonconvex optimization. In International Conference on
Machine Learning, pp. 5396-5427. PMLR, 2023.

Crawshaw, M., Liu, M., Orabona, F., Zhang, W., and Zhuang,
Z. Robustness to unbounded smoothness of generalized
signsgd. Advances in neural information processing systems,
35:9955-9968, 2022.

Cutkosky, A. and Mehta, H. High-probability bounds for non-
convex stochastic optimization with heavy tails. Advances
in Neural Information Processing Systems, 34:4883—4895,
2021.

Du, S. S., Jin, C,, Lee, J. D., Jordan, M. 1., P6czos, B., and
Singh, A. Gradient descent can take exponential time to
escape saddle points. In NIPS "17: Proceedings of the 31st
International Conference on Neural Information Processing
Systems, 2017.

Eisenmann, M. and Stillfjord, T. Sublinear convergence of
a tamed stochastic gradient descent method in hilbert space.
SIAM Journal on Optimization, 32(3):1642-1667, 2022.

Erdogdu, M. A., Mackey, L. W., and Shamir, O. Global
non-convex optimization with discretized diffusions. 2018.

Faw, M., Rout, L., Caramanis, C., and Shakkottai, S. Beyond
uniform smoothness: A stopped analysis of adaptive sgd. In
The Thirty Sixth Annual Conference on Learning Theory, pp.
89-160. PMLR, 2023.

Ge, R., Huang, F., Jin, C., and Yuan, Y. Escaping from saddle
points — Online stochastic gradient for tensor decomposition.
In COLT ’15: Proceedings of the 28th Annual Conference
on Learning Theory, 2015.

Ghadimi, S. and Lan, G. Stochastic first- and zeroth-order
methods for nonconvex stochastic programming. SIAM Jour-
nal on Optimization, 23(4):2341-2368, 2013.

Gladyshev, E. G. On the stochastic approximation. Teor:
Veroyatnost. i Primenen., 10(2):297-300, 1965. doi: 10.1137/
1110031. URL http://mi.mathnet.ru/tvp523. English
translation in Theory Probab. Appl. 10 (1965), no. 2, 275—
278.

Goodfellow, 1., Bengio, Y., and Courville, A. Deep learning.
MIT press, 2016.

Gorbunov, E., Danilova, M., and Gasnikov, A. Stochastic
optimization with heavy-tailed noise via accelerated gradi-
ent clipping. Advances in Neural Information Processing
Systems, 33:15042-15053, 2020.

Gorbunov, E., Tupitsa, N., Choudhury, S., Aliev, A.,
Richtarik, P., Horvéth, S., and Takdc, M. Methods for
convex (10, 11)-smooth optimization: Clipping, accelera-
tion, and adaptivity. In The Thirteenth International Con-

[15]

(16]

(17]

(18]

[19]

[20]

[21]

(22]

(23]

[24]

[25]

[26]

(27]

(28]

[29]


https://arxiv.org/pdf/2504.09951
https://arxiv.org/pdf/2504.09951
https://www.nicolasboumal.net/book/
http://mi.mathnet.ru/tvp523

Taming SGD: Almost Sure Convergence and Saddle-Point Avoidance under (L, L|)-Smoothness

(30]

(31]

(32]

(33]

(34]

[35]

(36]

(371

(38]

(39]

[40]

[41]

(42]

[43]

[44]

[45]

ference on Learning Representations, ICLR 2025, Singa-
pore, April 24-28, 2025. OpenReview.net, 2025. URL
https://openreview.net/forum?id=0wmfzWPAFu.

Gyongy, L., Sabanis, S., and Siska, D. Convergence of tamed
euler schemes for a class of stochastic evolution equations.
Stochastics and Partial Differential Equations: Analysis and
Computations, 4(2):225-245, 2016.

Hazan, E., Levy, K., and Shalev-Shwartz, S. Beyond con-
vexity: Stochastic quasi-convex optimization. Advances in
neural information processing systems, 28, 2015.

Hirsch, M. W. Differential Topology. Springer-Verlag, Berlin,
1976.

Hsieh, Y.-P., Karimi, M. R., Krause, A., and Mertikopoulos,
P. Riemannian stochastic optimization methods avoid strict
saddle points. In NeurlPS ’23: Proceedings of the 37th
International Conference on Neural Information Processing
Systems, 2023.

Hiibler, F., Yang, J., Li, X., and He, N. Parameter-agnostic
optimization under relaxed smoothness. In International
Conference on Artificial Intelligence and Statistics, pp. 4861—
4869. PMLR, 2024.

Hutzenthaler, M., Jentzen, A., and Kloeden, P. E. Strong
and weak divergence in finite time of euler’s method for
stochastic differential equations with non-globally lipschitz
continuous coefficients. Proceedings of the Royal Society
of London A: Mathematical, Physical and Engineering Sci-
ences, 467(2130):1563-1576, 2011. ISSN 1364-5021.

Hutzenthaler, M., Jentzen, A., and Kloeden, P. E. Strong
convergence of an explicit numerical method for sdes with
nonglobally lipschitz continuous coefficients. Ann. Appl.
Probab., 22(4):1611-1641, 08 2012.

Jin, C., Ge, R., Netrapalli, P, Kakade, S. M., and Jordan,
M. I. How to escape saddle points efficiently. In ICML
’17: Proceedings of the 34th International Conference on
Machine Learning, 2017. URL http://proceedings.mlr.
press/v70/jinl7a.html.

Johnston, T. and Sabanis, S. A strongly monotonic polygonal
euler scheme. Journal of Complexity, 80:101801, 2024.

Johnston, T., Lytras, 1., and Sabanis, S. Kinetic langevin
mcmc sampling without gradient lipschitz continuity—the
strongly convex case. J. Complex., 85, 2024.

Khaled, A. and Richtérik, P. Better theory for SGD in the non-
convex world. Transactions on Machine Learning Research,
2023.

Kiefer, J. and Wolfowitz, J. Stochastic estimation of the max-
imum of a regression function. The Annals of Mathematical
Statistics, 23(3):462-466, 1952.

Koloskova, A., Hendrikx, H., and Stich, S. U. Revisiting
gradient clipping: Stochastic bias and tight convergence guar-
antees. In International Conference on Machine Learning,
pp. 17343-17363. PMLR, 2023.

Kushner, H. J. and Yin, G. G. Stochastic approximation
algorithms and applications. Springer-Verlag, New York,
NY, 1997.

Lee, J. M. Introduction to Smooth Manifolds. Number 218 in
Graduate Texts in Mathematics. Springer-Verlag, New York,
NY, 2003.

Li, H., Qian, J., Tian, Y., Rakhlin, A., and Jadbabaie, A. Con-
vex and non-convex optimization under generalized smooth-

ness. Advances in Neural Information Processing Systems,
36:40238-40271, 2023.

11

[46]

[47]

(48]

[49]

(50]

[51]

(52]

(53]

[54]

[55]

[56]

[57]

(58]

(591

[60]

[61]

[62]

[63]

Li, Z., Lyu, K., and Arora, S. Reconciling modern deep
learning with traditional optimization analyses: The intrinsic
learning rate. volume 33, pp. 14544-14555, 2020.

Lim, D.-Y. and Sabanis, S. Polygonal unadjusted langevin
algorithms: Creating stable and efficient adaptive algorithms
for neural networks. arXiv preprint arXiv:2105.13937, 2021.

Ljung, L. Analysis of recursive stochastic algorithms. IEEE
Trans. Autom. Control, 22(4):551-575, August 1977.

Ljung, L. Strong convergence of a stochastic approximation
algorithm. Annals of Statistics, 6(3):680-696, 1978.

Ljung, L. System Identification Theory for the User. Prentice
Hall, Englewood Cliffs, NJ, 1986.

Lovas, A., Lytras, 1., Rdsonyi, M., and Sabanis, S. Taming
neural networks with tusla: Nonconvex learning via adaptive
stochastic gradient langevin algorithms. SIAM Journal on
Mathematics of Data Science, 5(2):323-345, 2023.

Lu, Y., Balasubramanian, K., Volgusheyv, S., and Erdogdu,
M. A. An analysis of constant step size sgd in the non-convex
regime: Asymptotic normality and bias. volume 34, 2021.

Lytras, I. and Mertikopoulos, P. Contractive kinetic langevin
samplers beyond global lipschitz continuity. arXiv preprint
arXiv:2509.12031, 2025.

Lytras, 1. and Mertikopoulos, P. Tamed langevin sampling
under weaker conditions. In Proceedings of The 28th Inter-
national Conference on Artificial Intelligence and Statistics,
volume 258 of Proceedings of Machine Learning Research,
pp- 847-855. PMLR, 03-05 May 2025.

Lytras, I. and Sabanis, S. Taming under isoperimetry.
Stochastic Process. Appl., 188, 2025.

Lytras, 1., Sabanis, S., and Zhang, Y. ktula: A langevin
sampling algorithm with improved kl bounds under super-
linear log-gradients. arXiv preprint arXiv:2506.04878, 2025.

Mai, V. V. and Johansson, M. Stability and convergence
of stochastic gradient clipping: Beyond lipschitz continuity
and smoothness. In International Conference on Machine
Learning, pp. 7325-7335. PMLR, 2021.

Mairal, J. Stochastic majorization-minimization algorithms
for large-scale optimization. Advances in Neural Information
Processing Systems, 26, 2013.

Mertikopoulos, P., Hallak, N., Kavis, A., and Cevher, V. On
the almost sure convergence of stochastic gradient descent
in non-convex problems. In NeurlPS '20: Proceedings of
the 34th International Conference on Neural Information
Processing Systems, 2020.

