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Abstract
We study sequential decision-making in partially
observable environments against strategic, adap-
tive opponents, modeled as partially observable
Markov games (POMGs). The central challenge
is to learn latent dynamics from partial observa-
tions while facing an adversary whose behavior
depends on the learner’s strategy, making stan-
dard regret notions inadequate. We prove that an
epoch-based optimistic maximum-likelihood al-
gorithm achieves Õ(

√
T ) policy regret for fixed

problem parameters, with explicit dependence on
the horizon, adversary memory, confidence ra-
dius, and the aggregate Eluder dimension of the
observable-operator error classes. The algorithm
deploys one policy per epoch, with geometrically
capped epoch lengths, confidence sets built cu-
mulatively from past data, and a statistical ter-
mination test that ends an epoch as soon as the
data refute the deployed optimistic model. We
also prove a matching lower bound, and extend
the framework to horizon-adaptive guarantees and
geometrically fading adversary memory.

1. Introduction
Sequential decision-making under uncertainty lies at the
heart of reinforcement learning (Sutton & Barto, 2018; Bert-
sekas, 1995). While remarkable progress has been made
in understanding single-agent learning (Azar et al., 2017;
Jaksch et al., 2010; Jin et al., 2018; Dann et al., 2017), many
applications of practical importance involve multiple agents
whose interests may conflict. A self-driving car navigates
among human drivers who adapt their behavior in response
to the autonomous vehicle’s actions (Sadigh et al., 2016).
An algorithmic trader operates in markets where other par-
ticipants learn and respond to observed trading patterns
(Hendershott et al., 2011). A cybersecurity system defends
against attackers who probe and adapt to defensive mea-
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sures (Zhu & Başar, 2013). In each case, the learner faces
an environment that is not only partially observable but also
strategically responsive to the learner’s own behavior.
These problems go beyond the standard MDP framework
(Puterman, 2014; Bertsekas, 1995) in two ways. First, under
partial observability the agent cannot directly observe the
latent state, requiring belief-based reasoning and history-
dependent strategies (Kaelbling et al., 1998; Spaan & Vlas-
sis, 2005). Second, with an adaptive opponent the envi-
ronment’s response depends on the learner’s past actions
(Littman, 1994; Shapley, 1953), introducing counterfactual
dependence that standard regret notions do not capture.
We develop a unified framework for learning in partially
observable Markov games against adaptive adversaries, with
the goal of characterizing when efficient learning is possible
and providing algorithms with provable guarantees.
The Challenge of Adaptive Adversaries. Classical
online-learning regret benchmarks implicitly assume the en-
vironment would behave the same under alternative learner
actions (Cesa-Bianchi & Lugosi, 2006; Hazan, 2016), which
is appropriate for oblivious adversaries (Auer et al., 2002;
Freund & Schapire, 1997) but fails under adaptation. Policy
regret (Arora et al., 2012) instead evaluates performance
against the counterfactual outcome had the learner commit-
ted to a fixed policy π∗ from the start. Sublinear policy
regret is impossible against adversaries with unbounded
memory, so attention restricts to memory-bounded adver-
saries, for which Arora et al. (2012) achieve sublinear policy
regret via mini-batching. Their results are limited to bandit
settings, and extending them to structured partially observ-
able dynamics requires new ideas.
From POMDPs to POMGs. Recent progress on sample-
efficient learning in partially observable MDPs (POMDPs)
shows that tractability depends on how informative obser-
vations are about latent states (Liu et al., 2022a; 2023). In
particular, weakly revealing POMDPs exclude degenerate
instances and admit optimistic maximum-likelihood meth-
ods with polynomial sample complexity. These approaches
rely on observable operator models (OOMs) (Jaeger, 2000),
which represent observable dynamics via operators indexed
by observation-action pairs, enabling tractable likelihood
computation even with large latent state spaces; related spec-
tral methods were developed in Boots & Gordon (2011);
Hsu et al. (2012). See Appendix A for extended discussion.
Our work extends this operator-based viewpoint to the game-
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theoretic setting. In a POMG, transitions depend on both
learner and adversary actions, and the adversary’s behavior
is itself a strategic response to the learner’s policy. This
coupling creates challenges beyond the single-agent case.
The observable operators now entangle world dynamics with
the adversary response, and disentangling these components
is essential for learning and regret analysis.

1.1. Our Contributions
This paper provides a complete theoretical treatment of
policy regret minimization in POMGs.
Formalization and structural assumptions. We formal-
ize learning in POMGs against posterior-Lipschitz adver-
saries, whose responses vary smoothly with the learner’s
policy. This captures structured strategic behavior while
ruling out discontinuous responses to infinitesimal policy
changes. We also introduce a causal decomposition sepa-
rating world dynamics from adversary behavior, allowing
separate likelihood-based estimation of both.
Upper bound via epoch-based optimistic MLE. Our main
algorithmic result establishes that policy regret has the de-
sired

√
T dependence up to problem-dependent and loga-

rithmic factors. In particular, we show that

PR(T ) = Õ

(
H

√
β̄T dET +mH log T

)
,

for β̄T = HβT . Here H is the horizon, m is the adversary’s
memory bound, dE is the uniform aggregate Eluder dimen-
sion, and βT is the MLE confidence radius after T episodes.
The algorithm computes an optimistic MLE confidence set
at the start of each epoch and executes a single optimistic
policy throughout the epoch; epoch lengths are capped geo-
metrically at Te = 2e, and an epoch is terminated early as
soon as the accumulated data refute the deployed optimistic
model. This statistical termination test makes committing
to one policy per epoch safe, and its warm-up overhead is
dominated by the leading term; a companion proposition
shows the test cannot be dropped (Appendix D.7).
Matching lower bound. We prove that any algorithm must
incur Ω(

√
dET ) policy regret, even in a fully revealing

POMG with a fixed memoryless adversary.
Extensions. We show that our algorithm can adapt to
unknown time horizons and handle adversaries with un-
bounded but geometrically fading memory. Finally, we
instantiate our bounds for tabular settings.
Paper Organization. Section 2 presents the POMG
model, Section 3 the algorithm and upper bound, Section 4
the lower bound, and Section 5 the extensions. Proofs and
supplementary results are deferred to the appendices.

2. Problem Setup and Structural Results
We first define the POMG model and learning objective.

2.1. Partially Observable Markov Games
A partially observable Markov game is specified by M =
(S,A,B,OA, OB , T, E

A, EB , r,H, ρ0). Here, S is the

state space, A and B are the learner’s and adversary’s ac-
tion spaces, and OA and OB are their observation spaces
that reveal partial information about the state. At each
step h ∈ [H], the dynamics are given by transition ker-
nels Th : S × A × B → ∆(S) and emission kernels
EA

h : S → ∆(OA) and EB
h : S → ∆(OB). The learner

receives rewards rh : OA → [0, 1], ρ0 ∈ ∆(S) is the initial
state distribution, and all spaces are finite. Throughout, log
denotes the natural logarithm and log2 the base-2 logarithm.

The game proceeds in episodes. At the beginning of each
episode, an initial state s1 is drawn from ρ0. At each step h,
both players simultaneously observe signals oAh ∼ EA

h (·|sh)
and oBh ∼ EB

h (·|sh), drawn conditionally independently
given sh, then select actions ah and bh based on their
respective histories. The state transitions according to
sh+1 ∼ Th(·|sh, ah, bh), and the learner receives reward
rh(o

A
h ). The episode ends after H steps.

A learner policy π = (π1, . . . , πH) maps observation-action
histories to distributions over actions: πh : T A

h−1 ×OA →
∆(A), where T A

h denotes the set of learner post-action his-
tories of length h, that is, sequences (oA1 , a1, . . . , o

A
h , ah),

with T A
0 containing the empty history; the adversary history

spaces T B
h are defined analogously, and for either player

P ∈ {A,B} we write T P
≤H :=

⋃H
h=0 T P

h . Similarly, an ad-
versary response g = (g1, . . . , gH) maps adversary decision
histories to action distributions: gh : T B

h−1×OB →∆(B).
For notational convenience, we write ηBh =(τBh−1, o

B
h ) and

denote the response by gh(· |ηBh ). Given a learner policy π
and adversary response g, we write V π(g) for the expected
cumulative reward over an episode.

2.2. Adaptive Adversaries and Policy Regret
We consider adversaries who adapt their behavior based
on the learner’s recent policies. Formally, an adversary is
m-memory bounded if there exists a fixed, time-invariant
map R : Πm → G, where Π and G denote the learner’s
and adversary’s policy spaces, respectively, such that the
adversary’s policy in episode t is gt = R(πt−m+1, . . . , πt).
Consequently, once the learner has played a fixed policy π
for m consecutive episodes, the response equals the station-
ary response R∞(π) := R(π, . . . , π).

The standard notion of external regret compares the learner’s
performance to the best fixed policy assuming the observed
adversary sequence would have been the same. This notion
is inadequate for adaptive adversaries. Policy regret instead
accounts for counterfactual adversary responses.

Definition 2.1 (Policy Regret). The policy regret over T
episodes is

PR(T ) = max
π∗∈Π

T∑
t=1

[
V π∗

(R∞(π∗))− V πt

(gt)
]
,

where π1, . . . , πT are the learner’s policies, g1, . . . , gT are
the adversary’s responses, R∞(π∗) is the stationary re-
sponse to π∗, and Π is the learner’s policy class, a fixed
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set of history-dependent policies mapping learner histories
to action distributions.

Policy regret compares the learner to the best fixed policy un-
der the adversary response that policy would have induced.
It is the natural benchmark for strategic adaptive opponents.

2.3. Model Parameterization and Assumptions
To enable efficient learning, we parameterize the world
dynamics by θ ∈ Θ and the adversary’s response function by
Φ ∈ Ψ, under which the stationary response to a deployed
policy π selects actions according to a response model gΦh (· |
ηBh , π). We write ξ = (θ,Φ) for the joint parameter and
Ξ = Θ × Ψ for the joint parameter space. Our algorithm
maintains confidence sets over these parameters based on
observed data. Throughout, we write τB for the adversary’s
decision history ηBh defined in Section 2.1, dropping the step
index when it is immaterial. The key structural assumption
on the adversary is that its response varies smoothly with
the learner’s policy. To make this precise, we introduce a
decoupled formulation that avoids subtle circularity issues.

Definition 2.2 (Reference Posterior-Predictive). Fix a ref-
erence adversary policy µref independent of the learner’s
strategy, e.g., uniform over B. For a learner policy π and
fixed world model θ ∈ Θ, let Pπ,µref ,θ denote the joint
history law under π and µref , and Pπ,µref ,θ(· | τB) its con-
ditional law given the adversary’s decision history τB . The
reference posterior-predictive policy at τB is

Sref,θ
τB ,h(π) := E

τA∼Pπ,µref ,θ(·|τB)
[πh(·|τA)] , (1)

the expected step-h learner action distribution given τB
under the reference dynamics. Note that π enters through
the conditioning measure, so Sref,θ

τB ,h depends on the whole
policy and not only on πh.
The reference measure µref provides a fixed baseline for
computing how the learner’s policy appears from the adver-
sary’s perspective. This decoupling is essential because the
adversary’s actual response depends on the learner’s policy,
but the smoothness condition constraining the adversary
must be stated in terms of a quantity that does not itself
depend on the adversary. Since Sref,θ

τB ,h(π) depends on the
world model θ, the condition below must also specify how
this dependence on θ is handled.
Assumption 2.3 (Posterior-Lipschitz Adversary). There
exists L ≥ 0 such that, uniformly over all θ ∈ Θ, for all
policy blocks π1:m := (π1, . . . , πm) ∈ Πm and ν1:m :=
(ν1, . . . , νm) ∈ Πm, where m is the adversary’s memory
bound, all steps h ∈ [H], and all adversary histories τB :∥∥gh(·|τB , π1:m)− gh(·|τB , ν1:m)

∥∥
1

≤ Lmax
i∈[m]

∥∥∥Sref,θ
τB ,h(π

i)− Sref,θ
τB ,h(ν

i)
∥∥∥
1
. (2)

Here gh(·|τB , π1:m) denotes the reaction rule’s response
to the policy block; it determines the response model by
stationarity, gΦh (·|ηB , π) = gh(·|τB , π, . . . , π).

Requiring (2) uniformly over θ ∈ Θ keeps the adversary
class well-defined without knowledge of the true θ∗ and is
the form used in the analysis. See Remark D.1 for examples
of adversaries satisfying the assumption.
Our second structural assumption concerns the informative-
ness of observations. It is stated through the world channel,
which for each step h and learner observation-action pair
(oA, a) is a linear map W θ

h (o
A, a) : R|S̄+|→V := R|S̄+|×B

determined by the transition and emission kernels of θ alone;
S̄+ :=S×T A

≤H×T B
≤H is the augmented state space pairing a

latent state with both players’ histories, and a predictive state
is a probability vector over S̄+. For a predictive state q, the
b-indexed component of W θ

h (o
A, a)q is the unnormalized

successor of q that results if the adversary plays b. Theo-
rem 2.5 constructs W θ

h explicitly and shows that observ-
able dynamics factor through it. The weak-revealing condi-
tion below requires that discrepancies in this world channel
are detectable from short windows of learner observations,
after the adversary’s private observations and actions are
marginalized according to the response model gΦ.
Assumption 2.4 (Multi-step weak revealing). There exist an
integer κ ≥ 1 and a constant ακ > 0 such that the following
holds. For any two world parameters θ, θ′ ∈ Θ, any learner
policy π, any adversary response model Φ, any step h ≤
H − κ, any learner observation-action pair (oA, a), and any
normalized predictive state q, let Oθ,Φ,π

h+1:h+κ(· | q, oA, a)
denote the conditional distribution of the next κ learner
observations oAh+1, . . . , o

A
h+κ, generated from q, conditional

on observing oA and taking action a at step h. Then∥∥∥Oθ,Φ,π
h+1:h+κ(· | q, o

A, a)−Oθ′,Φ,π
h+1:h+κ(· | q, o

A, a)
∥∥∥
1

≥ ακ

∥∥∥W θ
h (o

A, a)q −W θ′

h (oA, a)q
∥∥∥
1,V

, (3)

where ∥ · ∥1,V is the ℓ1 norm on the intermediate space
V . Equivalently, world-channel differences affecting the
controlled predictive state are detectable from κ-step learner-
observation windows with signal strength at least ακ. For
the final steps h > H − κ the condition is not imposed; the
standard convention pads the episode with κ fully revealing
dummy steps (Liu et al., 2022a).
This condition, adapted from Liu et al. (2022a), rules out
POMGs where observations are so uninformative that ex-
ponentially many samples would be needed to identify the
dynamics. The parameter κ represents the window length
needed for observations to become revealing.
2.4. OOM and Causal Decomposition
Our analysis builds on the observable operator model
(OOM) framework. For a POMG with parameters ξ =
(θ,Φ) and learner policy π, the dynamics of the learner’s
observation process can be represented by operators
Jξ,π
h (oA, a) ∈ Rd×d, where d := |S̄+| is the dimension

of the augmented state space (Section 2.3), such that
Pξ,π(oA1 , . . . ,o

A
h |a1, . . . ,ah)=1⊤Jξ,π

h (oAh,ah)· · ·Jξ,π
1 (oA1 ,a1) q0.

Here q0 is an initial predictive state. The operators describe
the controlled conditional process, i.e., the probability of
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the learner’s observations given its actions. The adversary
is not visible in this representation; its private observations
and actions are marginalized out according to the response
model gΦ(· | ηB , π). Learner action probabilities under
π are handled separately. A crucial insight is that these
operators admit a causal decomposition, a key structural
ingredient of our analysis. It separates the world-channel
component from the adversary-aggregation component of
the observable operator.

Theorem 2.5 (Causal Decomposition). For any adversary
response model gΦh (· | ηBh , π) and for each step h, learner
observation oA, and learner action a, there exist linear maps
W θ

h (o
A, a) : R|S̄+| → V, and GΦ,π

h (oA, a) : V → R|S̄+|

such that the controlled observable operator satisfies
Jξ,π
h (oA, a) = GΦ,π

h (oA, a) ◦ W θ
h (o

A, a).

The map W θ
h depends only on the world kernels (Th, E

A
h ,

EB
h ), while GΦ,π

h depends only on gΦh and π, not on θ.
Both maps are entrywise nonnegative, and GΦ,π

h is ℓ1-
nonexpansive for arbitrary signed inputs (each output co-
ordinate is a single input coordinate scaled by a response
probability, so ∥GΦ,π

h u∥1 ≤ ∥u∥1,V ).

The decomposition holds for any adversary response func-
tion. The world channel W θ

h maps a predictive state, using
only world kernels, to a B-indexed family of hypothetical
unnormalized successors, one for each adversary action b.
The adversary aggregation GΦ,π

h mixes these successors us-
ing gΦh (·|ηBh , π). The next augmented state stores the post-
action history τBh = (ηBh , bh). The proof tracks both players’
full observation-action histories, uses V for type-correctness,
and shows that GΦ,π

h is θ-free. Details in Appendix B.

2.5. Uniform Eluder Dimension
We next define the complexity measure used in the regret
bound, the aggregate Eluder dimension of the channel error
classes introduced below, and record its scaling for sev-
eral model families. For a joint parameter ξ = (θ,Φ) and
a learner policy π, write Pπ

ξ for the law of the learner’s
observation-action trajectory when the world follows θ and
the adversary plays the stationary response gΦ(·|· , π) to π,
and V π(ξ) := EPπ

ξ

[∑H
h=1 rh(o

A
h )
]

for the corresponding
value; for the true parameter ξ∗, V π(ξ∗) = V π(R∞(π)),
the value entering the policy-regret benchmark. Write
qξh−1 for the normalized predictive state under ξ, the con-
ditional distribution over the augmented state given the
learner’s observation-action history through step h− 1, so
that ∥qξh−1∥1 = 1. The classes below are built from these
predictive states and the observable operators Jξ,π

h .

The Eluder dimension, introduced by Russo & Van Roy
(2013), measures the sequential complexity of a function
class. For a class F of nonnegative functions and a scale
α > 0, say a query x is α-dependent on a finite set S of
queries if every f ∈ F with

∑
z∈S f(z)2 ≤ α2 also sat-

isfies f(x) ≤ α; dimE(F , α) is the length of the longest

sequence of queries such that, for some single α′ ≥ α, every
element is α′-independent of its predecessors; under this
standard convention (Russo & Van Roy, 2013), dimE(F , ·)
is nonincreasing in the scale. For our regret analysis, we
track the two channels of the causal factorization (The-
orem 2.5) separately, through the channel error classes
FW,ξ∗

agg := {FW
θ : θ ∈ Θ} and FG,ξ∗

agg := {FG
Φ : Φ ∈ Ψ},

where (writing Eπ := Eτ∼Pπ
ξ∗

for brevity)

FW
θ (π) :=

∑H
h=1 Eπ

[
∥(W θ

h −W θ∗

h ) qξ
∗

h−1∥1,V
]
,

FG
Φ (π) :=

∑H
h=1 Eπ

[
∥(GΦ,π

h −GΦ∗,π
h )W θ∗

h qξ
∗

h−1∥1
]
.

Here and throughout, operators at step h are evaluated at the
realized observation-action pair of the trajectory, and both
classes depend on the true ξ∗ = (θ∗,Φ∗) through the refer-
ence predictive states qξ

∗

h−1 and the trajectory distribution
Pπ
ξ∗ . We adopt uniform definitions by taking suprema over

ξ∗, evaluated at the resolution scale 1/(2T ):

dWagg := supξ∗∈Ξ dimE

(
FW,ξ∗

agg , 1/(2T )
)
,

dGagg := supξ∗∈Ξ dimE

(
FG,ξ∗

agg , 1/(2T )
)
.

We use the channel sum dE := dWagg + dGagg as the complex-
ity parameter. The composed aggregate error Fξ(π) :=∑

h Eτ∼Pπ
ξ∗
[∥(Jξ,π

h − Jξ∗,π
h )qξ

∗

h−1∥1], which is what the
regret decomposition measures, is controlled by the two
channels. Since GΦ,π

h is ℓ1-nonexpansive, the exact iden-
tity (Jξ,π

h − Jξ∗,π
h )q = GΦ,π

h

(
(W θ

h −W θ∗

h )q
)
+ (GΦ,π

h −
GΦ∗,π

h )
(
W θ∗

h q
)

yields, for every policy π and model ξ =
(θ,Φ), the pointwise channel-triangle inequalities

Fξ ≤ FW
θ + FG

Φ , FG
Φ ≤ Fξ + FW

θ . (4)

The analysis in Appendix D runs the Eluder summability
argument once per channel and combines the two via (4).
Per-step (stepwise) variants of these classes can be defined
analogously; see Remark D.14 in Appendix D.

Proposition 2.6 (Uniform Eluder Dimension Bounds). Con-
sider model classes satisfying Assumptions 2.3 and 2.4, us-
ing the augmented state space S̄+

red = S ×Oκ−1
A ×Oκ−1

B

(dimension dW = |S| · |OA|κ−1 · |OB |κ−1). Assume that
the learner policy class and the adversary response class
depend on histories only through the κ-window statistics
retained in S̄+

red, so that the causal factorization descends
to the reduced space (see the discussion in Appendix B).
Assume the world model class Θ and adversary model class
Ψ are parameterized such that the observable operators
ξ 7→ Jξ,π

h are Lipschitz in ξ with respect to the ℓ∞ parame-
ter norm, and that each model class has a finite ϵ-covering
number in operator norm, with logarithm polynomial in the
stated parameter counts. Then,
• For tabular settings, dE = Õ(H(|S|2|A||B||OA|κ|OB |κ
+dadv|B|)), where dadv is the feature dimension of the
(linear) adversary-response model.
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• For linear world model, dE = Õ(H(dlin|OA|κ|OB |κ+
dadv|B|)), where dlin is the linear dimension.

• For low-rank transitions, dE=Õ(H(r2(|A|+|B|)|OA|κ
|OB |κ + dadv|B|)), where r is the rank.

The factor H arises from summing the per-step span dimen-
sions over h ∈ [H]. The factor |OB |κ arises because the aug-
mented representation must retain enough adversary-side
observation information to describe the adversary aggrega-
tion operator GΦ,π

h independently of the world parameter θ.
For the linear and low-rank families we additionally assume
the parameterization is coordinate-structured, i.e., each en-
try of W θ

h is an affine function of the parameters, so that the
world-channel difference family {W θ

h −W θ′

h } spans a sub-
space of the stated dimension. Bilinear parameterizations
with unknown factor interactions need not satisfy this (their
difference families can span the full ambient space), and the
corresponding bounds then fail.
Proof sketch. Since dE = dWagg + dGagg by definition, it suf-
fices to bound each channel separately; the channel-triangle
inequalities (4) let the regret analysis consume the two
bounds directly (Appendix D), so the composed class never
needs its own complexity bound. The argument for each
channel has two steps. First, each channel error class con-
sists of ℓ1 norms of linear images of the parameter. For the
world channel, the operator difference W θ

h −W θ∗

h is a fixed
matrix, independent of the query policy, and each entry is an
affine function of the transition and emission parameters; on
the reduced window space the difference family therefore
lies in a span of dimension O(|S|2|A||B| · |OA|κ|OB |κ)
per step (the single-agent analogue of this count is in Liu
et al. (2022a)). For the adversary channel, GΦ,π

h is linear
in Φ, so ∥(GΦ,π

h −GΦ∗,π
h )W θ∗

h q∥1 = ∥Uh vec(Φ− Φ∗)∥1
for a design matrix Uh computable from the query, with
(|B| − 1) dadv free parameters per step.

Second, the sign-witness lemma (Lemma C.1, Appendix C)
bounds the Eluder dimension of any such class by its span di-
mension times logarithm of the evaluation scale. Summing
the per-step span dimensions over h ∈ [H] and adding the
two channels gives the tabular bound. Under the coordinate-
structure hypothesis, the linear and low-rank families re-
place the world-channel span count |S|2|A||B| by dlin and
r2(|A| + |B|) respectively; the adversary channel is un-
changed. The full proof is in Appendix C.

3. Algorithm and Upper Bound
We now present our main algorithm and establish its policy
regret guarantee. Algorithm 1 follows the optimistic MLE
paradigm, maintaining confidence sets over the joint param-
eter space and selecting policies that are optimal under the
most favorable parameters. The algorithm divides episodes
into epochs of geometrically increasing length Te = 2e.
Each epoch uses a single policy selected optimistically from
a confidence set built cumulatively from all previous epochs’
data. This structure keeps the number of scheduled policy

switches logarithmic in T , with data-dependent terminations
adding a controlled number more (Lemma D.7); limiting
switches matters because the adversary’s response changes
with the learner’s policy and every switch costs warm-up
episodes. In epoch e, the algorithm proceeds as follows:

1. MLE computation: Compute the maximum likelihood
estimate ξ̂e−1 ∈ Ξ of the joint parameter over all trajec-
tories in the cumulative dataset De−1, which contains
data from epochs 1, . . . , e− 1.

