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Abstract
The Massart noise condition is a central model in
Probably Approximately Correct (PAC) learning
theory. Its importance lies in it being an interpo-
lation condition between realizable and the ag-
nostic settings, under which one can attain faster
rates than in the latter, and, under strict condi-
tions, recover the rates of the former. Despite
its importance, the Massart condition has not yet
been fully explored in emerging extensions of sta-
tistical learning theory beyond the classical PAC
framework. In this work, we present two such
extensions. First, we revisit the transductive em-
pirical risk minimization (TERM) algorithm of
(Hanneke & Moran, 2026), and derive sharper
excess error bounds under Massart noise using
offset Rademacher techniques and local metric
entropy introduced by (Zhivotovskiy & Hanneke,
2018). We then leverage this analysis to obtain
new sample complexity bounds for PAC learn-
ing with partial concept classes and complete the
characterization of universal rates under Massart
noise.

1. Introduction
Probably Approximately Correct (PAC) learning, pioneered
by (Valiant, 1984; Vapnik & Chervonenkis, 1974), has long
served as a foundational framework in statistical learning
theory. This framework is focused on the question of char-
acterizing the best possible uniform learning rates —that is,
error rates that can be guaranteed across all distributions.
However, its minimax perspective and its inherent limitation
in incorporating data-dependent assumptions have limited
its applicability to real-world scenarios. More specifically,
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by concentrating on worst-case distributions, PAC theory
fails to capture optimal rates under a single, fixed data dis-
tribution, which is the typical scenario in most practical
machine learning tasks (Cohn et al., 1994; Cohn & Tesauro,
1990). Furthermore, classical distribution-free PAC theory
does not naturally incorporate data-dependent structural as-
sumptions common in many learning problems, such as
margin conditions or low-dimensional structure, directly
into the concept class itself. While such settings have been
extensively studied within statistical learning theory through
distribution-dependent analyses and complexity-based tech-
niques (Shawe-Taylor et al., 1998; Herbrich et al., 2000),
these approaches generally rely on assumptions external
to the combinatorial structure of the hypothesis class and
therefore do not provide a purely distribution-free PAC char-
acterization of learnability. These limitations have steered
the development of alternative frameworks under statistical
learning theory. Universal learning, introduced by (Bous-
quet et al., 2021), addresses the fixed-distribution scenario
by exploring universal rates —the optimal rates achievable
for any single, fixed distribution. Universal learning has
revealed a richer landscape of rates and has been success-
fully applied across various problems, including multiclass,
active, and interactive learning (Kalavasis et al., 2022; Han-
neke et al., 2023; Hanneke & Xu, 2025; 2024; Hanneke et al.,
2024; 2022). Another new line of research considers the
incorporation of partial concept classes into the PAC theory.
A partial concept class aims at modeling data-dependent as-
sumptions by extending to concepts that are not necessarily
defined over the entire instance space (Long, 2001; Alon
et al., 2021). Among the central research questions arising
from this extension, the determination of optimal sample
complexity bounds has received significant attention Alon
et al. (2021); Long (2001); Aden-Ali et al. (2023); Hopkins
et al. (2022). Despite their extensive investigation into the
realizable and agnostic settings, neither Universal Learn-
ing nor partial concept classes has yet been extended to
binary classification under the Massart noise condition. The
Massart noise (or β-bounded noise) condition is a critical
setting where the Bayes classifier conditional probability of
error is bounded by a known probability of β < 1/2, while
the concept class is assumed to be realizable with respect
to the Bayes classifier. Considered an intermediate noise
model, it has been extensively studied under the standard
PAC model (Massart & Nédélec, 2006; Giné & Koltchinskii,
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2006; Hanneke & Yang, 2015; Hanneke, 2016; Zhivotovskiy
& Hanneke, 2018). To motivate our interest further, the gap
between the realizable and agnostic settings varies, or yet, is
unknown, under the aforementioned frameworks described
above: (1) Realizable universal rates extend the known uni-
form rates by the faster exponential rate, while the agnostic
universal rates fail to match the uniform rates, attaining
exponential universal rate only for finite concept classes.
(2) Sample complexity of partial concept classes has been
shown to match classical PAC bounds under the realizable
case Aden-Ali et al. (2023), yet current results cannot show
the same for its agnostic counterpart. Due to this unpre-
dictable behavior, the potential rates under Massart noise
within these frameworks remain uncertain. In this work,
we provide a complete investigation of universal rates and
improved PAC bounds for partial concept classes under the
Massart noise condition. Our core contribution is three-fold:

1. We sharpen the excess error bound of the transductive
empirical risk minimization (TERM) algorithm variant
of Hanneke & Moran (2026) under the Massart noise
setting.

2. We use this algorithm to derive tighter sample com-
plexity bounds for partial concept classes.

3. We provide a full characterization of the universal rates
under bounded noise.

We emphasize that the main novelty of this work is analyti-
cal rather than algorithmic. The TERM procedure and the
pattern-avoidance framework build on prior work in trans-
ductive and universal learning. Our contribution is to show
that these tools can be made to operate in the intermediate
Massart-noise regime, where neither the realizable nor the
fully agnostic analyses apply directly. Technically, this re-
quires a new excess-error analysis of TERM based on offset
Rademacher complexity and local metric entropy, which
then yields improved PAC bounds for partial concept classes
and the missing Massart-noise cases in the universal-rate
classification.

1.1. Background and Preliminaries

Following the classical supervised learning setting of binary
classification, we consider an instance space X , a concept
class H ⊆ {0, 1}X and a probability distribution P over
X × {0, 1}. Given a classifier h : X → {0, 1}, we define
the error rate of h to be erP (h) := P [h(X) ̸= Y ], where
(X,Y ) ∼ P . Our work focuses on distributions that sat-
isfy the Massart noise condition, where its definition relies
on the Bayes optimal classifier, h⋆P , the minimizer of the
classification error:

h⋆P (x) := 1{P[Y=1|X=x]≥1/2}

As our work also involves learning partial concept classes,
we will introduce two variants of β-bounded (Massart) noise
assumptions: the strong β-bounded condition, which re-
quires that the Bayes classifier h⋆P can be approximated
by hypotheses in H in the measure sense, and the weak
β-bounded condition, which only requires that the concept
classH will mimic h⋆P on every finite sample. We start with
the former and postpone the definition of the latter to the
presentation of partial concept classes.

Definition 1 (Strong β-bounded (Massart) noise condition).
A distribution P over X×{0, 1} is said to satisfy β-bounded
noise condition with respect to a concept class H if there
exists β ∈ (0, 1/2) such that each of the following holds
almost surely:

• P [h⋆P (X) ̸= Y |X] ≤ β

• infh∈H P [h(X) ̸= h⋆P (X)] = 0

In what follows we abbreviate “strong/weak β-bounded
noise condition” as “β-bounded” whenever the particular
variant is evident from the context. To proceed with our
presentation, a learner is given a set of n i.i.d. samples from
a β-bounded distribution P , with the objective of learning
a classifier ĥn : X → {0, 1} that minimizes the error rate
er(ĥn). Unlike the realizable case, where the concept class
can achieve arbitrarily small error, this guarantee does not
hold under β-bounded noise. Hence, our focus shifts to
the minimal excess error relative to the Bayes classifier, as
formalized in the following definition.

Definition 2 (Excess error). Let H be a concept class, and
let
{
ĥn

}
n∈N

be the output of a learning algorithm. For

any β-bounded distribution P over X × {0, 1} and a sam-
ple Sn := {(Xi, Yi)}i∈[n] ∼ Pn, we define its (expected)
excess error as

E(n, P ) := E
[
erP (ĥn)− erP (h

⋆
P )
]

It is worth noting that our definition of excess er-
ror is taken with respect to the expected Bayes error,
whereas the literature more commonly defines it relative
to infh∈H erP (h). Moreover, Alon et al. (2021) argued that
excess error should instead be measured with respect to
the approximation error of the concept class, erP (H) =
limn→∞ E[minh∈H êrSn

(h)], that is, the limiting expected
empirical error of the concept class. This is a stricter notion
that extends naturally to generalized settings, such as partial
concept classes. We emphasize that Definition 2 coincides
with both quantities: under the strong β-bounded noise con-
dition, it is equivalent to the former, while under the weak
β-bounded condition, it aligns with the latter under two
sub-cases: Distributions with countable support, or concept
classes with finite VC dimension, which is sufficient to show
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that our sample complexity is a direct improvement over
that of the agnostic sample complexity derived by (Alon
et al., 2021). We derive these equivalences in Appendix B.
Under both β-bounded noise conditions, PAC learning is
characterized by two complexity measures of the concept
class: the VC dimension and the star number. The formal
definitions of the VC dimension and the star number are
deferred to Appendix A. We denote the star number of a
concept class H as s(H). It is important to observe that
a bounded star number ensures PAC learnability under β-
bounded noise assumptions; this follows from the fact that
a finite star number is a strictly stronger condition than a
finite VC dimension.

Partial Concept Classes Unlike total concept classes—
the standard objects of study in the PAC framework — par-
tial concept classes may contain concepts that are not de-
fined on certain regions of the instance space. To distinguish
notation, we denote total concept classes by H and partial
concept classes by H . The formal definition follows.
Definition 3 (Partial concept class). A partial concept class
H is a set of functions h : X → {0, 1, ⋆}, where ⋆ denotes
an undefined value. The support of h is defined as

supp(h) := {x ∈ X | h(x) ∈ {0, 1}}.

Note that any prediction of ⋆ is formally treated as a predic-
tion mistake. While all classical complexity measures -such
as VC dimension and star number - extend naturally to par-
tial concept classes, other definitions, such as distributional
assumptions and PAC learnability must be generalized to
capture the richer learning scenarios introduced by this ex-
tension. In the next definition, we generalize the β-bounded
noise condition for partial concept classes. Before we state
this condition, we denote PX as the marginal distribution of
P over X .
Definition 4 (Weak β-bounded (Massart) noise condition).
A distribution P over X ×{0, 1} is said to satisfy the gener-
alized β-bounded noise assumption with respect to a partial
concept class H if there exists β ∈ [0, 1/2) such that each
of the following holds almost surely:

• P [h⋆P (X) ̸= Y |X] ≤ β

• For every n ∈ N and X1, . . . , Xn ∼ Pn
X there exists

h ∈ H such that h(Xi) = h⋆P (Xi) holds for all i ∈
[n].

Indeed, we can observe that Definition 4 is weaker than Def-
inition 1 in the sense that the concept class can only mimic
h⋆P over every finite random set, yet there may be scenarios
where the condition infh∈H P [h(X) ̸= h⋆P (X)] = 0 will
not hold1.

1For a counterexample on the realizable setting, see (Alon et al.,
2021)[Lemma 33].

Measurability Assumptions and Additional Notation
Universal learning algorithms are based on the notion of
Gale-Stewart games (Gale & Stewart, 1953), and thus re-
quire certain measurability assumptions to ensure their well-
definedness. To this end, we assume X to be a Polish space
and our (total) concept class H to be measurable, that is,
that H could be parameterized with respect to some Polish
space Θ. This assumption, which is known as the image
admissible Souslin property and is a standard condition in
empirical process theory, ensures the universally measur-
ability of our learning algorithm2. We make frequent use
of conditional probabilities and expectations. Unless stated
otherwise, all such quantities are understood in the standard
measure-theoretic sense, with statements holding almost
surely with respect to an appropriate version.

We finish this section with the following conventions and
definitions. Every logarithm is considered a natural log-
arithm, unless stated otherwise, e.g. log2(x). We write
Log(x) for max {1, log(x)}. We denote êrS(h) as the em-
pirical error of h on the sample S ⊆ {X × {0, 1}}∗ ,that is,
êrS(h) :=

∑
(x,y)∈S 1{h(x)̸=y}. We may sometimes wish

to consider the error rate conditioned over a specific eventA.
To this end, we define er|A(h) := P [h(X) ̸= Y |A]. We
define XS := {x ∈ X : (x, ·) ∈ S} to be the set of distinct
points x ∈ X of some sample S ∈ {X × {0, 1}}∗.

1.2. Related Work

Massart Noise Early PAC learning research focused on
two primary regimes: the realizable setting, where the
(total) concept class is assumed to contain the target con-
cept, achieving error rates of VC(H)

n , and the agnostic set-
ting, where no distributional assumptions yield rates of√

VC(H)
n . The first work to present intermediate rates

in the context of PAC learning was that of (Tsybakov,
2004). These rates were shown to be possible when the
target distribution exhibits a margin type condition, also
known as Bernstein class condition, which has its roots
in discriminative analysis (Mammen & Tsybakov, 1999).
A series of successive works refined their results (Mas-
sart & Nédélec, 2006; Giné & Koltchinskii, 2006; Han-
neke & Yang, 2015) by introducing new quantities such
as the disagreement coefficient and the star number. The
β-bounded noise condition is often named after (Mas-
sart & Nédélec, 2006), who noticed it as a special inter-
pretable case of the Bernstein class condition. Current PAC
sample complexity estimates for Massart noise condition

contain the upper bound
VC(H)Log

(
s(H)∧ (1−2β)2

dε

)
+Log( 1

δ )
ε(1−2β)

of (Hanneke & Yang, 2015), and the lower bound

2We emphasize that our algorithms rely on universally measur-
able functions introduced by Bousquet et al. (2021); Hanneke et al.
(2024), see pointers therein for more details.
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VC(H)+βLog
(
s(H)∧ (1−2β)2

ε

)
+Log( 1

δ )
ε(1−2β) of (Hanneke, 2016),

which builds upon the information-theoretic techniques of
(Raginsky & Rakhlin, 2011). (Zhivotovskiy & Hanneke,
2018) have suggested an alternate complexity term to char-
acterize empirical risk minimization (ERM) learnability,
which they termed the fixed point of a local empirical en-
tropy. Through this quantity, they were able to recover the
aforementioned sample complexity, as it was shown to be
equivalent to a function of the VC dimension and the star
number.

