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Abstract

Bridging the multi-fidelity gap between computa-
tionally inexpensive models and complex physical
systems remains a central challenge in machine
learning applications to engineering problems,
particularly in multi-scale settings where reduced-
order models typically capture only dominant dy-
namics. In this work, we present Cheap2Rich, a
multi-scale data assimilation framework that re-
constructs high-fidelity state spaces from sparse
sensor histories by combining a fast low-fidelity
prior with learned, interpretable discrepancy cor-
rections. We demonstrate the performance on ro-
tating detonation engines (RDEs), a challenging
class of systems that couple detonation-front prop-
agation with injector-driven unsteadiness, mixing,
and stiff chemistry across disparate scales. Our
approach successfully reconstructs high-fidelity
RDE states from sparse measurements while iso-
lating physically meaningful discrepancy dynam-
ics associated with injector-driven effects. The re-
sults highlight a general multi-fidelity framework
for data assimilation and system identification
in complex multi-scale systems, enabling rapid
design exploration and real-time monitoring and
control while providing interpretable discrepancy
dynamics.

1. Introduction

Despite significant advancements in physics-informed
Al (Kutz et al., 2025; Karniadakis et al., 2021; Brunton
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Figure 1. A rotating detonation rocket engine (RDRE). Full-scale
geometry (top left) and cross-sectional schematic with primary
dimensions (top right) Temperature and Pressure mid-channel
contour projections (bottom).

& Kutz, 2022; Wyder et al., 2025; Fan et al., 2025) and
neural operators (Lu et al., 2021; Li et al., 2020; Roy et al.,
2025), modeling of multi-scale physics remains a grand
challenge due to the inability of methods to model the or-
ders of magnitude different time and space scales present
in complex systems. Traditional machine learning meth-
ods typically capture the dominant large scale time and
space features due to the spectral bias in training (Rahaman
et al., 2019). Thus important characteristics and features
are effectively band-pass filtered in model training. We in-
troduce a neural network architecture that by construction
targets different scales for training. Specifically, Data as-
similation (DA) (Ghil & Malanotte-Rizzoli, 1991; Bocquet
et al., 2019) provides a principled framework for closing
the performance gap in multiscale modeling by combin-
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Figure 2. The Cheap2Rich architecture. (a) Simulation model provides full-state data X and sparse sensor measurements S. (b) A

standard SHRED network is trained on simulation data to reconstruct full states X from sensor histories. (c) Deployment on real sensors:
the real physics full state X’ is unobserved; only sparse sensor measurements S’ are available. The LF DA-SHRED pathway updates the

latent features to reality, producing X! . The HF pathway processes sensor residuals R to capture fine-scale corrections X! The final
reconstruction X} g,r combines both pathways to close the multi-fidelity gap.

ing physics-based prediction and experimental observation.
Recent advances in latent dynamical system learning (Erich-
son et al., 2020; Jiang et al., 2025), including the Shallow
Recurrent Decoder (SHRED) framework (Williams et al.,
2024; Tomasetto et al., 2025; Bao & Kutz, 2025), further
enable the discovery of compact latent representations and
missing functional structure directly from data. However,
the application of DA-enhanced latent learning to strongly
nonlinear, multistable systems with sparse, noisy measure-
ments remains largely unexplored (Niu et al., 2024; Liu
et al., 2024).

In this work, we introduce a multi-scale data assimilation
pipeline that bridges a fast reduced-order RDE model and
high-fidelity dynamics using only sparse sensor histories.
The method augments a SHRED framework trained on mul-
tiscale data with a deployment-time assimilation mechanism
that separates the reconstruction into (i) a low-frequency

(LF) component, aligned to the sensor-induced latent dis-
tribution via a lightweight model, and (ii) a high-frequency
(HF) correction learned directly from sensor-space residuals
and regularized to be spectrally sparse. This decomposition
enforces a clean division between dominant features that the
reduced model already captures and fine-scale discrepancies
induced by unmodeled or unresolved physics, yielding a
unified surrogate that is both accurate and diagnostically
informative.