2. Confidence set construction: Form the confidence
set Ce−1 consisting of all parameters ξ whose log-
likelihood on De−1 is within βe of the MLE, where
βe = c(logN (ϵe; Ξ)+ log(1/δe)+mB0), with c an ab-
solute constant (c ≥ 16 suffices), N (ϵ; Ξ) the ϵ-covering
number of the model class in operator norm (3.1(b)), B0

the bound on per-trajectory log-likelihood ratios (3.1(c)),
discretization scale ϵe = 2−⌈log2(|De−1|+2)⌉ ∈ [ 12 ·

1
|De−1|+2 ,

1
|De−1|+2 ] (the dyadic grid keeps the candi-

date covering nets deterministic; see Lemma D.3), and
failure budget δe = δ/(2e2). All three quantities are
keyed to the data volume and the epoch counter, so the
confidence radius requires no knowledge of T ; the mB0

floor is what prices policy switches (Lemma D.7).
3. Optimistic planning: Select the policy-parameter pair

(πe, ξe) that maximizes the expected value within the
confidence set Ce−1. This optimism drives exploration
and is the mechanism behind the no-regret guarantee.
The selected policy πe is used throughout the epoch.

4. Warm-up and execution with statistical termination:
Execute policy πe for m− 1 warm-up episodes, discard-
ing data to allow the adversary to stabilize; then execute
πe for at most Te data-collection episodes. After ev-
ery data-collection episode t, recompute the maximum-
likelihood estimate on all data collected so far; if the
deployed model falls more than τe(t) := 2βe(t) +
C0B0 log(2t(t+1)/δe) below it in log-likelihood, ter-
minate the epoch immediately, retaining the epoch’s data.
Here βe(t) is the radius of step 2 recomputed at the
current dataset size (on the same dyadic grid) and confi-
dence budget δe/(2t(t+1)), and C0 is an absolute con-
stant from the martingale concentration bound behind
the test (Appendix D). Let ne ≤ Te denote the number
of data-collection episodes the epoch actually runs. The
deviation-aware threshold separates statistical fluctuation
from genuine misfit.

5. Dataset update: Add the ne ≤ Te data-collection trajec-
tories (including those of terminated epochs) to the cumu-
lative dataset: De = De−1∪{(πe, τ

(e)
1 ), . . . , (πe, τ

(e)
ne )}.

The key feature distinguishing this approach is that we use
one policy per epoch, with epochs ending either at the geo-
metric cap Te = 2e or at the statistical termination test. The
learner thus deploys ST = O(log T ) + #{terminations}
policies, one per epoch, over T data-collection episodes, and
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we show (Lemma D.7) that terminations are rare enough
for their total warm-up cost to be dominated by the leading
regret term. This structure serves several purposes:
Cumulative learning: Confidence sets are built from all
historical data, not just the current epoch. Uniform weight-
ing of these trajectories enables standard concentration and
Eluder dimension arguments. This ensures that informa-
tion accumulates across epochs, with later epochs benefiting
from increasingly precise parameter estimates.
Statistical termination: The termination test is what makes
committing to a single optimistic policy safe. Optimism de-
liberately favors directions the data have not yet constrained,
and without the test a single ill-informed commitment can
run unchecked for Θ(T ) episodes (Prop. D.5); with it, each
epoch’s contribution is capped at Õ(HβT ) (Lemma D.6),
with βT the confidence radius at horizon T as in Theo-
rem 3.3. The test is the maximum-likelihood analogue of
the count-doubling and determinant-doubling triggers in
low-switching-cost RL (Bai et al., 2019; Qiao et al., 2022),
though here rare switching is also forced by the adversary,
since every policy change costs m− 1 warm-up episodes.
Automatic adaptation: Each epoch e sets its length based
only on Te = 2e, requiring no advance knowledge of the
final horizon T . The same analysis applies to any final
horizon without modifying the algorithm.
Geometric efficiency: The data-collection episodes sat-
isfy

∑
e ne ≤ T by definition of the horizon, and at most

log2(2T ) epochs end by exhausting their caps, since a cap-
hit at index e requires 2e ≤ T ; every further epoch ending,
except possibly the final horizon-truncated one, is a statisti-
cal termination, priced by Lemma D.7. The capped summa-
bility bound controls prediction errors over all epochs, and
Cauchy–Schwarz yields the

√
T dependence.

3.1. Main Result: Upper Bound
In addition to Assumptions 2.3 and 2.4, the proof uses the
following statistical regularity conditions on the model class.
These are standard for the finite/tabular classes considered
in Section 5 under positivity, smoothing/discretization, and
the weak-revealing conversion described below.
Assumption 3.1 (Statistical Regularity). Ξ= Θ×Ψ satisfies:

a) Well-specification:The true parameters ξ∗=(θ∗,Φ∗)∈Ξ.
b) Finite covering: For every ϵ > 0, the ϵ-covering num-

ber N (ϵ; Ξ) of Ξ in operator norm is finite; logN (ϵ; Ξ)
grows at most polynomially in 1/ϵ and the problem
dimensions. Moreover, per-trajectory log-likelihoods
ξ 7→ logPπ

ξ (τ) are Lipschitz in this norm, uniformly
over policies and trajectories (given the positivity in (c)).

c) Bounded log-likelihood increments: Log-likelihood ra-
tios log(Pπ

ξ (τ)/P
π
ξ∗(τ)) are almost surely bounded by

a constant B0 (which may depend on the smoothing or
discretization scale of the model class, and requires all
trajectory probabilities to be bounded below, e.g., via
smoothing). In particular, all trajectory probabilities are

Algorithm 1 Epoch-Based Optimistic MLE for POMGs
Require: Model class Ξ, policy class Π, confidence level δ, mem-

ory bound m, increment bound B0 ≥ 1 (Assumption 3.1(c));
absolute constants c ≥ 16, C0

1: Initialize cumulative dataset D0 ← ∅
2: for epoch e = 1, 2, . . . do
3: Set epoch length Te ← 2e

4: Set δe ← δ/(2e2), ϵe ← 2−⌈log2(Ne−1+2)⌉ where
Ne−1 ← |De−1|, βe ← c

(
logN (ϵe; Ξ) + log(1/δe) +

mB0

)
{keyed to data volume and epoch counter; no

knowledge of T required}
5: MLE Estimation: ξ̂e−1 ← argmaxξ∈Ξ Le−1(ξ) where

Le−1(ξ) =
∑

(π,τ)∈De−1
logPπ

ξ (τ)

6: Confidence Set: Ce−1 ← {ξ ∈ Ξ : Le−1(ξ) ≥
Le−1(ξ̂e−1)− βe}

7: Optimistic Planning:
(πe, ξe)← argmax(π,ξ)∈Π×Ce−1

V π(ξ)

8: Warm-up: Execute πe for m− 1 episodes (discard data)
9: Execution with termination test: ne ← Te; for

t = 1, . . . , Te: execute πe, collect τ
(e)
t ; recompute

the MLE ξ̂t on De−1 ∪ {(πe, τ
(e)
1 ), . . . , (πe, τ

(e)
t )}; if

Lt(ξe) < Lt(ξ̂t) − τe(t) then set ne ← t and end the
epoch, where τe(t) := 2βe(t) + C0B0 log

(
2t(t+1)/δe

)
and βe(t) is the radius of line 4 recomputed with scale
2−⌈log2(|De−1|+t+2)⌉ and budget δe/(2t(t+1)) {statistical
termination}

10: Update Dataset: De ← De−1 ∪ {(πe, τ
(e)
1 ), . . . ,

(πe, τ
(e)
ne )} {data-collection trajectories only, terminated

epochs included}
11: end for

uniformly bounded below over Ξ; we refer to this prop-
erty as positivity. We normalize B0 so that B0 ≥ 1 and
B0 also dominates the Lipschitz constant in (b); this is
without loss of generality, since only an upper bound on
either quantity enters the analysis.

d) Well-defined predictive states: For every ξ ∈ Ξ, policy
π, and trajectory prefix with positive probability under
ξ∗, the prefix probability under ξ is positive, so the nor-
malized predictive state qξh−1 is well-defined and satisfies
∥qξh−1∥1 = 1; this follows from the positivity in (c).

e) KL-to-operator conversion (stepwise): For all ξ =
(θ,Φ) ∈ Ξ and policies π ∈ Π, both

KL(Pπ
ξ∗∥Pπ

ξ )≥cKL

∑H
h=1 E

[
∥Jξ,π

h qξ
∗

h−1−Jξ∗,π
h qξ

∗

h−1∥21
]

and the world-channel form

KL(Pπ
ξ∗∥Pπ

ξ ) ≥ cKL

∑H
h=1 E

[
∥(W θ

h −W θ∗

h )qξ
∗

h−1∥21,V
]
,

where cKL depends on ακ. The first clause is the standard
stepwise conversion proved for POMDPs via weak reveal-
ing (Liu et al., 2022a), imposed on the joint-operator class
(well-defined by Theorem 2.5); the second is the quan-
titative content of Assumption 2.4, which makes world-
channel discrepancies detectable in κ-step observation
windows with strength ακ, so that a chain-rule/Pinsker
argument converts window detectability into trajectory
KL. For tabular classes both clauses are verified this way,
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with cKL = Ω(α2
κ/κ), using the positivity in (c). To-

gether the two clauses also control the adversary chan-
nel; by the pointwise channel-triangle inequality (4) to-
gether with (a + b)2 ≤ 2a2 + 2b2, KL(Pπ

ξ∗∥Pπ
ξ ) ≥

(cKL/4)
∑

h E[∥(G
Φ,π
h − GΦ∗,π

h )W θ∗

h qξ
∗

h−1∥21]. Under
this joint conversion no posterior-Lipschitz transport cost
enters the analysis; see Remark D.8 (and Lemma D.9 for
the weakened, world-channel-only variant).

f) Exact warm-up stationarity: The reaction rule R is
time-invariant (as in Section 2.2); consequently, after
m − 1 warm-up episodes of policy π, the m-memory
adversary’s response is exactly R∞(π) for all data-
collection episodes in that epoch, with no residual tran-
sient.

Remark 3.2. For finite/tabular classes, these conditions hold
under standard positivity, namely trajectory probabilities are
bounded below after smoothing or discretization if needed.
Condition (e) is a stepwise KL-to-operator bound; applying
Cauchy–Schwarz over h gives ∆2

e = (
∑

h E[∥ · · · ∥1])
2 ≤

H
∑

h E[∥ · · · ∥21], which yields the HβT term in β̄T =
HβT . A stronger aggregate version of (e) would remove
this factor, giving β̄T = βT ; see Remark D.13.

Theorem 3.3 (Policy Regret Upper Bound). Under Assump-
tions 2.3, 2.4, and 3.1, Algorithm 1 achieves

PR(T ) ≤ C(H
√

β̄T · dET log T +mH ST )

with probability at least 1−2δ, where dE = dWagg+dGagg
is the channel-sum aggregate Eluder dimension at scale
1/(2T ), β̄T := HβT with βT = O(logN (ϵT ; Ξ)+ log T +
log(1/δ)+mB0) for ϵT := 1/(2T +4), and ST is the num-
ber of policies deployed by the algorithm, which satisfies
ST ≤ 1+log2(2T )+ Õ

(
B0

1+mB0

√
dE β̄T T

)
(Lemma D.7).

Consequently PR(T ) = Õ
(
H
√

β̄T dET + mH log T
)
,

with no condition relating m, B0, and T .

The theorem gives the desired
√
T dependence on the

number of episodes. The effective confidence parameter
β̄T = HβT arises from applying Cauchy–Schwarz over
H steps to convert the stepwise KL-to-operator bound (As-
sumption 3.1(e)) into a past-consistency radius for the ag-
gregate class; under the stronger aggregate KL conversion
discussed in Remark D.13, the HβT factor improves to βT .
No transport term enters β̄T , even though the observable
operators depend on the deployed policy; Remark D.8 ex-
plains why this dependence costs nothing here. The mB0

floor in βe is what buys the unconditional domination of
the warm-up term. The constant C depends on ακ (through
cKL) and on B0, with additional logarithmic dependence on
|B| and H; the posterior-Lipschitz constant L enters only
through dE and N (·; Ξ). This rate is optimal in its T and
dE dependence, as shown in Section 4. The full proof is in
Appendix D, and an extended sketch in Appendix D.1; here
we record the skeleton in four steps.
Optimism reduces regret to simulation error. After its warm-

up episodes, an m-memory adversary plays its stationary
response, so V πe(ξ∗) = V πe(R∞(πe)) throughout epoch
e’s data collection. On the confidence event ξ∗ ∈ Ce−1,
optimism gives V π∗

(ξ∗)−V πe(ξ∗) ≤ V πe(ξe)−V πe(ξ∗),
and the simulation lemma bounds the right side by H∆e,
where ∆e is the aggregate observable-operator prediction
error of the optimistic model along the trajectories of πe.
Likelihood fit controls past errors. Membership ξe ∈ Ce−1

means the optimistic model nearly matches the true likeli-
hood on all past data; the KL-to-operator conversion (3.1(e)),
available under weak revealing, turns this into small predic-
tion error at the historical policies π1, . . . , πe−1.
The termination test caps fresh errors. Past consistency
says nothing about ∆e at the newly chosen πe, and a
fixed epoch schedule can commit to an ill-informed pol-
icy for Θ(T ) episodes (Proposition D.5). If ∆e is large, the
epoch’s own data refute the deployed model at a per-episode
rate proportional to the squared stepwise error, so the test
fires; hence every epoch, terminated or complete, satisfies
ne∆

2
e ≤ Õ(HβT /cKL) (Lemma D.6).

Eluder summability assembles the bound. Past consistency
at radius β̄T = HβT and the per-epoch cap feed the capped
summability argument, giving

∑
e ne∆

2
e ≤ Õ(dE β̄T ) chan-

nel by channel (Lemma D.12); Cauchy–Schwarz with∑
e ne ≤ T then yields

∑
e neH∆e ≤ Õ(H

√
β̄T dET ),

and the warm-up cost of (m − 1)H per epoch over ST

epochs is controlled by the switch-count lemma, cap-hit
epochs being at most log2(2T ) and each termination being
priced in statistical evidence (Lemma D.7).
4. Lower Bound
We now establish that the upper bound in Theorem 3.3 is
optimal in its

√
T and aggregate-Eluder-dimension depen-

dence, up to problem-dependent and logarithmic factors.
Our lower bound demonstrates that even under highly favor-
able conditions, i.e., fully revealing observations, a memo-
ryless adversary, and a smooth Lipschitz response class, any
algorithm must incur Ω(

√
dET ) policy regret.

4.1. Hard Instance Construction
We embed the standard d-armed stochastic bandit in the
simplest possible POMG, one in which observations fully
reveal the state, the adversary is trivial, and the horizon is
H = 2, so that all remaining difficulty is statistical. The
learner’s first action routes the game to a latent state, the
observation there carries a Bernoulli reward signal, and
identifying the best route is exactly the embedded bandit
problem. The family is indexed by the location i∗ ∈ [d] of
the best route, with gap ∆ = c0

√
d/T for a small constant

c0 > 0. The blocks below give the construction.
Dynamics. The POMG has d latent states s1, . . . , sd and
d learner actions a1, . . . , ad. The episode starts in a fixed,
known state (say s1; step 1 serves only to route the learner’s
choice). At step h=1, the learner observes a fixed observa-
tion o0 (the same in all states, so h=1 carries no reward),
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chooses action ai, and the state transitions deterministically
to si. At step h=2, in state si the learner observes o = (i, y)
where y ∼ Bernoulli(µi) with µi∗ =1/2+∆ and µi = 1/2
for i ̸= i∗; reward r2(i, y)=y, and r1=0. The first coordi-
nate i of o reveals the latent state at step h=2; together with
the fixed and known initial state at step h=1, this makes
the POMG fully revealing with κ=1 and a constant signal
parameter independent of ∆.

Adversary. There is a single adversary action bcoop, played
in every episode, so the adversary is memoryless (m = 1)
and its response g ≡ bcoop satisfies Assumption 2.3 with
L = 0.

Policy regret. The best fixed policy π∗ = ai∗ achieves
value 1/2 + ∆ per episode. Any algorithm’s policy regret
equals its bandit regret against arm ai∗ .

Model class. Define the ambient class as {µ ∈ [1/2, 1/2 +
∆]d} where µi is the mean reward of arm ai, and take
the learner policy class to be the d deterministic routing
policies (the learner may still randomize its choices across
episodes). The hard instances form the subclass µi∗ = 1/2+
∆, µi = 1/2 for i ̸= i∗. With this policy class the ambient
class has Eluder dimension Θ(d) whenever dT exceeds an
absolute constant (Appendix E); the lower-bound subclass
is contained in the ambient class, and therefore establishes
a lower bound for a model class with dE = Θ(d).

Theorem 4.1 (Lower Bound). For any d, T ∈ N with T ≥
d≥ 2 and dT ≥Clb (an absolute constant determined by
c0;Clb = ⌊1/(4c20)⌋+1 suffices), the ambient model class
of the construction above, embedded as a POMG, satisfies
Assumptions 2.3, 2.4, and 3.1 and has dE = Θ(d). For any
algorithm, there exists an instance in this class such that
E[PR(T )]≥c

√
dT for a universal constant c > 0.

The construction uses a constant adversary response, which
is memoryless and trivially satisfies the posterior-Lipschitz
condition. Thus the hardness comes not from adversarial
memory or partial observability, but from the intrinsic sta-
tistical difficulty of identifying the best policy. The detailed
proof is in Appendix E.

Since the ambient class has dE = Θ(d), Theorem 4.1 es-
tablishes the claimed Ω(

√
dET ) dependence. We do not

claim a complete minimax characterization of all horizon
and memory factors. The outer factor H in the upper bound
comes from the simulation lemma, and the mH log T term
is the warm-up cost needed to let an m-memory adversary
stabilize at the beginning of each epoch. Refined hard in-
stances can force horizon and stabilization costs. Closing
the remaining constants and problem-dependent factors in
H and m is an interesting direction for future work.

5. Extensions
Next, we study several natural extensions of our framework.

5.1. Adaptive Horizon Property
Algorithm 1 naturally handles unknown time horizons T
through its epoch-based structure. Since epochs grow ge-
ometrically and each epoch builds its confidence set from
all historical data (not just the current epoch), the algorithm
requires no prior knowledge of when it will terminate.

Theorem 5.1 (Adaptivity). Without knowledge of T , and
for all horizons T simultaneously, Algorithm 1 achieves
PR(T ) = Õ

(
H
√
β̄T dET +mH log T

)
with probability

at least 1− 2δ, where β̄T and dE are as in Theorem 3.3.

The result follows from Theorem 3.3. Each epoch uses only
information about its own length to determine how many
episodes to run, requiring no knowledge of the total horizon
T . The regret bound holds for all T by a union bound over
epochs with confidence parameters δe = δ/(2e2), ensur-
ing

∑∞
e=1 δe ≤ δ; a second, identical budget covers the

per-epoch cap and switch-count events, giving the stated
1 − 2δ. The key observation is that the confidence and
Eluder summability arguments are prefix-stable. They apply
to any completed prefix of epochs and to the possibly partial
final epoch. Since

∑
e ne ≤ T for every horizon and the

deployed-policy count is bounded by Lemma D.7, the same
Cauchy–Schwarz step as in Theorem 3.3 gives the desired
bound for every final horizon T . This natural adaptivity
arises from the epoch-based structure combined with cumu-
lative confidence sets, requiring no modification to the base
algorithm. The detailed proof is in Appendix F.

5.2. Fading Memory Adversaries
Our base model assumes the adversary’s response depends
on the learner’s most recent m policies through a hard cutoff
window. A natural generalization considers adversaries
with exponentially decaying memory. Formally, a γ-fading
memory adversary maintains an internal state using the
normalized recursion zt = γzt−1 + (1 − γ)ϕ(πt), where
ϕ : Π → Rdz is a feature map with ∥ϕ(π)∥2 ≤ 1, and its
response is gt = g(zt) for some Lg-Lipschitz function g.
The normalization (1 − γ) ensures ∥zt∥2 ≤ 1 uniformly
and the stationary state under constant policy π is exactly
z∞ = ϕ(π), with ∥zt − z∞∥2 ≤ γk · 2 after k steps.

Theorem 5.2 (Fading Memory). Against a γ-fading mem-
ory adversary with Lg-Lipschitz response function, run
Algorithm 1 with memory parameter m := mwarm :=
⌈log(2T )/(1− γ)⌉. Then, with probability at least 1− 2δ,

PR(T ) = Õ

(
H
√
β̄γ
T dET +

HST log T

1− γ

)
,

where β̄γ
T := Hβγ

T with βγ
T := O

(
logN (ϵT ; Ξ) + log T +

log(1/δ) +B0 log(2T )/(1− γ) +B0HLg

)
, and ST is the

deployed-policy count of Theorem 3.3.

The algorithmic modification is simple. At the beginning
of each epoch e, the algorithm selects an optimistic policy
πe and plays it for mwarm − 1 warm-up episodes, whose
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data are discarded, followed by at most Te data-collection
episodes. The analysis shows that after mwarm episodes
of playing a fixed policy π, the adversary’s state is within
O(γmwarm) ≤ O(1/T ) of the stationary state z∞ = ϕ(π).
Additionally, when computing posterior-predictive quanti-
ties for the Lipschitz condition, we truncate the memory
to the most recent O(log T/(1− γ)) policies, incurring ap-
proximation error O(γmwarm) = O(1/T ) that does not affect
the asymptotic regret rate. As stated, the fading variant fixes
T through mwarm; an epoch-indexed warm-up restores the
horizon-free property at the same rate (Appendix G).
This result shows that fading memory adversaries admit
efficient learning with regret depending on the effective
memory 1/(1− γ) rather than requiring a hard cutoff. The
extreme cases are instructive. Setting γ = 0 recovers a
memoryless adversary, for which the warm-up may be set
to zero, while γ → 1 approaches a long-memory regime in
which the effective memory 1/(1− γ) diverges.
The epoch-based structure with one policy per epoch han-
dles fading memory naturally. Within each epoch, we use
the extended warm-up phase once, then execute the policy
for the epoch’s data-collection episodes. Since the adver-
sary sees the same policy repeatedly within the epoch, its
state remains stable after warm-up. With ST epochs started,
the warm-up cost is O(mwarm · ST · H) = O(H ST log T

1−γ ),
which is O(H log2 T/(1− γ)) when only scheduled epoch
endings occur. The complete proof, including the stability
analysis of the adversary’s internal state and the truncation
argument, is provided in Appendix G.

5.3. Tabular Instantiation
For finite POMGs, we can derive explicit bounds in terms
of the state space size |S|, action space sizes |A| and |B|,
and observation space sizes |OA| and |OB |.
Theorem 5.3 (Tabular Bounds). Consider a tabular POMG
as above, with weak-revealing parameter κ, memory m, and
a linear adversary response of dimension dadv. Under the
assumptions of Theorem 3.3, Algorithm 1 achieves, with
probability at least 1− 2δ,

PR(T ) = Õ
(
Hm log T + H

√
β̄tab
T · dtabE · T

)
,

where dtabE is the tabular Eluder bound of Proposition 2.6
and β̄tab

T = Õ
(
H2(|S|2|A||B| + |S|(|OA|+|OB |) +

dadv|B|) +HmB0

)
.

In β̄tab
T , the middle term accounts for the unknown emis-

sion kernels, and the Õ absorbs an additive H log(1/δ).
Under the standard tabular scaling |OA| + |OB | =
O(|S||A||B|), the emission term is absorbed leaving β̄tab

T =
Õ(H2

(
|S|2|A||B| + dadv|B|

)
+ HmB0). The outer fac-

tor H comes from the simulation lemma (Lemma D.2),
while the tabular Eluder dimension itself scales linearly
with H because the operator class contains separate time-
step-dependent operators for h ∈ [H]. Substituting these

quantities into Theorem 3.3 yields the bound. The detailed
proof is in Appendix H.

5.4. Computational Considerations
The optimistic planning step in Algorithm 1 requires solving
max(π,ξ)∈Π×Ce−1

V π(ξ), which is computationally chal-
lenging in general. POMDP planning is PSPACE-complete
even with known parameters, and optimization over the
confidence set adds another layer of difficulty.