Partial Concept Classes Classical PAC theory focuses
exclusively on total concept classes. Early appearances of
{0, 1, ⋆}-valued functions arose mainly as technical tools
to extend generalization bounds, such as in Sauer’s lemma
(Haussler & Long, 1995) and the analysis of [0,1]-valued
function classes (Bartlett & Long, 1998). A direct study
of partial concept classes was initiated by Long (2001),
who established their agnostic PAC learnability. After a
long hiatus, Alon et al. (2021) revisited the problem and
introduced several important results and insights. Most
notably, they identified key challenges unique to partial con-
cept classes—demonstrating the failure of empirical risk
minimization (ERM) and the absence of any natural learn-
ing algorithm in this setting. They further showed that
disambiguating a partial class (i.e., converting it into a to-
tal class by replacing ⋆ with {0, 1}) results in a total class
of size |X |O(VC(H) log |X |), incurring substantial complex-
ity inflation. Despite these difficulties, Alon et al. (2021)
proposed transductive algorithms that improved sample-
complexity bounds for both realizable and agnostic cases,
leveraging techniques ranging from sample compression to
boosting of the 1-Inclusion Graph algorithm (Haussler et al.,
1994). However, their results did not fully close the sample-
complexity gap in either setting. Subsequently, Aden-Ali
et al. (2023) achieved realizable sample-complexity bounds
matching those of classical PAC learning, using martingale
inequalities with the 1-Inclusion Graph algorithm, while
Hopkins et al. (2022) derived agnostic rates via an agnostic-
to-realizable reduction, though their bounds remain looser
than those in Alon et al. (2021). It is important to note that
the sample complexity derived in the works of Long (2001)
and Hopkins et al. (2022) is expressed in excess error with
respect to infh∈H erP (h), which can be loose in the case of
partial concept classes 3.

Universal Learning Universal learning is a relatively new
framework in the landscape of statistical learning theory,
using ideas and tools from descriptive set theory, online
learning and game theory. This line of work, which was
initiated by (Bousquet et al., 2021), aimed at characterizing

3See Appendix C in Alon et al. (2021) for further discussion.

the expected error of a learning algorithm over any fixed
distribution, rather than trying to catch the worst case behav-
ior over all distributions at once, that is, trying to catch the
individual ”learning curves” rather than the collective outer
envelope. Starting under the most basic setting of binary
classification under realizable distribution, (Bousquet et al.,
2021) revealed a trichotomy of universal rates: exponen-
tial, linear or arbitrarily slow. While (Bousquet et al., 2021)
claimed that the constants for universal rates are distribution-
dependent, (Bousquet et al., 2023) proved that the linear
rate is in fact distribution-independent, and is characterized
by the VCL dimension. A follow-up work of (Hanneke &
Moran, 2026) gave full characterization of the agnostic case,
with the surprising tetrachotomy of e−n, e−o(n), o

(
n−1/2

)
or arbitrarily slow. Among the multiple extensions made to
other learning problems, the closest are those that charac-
terize universal rates for empirical risk minimizers for both
the realizable (Hanneke & Xu, 2024) and the agnostic cases
(Hanneke & Xu, 2025). Their results share similarity to
general universal rates: The realizable rates extend the uni-
form known rates by the exponential rate to obtain the tetra-
chotomy of rates: e−n, 1/n, log(n)/n and arbitrarily slow,
while the agnostic rate has the trichotomy of e−n, o

(
n−1/2

)
and arbitrarily slow. However, in contrast to our setting, the
characterization of ERM universal rates relies on different
complexity measures: The star-eluder sequence and the VC
dimension. Another notable work characterizes the uni-
versal rates for active learning (Hanneke et al., 2024); we
employ their star-set elimination algorithm as a critical step
in establishing the universal linear rate.

2. Main Results
Learning Partial Concept Classes under Massart Noise
The main caveat of learning partial concept classes stems
from the fact that one could not rely on empirical risk mini-
mization. Indeed, a concept with a small empirical error on a
labeled data set gives no indication regarding its population
error, as it may be undefined on the majority of the distribu-
tion’s support. However, under the assumption that almost
surely any projection of the concept class on a finite data
set contains a fully-defined concept, one may succeed in
making local predictions on observed unlabeled data points
using transductive learning algorithms. Recently, (Hanneke
& Moran, 2026) have applied a variant of the TERM algo-
rithm by (Vapnik & Chervonenkis, 1974) for learning partial
concept classes under Bayes-realizable distributions4, as a
part of their agnostic universal characterization. This algo-
rithm was shown by (Hanneke & Moran, 2026) to have an

4In the context of partial concept class, this means that for any
random finite sample, there exists a concept that is fully defined
on all points in the sample with probability one. See (Hanneke &
Moran, 2026) for more details.
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in-expectation bound of o
(√

VC(H)
n

)
. We sharpen this

result for β-bounded distributions using offset Rademacher
complexity and local metric entropy as were employed by
(Zhivotovskiy & Hanneke, 2018). Before stating the main
result, we let A : H × (X × {0, 1})n ×X → {0, 1} denote
the prediction rule of the TERM algorithm, given a partial
concept class H , a labeled sample of n points, and a query
point in X .

Theorem 1. Let S = {(X1, Y1), ..., (Xn, Yn)} ∼ Pn,
where P satisfies Definition 4 with respect to H . Let
ĥn(·) := A(H,S, ·), then the following hold

E(n, P ) = O

d log
(
min

{
n(1−2β)

d , s
1−2β

})
(1− 2β)n


where d and s are the VC dimension and star number of H ,
respectively.

Sample Complexity for Learning Partial Concept
Classes Under Massart Noise While significant progress
has been made in characterizing the sample complex-
ity for partial concept classes in both the realizable
and agnostic settings, the case of Massart noise has
yet to be addressed. Consequently, the best currently
known estimates are those of Alon et al. (2021) for
the agnostic setting: O

(
VC(H) log2(d/ε)+log(1/δ)

ε2

)
and

Ω
(

VC(H)+log(1/δ)
ε2

)
. Beyond the looseness that persists

in the upper bound, these estimates are significantly looser
than the corresponding sample complexity under the clas-
sical PAC model with Massart noise. By employing the
TERM algorithm in conjunction with confidence boosting,
we establish tighter bounds, as stated in the following theo-
rem.

Theorem 2. For any partial concept class H , let M(ε, δ)
denote the sample complexity for PAC learning H under
weak β-bounded distributions (Definition 4). Then M(ε, δ)
satisfies the following bounds:

• M(ε, δ) = O
(

d
ε(1−2β) log

(
min

{
1
ε ,

s
1−2β

})
log
(
1
δ

))
• M(ε, δ) = Ω

(
d+log( 1

δ )+β log(min{ 1
ε ,s})

ε(1−2β)

)
where d and s are the VC dimension and star number of H ,
respectively.

Remark 2.1. The excess-error notion considered here coin-
cides with the stricter approximation-error mentioned in the
previous section for every PAC learnable class, that is, any
concept class with finite VC dimension. Hence, its opera-
tional interpretation holds also with respect to the latter.

Universal Rates under Massart Noise We proceed to
our second application of the TERM algorithm, which com-
pletes the characterization of universal learning rates under
Massart noise. It is important to note that this analysis per-
tains to total concept classes and assumes distributions that
satisfy the strong β-bounded noise condition (Definition
1). Before presenting our results, we first define universally
learnability under Massart noise (Definition 1) by extending
the definition used by (Bousquet et al., 2021).

Definition 5. Let H be a (total) concept class and R(n) →
0 be a rate function. We say that:

• H is β-universally learnable at rate R if there exists a
learning algorithm ĥn such that for every β-bounded
distribution P , there exist C, c > 0 for which its excess
error satisfies E(n, P ) ≤ CR(cn) for all n.

• H is not β-universally learnable at rate faster than
R if for every learning algorithm ĥn, there exists a
β-bounded distribution P and C, c > 0 for which its
excess error satisfies E(n, P ) ≥ CR(cn) for infinitely
many n.

• H is β-universally learnable with optimal rate R if H
is learnable at rate R and H is not learnable faster
than R.

• H requires arbitrarily slow rates if, for every R(n) →
0, H is not learnable faster than R.

When the learning rate is stated with an asymptotic nota-
tion rather than with an exact function, it requires a more
rigorous treatment. For this matter, we adapt the following
definition from Hanneke & Moran (2026).

Definition 6. Following the notations in Definition 5, we
say that H is β-universally learnable with optimal rate
exactly e−o(n), if for every T (n) = o(n), H is β-universally
learnable at rate R(n) = e−T (n) and for every learning
algorithm ĥn, there exists a function T (n) = o(n) and a
β-bounded distribution P such that E(n, P ) ≥ e−T (n) for
infinitely many n.

Since the Massart noise model essentially interpolates be-
tween the realizable and agnostic settings, several parts of
its universal characterization are direct consequences of
existing results.

• If |H| <∞, then H is β-universally learnable with
an optimal rate e−n. The fact that no learning algo-
rithm can learn at a rate faster than exponential under
realizable distribution is originally due to (Schuurmans,
1997). A matching lower bound for the agnostic case
follows from the elementary lower bound on the sam-
ple complexity of determining the polarity of a slightly
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biased coin (Hanneke & Moran, 2026)5. The upper
bound is trivially obtained using an ERM learner, by
applying Chernoff inequality with the union bound
(Hanneke & Moran, 2026).

• If |H| = ∞, but does not have an infinite Littlestone
tree, then H is β-universally learnable with optimal
rate e−o(n). The upper bound was proved in agnostic
setting by (Hanneke & Moran, 2026). Their use of
a β-bounded distribution in their construction of the
lower bound imply that no further improvement can be
applied in our setting.

• If H has an infinite Littlestone tree, then H is not
β-universally learnable at a rate faster than 1/n.
Furthermore, if H has an infinite VCL tree, then
H requires arbitrarily slow rates. While (Bousquet
et al., 2021) established these results within the real-
izable setting, the conclusion naturally extends to the
more general—and strictly more challenging—regime
considered in our work.

To this end, we complete the characterization establishing
two additional universal rates which, interestingly, coincide
with the known uniform rates under the same distributional
assumption, thus reaching a pentachotomy of rates. We
defer the complexity measures associated with the next
theorem to Appendix E.

Theorem 3. For every concept class H with |H| ≥ 2, the
following hold:

• If |H| <∞, then H is β-universally learnable with an
optimal rate exactly e−n.

• If |H| = ∞, but does not have an infinite Littlestone
tree, then H is β-universally learnable with optimal
rate exactly e−o(n).

• If H has an infinite Littlestone tree but does not have
an infinite star tree, then H is β-universally learnable
with optimal rate exactly 1

n .

• If H has an infinite star tree but does not have an
infinite VCL tree, then H is β-universally learnable
with optimal rate exactly log(n)

n .

• If H has an infinite VCL tree, then H requires arbitrar-
ily slow rates.

5An extension has to be made for the case of H = {h, 1− h},
where one sample is sufficient if the distribution is realizable.

3. Transductive Learning Algorithm and
Sample Complexity for Partial Concept
Classes

In this section, we present the transductive empirical risk
minimization (TERM) algorithm of (Hanneke & Moran,
2026) and give a brief account of our proof of its excess error
bound. The full proof can be found in Appendix C. Given
a labeled data set of size n and an additional unlabeled
point, the algorithm outputs the prediction among all the
total projection that achieves the smallest empirical error on
the first half of the sample, where by total projections we
mean all the projections of the concept class that are defined
on both the data set and the test point. More formally,
denote a≤k := {a1, a2, . . . , ak} for some sequence a and
let TERMH

n : (X × {0, 1})⌈n/2⌉×X ⌊n/2⌋+1 → {0, 1}n+1

be the universally measurable mapping 6 defined as

TERMH
n

(
x≤⌈n/2⌉,, y≤⌈n/2⌉, x⌈n/2⌉+1, . . . , xn+1

)
:=

argmin
h∈H[x1,...,xn+1]

êrS≤⌈n/2⌉(h),

then given a sample S = (x1, y1, . . . , xn, yn) and a test
point xn+1, our algorithm returns the prediction

A (H,S, xn+1) :=

TERMH
n

(
x≤⌈n/2⌉, y≤⌈n/2⌉, x⌈n/2⌉+1, . . . , xn+1

)
(xn+1).

This approach allows one to use the remaining half of the
sample to transform our analysis from expected excess error
to expected excess empirical error using exchangeability
arguments. That is, let S be a random i.i.d sample sequence,
and Si:j be its subset containing the indices i to j, one can
argue that

E(n, P ) = E
[
êrS⌈n/2⌉+1:n+1

(ĥn)− êrS⌈n/2⌉+1:n+1
(h⋆P )

]
.

From this point on, (Hanneke & Moran, 2026) proceed by
separating the analysis of labels from that of the sample co-
variates, and then apply empirical variants of concentration
inequalities based on localization arguments. Although this
approach yields tight error bounds in the agnostic case, it
remains insufficient to address more flexible noise regimes,
such as Massart noise. To attend to this issue, we turn
to another localization-based analysis that is known to be
more subtle in these settings, namely the fixed point of lo-
cal entropy by (Zhivotovskiy & Hanneke, 2018). Using
symmetrization and contraction, this technique reduces the
analysis of the ERM excess error to obtaining a bound over
the shifted empirical centered sub-gaussian processes de-
fined over the functional classes, which are based on the
concept class. Finally, (Zhivotovskiy & Hanneke, 2018)
show that such quantities can be controlled by the fixed

6For more details, see (Hanneke & Moran, 2026).
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quantity of a local empirical entropy, a quantity equivalent
(under regularity conditions) to the complexity term associ-
ated with learning Massart noise. However, the application
of this technique is not straightforward, as we seek to bound
the conditional excess empirical error rather than the excess
error itself. In addition, the derivation of (Zhivotovskiy &
Hanneke, 2018) considers only total concept classes, while
we deal with partial concept classes. To overcome these, we
apply a symmetrization trick over the excess empirical error
and apply a contraction lemma that allows us to drop the
labels and focus on local structure of the concept class. We
then use the fact that the analysis involves local empirical
entropy and restrict our attention to the total version space
over the sample. As this set is guaranteed to be non-empty
due to the Massart condition, we can apply the empirical
entropy bound as-is, bounding the version space complexity
measures it inherits from the original (partial) concept class.

We finish this section with a brief sketch of our upper sample
complexity derivation. Our estimate is derived by applying
Boosting, a standard method in statistical machine learning
that allows the conversion of an in-expectation algorithm
into a high-probability learner. The full proof of Theorem 2,
including the lower bound, is deferred to Appendix D. The
sample is split into two parts. The first part is also split into
equally sized batches, where the batch size is chosen such
that a learner trained on each of these batches has excess
risk more than ε/2 with probability at most 1/2. We set
the number of batches to be ⌈log2 (2/δ)⌉, to ensure that the
probability of the event that all of the classifiers have excess
risk error greater than ε/2 is at most δ/2. The second part of
the sample is then used to pick a sufficiently good classifier
based on the empirical error of each of the ⌈log2 (2/δ)⌉
classifiers. Using union bound together with Bernstein and
Chernoff inequalities, we can guarantee that a classifier with
excess risk greater than ε/2 is chosen, with probability at
most δ/2. The argument follows by an additional union
bound.

4. Universal Rates
This section is dedicated to the remaining items needed to
acquire full characterization of the universal rates under
Massart noise. These are formulated in the next couple of
theorems. Starting with the upper bounds, we have chosen
to couple both upper bounds together in the next theorem,
as they rely on the same technical proof, save the guarantee
that the TERM algorithm can provide for either prediction
using partial concept classes with finite star number or finite
VC dimension.