Rotating detonation engines (RDEs), which are an ideal test
case for our method due to the inherent multiscale physics,
offer a promising pathway toward high-efficiency propul-
sion and power generation by sustaining continuous detona-
tion waves within an annular combustor (Sato et al., 2021;
2025; Nakagami et al., 2017; Wolanski, 2013). However,
the underlying physics of RDEs is governed by tightly cou-
pled compressible flow, shock-detonation interactions, stiff
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chemical kinetics, and injector-driven mass, momentum,
and energy exchange across disparate spatial and tempo-
ral scales (Raman et al., 2023). High-fidelity numerical
simulations capable of resolving these coupled processes
are computationally prohibitive, often requiring weeks of
supercomputing time for a single operating condition (Pow-
ers et al., 2026). This computational burden fundamentally
limits systematic design exploration, uncertainty quantifi-
cation, and control-oriented modeling. To address these
challenges, reduced-order physics-based models have been
developed to capture the dominant detonation-front dynam-
ics at dramatically reduced cost (Koch et al., 2021; Koch
& Kutz, 2020; Mendible et al., 2021). Among these, the
one-dimensional rotating detonation model of Koch and
collaborators has emerged as a widely used surrogate for
azimuthal detonation propagation (Koch & Kutz, 2020).
While such models accurately represent leading-order det-
onation physics, they necessarily omit or heavily simplify
injector dynamics, mixing processes, time-delay effects, and
non-equilibrium losses. As a result, substantial and system-
atically structured discrepancies persist between low-order
model predictions and real experimental RDE data. We
show that we can leverage Koch’s cheap simulation model
(minutes) to approximate simulations of the rich model
(weeks), thus allowing for a Cheap2Rich algorithm whereby
cheap proxies can be used to model the exceptionally rich
multiscale physics observed in reality.

On a three-wave co-rotating configuration (See Fig. 1),
the learned LF model remains close to the simple Koch’s
model prior and cannot reproduce injector-driven variability.
Cheap2Rich reduces the error by 74.9% while exhibiting
sparse Fourier content concentrated at harmonics of the
three-wave structure, indicating phase-locked corrections
tied to detonation-front passage and consistent with injector-
modulated forcing absent in the baseline model. This ac-
counts for a practical multi-fidelity bridge: the reduced
model runs in seconds, and the trained network performs
full-state reconstruction from sparse measurements at neg-
ligible marginal cost compared to high-fidelity simulation,
while the structured HF term provides direct access to the
subsequent identification of missing-physics.

Code for this project is available at https://github.

com/kro0llk/Cheap2Rich.

2. Preliminaries
2.1. RDE:s - high fidelity simulation

There has been a lot of prior work on accurate modeling of
RDEs that stem from high-fidelity numerical simulations
(Raman et al., 2023). In this work, a high-fidelity simulation
of the AFRL methane-oxygen rotating detonation rocket
engine (RDRE) was studied as shown in Fig.1. This geome-

try was chosen due to the high availability of experimental
(Bennewitz et al., 2019) and numerical simulations (Prakash
et al., 2021) available. The reacting compressible Navier-
Stokes and species transport equations (1) are solved using
an in-house compressible flow solver (Sharma et al., 2024)
built on the AMReX library (Zhang et al., 2019), which
provides the adaptive mesh refinement (AMR) framework.
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for k = 1,..., Ns where p is the density of the fluid, t is
time, z; and u,; are the spatial coordinate and the velocity
component in the i*" direction, respectively. The viscous
stress tensor is given as 7;; and p is the fluid pressure. The
total chemical energy is defined as e, h is the total enthalpy
of the mixture, « is the thermal conductivity of the mix-
ture, D is the diffusivity, and T is the temperature. The
mass fraction and chemical source term for the k*" species
are given by Y} and (Q, respectively. These equations are
solved in a Cartesian coordinate system using a second-order
finite-volume discretization method, and time integration is
performed using a strong stability-preserving second-order
Runge—Kutta scheme. Detailed finite-rate chemistry is simu-
lated using Cantera with the FFCMy-12 mechanism (Smith
et al., 2016; Xu & Wang, 2018) consisting of 12 species
and 38 reactions. For additional details on the numerics
and implementation, the reader is referred to (Sharma et al.,
2024; Carreon et al., 2025; Bielawski et al., 2023).

The high-fidelity simulation employs a nonuniform grid. A
fine resolution of 93.6 um is used in the injectors, plenums,
lower half of the combustion chamber, and in the regions
containing the detonation wave. The grid is coarsened to
374 pm in the upper half of the combustion chamber and
further to 748 pm in the exhaust plenum. The detonation
wave is dynamically tagged using the same pressure gradient
threshold as (Powers et al., 2026). The resulting cell count
for the simulation was 178 million cells and was run using
3500 CPUs. The simulation cost more than 2 million CPU
hours and ran for over 2 months. This simulation required
3.2 billion degrees of freedom.