The statistical guarantees above should therefore be inter-
preted independently of computational tractability in the
most general model class. For small tabular instances or
structured subclasses, the planning and confidence-set opti-
mization problems may be approachable by dynamic pro-
gramming, discretization, or problem-specific optimization
methods. The epoch structure is still useful computationally
because the optimistic planning problem is solved only once
per epoch, that is, ST times in total (Lemma D.7), rather
than after every episode, although the termination test does
require a per-episode MLE evaluation.

A possible practical alternative is to replace optimistic plan-
ning with posterior sampling. At the start of each epoch e,
sample parameters ξ̃ from a posterior distribution given the
cumulative data De−1, and then compute the optimal pol-
icy for ξ̃. This may be easier to implement in some model
classes, although proving an analogous regret guarantee
for posterior sampling would require a separate analysis.
Posterior sampling has been analyzed for POMGs in the
self-play and oblivious-adversary regimes (Qiu et al., 2023);
extending such guarantees to policy regret against adaptive
adversaries is open.

For additional structured models, such as linear-Gaussian or
control-oriented special cases, parts of estimation or plan-
ning may admit more efficient implementations. Extend-
ing computational tractability guarantees to broad POMG
classes remains an important direction for future work.

6. Conclusion
We have developed a comprehensive theoretical frame-
work for policy regret minimization in partially observable
Markov games against adaptive adversaries. Our results
show that

√
dET policy regret is both achievable and un-

avoidable, up to problem-dependent and logarithmic fac-
tors; along the way, we showed that data-dependent policy
switching is necessary for optimistic algorithms that update
their policies only rarely. Several directions remain open,
including efficient algorithms beyond tabular and linear
POMGs, extensions to multi-player games, non-stationary
adversaries, and continuous state-action spaces, and sharper
domain-specific models of how partial observability inter-
acts with strategic behavior. More broadly, as AI systems
increasingly operate in environments with multiple adap-
tive agents, these foundations are essential for designing
learning algorithms with reliable performance guarantees.
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is partially observable reinforcement learning not
scary? In Proceedings of the 35th Annual Confer-
ence on Learning Theory, volume 178 of Proceed-
ings of Machine Learning Research, pp. 5175–5220.
PMLR, 2022a. URL https://proceedings.mlr.
press/v178/liu22f.html.
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Organization of the appendices. Appendix A surveys related work and situates our guarantees (Tables 1 and 2). Appendix B
proves the causal decomposition (Theorem 2.5). Appendix C proves the Eluder dimension bounds of Proposition 2.6.
Appendix D proves Theorem 3.3, opening with an extended proof sketch (Appendix D.1). Appendices E, F, G, and H prove
the lower bound, the adaptivity property, the fading-memory extension, and the tabular instantiation. Appendix I reports the
empirical validation, and Appendix J gives a detailed technical comparison with concurrent work.

A. Related Work
The concept of policy regret was introduced by Arora et al. (2012) in the context of multi-armed bandits with adaptive
adversaries. They showed that while no algorithm can achieve sublinear regret against adversaries with unbounded memory,
bounded-memory adversaries admit efficient learning through mini-batching. Competing against reactive opponents with
bounded memory has earlier roots in the information-theoretic literature on sequential prediction with loss functions that
have memory (Merhav et al., 2002). Cesa-Bianchi et al. (2013) sharpened the minimax picture for switching costs and other
adaptive adversaries, and Dekel et al. (2014) established the matching Θ̃(T 2/3) characterization for bandits with switching
costs, while Arora et al. (2019) extended the switching-cost analysis to bandits with feedback graphs, quantifying how side
observations change the attainable rates. Rakhlin & Sridharan (2013) studied online learning with predictable sequences,
showing how regret improves when the opponent’s moves are partially predictable. We carry this program to partially
observable sequential decision-making with structured dynamics.

Arora et al. (2018) studied the game-theoretic implications of policy regret and introduced the notion of policy equilibrium.
They showed that when both players use no-policy-regret algorithms, the empirical distribution of play converges to a policy
equilibrium. This result complements the earlier policy-regret literature by showing that no-policy-regret learning has an
associated equilibrium interpretation in repeated games. Our work is different in focus. We study policy regret for a single
learner in a partially observable Markov game against an adaptive adversary, rather than convergence of two no-policy-regret
players to an equilibrium. A complementary line of work studies the reverse question of how an opponent can strategize
against a no-regret learner (Deng et al., 2019); policy regret is the benchmark a learner adopts to be robust against precisely
such strategic responses.

More recently, Nguyen-Tang & Arora (2024) initiated the study of policy regret in Markov games with adaptive adversaries,
identifying fundamental barriers under unbounded memory or non-stationarity and giving positive results under structural
restrictions on the adversary. Nguyen-Tang & Arora (2025) studied policy regret in Markov games with function approxima-
tion, obtaining

√
T policy regret under Eluder-type complexity conditions. Our work brings these ideas to the more complex

setting of partially observable Markov games. The partial-observation setting introduces new difficulties as the learner must
reason through observable operator representations, and the adversary response is entangled with hidden world dynamics.
Our causal decomposition separates hidden-world estimation from adversary-response estimation. The epoch structure, with
geometric caps and statistical termination, then limits scheduled policy changes to O(log T ) and prices each data-driven
termination in statistical evidence, so that comparing adversary responses across deployed policies imposes no cost on the
final confidence radius.

Learning in POMDPs Sample-efficient learning in POMDPs has been studied extensively. Early work established
computational hardness results (Papadimitriou & Tsitsiklis, 1987) and developed approximate planning methods (Cassandra
et al., 1994; Kaelbling et al., 1998). More recent work has focused on sample complexity under structural assumptions.
Krishnamurthy et al. (2016) established tractability for POMDPs with rich observations, while Azizzadenesheli et al. (2016)
and Guo et al. (2016) developed spectral methods for parameter estimation. The breakthrough work of Jin et al. (2020)
introduced sample-efficient algorithms for undercomplete POMDPs where the number of observations exceeds the number
of latent states.

Liu et al. (2022a) significantly generalized these results by identifying the class of weakly revealing POMDPs, showing
that observability over multi-step windows suffices for efficient learning. Liu et al. (2023) developed an optimistic MLE
framework that underlies our approach, establishing Õ(

√
T ) regret bounds under weak revealing conditions. Recent work

by Golowich et al. (2023) addresses computational aspects of planning and learning in observable POMDPs. Beyond
POMDPs, predictive state representations admit sample-efficient learning (Zhan et al., 2023; Uehara et al., 2022), and
unified complexity frameworks such as the generalized Eluder coefficient (Zhong et al., 2022) and the decision-estimation
coefficient (Foster et al., 2021) cover broad classes of partially observable decision problems. These frameworks, however,
treat the environment as fixed. The data-generating process does not change in response to the learner’s strategy, and that
response is precisely the coupling that policy regret against an adaptive adversary must address.
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Learning in Markov Games Multi-agent reinforcement learning in Markov games has been studied from both computa-
tional and statistical perspectives (Littman, 1994; Hu & Wellman, 2003; Greenwald & Hall, 2003). For fully observable
games, significant progress has been made on finding Nash equilibria and learning against adaptive opponents. Bai & Jin
(2020) and Xie et al. (2020) developed sample-efficient algorithms for finding Nash equilibria in two-player zero-sum
games. Jin et al. (2022) introduced the exploiter framework for provably learning non-exploitable policies via self-play,
while Tian et al. (2021) studied online learning in unknown Markov games without observing the opponent’s actions,
achieving sublinear regret against the minimax value. Liu et al. (2022c) studied Markov games against adversarial opponents,
delineating which feedback models permit sublinear external regret, and Foster et al. (2023) characterized the statistical
complexity of multi-agent decision making. These works measure external regret against oblivious or worst-case opponents,
rather than policy regret against adaptive ones.

The partially observable case is considerably more challenging. Nayyar et al. (2013) developed the common-information
approach to decentralized stochastic control with partial history sharing, a structural foundation for games with asymmetric
information. Liu et al. (2022b) studied POMGs under weak revealing assumptions, showing polynomial sample complexity
for self-play and, against adversarial opponents, for learning the maximin policy. Qiu et al. (2023) obtained sublinear-regret
guarantees for POMGs with general function approximation via posterior sampling, in self-play and adversarial regimes
with regret measured against the game value, and Liu & Zhang (2023) studied partially observable multi-agent RL under
information-sharing structures that restore (quasi-)efficiency. However, the adaptive adversary setting we consider here
requires fundamentally different techniques, as the adversary’s response depends on the learner’s policy in ways that create
complex feedback loops.

Eluder Dimension and Function Approximation The Eluder dimension, introduced by Russo & Van Roy (2013),
provides a complexity measure for function classes that governs the sample complexity of exploration in bandits and MDPs.
Osband & Van Roy (2014) applied Eluder-based analysis to model-based reinforcement learning, while Wang et al. (2020)
extended these ideas to general value function approximation. Ayoub et al. (2020) developed model-based algorithms using
Eluder dimension for structured MDPs, and Zanette et al. (2020) studied exploration under low inherent Bellman error, a
structural condition complementary to Eluder-type complexity measures. Our work builds on these ideas, using Eluder
dimension to characterize the complexity of the joint world-adversary model class in POMGs.

Observable Operators and Spectral Methods The observable operator model (OOM) framework was introduced by
Jaeger (2000) as an alternative to hidden Markov models, representing dynamics through matrix operations on a predictive
state space. Boots & Gordon (2011) developed an online spectral algorithm for learning predictive-state representations
of partially observable nonlinear dynamical systems. Hsu et al. (2012) gave a spectral, method-of-moments algorithm for
learning hidden Markov models with finite-sample guarantees. Song et al. (2010) extended these ideas to continuous state
spaces using kernel methods. The OOM framework has proven particularly valuable for POMDPs, enabling likelihood
computation and sample-efficient learning analyses under suitable observability conditions.

Low-Switching Reinforcement Learning Our algorithm deploys a single policy per epoch, ending epochs at geometric
caps or by a statistical termination test. Deploying few policies is also the goal of low-switching-cost RL (Bai et al., 2019;
Qiao et al., 2022), where switches are limited for operational reasons such as deployment or recomputation cost, and
data-dependent triggers (count or determinant doubling) achieve logarithmic switching in single-agent settings. Two aspects
differentiate our setting: against an adaptive adversary every policy switch additionally costs warm-up episodes for the
opponent’s response to re-stabilize, and, as we show in Proposition D.5, data-dependent termination is not merely convenient
but necessary. With a fixed switching schedule, optimistic planning combined with infrequent updates provably incurs linear
policy regret (Appendix D.7).

Concurrent and Related Work on POMGs The most closely related work is a concurrent manuscript by Sang & Nguyen-
Tang (2025), which also studies policy regret minimization in POMGs via optimistic MLE under a posterior-Lipschitz
response condition. Our paper differs in several technical respects: (i) our decoupled formulation of the posterior-Lipschitz
condition, which avoids circular dependence of the smoothness condition on the adversary being constrained; (ii) our
causal decomposition tracks both players’ private observation-action histories, so it applies to adversaries that act on private
observations, whereas their factorization models the opponent’s response as a function of the learner-side history; (iii)
our one-policy-per-epoch structure with cumulative confidence sets and statistical termination, under which no posterior-
Lipschitz transport term enters the final confidence radius (Remark D.8), whereas a flat batching schedule lets the transport
term grow polynomially (Appendix J); (iv) our matching lower bound, proving the optimality of the Õ(

√
T ) dependence on
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T and the aggregate Eluder dimension; and (v) our extensions to fading memory adversaries and horizon-adaptive guarantees.
In the other direction, Sang & Nguyen-Tang (2025) give a counterexample showing that without a posterior-Lipschitz-type
condition, sublinear policy regret is impossible even under weakly revealing observations and a memory-bounded, stationary
opponent, a useful complement establishing that smoothness conditions of this kind are necessary rather than an artifact of
the analysis.

Table 1 situates our guarantees among the most closely related settings. Table 2 summarizes the bounds proved in this paper.

Table 1. Comparison with the most closely related work. “m-memory adaptive” means the opponent reacts to the learner’s recent policies,
and policy regret charges the learner for that reaction; PAC and regret guarantees measured against the maximin or Nash value treat the
opponent as worst-case within episodes instead. Rates suppress horizon and problem-dependent factors; dE is the channel-sum aggregate
Eluder dimension of Section 2.

Reference Observability Opponent Benchmark Rate

Arora et al. (2012) bandit feedback m-memory adaptive policy regret Õ(T 2/3)

Dekel et al. (2014) bandit feedback switching cost policy regret Θ̃(T 2/3)
Liu et al. (2022b) POMG, weak revealing self-play; adversarial PAC vs. maximin poly(1/ϵ)
Qiu et al. (2023) POMG, general classes self-play; adversarial regret vs. Nash Õ(

√
T )

This paper POMG, weak revealing m-memory adaptive policy regret Õ(
√
dET ), matching lower bound

Table 2. Summary of the guarantees proved in this paper. Upper bounds hold with probability at least 1− 2δ and lower bounds are on
expected policy regret; β̄T = HβT is the effective confidence radius and ST the deployed-policy count.

Result Setting Bound

Theorem 3.3 m-memory adversary PR(T ) = Õ
(
H
√

β̄T dET +mH log T
)
, unconditionally

Theorem 4.1 fixed memoryless adversary E[PR(T )] = Ω
(√

dET
)

Proposition D.5 fixed epoch schedule E[PR(T )] ≥ T/4 on an instance satisfying all assumptions
Theorem 5.1 unknown horizon same rate as Theorem 3.3, for all T simultaneously

Theorem 5.2 γ-fading memory Õ
(
H
√

β̄γ
T dET +HST log T/(1− γ)

)
Theorem 5.3 tabular POMG explicit Õ

(
H
√

β̄tab
T dtabE T

)
+ Õ(Hm log T )

B. Proof of Theorem 2.5 (Causal Decomposition)
We construct explicit operators W θ

h and GΦ,π
h and verify the factorization Jξ,π

h = GΦ,π
h ◦ W θ

h . Several issues must be
handled simultaneously: (i) the operators must have compatible types, which requires an intermediate B-indexed space V;
(ii) the aggregation operator GΦ,π

h must be genuinely independent of θ; (iii) since the adversary’s private history cannot
be inferred from the learner’s history in a general POMG, the augmented state must track both players’ histories; (iv) the
construction must also respect the causal timing of the game, where observations come first, actions are then chosen, and the
world transitions afterward; and (v) the OOM operator represents the controlled conditional process of observations given
learner actions, rather than the joint probability of learner actions and observations.

Proof of Theorem 2.5. The proof proceeds in stages, constructing the two operators explicitly and then verifying the
factorization and its structural properties (Figure 1).

R|S̄+| V = R|S̄+|×B R|S̄+|
W θ

h (oA, a) GΦ,π
h (oA, a)

Jξ,π
h (oA, a)

world kernels
(Th, E

A
h , EB

h ) only
response gΦ

h and
policy π only, θ-free

Figure 1. The causal decomposition of Theorem 2.5. The observable operator factors through the B-indexed intermediate space; the world
channel carries all dependence on θ, and the adversary aggregation carries all dependence on the response model and the deployed policy.
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Timing convention and histories. We begin by fixing the timing convention. At step h, both players observe (oAh , o
B
h ),

then choose actions (ah, bh), and then the latent state transitions to sh+1. This order matters because the adversary’s
response at step h is allowed to depend on its current observation oBh , but not on the action bh before it is chosen.

It is useful to distinguish the adversary history available before the action from the history stored after the action. The
post-action adversary history after step h is

τBh = (oB1 , b1, . . . , o
B
h−1, bh−1, o

B
h , bh),

which includes the chosen action bh. This is the object carried into the next augmented state. The adversary’s decision
history at step h is

ηBh = (τBh−1, o
B
h ) = (oB1 , b1, . . . , o

B
h−1, bh−1, o

B
h ),

which includes the observation-action history through step h − 1 plus the new observation oBh . This is the information
available after observing oBh and before choosing bh, so gΦh (· | ηBh , π) is well-defined. The two histories are related by
τBh = (ηBh , bh), i.e., τBh is ηBh extended by bh.

The learner histories are handled analogously. At the beginning of step h, the learner carries τAh−1, and after observing oAh
and taking action ah, the history becomes

τAh = (τAh−1, o
A
h , ah).

The augmented state space. We now define the augmented state at the beginning of step h as

s̄h = (sh, τ
A
h−1, τ

B
h−1),

where both histories are post-action observation-action histories (consistent with T A and T B). The augmented state space is

S̄+ = S × T A
≤H × T B

≤H .

This full-history space is finite for every fixed finite-horizon problem instance, since all component spaces are finite
(Section 2). It is intentionally larger than the reduced predictive representations used later for complexity bounds. Here the
goal is exact factorization, and exact factorization requires enough information to recover both players’ histories. We adopt
the following length convention throughout the construction: all step-h operators act as zero on coordinates whose history
components are not length-matched to the step. For Jξ,π

h and W θ
h , inputs carry histories of length h − 1 and outputs of

length h; GΦ,π
h acts on the B-indexed intermediate coordinates that W θ

h produces, whose learner-history component already
has length h. With this convention every operator below is totally defined on its space, and the OOM products only ever
traverse length-matched supports.

World channel W θ
h mapping into the B-indexed intermediate space. We next construct the world channel. Let

V = R|S̄+|×B .

An element of V is a family (ub)b∈B , where each ub ∈ R|S̄+|. The role of this space is to keep the adversary action b as an
explicit index before it is mixed according to the adversary response. For each b ∈ B, define the linear map

W θ
h,b(o

A, a) ∈ L(R|S̄+|,R|S̄+|)

by [
W θ

h,b(o
A, a)v

]
(s′,τA

h ,τB
h )

=
∑

(s,τA,τB)

(τA,oA,a)=τA
h

∑
oB∈OB

(τB ,oB ,b)=τB
h

EA
h (o

A | s)EB
h (oB | s)Th(s

′ | s, a, b) v(s,τA,τB).
(5)

This formula has a simple interpretation; the product EA
h (o

A | s)EB
h (oB | s) uses the conditional independence of the two

observations given s (Section 2). Starting from augmented state (s, τA, τB), the world emits oA to the learner and oB to
the adversary. The learner action a is fixed because the controlled OOM operator is conditioned on learner actions. The
adversary action b is not yet randomized. Instead, W θ

h,b computes the hypothetical successor mass if the adversary were to
choose this particular b. The learner history becomes (τA, oA, a), the adversary history becomes (τB , oB , b), and the latent
state moves to s′ according to Th(· | s, a, b).
The history-consistency conditions in (5) only select legal predecessors. Once (s′, τAh , τBh ), oA, a, and b are fixed, the
equations

τAh = (τA, oA, a), τBh = (τB , oB , b)
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determine the predecessor histories and the adversary observation whenever they exist. The summation therefore reduces to
a single genuine sum over the latent state s ∈ S (the histories and the adversary observation are pinned by the output index),
which is exactly the belief-propagation sum of the controlled forward kernel on the augmented state space.

The full world channel is the B-indexed collection

W θ
h (o

A, a)v =
(
W θ

h,b(o
A, a)v

)
b∈B

∈ V.

By construction, W θ
h depends only on the world kernels (Th, E

A
h , E

B
h ). It does not depend on Φ or on the learner policy

π. The interpretation is that for each hypothetical adversary action b, W θ
h,b computes the unnormalized mass flowing to

each successor augmented state (s′, τAh , τBh ) under world dynamics. Crucially, τBh = (τB , oB , b) includes b (the adversary’s
action at this step), so the next step’s augmented state correctly records the full observation-action history of the adversary.

All strategic weighting over adversary actions by response probabilities is deliberately postponed to the next operator, GΦ,π
h .

Adversary aggregation GΦ,π
h mapping from the intermediate space. We now define the adversary aggregation operator.

Given (ub)b∈B ∈ V , define GΦ,π
h (oA, a) : V → R|S̄+| by

[
GΦ,π

h (oA, a)(ub)b∈B

]
(s′,τA

h ,τB
h )

= gΦh (b | ηBh , π) [ub](s′,τA
h ,τB

h ), (6)

where the output history is written as τBh = (ηBh , b), with ηBh = (τBh−1, o
B
h ) and b ∈ B. Coordinates whose history

components are not length-matched to step h, or do not parse as a post-action history, are mapped to zero, per the length
convention above.

This respects causal timing as the adversary forms ηBh = (τBh−1, o
B
h ) after observing oBh and before choosing bh, then

gΦh (b | ηBh , π) gives the probability of choosing b, and then b is appended to form τBh .

The key property is that GΦ,π
h depends only on (gΦh , π) and does not involve θ. The input (ub)b∈B ∈ V already contains the

hypothetical successor masses computed by the world channel W θ
h , one for each possible adversary action. The aggregation

operator then reads the adversary response weight gΦh (b | ηBh , π), where both b and ηBh are determined by the output index
τBh , and multiplies the corresponding coordinate of ub by this weight. Thus GΦ,π

h uses the adversary decision history
encoded in the augmented-state index and the response model gΦh , but it never refers to the world parameter θ.

It is worth clarifying how the mixture over adversary actions is represented in this coordinatewise definition. For a fixed
output index (s′, τAh , τBh ), the post-action history τBh already contains the final adversary action. Writing τBh = (ηBh , b),
where ηBh = (τBh−1, o

B
h ) is the decision history and b is the action appended to it, only the component ub contributes to this

particular output coordinate. This does not mean that the other adversary actions are ignored. If we fix a decision history ηBh
and sum over all post-action histories (ηBh , b) with b ∈ B, the aggregation recovers the full mixture∑

b∈B

gΦh (b | ηBh , π) [ub](·,·,(ηB
h ,b)).

Thus GΦ,π
h represents the adversary’s randomized action by assigning each possible b to the successor coordinates whose

adversary history ends with that b, and weighting those coordinates by gΦh (b | ηBh , π).

Verifying the factorization Jξ,π
h = GΦ,π

h ◦W θ
h . The canonical controlled forward operator of the protocol is, coordinate-

wise, [
Jξ,π
h (oA, a)

]
(s′,τ̂A,τ̂B),(s,τA,τB)

= 1[τ̂A = (τA, oA, a)]
∑
oB , b:

τ̂B=(τB ,oB ,b)

EA
h (o

A|s)EB
h (oB |s) gΦh

(
b | (τB , oB), π

)
Th(s

′|s, a, b),

on length-matched coordinates and zero otherwise; this is the operator whose products yield the controlled OOM identity
below, and the theorem asserts that it factorizes.

We can now verify the factorization. Combining (5) and (6), and writing the adversary post-action history as

τBh = (ηBh , b), ηBh = (τBh−1, o
B
h ),

we have
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[
(GΦ,π

h ◦W θ
h )(o

A, a)v
]
(s′,τA

h ,τB
h )

= gΦh (b | ηBh , π)
[
W θ

h,b(o
A, a)v

]
(s′,τA

h ,τB
h )

= gΦh (b | ηBh , π)
∑

(s,τA,τB)

(τA,oA,a)=τA
h

∑
oB∈OB

(τB ,oB ,b)=τB
h

EA
h (o

A | s)EB
h (oB | s)Th(s

′ | s, a, b) v(s,τA,τB). (7)

This is exactly the controlled conditional forward dynamics of the POMG. For each current augmented state (s, τA, τB)
with mass v(s,τA,τB), the expression in (7) follows exactly one step of the POMG protocol. The learner observation oA

and adversary observation oB are emitted from the same latent state s, with probabilities EA
h (o

A | s) and EB
h (oB | s). The

adversary observation oB extends the adversary’s pre-step history to the decision history ηBh = (τB , oB). The adversary
then chooses action b with probability gΦh (b | ηBh , π), and its post-action history becomes τBh = (τB , oB , b) = (ηBh , b). At
the same step, the learner takes the fixed controlled action a, so its post-action history becomes τAh = (τA, oA, a). Finally,
the world transitions to s′ with probability Th(s

′ | s, a, b). Thus the right-hand side of (7) is precisely the (s′, τAh , τBh )

coordinate of the controlled conditional forward operator Jξ,π
h (oA, a)v. Therefore

Jξ,π
h (oA, a) = GΦ,π

h (oA, a) ◦W θ
h (o

A, a).