Neufeld, A., En, M. N. C., and Zhang, Y. Non-
asymptotic convergence bounds for modified tamed unad-
justed langevin algorithm in non-convex setting. arXiv
preprint arXiv:2207.02600, 2022.

Orabona, F. On almost sure convergence rates
of stochastic gradient methods. Blog post, 2020.
URL https://parameterfree.com/2020/10/05/
almost-sure-convergence-of-sgd-on-smooth-.  Avail-
able at https://parameterfree.com/2020/10/05/
almost-sure-convergence-of-sgd-on-smooth-.

Pascanu, R., Mikolov, T., and Bengio, Y. Understanding the
exploding gradient problem. CoRR, abs/1211.5063, 2(417):
1,2012.

Pascanu, R., Mikolov, T., and Bengio, Y. On the difficulty of
training recurrent neural networks. In International confer-
ence on machine learning, pp. 1310-1318. Pmlr, 2013.


https://openreview.net/forum?id=0wmfzWPAFu
http://proceedings.mlr.press/v70/jin17a.html
http://proceedings.mlr.press/v70/jin17a.html
https://parameterfree.com/2020/10/05/almost-sure-convergence-of-sgd-on-smooth-
https://parameterfree.com/2020/10/05/almost-sure-convergence-of-sgd-on-smooth-
https://parameterfree.com/2020/10/05/almost-sure-convergence-of-sgd-on-smooth-
https://parameterfree.com/2020/10/05/almost-sure-convergence-of-sgd-on-smooth-

Taming SGD: Almost Sure Convergence and Saddle-Point Avoidance under (L, L|)-Smoothness

[64]

[65]

[66]

[67]

[68]

[69]

[70]

[71]

[72]

(73]

(74]
[75]

[76]

(771

(78]

[79]

(80]

[81]

Pemantle, R. Nonconvergence to unstable points in urn
models and stochastic aproximations. Annals of Probability,
18(2):698-712, April 1990.

Pemantle, R. Vertex-reinforced random walk. Probability
Theory and Related Fields, 92:117-136, 1992.

Pethick, T., Xie, W., Erdogan, M., Antonakopoulos, K.,
Silveti-Falls, T., and Cevher, V. Generalized gradient
norm clipping & non-euclidean (/_0, /_1)-smoothness. arXiv
preprint arXiv:2506.01913, 2025.

Raginsky, M., Rakhlin, A., and Telgarsky, M. Non-convex
learning via Stochastic Gradient Langevin Dynamics: a
nonasymptotic analysis. In Conference on Learning The-
ory, pp. 1674-1703, 2017.

Robbins, H. and Monro, S. A stochastic approximation
method. Annals of Mathematical Statistics, 22:400-407,
1951.

Robbins, H. and Siegmund, D. A convergence theorem for
non negative almost supermartingales and some applications.
In Optimizing methods in statistics, pp. 233-257. Elsevier,
1971.

Robinson, R. C. R. An Introduction to Dynamical Systems:
Continuous and Discrete. American Mathematical Society,
Providence, RI, 2 edition, 2012.

Sabanis, S. A note on tamed euler approximations. Electron.
Commun. Probab., 18(47):1-10, 2013.

Sabanis, S. Euler approximations with varying coefficients:
the case of superlinearly growing diffusion coefficients. Ann.
Appl. Probab., 26(4):2083-2105, 2016.

Schaipp, F., Garrigos, G., Simsekli, U., and Gower, R. M.
Tracking the median of gradients with a stochastic proximal
point method. Transactions on Machine Learning Research,
2025. ISSN 2835-8856. URL https://openreview.net/
forum?id=WMxLEgY Gxu. Expert Certification.

Shub, M. Global Stability of Dynamical Systems. Springer-
Verlag, Berlin, 1987.

Streeter, M. and McMahan, H. B. Less regret via online
conditioning. arXiv preprint arXiv:1002.4862, 2010.

Takezawa, Y., Bao, H., Sato, R., Niwa, K., and Yamada,
M. Parameter-free clipped gradient descent meets polyak.
Advances in Neural Information Processing Systems, 37:
44575-44599, 2024.

Traoré, C., Apidopoulos, V., Salzo, S., and Villa, S. Variance
reduction techniques for stochastic proximal point algorithms.
Journal of Optimization Theory and Applications, 203(2):
1910-1939, 2024.

Tyurin, A. Toward a unified theory of gradient descent
under generalized smoothness. In Forty-second Interna-
tional Conference on Machine Learning, 2025. URL https:
//openreview.net/forum?id=mzle2Jnt72.

Vankov, D., Rodomanov, A., Nedich, A., Sankar, L., and
Stich, S. U. Optimizing (10, 11)-smooth functions by gra-
dient methods. In The Thirteenth International Confer-
ence on Learning Representations, ICLR 2025, Singapore,
April 24-28, 2025. OpenReview.net, 2025. URL https:
//openreview.net/forum?id=GQ1Tc3vHbt.

Vershynin, R. High-dimensional probability: An introduction
with applications in data science, volume 47. Cambridge
university press, 2018.

Weissmann, S., Klein, S., Azizian, W., and Déring, L. Al-
most sure convergence of stochastic gradient methods under

12

[82]

[83]

[84]

[85]

gradient domination. Transactions on Machine Learning
Research, 2025.

Yang, X., Zhang, H., Chen, W., and Liu, T.-Y. Normal-
ized/clipped sgd with perturbation for differentially private
non-convex optimization. arXiv preprint arXiv:2206.13033,
2022.

Zhang, B., Jin, J., Fang, C., and Wang, L. Improved analysis
of clipping algorithms for non-convex optimization. Ad-
vances in Neural Information Processing Systems, 33:15511—
15521, 2020.

Zhang, J., He, T., Sra, S., and Jadbabaie, A. Why gradient
clipping accelerates training: A theoretical justification for
adaptivity. In International Conference on Learning Repre-
sentations, 2020.

Zhao, S.-Y., Xie, Y.-P,, and Li, W.-J. On the convergence

and improvement of stochastic normalized gradient descent.
Science China Information Sciences, 64(3):132103, 2021.


https://openreview.net/forum?id=WMxLEgYGxu
https://openreview.net/forum?id=WMxLEgYGxu
https://openreview.net/forum?id=mzle2Jnt72
https://openreview.net/forum?id=mzle2Jnt72
https://openreview.net/forum?id=GQ1Tc3vHbt
https://openreview.net/forum?id=GQ1Tc3vHbt

Taming SGD: Almost Sure Convergence and Saddle-Point Avoidance under (L, L|)-Smoothness

A Further related work

In this Section we further discuss the related literature.

The theoretical study of gradient based methods under the (Lg, L) smoothness has its origins in the seminal work of Zhang
et al. [84] and provides a suitable relaxation to the standard smoothness (LS),allowing to deal with a considerably large
class of function that are met in practice. In the subsequent works of [83] and [17, 79] (see also [29, 42]), several first-order
relaxations of the original (Lo, L;) smoothness, such as (3)and (2), have been made, lifting the C? character of (LoL).
Lastly, further relaxations of (LoL;), namely generalized {-smoothness, have also been made in [45] (see also [78]) to
encompass more general growth rate for the curvature (norm of the Hessian) with respect to the magnitude of the gradient,
via a (not necessarily affine) function €(-).

The technique of clipping on the vanilla (stochastic) gradient descent has been introduced in [7, 31, 62, 63] (see also
[19, 28, 57, 84] and references therein) as an efficient way to prevent gradient explosion, when training deep neural networks
and therefore stabilize its behavior. In particular, clipped and normalized variants of (stochastic) gradient methods have
been proven to be some of the most effective schemes to deal with (Lg, L;) smooth objectives. In the deterministic
non-convex setting the authors in [83, 84] (see also [17, 42, 79]) provide iteration complexity bounds for ||V f(x;)|| and
t71 Yes0llVf(x5)]l, of order O(t_%) and O(t~!) (resp.) which are the same with the ones of gradient descent for smooth
functions. Further improvements for clipped gradient descent for (strongly) convex objectives under the (Lg, L;) smoothness
condition, in terms of complexity for f(x;) —inf f, are reported in Koloskova et al. [42, Theorems 2.3 & 2.5] and Gorbunov
et al. [29, Theorem 3.3] and can be further coupled with acceleration techniques and Polyak step-size policies Takezawa
et al. [76, Theorem 4], Gorbunov et al. [29, Theorems 5.2 & 4.1], Vankov et al. [79, Theorems 5.1 & 6.1] and Li et al. [45,
Theorem 4.4]. These results were further extended for general £-smooth functions both in convex Li et al. [45, Theorems
4.2, 4.3 & 4.4] and non-convex setting Li et al. [45, Theorem 5.2] and Tyurin [78, Theorem 5.1].

In the stochastic setting the first convergence guarantees for stochastic versions of clipped (SGD), under (Lg, L) smoothness
were established in [84] and [83] (see also [82]) both for the time average of E[||Vf(x;)]||], as also for ||V f(x;)| with
high probability. A pivotal assumption for these results was the uniformly bounded noise almost surely, which however
may not hold in practice. In this regard, in Koloskova et al. [42, Theorems 3.1 & 3.2] the authors i) show that beyond
uniform noise boundedness conditions the clipped SGD inherits unavoidable bias towards (a set of) of points that are not
necessarily critical (see also the related discussion on [73]) and ii) quantify the rate of convergence for E[||V f(x,)||] over
the best iterate, under a bounded variance assumption. Similar results for normalized (SGD) (with momentum) for the time
average of E[||Vf(x;)||] can be found in Zhao et al. [85, Theorem 2] and Hiibler et al. [34, Theorem 14]. Convergence
guarantees in high probability, via stopping time arguments, were also deduced for (SGD) under bounded variance of the
noise Li et al. [45, Theorem 5.3] and signSGD with momentum [18, Theorem 1], as also in Faw et al. [23, Theorem 26] for
AdaGrad-Norm [75] under a relaxed affine variance condition on the noise. Further convergence results in high probability
for clipped SGD under light-tail (heavy-tail resp.) noise assumptions in a convex setting can be found in [? ] ([? ] resp.).
Finally, clipped SGD was generalized in [66] to non-euclidean metrics by combining steepest descent and conditional
gradient approaches under the assumption of (Ly — L) smoothness and bounded variance, where the authors achieved an
order optimal rate in expectation [66, Theorem 4.9].