To ignite the RDRE, four high temperature/pressure kernels
were equally spaced in the domain and allowed to evolve.
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Figure 3. Time evolution of 1d projection of temperature contour
before preprocessing (left), and in the COM frame of reference
after min-max rescaling (right)

Figure 4. Temperature field obtained from Koch’s model described
in Subsection 2.2 before (left) and after (right) preprocessing.

After 0.7 ms the simulation reached steady-state and pro-
duced three co-rotating waves. The simulation was allowed
to continue for additional 0.5 ms of data collection for aver-
aging. Figure 1 shows the unwrapped view that highlights
the temperature and pressure contours. Also, the dynamic
tagging of the detonation waves are shown in the 3D geome-
try. 250 snapshots are considered for the following analysis
which corresponds to one full rotation of the waves in the
detonation annulus. We then project the AMR results first
onto a fixed 3d cylindrical mesh with 30000 points and then
on a 1d ring with 100 points at the distance from injectors
of 20mm (See Appendix A).

2.2. Koch’s One-Dimensional RDE Model

The model described in (Koch & Kutz, 2020) is a 1D model
of the reactive Euler equations with source terms represent-
ing injection, mixing, and chemical kinetics inside an RDE
combustion chamber. We describe the model in detail in
the appendix B. With the set of parameters described in
2 it is able to model the three co-rotating waves we ob-
serve in the high-fidelity simulation. We select time indices
[100000, 110000] which correspond to roughly one rotation
of the three waves around the ring, and preprocess them
by first subsampling them by taking every 400-th snapshot,
leaving exactly 250 timesteps which exactly corresponds
to the setting of the high-fidelity simulation. We then can-
cel out the rotation and scale the temperature field to [0, 1]
linearly, obtaining the spatio-temporal field in Fig. 4.

3. Cheap2Rich Pipeline

We propose a multi-scale data assimilation framework that
decomposes the full-state reconstruction into an additive
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Figure 5. Schematic of the Cheap2Rich architecture. The LF
pathway learns the dominant dynamics from simulation and aligns
to reality via a latent GAN. The HF pathway learns spectrally-
sparse corrections from sensor residuals.

low-frequency (LF) backbone and a spectrally-constrained
high-frequency (HF) residual. This Cheap2Rich architec-
ture leverages the SHRED and DA-SHRED framework
(Williams et al., 2024; Bao & Kutz, 2025) to bridge the
multi-fidelity gap by separating the dominant dynamics cap-
tured by simplified models from the fine-scale corrections
that account for missing physics. The key insight is that
enforcing spectral sparsity on the HF correction encourages
physically interpretable, parsimonious representations of
the discrepancy (Brunton et al., 2016).

3.1. Problem Setup

We summarize the notation used throughout this section in
Table 3 (Appendix C), following the conventions established
in (Bao & Kutz, 2025). The full-state reconstruction is
decomposed as

W' (t) = ace(t) + anr(t), 2
where uyp captures the dominant low-frequency structure
learned from simulation and adapted to reality via latent-
space alignment, and uyp represents a spectrally-sparse
high-frequency correction. The Cheap2Rich architecture
consists of two parallel pathways that process the sensor
time-history {s}_,}/ with L temporal lags, as illustrated
in Figure 5.

3.2. Low-Frequency Pathway

The LF pathway follows the standard DA-SHRED method-
ology (Bao & Kutz, 2025), consisting of a temporal encoder
trained on simulation data and a latent-space alignment.
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3.2.1. TEMPORAL ENCODER

Given sensor history S, _,., = [s}_; ,4,...,s;] € REFXP,
the LF encoder maps this sequence to a latent representation
with a two-layer LSTM (Hochreiter & Schmidhuber, 1997):

z1r(t) = ELp(S)_ .45 Oenc) = LayerNorm (h(f)) ., 3

where h(Lz) € R% is the final hidden state of the second
LSTM layer with hidden dimension d,, and LayerNorm
denotes normalization for training stability (Ba et al., 2016).