Theorem 4. Let H be a concept class, then:

• If H has an infinite Littlestone tree but does not have
an infinite star tree, then H is β-universally learnable

at rate 1
n .

• If H has an infinite star tree but does not have an
infinite VCL tree, then H is β-universally learnable at
rate log(n)

n .

The learning algorithm for Theorem 4 is depicted in Algo-
rithm 1. Next, we move onto our lower bound, this result
uses similar ideas from the lower bounds of (Hanneke, 2016;
Raginsky & Rakhlin, 2011).

Theorem 5. If H has an infinite star tree, then for any
learning algorithm ĥn, there exists a β-bounded distribution
P (Definition 1) such that

E(n, P ) ≳ log n

n

for infinitely many n.

The remainder of this section outlines the ideas behind the
upper bounds, the formal proofs of Theorems 4 and 5 can be
found in Appendices E and F, respectively. We can observe
a sense of parallelism between the VCL and star trees to
the VC dimension and star number. Indeed, we will work
towards transforming these universal complexity measures
into their uniform counterparts. Importantly, for each such
pair, boundedness of one measure does not imply bound-
edness of the other; see (Bousquet et al., 2021; Hanneke
et al., 2024) for counterexamples. Our proof is similar to
the universal o

(
n−1/2

)
upper bound of (Hanneke & Moran,

2026): We opt to distill a total concept class with universal
complexity measure into multiple partial concept classes
with uniform complexity measure that corresponds to the
universal one, and circumvent the problem of noisy labels
by enumerating all possible labeling combinations.

For simplicity, we draw our sketch for a concept class H that
has no infinite star tree (the equivalent sketch for the case of
no infinite VCL tree is identical). We start by fixing some
β-bounded P w.r.t to H. Recall that Theorem 1 assures
linear expected excess error for learning some finite star
number partial concept class H , given that the data is sam-
pled from a (weak) β-bounded distribution P (w.r.t toH). It
is possible to extend this result under more flexible, weaker
conditions. Assume that we have k independently random,
finite star partial concept classes Ĥ1, . . . , Ĥk, where each
has probability greater than 1/2 to include h⋆P labeling on a
sample S = (X1, Y1, . . . , Xm, Ym) and a test point X (the
randomness of the partial concept classes is independent of
S,X). It is not hard to see that a majority voting on the col-
lective TERM prediction will restore the error bound: The
probability that at least half of these partial concept classes
does not contain h⋆P labeling on XS ∪ {X} is exponentially
small (thus ensuring that P is weakly β-bounded w.r.t to
each such partial concept class that does contain h⋆P labeling
on XS∪{X}), whilst Markov’s inequality recovers the same

7
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Algorithm 1 Learning Algorithm for Universal Learning
using pattern avoidance functions

1: Input: Sample S = {(Xi, Yi)}ni=1 of size n, TERM algo-
rithm A : H× (X × {0, 1})n×X → {0, 1} and a test point
X .

2: Output: A prediction on X .
3: m1 ← ⌊n/3⌋ , m2 ← ⌊2n/3⌋
4: Set S1 := {Xi}m1

i=1 , S2 := {(Xi, Yi)}m2
i=m1+1 , S3 :=

{(Xi, Yi)}ni=m2+1

5: Part I - Learning pattern avoidance functions
6: For every batch size b ∈ [m1], do the following:
7: a. Split S1 into disjoint b-sized batches:{

Sb
1,i | i ∈ [⌊m1/b⌋]

}
8: b. For every i ∈ [⌊m1/b⌋], learn the pattern avoidance func-

tion set F̂ i
b on XSb

1,i
using every possible labeling.

9: c. Set H̃i
b :=

⋃
f∈F̂ i

b
H̃i,f

b , where H̃i,f
b denotes the partial

concept class induced by f on XS2 .
10: Part II - Evaluation of sufficiently good batch size
11: For every batch size b ∈ [m1], do the following:
12: a. Denote by H̃i

b (XS2) the set of classifications of XS2 real-
izable by H̃i

b.
13: b. Calculate êrS2

(
H̃i

b

)
, the minimal empirical error on S2

among classifications in H̃i
b (XS2).

14: c. Select b̂ to be the smallest b ∈ [m1] such that at least

8/10 of its error estimates
{
êrS2(H̃

i
b)
}

i∈[⌊m1/b⌋]
are at most

2

√
b′2b′ log(n3)

n
larger compared to every error estimate in{

êrS2(H̃
i′

b′ )
}

i′∈[⌊m1/b⌋]
, where b < b′ ≤ m1.

15: Part III - Predicting TERM-based majority voting with
the chosen pattern avoidance functions set

16: a. Set Ĥi
b̂
:=

⋃
f∈F̂ i

b̂

Ĥi,f

b̂
, where Ĥi,f

b̂
denotes the partial

concept class induced by f on XS3 ∪ {X}.
17: b. Return the majority vote of the set{

A
(
Ĥi

b̂
, S3, X

)}
i∈[⌊m1/b̂⌋]

.

excess error as before, conditioned on the complementary
event. Thus, it is sufficient for our cause to construct a finite
set of these random partial concept classes.

Fortunately, the creation of such partial concept classes was
shown to be possible by (Bousquet et al., 2021; Hanneke
et al., 2024) using three key results: (1) The non-existence
of an infinite tree is translated into the existence of a winning
strategy in a Gale-Stewart game. (2) An algorithm based
on such winning strategy is ensured to not observe ”forbid-
den” data patterns (star sets in our case) on a consistent data
sequence with the concept class. (3) Transforming this guar-
antee to the probabilistic setting for random realizable data
sequences, we can show that the probability of observing
these ”forbidden” data patterns decays with the sequence
length. These are summarized in the next lemma, the defi-
nition of realizable distribution can be found on Appendix
A.

Lemma 6 (Informal). Let H be a concept class that does
not have an infinite star tree, and let X1, Y1, . . . be an i.i.d
sequence sampled from a realizable distribution w.r.t to H.
Then there exists a universally measurable pattern avoid-
ance function g̃t that satisfies P [per(g̃t) > 0] → 0, where
per(g̃t) denotes the (random) probability that g̃t encounters
star patterns.

Given the above lemma, it is guaranteed that there exists a
batch size b∗ such that P [per(g̃t) > 0] ≤ 1/10, if the se-
quence is sampled from a 0-bounded distribution w.r.t to H
(that is, a sample from a realizable distribution P ∗ satisfying
P ∗
X = PX and P ∗ [Y = h⋆P (X)|X] = 1 ). Assuming that

we know the value of b∗, we may easily create the desired
partial concept classes, even if our data is sampled from
a β-bounded distribution rather than a realizable one. Se-
curing additional k independent sample batches of size b∗,
SB1

, . . . , SBk
, we use each batch to learn a set of 2b

∗
pat-

tern avoidance functions
{
F̂ i
b∗

}
i∈[k]

, one for every possible

labeling of the batch. We then use F̂ i
b∗ and an additional

independent sample S to construct Ĥi over XS ∪ {X}, by
including every labeling {0, 1}XS∪{X} such that none of
the functions in F̂ i

b∗ witness it to contain a forbidden star
pattern. We claim that each Ĥi independently has a finite
star number, and that at least 8/10 of the partial concept
classes contains h⋆P labeling. Indeed, each partial concept
class has a star number of at most b∗2b

∗
, as it is a union of

at most 2b
∗

concept class with star number b∗. To prove the
second claim, we observe that it is sufficient to show that
h⋆P labeling is not eliminated by at least one pattern avoid-
ance function in the set F̂ i

b∗ : The function that is learned on
SBi using h⋆P labeling. By Lemma 6, as each batch is of
length at least b∗, the probability that this function observes
a star pattern is at most 1/10, the second claim follows by
Hoeffding inequality.

This leaves us with the remaining obstacle of estimating the
desired batch size b∗. For this task, we require an additional
validation sample. From now on, we drop the previous sam-
ple conventions and instead partition the sample S to three
equal parts: S1 is used to learn all possible pattern avoid-
ance functions up to batch size ⌊n/3⌋, producing forbidden
pattern functions sets

{
F̂ i
b

}
i∈[⌊n/3b⌋]

for every b ∈ [⌊n/3⌋].
S2 is then used for batch size estimation, by building partial
concept classes based on each forbidden patterns functions
set
{
F̂ i
b

}
over XS2 and evaluating their empirical error on

S2. Finally, S3 is used for the actual prediction using the
TERM majority voting predictor. As we do not know the
identity of h⋆P , we perform our estimation of b∗, denoted b̂,
in a relative manner: For sufficiently large n, the majority
of a forbidden-pattern functions set

{
F̂ i
b

}
attain low vali-

dation error once the batch size b exceeds an appropriate
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threshold. Accordingly, we select our estimate b̂ to be the
smallest batch size for which most of its forbidden pattern
functions perform as well as any pattern avoidance functions
set based on a greater batch size than b̂. More specifically,
by conditioning on the support of XS2

, we use uniform con-
vergence arguments to select b̂ to be the infimum of the
set of all batches sizes for which we are able to construct
partial concept classes, such that at least 8/10 of them has

empirical error at most 2
√

b′2b′ log(n3)
n larger than the em-

pirical error of every partial concept class built by pattern
avoidance function based on larger batch sizes b′. We show
in Appendix E (Lemma 17) that this leads to batch size es-
timate b̂ for which P

[
per(g̃b̂)

]
≤ 3/10 with probability of

at least 1− C
n for some constant C > 0, which is sufficient

for our needs.

5. Conclusion
This paper has extended two separate learning theories to
the case of Massart noise using a new excess error bound
for the TERM algorithm. Our first application allowed us
to derive new PAC sample complexity bounds for partial
concept classes, while our second application allowed us to
show the existence of linear and log(n)/n universal rates,
allowing us to complete the picture of universal learning
rates with a complementary lower bound. Although our
sample complexity bounds are considerably tighter than pre-
vious estimates, standard PAC estimates suggest potential
for further refinement. We conjecture that the transductive
methods introduced by (Aden-Ali et al., 2023) and (Dughmi
et al., 2025) can be extended to this regime. A further objec-
tive is the extension of universal rates to the Bernstein-class
condition. As extremal rates are already determined, the
central question is whether intermediate rates mirror the uni-
form rate behavior observed in Massart noise—an outcome
consistent with our current conjectures.
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Giné, E. and Koltchinskii, V. Concentration inequalities
and asymptotic results for ratio-type empirical processes.
The Annals of Probability, 34(3):1143–1216, 2006. doi:
10.1214/009117906000000070.

Hanneke, S. Refined error bounds for several learning algo-
rithms. Journal of Machine Learning Research, 17(135):
1–55, 2016.

Hanneke, S. and Moran, S. A theory of universal agnostic
learning. arXiv preprint arXiv:2601.20961, 2026. URL
https://arxiv.org/abs/2601.20961.

Hanneke, S. and Xu, M. Universal rates of empirical risk
minimization. In Advances in Neural Information Pro-
cessing Systems, volume 37, pp. 116291–116331, 2024.

Hanneke, S. and Xu, M. Universal rates of ERM for agnostic
learning. In Proceedings of Thirty Eighth Conference on
Learning Theory, volume 291 of Proceedings of Machine
Learning Research, pp. 2666–2703. PMLR, 2025.

Hanneke, S. and Yang, L. Minimax analysis of active learn-
ing. Journal of Machine Learning Research, 16:3487–
3602, 2015.

Hanneke, S., Kontorovich, A., Sabato, S., and Weiss, R.
Universal Bayes consistency in metric spaces. The Annals
of Statistics, 49(4):2129–2150, 2021.

Hanneke, S., Karbasi, A., Moran, S., and Velegkas, G. Uni-
versal rates for interactive learning. In Advances in Neural
Information Processing Systems, volume 35, pp. 28657–
28669, 2022.

Hanneke, S., Moran, S., and Zhang, Q. Universal rates for
multiclass learning. In Proceedings of the 36th Confer-
ence on Learning Theory, volume 195 of Proceedings of
Machine Learning Research, pp. 5615–5681, 2023.

Hanneke, S., Karbasi, A., Moran, S., and Velegkas, G. Uni-
versal rates for active learning. In Advances in Neural
Information Processing Systems, volume 37, pp. 74770–
74807, 2024.

Haussler, D. and Long, P. M. A generalization of Sauer’s
lemma. Journal of Combinatorial Theory, Series A, 71
(2):219–240, 1995.

Haussler, D., Littlestone, N., and Warmuth, M. K. Predicting
0, 1-functions on randomly drawn points. Information
and Computation, 115(2):248–292, 1994.

Herbrich, R., Graepel, T., and Obermayer, K. Large margin
rank boundaries for ordinal regression. In Advances in
Large Margin Classifiers, pp. 115–132. MIT Press, 2000.

Hopkins, M., Kane, D. M., Lovett, S., and Mahajan, G.
Realizable learning is all you need. In Proceedings of
Thirty Fifth Conference on Learning Theory, volume 178
of Proceedings of Machine Learning Research, pp. 3015–
3069. PMLR, 2022.

Kalavasis, A., Velegkas, G., and Karbasi, A. Multiclass
learnability beyond the PAC framework: Universal rates
and partial concept classes. In Advances in Neural Infor-
mation Processing Systems, volume 35, pp. 20809–20822,
2022.

Long, P. M. On agnostic learning with {0, ∗, 1}-valued
and real-valued hypotheses. In Computational Learn-
ing Theory, volume 2111 of Lecture Notes in Computer
Science, pp. 289–302. Springer, 2001. doi: 10.1007/
3-540-44581-1 19.

Mammen, E. and Tsybakov, A. B. Smooth discrimina-
tion analysis. The Annals of Statistics, 27(6):1808–1829,
1999.
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A. Deferred preliminaries
Definition 7 (VC Dimension). A set of points S = {x1, . . . , xd} ⊂ X is said to be shattered by a concept class H if for
every possible labeling of the points in S, there exists a concept h ∈ H that realizes this labeling. Formally, for every subset
S′ ⊆ S, there exists an h ∈ H such that h(x) = 1 for all x ∈ S′ and h(x) = 0 for all x ∈ S \ S′.

The Vapnik-Chervonenkis (VC) dimension of a concept class H, denoted VC(H), is the maximum size of a set of points
that can be shattered by H. If arbitrarily large shattered sets exist, the VC dimension is said to be infinite.

Definition 8 (Star number). The star number (s) of a hypothesis class H is the largest integer s such that there exist distinct
points x1, . . . , xs ∈ X and classifiers h0, . . . , hs ∈ H where for all i ∈ [s], the disagreement set DIS({h0, hi}) = {x ∈
X : h0(x) ̸= hi(x)} satisfies DIS({h0, hi}) ∩ {x1, . . . , xs} = {xi}. If no such largest integer exists, we define s = ∞.