The OOM identity and learner action probabilities. It remains to connect the factorization above to the controlled
OOM convention used in the paper. The operator Jξ,π

h (oA, a) is indexed by the learner observation oA and the learner action
a, and it propagates unnormalized mass over the augmented state space conditional on that controlled observation-action
pair. Therefore, if q0 = ρ0 ⊗ δ∅ ⊗ δ∅ is the initial augmented-state distribution (mass ρ0(s) on (s, ∅, ∅); it depends on no
model parameter), then for any fixed learner observation-action sequence

(oA1 , a1, . . . , o
A
h , ah),

the vector
q̃ξh = Jξ,π

h (oAh , ah) · · · J
ξ,π
1 (oA1 , a1)q0

is the unnormalized augmented-state distribution after realizing that controlled sequence (its normalization is the predictive
state qξh of Section 2). Its total mass is obtained by summing its coordinates over s̄ ∈ S̄+, namely∑

s̄∈S̄+

[
Jξ,π
h (oAh , ah) · · · J

ξ,π
1 (oA1 , a1)q0

]
s̄
= Pξ,π

(
oA1:h | a1:h

)
,

which is the controlled conditional OOM identity used in Section 2.4. The learner action probabilities are not included inside
Jξ,π
h (oA, a). They enter only when converting this controlled conditional law into the probability of a learner trajectory

under policy π:

Pπ
ξ (o

A
1:h, a1:h) = Pξ,π(oA1:h | a1:h)

h∏
t=1

πt(at | τAt−1, o
A
t ).

Thus the OOM operators describe the environment’s controlled observation process, while the learner policy contributes the
separate action-selection factors in the likelihood.

Non-negativity and ℓ1-nonexpansiveness. The nonnegativity properties follow directly from the construction. Each
W θ

h,b has nonnegative entries because its coefficients are products of transition probabilities, emission probabilities, and
history-consistency indicators. Thus v ≥ 0 implies ub = W θ

h,bv ≥ 0 for every b. The operator GΦ,π
h multiplies each

successor coordinate whose adversary post-action history is τBh = (ηBh , b) by the nonnegative probability gΦh (b | ηBh , π). For
each fixed decision history ηBh , these weights sum to one over b ∈ B. Consequently, the aggregation preserves nonnegativity
and correctly represents the adversary’s randomized action. Hence Jξ,π

h is nonnegative as well.
The ℓ1-nonexpansiveness asserted in the theorem holds in signed form, which is how the operator is used in the channel-
triangle inequalities (4) and the transfer arguments of Appendix D. Fix any u ∈ V with coordinates us̄,b. By the construction
above, the output coordinate of GΦ,π

h u at an augmented state s̄ whose adversary post-action history ends with the action b(s̄)
reads the single input coordinate us̄, b(s̄) and scales it by gΦh (b(s̄) | ηBh (s̄), π) ∈ [0, 1], and distinct output coordinates read
distinct input coordinates. Hence∥∥GΦ,π

h u
∥∥
1
=
∑
s̄

gΦh
(
b(s̄) | ηBh (s̄), π

) ∣∣us̄, b(s̄)

∣∣ ≤∑
s̄, b

∣∣us̄,b

∣∣ = ∥u∥1,V ,
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so GΦ,π
h is ℓ1-nonexpansive on all of V , not only on nonnegative inputs. For nonnegative inputs the weights gΦh (· | ηBh , π),

summing to one over b at each decision history, additionally conserve the total mass routed through that history, which is the
probabilistic content of the aggregation.

Dimension and the weak revealing condition. The construction above uses the full-history augmented space S̄+,
whose dimension is exponential in H . This is intentional for the exact factorization. Under the κ-step weakly revealing
condition, one can often replace this full-history representation by a lower-dimensional predictive-state representation whose
dimension depends on κ-window statistics rather than the full history length. In the single-agent POMDP setting, such
reductions are standard in OOM analyses of weakly revealing models (Liu et al., 2022a). In the POMG setting considered
here, the analogous finite-window representation requires window sufficiency of the retained statistics for both channels;
Proposition 2.6 imposes exactly this as a hypothesis (policy and response classes depending on histories only through the
κ-window statistics), with Assumption 2.4 supplying detectability of the world channel. In the tabular finite-window case,
this gives predictive dimension on the order of

O
(
|S| · |OA|κ−1 · |OB |κ−1

)
.

This dimension reduction is separate from the exact causal factorization. Naively truncating (τA, τB) to the last κ − 1
observations on each side does not in general preserve the factorization unless π and gΦ also depend only on those truncated
histories, or unless the κ-step predictive state is used as a sufficient statistic in place of raw histories. The construction above
is always valid on the full-history space. Dimension reduction via the κ-window predictive state is an additional step that
relies on Assumption 2.4 and is invoked in the Eluder dimension bound (Proposition 2.6), not in the factorization itself.

Conclusion. We have therefore constructed the desired causal factorization. In particular:

• The world channel
W θ

h (o
A, a) : R|S̄+| → V

depends only on the world kernels (Th, E
A
h , E

B
h ). For each adversary action b, its b-indexed component computes the

hypothetical unnormalized successor mass obtained if the adversary were to choose b, and it updates the adversary
history by appending b to form τBh = (τBh−1, o

B
h , b).

• The adversary aggregation operator

GΦ,π
h (oA, a) : V → R|S̄+|

depends only on the response model gΦh and the learner policy π. For an output history τBh = (ηBh , b), it reads the
decision history ηBh = (τBh−1, o

B
h ) from the augmented-state index and applies the response weight gΦh (b | ηBh , π).

Thus GΦ,π
h is genuinely independent of the world parameter θ.

• The composition satisfies
Jξ,π
h (oA, a) = GΦ,π

h (oA, a) ◦W θ
h (o

A, a),

as verified by direct computation. This composition is exactly the controlled conditional forward dynamics of the
POMG, with learner action a fixed and the adversary observation and action incorporated according to EB

h and gΦh .

Both operators preserve non-negativity. The intermediate space V = R|S̄+|×B makes the types compatible by storing one
hypothetical successor family for each adversary action before the adversary response weights are applied. Tracking both
players’ full observation-action histories ensures that the adversary decision history ηBh is available to GΦ,π

h without referring
to θ, and conditioning gΦh on the post-observation, pre-action history ηBh respects the causal protocol of the POMG.

C. Eluder Dimension of ℓ1 Operator-Error Classes
The complexity bounds of Proposition 2.6 rest on the following general estimate. For classes of ℓ1-norms of linear images
of a low-dimensional operator family, the scale-sensitive Eluder dimension is controlled by the span dimension of the family,
up to a factor logarithmic in the scale.

Lemma C.1 (Sign-witness Eluder bound). (a) Fixed design. Let A ⊂ RDout×Din be a family of matrices contained in a
linear subspace of dimension p, with ∥A∥F ≤ BA for all A ∈ A, and let each query x carry a vector vx with ∥vx∥2 ≤ Bv .
Consider the function class F := {x 7→ ∥Avx∥1 : A ∈ A}. Then for every ε > 0,

dimE(F , ε) ≤ 12 p log
(
1 +

8DoutB
2
vB

2
A

ε2

)
.
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(b) Query-dependent design. Let instead each query x carry a matrix U(x) ∈ RDout×p with ∥U(x)∥F ≤ BU , and let
C ⊂ Rp with ∥c∥2 ≤ Bc for all c ∈ C. For F := {x 7→ ∥U(x)c∥1 : c ∈ C} and every ε > 0,

dimE(F , ε) ≤ 12 p log
(
1 +

8DoutB
2
UB

2
c

ε2

)
.

Proof. By the scale convention of Section 2 it suffices to bound, for each ε′ ≥ ε, the length of any sequence whose elements
are ε′-independent of their predecessors at the exact scale ε′. The bound we prove is decreasing in the scale, so the bound at
scale ε′ together with ε′ ≥ ε gives the lemma. To lighten notation we write ε for ε′.

We first prove part (a). Let x1, . . . , xN be a sequence in which each xi is ε-independent of its predecessors, witnessed by
Ai ∈ A; that is,

∥Aivxi
∥1 > ε and

∑
k<i

∥Aivxk
∥21 ≤ ε2. (8)

We need to bound N . We begin by defining the sign-witness matrices

Xk := σkv
⊤
xk
, σk := sign(Akvxk

) ∈ {±1}Dout , (9)

where the sign vector σk is fixed at step k and never changes afterwards. These matrices turn the ℓ1 quantities of (8) into
inner products. At its own query, each witness aligns with its sign-witness matrix,

⟨Ai, Xi⟩ = σ⊤
i Aivxi

= ∥Aivxi
∥1 > ε. (10)

At earlier queries the inner product is dominated by the corresponding ℓ1 norm, because |σ⊤
k Aivxk

| ≤ ∥Aivxk
∥1. Combining

this with the second inequality in (8) gives ∑
k<i

⟨Ai, Xk⟩2 ≤ ε2. (11)

The next step is an elliptic-potential argument. Recall that A lies in a linear subspace of matrices of dimension p. Fix an
orthonormal basis of this subspace. Let Āi ∈ Rp be the coordinate vector of Ai, and let X̄k ∈ Rp be the coordinate vector of
the orthogonal projection of Xk onto the subspace. Since Ai lies in the subspace, ⟨Ai, Xk⟩ = ⟨Āi, X̄k⟩, with the Frobenius
inner product on the left and the Euclidean one on the right; the quantities in (10) and (11) are therefore unchanged, and
∥Āi∥2 = ∥Ai∥F . Define the potential matrices

Vi := λIp +
∑
k≤i

X̄kX̄
⊤
k , λ := ε2/B2

A. (12)

By Cauchy–Schwarz in the Vi−1-geometry, followed by (11) and λ∥Ai∥2F ≤ ε2,

ε2 < ⟨Ai, Xi⟩2 ≤
(∑
k<i

⟨Ai, Xk⟩2 + λ∥Ai∥2F
)
· ∥X̄i∥2V −1

i−1

≤ 2ε2 ∥X̄i∥2V −1
i−1

,

where the strict inequality is (10). Hence ∥X̄i∥2V −1
i−1

> 1/2 for every i. The elliptic-potential lemma (Lattimore & Szepesvári,

2020, Lemma 19.4) bounds the sum of these quantities,∑
i≤N

min
(
1, ∥X̄i∥2V −1

i−1

)
≤ 2p log

(
1 +

N maxk ∥Xk∥2F
λp

)
. (13)

The left-hand side of (13) is at least N/2, and ∥Xk∥2F = ∥σk∥22 ∥vxk
∥22 ≤ DoutB

2
v . Substituting both, together with the

value of λ, yields

N ≤ 4p log
(
1 +

N DoutB
2
vB

2
A

p ε2

)
. (14)

Inequality (14) is self-referential in N , and it remains to solve it. Write u := N/p and C0 := DoutB
2
vB

2
A/ε

2, so that (14)
reads u ≤ 4 log(1 + uC0). If any witness exists then ε < ∥A1vx1

∥1 ≤
√
DoutBABv , that is, C0 > 1; otherwise dimE = 0

and the bound is trivial. The elementary inequality 1 + uC0 ≤ (1 + u)(1 + C0) then gives

u ≤ 4 log(1 + u) + 4 log(1 + C0). (15)

The function u 7→ u−4 log(1+u) is increasing for u ≥ 3, and at u = 12 log(1+8C0) ≥ 12 log 9 it exceeds 4 log(1+C0).
By (15) we conclude u ≤ 12 log(1 + 8C0), which is the stated bound.

Part (b) follows by the same argument with witness vectors in place of witness matrices. In place of (9), define wk :=
U(xk)

⊤σk ∈ Rp with σk := sign(U(xk)ck). The alignment (10) becomes ⟨ci, wi⟩ = σ⊤
i U(xi)ci = ∥U(xi)ci∥1 > ε,
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and the domination (11) holds because |⟨ci, wk⟩| = |σ⊤
k U(xk)ci| ≤ ∥U(xk)ci∥1. The potential (12) runs directly in

Rp, with Vi := λIp +
∑

k≤i wkw
⊤
k and λ := ε2/B2

c , and no projection is needed. The norm bound becomes ∥wk∥22 ≤
∥σk∥22 ∥U(xk)∥2F ≤ DoutB

2
U , using ∥U⊤σ∥2 ≤ ∥U∥op∥σ∥2 ≤ ∥U∥F∥σ∥2. With these substitutions, the argument from

(12) to (15) applies verbatim and gives the stated bound.

We now use the lemma to prove the proposition.

Proof of Proposition 2.6. Fix a reference parameter ξ∗ = (θ∗,Φ∗). By definition dE = dWagg + dGagg, so it suffices to bound
the Eluder dimension of each channel class at the evaluation scale α = 1/(2T ). The proof goes as follows. We first show
that every function in the world-channel class is an expectation of ℓ1 norms of linear images of one operator, and we count
the dimension of the subspace in which these operators live. We then verify that the expectation-form queries provide
sign-witness matrices satisfying the alignment (10), the domination (11), and a Frobenius norm bound; these are the only
properties of the witness matrices that the proof of Lemma C.1(a) uses, so the lemma’s conclusion applies and yields the
world-channel bound. The adversary channel is handled in the same way through Lemma C.1(b). Finally we add the two
channel bounds and specialize the count to the three model families. Throughout, the bounds we obtain do not depend on
ξ∗, so the suprema in dWagg and dGagg inherit them; and every norm bound entering Lemma C.1 is polynomial in the stated
parameter counts and in T , enters only through the logarithm, and is absorbed into Õ(·).
We begin with the world channel. A function of FW,ξ∗

agg is indexed by θ ∈ Θ and evaluates at a query policy π to

FW
θ (π) =

H∑
h=1

Eπ
[
∥∆Wh(o

A
h , ah) q

ξ∗

h−1∥1,V
]
, ∆Wh(o

A, a) := W θ
h (o

A, a)−W θ∗

h (oA, a),

where the operators are evaluated at the realized observation–action pair. Splitting the expectation over that pair gives

FW
θ (π) =

H∑
h=1

∑
oA,a

Eπ
[
1{(oAh , ah) = (oA, a)}

∥∥∆Wh(o
A, a) qξ

∗

h−1

∥∥
1

]
. (16)

Collect the differences into the block-diagonal operator Āθ := ⊕h,oA,a∆Wh(o
A, a). Every summand in (16) is an ℓ1 norm

of a linear image of Āθ, so the class has the form treated by Lemma C.1(a), except that the queries produce expectations
rather than single vectors vx. We return to this point after counting dimensions.

The family {Āθ : θ ∈ Θ} lies in the span of pattern matrices, the coordinate matrices supported on the positions that
the window structure allows to be nonzero, and we now count those positions. On the reduced space S̄+

red, an entry
of W θ

h (o
A, a) is indexed by a source state s̄, a hypothetical adversary action b, and a destination state s̄′. There are

dW = |S| |OA|κ−1|OB |κ−1 source states. The window components of s̄′ are determined by those of s̄ together with the
new observations, so the free destination indices are only the new latent state s′ and the new adversary-side observation
oBnew. Ranging also over the block indices (oA, a), the possibly-nonzero positions at a fixed step h number at most

|S| |OA|κ−1|OB |κ−1︸ ︷︷ ︸
s̄

· |A|︸︷︷︸
a

· |B|︸︷︷︸
b

· |OA|︸︷︷︸
oA

· |OB |︸︷︷︸
oBnew

· |S|︸︷︷︸
s′

= |S|2|A||B| |OA|κ|OB |κ =: pW . (17)

Distinct steps occupy distinct blocks of Āθ, so the family spans at most p := H pW dimensions.

So far we have shown that the world-channel functions are expectations of ℓ1 norms of linear images of operators drawn
from an HpW -dimensional subspace. It remains to supply the sign-witness matrices. For a query policy π and a witness θ,
define the block query matrix

Xπ,θ := ⊕h,oA,a Eπ
[
1{(oAh , ah) = (oA, a)} σh,oA,a(τ)

(
qξ

∗

h−1

)⊤]
, σh,oA,a(τ) := sign

(
∆Wh(o

A, a) qξ
∗

h−1

)
, (18)

with the sign vectors chosen per trajectory for the witness θ and frozen thereafter. The alignment (10) holds for these matrices.
Indeed, under the witness’s own signs σ⊤∆Wh q = ∥∆Wh q∥1, so ⟨Āθ, Xπ,θ⟩ = FW

θ (π) by (16). The domination (11)
holds as well. Indeed, |σ⊤v| ≤ ∥v∥1 pointwise, the expectation preserves this inequality, and therefore |⟨Āθ′ , X⟩| ≤ FW

θ′ (π′)
for every parameter θ′ and every previously frozen query matrix X built from a policy π′. For the norm bound, within
each step h the indicator blocks partition the trajectory space; using ∥qξ

∗

h−1∥2 ≤ ∥qξ
∗

h−1∥1 = 1 and ∥σ∥22 ≤ Dout, where
Dout := |B| dW is the block output dimension, we get ∥Xπ,θ∥2F ≤ HDout. The conclusion of Lemma C.1(a) therefore
holds with DoutB

2
v replaced by HDout inside the logarithm and with p = HpW , giving, at α = 1/(2T ),

dimE

(
FW,ξ∗

agg , α
)

≤ 12HpW log
(
1 +

8HDoutB
2
A

α2

)
= Õ

(
H |S|2|A||B| |OA|κ|OB |κ

)
, (19)
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where BA bounds the Frobenius norms of the probability-entry block operators and is polynomial in the counts.

Next we bound the adversary channel. The argument has the same two parts, a linear representation and a parameter count.
A function of FG,ξ∗

agg evaluates to FG
Φ (π) =

∑
h Eπ

[
∥(GΦ,π

h −GΦ∗,π
h )W θ∗

h qξ
∗

h−1∥1
]
. For fixed π the operator GΦ,π

h is linear
in Φ (Theorem 2.5), so each summand equals ∥Uh(x) vec(Φ−Φ∗)∥1 for a design matrix Uh(x) computable from the query;
its entries are built from the components of W θ∗

h qξ
∗

h−1 and the response features, both determined by the query and the
reference parameter. In the linear response model, Φh carries (|B|−1) dadv ≤ |B| dadv free parameters per step, so stacking
the steps gives a parameter vector of dimension at most H|B| dadv; a step-shared Φ only lowers this. The expectation device
of (18), with the per-step designs stacked into a single U(x) and the signs chosen per trajectory and frozen with the witness,
again verifies the alignment, the domination, and the norm bound, and Lemma C.1(b) yields

dimE

(
FG,ξ∗

agg , α
)
= Õ

(
H dadv|B|

)
. (20)

Both channels are now bounded, by (19) and (20), and neither bound involves ξ∗. Taking suprema over ξ∗ and adding,

dE = dWagg + dGagg = Õ
(
H(|S|2|A||B| |OA|κ|OB |κ + dadv|B|)

)
,

which is the tabular bullet. For the linear and low-rank families only the span count changes. The coordinate-structure
hypothesis states that each entry of W θ

h is an affine function of the parameters, so on each of the |OA|κ|OB |κ window
contexts the difference family is an affine image of the parameter space. The per-step count pW of (17) is therefore at
most dlin |OA|κ|OB |κ in the linear case and r2(|A|+ |B|) |OA|κ|OB |κ in the low-rank case. The rest of the argument is
unchanged, and the adversary channel is identical in all three cases.

D. Proof of Theorem 3.3
We prove that the epoch-based algorithm with statistical termination achieves policy regret C(H

√
β̄T dET log T +mH ST )

with high probability, where β̄T = HβT and ST is the number of deployed policies (Lemma D.7).

Figure 2 illustrates the epoch structure that the proof analyzes. We first give an extended proof sketch in Appendix D.1, and
then the subsequent subsections contain the full proof.

episodes

unused cape = 1 e = 2 e = 3 e = 4

test fires, n3 < T3
horizon T

warm-up data collection under one optimistic policy

Figure 2. The epoch structure. Each epoch begins with m− 1 warm-up episodes (gray), then collects data under a single optimistic policy
(blue) for at most Te = 2e episodes. The statistical termination test can end an epoch early (red); the unused remainder of the cap (dashed)
is forgone, the next epoch begins immediately, and terminated epochs keep their data. The final epoch is truncated by the horizon T .

A remark on policy transport before the proof. Because the adversary’s response changes with the learner’s policy, one
might expect a cost for comparing adversary responses across deployed policies. Under Assumption 3.1(e) the likelihood
conversion applies directly to the joint operators at each data-collection policy, so no transport term enters the final confidence
radius (Remark D.8); posterior-Lipschitz structure instead underpins the well-behavedness of the channel operator classes
(Proposition 2.6) and the comparison with flat-batching analyses (Sang & Nguyen-Tang, 2025) in Appendix J.
Remark D.1 (On the choice of θ in Sref ). Assumption 2.3 imposes (2) uniformly over θ ∈ Θ. This is the cleanest formulation.
It makes the adversary class well-defined without knowing the true θ∗, and it is the version needed in the regret analysis,
where confidence sets may contain many world models consistent with the data. In parametric models, the resulting Lipschitz
constant may depend on the sensitivity of the map θ 7→ Sref,θ

τB ,h(π), which is controlled when the transition and emission
kernels vary continuously in θ and the reference policy µref has full support. The assumption is satisfied, for instance,
by adversaries who best-respond to a smoothed estimate of the learner’s policy under a fixed world model, or who use
gradient-based updates with bounded step sizes.

D.1. Extended Proof Sketch of Theorem 3.3
We outline the main argument, with the technical concentration and Eluder summability lemmas developed in the subsections
that follow. The proof follows the same high-level template as optimistic model-based learning, but with one new difficulty.
The observable dynamics themselves depend on the learner’s policy, because the adversary’s response depends on that
policy.
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From policy regret to simulation error. Consider an epoch e, in which the algorithm deploys a single policy πe for
ne ≤ Te = 2e data-collection episodes. Before collecting data, it runs m− 1 warm-up episodes, so an m-memory adversary
sees only πe during the data-collection phase. Thus, during the ne data-collection episodes of epoch e, the true model
ξ∗ = (θ∗,Φ∗) induces the stationary adversary response R∞(πe), and

V πe(ξ∗) = V πe(R∞(πe)).

The regret in a data-collection episode of epoch e is thus

V π∗
(R∞(π∗))− V πe(R∞(πe)) = V π∗

(ξ∗)− V πe(ξ∗).

Because ξ∗ ∈ Ce−1 on the high-probability confidence event and (πe, ξe) is chosen optimistically,

V πe(ξe) ≥ max
π

V π(ξ∗) ≥ V π∗
(ξ∗).

Hence the regret in epoch e is not controlled by how good πe is in the optimistic model; optimism already handles that.
What remains is only the amount by which the optimistic model overestimates the value of the policy it selected:

V π∗
(ξ∗)− V πe(ξ∗) ≤ V πe(ξe)− V πe(ξ∗). (21)

Why observable-operator errors are the right quantity. Inequality (21) reduces the problem to a simulation question,
namely how much the value of the same policy πe can differ between the optimistic model ξe and the true model ξ∗. For
partially observable models, this difference is naturally measured through the induced observable operators. Define

∆e :=

H∑
h=1

Eτ∼Pπe
ξ∗

[∥∥∥Jξe,πe

h qξ
∗

h−1 − Jξ∗,πe

h qξ
∗

h−1

∥∥∥
1

]
. (22)

This is the aggregate prediction error of the optimistic model along the trajectory distribution generated by πe under the true
model. The simulation lemma says that an error made at step h can affect rewards over the remaining horizon, giving the
horizon prefactor V πe(ξe)− V πe(ξ∗) ≤ H∆e. Thus the regret accumulated in epoch e is bounded by

Re ≤ neH∆e + (m− 1)H,

where the second term is the cost of the warm-up episodes.

How the confidence set controls ∆e. It remains to bound the cumulative size of the prediction errors ∆e. The confidence
set at the beginning of epoch e is built from data collected under the earlier policies π1, . . . , πe−1. Since ξe ∈ Ce−1, the
optimistic model must fit those past data nearly as well as the true model. Consequently (Lemma D.3), the cumulative KL
divergence under the historical policies is small:∑

k<e

nkKL
(
Pπk

ξ∗ ∥Pπk

ξe

)
≲ βT . (23)

The KL-to-operator conversion (Assumption 3.1(e)) turns the likelihood statement (23) into a prediction-error statement,
and weak revealing (Assumption 2.4) is what makes such a conversion available. If two models induce different observable
operators, then a κ-step window of learner observations detects that difference with strength ακ. Thus likelihood fit under
past policies implies small observable-operator error under those past policies.
There is one additional complication that is absent in single-agent POMDPs, and it is where the epoch design earns its keep.
Past consistency constrains ξe only at the historical policies; it says nothing about the error of ξe at the freshly chosen πe.
Optimism deliberately steers toward such unconstrained directions, and under a fixed epoch schedule a single ill-informed
commitment would run for Θ(T ) episodes; Proposition D.5 shows that the fixed schedule, under a valid tie-breaking of the
planning oracle, provably incurs Ω(T ) policy regret. The statistical termination test closes exactly this gap. If the deployed
model’s prediction error at πe is large, the epoch’s own data refute it at rate KLe := KL(Pπe

ξ∗ ∥P
πe

ξe
) ≥ cKL se per episode,

where se is the stepwise squared prediction error (written E2
e in Definition D.10 below), and the test fires; consequently

every epoch, terminated or complete, satisfies the cap

ne∆
2
e ≤ H nese ≤ Õ(HβT /cKL)

with high probability (Lemma D.6). The combination of past consistency and the per-epoch cap is precisely what the capped
summability lemma (Lemma D.11) consumes; the resulting effective statistical radius is β̄T := HβT .