3.2.2. LATENT-SPACE ALIGNMENT VIA GAN

To bridge the distribution shift between simulation-trained
latent codes and those induced by real sensor measurements,
we employ a residual generator network G that learns to
align the latent distributions:

Zir(t) = zip(t) + G(zir(t): 0c). 4

The generator G : R% — R% is a shallow MLP with
LeakyReLU activations, initialized to output near-zero cor-
rections. A discriminator network D : R4 — [0,1] is
trained adversarially (Goodfellow et al., 2014) to distinguish
between latent codes from simulation and transformed codes
from real data:

ED = _Ez"‘preal [IOgD(Z)] - IEz"‘/psim [1Og<1 - D(i))] Y (5)
Lo=—E,p,, [logD(2)], (6)
where z = z + G(z) for z sampled from simulation latents,

and the discriminator is trained to classify real sensor latents
as real and generator-transformed simulation latents as fake.

3.2.3. LF DECODER WITH SPECTRAL CONSTRAINT

The aligned latent code is decoded and then low-pass filtered
to enforce the low-frequency constraint:

U p(t) = Pr, (Dip(Zip(t); Ogec)) € R™, @)

where Dy is a three-layer MLP with ReLLU activations, and
‘Pi;, denotes a low-pass filter that retains only Fourier modes
with wavenumber k < k.:

Pr,(u) = F ' (Lp<p, - F(u)), ®)

where F and F ! denote the discrete Fourier transform and
its inverse. This explicit spectral constraint separates LF
and HF components (Canuto et al., 2006).

3.3. High-Frequency Pathway

The HF pathway is designed to capture the fine-scale dis-
crepancy between the LF reconstruction and reality. The
input to the HF pathway is the sensor-space residual be-
tween observed measurements and LF predictions at sensor

locations. Let M € RP*"™ denote the sensor sampling op-
erator. The residual history is computed by subtracting the
current LF prediction (at sensor locations) from each lag of
the sensor history:

r; =s, — Mug(t), t=0,1,....m—1, (9
yielding the residual time-history R;_r. =
[ti_r41,-..,r4] € RPXL. Note that each lag uses
its corresponding LF prediction ti g(t — ¢), ensuring the
residual captures the discrepancy between observed and
predicted states at each time step.

The HF encoder employs an attention mechanism over tem-
poral lags (Bahdanau et al., 2014) to learn which timesteps
are most informative for predicting the HF correction, with
time-derivative embedding to capture velocity and acceler-
ation information (see Appendix D). The HF decoder gen-
erates a base spatial pattern and applies a learned spatially-
varying deformation to correct for velocity mismatches.

3.4. Training Pipeline

The Cheap2Rich model is trained in four sequential stages
to ensure stable learning of each component: (1) SHRED
training on simulation data, (2) latent GAN training for dis-
tribution alignment, (3) HF-SHRED training with spectral
sparsity regularization, and (4) fine-tuning. Complete train-
ing details including loss functions and hyperparameters are
provided in Appendix E.

3.5. Physical Interpretation

The multi-scale decomposition has a natural physical inter-
pretation in the context of RDE dynamics: LF Component:
Captures the dominant detonation front dynamics that are
well-represented by simplified models (e.g., Koch’s model).
The low-pass filter Py, ensures this component contains
only large-scale spatial structures with wavenumber k < k..
HF Component: Represents fine-scale corrections due to
unmodeled injector dynamics, mixing processes, and turbu-
lent fluctuations. The spectral sparsity regularization encour-
ages the discovery of parsimonious, dominant correction
modes, while the bandlimited penalty discourages energy
at very high frequencies. Time-Delay Embedding: The
temporal derivative augmentation and attention mechanism
allow the HF pathway to capture velocity and phase infor-
mation from the sensor history, enabling correction of wave
propagation mismatches between simulation and reality.

4. Results

We evaluate the Cheap2Rich framework on the rotating
detonation engine dataset described in Section 2. The
high-fidelity simulation data, which resolves the full three-
dimensional reacting flow including shock dynamics, chem-
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Figure 6. Comparison on the full dataset. (a) Koch’s model sim-
ulation capturing dominant front physics. (b) High-fidelity real
physics with complex injector-driven dynamics. (c) LF reconstruc-
tion from the GAN-aligned SHRED pathway. (d) Full Cheap2Rich
LF+HF reconstruction.

ical kinetics, and injector interactions, requires weeks of
supercomputer time to generate for a single operating con-
dition. In contrast, Koch’s one-dimensional model cap-
tures only the dominant detonation front propagation and
can be computed in seconds. Our goal is to demonstrate
that Cheap2Rich can bridge this fidelity gap using only
sparse sensor measurements from the high-fidelity simula-
tion, without requiring access to its full state.