In a similar spirit to our work there have been few other efforts to use the taming technology in optimization, mainly through
sampling. Based on the notion that for an objective function f the invariant measure of a Langevin SDE with drift -V f
concentrates around the minimum values of f in the small temperature regime ([67]) there has been some effort to use
Langevin-based samplers such as variates of GLD and SGLD alogrithms as optimizers. More specifically the first result for
variants of SGLD beyond gradient Lipschitz continuity was achieved in [51] where the author provide convergence rates
in expectation, and improved experimental results have been achieved in [47] and [? ] while for GLD variants the first
convergence guarantees were given in [55] and later improved in [56]. It should be noted that all these assume that gradient
of the objective function grows at most polynomially, contrary to our work where exponential growth is allowed. Finally,
another work where a tamed algorithm was used purely as an optimizer is in [21] where the authors propose a tamed version
of SGD algorithm for Hilbert spaces and obtain results in expectation, however their the theoretical framework assumes L—
smoothness and strong convexity.

B Auxiliary lemmas and results

In this section we provide some general technical tools and lemmas that are used for the proofs of the main results.
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B.1. General estimates. The next Lemma provides a pivotal relation for the main analysis under Assumption 2.

Lemma B.1. [17, Prop. 1]. Let f: R® — R be a function satisfying Assumption 2. Then it holds

Lo+ L{]||V /
F) < 70+ (V.07 =) + IO et e e, B.1)
forall x,x" € R4,
In particular, for all xo € RY, it holds
LO L — LO .
Vix + 22 eLillx=xoll _ =2 ifL; >0
IVf @)l < (” Jeol Ll) , Ih (B.2)
IV f (xo)ll + Lollx = xoll ifL1 =0
and ‘
| £ (x0)| + L HVf();o)||+Lo eLillx=xoll _ %”x — xoll - L, ||Vf()§0)||+L0 if L1 >0
f(x) < i e L . (B.3)
|f (xo)| + IV f(xo) [[|lx = xoll + 3 {lx = xol| if L1 =0

for all x € RY.

Remark 5. Under Assumption 2, the estimates (B.2) and (B.3) in Lemma B.1, provide a direct worst-case upper bound
r(x) on the growth of |V f(x)|| and f(x) as ||x|| — +co,i.e. ||Vf(x)|| = O(r(x)) and f(x) = O(r(x)) which is of the form
r(x) = 1+ ellixll,

Proof of Lemma B.1. Relation (B.1), has been already proved in [17, Prop. 1]. Next we provide the proof for relations (B.2)
and (B.3).

Let xo € R? be a reference point such that Cy = ||V £(x0)|| < +co and for all x # xo, define the curve y: [0, ||x —xo||]] — R,
—X0

such that y(t) = xg + t >—2-

lIx=xoll

From the Fundamental Theorem of Calculus, we have:

X — X0

Vi(y(0) = Vf(xo) +/0 <V2f(7(5)),—>ds (B.4)

llx = xoll

By taking norms and using the Cauchy-Schwarz inequality, we find

VSN < VS (o)l +/O [[V2 £ (y (5))]|as

t (B.5)
< [[Vf(xo)ll +£ (Lo + LilIVF(y(s)) ds
where in the second line, we used Assumption 2 ((Lg, L1)-smoothness).
By using Gronwall’s inequality in (B.5) for the function ||V £ (y ()| + i—‘]’, we find 3
L L
9RO+ 72 = (197Gl + 72 e ®.6)
1 1
By choosing ¢ = ||x — xg]| in (B.6), it follows
L o L
IVf @)l < (IIVf(xo)II + L—") el - 22 (B.7)
1 1

3Here we assume that L; > 0. The case L; = 0, reduces to the standard Lipschitz gradient assumption and gives ||V.f(y(1))|| =
IVF (o)l + Lot and f(y(2)) < |f (xo)| + V£ (xo) l£ + 5242,
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In the same way, by using the Fundamental Theorem of Calculus for f and the Cauchy-Schwarz inequality, it follows >

llx=xoll
J ) < (o)l +/0 IVf(y () lldt

L
IVf(xo)ll + £
Ly

(B.8)

. L
1 (o) + (et el =) = e =l

The following technical Lemma can be found in [61] (see also [58, Lemma A.5]) and basically consists of a simplification
of the analysis made in [9].

Lemma B.2. [61, Lemma 1]. Let {a;};>1and {n; }:>1 be two non-negative sequences and {v; }:>0 a sequence of vectors in
R4, such that pIN nia? < oo and 22 e =00, and || X732, neve|| < o0. Let also L > 0 such that

t+h t+h
laren —arl < L| D nsas + 1| D nsvsll (B.9)
s=t s=t

Then, a; converges to 0.

B.2. Subgaussian random vectors. The next two lemmas provide some useful results on subgaussian random vectors.

Lemma B.3. Let X € R? be a subgaussian random vector with parameter o. Then for every n > 0 there exists an absolute
constant C > 0 such that
Elexp(n||X|)] < exp (CUO'\/E + anaz) .

Proof. By the definition of a subgaussian vector and standard concentration results (see e.g. [80, Theorem 3.1.1]), there
exist absolute constants ¢, C > 0 such that for all > 0,

IP(||X|| > Co(Vd + z)) < 2exp(=c?). (B.10)
Let a := CoVd. Using the identity
E[e”] =1 +77/ e"P(Y > 1) dt, Y >0,
0

we obtain o
E[e"X1] < ¢4 4 5 / e P(|X > 1) dr.
a

Applying (B.10), for ¢ > a,

P(|X]|| =1) < Zexp(—c t _;)2) .
o

Therefore,
) 2
t_
E[e71XI] < gn¢ +277/ exp(nt—c%) dt.
a o

Making the change of variables s = ¢ — a yields
o] S2
E[eXI] < ¢ 4 2pen¢ / exp(ns - c—2) ds.
0 o

Completing the square, we obtain
52 c 2\2 2 2

no no
- (s ) T

T 2¢ 4¢ °
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and hence

00 2 2 2 ©0
/ exp(ns - cs—z) ds < exp(n 7 ) / exp(—%uz) du < Co exp(Cn*a?).
0 o 4c _ o

[oe]

Combining the estimates, we obtain
E[e71XI < exp(Cna'\/E + ano_z) ,

which proves the claim. ]

Lemma B.4. Assume that X is a subgaussian random vector with parameter o. Then, there exists some constant Cp, such
that:
2 2
E[[IX]?7] < Cpo®P

Proof. By using [80, Proposition 6.2.1] there exists an absolute constant ¢ > 0 such that
E[ex asit

Setting ¥ = +/c|| X||o-~! on obtains that
E[||Y]* = 2p/0wz2P'P(||Y|| > 1)dt] < 2p]E[/000t21’1P(e”Y”2] > ¢ )dt < E[el¥I /Owﬂple”dt] <

which leads to
E[[IX]*"] < Cpo??

for some suitable constant Cp,. =

C Convergence analysis of (TSGD)

In this section we provide the proof of Theorem 1 in Section 3. We recall that Algorithm (TSGD) can be expressed as

follows
Vi

Xt+1 = Xp — T+ () +/l,r(x,)gt .1
=x; =¥ (g + %)
where Vi) 7
Xt - t
= d = C.2
gt 1+ A7 (x;) an “ 1+ A7 (x;) €2)

The following Lemma provides an estimate on the exponential moment of the noise term Z;.

Lemma C.1. Suppose that Assumptions 1-4 hold true and let {x; };>o be the sequence generated by Algorithm TSGD with
r(x) satisfying (12). Then, there exists some constant C > 0, such that

E, [2vlal] < 2% (€3)

Proof. By using the definition of Z; = IMTZW and applying Lemma B.3 with 7 = 5 +2/l€]r)(/;,) it holds:

2L1’yt0'(xt) e 4L%)/120-(xl)2
1+ A:7(xs) 2(1 + ;7 (x;))?

5 2L
E,[e2L 1] = E, [ew;{;,)nz, ”} <explel (C.4)

for some suitable constants ¢; and c¢;. By using (ABC.) of Assumption 4 and (12), it holds o (x) < A+ f(x;) — fi +
Bl|Vf(x)|| + C < r(x;) and therefore from (C.4), it follows

2
E, [eszllztll] < exp (C1 jll_t + Cz;’_’z) <X (C.5)
t t

for some suitable constants C;, C, and c. [ ]
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We are now in position to provide the full proof of Theorem 1, which we restate here for convenience.

Theorem 1. Suppose that Assumptions 1-4 hold. Assume further that (TSGD) is run with a scale function r(x) as per (12),
and bounded step-size /taming parameters such that

Sy =, Zz_f@o and lim ' = 0. (16)

=1 t t—o0 /lt

Then, with probability 1, we have lim; ., V f (x;) = 0. In particular, if vy, o< 1/tP and A; < 1/t4, p,q € [0, 1], x; converges
to crit f (a.s.) as longas (q+1)/2 <p < 1.