Eluder summability and the final regret bound. Each optimistic model ξe is consistent with all past prediction queries
up to radius β̄T , and every epoch’s own contribution is capped at Õ(HβT /cKL) by the termination test. The aggregate
Eluder dimension then limits how often the learner can encounter a large new prediction error. Lemma D.12 gives

E∑
e=1

ne∆
2
e ≤ C1dE β̄T log2 T. (24)
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This is the central statistical estimate. It says that although an individual epoch may have nontrivial prediction error, the
weighted square-sum of these errors over all epochs is controlled by the aggregate Eluder dimension.

We now return to the regret decomposition. Using Cauchy–Schwarz,
∑E

e=1 ne ≤ O(T ), and (24), we get
E∑

e=1

ne∆e ≤ O

(√
C1dET β̄T log T

)
.

Finally, summing per-epoch regret Re ≤ neH∆e+(m−1)H over the ST epochs gives PR(T ) ≤ H
∑

e(ne∆e+(m−1)) ≤
C(H

√
β̄T dET log T +mHST ), and Lemma D.7 bounds ST . The design leans on both halves of the termination test. It

must fire when the data refute the deployed model, else a fixed schedule suffers Ω(T ) (Proposition D.5), and it must fire
rarely, each firing requiring Ω(βe) bits of evidence, which is what keeps the warm-up cost dominated (Lemma D.7).

D.2. The Epoch-Based Algorithm Structure

Algorithm 1 divides the T episodes into epochs of geometrically increasing cap Te = 2e for e = 1, 2, . . .; because the
termination test can end an epoch early, the number of epochs started by time T is the (data-dependent) deployed-policy
count ST , not ⌈log2 T ⌉. At the beginning of epoch e, the algorithm:

• Computes the MLE ξ̂e−1 from the cumulative dataset De−1 containing all trajectories collected in epochs 1, . . . , e− 1
• Forms the confidence set Ce−1 = {ξ : Le−1(ξ) ≥ Le−1(ξ̂e−1)−βe} where βe = c(logN (ϵe; Ξ)+log(1/δe)+mB0),
δe = δ/(2e2), ϵe = 2−⌈log2(|De−1|+2)⌉

• Selects one policy-parameter pair (πe, ξe) that maximizes value within Ce−1

• Executes πe for m− 1 warm-up episodes (discarding data), then for at most Te data-collection episodes, recomputing
the MLE after each episode and terminating the epoch as soon as Lt(ξe) < Lt(ξ̂t)− τe(t), where τe(t) = 2βe(t) +
C0B0 log(2t(t+1)/δe) and βe(t) is the confidence radius recomputed at the current dataset size (Appendix D.8); the
realized number of data-collection episodes is ne ≤ Te

• Updates the cumulative dataset: De = De−1 ∪ {new trajectories from epoch e} (terminated epochs’ data included)

The total number of data-collection episodes satisfies
∑

e ne ≤ T by definition of the horizon (the final epoch is truncated
at time T ). Scheduled completions, meaning epochs that exhaust their cap Te = 2e, number at most log2(2T ), since a
completion at index e requires 2e ≤ T . The algorithm deploys ST policies in total (one per epoch), where ST counts
scheduled completions, early terminations, and the final truncated epoch, and is bounded in Lemma D.7. We define the
horizon-level radius

βT := c
(
logN (ϵT ; Ξ) + 5 log(2T ) + log(1/δ) +mB0

)
, ϵT := 1/(2T + 4),

where the scale ϵT lower-bounds every dyadic scale the algorithm can use (all realized scales are at least 2−⌈log2(T+2)⌉ ≥
1/(2T + 4), since dataset sizes never exceed T ). Every realized radius is dominated by it. Since |De−1| ≤ T and
e ≤ ST ≤ T + 1 ≤ 2T (every started epoch except possibly the final horizon-truncated one collects at least one data-
collection episode), we have log(1/δe) = log(2e2/δ) ≤ 3 log(2T ) + log(1/δ), so βe ≤ βT ; likewise, for the running radii
of Appendix D.8, log(2t(t+1)/δe) ≤ log(32T 4/δ) ≤ 5 log(2T ) + log(1/δ) for t ≤ T , so βe(t) ≤ βT for every reachable
pair (e, t). By construction log T ≤ βT /c, and βT = O(logN (ϵT ; Ξ) + log T + log(1/δ) +mB0).

D.3. Auxiliary Lemmas

We state the simulation lemma and likelihood concentration lemma before the main proof.

Lemma D.2 (Simulation Lemma). For any policy π and model ξ ∈ Ξ,

|V π(ξ)− V π(ξ∗)| ≤ H

H∑
h=1

Eτh−1∼Pπ
ξ∗

[∥∥∥Jξ,π
h qξ

∗

h−1 − Jξ∗,π
h qξ

∗

h−1

∥∥∥
1

]
.

Proof. The proof is the standard telescoping argument for controlled observable operators. Fix π, and let qξ
∗

h−1 be the
predictive state under the true model after the learner observation-action history up to step h− 1. Replacing the true step-h
operator Jξ∗,π

h by Jξ,π
h , while keeping the same reference predictive state, changes the one-step predictive distribution by∥∥∥Jξ,π

h qξ
∗

h−1 − Jξ∗,π
h qξ

∗

h−1

∥∥∥
1
.

By telescoping over h = 1, . . . ,H , the ℓ1 distance between the trajectory laws induced by ξ and ξ∗ under the fixed policy π,
which equals twice their total variation distance, is bounded by the sum of these one-step prediction errors, averaged over
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the true-model trajectory distribution. Since rewards are in [0, 1], an error in the predictive distribution at any step can affect
at most H units of remaining cumulative reward. Therefore,

|V π(ξ)− V π(ξ∗)| ≤ H

H∑
h=1

Eτh−1∼Pπ
ξ∗

[∥∥∥Jξ,π
h qξ

∗

h−1 − Jξ∗,π
h qξ

∗

h−1

∥∥∥
1

]
.

For POMGs, the controlled observable operators are well-defined by the causal decomposition in Theorem 2.5; the
telescoping argument is otherwise the same as in the POMDP/OOM setting (Liu et al., 2023).

Lemma D.3 (Likelihood Concentration). Let

Ke−1(ξ) :=
∑
k<e

nk KL
(
Pπk

ξ∗ ∥Pπk

ξ

)
.

Under Assumption 3.1(a)–(c) and (f), with probability at least 1− δe/2, uniformly over ξ ∈ Ξ, the following two bounds
hold simultaneously:

(i) (validity; absolute constants) Le−1(ξ)− Le−1(ξ
∗) ≤ βe/2;

(ii) (evidence accumulation) Le−1(ξ)− Le−1(ξ
∗) ≤ − 1

2Ke−1(ξ) + CB βe/2 for a constant CB ≥ 1 depending only on
B0.

Consequently, if ξ ∈ Ce−1, then Ke−1(ξ) ≤ Cβe for a constant C > 0 depending only on B0.

Proof. Fix an epoch e and a model ξ ∈ Ξ. For a trajectory τ collected under policy πk, define

Zk(ξ; τ) := log
Pπk

ξ (τ)

Pπk

ξ∗ (τ)
+ KL

(
Pπk

ξ∗ ∥Pπk

ξ

)
. (25)

Conditioned on the filtration before this trajectory is sampled, the policy πk is fixed and the trajectory is distributed according
to Pπk

ξ∗ . Hence
Eξ∗ [Zk(ξ; τ) | Fk−1] = 0, (26)

so the sequence of Zk’s over all trajectories collected before epoch e is a martingale difference sequence.

By Assumption 3.1(c), log-likelihood ratios are uniformly bounded:∣∣∣∣∣log Pπk

ξ (τ)

Pπk

ξ∗ (τ)

∣∣∣∣∣ ≤ B0. (27)

Moreover, the KL term is also bounded by B0, so

|Zk(ξ; τ)| ≤ 2B0. (28)

For Ke−1(ξ) :=
∑

k<e nk KL
(
Pπk

ξ∗ ∥Pπk

ξ

)
, the conditional variance satisfies

∑
k<e

nk∑
i=1

Eξ∗
[
Zk,i(ξ)

2 | Fk,i−1

]
≤ CvarKe−1(ξ), (29)

for a constant Cvar = O(B0) depending only on the likelihood-ratio bound (recall B0 ≥ 1). This is the standard
Bernstein/Freedman variance control for bounded likelihood ratios.

Freedman’s inequality in its fixed-parameter exponential-supermartingale form (Freedman, 1975), which applies to the
adapted policy sequence and the stopping-time epoch lengths, together with (28) and (29), gives that for any u > 0, with
probability at least 1− e−u, ∑

k<e

nk∑
i=1

Zk,i(ξ) ≤
1

2
Ke−1(ξ) + Cu, (30)

where C = O(B0) depends only on B0 and Cvar. By the definition of Zk in (25), this is equivalent to

Le−1(ξ)− Le−1(ξ
∗) +Ke−1(ξ) ≤

1

2
Ke−1(ξ) + Cu, (31)

or equivalently,

Le−1(ξ)− Le−1(ξ
∗) ≤ −1

2
Ke−1(ξ) + Cu. (32)
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To make the bound uniform over Ξ, we must account for the fact that the scale ϵe = 2−ℓe , ℓe := ⌈log2(|De−1| + 2)⌉, is
data-dependent, so the realized net is not known in advance. The dyadic grid makes the candidate nets a deterministic family.
Since |De−1| ≤

∑
k<e 2

k ≤ 2e, the realized level satisfies ℓe ≤ e+1. For each candidate level ℓ ∈ {1, . . . , e+1}, let N (ℓ)

be a fixed 2−ℓ-net of Ξ in the operator norm from Assumption 3.1, with
|N (ℓ)| ≤ N (2−ℓ; Ξ, ∥ · ∥op). (33)

Apply (32) to every ξ ∈ N (ℓ) and every level ℓ with
uℓ = log |N (ℓ)|+ log

(
4(ℓ+1)(ℓ+2)/δe

)
. (34)

A union bound over the net at each level, then over levels (
∑

ℓ≥1
1

(ℓ+1)(ℓ+2) =
1
2 ), gives (32) simultaneously at every level

with probability at least 1− δe/8; on this event the bound holds in particular at the realized level ℓe. The level overhead is
affordable: 2 log

(
4(ℓe+1)(ℓe+2)

)
≤ 2 log(1/δe) + 7 for every ℓe ≤ e + 1, since (ℓe+1)(ℓe+2) ≤ (e+2)(e+3) ≤ 12e2

for e ≥ 1 and log(1/δe) ≥ log(2e2). Hence Cuℓe ≤ CB βe/2 for a constant CB ≥ 1 depending only on B0, since
βe ≥ c(log |N (ℓe)|+ log(1/δe) +mB0) with mB0 ≥ 1. This yields part (ii) at the realized net.
Part (i) does not require Freedman and carries absolute constants. For a fixed ξ, conditionally on the filtration each
factor Eξ∗ [exp(

1
2 log(Pξ/Pξ∗)(τ)) | F ] equals the Hellinger affinity of the two trajectory laws, which is at most 1;

hence exp( 12 (Le−1(ξ)− Le−1(ξ
∗))) is a supermartingale with initial value 1, and Markov’s inequality gives P[Le−1(ξ)−

Le−1(ξ
∗) ≥ 2u] ≤ e−u. A union bound over N (ℓ) and the levels ℓ ≤ e+ 1, with uℓ as in (34), gives part (i) at the realized

net with probability at least 1− δe/8 and deviation 2uℓe ≤ βe/2, using the level-overhead estimate above together with
c ≥ 16 and the floor mB0 ≥ 1.
The Lipschitz regularity in Assumption 3.1(b) extends both inequalities from the net to all ξ ∈ Ξ. Replacing a model by
its nearest net point changes each of the |De−1| per-trajectory log-likelihoods by at most ϵeLlik, where Llik denotes the
Lipschitz constant of Assumption 3.1(b). Since the realized scale satisfies ϵe ≤ 1/(|De−1|+2), the total discretization error
in Le−1 and Ke−1 is at most Llik, which the normalization in Assumption 3.1(c) bounds by B0, hence by the mB0 floor;
it is absorbed by the same c ≥ 16 slack, keeping c an absolute constant. Uniformly over ξ ∈ Ξ, with probability at least
1− δe/2, both bounds hold:

Le−1(ξ)− Le−1(ξ
∗) ≤ min

( βe

2
, −1

2
Ke−1(ξ) + CB

βe

2

)
. (35)

It remains to verify the stated consequence. If ξ ∈ Ce−1, then by definition of Ce−1 and the optimality of ξ̂e−1,
Le−1(ξ) ≥ Le−1(ξ̂e−1)− βe ≥ Le−1(ξ

∗)− βe.

Combining this with part (ii) of (35) gives

−βe ≤ Le−1(ξ)− Le−1(ξ
∗) ≤ −1

2
Ke−1(ξ) + CB

βe

2
.

Therefore Ke−1(ξ) ≤ (2+CB)βe, and the claimed bound Ke−1(ξ) ≤ Cβe holds with C := 2+CB , a constant depending
only on B0.

D.4. Cumulative Confidence Sets Contain True Parameters
Lemma D.4 (Confidence Set Validity). With probability at least 1− δ, we have ξ∗ ∈ Ce−1 for all epochs e simultaneously.

Proof. Consider epoch e. The confidence set uses threshold βe:

Ce−1 =
{
ξ ∈ Ξ : Le−1(ξ) ≥ Le−1(ξ̂e−1)− βe

}
.

On the event of Lemma D.3, part (i) holds uniformly over ξ ∈ Ξ, and hence also for the data-dependent MLE ξ̂e−1:

Le−1(ξ̂e−1)− Le−1(ξ
∗) ≤ βe

2
.

Thus Le−1(ξ
∗) ≥ Le−1(ξ̂e−1)− βe, so ξ∗ ∈ Ce−1 with probability at least 1− δe/2. Equivalently,

Pξ∗

[
Le−1(ξ̂e−1)− Le−1(ξ

∗) > βe

]
≤ δe

2
.

Setting δe = δ/(2e2) and applying a union bound over all epochs gives

P[ξ∗ ∈ Ce−1 for all epochs e] ≥ 1−
∞∑
e=1

δe
2

= 1− δ

2

∞∑
e=1

1

2e2
≥ 1− δ.
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For the remainder of this proof, we condition on the high-probability event that ξ∗ ∈ Ce−1 for all epochs e.

D.5. Per-Epoch Regret Decomposition

Fix an epoch e where the algorithm executes policy πe for ne ≤ Te = 2e data-collection episodes (after warm-up). Let
ξe = (θe,Φe) be the optimistically selected model. For each episode t in this epoch (after the warm-up phase), the
instantaneous regret can be decomposed as:

V π∗
(R∞(π∗))− V πe(R∞(πe))

= [V π∗
(ξ∗)− V πe(ξe)]︸ ︷︷ ︸

optimism gap

+ [V πe(ξe)− V πe(ξ∗)]︸ ︷︷ ︸
simulation error

, (36)

where we use the key equality V π(ξ∗) = V π(R∞(π)) (the model ξ∗ captures the adversary’s stationary response to any
fixed policy). This equality holds because, by Assumption 3.1(f), after the m− 1 warm-up episodes, every data-collection
episode in epoch e is generated under the stationary response R∞(πe). The value V πe(ξ∗) is defined as the expected
cumulative reward when the learner plays πe and the adversary responds according to Φ∗; after warm-up, this equals
V πe(R∞(πe)) since the adversary is in its stationary regime for all ne data episodes.

Optimism gap: By the optimistic selection procedure, since ξ∗ ∈ Ce−1 (by Lemma D.4) and we maximize over all policies
within the confidence set:

V πe(ξe) ≥ max
π∈Π

V π(ξ∗) ≥ V π∗
(ξ∗) = V π∗

(R∞(π∗)).

Therefore, the optimism gap is non-positive and contributes zero regret.

Warm-up cost: The m− 1 warm-up episodes allow the adversary to stabilize to R∞(πe). Each warm-up episode incurs at
most H regret, contributing (m− 1)H per epoch.

Simulation error: This measures how much the optimistic model ξe overestimates the value of πe compared to the true
model ξ∗. This is the key term we must bound carefully.

Define the operator error for epoch e as

∆e :=

H∑
h=1

Eτh−1∼Pπe
ξ∗

[
∥Jξe,πe

h qξ
∗

h−1 − Jξ∗,πe

h qξ
∗

h−1∥1
]
. (37)

By the simulation lemma (Lemma D.2):
V πe(ξe)− V πe(ξ∗) ≤ H∆e.

The total regret in epoch e is thus:
Re ≤ ne ·H∆e + (m− 1)H,

where (m− 1)H accounts for warm-up.

D.6. Bounding Operator Errors via Eluder Dimension

It remains to control the cumulative prediction errors ∆e of the optimistic models selected across epochs. This is the
main statistical step of the proof, and it rests on three ingredients. First, the confidence-set construction ensures that each
optimistic model ξe remains consistent with the data collected under earlier epoch policies (past consistency). Second, and
this is where the statistical termination test is essential, past consistency alone cannot control the error of ξe at the freshly
selected policy πe. Proposition D.5 shows that without the termination test the algorithm, under a valid tie-breaking of its
planning oracle, provably suffers linear policy regret. The termination test supplies the missing ingredient, a per-epoch cap
on each epoch’s contribution (Lemma D.6). Third, a capped weighted summability argument (Lemma D.11) combines the
two constraints with the aggregate Eluder dimension to give∑

e

ne∆
2
e ≤ Õ(dE β̄T ), β̄T = HβT . (38)

D.7. Why Data-Dependent Termination Is Necessary

The following proposition shows that the statistical termination test cannot be dispensed with. Under the fixed schedule
Te = 2e alone, optimism can commit to a direction the data have never constrained for an entire epoch, and the final epoch
has length Θ(T ).
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Proposition D.5 (Failure of the fixed epoch schedule). For every T ≥ 2 there is a POMG instance and model class
satisfying Assumptions 2.3, 2.4, and 3.1, namely the lower-bound family of Appendix E with a constant adversary (m = 1,
L = 0, κ = 1, H = 2) and d = ⌈log2 T ⌉+ 1 arms, so that dE = Θ(log T ), on which Algorithm 1 without the termination
test (executing every epoch for its full scheduled length Te = 2e, with any maximizer selection that prefers unplayed arms
under exact ties, breaking remaining ties by largest index; the algorithm specification leaves such ties unresolved, so this is
a valid instantiation of the planning oracle) incurs

E[PR(T )] ≥ T/4.

Proof. Take the construction of Appendix E with d arms and a constant adversary, true means µ∗
1 = 3/4 and µ∗

i =
1/2 for i ≥ 2, and model class Θ = [1/8, 7/8]d. All outcome probabilities are bounded away from 0 and 1, giving
Assumption 3.1(c); Assumptions 3.1(a)–(f), 2.3 (with L = 0), and 2.4 (with κ = 1) hold with absolute constants exactly as
verified in Appendix E (the policy class is again the d routing policies). The adversary channel is trivial, so dE = dWagg;
repeated queries are dependent at every scale, so dE ≤ d, and the d single-arm queries are 1/(2T )-independent (each arm’s
mean varies over an interval of length 3/4, so witness values are of constant order, above the evaluation scale 1/(2T ) for
every T ≥ 2), giving dE = Θ(d) = Θ(log T ). The likelihood factorizes over arms, and an arm that has never been played
contributes no likelihood terms; hence for any unplayed arm i, every value µi ∈ [1/8, 7/8] attains the maximum likelihood,
and the optimistic value of the policy “commit to arm i” is 7/8. Any arm’s optimistic value is at most 7/8, and arm 1’s
true value is 3/4 < 7/8. Consequently a maximizer always exists among the unplayed arms, and under the stated tie rule
optimistic planning selects one whenever an unplayed arm exists. Without the termination test the algorithm runs at most
⌈log2 T ⌉ epochs, deploying one arm per epoch; since d > ⌈log2 T ⌉, an unplayed arm exists at every epoch start, and the
largest-index tie rule never reaches arm 1. Every episode is therefore spent on an arm i ≥ 2 and incurs instantaneous policy
regret µ∗

1 − µ∗
i = 1/4, so E[PR(T )] ≥ T/4.

The defect this exposes is not specific to our setting. Holding one function fixed across a block of 2e identically weighted
queries invalidates weighted analogues of the standard Eluder summability bound (the arm class above satisfies the past-
consistency hypothesis with any radius, yet

∑
e Tefe(xe)

2 = Θ(T )). It also explains why data-dependent update triggers
are ubiquitous in low-switching reinforcement learning (Bai et al., 2019; Qiao et al., 2022). Fixed schedules do not mix with
optimistic planning that is updated only infrequently.

D.8. Per-Epoch Cap and Switch Count
Throughout this subsection, condition on the event of Lemma D.3 at every epoch boundary (which contains the event of
Lemma D.4 and, through part (i), bounds the MLE-to-truth gap by βe/2), strengthened as follows. For an episode boundary
t of epoch e, let Ne,t := |De−1|+ t denote the current dataset size and define the running radius

βe(t) := c
(
logN

(
2−⌈log2(Ne,t+2)⌉; Ξ

)
+ log

(
2t(t+1)/δe

)
+mB0

)
,

which is nondecreasing in t and satisfies βe(t) ≥ βe (the dyadic scale is finer and the per-boundary budget smaller) as well
as βe(t) ≤ βT for every reachable t, by the definition of βT in Appendix D.2. Within epoch e, condition on the epoch-start
σ-field. The dataset De−1 is then fixed, so the dyadic covering net at scale 2−⌈log2(Ne,t+2)⌉ is deterministic for every t, and
the epoch’s data-collection episodes are the only remaining randomness. For each ξ in the boundary-t net, the conditional
Hellinger-affinity supermartingale over the epoch’s episodes (as in part (i) of Lemma D.3) bounds the epoch-local gap
Gt(ξ) := Lt(ξ)−Lt(ξ

∗)−
(
Le−1(ξ)−Le−1(ξ

∗)
)

by 2ut with conditional failure probability e−ut ; a union bound over the
net with budget δe/(2t(t+1)) at boundary t, integrated over the conditioning, sums to at most δe/2 per epoch. Combining
with the uniform epoch-boundary bound Le−1(ξ)− Le−1(ξ

∗) ≤ βe/2 of Lemma D.3(i) and the net-extension step, on the
resulting event, for every epoch e and every episode t within it, Lt(ξ̂t)− Lt(ξ

∗) ≤ βe/2 + 2ut + 2B0 ≤ βe/2 + βe(t)/8,
the last inequality because 2ut + 2B0 ≤ 2

(
log |Nt|+ log(2t(t+1)/δe) +mB0

)
≤ (2/c)βe(t) ≤ βe(t)/8 for c ≥ 16 (the

net size is counted by the covering term of βe(t), and B0 ≤ mB0). The termination test of Algorithm 1 uses the threshold
τe(t) := 2βe(t) + C0B0 log(2t(t+1)/δe), where C0 is the absolute constant from (39) below; we fix c ≥ 16 throughout
(as in the proof of Lemma D.3). Write KLe := KL(Pπe

ξ∗ ∥Pπe

ξe
) and se :=

∑H
h=1 Eπe,ξ∗

[
∥Jξe,πe

h qξ
∗

h−1 − Jξ∗,πe

h qξ
∗

h−1∥21
]

(this is exactly the stepwise error E2
e of Definition D.10), so that KLe ≥ cKLse by the first clause of Assumption 3.1(e), and

∆2
e ≤ Hse by Cauchy–Schwarz over h.