Definition 9 (Realizable distribution). A distribution P over X × {0, 1} is said to be realizable with respect to the (total)
concept class H if infh∈H erP (h) = 0.

Definition 10 (Littlestone tree (Bousquet et al., 2021)). A Littlestone tree for H of depth d ≤ ∞ is a collection{
xu : 0 ≤ k < d,u ∈ {0, 1}k

}
⊆ X

such that for every n < d and y ∈ {0, 1}d, there exists h ∈ H so that h (xy≤k) = yk+1 for 0 ≤ k ≤ n, where
y≤k = (y1, ..., yk) for any sequence y.

Definition 11 (VCL tree (Bousquet et al., 2021)). A Vapnik-Chervonenkis-Littlestone (VCL) tree for H of depth d ≤ ∞ is a
collection:

t =

xu ∈ X k+1 : 0 ≤ k < d,u ∈
k∏

j=1

{0, 1}j


such that for every n < d and y ∈
∏n+1

j=1 {0, 1}j , there exists a concept h ∈ H so that for all 0 ≤ i ≤ k and 0 ≤ k ≤ n we
have h(xiy≤k

) = yik+1 , where

y≤k =
(
y01 ,
(
y02 , y

1
2

)
, . . . ,

(
y0k, . . . , y

k−1
k

))
and

xy≤k
=
(
x0y≤k

, . . . , xky≤k

)
.

Definition 12 (Star tree (Hanneke et al., 2024)). A star tree for H of depth d ≤ ∞ is a collection:

t =

(xu, yu) ∈ (X × {0, 1})k+2
: 0 ≤ k < d,u ∈

k∏
j=1

{0, . . . , j}


such that for every n < d and u ∈

∏n+1
j=1 {0, . . . , j}, there exists a concept h ∈ H so that for all 0 ≤ k ≤ n, 0 ≤ i ≤ k+1:

h(xiu≤k) =

{
1− yuk

u≤k i = uk

yiu≤k otherwise

,where u≤k = (u1, u2, ..., uk).

B. Equivalence of Excess Error under Strong and Weak Massart Conditions
The aim of this section is to justify our choice of excess error notion, namely the excess error with respect to the Bayes
optimal classifier h⋆P (Definition 2), is sufficiently tight for both sample complexity for partial concept classes under the
weak Massart noise condition, and for full concept classes under the strong Massart noise condition. We start by showing
that under the strong β-bounded noise condition, the terms infh∈H erP (h) and erP (h⋆P ) are equivalent.

Lemma 7. Let P satisfy the strong β-bounded noise condition with respect to H, then infh∈H erP (h) = erP (h
⋆
P )
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Proof: As infh∈H erP (h) ≥ erP (h
⋆
P ) holds trivially under the strong β-bounded noise condition, we only need to show

that infh∈H erP (h) ≤ erP (h
⋆
P ) also holds.

Let {ht}t∈N be a sequence of concepts from H such that limt→∞ P [ht(X) ̸= h⋆P (X)] = 0. For each ht we have

er(ht) = P [ht(X) ̸= Y ∧ h⋆P (X) = Y ] +P [ht(X) ̸= Y ∧ h⋆P (X) ̸= Y ] ≤ P [ht(X) ̸= h⋆P (X)] +P [h⋆P (X) ̸= Y ]

As infh∈H erP (h) ≤ erP (ht) for every t, taking the limit t→ ∞ concludes the proof. □

We now move on to show the equivalence of the approximation error of the partial concept classes and the Bayes expected
error under the weak Massart condition. In contrast to the previous item, this equivalence holds only under certain conditions:
when either the marginal distribution PX has countable support, or the (partial) concept class H has finite VC dimension.
The approximation error is a tighter excess-error measure for partial concept classes (Alon et al., 2021). For a partial concept
class H , it is defined as erP (H) := limn→∞ ε⋆(n), where ε⋆(n) := ES∼Pn [minh∈H êrS(h)].
Lemma 8. Let P satisfy the weak β-bounded noise condition with respect to the partial concept class H , then for every
partial concept class H we have erP (H) ≤ erP (h

⋆
P ). Conversely, if PX has countable support or VC(H) ≤ d, then we

also have erP (H) ≥ erP (h
⋆
P ).

Proof: The first inequality erP (H) ≤ erP (h
⋆
P ) is straightforward.

erP (h
⋆
P ) = ES∼Pn [êrS(h

⋆
P )] ≥ ES∼Pn

[
min
h∈H

êrS(h)

]
= erP (H)

Moving to the second part, we first prove the claim for discrete distributions, that is, when PX has countable support. To
this end, we start with the basic case of X = [m], where m ∈ N. Let us assume without loss of generality that h⋆P (i) = 1
for every i ∈ [m]. and define NS(x, y) to be the number of samples of (x, y) given a sample S ⊂ (X,Y )∗, where we also
write NS(x) := NS(x, 0) +NS(x, 1). Let {An}n≥1 be a sequence of events, where

An = {∃i ∈ [m] such that NS(i, 0) > NS(i, 1), where S ∼ Pn}

First, we start by claiming that limn→∞ P [An] = 0. Indeed, we start by applying union bound we have that P [An] ≤∑
i∈[m] P [NS(i, 0) > NS(i, 1)]. Fix some i ∈ [m], by conditioning on the event that NS(i) = k we may use Hoeffding

inequality to obtain the following bound.

P [NS(i, 0) > NS(i, 1)|NS(i) = k] ≤ exp

(
−2k

(
1

2
− β

)2
)

= Ck

where we set C := exp
(
−2( 12 − β)2

)
. Thus, using law of total probability, we obtain the probability generating function

G(C) := E[CZ ], where Z is a Binomial random variable with n trials, each with probability pi = P [X = i], which is
known to be [(1− pi) + piC]

n. Therefore, we can conclude that

P [An] ≤
∑
i∈[m]

[(1− pi) + piC]
n

As we have C < 1, by taking the limit, the claim follows.

To finalize the argument for discrete distributions, let us denote hS as the minimizer of a given sample S, that is hS :=
argminh∈H êrS(h). Observe that for every S ∼ Pn we have

E[êrS(hS)] ≥ E[êrS(hS)1{Ān}] = E[êrS(h⋆P )1{Ān}]

By applying the dominated convergence theorem on the sequence of random variables
{
êrS(h

⋆
P )1{Ān}

}
n≥1

, we have that

E[êrS(h⋆P )1{Ān}] = E[êrS(h⋆P )].

To extend this argument to countable support, we enumerate the support as X = {x1, x2, . . .}, and define the sequence of
events {Bm}m≥1, where the event Bm is defined as the support of the sample S being a subset of {x1, . . . , xm}. Using the
previous claim for finite support, we have

E[êrS(hS)] ≥ E[êrS(hS)1{Bm}] ≥ E[êrS(h⋆P )1{Bm}]

13



Universal Learning and Partial Concept Classes Under Massart Noise

using the dominated convergence theorem again on the sequence of random variables
{
êrS(h

⋆
P )1{Bm}

}
m≥1

, the first part
of our proof is complete.

Next, we move to the case of VC(H) = d < ∞. Our proof is a simple extension to (Alon et al., 2021, Lemma 39),
which establishes the equivalence of erP (H) and infh∈H erP (h) for total concept classes with finite VC dimension. Let
H[X1, . . . , Xn] be the projection of H onto the random variables X1, . . . , Xn, and let H̃ := H̃[X1, . . . , Xn] be the
disambiguation of H[X1, . . . , Xn] (that is, the completion of every partial concept in H[X1, . . . , Xn] such that it is defined
on X1, . . . , Xn). By (Alon et al., 2021, Theorem 12), there must exist such a disambiguation of size at most O(nd log(n)).
Thus, by conditioning on XS , the support of X1, . . . , Xn, we apply uniform convergence and get that with probability at
least 1− δ, for every h̃ ∈ H̃ , the following holds:

min
h∈H̃

êrS(h) ≥ min
h∈H̃

erP |XS
(h) +

√
d log(n) + log(1/δ)

n

Observe that for any n the minimizer of erP |XS
(h) over h ∈ H̃ is h⋆P . By setting δ = O(n−d) and taking expectation, by

the law of total expectation we

E
[
min
h∈H

êrS(h)

]
≥ erP (h

⋆
P )−O

(√
d log(n)

n

)
Letting n→ ∞ concludes the proof. □

C. Excess Error Bound of the Transductive Learning Algorithm
The section is dedicated to the proof of the expected error bound of the TERM algorithm for β-bounded distributions (Theo-
rem 1). For the rest of this section, let H be a partial concept class over a non-empty set X , and let P be a distribution over
X×{0, 1} such that it satisfies Definition 4 with respect toH . We denote the setH[x1, ..., xn] as the realizable version space
of H over (x1, . . . , xn), that is, H[x1, ..., xn] =

{
f ∈ {0, 1}(x1,...,xn) : ∃h ∈ H such that f(xi) = h(xi) for all i ∈ [n]

}
.

We will also use Ĥ[x1, ..., xn] to denote the version space of H without dropping the partial concepts for the projection.
Before we go to the proof of Theorem 1, we first review the auxiliary lemmas used throughout the proof. The first lemma
we will use is the simplified variant contraction lemma of (Zhivotovskiy & Hanneke, 2018), allowing us to strip the labels so
that we can proceed to analyze the empirical functional structure of the concept class.
Lemma 9 (Contraction). (Zhivotovskiy & Hanneke, 2018) Let {(X1, Y1), ..., (Xn, Yn)} ∼ Pn and ε1, ..., εn ∼
Uniform ({−1, 1})n be independent from each other. For any c ∈ [0, 1], there exists random variables ξ1, ..., ξn con-
ditionally independent given X1, ..., Xn with |ξi| ≤ 1, E[ξi|X1, ..., Xn] = 0 and E[eλξi |X1, ..., Xn] ≤ eλ

2/2 for all λ ∈ R,
such that

E

[
max

h∈H[X1,...,Xn]

n∑
i=1

(εi − c)
(
1{h(Xi)̸=Yi} − 1{h⋆

P (Xi)̸=Yi}
)]

≤ 3E

[
max

h∈H[X1,...,Xn]

n∑
i=1

(
ξi − (1− 2β)

c

3

)
1{h(Xi)̸=h⋆

P (Xi)}

]

We emphasize that the original statement of Lemma 9 was stated for a class of total functions. However, the result there holds
even under the conditional expectation given X1, ..., Xn, and thus it can be applied to the total concept class H[X1, ..., Xn].
We emphasize that the statement above is also slightly different (simpler) than the original result, and therefore we include a
proof of this lemma in Subsection C.1 for completeness.

Next, we import some definitions from (Zhivotovskiy & Hanneke, 2018). For any n ∈ N and sequence x1, ..., xn ∈ X ,
and any G ⊂ H[x1, ..., xn] and ε ≥ 0, denote by M1(G, ε, {x1, ..., xn}) the maximum size of a subset Gε ⊆ G such
that every distinct g, g′ ∈ Gε have

∑n
i=1 1{g(xi)̸=g′(xi)} > ε: that is, a maximum ε-packing under the Hamming distance.

For any function h : {x1, ..., xn} → {0, 1}, and value γ ≥ 0, we denote the γ-radius ball under Hamming distance by
B(h, γ, {x1, ..., xn}). That is,

B(h, γ, {x1, ..., xn}) =

{
h′ ∈ H[x1, ..., xn] :

n∑
i=1

1{h′(xi)̸=h(xi)} ≤ γ

}
.

14



Universal Learning and Partial Concept Classes Under Massart Noise

We are now ready for the definition of local metric entropy.
Definition 13 (Local metric entropy). For any n ∈ N, γ ≥ 0 and c > 0, define the local empirical packing number:

Mloc
1 (H, γ, n, c) = max

x1,...,xn

max
h∈H[x1,...,xn]

max
ε≥γ

M1(B (h, ε/c, {x1, ..., xn}) , ε/2, {x1, ..., xn})

and for any c, c′ > 0, define the local metric entropy:

γlocc,c′(n,H) = max
{
γ ∈ N : cγ ≤ log

(
Mloc

1 (H, γ, n, c′)
)}

We emphasize that both the γ-radius ball and local empirical packing number are taken with respect to realizable projections
only and are well-defined as these projections are almost surely non-empty. Moving on, this next localization lemma bounds
the offset sub-gaussian process with the local metric entropy.
Lemma 10 (Localization). (Zhivotovskiy & Hanneke, 2018) Let c ∈ [0, 1/4] be a constant, and fix any x1, ..., xn ∈ X such
that ∃h ∈ H[x1, ..., xn] with

∑n
i=1 1{h(xi)̸=h⋆

P (xi)} = 0. Let ξ1, ..., ξn be independent random variables with |ξi| ≤ 1 and

with E[ξi] = 0 and E[eλξi ] ≤ eλ
2/2 for all λ ∈ R. Then

E

[
max

h∈H[x1,..,xn]

1

n

n∑
i=1

(ξi − 4c)1{h(xi)̸=h⋆
P (xi)}

]
= O

(
γlocc,c (n,H)

n

)
.

The last result we bring shows the relation of the local metric entropy with the VC dimension and star number, respectively.
Lemma 11 (Bound on local metric entropy). (Zhivotovskiy & Hanneke, 2018) For any constant c > 0 and any n ∈ N with√

d
n < c,

γlocc,c (n,H) = O

d log
(
min {nc2

d , s}
)

c
+
d log

(
1
c

)
c

 .

While the original statement of this result by (Zhivotovskiy & Hanneke, 2018) was for total concept class, it is straightforward
to note that it necessarily also holds for partial concept classes, since for any γ ∈ N satisfying cγ ≤ log

(
Mloc

1 (H, γ, n, c)
)
,

for the sequence x1, ..., xn realizing the maximum value in the definition of Mloc
1 (H, γ, n, c), we have Mloc

1 (H, γ, n, c) =
Mloc

1 (H[x1, ..., xn], γ, n, c), so that the right hand side in the lemma statement is an upper bound on this γ (noting that the
VC dimension and star number of H[x1, ..., xn] is at most the VC dimension and star number, respectively, of the partial
concept class H)7 , and this being true for all such γ, it is an upper bound on γlocc,c (n,H). We are now ready for the proof of
Theorem 1.

Proof:

We start by applying the exchangeability argument to obtain the expected empirical excess error, matching the size of the
sample used by the empirical risk minimizer.