Proof of Theorem 1. By applying (B.1) in Lemma B.1 with x" = x;4; and x = x, and using (TSGD), we find:

f(xt+1) _f(xt) < <Vf(x[’x[+] _xt> + (LO + Llgvf(xt)”)eLlHXHl—xt”||xt+1 _xt”2
(V) g1 = 7oV (), 7y 4 L EUVTCOW rgesziy 2y 4oz, 2 (C6)

2
< =y (V0,90 = 7 (VF (), ) + (Lo + LilIVF G el Dotz (1,12 4 1 2)

where in the last inequality, we used the triangle inequality (inside the exponential) and the convexity of ||-]|? (i.e. ||g; + %> <
2[lg: 11 + 201z 1%

By setting B, := H/JW and using the expressions g, = lf/{; (r)z’xi y and Z, = wa, from (C.6), it follows:
2y Lo+ LilVSf(x)) 5
S Gen) = ) < =BV GOl = vV (), 20 + r(J:c Tyt D £ Gl
t t

(Lo + Li[IV£(xo)) y2elillalieliz 121>
1+ A7 (x;) 1+ A, (xy)

Cove ) (C.7)
< =BV £ I = iV (), ) 4 S b oD g 9 £, ) |
t
L O gz Nz
/l[ 1+ /],tr(.xl»)
where in the second inequality we used the fact Lo + L1||V.f(x;)]| < %(1 + A;7(x;)) for some suitable constant C;.
By taking expectations conditionally on F; from both sides in (C.7), it follows:
1)’ z
E/[f (xe1)] = £(x0) < =BlIVF o)l + =" M08 ||V £ () [P By [ €817 121
t
Cryy oLylall g [ Livliz 2
A ol g, [e mIIZrII”Z[” ]
/lt(l +/ltr(xt)) (C8)

pis ~
< BlIVF I + CreT 2BV f (e P By Tt 171
t
Col 712 iy llz |l 3 4 3
+ et T (I [ 2L 1)) (I, 2,1
1€ /l,(1+/l,r(xt)) t[e ] 1 Z: "]
where in the second inequality we used the fact L;||g;|| < 52 and the Cauchy-Schwarz inequality for the expectations.
On the one hand, by using Lemma C.1 we have E; [eZLIVf”Zf”] < ¢* 7. On the other hand, by using Lemma B.4, with

p =2 and (ABC,,) of Assumption 4, it holds E, [|| Z;||*] < co+c1(f(x;) = f.)* + c2||V.f (x;)||*, for some suitable constants
co, ¢1 and c;. Therefore, from (C.8), it follows

B, [£ ()] = £(50) < —BillVf (@) |P + Creo ,yTiﬁtllVf(xt)ll2

Ccr 'ytz

R (F e (co+e1(FC) = £22 + 2l VFCII) (C9)

2 2
- (1 - G2t ) BT F el + Cae 8 ZL(f (1) = )+ CueHH 2L
t

t t
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where in the last one inequality the subadditivity of the square root, for some suitable constants C(’), C», C3 and Cy.

Since 1‘ — 0, there exists some § € (0, 1) for large enough ¢. By subtracting f, and taking total expectations from both

sides in (C 8), it follows:

2
E[f (ki) = £.] < (1 -G ) L (xe) = 1.1 = 9B ELNV S (e)lP] + € (C10)

for some suitable constants Cg and Cj.

Since Z‘ is summable, by using the Robbins-Siegmund lemma [69] (see also [26]), we infer that the limit hm S (x;) exists

and is finite a.s. and

SUBAVLE)I? < +o0  as. (C.11)
t=0

Since f is coercive and converges a.s. and r(x) is coercive, it follows that the sequence {x; };>0, as also r(x;) are bounded
a.s.

Moreover, from the (Lo-Li)-smoothness (2) and the a.s. boundedness of {x;},;>, with probability 1, there exists some
constant L, such that for any £ > 0, ¢t > 0, it holds

t+h t+h
WV S Geam)ll = IV S Gl < Llbxrsn = xell = LID S vsgs + vsZsll = LIS BsVf () + vs sl
s=t s=t
(C.12)
t+h t+h Vs
<LZ,8 IIVf(X)||+IIZ s”
1+ Asr
The random variable v; = Z‘ 0 T /1 T Ls is martingale whose variance is bounded by
t 3 13 1
ElllorlP] < B[ 2072 01ZslP) = 2 v Bl ZoIP) < €1 275 (1 47 (xy)) < €2 3398 < +ev. (C.13)
s=0 s=0 s=0 s=0

Therefore v, = lim v; = X, Z; exists and is a.s. finite (this is an immediate consequence of the martingale
t—o0

©0 Y

t=0 1+A;7(x;)
convergence theorem). Moreover from (C.11) we have X5 B: |V f (x;) ||> < 400 a.s. and since A, and r(x,) are bounded,
it follows that 32 ) B; = +co. Therefore, by using Lemma B.2 with a; = [|Vf (x|, 5, = B; and v; = Zs, we

conclude that ||V f (x;)|| converges to O almost surely.

s=0 ]+A rs

]
D Convergence analysis of (DTSGD)
In this section we provide the convergence analysis of Algorithm DTSGD and the associated proof of Theorem 2.
Recall that, for any € € (0, 1], DTSGD can be expressed as follows:
Ypp =y T
" T+ ar(x)leye T D.1)
=xk —vi(9r +Z1)
where
_ Vi) —ax,
9= e Tax
(1 + /ltr(xt)?)
and
- Z

Zr =

1\€
(1 + /ltr(x,)?)
Next, we present some useful lemmas that will be employed in the proof of Theorem 2.
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Lemma D.1. Let the Assumption 1 and (20) be in force. The tamed term g; has the following properties:

lgell < C(A7 € +1x]) (D.2)
2
lge = VS GlIP < C2 (IVF Gl + @l 2) ) (D3)
e There exist a, b such that
(gr-x1) = allx || = b (D.4)
Proof.
Vi§(x;)—ax
gl = Jax, + L)z
(1 +/l,r(xt)?)
\Y
< alp || + VLI

1 €
(1 +/l,r(xt)?)
Noticing that
/1,r(x,)é <1 +/1,r(xt)é == r(xt)é < /lt_l(l +/l,r(xt)%)
= r(x) <A;°(1 +/1tr(xr)é)e,
it follows that
VGl < C(1L+r(x0) < €+ A7 (1+ Ar(x) €)€ < (C+ DA7E(1+ A (x)€)€

which concludes the proof of (D.2).
For the proof of point (D.3), since ¢t > 0

1
I-(1+s) €= ES/ (1+s7) ¢ ldr,
0
it follows that
1= (1+s)" €] <és?

Setting s := A,7(x;)'/€, we obtain
|1 = (1+9)"“PIVS () = axe|)?

(1 + 5)2¢€

< CR (V£GP + @l ) r(x)

lge = Vf (eI =

which completes the proof of (D.3).
Finally, from the definition of g,, it holds

<Vf(xt)’xt> - a”xt ||2
(1+4,r(x)€)e

2
(ge>x¢) = allx ||~ +
Also note that from Assumption 1 there exist @, b > 0 such that

(Vf(xe),x:) =a—b.

In the case
(VF(xe),x) —allx > <0
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one obtains
(Vf(x1),x:) — allx,||?
(14,7 (x,) )€

> (Vf(x0), %) = allx|)?

which leads to
(G, xe) > allxe|* + (Vf(xe), x,) — allx ]

=(Vf(xs), x1)

> a||x||> - b.

On the other hand, in the case
(VF(x),x) —allx* > 0

one has that
(g, %) > alx]* + 0 = alx|* > allx||> - b.

Setting @ := min{a, a} allows us to conclude the proof of (D.4) and Lemma D.1. |

Lemma D.2. Suppose that Assumptions 1-3 hold. Assume further that (DTSGD) is run with a scale function r(x) as per
(20)-(21) and stepsize parameters given by (22).
Let A, = ||x; = v, 9:||. Fory,A;%€ <1andy, < ﬁ the holds

AP < (1 =y A)llx 1> + 7B

where A = 5 and B = C

Proof. Since
AP = 1xe 7 = ¥ Cgeoxe) +¥7 llgell?