Lemma D.6 (Per-epoch error cap). With probability at least 1 − δe over epoch e’s data, the number of data-collection
episodes ne of epoch e, when ne ≥ 1, satisfies

ne KLe ≤ C
(
βe(ne) +B0 log

(
2ne(ne+1)/δe

))
=: β̃e = O(B0 βT ),

29



Minimax-Optimal Policy Regret in Partially Observable Markov Games

for an absolute constant C, however the epoch ends (by the test, the cap, or the horizon). The last estimate uses ne ≤ T ,
βe(ne) ≤ βT , and log T ≤ βT /c (both by the definition of βT ), so that the additive logarithm is absorbed at the cost of a
factor depending on B0. Consequently nese ≤ β̃e/cKL and ne∆

2
e ≤ Hβ̃e/cKL.

Proof. The pair (πe, ξe) is fixed at the start of the epoch (measurable with respect to the pre-epoch σ-field), and after
warm-up the data-collection episodes are i.i.d. with law Pπe

ξ∗ (Assumption 3.1(f)). Let Zs := log
(
Pξe/Pξ∗

)
(τs) + KLe

over the epoch’s data-collection episodes s; as in Lemma D.3, (Zs) is a martingale difference sequence with |Zs| ≤ 2B0

and conditional variance at most O(B0)KLe (the variance bound (29), using B0 ≥ 1). Freedman’s inequality with a
union bound over the episodes s of the epoch (budget δe/(2s(s+1)) at episode s, summing to δe/2) gives, with probability
≥ 1− δe/2, simultaneously for all s,

Gs :=
∑
s′≤s

log
Pξe(τs′)

Pξ∗(τs′)
≤ −1

2 sKLe + C0B0 log
(
2s(s+1)/δe

)
, (39)

where C0 is the absolute constant used in the termination threshold τe(t) (taken large enough to cover both tails). Let
gpre := Lpre(ξe) − Lpre(ξ

∗) denote the pre-epoch cumulative gap. At selection, ξe ∈ Ce−1 and Lpre(ξ̂) ≥ Lpre(ξ
∗)

give gpre ≥ −βe; in the other direction, Lpre(ξe) ≤ Lpre(ξ̂) and Lemma D.3(i) at the epoch boundary give gpre ≤
βe/2 ≤ βe(n)/2 for every n ≥ 1. Consider the last episode n at which the termination test had not yet fired (n = ne

if the test never fired, whether the epoch exhausted its cap or was truncated by the horizon; n = ne − 1 ≥ ne/2 if
the test fired with ne ≥ 2; for ne = 1 the claim is trivial since KLe ≤ 2B0 ≤ βe, using c ≥ 16). Not having fired
means Ln(ξe) ≥ Ln(ξ̂n) − τe(n) ≥ Ln(ξ

∗) − τe(n), i.e. gpre + Gn ≥ −τe(n), whence Gn ≥ −τe(n) − βe(n)/2.
Combining with (39): 1

2nKLe ≤ τe(n) +
1
2βe(n) + C0B0 log(2n(n+1)/δe) ≤ 5

2βe(n) + 2C0B0 log(2n(n+1)/δe),
and neKLe ≤ 2nKLe + 2B0 yields the claim after adjusting the absolute constant. The consequences follow from
Assumption 3.1(e) and ∆2

e ≤ Hse.

Lemma D.7 (Switch count). Let ST denote the number of epochs started by time T , and let Nterm be the number ended by
the termination test. On the same event, augmented by the lower-tail analogue of (39) (same per-episode union budget,
remaining δe/2),

ST ≤ log2(2T ) +Nterm + 1,

and

Nterm ≤ 32

3c (1 +mB0)

∑
e

ne KLe ≤ 32B0

3c (1 +mB0)

√
T
∑

e ne∆
2
e = Õ

(
B0

1 +mB0

√
dE β̄T T

)
.

Consequently the total warm-up cost satisfies, with no condition relating m, B0, and T , (m−1)H Nterm ≤ Õ
(
H
√
dE β̄TT

)
and (m− 1)H ST ≤ Õ

(
mH log T +H

√
dE β̄TT

)
.

Proof. Scheduled completions number at most log2(2T ) (Appendix D.2), and at most one epoch is truncated by the
horizon. Consider an epoch e ended by the termination test at episode n = ne. At the firing time, Ln(ξe) < Ln(ξ̂n) −
τe(n) ≤ Ln(ξ

∗) + βe/2 + βe(n)/8 − τe(n) ≤ Ln(ξ
∗) + 5

8βe(n) − τe(n) on the strengthened confidence event, using
βe ≤ βe(n). Subtracting the pre-epoch gap, which satisfies gpre ≥ −βe ≥ −βe(n), the epoch-local gap obeys Gn <
−τe(n) +

13
8 βe(n). The lower-tail Freedman bound for the same martingale (same union budget) gives Gn ≥ −2nKLe −

C0B0 log(2n(n+1)/δe) for all n simultaneously with probability ≥ 1− δe/2; therefore

2neKLe ≥ τe(n)− 13
8 βe(n)− C0B0 log(2n(n+1)/δe) = 3

8βe(n),

by the definition of τe, so neKLe ≥ 3
16βe(n). Since log(1/δe) ≥ log 2 ≥ 1

2 and βe(n) carries the mB0 floor, βe(n) ≥
(c/2)(1 +mB0), so each terminated epoch contributes neKLe ≥ 3c

32 (1 +mB0); summing over terminated epochs gives
the first inequality. For the second, bounded log-ratios give KLe ≤ 2B0 TV(Pπe

ξ∗ , P
πe

ξe
) ≤ B0 ∆e (total variation of the

trajectory laws is at most half the sum of one-step prediction errors, by the telescoping in the proof of Lemma D.2), so
by Cauchy–Schwarz

∑
e neKLe ≤ B0

√∑
e ne

√∑
e ne∆2

e ≤ B0

√
T
∑

e ne∆2
e, using

∑
e ne ≤ T . The final estimate

substitutes
∑

e ne∆
2
e = Õ(dE β̄T ) from Lemma D.12, whose proof does not use this lemma. The warm-up consequences

follow by multiplying by (m− 1)H and using (m− 1)B0/(1 +mB0) ≤ 1.

D.9. The Role of the Posterior-Lipschitz Transport Term

Remark D.8 (Role of the transport term). Because the adversary aggregation operator GΦ,π
h depends on the deployed

policy, one might expect the analysis to pay a cost for transporting adversary-aggregation errors from historical policies to
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the current one. Under Assumption 3.1(e), which imposes the KL-to-operator conversion on the joint operators, no such
cost arises. Past consistency is established directly at the data-collection policies, and the query shift to πe is handled by
the capped summability argument, so the radius β̄T = HβT carries no transport term. The transport viewpoint remains
instructive for two reasons. First, it quantifies what changes if Assumption 3.1(e) is weakened to a world-channel-only
conversion, in which case adversary-aggregation errors must be compared across deployed policies and each comparison
costs O(H2) at the aggregate squared-error scale (Lemma D.9 below). Second, it is the lens through which the flat-batching
analysis of Sang & Nguyen-Tang (2025) is best understood (Appendix J). With K = Θ(

√
dET ) deployed policies, the

accumulated transport term grows polynomially in T and obstructs a direct Õ(
√
T ) guarantee by that route.

Lemma D.9 (Posterior-Lipschitz transport). Suppose Assumption 2.3 holds. Fix two learner policies π, ν, an adversary
model Φ, and a step h.

Let qmid
h ∈ V denote any nonnegative intermediate predictive vector of the B-indexed form produced by the world-channel

update W θ
h , before the adversary action is aggregated by GΦ,π

h . Then∥∥∥(GΦ,π
h −GΦ∗,π

h

)
qmid
h −

(
GΦ,ν

h −GΦ∗,ν
h

)
qmid
h

∥∥∥
1
≤ Ctr ∥qmid

h ∥1,

where Ctr depends on the posterior-Lipschitz constant L but not on T . Consequently, at the aggregate squared-error scale,(
H∑

h=1

∥∥∥(GΦ,π
h −GΦ∗,π

h

)
qmid
h −

(
GΦ,ν

h −GΦ∗,ν
h

)
qmid
h

∥∥∥
1

)2

≤ C2
tr H

H∑
h=1

∥qmid
h ∥21.

Proof. The aggregation operator GΦ,π
h differs across policies only through the adversary response probabilities gΦh (· | ηB , π).

For any intermediate vector qmid
h , linearity of GΦ,π

h and the definition of the ℓ1 operator norm give∥∥∥(GΦ,π
h −GΦ,ν

h

)
qmid
h

∥∥∥
1
≤ sup

ηB

∥∥gΦh (· | ηB , π)− gΦh (· | ηB , ν)
∥∥
1
· ∥qmid

h ∥1.

By Assumption 2.3, uniformly over θ ∈ Θ,∥∥gΦh (· | ηB , π)− gΦh (· | ηB , ν)
∥∥
1
≤ L

∥∥∥Sref,θ
ηB ,h

(π)− Sref,θ
ηB ,h

(ν)
∥∥∥
1
.

The two posterior-predictive learner action distributions are probability distributions, so their ℓ1 distance is at most 2. Hence∥∥∥(GΦ,π
h −GΦ,ν

h

)
qmid
h

∥∥∥
1
≤ 2L∥qmid

h ∥1.

The same bound holds with Φ∗ in place of Φ. Applying the triangle inequality,∥∥∥(GΦ,π
h −GΦ∗,π

h

)
qmid
h −

(
GΦ,ν

h −GΦ∗,ν
h

)
qmid
h

∥∥∥
1

≤
∥∥∥(GΦ,π

h −GΦ,ν
h

)
qmid
h

∥∥∥
1
+
∥∥∥(GΦ∗,π

h −GΦ∗,ν
h

)
qmid
h

∥∥∥
1
≤ 4L∥qmid

h ∥1.

Absorbing constants into Ctr proves the first claim. The aggregate squared bound follows from Cauchy–Schwarz:(
H∑

h=1

ah

)2

≤ H

H∑
h=1

a2h,

with
ah =

∥∥∥(GΦ,π
h −GΦ∗,π

h

)
qmid
h −

(
GΦ,ν

h −GΦ∗,ν
h

)
qmid
h

∥∥∥
1
.

Applied with π = πe and ν = πk, and using ∥qmid
h ∥1 ≤ |B| along trajectories of the true model (the B-indexed components

carry the unit predictive mass once per hypothetical adversary action), each historical policy contributes at most

C2
trH

H∑
h=1

E∥qmid
h ∥21 = O(H2) (40)

at the aggregate squared-error scale (the constant absorbs C2
tr|B|2). After S deployed policies the accumulated transport

term is therefore
ΓS = O(SH2), (41)

which is O(H2 log T ) for S = O(log T ) scheduled epochs, but Õ(H2
√
dET ) under a flat

√
dET -batch schedule; this is

the quantitative content of the comparison in Appendix J.2. We emphasize that none of this enters the proof of Theorem 3.3.
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D.10. Eluder Dimension Bound
We first state the weighted Eluder summability result, then derive the main bound. The key issue is that ∆e is an aggregate
over H steps and a trajectory distribution, not a single scalar function value. We handle this by working with the stepwise
squared error E2

e as the primary object for the Eluder argument, then converting back to ∆e via Jensen’s inequality.
Definition D.10 (Stepwise and channel prediction errors). For epoch e, define the stepwise squared prediction error

E2
e :=

H∑
h=1

Eτ∼Pπe
ξ∗

[
∥Jξe,πe

h qξ
∗

h−1 − Jξ∗,πe

h qξ
∗

h−1∥
2
1

]
,

and recall the aggregate prediction error ∆e of (37). By Jensen’s inequality (or Cauchy–Schwarz over h), ∆2
e ≤ H E2

e .
Define also the channel errors

∆W
e :=

H∑
h=1

Eτ∼Pπe
ξ∗

[
∥(W θe

h −W θ∗

h )qξ
∗

h−1∥1,V
]
, ∆G

e :=

H∑
h=1

Eτ∼Pπe
ξ∗

[
∥(GΦe,πe

h −GΦ∗,πe

h )W θ∗

h qξ
∗

h−1∥1
]
,

which are the values FW
θe

(πe) and FG
Φe

(πe) of the channel classes of Section 2.5; by the channel-triangle inequalities (4),
∆e ≤ ∆W

e +∆G
e and ∆G

e ≤ ∆e +∆W
e .

Lemma D.11 (Capped Weighted Eluder Summability). Let F be a class of functions taking values in [0, b], and sup-
pose epochs e = 1, . . . , E produce triples (fe ∈ F , xe, ne ∈ N) with

∑
e ne ≤ 2T such that (i) past consistency:∑

k<e nk fe(xk)
2 ≤ R for every e; and (ii) per-epoch cap: ne fe(xe)

2 ≤ β̃ for every e. Then, with α :=
√
β̃/(2T ),

E∑
e=1

ne fe(xe)
2 ≤ 40 dimE(F , α/2) (R+ β̃)

⌈
log2

2b
α

⌉ ⌈
log2 4T

⌉
+ 2β̃.

Without hypothesis (ii), no bound of this form is possible, since a function that vanishes on all past queries but is large at its
own query satisfies (i) with any R ≥ 0, yet contributes up to neb

2 (cf. Proposition D.5).

Proof. Epochs with fe(xe)
2 ≤ β̃/(2T ) contribute at most

∑
e ne β̃/(2T ) ≤ β̃ in total; set them aside. Bucket the

remaining epochs by the dyadic scales of value and weight. Bucket (j, ℓ) contains the epochs with fe(xe) ∈ (εj+1, εj ],
where εj := b2−j and j ranges over at most ⌈log2(b/α)⌉ values before reaching the floor scale α, and ne ∈ [2ℓ, 2ℓ+1) with
ℓ ≤ log2 2T . Fix a bucket, list its epochs in time order, and write N for the bucket size.
Claim: N ≤ d

(
R/(2ℓε2j+1) + 2

)
, where d := dimE(F , εj+1) and εj+1 ≥ α/2 for every bucket in range. Process the

bucket’s queries in order, maintaining a collection of disjoint subsequences, as follows. Append the arriving query to
some maintained subsequence on whose current content it is εj+1-independent if one exists, and otherwise start a new
subsequence. Every query is placed, and by the definition of the Eluder dimension no subsequence receives more than d
elements, so at the end there are M ≥ ⌈N/d⌉ subsequences. Consider the query xe that opened the M -th subsequence. At
its arrival it was εj+1-dependent on each of the M − 1 previously opened, disjoint, nonempty subsequences. Let f := fe
be that epoch’s function. Since f(xe) > εj+1, dependence on each such set S forces

∑
z∈S f(z)2 > ε2j+1, and since

every bucket predecessor carries weight at least 2ℓ,
∑

k∈S nkf(xk)
2 > 2ℓε2j+1. Summing over the M − 1 disjoint sets and

invoking hypothesis (i) gives R ≥ (M − 1) 2ℓε2j+1 ≥ (N/d− 1) 2ℓε2j+1, which rearranges to the claim.

Bucket damage. Each bucket epoch has nefe(xe)
2 ≤ min

(
2ℓ+1ε2j , β̃

)
= min

(
8 · 2ℓε2j+1, β̃

)
, so the bucket’s total damage

is at most
N ·min

(
8 · 2ℓε2j+1, β̃

)
≤ d

( R

2ℓε2j+1

+ 2
)
· 8 · 2ℓε2j+1 ≤ d

(
8R+ 16β̃

)
,

using 2ℓε2j+1 ≤ nefe(xe)
2 ≤ β̃ for any bucket member in the last step. The value scales run from b down to at least α/2

and the weight scales cover 1 ≤ ne ≤ 2T , so there are at most ⌈log2(2b/α)⌉ · ⌈log2 4T ⌉ buckets; summing the per-bucket
damage and adding the floor contribution proves the lemma (constants consolidated).

Lemma D.12 (Eluder Bound Across All Epochs). Suppose Assumptions 2.3, 2.4, and 3.1 hold, and condition on the
high-probability events of Lemma D.4 (strengthened as in Appendix D.8) and Lemma D.6 for all epochs. With the channel
classes of Section 2, dE = dWagg + dGagg evaluated at scale 1/(2T ):∑

e

ne ∆
2
e ≤ Õ(dE HβT /cKL) = Õ

(
dE β̄T

)
. (42)

Here and below, Õ(·) additionally absorbs constants depending on B0 and cKL, as reflected in the constant-dependence
statement of Theorem 3.3.
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Proof. We establish past consistency and per-epoch caps for each channel, apply the capped summability lemma channel by
channel, and combine.

Past consistency, per channel. Since ξe ∈ Ce−1, Lemma D.3 gives∑
k<e

nk KL
(
Pπk

ξ∗ ∥Pπk

ξe

)
≤ Cβe ≤ CβT .

(The concentration argument is unaffected by the data-dependent epoch lengths, because the martingale runs over episodes
in temporal order, with each episode’s policy adapted to the filtration.) By the two clauses of Assumption 3.1(e) and
Cauchy–Schwarz over h (as in Definition D.10), writing Fξe , FW

θe
, FG

Φe
for the composed and channel aggregate errors of

the optimistic model at past policies,∑
k<e

nk Fξe(πk)
2 ≤ CHβT

cKL
=: R,

∑
k<e

nk F
W
θe (πk)

2 ≤ R,

and, by the channel-triangle transfer (4) together with (a+ b)2 ≤ 2a2 + 2b2,∑
k<e

nk F
G
Φe

(πk)
2 ≤ 2

∑
k<e

nkFξe(πk)
2 + 2

∑
k<e

nkF
W
θe (πk)

2 ≤ 4R.

Per-epoch cap, per channel. Lemma D.6 covers every data-collection episode of every epoch, terminated or complete;
via the two clauses of Assumption 3.1(e) and Cauchy–Schwarz over h,

ne∆
2
e ≤ Hβ̃e/cKL ≤ Õ(HβT /cKL) =: β̃, ne(∆

W
e )2 ≤ β̃, ne(∆

G
e )

2 ≤ 4β̃,

the last by the triangle transfer, and the middle estimates using β̃e = O(B0βT ) with the B0-dependent factor absorbed.

Summability, per channel. The functions FW
θe

belong to FW,ξ∗

agg and the FG
Φe

to FG,ξ∗

agg . The world-channel class takes
values in [0, 2|B|H], since each b-component of W θ

hq carries mass at most one, so ∥W θ
hq∥1,V ≤ |B| and each h-summand is

at most 2|B|. The adversary-channel class takes values in [0, 2H], since GΦ,π
h ◦W θ∗

h = J
(θ∗,Φ),π
h is an observable operator

of the model (θ∗,Φ) ∈ Ξ, whose image of a normalized state has mass at most one. The ranges enter Lemma D.11 only
through ⌈log2(2b/α)⌉, so the extra log |B| is absorbed into Õ. Apply Lemma D.11 to the world channel with (R, β̃) and to

the adversary channel with (4R, 4β̃); the lemma’s floor scale for the adversary application is 2α with α =
√
β̃/(2T ), and

in both applications the dimension is evaluated at a scale at least α/2 ≥ 1/(2T ). Noting that β̃ ≥ cH/cKL ≥ 2/T (taking
cKL ≤ 1 without loss of generality, since Assumption 3.1(e) only weakens as cKL decreases) gives α/2 ≥ 1/(2T ), so that
by scale monotonicity dimE(FW

agg, α/2) ≤ dWagg and dimE(FG
agg, α/2) ≤ dGagg, we obtain∑

e

ne (∆
W
e )2 ≤ Õ

(
dWagg (R+ β̃)

)
,

∑
e

ne (∆
G
e )

2 ≤ Õ
(
dGagg (R+ β̃)

)
.

Combining. By ∆e ≤ ∆W
e +∆G

e and (a+ b)2 ≤ 2a2 + 2b2,∑
e

ne ∆
2
e ≤ 2

∑
e

ne(∆
W
e )2 + 2

∑
e

ne(∆
G
e )

2 ≤ Õ
(
(dWagg + dGagg)HβT /cKL

)
,

which is (42).

D.11. Applying Cauchy–Schwarz and Summing Over Epochs

Using the channel-sum Eluder dimension dE = dWagg+dGagg, Lemma D.12 gives (absorbing constant and problem-dependent
factors into C1, and a logH into the log2 T factor, using H ≤ poly(T )):∑

e

ne ∆
2
e ≤ C1 dE β̄T log2 T.

Applying Cauchy–Schwarz with
∑

e ne ≤ T :

∑
e

ne ·∆e ≤

√√√√(∑
e

ne

)
·

(∑
e

ne ·∆2
e

)
≤ O

(√
C1 dE T β̄T log T

)
.
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The warm-up cost across all epochs is (m− 1)H ST , with the number of deployed policies ST bounded in Lemma D.7.
Combining with the factor H from Re ≤ neH∆e + (m− 1)H:

PR(T ) ≤ H
∑
e

ne ∆e + (m− 1)H ST

≤ C

(
H

√
dE β̄T T log T +mH ST

)
,

which is the bound of Theorem 3.3. Lemma D.7 gives, unconditionally,

mH ST ≤ O(mH log T ) + Õ

(
mB0

1 +mB0
H

√
dE β̄TT

)
≤ O(mH log T ) + Õ

(
H

√
β̄T dE T

)
,

so the warm-up term is dominated by the leading term plus mH log T , with no condition relating m, B0, and T ; this
is precisely what the mB0 floor in βe ensures. The total failure probability is at most 2δ: δ for the confidence events
(Lemma D.4, strengthened as in Appendix D.8) and δ for the per-epoch events of Lemmas D.6 and D.7 (

∑
e δe ≤ δ).

Remark D.13 (Sharper bound under aggregate KL conversion). If Assumption 3.1(e) is strengthened to the aggregate form

KL(Pπ
ξ∗∥Pπ

ξ ) ≥ cagg

(
H∑

h=1

E[∥Jξ,π
h qξ

∗

h−1 − Jξ∗,π
h qξ

∗

h−1∥1]

)2

,

then the past-consistency step yields
∑

k<e nkFξe(πk)
2 ≤ CβT /cagg directly (no Cauchy–Schwarz factor H), and the per-

epoch cap of Lemma D.6 similarly loses its H factor; strengthening the world-channel clause in the same way transfers the
improvement to both channels. The final theorem then holds with the sharper β̄T = βT in place of HβT . This aggregate KL
condition holds for tabular/finite classes with cagg absorbing an H-dependent constant from the weak-revealing argument.
Remark D.14 (Stepwise alternative). One can instead run the summability argument on per-step channel classes, whose
queries are (π, h, τh−1, o

A
h , ah), converting back through ∆2

e ≤ H E2
e (Definition D.10); this costs an extra

√
H in the

final regret bound. We do not pursue it. For the parametric classes of Proposition 2.6, the per-step and aggregate channel
dimensions admit the same span-dimension upper bounds (Lemma C.1 and the proof of Proposition 2.6 in Appendix C), so
the aggregate route is never worse.
Remark D.15 (Time accounting). Algorithm 1 executes m− 1 warm-up episodes per epoch in addition to the data-collection
episodes. If T denotes the number of data-collection episodes actually counted in the regret, then the total number of
calendar episodes is T +O(mST ). The regret bound PR(T ) is stated in terms of the T data-collection episodes; warm-up
episodes contribute the additional O(mH ST ) term already included above (which the mB0 floor reduces to O(mH log T )
plus a dominated term). If one wishes to count T as the total calendar budget, one should reduce each epoch’s data-collection
length by the warm-up length accordingly; this changes constants but not the asymptotic rate.

E. Proof of Theorem 4.1 (Lower Bound)
We prove that any algorithm must incur Ω(

√
dT ) policy regret by embedding the standard d-armed stochastic bandit lower

bound into a two-step POMG (H = 2) that fits within the POMG protocol.

Proof of Theorem 4.1.

Construction. Fix d ≤ T and ∆ = c0
√

d/T . The POMG has:
• Latent states S = {s1, . . . , sd}; initial state s1 (the identity of the initial state is irrelevant since step 1 is only a routing

step).
• Learner actions A = {a1, . . . , ad}; single adversary action B = {bcoop} (adversary is trivially memoryless, m = 1,
L = 0).

• Horizon H = 2.
• Step h = 1: All states emit the same observation o0. The learner chooses ai; the state transitions deterministically to
si. Reward r1 = 0.