4.1. Experimental Setup

The dataset consists of m = 250 temporal snapshots over
a spatial domain discretized into n = 100 grid points. We
use p = 25 uniformly distributed sensors and a temporal lag
window of L = 25 time steps. The data is split into 80% for
training and 20% for validation. The cutoff frequency for
spectral constraints is set to k. = 12. The training follows
a three-stage pipeline: (1) SHRED pretraining on Koch’s
model simulation, (2) LF-DA-SHRED with latent alignment,
and (3) HF training with spectral sparsity (A = 0.1, then
fine-tuned with A’ = 0.01).

4.2. Reconstruction Performance

Figure 6 presents a qualitative comparison of the recon-
struction pipeline. The Koch’s model simulation (panel
a) captures the three co-rotating detonation fronts but ex-
hibits smooth, idealized dynamics. The high-fidelity sim-
ulation (panel b) reveals substantially richer structure: the
detonation fronts display spatial variability, and significant
fine-scale fluctuations arise from injector dynamics, mixing
processes, and turbulent interactions that are absent in the
simplified model. The LF reconstruction (panel c) produces
output that closely mirrors the Koch’s model, as expected

Table 1. Reconstruction comparison with neural operator baselines
(mean =+ std, 3 runs). All methods receive the same sparse sensor
inputs and reconstruct the full spatial field.

Method RMSE SSIM

Multi-fidelity Gap (no DA) 0.411 0.104

FNO (vanilla) 0.431 £0.007 0.063 = 0.010
FNO (masked) 0.367 £0.008 0.258 & 0.004
DeepONet 0.431 £0.001 0.112 + 0.002
DA-SHRED 0.414 £0.003 0.134 = 0.024
Cheap2Rich (ours) 0.103 £ 0.001  0.364 + 0.003

since the LF pathway is trained on simulation data. De-
spite the GAN-based latent alignment, the LF component
alone cannot capture the fine-scale discrepancies, yielding
an RMSE of 0.4114. The full Cheap2Rich LF+HF recon-
struction (panel d) successfully recovers the complex dy-
namics of the high-fidelity simulation, reducing the RMSE
to 0.1031—an improvement of 74.9%.

4.3. Quantitative Analysis

Table 1 summarizes the reconstruction performance across
multiple baselines, all operating under identical sparse-
sensing constraints: each method is trained on Koch’s simu-
lation data and receives only p = 25 sensor measurements
from the high-fidelity system at inference time, with no
access to full high-fidelity states. We evaluate two FNO
variants—a vanilla FNO trained on full simulation fields
and a masked FNO trained on sparse inputs with an explicit
binary mask channel—as well as a DeepONet with a branch
network receiving the same time-delay sensor history as our
LSTM encoder.

Figure 7 provides the corresponding spatiotemporal recon-
structions. FNO (vanilla), which has never seen sparse in-
puts during training, produces spectrally corrupted outputs
(SSIM = 0.063). FNO (masked) achieves SSIM = 0.258
within the simulation distribution but cannot bridge the
multi-fidelity gap on high-fidelity sensor inputs. Deep-
ONet reproduces simulation-like spatial structures despite
receiving high-fidelity sensor values. DA-SHRED pro-
vides minimal improvement over the raw multi-fidelity
gap, confirming that the dominant discrepancy lies in un-
modeled physics rather than latent distribution mismatch.
Cheap2Rich achieves a 74.9% RMSE reduction and 250%
SSIM improvement, demonstrating that the multi-scale
LF/HF architecture with spectral regularization is essential
for bridging the fidelity gap from sparse sensors. Supervised
baselines with full high-fidelity state access during training
are reported in Appendix F; we note that these operate under
a fundamentally different (and easier) information regime.
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Figure 7. Reconstruction comparison of neural operator baselines on the 3-wave co-rotating RDE. From left: Koch’s 1D simulation (LF
prior), FNO (vanilla), FNO (masked input), DeepONet, and high-fidelity ground truth. FNO and DeepONet fail to bridge the multi-fidelity
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Figure 8. Detailed analysis of multi-scale reconstruction. Top-left:
LF reconstruction versus ground truth at a representative spatial
slice. Top-right: Cheap2Rich LF+HF reconstruction. Bottom-left:
Predicted HF component compared to the true residual. Bottom-
right: Frequency spectrum of the HF correction showing sparse
structure concentrated at wavenumbers k € {3,6,9}.