Using (D.4) and (D.2) one obtains
AP < (1= ay)llxll® + Cy7 A€ + 297 ||x |)?
Since 2y,a% < 5 and ¥:A72€ one obtains
AP < (1= Ay)lix > + v B
where A= 5 and B=C [

Lemma D.3. Let Assumptions 3, (20) and (22) be in force.
Let u a deterministic vector. There holds

52%2CIIMII2)

E, [exp (ay:{u,Z:))] < exp ( >
24;¢€

Proof. Since e, is subgaussian conditioned on x;, for any deterministic vector # and any ag > O there holds

2.2 2 2
E, [exp (aoy:(u, Z))] < exp (M)

Setting ag = W one obtains
52,2 72 2
s a~y; o= () ||ull
E; [exp (@y: (u, 2))] < exp | ————F—
201+ Ar(x,)<)€
Since — W < C(1 + A;%€) < C’'A;%€ one deduces the result. ]

(14,7 (x) € )2€
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Lemma D.4. Let Assumptions 3, (20) and (22) be in force. Then, there exists c, C universal constants such that

o 2]

In addition, if dZ’ZECS <1
t

E; [exp (dyf||2t||2)] < €
Proof. The first part of the proof is given in [80, Proposistion 6.2.1]. For the second part, from the definition of Z;, we have

2
exp 2c ay? o (x) —1ZI7|]-
o (X) (14 Ar(x)€)e

< Cod; %€ for some Cy > 0, it follows

E:|exp (a771121°)| = E,

o?(x)

Using the fact that —
(1+A4;r(x)€) €

Cp (17’2

exp(Luz ||2)] N CE [exp(Luz ||2)]%
o2(x) - o2(x)

Then since y; < 1 by hoelder inequality it follows that

E:|exp (a27121°)| < B,

ay: R
exp [ —— 11z < v
72(x)

E, [eXp (573llizll2)] < (JEt

[
Lemma D.5. Let Assumptions 3, (20), (22) be in force. There holds
E, [eZLIYt”zt”] < ecl)’r/re
and
- C
E/[I5177] < 55
Proof. For the first part, applying Lemma B.3 for = (IQL% since
+A;r (X)) €)€
1+
o(x)n < C;(xt)1 <Cyy;€<C
(T +Ar(x)<)€
yields the result. The second part follows immediately from Lemma B.4 as
L. _4e Li-4e —4€
]Et[||zt||4] = (1+ 4,7 (x)<)™ ]Et[||Zt||4] <(L+ 4,7 (x)e) *Co(x)* <ca™?
[

Lemma D.6. Suppose that Assumptions 1-3 hold. Assume further that (DTSGD) is run with a scale function r(x) as per
(20)-(21) and stepsize parameters given by (22). There exist a > 0 such that

sup E [exp(ally )] < oo
t

Consequently
sup E[exp(cl|x]|)] < oo Ve > 0.
t
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Proof. By the assumption, Z, is subGaussian with parameter o-(x) = C(1 + r(x)) By Lemma D.3 for @ > 0, for every
deterministic vector u,

~ g C
E[exp (ay,(u, %))] < exp (o.scﬂyf e ||u||2) (D.5)
t

and by Lemma D .4, there exists ¢ > 0 such that

¢ 2 ¢
E —||Z <
exp (o-z(x,) I1Z: |l ) e
which also implies that if G 25 < ¢
IE[eXp (5)’:2||Zt||2)] < € (D.6)

Letd > 0. and set Vz(x;) = E [exp(dllxt||2)] and A; = x; — ;1 9;.

E[expalivinill?] = E:[exp (alla: + v, 20P) |

= Ex[exp (@ (11817 + 27,(A 20) + 72017 | (D7)

< NI, [ea(27,<Af,z,>+y3||zt||2)]

Using Lemma D.2 yields

A < (1= A)llxe1” + . B. (D.8)
which leads to
E, [ea\mtw] <E, [ea<1-m>\|xt||2]eay,3 (D.9)
Applying (D.5) for u = ||A;|| (which is treated as deterministic inside conditiondial expectation with respect to x;), yields
a2y, (A7) ayico,
E, [¢?®7(4020)] < exp 7 e 1A ]] (D.10)
t

2007 L A

Assuming that a Pe S 7
k

applying D.8 yields

E, [95(2%<At72r>)] < ed%%”ArHZ < ey,%||x,|\2+'ytza'%3 (D.11)
Substituting (D.9),(D.11),(D.6) into (D.7) yields

E, [eﬁllxmllz] < (=% 3)llxt |24y (B+C))

LetR = 43%?. In the event that ||x/|| > R

E, [edllx,HIIZ] < eallxtlﬁe—wﬁ’*i—f‘ (D.12)

while for ||x,|| < R

~ - A - 2 - A 2
E, [eallxz+1||2] < Al P 7 (B+C) _ yallxil? =y B2 | pallxil? [ e (B+C) _ =y B2

Using that

R . . R 2
BHC) _ g n A | ni(BeC) (| _ g (BHCHIA) oy (840) gy 04 BOA,
= 4

one obtains that for ||x;|| < R
R 2
E, [e‘"‘”)‘f+l ”2] < el r Ay i (BO) (B4 6y —R4A)e‘7R2. (D.13)
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Combining (D.12) and (D.13) and taking total expectations, we obtain
]E[eﬁllxm \\2] < ]E[edIIlelz]e—%R2/4 +y.b (D.14)

for some constant . By an induction argument, from (D.14), it follows

t t t
]E[edllxm\\z] < ]E[eﬁllxollz] l—l e bve 4 p Z Ym I—[ e bk
k=0 m=0

k=m+1

t
= B[00 o785 4 p > 070 Si=5m) (D.15)

m=0

t
- 2
< ]E[eallxoll 1+ be bSt Z ,ymebsm

m=0
where we used the notation S; = Z}:o Vj-

Moreover, since y, decays to 0, there exists some constant Iy, such that

Y = —Ym__ (ebs'" - ebSMfl) <To (ebs'" - ebsmf') (D.16)
1—ebSm
By injecting (D.16) into (D.15), we find:
]E[edllxmllz] < ]E[edIIXollz] +Tob (D.17)
which allows to conclude the proof.
[ ]

We are now ready to proceed with the proof of Theorem 2

Theorem 2. Suppose that Assumptions 1-3 hold. Assume further that (DTSGD) is run with a scale function r(x) as above,
and step-size /taming parameters such that

) 0 0 2
Zytzoo, Zyt/l,<oo and ZYT’F<00. (22)
=1 t=1 =1 A7°

Then, with probability 1, we have lim;_,, V f (x;) = 0. In particular, if y; o< 1/tP and A; « 1/t4, then x; converges to crit f
(a.s)aslongas0<1-p<qg<(p-1/2)/e.

Proof of Theorem 2. In the same way as in (C.6) in the proof of Theorem 1, applying (B.1) in Lemma B.1 with x” = x4
and x = x;, we find:

F ) = £ € =y (VA () g =70 (VS (). 20) + (Lo + LalIVF ) el 112 (1 2 4 12, 17) - .18)
The first term in (D.18) can be bounded as follows:
7T () 90) = =VelIVF G I = 7 (T ) ge = VF ()
<YL + 2NV £GP +274llg: = VF (o)
= =2Vl + 279 = VI

< —%IIVf(xt)II2 +2Cy, 47 (14 () Y UIVF )P + a@llxe 1)

(D.19)

while the last inequality follows from (D.3) in Lemma D.1. Notice that taking conditional expectation in the third term one
deduces that for ¢ (x,) = (Lo + L1 ||V f (x)[)e™ 719 W]l g, || and ¢ = (Lo + L1 [V f (x;) || e elor]

B, (Lo + LilIV A Gl o132 ((1g, 12 4 12, 2) |
=77 Be[e" % [ (xr) + 97 B [ 2,1P] 42 (o)

< Y2 B, [ 130 ¢y () + %2\/]151 [eley,nzfn]\/]Et [12:014] 62x0)
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Noticing that by Lemma D.5 |E, [IIZ, ||4] < /li and

€
t

r 2t

E, [2Llal] < C T <
and using the fact that since ||g;|| < allx;|| + CA™€ it is easy to see that
$1(x0) < (Lo + L1V f (x))e Chrte s bnalxill a1, |12 + 2, 2€) < el all | + 4;29)

for some a(y > 0 and )
#>(x;) < Lo + lef(xt))eCLl%/l,‘+L17rath|| <C(l+ edllerll)

for some a; > 0. ringing all together
E/| (Lo + LillVS el 101D o2 (g 12 4 )12)1) | < ;T’icm + el (D.20)
,
Taking expectations in (D.18) and combining (D.19) and (D.20) yields
E/[f (eea)] < S () = ZAVLG0IP #7022 (1 4+ 7 (TS )P+ @llelP) + c;é(l + eclal),
t

Since r(x;), V f(x;) have at most exponential growth and we are able to control exponential square moments from Lemma
D.6, by the summability conditions on the noise we can apply Robbins-Siegmund Lemma to conclude that f(x;) converges,
as also that

SV E[IVFx)IP] < oo, (D21)

Since f is coercive and converges almost, surely, it follows that the iterates are bounded a.s, so with probability 1, using the
(Lo-Ly) condition (2), we have

V£ Geran) | = IVF Gl < C(1+ €SPyl — x|

t+h
. V£ (xg
<c(seesmlulySr, VI
1 €
= (1 +/lsr(xs)?) (D.22)

t+h
< C(1+ ecmrlel) (Z LA NAENI RS DIPN|

1
(l+/l,r(x,)%)6

”Z ’YZAt” < ||Z )/zft” + ecl sup, |[x¢ || Z%/lz

and y,€; is a martingale difference with finite variance (therefore converges a.s, so it a.s finite) and 277 ) ¥4, < oo, it follows
that

where we set A; = ax; (1 - ) + Z;. Since

125 74| <00 aus (D.23)
In addition from (D.21) we also have that .7, v, E [IIV f(xs) ||2] < oo, therefore

SV <00 as
=0

Combining this estimate together with (D.22) and using Lemma B.2, with probability 1 we obtain
Tim [|V£ ()l = 0 (D.24)
which concludes the proof of Theorem 2 [ ]
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E Avoidance of saddle points

As we stated in the main body of the paper, the proof of Theorem 3 will require two different threads of arguments: a) a
series of probabilistic estimates to show that a certain class of stochastic processes avoids zero; and b) the construction of a
suitable (average) Lyapunov function that grows exponentially along the unstable directions of a strict saddle manifold.