• Step h = 2: In state si, the learner observes o = (i, y), where y ∼ Bernoulli(µi). The reward is r2(i, y) = y.
Although all states share the same step-1 observation, the initial state is fixed and known to be s1, so there is no hidden-state
ambiguity at step h = 1. The first coordinate i of the step-2 observation o = (i, y) reveals the latent state at step h = 2;
together, this makes the construction fully revealing with κ = 1 and a constant signal parameter independent of ∆. The
reward is the second coordinate y, so the learner both observes the routed state and receives the corresponding Bernoulli
reward sample.
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Policy regret equals bandit regret. With H = 2, m = 1, and a fixed adversary, the expected policy regret of any learner
algorithm against the best fixed policy π∗ = ai∗ satisfies:

E[PR(T )] =

T∑
t=1

(
1
2 +∆− E[r(t)2 ]

)
= ∆ · E

[
T∑

t=1

1{At ̸= i∗}

]
, (43)

which is exactly the expected cumulative regret of the learner against arm i∗ in a d-armed Bernoulli bandit with gap ∆.

Policy class, ambient model class, and Eluder dimension. The learner’s policy class for this instance is Π =
{a1, . . . , ad}, the deterministic routing policies; the learner may still randomize its choice across episodes, and the
bandit lower bound below applies to arbitrary algorithms. Define the ambient model class as M = {µ ∈ [1/2, 1/2 +∆]d},
parameterizing the step-2 emission means. The adversary channel is trivial (a single constant response), so dGagg = 0

and dE = dWagg. Since Π has d elements, any repeated query is dependent on its predecessors at every scale, giving
dE ≤ d. Conversely, for dT ≥ Clb, with Clb an absolute constant determined by c0, the d single-arm queries form a
1/(2T )-independent sequence. The witness for query aj sets µj = 1/2 + ∆ and matches the reference elsewhere, so its
aggregate error at aj is exactly ∆ (the step-1 operators coincide across the class, and the step-2 emission difference carries
ℓ1 mass |µj − 1

2 | = ∆ at the realized observation), while its error at every other query is zero; and ∆ = c0
√

d/T > 1/(2T )
exactly when dT > 1/(4c20). Hence dE = Θ(d) for dT ≥ Clb := ⌊1/(4c20)⌋+ 1. The hard-instance prior uses the subclass
where exactly one µi∗ = 1/2+∆ and the rest equal 1/2; this subclass is contained in the ambient class M, and the ambient
class is the model class for which dE = Θ(d).

Minimax lower bound. By the standard d-armed stochastic bandit minimax lower bound (Lattimore & Szepesvári, 2020,
§15), in its Bernoulli form (the change-of-measure step uses KL(Ber(1/2) ∥Ber(1/2 + ∆)) ≤ 4∆2 for ∆ ≤ 1/4, and
requires d ≥ 2), for ∆ = c0

√
d/T with c0 > 0 sufficiently small, every algorithm satisfies

max
i∗∈[d]

Ei∗

[
∆

T∑
t=1

1{At ̸= i∗}

]
≥ c

√
dT , (44)

for a universal constant c > 0. Since the policy regret of the constructed POMG equals the bandit regret in (43), the same
lower bound holds for policy regret.

Assumption verification.

• Posterior-Lipschitz (Assumption 2.3): The adversary is constant (|B| = 1), so L = 0.
• Weak revealing (Assumption 2.4): κ = 1; at step h = 1 the next observation o = (i, y) has first coordinate i equal

to the routed state index, so world-channel differences are detected with a constant signal parameter (independent of
∆); at the final step the condition is not imposed, per the window convention of Assumption 2.4, and the operative
conversion is Assumption 3.1(e), verified directly in the next item. The ∆-dependence belongs to the reward/emission
mean estimation problem, not to state revelation.

• Statistical regularity (Assumption 3.1): Bernoulli likelihoods are bounded, the model class M is compact and has
finite covering number, predictive states are finite-dimensional probability vectors with unit ℓ1-norm, and both clauses
of the KL-to-operator conversion hold exactly, via KL(Ber(p)∥Ber(q)) ≥ 2(p− q)2 (the adversary channel is trivial).

Since maxi∗ E[PR(T )] ≥ c
√
dT and dE = Θ(d), we have supinstance∈M E[PR(T )] ≥ c′

√
dET for a universal constant

c′ > 0, completing the proof.

F. Proof of Theorem 5.1 (Adaptive Horizon)
The epoch-based structure of Algorithm 1 naturally provides adaptation to unknown time horizons. The key insight is
that each epoch is self-contained. Epoch e determines its behavior from its cap Te = 2e, the data collected so far, and the
termination test, while building its confidence set from all historical data. The algorithm never needs to know the total
horizon T in advance.

Proof of Theorem 5.1. The algorithm operates through epochs e = 1, 2, . . ., where epoch e has length at most Te = 2e (the
termination test may end it earlier). The important point is that the algorithm does not need to know T in advance. All
choices made in epoch e depend only on the epoch index e and on the data collected up to the current episode.
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At the start of epoch e, the algorithm performs the following steps. First, it computes the MLE ξ̂e−1 from the cumulative
dataset De−1 containing all trajectories from epochs 1, . . . , e− 1. Second, it forms the confidence set

Ce−1 =
{
ξ : Le−1(ξ) ≥ Le−1(ξ̂e−1)− βe

}
,

where

δe =
δ

2e2
, ϵe = 2−⌈log2(|De−1|+2)⌉, βe = c (logN (ϵe; Ξ) + log(1/δe) +mB0) .

Thus βe depends only on the current epoch index and the data collected so far, and not on the eventual stopping time. Third,
the algorithm selects an optimistic pair

(πe, ξe) ∈ argmax
(π,ξ)∈Π×Ce−1

V π(ξ).

It then executes πe for at most Te = 2e data-collection episodes, subject to the statistical termination test, after the m− 1
warm-up episodes needed for the m-memory adversary to stabilize, and adds the resulting trajectories to the cumulative
dataset.

The confidence analysis is also horizon-free. By construction,
∑∞

e=1 δe ≤ δ. Therefore, applying the likelihood concentration
and confidence-set validity arguments of Lemma D.4 with failure probability δe in epoch e, and union bounding over all
e ≥ 1, gives a single high-probability event of probability at least 1 − δ on which all epoch confidence sets are valid
simultaneously. This event is defined without knowing how many epochs will eventually be run.

Now fix any final horizon T . Each epoch e runs for ne data-collection episodes (ended by its cap, the termination test, or the
horizon), and ∑

e

ne ≤ T,

with at most log2(2T ) scheduled completions and Nterm terminations bounded as in Lemma D.7.

Define, as in Appendix D.2,

βT := c
(
logN (ϵT ; Ξ) + 5 log(2T ) + log(1/δ) +mB0

)
= O

(
logN (ϵT ; Ξ) + log T + log(1/δ) +mB0

)
,

ϵT := 1/(2T + 4), β̄T := HβT ,

so that βe ≤ βT and βe(t) ≤ βT for every epoch and episode boundary reached by time T . On the simultaneous confidence
event, the proof of Theorem 3.3 applies verbatim to this prefix of epochs, with the final epoch truncated at the horizon.

In particular, if ∆e denotes the aggregate observable-operator prediction error in epoch e, the simulation lemma gives the
epoch regret bound

Re ≤ neH∆e + (m− 1)H.

The capped summability argument gives ∑
e

ne∆
2
e ≤ Õ(dE β̄T ).

Since
∑

e ne ≤ T , Cauchy–Schwarz yields

∑
e

ne∆e ≤

√√√√(∑
e

ne

)(∑
e

ne∆2
e

)
≤ Õ

(√
dET β̄T

)
.

Combining the data-collection regret with the (m − 1)H ST warm-up cost (Lemma D.7; all quantities involved are
prefix-stable), we obtain

PR(T ) ≤ Õ

(
H

√
β̄T dET +mH ST

)
. (45)

This bound holds for every final horizon T simultaneously on the same high-probability event. The algorithm’s adaptation
comes from three features: geometric epochs, epoch-wise confidence parameters defined without reference to the final
horizon, and a union bound over all possible future epochs. The per-epoch cap and switch-count arguments (Lemmas D.6
and D.7) are likewise prefix-stable, since they treat each epoch separately; their per-epoch failure probabilities consume a
second budget

∑
e≥1 δe ≤ δ, also defined without reference to a final horizon, so all statements hold simultaneously for

every T with probability at least 1− 2δ. Finally, using the warm-up consequence of Lemma D.7 we bound (m− 1)H ST ≤
Õ
(
mH log T +H

√
dE β̄TT

)
; substituting this into (45) gives the form stated in Theorem 5.1.
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G. Proof of Theorem 5.2 (Fading Memory Adversaries)
When the adversary has fading memory, meaning its response depends on an exponentially weighted average of past policies
rather than a fixed window, we can still apply our epoch-based algorithm with one straightforward modification: extend the
warm-up phase at the beginning of each epoch to allow sufficient time for the adversary’s internal state to stabilize. The
proof shows that (1) we can truncate the adversary’s infinite memory to a finite window with negligible error, and (2) the
warm-up cost of stabilizing this truncated adversary remains modest because scheduled epochs are logarithmic in number
and every statistical termination is priced by evidence against the deployed model (Lemma D.7).

Proof of Theorem 5.2. Consider an adversary whose internal state evolves according to the normalized recursion

zt = γzt−1 + (1− γ)ϕ(πt), (46)

where γ ∈ (0, 1), ∥ϕ(π)∥2 ≤ 1 for all π, and gt = g(zt) for an Lg-Lipschitz map g. Whenever ∥z0∥2 ≤ 1, we have
∥zt∥2 ≤ 1 for all t (the normalized recursion preserves the unit ball). Unrolling gives:

zt = (1− γ)

t−1∑
i=0

γiϕ(πt−i) + γtz0.

Truncation analysis. For truncation length mtrunc ≥ 1, define

z̃
(mtrunc)
t := (1− γ)

mtrunc−1∑
i=0

γiϕ(πt−i).

The approximation error is:

∥zt − z̃
(mtrunc)
t ∥2 ≤ (1− γ)

∞∑
i=mtrunc

γi + γt∥z0∥2 ≤ γmtrunc + γt.

For t ≥ mtrunc, we have γt ≤ γmtrunc , hence ∥zt − z̃
(mtrunc)
t ∥2 ≤ 2γmtrunc . Since the warm-up step runs mwarmup −

1 episodes, every data-collection episode is at least the mwarmup-th consecutive episode of the deployed policy with
mwarmup = mtrunc, so this is the only regime used in the regret analysis.
Choosing

mtrunc = mwarmup =

⌈
log(2T )

1− γ

⌉
(47)

ensures γmtrunc ≤ 1/(2T ), giving ∥zt − z̃t∥2 ≤ 1/T for all data-collection steps. Since g is Lg-Lipschitz, the per-step
response error is O(Lg/T ) in total variation; over an episode this perturbs the trajectory law by O(HLg/T ) and hence
the episode value (which lies in [0, H]) by O(H2Lg/T ), for a total truncation contribution of O(H2Lg) over T episodes,
which is absorbed into lower-order terms.

Stabilization under constant policy. The stationary state under constant policy π is z∞ = ϕ(π) (the unique fixed point
of z = γz + (1− γ)ϕ(π) is z = ϕ(π), and ∥ϕ(π)∥2 ≤ 1). After k steps of constant π from any z0 with ∥z0∥2 ≤ 1:

∥zk − z∞∥2 = γk∥z0 − z∞∥2 ≤ 2γk.

Choosing the warm-up length as in (47) gives

∥zmwarmup
− z∞∥2 ≤ 1/T,

and hence an O(Lg/T ) error in the adversary’s response per step; as above, this costs O(H2Lg) in total value over T
episodes, a lower-order term.

Robustness of the confidence analysis to residual non-stationarity. The concentration argument (Lemma D.3) is stated
for data generated exactly under the stationary response. During data collection the adversary’s response deviates from
stationarity by at most δnst ≤ 2Lgγ

mwarmup ≤ Lg/T in total variation per step, so each episode’s trajectory law deviates by
at most Hδnst . Since log-likelihood increments are uniformly bounded by B0 (Assumption 3.1(c)), replacing each episode’s
law by its stationary counterpart shifts every conditional mean in the martingale argument by at most 2B0Hδnst , and hence
all cumulative quantities by at most

∑
t≤T 2B0HLg/T = O(B0HLg), a T -independent constant. Enlarging βe and the

termination threshold τe(t) by a sufficiently large absolute multiple of this constant restores every statement of Lemmas D.3,
D.4, D.6, and D.7 (their martingale arguments shift by the same conditional-mean bound, and the multiple preserves the
firing margins of Lemma D.7). This enlargement is the B0HLg term inside βγ

T in the theorem statement; it enters the
leading term through the radius, not as additive regret.
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Regret decomposition. The total regret has three components:
Component 1 (Truncation): O(H2Lg), independent of T and absorbed into lower-order terms; the residual non-stationarity
is accounted inside the enlarged radius βγ

T (robustness paragraph above), not as additive regret.
Component 2 (Warm-up): Each epoch requires mwarmup = O(log T/(1− γ)) warm-up episodes. With ST epochs started
(Lemma D.7):

Warm-up regret = ST ·mwarmup ·H = O

(
H ST log T

1− γ

)
,

which is O(H log2 T/(1− γ)) when only scheduled epoch endings occur.
Component 3 (Exploration-exploitation): Once stabilized, the analysis is identical to Theorem 3.3 with the same dE and
the enlarged radius β̄γ

T = Hβγ
T (which carries the B0mwarmup floor and the B0HLg robustness constant):

Statistical regret = Õ

(
H
√
dE β̄γ

T T

)
.

Combining all three yields the result,

PR(T ) ≤ Õ

(
H
√
β̄γ
T dET

)
+O

(
H ST log T

1− γ

)
.

Domination of the warm-up term. The algorithm runs with memory parameter m = mwarmup, so the floor in βe is
B0mwarmup and Lemma D.7 applies verbatim with this m. Every termination requires ne KLe ≥ 3

16βe(n) ≥ 3c
32 (1 +

B0mwarmup), so Nterm ≤ 32
3c(1+B0mwarmup)

∑
e neKLe, and since mwarmupB0/(1 + B0mwarmup) ≤ 1, the terminated-

epoch warm-up cost obeys mwarmupH Nterm ≤ Õ
(
H
√
dE β̄

γ
T T
)
. Scheduled completions and the final epoch contribute at

most mwarmupH ·O(log T ) = O(H log2 T/(1− γ)). Hence the total warm-up cost is unconditionally dominated by the
leading statistical term at the radius β̄γ

T , plus O(H log2 T/(1− γ)), as discussed after Theorem 5.2. Choosing the warm-up
per epoch as ⌈log(2e+1)/(1− γ)⌉ instead removes the dependence on T with the same rate; we state the fixed-T version for
simplicity.

The extreme cases illustrate the dependence on the effective memory.
Case 1: γ = 0 (memoryless adversary). The state becomes zt = ϕ(πt), and the warm-up may be set to zero (the stated
algorithm still runs ⌈log(2T )⌉ − 1 warm-up episodes per epoch; setting them to zero is valid at γ = 0 since the state carries
no memory). With zero warm-up the bound reduces to

PR(T ) = Õ

(
H

√
β̄T dE T

)
,

matching the memoryless case up to logarithmic factors.
Case 2: γ → 1 (long memory). The warm-up length grows as mwarmup = O(log T/(1− γ)), and the total warm-up cost
over the ST epochs is

O

(
H ST log T

1− γ

)
,

capturing the increasing cost of stabilizing an adversary with slowly decaying memory.
Case 3: Intermediate γ. For fixed γ ∈ (0, 1), the additional fading-memory cost is O(H ST log T/(1− γ)); as we discuss
above, it is O(H log2 T/(1− γ)) outright when no early terminations occur, and in general the B0mwarmup floor makes it

dominated by the leading statistical term Õ(H
√
β̄γ
T dE T ) plus the scheduled residual O(H log2 T/(1− γ)).

Remark G.1 (On the 1/(1−γ) dependence). We expect the 1/(1−γ) dependence to be unavoidable, because the adversary’s
internal state converges to stationarity only at rate γt, so distinguishing adversaries whose stationary responses differ by ϵ
should require on the order of log(1/ϵ)/(1− γ) episodes of play. Turning this heuristic into a formal policy-regret lower
bound, which must also account for the learner’s ability to exploit transient responses, is left open.

H. Proof of Theorem 5.3 (Tabular Bounds)
For finite POMGs, we can instantiate the abstract quantities in Theorem 3.3, specifically, the Eluder dimension dE and
confidence parameter β, in terms of the concrete problem parameters: state space size |S|, action spaces |A| and |B|,
observation spaces |OA| and |OB |, and so forth. This gives us an explicit regret bound that practitioners can evaluate
numerically for specific problem instances.
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Proof of Theorem 5.3. Consider a tabular POMG with |S| states, |A| learner actions, |B| adversary actions, |OA| learner
observations, |OB | adversary observations, horizon H , adversary memory m, and a linear adversary response function with
dimension dadv.

Parameterizing the World Model The world model consists of two components, transition dynamics and emission
distributions. At each time step h ∈ [H], we need to specify:

1. Transition kernels Th(s
′|s, a, b): For each combination of current state s, learner action a, and adversary action b,

we have a distribution over next states s′. This requires specifying |S| probabilities for each of the |S| × |A| × |B|
combinations (with normalization removing one degree of freedom per distribution). The total number of transition
parameters is thus Θ(|S|2|A||B|H).

2. Emission kernels EA
h (o|s) and EB

h (oB |s): For each state s, we have distributions over OA and over OB . This requires
|S|(|OA|+ |OB |) parameters per time step, giving Θ(|S|(|OA|+ |OB |)H) total emission parameters.

The world model thus carries Θ
(
(|S|2|A||B| + |S|(|OA| + |OB |))H

)
parameters; under the standard tabular scaling

|OA|+ |OB | = O(|S||A||B|) the transition parameters dominate.

Bounding the World Model Eluder Dimension. In the finite-window representation invoked by Proposition 2.6 (the
exact factorization of Theorem 2.5 lives on the full-history space), the observable operators act on the reduced augmented
state space S̄+

red = S ×Oκ−1
A ×Oκ−1

B of dimension dW = |S| · |OA|κ−1 · |OB |κ−1, which tracks the information needed
from the last κ− 1 learner and adversary observations. The |OB |κ−1 factor is needed because the adversary aggregation
operator GΦ,π

h must be expressible without referring to the world parameter θ. The world model must also parameterize the
adversary’s emission kernel EB

h (oB |s).
Following the span-dimension route of Proposition 2.6 (cf. the covering-dimension calculation of Liu et al. (2022a) for the
single-agent analogue), and summing the per-step operator complexity over h ∈ [H], the tabular world-channel contribution
satisfies:

d
[κ]
Θ = O

(
H · |S|2|A||B| · |OA|κ · |OB |κ · log(|S||A||B||OA||OB |HT )

)
,

where the logarithm is the sign-witness scale factor at the evaluation scale 1/(2T ). The factors Oκ
A and Oκ

B come from the
κ-step observation windows used by the weak-revealing representation, while the factor H comes from summing over the
H time-dependent operator classes.

Parameterizing and Bounding the Adversary Model. For a linear adversary response model, the response function
takes the form:

gh(b|τB , π) = [Φ∗wh(τB , π)]b,

where Φ∗
h ∈ R|B|×dadv is a column-stochastic matrix (each column sums to 1 and has non-negative entries; one matrix

per step, a shared matrix only tightening the bounds) and wh : T B
h−1 ×OB ×Πm → Rdadv is a feature function mapping

adversary decision histories and recent learner policies to features. The parameter space for Φ∗ has dimension (|B|−1) ·dadv
due to column-stochasticity (one degree of freedom per column is fixed by the normalization constraint).

For fixed π and feature map wh, the adversary aggregation operator GΦ,π
h is linear in Φ. The Eluder dimension of a bounded

linear class is controlled by its parameter dimension up to logarithmic factors (Russo & Van Roy, 2013). Summing over
h ∈ [H] gives

d
[κ]
Ψ = O(H · dadv · |B|).

This reflects the fact that identifying Φ∗
h requires observing its effect on O(dadv · |B|) linearly independent feature vectors.

Joint Eluder dimension. The channel-sum Eluder dimension of Section 2 is the sum of the world-channel and adversary-
channel contributions:

dtabE = d
[κ]
Θ + d

[κ]
Ψ = Õ

(
H
(
|S|2|A||B||OA|κ|OB |κ + dadv|B|

))
.

This agrees with Proposition 2.6. The factor H reflects the sum of the per-step operator dimensions over h ∈ [H]. Typically,
the world-channel term dominates unless the adversary response model has very large feature dimension.

Confidence radius. The confidence radius βtab
T must be chosen so that the true parameter remains in the confidence set

with high probability. This requires βtab
T to scale with the logarithm of the covering number of the joint model class.

For tabular models, the parameters are the probabilities in the transition and emission kernels, together with the adversary-
response parameters. We discretize the corresponding probability simplices to precision ϵ, chosen small enough that the
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discretization error is absorbed into the confidence radius. Taking ϵ = 1/(2T + 4), the horizon-level scale ϵT matching the
dyadic schedule of Algorithm 1, suffices for the stated bound. The world-model covering number satisfies

logN (ϵ; Θ) = O
(
H(|S|2|A||B|+ |S||OA|+ |S||OB |) log(1/ϵ)

)
= Õ

(
H(|S|2|A||B|+ |S|(|OA|+|OB |))

)
,

where the emission terms, |S||OA| and |S||OB |, are retained; under the standard tabular scaling |OA|+|OB | = O(|S||A||B|)
they are dominated by the transition term. Similarly, for the adversary response class,

logN (ϵ; Ψ) = O(Hdadv|B| log(1/ϵ)) = Õ(Hdadv|B|) .

Combining these covering terms with the union bound over all epochs and the failure probability δ gives

βtab
T = Õ

(
H(|S|2|A||B|+ |S|(|OA|+|OB |) + dadv|B|) + log(1/δ) +mB0

)
.

Substituting this tabular confidence radius into the general effective radius β̄T = HβT gives

β̄tab
T = Õ

(
H2(|S|2|A||B|+ |S|(|OA|+|OB |) + dadv|B|) +HmB0

)
,

which is the quantity used in Theorem 5.3, with the additive H log(1/δ) from Hβtab
T absorbed into the Õ; under the standard

tabular scaling |OA|+ |OB | = O(|S||A||B|) the emission term is absorbed and the familiar two-term form is recovered.

Applying the Main Theorem. Substituting dtabE and β̄tab
T into Theorem 3.3 gives

PR(T ) ≤ Õ

(
H
√
β̄tab
T dtabE T +mH log T

)
= Õ

(
H
(
H2
(
|S|2|A||B|+|S|(|OA|+|OB |)+dadv|B|

)
+HmB0

)1/2
·
(
H
(
|S|2|A||B||OA|κ|OB |κ + dadv|B|

))1/2√
T +mH log T

)
.

Understanding the scaling. The tabular bound reflects several sources of difficulty. The state and action spaces enter
through both the transition parameterization and the aggregate Eluder dimension. In particular, the transition model
contributes factors of |S|2|A||B|, while the adversary-response class contributes dadv|B|, and the emission kernels contribute
the additive |S|(|OA|+ |OB |) term in the confidence radius, absorbed under the standard tabular scaling. The observation-
window factors |OA|κ|OB |κ appear in dtabE and capture the cost of partial observability. Larger κ means that longer
observation windows are needed to reveal the predictive state, increasing the effective dimension.

The horizon appears in several places. The outer factor H comes from the simulation lemma, the factor H inside dtabE comes
from summing the time-dependent operator dimensions over h ∈ [H], and the effective confidence radius β̄tab

T also carries
horizon dependence. The adversary memory m appears through the warm-up cost (m− 1)H ST , which the mB0 floor in
βe makes unconditionally dominated by the leading term plus O(mH log T ) (Lemma D.7), and through the additive mB0

term in βtab
T . Thus longer-memory adversaries require longer stabilization periods, but m does not increase the Eluder

dimension, and its effect on the statistical term is only the additive mB0 floor in the confidence radius.

Computational implications. The theorem is primarily a statistical guarantee. The optimistic planning step requires
solving

max
(π,ξ)∈Π×Ce−1

V π(ξ),

which can be computationally expensive in tabular POMGs. In the worst case, the history-dependent policy class has size
exponential in H , and planning in a known finite-horizon POMG is generally intractable in H . The advantage of the epoch
structure is that this optimistic planning problem is solved only once per deployed policy, ST times in total (Lemma D.7),
rather than after every episode; the per-episode work of the termination test is a single MLE re-fit, not a new planning
problem. Computationally efficient implementations for special tabular or structured subclasses are an important direction
beyond the statistical scope of this theorem.