4.4. Spectral Analysis of the HF Correction

Figure 8 provides detailed analysis of the multi-scale de-
composition. The top-left panel shows that the LF recon-
struction fails to track the high-fidelity ground truth, while
the top-right panel demonstrates that the full Cheap2Rich
LF+HF reconstruction closely follows the true dynamics.
The bottom-left panel compares the predicted HF compo-
nent against the true residual (ground truth minus LF predic-
tion), showing good agreement in both amplitude and phase.
The bottom-right panel reveals the spectral structure of the
learned HF correction. The frequency content is sparse and
concentrated at wavenumbers k € {3,6,9,11}, with the
dominant modes at k = 3, 6, 9 corresponding to harmonics
of the three co-rotating detonation waves. This physically
interpretable structure emerges automatically from the spec-
tral sparsity regularization, suggesting that the HF pathway
has learned to represent the injector-driven physics in terms
of modes that are commensurate with the underlying waves.

4.5. Physical Interpretation

The results demonstrate that the method successfully decom-
poses the Cheap2Rich gap into interpretable components:

Front Physics (LF Component). The LF pathway, trained
on Koch’s model data and aligned in latents, captures the
dominant detonation front locations and propagation speeds.
The visible three co-rotating fronts confirm that the LF path-
way adequately captures the leading-order dynamics.

Injector Physics (HF Component). The HF correction
captures the fine-scale dynamics that arise from physics ab-
sent in the Koch’s model: injector response delays, spatially
varying mixing efficiency (Schwer & Kailasanath, 2010),
and local turbulent fluctuations (Fotia et al., 2016). These
effects manifest as structured corrections concentrated near
the detonation fronts and in the inter-front regions where
fresh reactants are injected.

The sparse spectral structure of the HF component—with
energy concentrated at harmonics of the fundamental three-
wave mode—suggests that the injector-driven physics are
phase-locked to the detonation front passage. This is physi-
cally consistent with the periodic pressure fluctuations that
modulate injector flow rates as each detonation wave passes.

4.6. Ablation Studies and Robustness

We conduct ablation studies over the spectral cutoff k. €
{3,6,9,12,15}, sensor count p € {5,10,15,25}, tempo-
ral lag L € {5,10,15,25}, and sensor noise level o €
{0,0.02,0.05,0.10,0.15} (Appendix J). Performance im-
proves monotonically with k. and plateaus at k. > 12,
confirming robustness to this hyperparameter. The model
degrades gracefully under noise, with RMSE increasing
from 0.107 to 0.114 at o = 0.10, consistent with the spec-
tral cutoff providing noise suppression. RMSE improves
steadily with increased spatial coverage, and longer tempo-
ral lags yield diminishing returns beyond L = 15, consistent
with Takens” embedding theory.

To evaluate cross-condition generalization, we train
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Cheap2Rich on a two-wave Koch prior (s = 0.06) and
deploy it on two-wave high-fidelity data with 0 = 0.1 sen-
sor noise (Appendix I), confirming that the multi-fidelity
architecture generalizes across different wave-mode config-
urations and is robust to sensor noise. We further stress-test
the framework under a deliberately mismatched prior topol-
ogy, training on a 3-wave Koch prior and deploying on
2-wave high-fidelity sensors (Appendix I.1). Even in this
worst-case scenario, the HF pathway compensates for the
topological discrepancy, achieving a 76.9% RMSE reduc-
tion. A residual third-wave artifact reduces SSIM relative
to the matched case, but the result demonstrates that the
HF pathway can absorb substantial structural mismatches.
Since Koch’s model generates any wave-count configura-
tion in seconds, deploying with a matched prior is trivially
inexpensive; the mismatched experiment primarily serves
to characterize the limits of the architecture and reveals a
diagnostic signal for mode-switch detection.