As we mentioned earlier, the basic element of our approach is the observation that both (TSGD) and (DTSGD) can be recast
as generalized Robbins—Monro schemes of the form

X1 =X =¥ (Vf(xt) + Zs + by) (RM)

Concretely, we have:

1. For (TSGD), letting r; = A,r(x;), we get

N ) s
S b L A S e (E.1a)
so we obtain (RM) with b; « r; g, /(1 + ry).
2. For (DTSGD), letting 8, = [1 + A,7(x;)'/#]# and a; defined by (19), we get
Jr —ax, . Bi—1,
X4l =Xp — Yp—————————— — V1A Xy = Xt — - - va E.1b
S X YT oy ee 1 = X Ve = e g =0 = i (E.1b)

so we obtain (RM) with b, « (1/8; — 1)[§: — ax,].

Now, under the assumption 4, — 0 (i.e., ¢ > 0), we get that b, = O(A1;) whenever x; lies in some sufficiently large compact
set IC. In this regard, Theorem 3 will follow from the following more general theorem for generalized Robbins—Monro
processes:

Theorem E.1. Let x, be the sequence of iterates generated by (RM) with step-size and bias parameters of the form y, o 1/tP
and ||bs|| = O(1/t9), with p € (1/2,1], q € (0,1], and p/2 < q < 1. If Q is a strict saddle manifold of f, we have
P(x; > Qast — o) =0.

This theorem is an extension of Theorem 9.1 of Benaim [5], and involves the addition of the extra bias term b, and the more
relaxed conditions on the saddle manifold Q (which is not assumed to be a priori hyperbolic in our case). The heavy lifting
(and the overall structure of the proof) follows Benaim [5], with an additional finer handling of the center-stable manifold of
Q building on an argument of Mertikopoulos et al. [59]. The specific introduction of the bias term b, will subsequently
appear in the verification of the probabilistic estimates derived in the following section. For completeness, we provide all
the relevant details below, stressing throughout that the analysis follows the proof scheme of Benaim [5] and Benaim &
Hirsch [6].

E.1. Probabilistic estimates. The stochastic estimates required for our analysis originate in the work of Pemantle [64]
and pertain to a specific family of stochastic processes, which we describe below. Concretely, let Yy, ¢t = 1,2,...,be a
sequence of random variables that are measurable with respect to F;, define the cumulative process V; = Zi _1 Y, and
suppose that the following inequality holds:

E[V?

t+1

—-V?|Fi]=C/t*P forsome C >0andallz=1,2,... (E.2)

In this setting, V; will serve as a quantitative proxy for the “distance” to the set of saddle points Q. At an intuitive level,
condition (E.2) asserts that V; exhibits a growth of order ®(%y;) in root-mean-square terms, where the step-size y; of (SGD)
scales as y; oc 1/tP. The construction of such processes will be carried out via geometric arguments in the next section. For
the time being, we record—without proof—several results ensuring that V; cannot converge to zero.

Lemma E.1 (Pemantle [65], Lemma 5.5). Assume that (E.2) is satisfied for some p € (1/2,1]. In addition, suppose there
exist constants a, b > 0 such that, for every t = 1,2, ..., the following conditions hold:

1. |Y¢| < a/tP almost surely.
2. 1{V; > b/tP}E[Y;41 | F¢] = 0 almost surely.
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Then P(llmt_)oo VI = 0) = O.

An earlier version of Lemma E.1 was established by Pemantle [64] in the particular case p = 1; however, the underlying
arguments extend without essential modification to the entire range 1/2 < p < 1. For a refinement of these estimates that
will not be required here, we refer the reader to Benaim [5, Lemma 9.6].

E.2. Center manifold theory and geometric constructions. We now turn to the geometric component of the argument
and construct an appropriate Lyapunov function that will enable the application of Lemma E.1. Our approach follows the
general blueprint developed by Benaim & Hirsch [6] and Benaim [5], and makes essential use of tools from center manifold
theory; for background material, we refer the reader to Lee [44], Shub [74] and Robinson [70].

Let Q denote a strict saddle manifold as introduced in Section 5. For each g € Q, we decompose the ambient space
according to the spectral structure of the Hessian H(q) = V> f(q) of f at q. Specifically, we define the center, stable, and
unstable directions at g as the eigenspaces associated respectively with zero, positive, and negative eigenvalues of H(g),
namely:

£ ={veR?: H(q)v =0} =kerH(q), (E.3a)
E;={ve R : H(g)v = Av for some A > 0}, (E.3b)
Eg={ve R? : H(g)v = Av for some A < 0}, (E.3¢)

This nomenclature reflects the fact that H(x) = Jac(V f(x)), so these subspaces correspond to directions that are respectively
neutral (or slow), contracting, and expanding under the gradient flow of f, viz.

x(1) = =V f(x(1)) (GF)

More precisely, the center manifold theorem [70, 74] guarantees the existence of a neighborhood U/ of Q together with a
submanifold M C V, referred to as the center stable manifold of Q, such that: a) M is locally invariant under the flow @,
in the sense that there exists 7y > 0 for which @, (U4 U M) € M holds for all ¢ > #y; and b) for every ¢ € Q, the ambient
space admits the decomposition V = T, M & &/, where T, M denotes the tangent space of M at g. As a consequence:

a) Perturbations in central directions are tangent to M and therefore evolve “along” M under (GF);
b) Perturbations in stable directions 8; are attracted toward Q along M under (GF); and

¢) Perturbations in unstable directions &7 are transverse to M and are expelled from a neighborhood of Q at a linear rate.

An important structural property of M is that any globally bounded trajectory of (GF) which remains sufficiently close to
some g € Q must lie entirely within M [74]. Furthermore, since Q is assumed to be non-minimal, we have d,, = dim&* > 1,
implying that M has dimension at most d — 1. This observation suggests that any perturbation with a nonzero component
transverse to M will be repelled under the dynamics (GF); the following lemma, originally due to Benaim [5], with an
adaptation of an argument by Mertikopoulos et al. [59], formalizes this intuition.

Lemma E.2. Let ¥, (x) = V,®,(q) denote the linearization of the flow associated with (GF). Then the following statements
hold:

1. For every q € Q, the unstable subspace & is preserved by the flow of (GF); more precisely, ¥,(q)Eg = &4 forall t > 0.

2. There exists a constant ¢ > 0 such that, for all g € Q, all w € E*, and all t > 0, we have
1P (@)wll = e ||wl|. (E4)

Remark 6. Here and throughout, if A: V — V’ is a linear map between vector spaces and W <V is a subspace, we write
AW for the image of W under A, i.e., AW = imy4 (W) = {Aw : w € W}. We will freely identify linear operators with their
matrix representations when no ambiguity arises.

Remark 7. The argument establishing Lemma E.2—as well as the remainder of the analysis in this section—does not
fundamentally rely on the uniform bound minA,(H(g)) > c, for the positive eigenvalues of the Hessian (when such
eigenvalues are present). This assumption is introduced solely to streamline the exposition and to avoid technicalities related
to changes in the dimension of &3; if necessary, the analysis could instead be restricted to subsets of Q on which this
dimension remains constant.
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In informal terms, Lemma E.2 asserts that: a) the collection of unstable directions is invariant under the gradient flow (GF);
and b) any perturbation with a component in an unstable direction is exponentially amplified. We now give the proof.

Proof of Lemma E.2. Recall that for any # > 0 and any x € &, the Jacobian of the flow admits the representation
W, (x) = V@, (x) = exp(tJac(-V f(x))) = exp(-tH(x)).
Since every ¢ € Q is a stationary point of (GF), it follows immediately that

Wi (q)Ey = e D ey

— i (_t)kH( )kgu — i (_t)kgu > since H( )gu = gu
= k! q q = k! q : 9)cq q
_ ,tou _
=e 'y =&, (E.5)
which establishes the first claim.
To prove the second claim, let {u#; : i = 1, ..., d} be an orthonormal basis of eigenvectors of H(gq), which exists because
H(q) is symmetric. Let 4; = 2;(g) < 0 denote the eigenvalue associated with u;, and assume without loss of generality that
the indices are ordered so that | <--- < A4. Then{u; : i =1,...,d,}, where d,, = dim £, forms an orthonormal basis of

g,

Fix w € £ and write w = Zfl:“l w;u; in this basis. Using the spectral decomposition of e~*H(@) | we obtain

du
Y, (qw = e H @Dy = Z wie iy, (E.6)
i=1
By orthonormality, this yields
du
¥ (@wl® = > e w; > &>l (E.7)
i=1
where c_ > 0 is the constant defined in Section 5. This completes the proof. ]

To continue, we introduce a convenient “projection” from a neighborhood of Q onto the center stable manifold M. This
construction is somewhat indirect, but it will allow us to preserve the unstable geometry induced by (GF).

We begin by considering the collection of unstable directions along Q, viewed as the vector bundle
E5=1{(qw) 1 g€ Q, we &} (E.8)

Since each fiber £ is a linear subspace of X, the assignment ¢ — &7 may be interpreted as a map from Q into the
Grassmannian Gr(d,,, d) of d,,-dimensional subspaces of R?. By the Whitney embedding theorem [44], Gr(d,,, d) admits
a smooth embedding as a d,(d — d,,)-dimensional submanifold of R>%(4-4«) Consequently, 55 can be viewed as a map
Q — R?du(d=du) whose image lies in Gr(d,,, d) < R?%u(d=du)

Since Q is closed—as it forms a connected component of X*—the Tietze extension theorem [3] ensures that this map
admits a continuous extension 7: R? — R?%(4-4) defined on the entire ambient space. By convolving 7 with a smooth
approximate identity supported on Q, we may further assume that this extension is smooth in a neighborhood of Q. In
addition, standard results from differential topology [32, Chap. 4] guarantee the existence of a smooth retraction from a
neighborhood of Gr(d,,, d) in R?>%«(4=4u) onto Gr(d,,, d) itself. Composing 7 with such a retraction yields a smooth vector
bundle

Er={lx,w):xeld, we &}, (E.9)

which coincides with £ 5 when restricted to Q (hence the slight abuse of notation).