E
[
erP (ĥn)

]
− erP (h

⋆
P ) = E

[
1{ĥn(Xn+1)̸=Yn+1} − 1{h⋆

P (Xn+1)̸=Yn+1}
]

= E

 1

⌈n/2⌉
∑

i∈[⌈n/2⌉]

(
1{ĥn(X⌈n/2⌉+i)̸=Y⌈n/2⌉+i} − 1{h⋆

P (X⌈n/2⌉+i)̸=Y⌈n/2⌉+i}
)

Denote S = {(Xi, Yi)}i∈[⌈n/2⌉] and S′ =
{
(X⌈n/2⌉+i, Y⌈n/2⌉+i)

}
i∈[⌈n/2⌉], then for any classifier h, we define the

following

êrS(h) =
1

⌈n/2⌉
∑

i∈[⌈n/2⌉]

1{h(Xi)̸=Yi}, êrS′(h) =
1

⌈n/2⌉
∑

i∈[⌈n/2⌉]

1{h(X⌈n/2⌉+i)̸=Y⌈n/2⌉+i}

7This holds because for every x1, . . . , xn with n ∈ N we have VC(H[x1, . . . , xn]) ≤ VC(Ĥ[x1, . . . , xn]) ≤ VC(H). Specifically,
restricting the domain of a concept class or limiting it to a realizable subclass can only decrease the size of the maximum shattered set,
meaning the VC dimension is upper-bounded by that of the original class. An identical rationale holds for the star number.
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Then the last line above equals E[êrS′(ĥn)− êrS′(h⋆P )]. Thus, it suffices to show that the expectation of the empirical excess

error is bounded from above by O
(

d log(min{n/d,s})
n

)
. We will apply the offset Rademacher complexity technique from

Zhivotovskiy and Hanneke (2018). Specifically, let c ≥ 0 be any constant. For brevity, we make the following notations.
Denote Ĥ = H[X1, ..., Xn+1], and for any h ∈ Ĥ , we define the pointwise loss difference

ℓi(h) := 1{h(Xi)̸=Yi} − 1{h⋆
P (Xi)̸=Yi}

and the corresponding empirical excess error

ÊS(h) := êrS(h) − êrS(h
⋆
P ), ÊS′(h) := êrS′(h) − êrS′(h⋆P ).

The two latter are the excess risk on first and second halves of the random sample, respectively. Since ĥn is the ERM on
{(Xi, Yi)}i∈[⌈n/2⌉], we have ÊS(ĥn) ≤ 0 almost surely. Thus,

E
[
êrS′(ĥn)− êrS′(h⋆P )

]
= E

[
ÊS′(ĥn)

]
≤

E
[
ÊS′(ĥn)− (1 + c)ÊS(ĥn)

]
≤ E

[
max
h∈Ĥ

ÊS′(h)− (1 + c)ÊS(h)
]
=

E
[
max
h∈Ĥ

(
1 +

c

2

)(
ÊS′(h)− ÊS(h)

)
− c

2

(
ÊS′(h) + ÊS(h)

)]

Recalling the definitions of ÊS(h) and ÊS′(h), this last expression equals

E

max
h∈Ĥ

(
1 +

c

2

) 1

⌈n/2⌉
∑

i∈[⌈n/2⌉]

(
ℓi(h)− ℓ⌈n/2⌉+i(h)

)− c

2 ⌈n/2⌉

 ∑
i∈[2⌈n/2⌉]

ℓi(h)

 (1)

Now, consider the conditional distribution of the random variables in the expectation above, conditioned on the random
variables {{Xi, X⌈n/2⌉+i}}

⌈n/2⌉
i=1 , which denotes the sequence of unordered sets {Xi, X⌈n/2⌉+i}. In particular, conditioned

on this sequence {{Xi, X⌈n/2⌉+i}}
⌈n/2⌉
i=1 , the i-th index of the sample is equally likely to be Xi or X⌈n/2⌉+i. Therefore, for

any ε1, ..., ε⌈n/2⌉ ∈ {−1, 1}, the random variables

max
h∈Ĥ

(
1 +

c

2

) 1

⌈n/2⌉
∑

i∈[⌈n/2⌉]

(
ℓi(h)− ℓ⌈n/2⌉+i(h)

)− c

2 ⌈n/2⌉

 ∑
i∈[2⌈n/2⌉]

ℓi(h)



and

max
h∈Ĥ

(
1 +

c

2

) 1

⌈n/2⌉
∑

i∈[⌈n/2⌉]

εi
(
ℓi(h)− ℓ⌈n/2⌉+i(h)

)− c

2 ⌈n/2⌉

 ∑
i∈[2⌈n/2⌉]

ℓi(h)



have the same conditional distribution given {{Xi, X⌈n/2⌉+i}}
⌈n/2⌉
i=1 . Letting ε1, ..., ε⌈n/2⌉ be independent Rademacher
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random variables (that is, P (εi = 1) = P (εi = −1) = 1/2) independent of S, we have that Equation (1) is equal

E

max
h∈Ĥ

(
1 +

c

2

) 1

⌈n/2⌉
∑

i∈[⌈n/2⌉]

εi
(
ℓi(h)− ℓ⌈n/2⌉+i(h)

)− c

2 ⌈n/2⌉

 ∑
i∈[2⌈n/2⌉]

ℓi(h)


=
(
1 +

c

2

)
E

max
h∈Ĥ

 1

⌈n/2⌉
∑

i∈[⌈n/2⌉]

εi
(
ℓi(h)− ℓ⌈n/2⌉+i(h)

)− c

(2 + c) ⌈n/2⌉

 ∑
i∈[2⌈n/2⌉]

ℓi(h)


=
(
1 +

c

2

)
E

[
max
h∈Ĥ

 1

⌈n/2⌉
∑

i∈[⌈n/2⌉]

(
εi −

c

2 + c

)
ℓi(h)


+

 1

⌈n/2⌉
∑

i∈[⌈n/2⌉]

(
(−εi)−

c

2 + c

)
ℓ⌈n/2⌉+i(h)

]

≤
(
1 +

c

2

)
E

[
max
h∈Ĥ

 1

⌈n/2⌉
∑

i∈[⌈n/2⌉]

(
εi −

c

2 + c

)
ℓi(h)

]+
(
1 +

c

2

)
E

[
max
h∈Ĥ

 1

⌈n/2⌉
∑

i∈[⌈n/2⌉]

(
(−εi)−

c

2 + c

)
ℓ⌈n/2⌉+i(h)

]

and since (−ε1, ..,−εn/2) has the same distribution as (ε1, ..., εn/2) (and both are independent of S), and the
exchangeability of the sequence (X1, Y1), . . . , (X2⌈n/2⌉, Y2⌈n/2⌉) implies that ((X1, Y1), ..., (X⌈n/2⌉, Y⌈n/2⌉)) and
((X⌈n/2+1⌉, Y⌈n/2+1⌉), . . . , (X2⌈n/2⌉, Y2⌈n/2⌉)) both have the same distribution as ((X1, Y1), ..., (Xn/2, Yn/2)), this last
expression above is equal

2
(
1 +

c

2

)
E

 1

⌈n/2⌉
max
h∈Ĥ

∑
i∈[⌈n/2⌉]

(
εi −

c

2 + c

)
ℓi(h)


= 2

(
2 + c

⌈n/2⌉

)
E

max
h∈Ĥ

∑
i∈[⌈n/2⌉]

(
εi −

c

2 + c

)
ℓi(h)


≤ 2

(
2 + c

⌈n/2⌉

)
E

 max
h∈H[X1,...,X⌈n/2⌉]

∑
i∈[⌈n/2⌉]

(
εi −

c

2 + c

)
ℓi(h)


where the last inequality is due to the fact that Ĥ[X1, ..., X⌈n/2⌉] ⊆ H[X1, ..., X⌈n/2⌉]: that is, the patterns on
X1, ..., X⌈n/2⌉ realizable by H can only be a superset of the patterns on X1, ..., X⌈n/2⌉ present among the patterns
on X1, ..., X2⌈n/2⌉ realizable by H (indeed, it may sometimes be a strict superset, since Ĥ[X1, ..., X⌈n/2⌉] only contains
the patterns on X1, .., X⌈n/2⌉ realizable by partial concepts in H whose support also includes X⌈n/2⌉+1, ..., X2⌈n/2⌉, an
additional restriction not required for the patterns in H[X1, ..., X⌈n/2⌉]). By Lemma 9, the last line above is at most

6

(
2 + c

⌈n/2⌉

)
E

 max
h∈H[X1,...,X⌈n/2⌉]

∑
i∈[⌈n/2⌉]

(
ξi − (1− 2β)

c

3(2 + c)

)
1{h(Xi)̸=h⋆

P (Xi)}


where ξ1, ..., ξ⌈n/2⌉ are conditionally independent given X1, ..., X⌈n/2⌉ where for each i ∈ [⌈n/2⌉] we have |ξi| ≤ 1,
E
[
ξi|X1, ..., X⌈n/2⌉

]
, and E

[
eλξi |X1, ..., Xn/2

]
< eλ

2/2 for any λ ∈ R.

Applying Lemma 10 under the conditional distribution given X1, ..., X⌈n/2⌉, together with the law of total expectation,
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implies

6

(
2 + c

⌈n/2⌉

)
E

 max
h∈H[X1,...,X⌈n/2⌉]

∑
i∈[⌈n/2⌉]

(
ξi −

c(1− 2β)

3(2 + c)

)
1{h(Xi)̸=h⋆

P (Xi)}

 = O

(
γlocc′,c′(n/2, H)

n

)
.

where c′ = (1− 2β) c
12(2+c) . In particular, applying this result with c = 1, together with Lemma 11 , yields the required

bound of O

d log

(
min
{

n(1−2β)2

d ,s
})

(1−2β)n +
d log( 1

1−2β )
(1−2β)n

 = O

(
d log

(
min
{

n(1−2β)
d , s

1−2β

})
(1−2β)n

)
.

□

C.1. Proof of Lemma 9

Denote by βi = P [h⋆P (Xi) ̸= Yi|Xi] for i ∈ [n], and note that βi ≤ β almost surely (where β < 1/2 is as in Definition 4,
as satisfied by the distribution P ). From the definition of h⋆P we have

E

[
max

h∈H[X1,...,Xn]

n∑
i=1

(εi − c)
(
1{h(Xi)̸=Yi} − 1{h⋆

P (Xi)̸=Yi}
)]

= E

[
max

h∈H[X1,...,Xn]

n∑
i=1

(εi − c)(1− 21{h⋆
P (Xi)̸=Yi})1{h(Xi)̸=h⋆

P (Xi)}

]

Now observe that for all i ∈ [n] we have 1 − 21{h⋆
P (Xi)̸=Yi} ∈ {−1, 1}, therefore the random variables {εi(1 −

21{h⋆
P (Xi)̸=Yi})}

n
i=1 remains distributed as Uniform({−1, 1})n and independent of {(Xi, Yi)}ni=1 just as {εi}ni=1 is. Thus,

the above expression can be rewritten as

E

[
max

h∈H[X1,...,Xn]

n∑
i=1

(εi − c(1− 21{h⋆
P (Xi)̸=Yi}))1{h(Xi)̸=h⋆

P (Xi)}

]

= E

[
max

h∈H[X1,...,Xn]

n∑
i=1

(εi + c((1− 2βi)− (1− 21{h⋆
P (Xi)̸=Yi}))− (1− 2βi)c)1{h(Xi)̸=h⋆

P (Xi)}

]

≤ E

[
max

h∈H[X1,...,Xn]

n∑
i=1

(εi + c((1− 2βi)− (1− 21{h⋆
P (Xi)̸=Yi}))− (1− 2β)c)1{h(Xi)̸=h⋆

P (Xi)}

]
.

Now let ξi = (1/3)(εi+c((1−2βi)− (1−21{h⋆
P (Xi)̸=Yi}))). Note that ξi are conditionally independent givenX1, ..., Xn,

with E[ξi|X1, ..., Xn] = 0, and since −1 ≤ (1/3)(−1−c+(1−2βi)c) ≤ ξi ≤ (1/3)(1+c+(1−2βi)c) ≤ 1, Hoeffding’s
lemma implies any λ ∈ R has E[eλξi |X1, ..., Xn] ≤ eλ

2/2. The claimed inequality immediately follows.

D. Proof of Theorem 2
Our proof is similar in spirit to that of Alon et al. (2021, Theorem 34), which proves the sample complexity of partial concept
classes in the realizable case. Starting with the lower bound, we aim to use the existing lower bound for total concept classes
for β-bounded distributions of (Hanneke, 2016, Theorem 17). Recalling that Log(x) = ln (x ∨ e), this bound can be written
in the following form

er(ĥ)− inf
h∈H

er(h) ≳
(d+ Log(1/δ)) ∨ βLog(s ∧ (1− 2β)2n)

(1− 2β)n
∧ (1− 2β) (2)
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More specifically, let k ≤ VC(H), we choose a set of k points in X , Xk = {x1, . . . , xk} that is shattered by H , and denote
Hk to be the set of all total functions over Xk. Note that any distribution P over Xk × {0, 1} that is β-bounded with respect
to Hk (see Definition 1), can be extended to X × {0, 1} by letting P [(X \ Xk)× {0, 1}] = 0, such that it is β-bounded
with respect to H (see definition 4). Thus, any lower bound on sample complexity of PAC learning for the total concept
class Hk will also be a lower bound for PAC learning the partial concept class H . Therefore, the bound in 2 implies a
sample complexity lower bound of Ω

(
k+log(1/δ)
(1−2β)ε

)
. As this implication for H holds for every k ≤ VC(H), we have that

Ω
(

d+log(1/δ)
(1−2β)ε

)
for VC(H) ≤ d. Otherwise, the partial concept class H is not learnable at all.

Next, we move on to the complementary lower bound. Let k′ ≤ s, this time we select a subset of X , Xk′ = {x1, . . . , xk′},
which is a star set of H , and denote Hk′ to be the set of all total concepts from the restriction of H to Xk′ . By
the same reasoning we may apply the complementary excess risk lower bound, which implies sample complexity of

Ω

(
β log(min{ k′,1/ε})

ε(1−2β)

)
.8 As this argument holds for every k′ ≤ s, we may conclude that H requires sample complexity of

Ω
(

β log(min{ s,1/ε})
ε(1−2β)

)
. Taking the maximum of the two, we conclude that M(ε, δ) = Ω

(
d+β log(min{ s,1/ε})+log(1/δ)

ε(1−2β)

)
.

Finally, we proceed to prove the upper bound. We retrace the same steps from Haussler et al. (1994); Long (2001); Alon et al.
(2021), converting an algorithm with bounded error rate into an algorithm with PAC guarantees by using confidence boosting.
We do so by first splitting one part of the sample into sufficiently large batches, so that at least one of the minimizers of those
batches will be ε-accurate classifier with high probability, then use the second part to filter out this classifier using Chernoff
and Bernstein inequalities together with the union bound. Given Theorem 1, let us first select the required batch size such

that E[erP (ĥb)] − erP (h
⋆
P ) ≤ ε/4. Specifically, we select our batch size to be b =

⌈
Cmin

(
4d log( s

1−2β )
(1−2β)ε ,

d log( 2
ε )

(1−2β)ε

)⌉
,

where C > 0 is the universal constant from the bound of Theorem 1.