4.7. Computational Implications

The Cheap2Rich framework enables high-fidelity state re-
construction at dramatically reduced computational cost.
While the original high-fidelity simulation requires weeks
of supercomputer time, our approach requires only sparse
sensor measurements from the real system, a low-fidelity
baseline model (e.g., Koch’s model) that runs in seconds,
and lightweight neural network inference that runs in min-
utes on a standard laptop without requiring GPU clusters.
This enables rapid exploration of the RDE design space,
where each new operating condition can be characterized
through sparse sensing rather than expensive full-scale sim-
ulation. The learned HF corrections provide interpretable
diagnostics of injector performance without requiring direct
measurement of the full injection dynamics.

5. Discovery of Missing Physics via SINDy

Beyond closing the simulation-to-reality gap through recon-
struction, the Cheap2Rich framework enables explicit iden-
tification of the missing physics terms that account for the
discrepancy between the simplified Koch’s model and high-
fidelity dynamics. Following the methodology established
in (Bao & Kutz, 2025), we employ sparse identification
of nonlinear dynamics (SINDy) (Rudy et al., 2017) within
DA-SHRED architecture to discover interpretable govern-
ing equations for the learned corrections. The core insight is
that the multi-scale decomposition provides natural targets
for physics discovery: the LF correction dynamics, the HF
component dynamics, and the direct missing physics (see
Appendix G for the complete SINDy framework and library
construction details).

5.1. Discovered Equations

Applying SINDy to the Cheap2Rich outputs yields the fol-
lowing discovered equations.

Known Baseline: Koch’s Model. For reference, the sim-
plified Koch’s model governing the simulation takes the
form:

ou ou

g ¢ _ . _ Uzte) 2
8t+u8m q-k(1 /\)exp< o ) ew”, (10)

which captures the detonation front propagation through
nonlinear advection and Arrhenius-type reaction kinetics.

Discovered: LF Correction. The latent alignment con-
tributes the following correction to the simulation dynam-
ics:

9 2
— (uLF — Ugim) = —0.048 Au + 0.005 u g — 0.013 ufp

ot

The dominant terms are polynomial in upr and the correc-
tion Au = urg — Ugm, suggesting that the GAN primarily
adjusts the amplitude and baseline of the reconstruction
rather than its spatial structure.

Discovered: HF Dynamics. The high-frequency compo-
nent evolves according to:

Oupyr
ot

= 0.018 — 0.029 upr — 0.018 uyk (12)
—0.067 urr - ugr 4+ 0.151 vk - upr + O(9y).

The coupling terms urp - ugp and ufF - ugr indicate that
the HF dynamics are modulated by the LF wave structure,
consistent with the physical picture of injector-driven fluc-
tuations being phase-locked to detonation front passage.

Discovered: Direct Missing Physics. The total discrepancy
between real and simulated dynamics (10) is governed by:

)
5 (Ureal — Usim) = 0.723 — 3.79u + 6.24 u* — 3.33 u*

1+0.403 uy — 0.404 U - up + Ougy).  (13)

5.2. Physical Interpretation of Discovered Terms

We discovered interpretable corrections to Koch’s model,
with each term addressing different physical mechanisms.

Front Physics Corrections. The direct missing physics
equation (13) exhibits Burgers-type structure: a polynomial
source term correcting reaction kinetics and advection terms
adjusting wave speeds. The cubic polynomial —3.79u +
6.24u? — 3.33u® modifies the effective Arrhenius reaction
rates, while 0.40u, — 0.40u - u, corrects detonation front
propagation. These terms primarily address deficiencies in
Koch’s representation of front physics.

Injector Physics via LF-HF Coupling. The HF dynamics
equation (12) captures a different mechanism through the



Cheap2Rich for Data Assimilation

coupling terms urp - ugr and uﬁF - ugp. This nonlinear
modulation explains the observations from Section 4: HF
corrections concentrate near detonation fronts and exhibit
spectral sparsity at k € {3,6,9}. The coupling ensures
HF fluctuations are amplified in phase with the three-wave
LF structure, consistent with injector-driven physics being
modulated by periodic pressure fluctuations.

The discovered equations provide pathways for improving
Koch’s model without requiring the neural network at infer-
ence time. Both direct correction using (13) and hierarchical
correction using the LF and HF terms separately are possi-
ble; implementation details are provided in Appendix G.