By shrinking U/ if necessary, we may assume that it is compact and that it agrees with the neighborhood appearing in the
definition of M, i.e., ®; (U N M) € M for all sufficiently small . We now define a “projection” from a (possibly smaller)
neighborhood of M onto M.
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To this end, consider the mapping Q: &) — X' = R? given by vector addition,
O(x,w) =x+w.

The zero section (x, 0) of & is mapped diffeomorphically onto U by Q; therefore, by the inverse function theorem [44], O
is a local diffeomorphism. Let ¢/’ be a neighborhood of M on which Q is a diffeomorphism, and set Uy = Q(U’). This
induces a map I1: Uy — M characterized by the relation

Ny)=x < QOx,w)=x+w=y. (E.10)

The motivation for this construction—rather than, say, a Euclidean projection onto M—is that IT is compatible with the
unstable geometry generated by (GF). More precisely, the following holds.

Lemma E.3. Forx e U, let Py: Ty M & £¥ — T M denote the linear projection defined by

z+w B Py(z+w)= z . (E.11)
T M&E™ M

Then, for every x € Uy N M, we have Jac(I1(x)) = Py.

Proof. Let y(t), t € (-1,1), be a smooth curve in U satistying y(0) = x € M, and define x(t) = II(y(z)). By
construction, there exists a smooth curve ¥ (z) € 5)’:( " such that y(t) = x(¢) + ¢ (¢) for all ¢. Differentiating at ¢ = 0 yields

7(0) = %(0) + (0). Since x(¢) € M and ¥ (1) € &Y\, it follows that £(0) € T, M and yr(0) € £“. Writing z = (0) and
w = (0), we obtain
Jac(IT(x))(z + w) = DIl (z + w) = z = Py (2 + w).

Since the choice of y(¢) was arbitrary, the claim follows. ]

We are now ready to introduce a suitable “energy” associated with points in . Specifically, define the function

E(y) = [TI(y) - yll, (E.12)

that is, the norm of the displacement between y € Uy and its projection I1(y) onto M along the unstable directions of (GF).
By construction, this function is nonnegative and vanishes precisely on the center stable manifold:

E(y) =0, with equality if and only if y € M N Up. (E.13)

Combining (E.13) with the geometric properties established in Lemmas E.2 and E.3, we obtain that E satisfies the hypotheses
of Benaim [5, Proposition 9.5]. Specialized to the present setting, this yields the following result.

Proposition E.1 (5). There exist a compact neighborhood Ug of Q, a constant B > 0, and a time horizon T > 0 such that
the function

V(x) = /TE(QD_,(x)) dt,  xelo, (E.14)
0

satisfies the following properties:

1. For every x € Ug, the function V admits a positively homogeneous, Lipschitz continuous right derivative VHV (x),*
Moreover, V is continuously differentiable on Ug \ M.

2. Forall x € Uy, the directional derivative of V along the gradient field satisfies
V*V(x)[Vf(x)] £ -BV(x). (E.15)
In particular, whenever x € Ug \ M, we have

(VV(x),Vf(x)) < =BV(x). (E.16)

“4Recall that a function ¢ admits a right derivative at x if the limit V*¢(x) [v] = lim,_q+ (¢(x + 1v) — ¢(x))/t exists forall v € R4,
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0 0 0

Figure 3. The interplay of the stepsize y, oc =7 and the taming parameter A, o t~4 for different values of p (on the x-axis) and g (on the
y-axis). From the left to the right we plot the intersection of valid regions for avoidance (in blue) and almost-sure convergence (orange &
red), starting from (TSGD) to (DTSGD) withe =1 € = % and e ~ 0

3. There exists a > 0 such that, for all x € Ug and all sufficiently small v € RY,

Vix+0) > V(x) + VV(x)[v] - %||v||2. (E.17)

4. There exists B > 0 such that, for all v € R?, the following estimates hold:

IVV(x)| = 8, forallx e Ug \ M, (E.18a)
and

VV(x)[v] = B9 (v) — vl Sforallx e Ug N M. (E.18b)

Since Proposition E.1 is a direct consequence of Benaim [5, Proposition 9.5], we omit its proof. Instead, we highlight two
immediate implications that will be central to our analysis.

1. By (E.16), the energy V (x(¢)) associated with any solution orbit x () of (GF) grows at a (locally) geometric rate unless
the orbit is entirely contained in the center stable manifold M. Consequently, stochastic approximations of (GF) that do
not remain on M for arbitrarily long time intervals must eventually depart from a neighborhood of Q.

2. Inequality (E.17) underpins a discrete-time analogue of this argument. When x;, lies sufficiently close to Q, the energy
before and after a stochastic gradient step obeys

2
XY s
V) 2 V) + BV () = vexe = =551, (E19)

where y, denotes an additive noise term that is non-antagonistic in expectation. In particular, the sequence V; = V(x;)
exhibits, on average, locally geometric growth, precluding the possibility that the iterates x; linger near Q for extended
periods of time.

To formalize these statements, we will rely on the probabilistic estimates established in Appendix E.1. This is the focus of
the next section.

E.3. Avoidance of saddle-point manifolds. For ease of reference, we first restate our main avoidance statement:

Theorem E.1. Let x, be the sequence of iterates generated by (RM) with step-size and bias parameters of the form y; o« 1/tP
and ||bs|| = O(1/t9), with p € (1/2,1], q € (0,1], and p/2 < q < 1. If Q is a strict saddle manifold of f, we have
P(x; » Qast — o) =0.

Auxiliary results. We first recall a key probabilistic estimate due to Pemantle [65].

Lemma E.4. Let S; be a nonnegative adapted process of the form S, = So + X! _| X, and define a; = £, y2. Assume
there exist constants ay, a; > 0, a sequence &; = o(\/&;), and an index Ny such that, for all t > Ny:

(i) |X:] = o(Nay);
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(ii) 1{S, > &} E[X;41 | F;] = 0;
(iii) E[S%,, - S2| Fi] > ary%;
(iv) E[X2, | F] < a2

Then P(lim; o S; = 0) = 0.

Following the proof strategy of Benaim [5], the proof of Theorem E.1 will follow by verifying the conditions of this lemma,
in conjunction with Lemma E.1.

Proof of Theorem E.1. We begin by observing that, under our choice of step-size sequence y;, we have

lim — 2 —, (E.20)

t—o00 00
Y pIpean 7%

and hence vy, = 0(42?’;, 73) This fact will be invoked below when applying Lemma E.4 with &, = O(y,) and

_ oo 2
@ = ZS:t Vs-

Now, let N € N and assume that X € U (K), where U (K) is the neighborhood provided by Proposition E.1. Define the
(first) exit time from U () by
T:=inf{s >N :X; ¢ U(K)}. (E.21)

Clearly, T is a stopping time with respect to the filtration F;. Thus, to prove Theorem E.1, it suffices to show that
P(T < o0) = 1. Without loss of generality, we take N = 0.

We now introduce two adapted sequences {X; : ¢t > 0} and {S; : r > 0} by

Xev1 = (M(xer1) = () Lt < T+, U1{t > T}, (E.222)
So = n(Xo), S; =80+ >, Xs. (E.22b)
s=1

In particular, S; > 0 almost surely for every . The remainder of the proof consists in verifying conditions (i)—(iv) of
Lemma E 4.

Verification of Lemma E.4 (i) and (iv). Since 7 is Lipschitz on I/ (KC), there exists L’ > 0 such that

[7(x:) = n(xee)| < LIxe = x4l
= vello(xs) + Z; + byl|. (E.23)

Now, by assumption, we have

1bell = O(1/17) (E.24)
as long as x; remains in a closed neighborhood of crit f (and hence compact, since crit f is bounded). Therefore, invoking
Assumption 5, we conclude that | X, (| = O(y;) = o(+/a;), which yields Lemma E.4 (i) and (iv).

Verification of Lemma E.4 (ii). Let &’ = k||v|| + K, where k is the constant in Proposition E.1(c), ||v|| := sup{|lv(x)]| :
x € U(K)}, and K is the uniform bound of || Z;||. Assume 7 < T. Then, by Proposition E.1(ii)—(vi), we obtain

n(xen1) = n(x) 2 vV e)o(xe) + Zo + bl = kv (loll + 1 Z: 1| + 11611
> yiBn(xe) + vV () [Ze] + 7V n(x:) [be] = 2k"y] = 2k7 |14 (E.25)

Furthermore, by our assumption on the bias, together with Assumption 5 and the (local) Lipschitz continuity of f, there
exists ¢’ > 0 such that

=]l = =c"ye a.s. (E.26)
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Using also the Lipschitz continuity of 7, we may absorb the last three terms in (E.25) into a single quadratic remainder and
obtain

n(xie1) =n(x) = yiBn(x) + v V() (2] - 2Ky, (E.27)
for some constant k"’ > 0.