We then select our required sample size to be n = b
⌈
log2

(
2
δ

)⌉
+
⌈

32
ε(1−2β) log

(
2⌈log2(2/δ)⌉

δ

)⌉
. For every i ∈

[⌈
log2

(
2
δ

)⌉]
,

we set Si :=
(
X1+b(i−1), Y1+b(i−1), . . . , Xbi, Ybi

)
, and define hi(·) = A(Si, ·), where A is the algorithm from Theorem 1.

Let S̃ = S \
{
∪i∈⌈log2( 2

δ )⌉Si

}
, we select our output to be hi∗(X), where i∗ := argmini∈⌈log2( 2

δ )⌉ êrS̃(hi).

As E[er(hi)]− er(h⋆P ) ≤ ε
4 , we have by Markov that P

[
er(hi)− er(h⋆P ) >

ε
2

]
≤ 1

2 . Let us denote by B1 the event that

all the classifiers will have excess risk greater than ε
2 , then the probability that B1 occur is at most 1

2
⌈log2( 2

δ )⌉ ≤ δ
2 . Let A

be the set of all classifiers, that is,
{
hi, i ∈

[⌈
log2

(
2
δ

)⌉]}
, let us define the sets Agood :=

{
h ∈ A : er(h)− er(h⋆P ) ≤ ε

2

}
,

while Abad := {h ∈ A : er(h)− er(h⋆P ) > ε}.

Fix some h ∈ Agood. Observe that

P

[
êrS̃(h)− êrS̃(h

⋆
P ) >

3ε

4

]
≤ P

[
êrS̃(h)− êrS̃(h

⋆
P )− (er(h)− er(h⋆P )) >

ε

4

]
.

Define Zi = 1{h(Xi)̸=Yi} − 1{h⋆
P (Xi)̸=Yi}, then Zi is a random variable such that |Zi| ≤ 1 almost surely.

Now, let m := |S̃| =
⌈

32
ε(1−2β) log

(
2⌈log2(2/δ)⌉

δ

)⌉
then êrS̃(h)− êrS̃(h

⋆
P ) − (er(h)− er(h⋆P )) can be expressed as the

normalized sum of Zb⌈log2( 2
δ )⌉+1, ..., Zb⌈log2( 2

δ )⌉+m minus their expectation. Hence, by applying the one-sided Bernstein
inequality we have

P
[
êrS̃(h)− êrS̃(h

⋆
P )− (er(h)− er(h⋆P )) >

ε

4

]
≤ P

 1

m

b⌈log2( 2
δ )⌉+m∑

i=b⌈log2( 2
δ )⌉+1

(Zi − E[Zi]) >
ε

4


≤ exp

(
− mε2/32

E[Z2
i ] + ε/12

)
.

8It is sufficient to find n0 for which n0 ≥ C β log((1−2β)2n0)
(1−2β)ε

, where C is the absolute constant from 2. This works for n0 :=

C 2β log(1/ε)
(1−2β)ε

.
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The next step is to upper bound the second moment of Zi, which is in fact the probability of disagreement between h⋆P and
h:

E
[
Z2
i

]
= E

[(
1{h(Xi)̸=Yi} − 1{h⋆

P (Xi)̸=Yi}
)2]

= E
[(
1{h(Xi)̸=h⋆

P (Xi)}
)2]

= P [h(Xi) ̸= h⋆P (Xi)]

Thus, from the definition of excess risk we have

er(h)− er(h⋆P ) = E
[
1{h(X)̸=h⋆

P (X)} (1− 2P [h⋆P (X) ̸= Y |X])
]
≥ (1− 2β)P [h(Xi) ̸= h⋆P (Xi)]

and we can deduce that

E
[
Z2
i

]
≤ ε

2 (1− 2β)

Putting it all together we get that

P

[
êrS̃(h)− êrS̃(h

⋆
P ) >

3ε

4

]
≤ exp

(
− mε2/32

E[Z2
i ] + ε/12

)
≤ e−

mε(1−2β)
32

Now let us fix some h ∈ Abad. Using multiplicative Chernoff bound we have

P

[
êrS̃(h)− êrS̃(h

⋆
P ) <

3ε

4

]
≤ P

[
êrS̃(h)− êrS̃(h

⋆
P ) <

3

4
(er(h)− er(h⋆P ))

]
≤ e−

mε
32

Now, define the following event

B2 =

{
∃h ∈ Agood : êrS̃(h)− êrS̃(h

⋆
P ) >

3ε

4

}
∪
{
∃h ∈ Abad : êrS̃(h)− êrS̃(h

⋆
P ) <

3ε

4

}
.

Then the probability of B2 is at most⌈
log2

(
2

δ

)⌉
e−

mε(1−2β)
32 ≤

⌈
log2

(
2

δ

)⌉(
δ

2 ⌈log2(2/δ)⌉

)
≤ δ

2

We conclude the proof by noting that the result holds by union bound over B1, B2, with probability of at most δ.

E. Proof of Universal Upper Bounds (Theorem 4)
This appendix section is dedicated to the proof of Theorem 4. As was discussed in section 4, we will use a single proof for
both universal rates of O(1/n) and O(log(n)/n). Our proof will share most of the structure as in the proof of the super-rates
for universal agnostic learning9, using Theorem 1 to allow the TERM algorithm to obtain a tighter bound for β-bounded
distributions. Whilst this is straightforward for the case of a concept class with an infinite Littlestone tree but has no infinite
VCL tree, the application for the linear rates case, that is, concept classes with infinite Littlestone tree, but no infinite star
tree requires additional work. In their work, (Hanneke et al., 2024) have proven the existence of a learning rule based on
Gale-Stewart star game that allows one to rule out star sets. Although they have proven that a sufficiently-large batch size
can be learned that allows one to produce a ”good” forbidden function with probability greater than 1/2, their result holds
only for data sequences coming from a realizable distribution. Fortunately, one may use the same argument for VC sets
from the super-root proof of (Hanneke & Moran, 2026).

We start by citing the existing learning rules, starting with the pattern avoidance function SOAV CL
t , which allows one to

rule out VC sets (Bousquet et al., 2021). This is summarized well in (Hanneke & Moran, 2026)[Lemma 11]

9More specifically, as every β-bounded distribution is also Bayes-realizable (that is, infh∈H erP (h) = infh erP (h) where the
infimum in the RHS is taken with respect to all measurable functions), our setting does not require the use of a universal Bayes-consistence
learning algorithm of (Hanneke et al., 2021).
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Lemma 12 ((Bousquet et al., 2021)). For any concept class H which does not shatter an infinite VCL tree, there exists a
sequence SOAV CL

t : ×t−1
k=1 (X × {0, 1})k × X t → {0, 1}t of universally measurable functions such that, there does not

exist an infinite sequence {St}t∈N of finite sequences St = {(xt1, yt1), . . . , (xtt, ytt)} ∈ (X × {0, 1})t such that the sequence
S1 ∪ S2 ∪ . . . is realizable with respect to H and

∀t ∈ N, SOAV CL
t (S<t, (x

t
1, . . . , x

t
t)) = (yt1, . . . , y

t
t)

As we apply these learning rules onto random sequences, the exact batch size required to obtain certainty that we are not
observing forbidden patterns is unknown and cannot be estimated. Fortunately, the following lemma asserts that there exists
a distribution-dependent batch size that is sufficient to guarantee that the above occurs with constant probability.

Lemma 13 ((Bousquet et al., 2021)). Let H be any concept class which does not shatter an infinite VCL tree. For every
b ∈ N, there exists a universally measurable function kbV CL : (X × {0, 1})b → [b], and for every k ∈ [b] there exists a
universally measurable function Ab,k

V CL : (X × {0, 1})b ×X k → {0, 1}k such that, for any distribution P on X × {0, 1}
which is realizable with respect to H, ∀γ ∈ (0, 1), there exists b∗γ ∈ N such that for every b ≥ b∗γ , Sb ∼ P b, and
k = kbV CL(Sb), the following holds:

P
[
P k
[
(x1, y1), . . . , (xk, yk) : Ab,k

V CL(Sb, x1, . . . , xk) = (y1, . . . , yk)
]
= 0
]
> γ

As we wish also to obtain linear universal rates, we are in need of a learning rule that allows us to rule out star sets. One
such rule was made (Hanneke et al., 2024) using similar techniques to show the existence of exponential universal rates.
The next two lemmas summarize their results, which parallel the two lemmas above.

Lemma 14 ((Hanneke et al., 2024)). For any concept class H which does not shatter an infinite star tree, there exists a
sequence SOASTAR

t : ×t−1
k=1 (X × {0, 1})k ×X t → {0, 1}t of universally measurable functions such that, there does not

exist an infinite sequence {St}t∈N of finite sequences St = {(xt1, yt1), . . . , (xtt, ytt)} ∈ (X × {0, 1})t such that the sequence
S1 ∪ S2 ∪ . . . is realizable with respect to H and

∀t ∈ N, SOASTAR
t (S<t, (x

t
1, . . . , x

t
t)) = (yt1, . . . , y

t
t)

Lemma 15 ((Hanneke et al., 2024)). Let H be any concept class which does not shatter an infinite star tree. For every b ∈ N,
there exists a universally measurable function kbSTAR : (X × {0, 1})b → [b], and for every k ∈ [b] there exists a universally
measurable function Ab,k

STAR : (X × {0, 1})b × X k → {0, 1}k such that, for any distribution P on X × {0, 1} which is
realizable with respect to H, ∀γ ∈ (0, 1), there exists b∗γ ∈ N such that for every b ≥ b∗γ , Sb ∼ P b, and k = kbSTAR(Sb),
the following holds:

P
[
P k
[
(x1, y1), . . . , (xk, yk) : Ab,k

STAR(Sb, x1, . . . , xk) = (y1, . . . , yk)
]
= 0
]
> γ

We emphasize that the learning algorithms we will present shortly, which are based on the applications of the universally
measurable functions presented in Lemmas 12-15 are universally measurable: Our O(log(n)/n) learning algorithm is in fact
identical to the learning algorithm ĥ1n of (Hanneke & Moran, 2026), which was shown by them to be universally measurable.
The same can be proven using similar arguments for our O(1/n) learning rule. We refer the interested reader to (Hanneke &
Moran, 2026)[Remark 13] for more information.

In Algorithm 1, our sample S is split into three equal subsamples S1, S2, S3, where the first two parts are used to estimate a
sufficient batch size such that the pattern avoidance functions allows to produce a learning algorithm enable to obtain the
required learning rate. This procedure was shown to be possible by (Bousquet et al., 2021) for realizable distributions, and
was later extended to the agnostic setting by (Hanneke & Moran, 2026) by modifying the batch size selection criteria while
using uniform convergence arguments. We next formulate the latter statement as a lemma, which requires us to introduce
the construction of partial concept classes obtained from pattern avoidance functions. Starting with some definitions, we
define By

b,i = ((X(i−1)b+1, y(i−1)b+1), . . . , (Xib, yib)) for every b ∈ [⌊n/3⌋], i ∈ [⌊n/3b⌋], where y = (y1, . . . , yb) ∈

{0, 1}(X1,...,X⌊n/3⌋). For brevity, we also define kV CL
b,i,y = kbV CL(B

y
b,i) and fV CL

b,i,y = Ab,i,kV CL
b,y

V CL (By
b). Using those, we define

the function GV CL
b,i,y : ∪∞

t=1 (X × {0, 1})t → {0, 1}, such that ∀t ∈ N and for every (x1, y1), . . . , (xt, yt) ∈ (X × {0, 1})t,
we have GV CL

b,i,y (x1, y1, . . . , xt, yt) = 1 if: (a) ∀1 ≤ i < j ≤ t : xi = xj ⇒ yi = yj . (b) For every distinct set of
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kV CL
b,i,y points (xi1 , . . . , xikV CL

b,i,y
) ∈ {x1, . . . , xt}, we have fV CL

b,i,y (xi1 , . . . , xikV CL
b,i,y

) ̸= (yi1 , . . . , yikV CL
b,i,y

). Next, for every

∪∞
t=1 (x1, y1, . . . , xt, yt) we define the function

GV CL
b,i (x1, y1, . . . , xt, yt) =

∨
y∈{0,1}⌊n/3⌋

GV CL
b,i,y (x1, y1, . . . , xt, yt) .

Now, let XS2
to be the set of all distinct points from X in S2. For every 1 ≤ b ≤ ⌊n/3⌋ and 1 ≤ i ≤ ⌊n/3b⌋, we define

the partial concept class H̃V CL
b,i such that its projection onto XS2

consists of all ỹ = (0, 1)(
X⌊n/3⌋+1,...,X2⌊n/3⌋) satisfies

GV CL
b,i

(
X⌊n/3⌋+1, ỹ1, . . . , X2⌊n/3⌋, ỹ2⌊n/3⌋

)
= 1. To make H̃V CL

b,i well-defined, we set every concept in H̃V CL
b,i to be

undefined on X \ XS2
. Finally, we define EV CL

b,i to the event that h⋆P labelings are not included in the projection of H̃V CL
b,i

on XS2 . More formally,

EV CL
b,i :=

{(
h⋆P (X⌊n/3⌋+1), . . . , h

⋆
P (X2⌊n/3⌋)

)
/∈ H̃V CL

b∗,i

[
X⌊n/3⌋+1, . . . , X2⌊n/3⌋

]}
.

We are now ready to state the lemma.

Lemma 16 ((Hanneke & Moran, 2026)). There exists a universally measurable function b̂n = b̂n
(X1, Y1, ..., X2⌊n/3⌋, Y2⌊n/3⌋) , whose definition does not depend on P , so that the following holds. Given b∗ such that

P
[
EV CL

b∗,i

]
≤ 1/10 for some fixed i, then there exists C > 0 independent of n (but depending on P, b∗) so that

P
[
b̂n ∈ Tgood

]
≥ 1− C

n

where

Tgood :=

{
1 ≤ b ≤ b∗ : P

[
EV CL

b,i

]
≤ 3

10

}
Remark E.1. We emphasize that the existence b∗ is guaranteed by the following argument: The event EV CL

b,i is equivalent

to the event
{
GV CL

b,i

(
X⌊n/3⌋+1, h

⋆
P (X⌊n/3⌋+1), . . . , X2⌊n/3⌋, h

⋆
P (X2⌊n/3⌋)

)
= 0
}

, which in turn is contained in the event{
GV CL

b,i,y∗
(
X⌊n/3⌋+1, h

⋆
P (X⌊n/3⌋+1), . . . , X2⌊n/3⌋, h

⋆
P (X2⌊n/3⌋)

)
= 0
}

, where the latter can be interpreted as the event
where the VC pattern avoidance function learned over a i.i.d data sequence sampled from the realizable distribution P ∗ over
X × {0, 1} for which P [Y = h⋆P (X)|X] = 1 for (X,Y ) ∼ P ∗. Hence, by Lemma 13 choosing b∗ := b∗9/10 satisfies the
demand made in Lemma 16.