Comparison with POMDP results. It is instructive to compare our POMG bound with the corresponding single-agent
POMDP scaling. When the adversary component is absent, equivalently when the adversary has a single trivial action and
no strategic response, the model reduces to a POMDP. Existing weakly revealing POMDP analyses give regret bounds of
the form Õ(

√
dPOMDPT ), with

dPOMDP = Õ
(
H|S|2|A||OA|κ

)
,

under the same convention of summing the operator dimension over time steps. Our POMG bound adds:
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• an additional factor of |B| in the world-model Eluder dimension, since adversary actions affect transitions;
• an adversary-observation factor |OB |κ in the predictive representation;
• the adversary model dimension d

[κ]
Ψ = Õ(Hdadv|B|);

• the warm-up cost (m− 1)H ST from adversary stabilization, dominated by the leading term plus O(mH log T ).
Thus the POMG bound reduces to the familiar weakly revealing POMDP scaling when the adversary component is absent,
while separating the additional costs due to adversary actions, adversary observations, response complexity, and memory.

I. Empirical Validation
We report simulations that exercise the paper’s three main predictions that

1. data-dependent termination is necessary (Experiment 1),
2. regret and the number of deployed policies scale as the theory says they should (Experiment 2), and
3. the full algorithm behaves as intended against an adaptive adversary whose environment statistics come from real data

(Experiment 3).
The code, a self-contained Python notebook, and the exact seeds are available at https://github.com/
ramanarora/pomg-policy-regret; the full suite runs in a few CPU minutes. Following standard practice, the
schedule constants are set to practical values, with c = 1 and termination threshold 2βe(t) in Experiments 1 and 2; Experi-
ment 3 uses the variant stated in Section I.3. The theoretical constants are pessimistic and affect none of the qualitative
predictions.

Metric. Policy regret is the quantity defined in Section 2.2: PR(T ) =
∑

t≤T

[
V π∗

(R∞(π∗)) − vt
]
, where vt is the

expected reward of the policy played in episode t under the adversary’s current response and π∗ is the best fixed policy under
its own stationary response. In Experiments 1 and 2 the environment is the bandit-embedded POMG family of Appendix E,
whose value function is available in closed form, so both terms are computed exactly rather than estimated from realized
rewards. Figure 3 plots the per-episode average PR(T )/T ; all other figures plot cumulative quantities, as their axis labels
indicate. Every curve averages independent seeds (20 in Experiments 1 and 2, 10 in Experiment 3) and shaded bands
show two standard errors of the mean, i.e., ±2σ̂/

√
nseeds with σ̂ the across-seed standard deviation, approximately a 95%

confidence band for the mean curve.

Exact implementation of the algorithm. For a product Bernoulli class the optimistic MLE step of Algorithm 1 is
computable in closed form, so Experiments 1 and 2 run the algorithm itself rather than an approximation. The MLE is the
clipped empirical mean of each arm. The optimistic value of arm i is its KL upper confidence value, the largest q in the
class with ni kl(µ̂i, q) ≤ βe, computed by bisection; an arm with no data attains the top of the class. Ties among unplayed
arms are broken in favor of fresh arms, which is exactly the valid tie-breaking under which Proposition D.5 operates. The
termination test also follows Algorithm 1. The epoch records the deployed arm’s promised optimistic value µdep at selection
time, and after every data-collection episode it recomputes the running radius βe(t) and ends the epoch as soon as the arm’s
own data certify refutation, narm kl(µ̂arm, µdep) > 2βe(t).

I.1. Experiment 1: Necessity of the Termination Test
Setting. This experiment runs the exact construction behind Proposition D.5. There are d = ⌈log2 T ⌉+ 1 arms. One arm
has mean 3/4 and all others have mean 1/2. The model class is the widened product family [1/8, 7/8]d. The horizon ranges
over T ∈ {28, . . . , 215}, so the instance itself grows with T . We compare two algorithms that differ in exactly one line:
the epoch-based optimistic MLE with the termination test, and the identical algorithm with the test removed, so that every
epoch runs to its scheduled cap 2e.
Why the instance is hard. The widened class is what drives the failure mode. An arm that has never been played can
optimistically be a 7/8 arm, which is better than anything already observed, so an optimistic learner always prefers a fresh
arm. Without the test, each such preference commits an entire cap-2e epoch to a bad arm. With d = ⌈log2 T ⌉+ 1 arms,
an unplayed arm exists at the start of every epoch, so every episode is spent on an arm of true mean 1/2 while the best
arm has mean 3/4. The per-episode regret is therefore pinned at the gap 1/4, which is exactly the proposition’s bound
E[PR(T )] ≥ T/4.
Findings. Figure 3 shows the per-episode average PR(T )/T . The fixed schedule sits at 0.250 across all horizons, matching
the proposition’s T/4 exactly. The identical algorithm with the termination test refutes each bad commitment within a few
episodes and its average regret falls to 0.100 by T = 215. The blue curve is not monotone because the instance changes
with T , as d grows with the horizon.
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Figure 3. Experiment 1: necessity of the termination test on the hard instance of Proposition D.5, with d = ⌈log2 T ⌉+ 1 arms and 20
seeds. The fixed schedule stays pinned at average regret 1/4; the termination test drives the average down.

I.2. Experiment 2: Scaling in the Horizon, the Dimension, and the Memory
Setting. All four panels of Figure 4 use the bandit-embedded family with the full algorithm. In panels (a) and (b) there
are d = 8 arms and the horizon sweeps T ∈ {28, . . . , 217}. The best arm’s gap is set to 0.6

√
d/T , shrinking with the

horizon. The reason is that a fixed gap would eventually let the algorithm identify the best arm, after which regret grows only
logarithmically; shrinking the gap like

√
d/T keeps every horizon in the worst-case regime that the

√
T theory describes.

Panel (c) fixes T = 214 and sweeps the number of arms d ∈ {2, 4, 8, 16, 32} with the same gap rule. Panels (a)–(c) use
log-log axes, on which a power law y ∝ xk is a straight line of slope k; the fitted slopes are least-squares fits in these
coordinates. Panel (d) fixes d = 8, T = 214, and a gap of 0.15, and sweeps the adversary memory m ∈ {1, 2, 4, 8, 16}.
After every policy switch the next m− 1 episodes are warm-up and are excluded from the dataset, exactly as in Algorithm 1.
During these episodes the simulated adversary is still re-stabilizing, and the instance models that transient as a fixed reduction
of the learner’s reward by 0.3; the value 0.3 is a design parameter of the simulation (twice the gap), chosen so that warm-up
episodes carry a visible cost and the warm-up component of the regret can be measured.

Horizon scaling (panel a). We plot cumulative policy regret against the horizon on log-log axes, where a straight line
of slope 1/2 corresponds to

√
T growth. The least-squares slope over the full range is 0.53, in close agreement with

Theorem 3.3.

Number of deployed policies (panel b). This panel counts the policies ST the algorithm deploys. Two reference curves
frame the measurement. The lower one is the scheduled count log2(2T ), which would be exact if every epoch ran to its cap.
The upper one grows at the

√
T scale and is the allowance of Lemma D.7, which prices every early termination in statistical

evidence. The measured count exceeds log2(2T ) once T ≥ 211, because on these shrinking-gap instances the test keeps
firing, and it grows with fitted slope 0.35, well inside the allowance. Both regimes described by the lemma are visible at
once: scheduled switching at small horizons, evidence-priced termination at large ones.

Dimension scaling (panel c). Cumulative regret grows with the number of arms at fitted slope 0.78. The two natural
reference rates are

√
d, the dependence of the lower bound in Theorem 4.1, and d, the dependence the upper bound implies

for this class, whose covering radius satisfies βT = Θ(d). The measurement falls between the two. The gap between the
reference rates reflects the known looseness of covering-based radii in the dimension, not a defect of either bound.

Warm-up cost (panel d). Total policy regret is flat as the memory m grows, while the warm-up component, the regret
incurred during warm-up episodes and tallied separately, grows linearly in m and remains lower order, about 14% of the
total at m = 16. This is the unconditional-domination behavior that the mB0 floor guarantees through Lemma D.7.

I.3. Experiment 3: An Adaptive Adversary on Real Data
Task. The learner repeatedly classifies handwritten digits against an opponent that controls which digits it sees. In every
episode the adversary chooses a distribution over the ten digit classes, a class is drawn from it, an image of that class is
observed through a deliberately coarse channel, and the learner’s currently deployed decision rule predicts the class. The
learner is rewarded when the prediction is correct. Its choice is which of K = 6 fixed decision rules to deploy, and its goal
is to compete with the best single rule under the class distribution that this rule itself would eventually induce, which is
exactly policy regret against the stationary response.
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Figure 4. Experiment 2: scaling behavior of the epoch-based optimistic MLE on the bandit-embedded family (20 seeds; bands are two
standard errors). (a) Cumulative policy regret against the horizon on minimax-regime instances with gap 0.6

√
d/T ; the fitted slope

0.53 matches the
√
T theory. (b) Deployed-policy count ST between the scheduled count log2(2T ) and the

√
T -scale allowance of

Lemma D.7. (c) Cumulative policy regret against the number of arms at T = 214; the fitted slope 0.78 lies between the reference rates√
d and d. (d) Total policy regret and its warm-up component against the adversary memory m at T = 214.

Data and observation channel. Latent states are the ten digit classes of the scikit-learn handwritten digits corpus (1,797
images of 8 × 8 pixels). The observation is deliberately coarse. Each image is projected onto the first two principal
components of the corpus, each of the two coordinates is split into four bins at its empirical quartiles, and the learner
observes only the index of the resulting grid cell, an integer in {1, . . . , 16}. The learner never sees the image itself. The
emission P (o | s) is the empirical distribution of grid cells within class s. Partial observability therefore comes from the
genuine confusion structure of the corpus, overlapping classes in the projection, rather than from injected noise. Panel (a) of
Figure 5 shows the projected data and the grid.

Decision rules. Each rule is a fixed lookup table hk : {1, . . . , 16} → {0, . . . , 9} from observed cells to predicted classes; on
observing cell o, the deployed rule predicts hk(o). The tables are built once, before learning begins, and never change. Rule
k is fit on its own random half of the corpus by assigning to each cell the majority class among the training images falling
in it, except that with probability 0.15 (k − 1) the cell’s assignment is replaced by a uniformly random class (a cell with
no training images also receives a random class). Rule 1 is thus a plain majority-vote prototype classifier and later rules
are progressively corrupted copies, so the six rules have genuinely different accuracy profiles across classes, with mean
accuracies from 0.57 down to about 0.24. Panel (b) of Figure 5 shows the full accuracy matrix acc(k, s), the probability that
rule k correctly classifies an image of class s drawn through the channel.

The adversary. A memory-4 adversary watches the learner’s last four deployed rules and shifts the class distribution toward
the classes those rules misclassify most, through a smooth softmax tilt, ρ(s) ∝ exp(λ err(s)) with λ = 2, where err(s) is
the average error of the four recent rules on class s. The tilt is a smooth function of the recent policies, an instance of the
posterior-Lipschitz reaction rules of Section 2.3. Whenever the four recent rules are not identical the adversary is in transit
between tilts, and the learner additionally pays a re-stabilization penalty of 0.15; this is the transient that warm-up exists to
absorb.
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Figure 5. The setup of Experiment 3. (a) The observation channel: the digits corpus projected onto its first two principal components, with
points colored and labeled by class and the dashed lines showing the 4× 4 quantization grid; the learner observes only the index of the
cell containing the projected image, so overlapping classes are genuinely confusable. (b) The per-class accuracy matrix of the six decision
rules (row means at right); the adversary tilts the class distribution toward the columns where the learner’s recent rules are weakest.

Metric. Regret is accumulated in expectation rather than from realized rewards. Let v∗ be the best rule’s value under its own
stationary tilt. In episode t the deployed rule earns its expected accuracy under the adversary’s current class distribution,
reduced by the 0.15 penalty whenever the recent window is not constant, and the episode’s regret is v∗ minus this quantity.

Algorithms. Four algorithms are compared over T = 214 episodes:

• Termination: the epoch-based optimistic MLE of Algorithm 1. Epochs are capped at 2e; the optimistic value of each
rule is its KL upper confidence value computed from realized rewards; the deployed rule is abandoned by a one-sided
refutation test that fires, after at least four stable episodes, when n kl(µ̂, µdep) > 2βe with µ̂ the rule’s in-epoch mean
reward and µdep its promised optimistic value.

• Fixed: the identical epoch algorithm with the test disabled, so every epoch runs to its cap.
• ϵ-greedy: plays the rule with the best empirical mean and explores a uniformly random rule with probability ϵ = 0.1 in

every episode. It has no epoch structure, so it switches constantly.
• Uniform: plays a uniformly random rule in every episode, as a floor.

The practical schedule for this experiment uses c = 0.5 with a unit covering term and no warm-up discard; the fixed baseline
uses the identical radius, so the comparison isolates the termination rule.
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Figure 6. Experiment 3: policy regret on the digits POMG, with a memory-4 softmax-tilt adversary and re-stabilization transients (10
seeds; bands are two standard errors of the mean). (a) Cumulative policy regret of the four algorithms. (b) The same curves on log-log
axes, with least-squares slopes fitted over t ∈ [210, 214]; the three baselines grow linearly (slope ≈ 1), while the epoch algorithm with
termination grows at fitted slope 0.40 and flattens as it settles on the best rule.

Findings. Panel (a) of Figure 6 shows cumulative policy regret. The epoch algorithm with termination ends at about 207,
against 1844 for the fixed schedule, 987 for ϵ-greedy, and 4097 for uniform play. The unit of policy regret here is one
expected correct classification, so the numbers have a concrete reading. Over the 16,384 episodes, the termination algorithm
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forgoes about 207 expected correct predictions relative to always playing the best fixed rule under its own stationary tilt,
about 1.3% of the horizon; the fixed schedule forgoes about 11%, ϵ-greedy about 6%, and uniform play about 25%. The
ordering matches the theory. The fixed schedule overcommits to poorly fitting rules for entire epochs. The ϵ-greedy learner
switches in almost every episode, so the adversary never settles and the learner pays the transient penalty nearly continuously.
The epoch structure with termination stabilizes the opponent, and still abandons refuted commitments quickly.

Trend. Panel (b) of Figure 6 repeats the comparison on log-log axes, where a power law is a straight line whose slope is the
exponent, with least-squares slopes fitted over the last four octaves t ∈ [210, 214]. The three baselines grow at slope ≈ 1,
that is, linearly, because each keeps paying a per-episode cost that never decays: refuted commitments for the fixed schedule,
transient penalties for ϵ-greedy, and both for uniform play. The termination algorithm’s fitted slope over the same window is
0.40, below the 1/2 of the

√
T theory, and its curve visibly flattens once the algorithm settles on the best rule.

Scope. Two limitations are inherent. Strategic-response data does not exist in logged form, so the adversary is necessarily
simulated even when the environment statistics come from real data. And the experiments instantiate the algorithm
exactly only where the optimistic MLE is computable in closed form; scaling the oracle steps to rich model classes is the
computational open problem discussed in Section 5.

J. Technical Comparison with Concurrent Work
In this appendix, we provide a detailed technical analysis of the concurrent work by Sang & Nguyen-Tang (2025) on policy
regret minimization in POMGs. We identify fundamental issues in their problem formulation and analysis. Most critically,
we show that their flat-batching analysis allows the historical transport term to grow polynomially with T , which obstructs a
direct Õ(

√
T ) guarantee via the Eluder/Cauchy–Schwarz route. We explain how our work resolves these issues.

J.1. Issue 1: Circularity in the Posterior-Lipschitz Condition

The posterior-Lipschitz condition in Sang & Nguyen-Tang (2025) is intended to identify adversary responses that vary
smoothly with the learner’s policy. In their formulation, for policies π, ν and adversary history τB , the condition takes the
form

∥g(· | τB , π)− g(· | τB , ν)∥1 ≤ Lmax
h

∥SτB (πh)− SτB (νh)∥1 , (48)

where the posterior-predictive learner policy is defined by

SτB (πh) := EτA∼Pπ,g,θ(·|τB) [πh(· | τA)] . (49)

The difficulty is that the right-hand side of (48) is computed using the same adversary response g that the condition is
trying to constrain. Thus the metric with respect to which g is required to be Lipschitz is itself induced by g. This makes
the adversary class circular because, before one can check whether g is admissible, one must already use g to define the
posterior-predictive quantities appearing in the admissibility condition.

This circularity is not merely cosmetic. The posterior-predictive quantity SτB (πh) is used to compare the adversary responses
induced by different learner policies, and this comparison is then invoked in the Lipschitz transfer and constraint-propagation
steps of the analysis. If the comparison metric itself depends on the candidate adversary response, the resulting regularity
condition does not define a fixed model class over which one can form confidence sets and perform uniform concentration.

Our formulation removes this dependence by computing posterior-predictive learner policies under a fixed reference measure
µref . Specifically, we use

Sref,θ
τB ,h(π) := E

τA∼Pπ,µref ,θ(·|τB)
[πh(· | τA)] , (50)

and state posterior-Lipschitzness with Sref,θ
τB ,h in place of SτB . The reference measure µref is fixed independently of the

adversary response being constrained, so the right-hand side of the Lipschitz condition is well-defined before choosing g.
The adversary class is therefore specified non-circularly, while still measuring how the learner’s policy appears from the
adversary’s information state.

J.2. Issue 2: A T 3/4-Scale Obstruction from the Batched Structure

Beyond the circularity issue, the flat-batching structure in Sang & Nguyen-Tang (2025) allows the historical transport
term to grow polynomially with T . The point is not merely that many batches are used, but that the posterior-Lipschitz
transport term accumulates over previously deployed policies. When this term is carried through the same weighted
Eluder/Cauchy–Schwarz route used to convert prediction errors into regret, it creates a T 3/4-scale contribution.
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Their algorithm uses a flat batching schedule with

K =
√
dET , n =

T

K
=

√
T

dE
, (51)

where K is the number of batches, n is the number of data-collection episodes per batch, and we write dE for the
corresponding complexity parameter of their analysis.

A key quantity in their transport analysis is the historical accumulation term

Γj−1 :=

j−1∑
k=1

H∑
h=1

E
[∥∥∥qmid,∗

h (πk)
∥∥∥2
1

]
. (52)

This is the analogue of the transport term in our analysis. It measures how much historical predictive mass must be carried
when an adversary-channel error is transported from the historical policies πk to the current batch policy. In their Lemma
10, this term appears in the adversary-channel constraint as

j−1∑
k=1

H∑
h=1

E
[∥∥∥[GΦj ,π

h −GΦ∗,π
h

]
qmid,∗
h

∥∥∥2
1

]
≤ Cβ + C ′∆σ(π, νj)

2Γj−1. (53)

Since qmid,∗
h is a predictive state, its ℓ1-norm is O(1). Therefore

Γj =

j∑
k=1

H∑
h=1

E
[∥∥∥qmid,∗

h (πk)
∥∥∥2
1

]
= O(jH). (54)

At the final batch, using (51),

ΓK = O(KH) = O
(
H
√
dET

)
. (55)

Thus the historical transport term grows as
√
T , rather than polylogarithmically.

In the final assembly of their analysis, this transport contribution is absorbed into a constant described as depending on “the
covering radius used to select a nearest historical policy”; no argument is given that optimistically selected policies form
such a net, so we track the term explicitly below.

We next spell out how this growth affects the regret conversion. For batch j, define the per-episode adversary-channel
prediction error

A2
j :=

H∑
h=1

E
[∥∥∥[GΦj ,πj

h −G
Φ∗,πj

h

]
qmid,∗
h

∥∥∥2
1

]
. (56)

Equivalently, the batch-weighted squared error is nA2
j . This matches the episode-weighted quantities used in the regret

analysis, since batch j contributes n data-collection episodes under the same deployed policy πj .

The adversary-channel part of the value error in one episode of batch j is bounded by H
√
H Aj , where the factor H is the

simulation-lemma horizon factor and the
√
H is the Cauchy–Schwarz conversion over the H steps, since Aj is the root of a

stepwise squared sum. Hence the adversary-channel contribution to regret satisfies

RegretG ≤ H3/2
K∑
j=1

nAj . (57)

Applying Cauchy–Schwarz in the weighted form gives

K∑
j=1

nAj ≤

√√√√ K∑
j=1

n

√√√√ K∑
j=1

nA2
j =

√
T

√√√√ K∑
j=1

nA2
j , (58)

where we used Kn = T .

Thus the relevant quantity for regret is the weighted square-error sum
∑

j nA
2
j . Granting their weighted Eluder summability

step (which, as Proposition D.5 shows, itself requires a per-batch cap that a fixed batch length does not provide) and carrying
the transport term in (53) through it gives a bound of the form

K∑
j=1

nA2
j ≤ Õ(dE(β + ΓK)) . (59)
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Substituting (55) into (59), and ignoring the lower-order confidence term β, yields
K∑
j=1

nA2
j ≤ Õ

(
dE ·H

√
dET

)
. (60)

Combining (57), (58), and (60), we obtain

RegretG ≤ H3/2
√
T

√
Õ
(
dE ·H

√
dET

)
(61)

= Õ
(
H2d

3/4
E T 3/4

)
. (62)

Therefore, once the historical transport term ΓK is retained in the weighted square-error bound, the final Cauchy–Schwarz
step produces a T 3/4-scale contribution.

To summarize, the calculation above isolates the obstruction caused by flat batching. With K =
√
dET batches, the transport

term satisfies ΓK = O(H
√
dET ) by (55). Substituting this growth into the weighted Eluder bound (59) and then applying

the regret conversion (58) gives the T 3/4-scale contribution in (62). Thus the difficulty is not a logarithmic artifact. The
flat-batching structure allows the historical transport term to grow polynomially with T , which obstructs a direct Õ(

√
T )

guarantee by this analysis route.

J.3. Our Solution: One-Policy-Per-Epoch Achieves Õ(
√
T )

We now summarize how our algorithmic design avoids the two difficulties discussed above. The first issue is handled at the
modeling level by defining the posterior-predictive learner policy with respect to the fixed reference measure µref , as in (50).
This makes the posterior-Lipschitz condition a non-circular condition on the adversary response class. The second issue is
handled algorithmically by using epochs rather than a flat batch schedule.

Our algorithm caps epochs at geometrically increasing lengths Te = 2e and, crucially, terminates an epoch early as soon as
the collected data refute the deployed optimistic model. At the beginning of each epoch, the learner forms a confidence set
from all previously collected data and selects one optimistic policy πe, which it plays until the cap or the termination test
ends the epoch. Concretely, after every data-collection episode the learner recomputes the running MLE and terminates the
epoch as soon as the deployed model’s log-likelihood falls more than τe(t) = 2βe(t) + C0B0 log(2t(t+1)/δe) below it, so
a refuted commitment is abandoned within the episodes needed to certify the refutation. Two consequences follow. First,
under the joint KL-to-operator conversion (Assumption 3.1(e)) our analysis requires no policy-transport term at all. Past
consistency is established directly at the data-collection policies, the termination test caps every epoch’s contribution at
Õ(HβT ) (Lemma D.6), and the Eluder summability argument (Lemma D.12) yields∑

e

ne∆
2
e ≤ Õ(dE β̄T ), β̄T := HβT . (63)

Applying Cauchy–Schwarz with
∑

e ne ≤ T ,

∑
e

ne∆e ≤

√√√√(∑
e

ne

)(∑
e

ne∆2
e

)
≤ Õ

(√
dET β̄T

)
. (64)

The simulation lemma contributes the outer factor H , and the warm-up episodes contribute (m− 1)H ST , which the mB0

floor in βe makes unconditionally dominated by the leading term plus O(mH log T ) (Lemma D.7). Therefore,

PR(T ) ≤ Õ

(
H

√
dET β̄T +mH log T

)
. (65)

Second, even from the transport viewpoint relevant to the flat-batching route (Remark D.8), our scheduled switches number
only O(log T ), so any transport accounting over them stays logarithmic; the data-driven terminations are not free in that
accounting, but our proof never needs that accounting, since the per-epoch cap replaces transport entirely. This is the
substantive difference from a flat schedule with K =

√
dET batches, where every one of the K switches is structural and

the transport term necessarily accumulates to ΓK = O(H
√
dET ).

The essential difference is that a flat schedule with polynomially many deployed policies both forgoes the per-epoch cap
(each batch runs its full length regardless of what the data say) and, on the transport route, lets the historical term grow
polynomially in T , as shown in Appendix J.2.
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In summary, our reference posterior-predictive formulation removes the circularity in the posterior-Lipschitz condition,
and our epoch design, with geometric caps and statistical termination, supplies the per-epoch cap that makes infrequently
updated optimistic planning sound while keeping policy switches rare. These changes are what allow the optimistic MLE
analysis to recover the Õ(

√
T ) policy-regret rate.

48