Therefore,
1{t < TYE[ X1 | F] > 1{t < T}Hyefn(x,) = 2k" v} + v B[V n(x)[Z] | F]]. (E.28)

By Proposition E.1(b) and the assumption that the noise is conditionally zero-mean,
E[V'n(x)[Z] | Fi] = Vn(x,)[E[Z; | F:]] = 0. (E.29)
Combining (E.28) and (E.29) yields
1{t < TYE[X,41 | Fr] 2 U{t < T}y Bn(x,) — 2Ky} (E.30)
Ift > T, then X;4+; = v, and hence trivially
1{t >T}E[X,41 | F] 2 0. (E.31)
Together, these inequalities show that Lemma E.4(ii) holds with &, = (k" /B)y;.
Verification of Lemma E.4 (iii). We start from the identity

E[S?

t+1

- S2| F] = E[XA, | Fo] + 28, E[ X4 | F]. (E32)

If S; > &, then the right-hand side of (E.32) is nonnegative by Lemma E.4(ii). If instead S; < &, then (E.30) and (E.31)
imply S; E[X;+1 | F;] > —&,k""y? = = O(y;). Hence,

E[S?

t+1

-SSP F ] 2 E[X7, | Fi] - O(;). (E.33)

Thus, it remains to show that IE[X;H | ;] = byy? for some by > 0 and all sufficiently large ¢.

From (E.27) we obtain
e < THEX, 171 - (n BV 0 [20) ' 1 F - k92| 2 0. (E.34)
By Proposition E.1 and Assumption 5, we have
e <TAx ¢ A}(IE[(V+77(xt)[Zt])+ | il - cib) 2 0. (E.35)

If x, € A, choose a unit vector v; € ker(I — Jac P(x;))*. By construction, (Z;,v;) = {(Z; — Jac P(x;)Z;,v;). Let
H = {t <T} N {x; € A}. Then, by Proposition E.1, the Cauchy—Schwarz inequality, and Assumption 5, we obtain

HHIENV'(x)[Z:])" | Fl = et L{HYELZ, - Jac P(x,) Z,|| | F1]
> ci I{H} E[(Z; — Jac P(x;)Zs, v) " | Fi]
=c; I{H}E[(Z,, Ut>+ | F¢]
>c1b 1{H}. (E.36)

Combining (E.34)—(E.36) (and using also (E.31)) gives
E[X),, | F]=ciby, —k"y} (E.37)

Finally, Jensen’s inequality yields E[X?,, | 7] > E[X/, | F;]%, so E[X?% | F;] > b1y} for some b; > 0 and all large
enough 7. Together with (E.33), this verifies Lemma E.4(iii).
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Closing the argument. We have now verified Lemma E.4(i)—(iv), and therefore
IP(tlim S, =0)=0. (E.38)

We use (E.38) to conclude that 7 < oo almost surely.

Indeed, suppose T' = oo. Then X;4+1 = n(x;4+1) — 17(x,) and S; = n(x;) by (E.22a)—(E.22b), and the iterates remain in I/ (/C)
by definition of 7. By assumption, the limit set L({x,}) is a nonempty compact invariant subset of ¢/ (K); in particular,
@, (x’) € U(K) for all x’ € L({x;}) and all r € R. But then Proposition E.1(iv) implies that n(®; (x")) > eA'n(x") for all
t > 0, forcing n(x”) = 0. Hence L({x;}) C A, and therefore S; = n(x;) — 0. By (E.38), this event has probability 0,
showing that T is finite almost surely. ]

F Numerics

In this Section, we provide a complementary character to the theoretical findings of this work, by illustrating the behavior of
(TSGD) and comparing it with some similar benchmark methods on two simple numerical experiments.

F.1. Phase retrieval. In the first experiment, we aim to solve a phase retrieval problem, which consists of recovering
a source vector x, € R4, from a finite number N of quadratic measurements, cf. [15]. In this context, we consider the
minimization problem (Opt):

N 2
=5 DA, A0 =g (s E1)
i=1

where (w;);<ny € R¢ are the sampling (Gaussian) vectors and y; = (wlTx*)2 the observed measurements from an unknown
signal x, € R¢ drawn from A/ (0, I;), with d = 10 and N = 200. The function defined in (F.1) is smooth, non convex, with
gradient growth of order 3 (i.e. r(x) = ||x||3).

In Figure 4 we illustrate and compare the performance of (TSGD), with three different choices for the scale function
r(x) (r(x) = ||x]I?, 7(x) = ||lx||* and r(x) = exp(]|x||)), with vanilla (SGD) and clipped stochastic (CGD) with clipping
level equal to 4. For each method, the stochastic oracle at each iteration is computed as g; = V fy(x;) + &, where
Viv(x) = ﬁ Siens VSi(x;) is a mini-batch estimator of Vf(x,), with [M| = 48 and & ~ N(0,0%1,) is centered
Gaussian perturbation, with variance o- measuring the level of extra noise injected to V fas (x,). In addition the step-size y;
and the taming parameter A, (for (TSGD)), are set as y, = t” and A; = 174, with p ~ 0.6 and ¢ ~ 0.1, for all schemes. The
performance is measured in terms of success rate for achieving || f(x;)|| < &, with & = 0.001 over 80 runs, across different i)
maximum number of total iterations and ii) level of extra noise o~ added to the stochastic approximation of V f(x;).

From Figure 4, we observe that all three instances of (TSGD) are outperforming vanilla (SGD), rendering the taming
mechanism beneficial for tackling such an optimization objective function with superlinear growing gradients. Furthermore,
the “tight” version of (TSGD), corresponding to the exact gradient growth of the objective function in (F.1) (i.e. r(x) = ||x||)
performs better over the more pessimistic choices corresponding to r(x) = ||x||> and r(x) = exp(||x||), and over clipped
stochastic (CGD), both in terms of convergence speed (Fig. 4 left), as also in terms of robustness to the gradient noise (Fig.
4 right).

F.2. Diagonal deep Neural Network. In this example, we test numerically the behavior of (TSGD) and compare it with
(SGD) and clipped-stochastic (CGD), in terms of stability to the step-size choice (initialization yy), on the training of a
simple synthetic deep diagonal neural network by using a regularized ERM problem.

We consider a finite-sum nonconvex optimization problem (Opt), arising from the training of a deep diagonal network with
regularization, where

@=L hm A0 = L i - g+ Ll (F2)
N < iX), i =3 is Yi 3 F> .

with ¢ > 0 and the prediction model is given by

d |, L
h(w;x) = > (l_[xt’k)wk (F.3)
=1

k=1
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Figure 4. Comparison of (TSGD) with r(x) = ||x||*> (red), 7 (x) = ||x||° (green) and r(x) = exp(||x||) (purple), with vanilla (SGD) (blue)
and clipped stochastic (CGD) (orange). Left: Performance in terms of success rate across different maximum number of iterations 7'
Right: Performance in terms of success rate (number for ||V f(x;)|| < 0.001), across different extra noise levels on the stochastic oracle
measured by the parameter o (from light o = 0.001 to heavy o~ = 0.1), over 80 runs (initializations).

The components f; are formed by generating a synthetic dataset {(w;, yi)}l’.i , (w; are sampled uniformly on the unit ball)
and a source-target x,, € RE*? and setting y; = h(w;, x,), with d = 5, N = 128 and L = 4. The resulting function f in
(F.2) is smooth non convex with gradient growth of order 2L — 1 (i.e. r(x) = ||x||”). In this experiment, we test the stability
performance of (TSGD), in terms of robustness to the initialization of the step-size g for three different noise levels on the
stochastic estimator of the gradient, cf. [4, 77]. In particular, at every iteration we use the stochastic oracle g, = V f;, (x;) +&;,
where i, ~U([1,...,N]) (i; is sampled uniformly in [1,..., N]) and & ~ N(0, o>Id), with o measuring the additional
level of noise. In this setting, we compare (TSGD) with two instances of clipped (SGD) (with two different clipping levels)
(CGD) and vanilla (SGD), with common stepsize for each method y; = yot™” (p ~ 0.6), taming parameter 1, = Aot~ <
(g ~ 0.2) and scale function chosen as r(x) = ||x||*/~!, where L = 4 is the depth of the network.

In Figure 5 we test the stability of these methods in terms of number of iterations to achieve a given accuracy (||Vf(x;)|| < &,
& ~ 0.005)%, as a function of the initialization of the stepsize 706, for three additional noise levels o = 0 (no noise), o = 0.04
(lighter noise) and o = 0.08 (heavier noise). The (color)boxes represent the performance each tested method over 50 runs
and encapsulate the interquartile range (25%-75% percentile) and the whiskers represent the min-max range. Medians are
depicted with colored circles and are connected with thick lines across values of vy (each color corresponds to a different
method).

From Figure 5, we can observe that in all the three cases of the noise level, for small initialization of the stepsize (e.g.
vo € (2.5,14) the (TSGD) scheme, performs at least as well as (if not better) the best instance of the clipped (SGD)
and better than the vanilla (SGD) method, which fails to achieve the desired accuracy in most of the cases. For larger
initializations, e.g. yo € (14,25), (TSGD) seems to be essentially more robust in terms of stepsize sensitivity than the rest
of the methods, in all the three cases of the noise level.

SIn the experiment the full gradient V f (x,) is evaluated every 50 iterations.
A maximum cap of 14000 iteration is also imposed in the case of not reaching the desired accuracy.
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Figure 5. Number of iterations needed in order to achieve an accuracy of at least 0.005 (with a maximum cap at 14000 iterations), in
terms of ||V f (x,)]|, for different initialization of the stepsize yo, when solving the regularized ERM problem with diagonal network (F.2).
Here we compare (TSGD) (red) with clipped stochastic CGD with two clipping levels (orange=100 & green=200) and vanilla (SGD)
(blue) for three different level of additional noise added to the stochastic oracle via the parameter o, with o = O (first figure-no noise),
o = 0.04 (2nd figure-lighter noise) and o~ = 0.08 (3rd figure-heavier noise). Each box summarizes 50 independent runs; boxes indicate
interquartile range, whiskers indicate the min-max range, and colored lines connect the medians. Runs that fail to reach the tolerance are
assigned the cap value 7' = 14000.
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