We are now left with showing that a sufficiently good batch size could be estimated for the sake of the star pattern avoidance
function in our setting. (Hanneke et al., 2024) has proved this for realizable distributions by paralleling the same arguments
of (Bousquet et al., 2021) for VCL pattern avoidance functions. Fortunately enough, this batch size estimation in our case is
immediate by Lemma 16. Indeed, batch size assessment is made by comparing the performance of partial concept classes
based on different batch sizes, where the partial concept classes constructed by VC pattern avoidance functions is shown to
have VC-dimension of at most b∗2b

∗
.10 Following the same procedure for star pattern avoidance functions results in partial

concept classes with star number at most b∗2b
∗
, thus implying these partial concept classes have indeed a VC dimension at

most b∗2b
∗
. For completeness, we prove this also for star pattern avoidance functions in the next lemma, where we adapt

the notation made for Lemma 16 such that
(
kSTAR
b,i,y , fSTAR

b,i,y , GSTAR
b,i,y , ESTAR

b,i

)
will keep their respective former meaning,

with the sole difference that they are defined with respect to the tuple
(
kbSTAR,A

b,k
STAR

)
.

Lemma 17 (Adaptation of Lemma 16 from (Hanneke & Moran, 2026)). There exists a universally measurable function
b̂n = b̂n(X1, Y1, ..., X2⌊n/3⌋, Y2⌊n/3⌋) , whose definition does not depend on P , so that the following holds. Given b∗ such

that P
[
ESTAR

b∗,i

]
≤ 1/10 , there exists C > 0 independent of n (but depending on P, b∗) so that

P
[
b̂n ∈ T STAR

good

]
≥ 1− C

n

10Conditionally on S1 and the support of S2, see (Hanneke & Moran, 2026)[Theorem 24])
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where

T STAR
good :=

{
1 ≤ b ≤ b∗ : P

[
ESTAR

b,i

]
≤ 3

10

}

Proof: We start by defining our estimation process. For the remainder of the proof, we omit the upper-script STAR from
all related quantities, replacing it with the index i, to keep notation more clear and concise. For each (b, i) we define êib to be
the minimal empirical error of H̃i

b on XS2
. That is,

êib :=
1

⌊n/3⌋
min
h̃∈H̃i

b

2⌊n/3⌋∑
i=⌊n/3⌋+1

1{h̃(Xi)̸=Yi}

Next, we define the following estimate

ψ̂i
b := 1{

êib≤êi
′

b′+

√
2b′2b′ log(n3)

⌊n/3⌋ for every b′>b , i′∈[⌊n/3b′⌋]
}

ψ̂i
b can be interpreted as a benchmark for whether H̃i

b, the i-th partial concept class learned on a b-sized batch, is sufficiently
good as other partial concept classes learned using pattern avoidance function learned over a larger batch-size.

To this end, we select our estimate to be

b̂n := inf

b ∈ [⌊n/3⌋] : 1

⌊n/3b⌋
∑

i∈[⌊n/3b⌋]

ψ̂i
b ≥ 8

10


where we assume that inf ∅ = ∞.

We introduce additional notation to streamline the proof. Given a classifier h : XS2
→ {0, 1}, we denote erP |XS2

(h) :=
P [h(X) ̸= Y |X ∈ XS2

]. Let EUC be the event that every classifier in all the partial concept classes constructed over XS2

has its empirical error on S2 converges to erP |XS2
(h). More formally,

EUC =
⋂

∀b∈[⌊n/3⌋]
∀i∈[⌊n/3b⌋]

∀h̃ ∈ H̃i
b : êrS2

(h̃)− erP |XS2
(h̃) ≤

√√√√b2b log
(
⌊n/3b⌋3

)
⌊n/3⌋


We claim that P

[
EUC

]
= 1/n. To see this, we first condition on S1 and on XS2

, allowing us to fix all partial concept
classes over XS2

, where each partial concept class H̃i
b has VC dimension of at most b2b for all i ∈ [⌊n/3b⌋], b ∈ [⌊n/3⌋]. In

addition, conditioning on XS2
allows us to treat the projections of all partial concept classes H̃i

b as a total concept classes
over XS2

× {0, 1}, so that uniform convergence could be applied. Thus, for a fixed b, i we have that with probability of at
least 1− δ, the following holds

∀h̃ ∈ H̃i
b :
∣∣êrS2(h̃)− erP |XS2

(h̃)
∣∣ ≤

√
b2b + log

(
1
δ

)
⌊n/3⌋

Choosing δ = n−3, the above can be transformed into a guarantee on the entire set
{
H̃i

b

}
b∈[⌊n/3⌋]
i∈[⌊n/3b⌋]

using the union bound.

Since we have at most n2 such partial concept classes, we arrive at the conclusion that

P

[∣∣∣∣êrS2
(h̃)− erP |XS2

(h̃)

∣∣∣∣ >
√

2b2b log (n3)

⌊n/3⌋
for some h̃ ∈ H̃i

b , b ≤ n , i ∈ ⌊n/3b⌋

]
≤ 1

n
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Hence, by the above and the law of total probability we may write

P
[
b̂n /∈ Tgood

]
≤ P

[
b̂n > b∗

]
+P

[
b̂n < inf Tgood

]
Starting with bounding the probability of the event that our estimate to exceed b∗, this event is contained by the event{

1
⌊n/3b∗⌋

∑
i∈[⌊n/3b∗⌋] ψ̂

i
b∗ <

8
10

}
, hence it is sufficient to bound the probability of the latter.

Let us define the event E(b∗)-GOOD =

{
1

⌊n/3b∗⌋
∑

i∈[⌊n/3b∗⌋]
1{Ei

b∗} ≤ 1
5

}
, by the law of total probability we have

P

 1

⌊n/3b∗⌋
∑

i∈[⌊n/3b∗⌋]

ψ̂i
b∗ <

8

10


= P

 1

⌊n/3b∗⌋
∑

i∈[⌊n/3b∗⌋]

ψ̂i
b∗ <

8

10
, E(b∗)-GOOD

+P

 1

⌊n/3b∗⌋
∑

i∈[⌊n/3b∗⌋]

ψ̂i
b∗ <

8

10
, E(b∗)-GOOD


≤ P

[
E(b∗)-GOOD

]
+P

 1

⌊n/3b∗⌋
∑

i∈[⌊n/3b∗⌋]

ψ̂i
b∗ <

8

10
, E(b∗)-GOOD


By Remark E.1 the complementary event of E(b∗)-GOOD is contained in the event

{
1

⌊n/3b∗⌋
∑

i∈[⌊n/3b∗⌋] ξb∗,i >
1
5

}
, where

ξb∗,i is the indicator function for the event that the i-th forbidden pattern avoidance function learned over a b∗-sized batch
from S1 has a non-zero probability to observe h⋆P labelings as a forbidden set, that is,

P ∗k
[
(X ′

1, h
⋆
P (X

′
1)), . . . , (X

′
b∗ , h

⋆
PX

′
b∗) : A

b∗,i,kSTAR
b,i,y∗

STAR (By∗
b,i, X

′
1, . . . , X

′
kSTAR
b,i,y∗

) =
(
h⋆P (X

′
1), . . . , h

⋆
P (X

′
kSTAR
b,i,y∗

)
)]

= 0.

By Lemma 15, the probability of ξb∗,i is at most 1/10, and thus by Hoeffding inequality we obtain the bound

P
[
E(b∗)-GOOD

]
≤ P

 1

⌊n/3b∗⌋
∑

i∈[⌊n/3b∗⌋]

ξb,i >
1

5

 ≤ e−
2⌊n/3b∗⌋

100

Moving on to the second term, using again the law of total probability using the event EUC , we obtain

P

 1

⌊n/3b∗⌋
∑

i∈[⌊n/3b∗⌋]

ψ̂i
b∗ <

8

10
, E(b∗)-GOOD


≤ P

[
EUC

]
+P

 1

⌊n/3b∗⌋
∑

i∈[⌊n/3b∗⌋]

ψ̂i
b∗ <

8

10
, E(b∗)-GOOD , EUC


≤ 1

n
+P

 1

⌊n/3b∗⌋
∑

i∈[⌊n/3b∗⌋]

ψ̂i
b∗ <

8

10

∣∣∣∣E(b∗)-GOOD , EUC


To analyze the probability of the latter event, it is sufficient to look at the subset of

{
H̃i

b∗

}
i∈[⌊n/3b∗⌋]

that contains h⋆P
labelings over XS2 (as we condition on E(b∗)-GOOD, there are at least ⌊8/10⌋ which satisfies this). Let I(b∗)-GOOD ⊂ ⌊n/3b∗⌋
be the set of indices for which

(
h⋆P (X⌊n/3⌋+1), . . . , h

⋆
P (X2⌊n/3⌋)

)
∈ H̃i

b∗

[
X⌊n/3⌋+1, . . . , X2⌊n/3⌋

]
, in order for the event{

1
⌊n/3b∗⌋

∑
i∈[⌊n/3b∗⌋] ψ̂

i
b∗ <

8
10

}
to occur, there must be an index i ∈

[
I(b∗)-GOOD

]
such that the following occurs{

êib∗ > êi
′

b′ + 2

√
2b′2b′ log (n3)

⌊n/3⌋
for some b′ > b∗ , i′ ∈ ⌊n/3b′⌋

}
.
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However, since we condition on the event EUC , we have that for any êi
′

b′ , ê
i
b∗ , the following holds

êi
′

b′ ≥ erP |XS2
(h⋆P )−

√
2b′2b′ log (n3)

⌊n/3⌋
, êib∗ ≤ erP |XS2

(h⋆P ) +

√
2b∗2b∗ log (n3)

⌊n/3⌋

This is because erP |XS2
(h) ≥ erP |XS2

(h⋆P ) and min
h∈Ĥi

b∗

êrS2
(h) ≤ êrS2

(h⋆P ) hold for every h in the

projection H̃i
b∗

[
X⌊n/3⌋+1, . . . , X2⌊n/3⌋

]
. Thus, we reach the conclusion that the probability of the event{

1
⌊n/3b∗⌋

∑
i∈[⌊n/3b∗⌋] ψ̂

i
b∗ <

8
10

}
given the events E(b∗)-GOOD and EUC is zero, since

êib∗ ≤ erP |XS2
(h⋆P ) +

√
2b∗2b∗ log (n3)

⌊n/3⌋
≤ êi

′

b′ + 2

√
2b′2b′ log (n3)

⌊n/3⌋

Next, we move on to bound the probability of the event where b̂n returns a too small batch size. Note that by union bound, it
is sufficient to bound the probability of the event

{
b̂ = b′

}
for some arbitrary b′ < inf Tgood, since

P
[
b̂n < inf Tgood

]
= P

∃b < inf Tgood such that
1

⌊n/3b⌋
∑

i∈[⌊n/3b⌋]

ψi
b ≥ 8

10


≤ b∗P

 1

⌊n/3b′⌋
∑

i′∈[⌊n/3b′⌋]

ψi′

b′ ≥ 8

10

 .
Fix some arbitrary b′ < inf Tgood such that we have P

[
ESTAR

b′,i

]
> 3

10 and define the conditional excess error of the partial

concept class of H̃i
b (with respect to the probability distribution P |XS2

, that is, conditioned on the event that X ∈ XS2
) to be

△erP |XS2
(H̃i

b) := min
h̃∈H̃i

b

erP |XS2
(h̃)− erP |XS2

(h⋆P ).

Now, as the event
{
ESTAR

b′,i

}
is equivalent to the event in which the concept class H̃i

b′ has excess error greater than zero
with respect to the distribution P |XS2

, by continuity of the measure there exists a P -dependent ε > 0 such that the following
hold:

P
[
△erP |XS2

(H̃i
b′) > ε

]
>

1

4

Therefore, the probability that at most fifth of the H̃i
b′ have excess error greater than ε, which denote E∆er(b′)>ε, can be

bounded by Hoeffding

P

 1

⌊n/3b′⌋
∑

i′∈[⌊n/3b′⌋]

1{
△erP |XS2

(H̃i
b′ )>ε

} ≤ 1

5

 ≤ e−
⌊n/3b′⌋

200 ≤ e−
⌊n/3b∗⌋

200

Thus, using the law of total probability using the events EUC , E∆er(b′)>ε in a similar manner as before, we have that

P

 1

⌊n/3b′⌋
∑

i′∈[⌊n/3b′⌋]

ψi′

b′ ≥
8

10

 ≤ e−
⌊n/3b∗⌋

200 +P

 1

⌊n/3b′⌋
∑

i′∈[⌊n/3b′⌋]

ψi′

b′ ≥
8

10

∣∣∣∣E∆er(b′)>ε


≤ e−

⌊n/3b∗⌋
200 +

1

n
+P

 1

⌊n/3b′⌋
∑

i′∈[⌊n/3b′⌋]

ψi′

b′ ≥
8

10

∣∣∣∣EUC , E∆er(b′)>ε


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Using previous arguments, note that the latter probability can be bounded as follows:

P

 1

⌊n/3b′⌋
∑

i′∈[⌊n/3b′⌋]

ψi′

b′ ≥
8

10

∣∣∣∣EUC , E∆er(b′)>ε

 ≤ P

[
∃i′ ∈ ⌊n/3b′⌋ : △erP |XS2

(H̃i′

b′) > ε

such that êi
′

b′ ≤ êib∗ + 2

√
2b∗2b∗ log (n3)

⌊n/3⌋
for all i ∈ ⌊n/3b∗⌋

∣∣∣∣ EUC , E∆er(b′)>ε

]

Using the condition over the event of uniform convergence EUC , we have that

êi
′

b′ ≥ erP |XS2
(h⋆P ) + ε−

√
2b′2b′ log (n3)

⌊n/3⌋
, êib∗ ≤ erP |XS2

(h⋆P ) +

√
2b∗2b∗ log (n3)

⌊n/3⌋

As the above implies êi
′

b′ > êib∗ + ε − 2
√

2b∗2b∗ log(n3)
⌊n/3⌋ , we can conclude that for a sufficiently large n such that

ε > 2
√

2b∗2b∗ log(n3)
⌊n/3⌋ , and that the probability P

[
1

⌊n/3b′⌋
∑

i′∈[⌊n/3b′⌋] ψ
i′

b′ ≥ 8
10

∣∣∣∣EUC , E∆er(b′)>ε

]
is zero. □

Finally, we move on to the proof of Theorem 4. The proof is done only for the O(1/n) rate, as it is identical for the
O(log(n)/n) rate.

Proof:

We adopt the notations from the proof of Lemma 17. The sample is split into three equal parts, Si = S(i−1)⌊n/3⌋+1,i⌊n/3⌋
where i ∈ [3]. We use the first part to learn sets of pattern avoidance functions for each batch size b ∈ [⌊n/3⌋].
The second part is used to compute b̂n in the manner described in Lemma 17. Using the last part of the sample,
we use the selected set of pattern avoidance functions

{
GSTAR

b̂n,i
: i ∈

[⌊
n/3b̂n

⌋]}
to construct partial concept classes{

Ĥi
b̂n

: i ∈
[⌊
n/3b̂n

⌋]}
over XS3

= X2⌊n/3⌋+1, . . . , X3⌊n/3⌋+1, X . Finally, Algorithm 1 is used to produce a collection

of predictors
{
ĥin := A

(
S3, Ĥ

i
b̂n
, X
)
: i ∈

[⌊
n/3b̂n

⌋]}
, and the prediction on X is determined by the majority voting

among them.

We start with the following fact that the excess risk of some h : X → {0, 1} can be expressed as

er(h)− er(h⋆P ) = E
[
1{h(X)̸=h⋆

P (X)} (1− 2P [h⋆P (X) ̸= Y |X])
]

with the expectation taken with respect to PX .

Using this, we have

E[er(ĥn)− er(h⋆P )] = E
[
1{ĥn(X)̸=h⋆

P (X)} (1− 2P [h⋆P (X) ̸= Y |X])
]

By Lemma 17 we have that P
[
b̂n /∈ Tgood

]
= O(1/n). Thus

E
[
1{ĥn(X)̸=h⋆

P (X)} (1− 2P [h⋆P (X) ̸= Y |X])
]

≤ C/n+ E
[
1{ĥn(X)̸=h⋆

P (X)}1{b̂n∈Tgood} (1− 2P [h⋆P (X) ̸= Y |X])
]

Let us denote J the set of all indices in
[⌊
n/3b̂n

⌋]
such that h⋆P labelings appear in the projection

Ĥj

b̂n

[
X2⌊n/3⌋+1, . . . , X3⌊n/3⌋

]
. On the event that b̂n ∈ Tgood, we have that

P
[(
h⋆P (X2⌊n/3⌋+1), . . . , h

⋆
P (X3⌊n/3⌋)

)
/∈ Ĥb̂n

[
X2⌊n/3⌋+1, . . . , X3⌊n/3⌋

]]
≤ 3

10
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Therefore, by Hoeffding we have that P
[
|J | < 6

10

∣∣ b̂n ∈ Tgood
]
≤ e−⌊n/3b̂n⌋/50, which in turn implies that

E
[
1{ĥn(X)̸=h⋆

P (X)}1{b̂n∈Tgood} (1− 2P [h⋆P (X) ̸= Y |X])
]
≤ e−⌊n/3b̂n⌋/50 +

E
[
1{ĥn(X)̸=h⋆

P (X)}1{b̂n∈Tgood}1{|J|≥ 6
10} (1− 2P [h⋆P (X) ̸= Y |X])

]

On the event that ĥn(X) ̸= h⋆P (X) we have that at least 1
6 of J , which are at least 1

10 of all
[⌊
n/3b̂n

⌋]
, do not agree with

h⋆P . More formally

{
ĥn(X) ̸= h⋆P (X)

}
⊆

 1

|J |
∑
j∈J

1{ĥj
n(X)̸=h⋆

P (X)} ≥ 1

6


Hence, the expectation can be bounded as follows:

E
[
1{ĥn(X)̸=h⋆

P (X)}1{b̂n∈Tgood}1{|J|≥ 6
10} (1− 2P [h⋆P (X) ̸= Y |X])

]
≤ E

[
1{

1
|J|

∑
j∈[J] 1{ĥ

j
n(X)̸=h⋆

P
(X)}≥

1
6

}1{b̂n∈Tgood}1{|J|≥ 6
10} (1− 2P [h⋆P (X) ̸= Y |X])

]

≤ 6E
[ 1

|J |
∑
j∈[J]

1{ĥj
n(X)̸=h⋆

P (X)}

1{b̂n∈Tgood} 1{|J|≥ 6
10} (1− 2P [h⋆P (X) ̸= Y |X])

]

where the last transition is due to the identity T ≥ γ1{T≥γ} for the non-negative random variable T :=
1
|J|
∑

j∈[J] 1{ĥj
n(X)̸=h⋆

P (X)}.

Finally, on the event of
{
b̂n ∈ Tgood , |J | ≥ 6

10

}
we condition on XS3 to use the expectation bound from Theorem 1,

E

 1

|J |
∑
j∈[J]

1{ĥn
j (X)̸=h⋆

P (X)} (1− 2P [h⋆P (X) ̸= Y |X])


≤ 1

|J |
∑
j∈[J]

E
[
1{ĥn

j (X)̸=h⋆
P (X)} (1− 2P [h⋆P (X) ̸= Y |X])

]

≤ 1

|J |
∑
j∈[J]

E
[
er(ĥjn)

]
− er(h⋆P ) ≤ C

b∗2b∗ log
(

b∗2b
∗

1−2β

)
(1− 2β)n



where we have used the fact that d ≤ s ≤ b∗2b
∗

for any member of the partial concept classes set
{
Ĥi

b̂n
: i ∈

[⌊
n/3b̂n

⌋]}
.

Finally, collecting all the terms, we get

E[er(ĥn)− er(h⋆P )] ≤ C/n+ e−2⌊n/3b̂n⌋/100 + C

b∗2b∗ log
(

b∗2b
∗

1−2β

)
(1− 2β)n

 = O(1/n)

□
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F. Slower than Linear is not Faster than log(n)/n
In this section we prove the lower bound for the case where there exists an infinite star tree for the (total) concept class H.

Before proving this result, we cite a lemma which serves as a fundamental for the uniform lower bound (Hanneke, 2016,
Lemma 22). The setting for the lemma is the following. Fix ζ ∈ (0, 1], β ∈ [0, 1/2), and k ∈ N with k ≤ min{1/ζ, |X |−1}.
Let Xk = {x1, ..., xk+1} be a set of k + 1 distinct elements of X , and h0, h1, ..., hk be concepts defined over X as in
Definition 8. Let Pk,ζ be a distribution over X with Pk,ζ [xi] = ζ for each i ∈ [k], and Pk,ζ [xk+1] = 1 − ζk, and
for each t ∈ [k], let Pk,ζ,t denote a distribution over X × {0, 1} with marginal distribution Pk,ζ over X such that, for
(X,Y ) ∼ Pk,ζ,t,P [Y = ht(X)|X = xi] = 1− β for every i ∈ [k], while P [Y = ht(X)|X = xk+1] = 1.

Lemma 18. For k, ζ, β as above with k ≥ 96e, for any δ ∈ (0, 1/4), for any learning algorithm ĥn, and any n ∈ N with

n <
3β log (k/96)

16ζ(1− 2β)2

there exists a t ∈ [k] such that if (X,Y ) ∼ Pk,ζ,t, then with probability greater than δ,

er(ĥn)− inf
h∈H

er(h) ≥ ζ(1− 2β)

2

In particular, if we choose ζ = 1/k and some arbitrary δ ∈ (0, 1/4), for (X,Y ) ∼ Pk,ζ,t we have

E
[
er(ĥn)− inf

h∈H
er(h)

]
≥ δ(1− 2β)

2k

Lemma 18 is built upon a lower bound by (Raginsky & Rakhlin, 2011), which is based on information-theoretic techniques.
Specifically, (Raginsky & Rakhlin, 2011) used f -divergences to compare between two probability measures on X × {0, 1},
where X is taken to be countable: a β-bounded probability measure over the first k points, and a dummy measure. While
these two measures shared the same marginal distribution over X , they share the same conditional distribution on the labels
only outside the first k points, that is, on the point xk+1 (in case such point was needed, where 1− ζk > 0). As identical
conditional distributions do not reflect on the overall divergence 11, any bias in [0, 1/2] could be applied on the k + 1 point.
More generally, both measures could be extend outside the k points, so long they share the same conditional distribution at
every point on that region. We will use this argument to build the distribution used in the lower bound of Theorem 5.

Proof: We start by fixing an arbitrary learning algorithm ĥn, β ∈ (0, 1/2), δ ∈ (0, 1/4) and an infinite tree for H,
t = {(xu, yu) ∈ (X × {0, 1})k+2

: u ∈
∏k+1

j=2 [j], 0 ≤ k <∞}.

As it is sufficient to prove the above for infinitely many n, we define the sequences {ki}∞i=1, {ni}∞i=1 and the set of
probabilities p1, p2, ... to be:

k1 := 256, ki := inf

{
k > ki−1 :

1

k
≤ 2−i min

j<i

2j

kjnj

}
ni :=

⌊
βk2i log (ki/96)

1366(1− 2β)2

⌋
, pk := C

1{k∈{ki}∞
i=1}

k
,

where C =
(∑

k≥1 pk

)−1

≤ 256. Note that ki+1 > 2ki for all i ∈ N.

We will now fix an infinite branch in the tree to apply Lemma 18 recursively. Let w = (w1w2...) ∈
∏

j≥1[j], we set each
wj inductively as follows. If j ∈ {ki}∞i=1, we define wj to be

wj =

{
tj ∈ [j] : P

[
er(ĥn)− er(h⋆P ) ≥

1− 2β

2j

]
≥ δ, (X,Y ) ∼ Pj,ζj ,tj

}
11See (Raginsky & Rakhlin, 2011, Lemma 3) for more details
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where Pj,ζj ,tj is a member of the set of distributions
{
Pj,ζj ,t, t ∈ [j]

∣∣∣∣ ζj := pkj

k
∑

l≤j pkl

}
, which satisfy the following

properties:

• The marginal support of each distribution is limited to the set {x ∈ xw≤j′ : j
′ ≤ j}.

• For each j′ < j, the conditional distribution over {xw≤j′} is identical for all distributions in the set, that is, for every
t, t′ ∈ [j] we have PPj,ζj ,t

[·|X ∈ xw≤j′ ] = PPj,ζj ,t
′ [·|X ∈ xw≤j′ ].

• Given that x ∈ xw≤j , the conditional distribution of Pj,ζj ,t is defined as:

PPj,ζj ,t

[
X = xiw≤j |X ∈ xw≤j

]
=

1

j
for every i ∈ [j]

PPj,ζj ,t

[
Y = yiw≤j |X = xiw≤j

]
=

{
1− β i ̸= t

β i = t

Otherwise, we set wj = 1 arbitrarily. Note that by Lemma 18 each wj is well-defined.

Next, we define the distribution Pw, starting with its marginal distribution over X ,

Pw

[
xiw≤k, ·

]
=
pk
k

for every i ∈ [k], k ∈ N.

Before defining the conditional distribution of Pw, recall from the definition of the star tree that for every k <∞, there exist
hk ∈ H such that for every k′ ≤ k we have that

hk(x
wk′
w≤k′) = 1− y

wk′
w≤k′ , and for all j ∈ [k′] \ {wk′} : hk(x

j
w≤k) = yjw≤k.

For each k ∈ {ki}∞i=1 and j ∈ [wk], we define

Pw

[
hk(X) = Y |X = xiw≤k

]
= 1− β for every 1 ≤ i ≤ k

To verify that Pw is a β-bounded distribution, observe that for i ≥ 1, there exists a hki
such that the marginal probability of

{x : Pw [hki
(X) ̸= Y |x] > β} is at most

∑
l>ki

pl which can be bounded as follows:

∑
l>ki

pl =
∑
j>i

pkj
≤ C

ki

∑
j>i

2i−j =
C

ki

Hence, the existence of the sequence of hki establishes that Pw is indeed a β-bounded distribution.

Now, let X,Y,X1, Y1, ..., Xn, Yn be independent random variables drawn from Pw, let us define the following random
variables

T = {k ∈ N : X ∈ xw≤k} , Ti = {k ∈ N : Xi ∈ xw≤k}

Recall that

E
[
er(ĥn)− inf

h∈H
er(h)

]
= E

[
1{ĥn(X)̸=h⋆

P (X)} (1− 2P [h⋆P (X) ̸= Y |X])
]
= (1− 2β)P

[
ĥn(X) ̸= h⋆P (X)

]
Observe that for every i ≥ 1 we have

P [hni(X) ̸= h⋆P (X)] ≥ P [hni(X) ̸= h⋆P (X) , T, T1, ..., Tni ≤ ki]

= P [hni
(X) ̸= h⋆P (X)|T, T1, ..., Tni

≤ ki]

(
1−

∑
l>ki

pl

)ni+1
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Note that 1−
∑

l>ki
pl ≥ 1−

∑
l>k1

pl =
C
256 . In addition, we have

∑
l>k

pl =
∑
j>i

pkj
=
∑
j>i

C

kj
= C

∑
j>i

inf

{
k > kj−1 :

1

k
≤ 2−j min

j′<j

2j
′

kj′nj′

}
≤ C

∑
j>i

2−j 2i

kini
≤ C

ni

∑
j>i

2i−j =
C

ni

Putting it together we get (
1−

∑
l>ki

pl

)ni+1

≥ C

256

(
1− C

ni

)ni

≥ Ce−C

256

Thus, we have that the event {T, T1, ..., Tni
≤ ki} occurs with probability at least Ce−C

256 . Now, let us consider the
conditional probability P [hni

(X) ̸= h⋆P (X)|T, T1, ..., Tni
≤ ki]. By conditioning on the event {T, T1, ..., Tni

≤ ki} we
have that both the data set and the test point are sampled from depth at most ki, that is, from the conditional distribution
Pw (·|T, T1, ..., Tn ≤ ki), which is identical to Pki,ζki

,wki
, where ζki

:=
pki

ki
∑

j≤i pkj
= 1

k2
i

∑
j≤i k

−1
j

. Observing that

ζki
= Θ

(
k−2
i

)
12 we ensure ni <

3β log(ki/96)
16ζki

(1−2β)2 , thus satisfying the conditions of Lemma 18. Therefore we get

(1− 2β)P
[
ĥn(X) ̸= h⋆P (X)|T, T1, ..., Tn ≤ ki

]
= E

[
er(ĥn)− inf

h∈H
er(h)|T, T1, ..., Tn ≤ ki

]
≥ ζki

δ(1− 2β)

2

Next, for sufficiently large i and using the fact that ni = Θ
(
k2i log (ki)

)
, we have

ζki
δ(1− 2β)

2
≥ δ(1− 2β)

2ki
2 ≳

log (ki)

ni
≳

log (ni)

ni

where the last inequality follows from

log ni ≤ log
(
ck2i log (ki)

)
≤ log (ck3i ) ≤ 3c log (ki)

As this bound holds for infinitely many n, our proof is concluded. □

12To see this, note that 1/256 = 1/k1 ≤
∑

j≤i k
−1
j ≤ 1.
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