5.3. Forward Integration Validation

To confirm that the discovered equations are operable
beyond interpretive summaries, we forward-integrate the
missing-physics equation (13) on top of Koch’s 1D model
(Appendix G.4). Using only sparse sensor observations as
periodic initial conditions, the six-term polynomial PDE—
containing no neural network components—achieves RMSE
= 0.139, recovering 68% of the fidelity gap compared to
Cheap2Rich’s 76%. The rollout remains numerically stable,
confirming that the Cheap2Rich decomposition yields ac-
tionable model corrections that can be directly embedded
into the reduced-order solver without requiring the neural
network at inference time.

6. Conclusions and Future Works

This work presents a multi-scale data assimilation frame-
work for rotating detonation engines that successfully
bridges the multi-fidelity gap between low-fidelity proxy
models and high-fidelity complex coupled physics. The
proposed Cheap2Rich architecture decomposes the recon-
struction task into a low-frequency pathway, which captures
dominant detonation front dynamics through latent-aligned
representations, and a high-frequency pathway that learns
spectrally-sparse corrections from sensor residuals. Applied
to a three-wave co-rotating RDE configuration, the frame-
work achieves 74.9% reduction in reconstruction RMSE
while requiring only 25 sparse sensor measurements and
lightweight neural network inference without GPU clus-
ters. The framework also demonstrates robustness under
cross-condition deployment with mismatched prior topol-
ogy, where the HF pathway compensates for structural dis-
crepancies between the LF prior and the deployment reality.
Spectral analysis reveals that the learned HF corrections
exhibit sparse structure, with energy concentrated at har-
monics of the fundamental three-wave mode, providing
physically interpretable representations of injector-driven
physics absent from the baseline proxy model. Furthermore,
the application of SINDy to the multi-scale decomposition
yields explicit governing equations for the missing physics,

distinguishing between front physics corrections of Burgers
type and injector physics captured through LF-HF coupling
terms. These discovered functionals offer actionable path-
ways for improving reduced-order simulations.

Limitations. We note several limitations of the current
work. First, the evaluation is conducted on 1D azimuthal
projections of 3D AMR data; extension to full 3D fields
requires architectural innovations discussed above. Sec-
ond, the target “reality” is a high-fidelity simulation rather
than experimental sensor data; while the architecture is
agnostic to the data source, validation on physical experi-
ments remains future work. Third, while cross-condition
generalization has been demonstrated across multi-wave
configurations, the high-fidelity dataset for each condition
remains constrained by the >2 million CPU-hour simula-
tion cost; larger datasets and additional operating regimes
would further strengthen the generality of the framework.
Fourth, more extreme topological changes (e.g., co-rotating
to pulsing detonation) have not yet been tested. Finally,
while the SINDy-discovered equations have been validated
via forward integration, incorporating them into a feedback
control loop—for example, modulating injector flow rates to
maintain stable detonation—remains an important direction
for future work.

Future Directions. Several promising directions emerge
from this work. First, the trained Cheap2Rich model consti-
tutes a computationally efficient surrogate that could enable
gradient-based design optimization of RDE geometry, in-
jector placement, and operating conditions at negligible
computational cost compared to full-scale simulation. Such
surrogate-driven optimization (Forrester et al., 2008) would
dramatically accelerate the exploration of high-performance
engine configurations that currently require prohibitive com-
putational resources. Second, Cheap2Rich’s ability for full-
state reconstruction from sparse real-time sensor measure-
ments suggests potential applications in closed-loop control
of RDE systems. By coupling the surrogate model with
reinforcement learning algorithms (Rabault et al., 2019),
one could develop controllers that modulate injector mass
flow rates (Fotia et al., 2016) to guarantee stable detonation
with a prescribed number of waves (Bennewitz et al., 2018),
addressing a critical challenge in transitioning RDE technol-
ogy from laboratory demonstrations to operational propul-
sion systems. Third, while the present work demonstrates
Cheap2Rich on 1D RDE dynamics, the LF/HF decompo-
sition with spectral regularization is not domain-specific;
concurrent work has extended the paradigm to 2D remote
sensing applications, suggesting broader applicability to
turbulent flows, climate monitoring, and other multi-scale
systems where multi-fidelity approaches could reduce the
computational burden of high-resolution simulation.
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Impact Statement

In this paper we investigate the applications of Machine
Learning to the frontier of propulsion engineering - rotating
detonation engines. The current bottlenecks in the design
and engineering of RDEs stem from prohibitive simulation
costs and our work demonstrates progress in finding inex-
pensive surrogate models which allow for design and control
of these systems. We acknowledge that RDE technology
is dual-use, with potential applications in both civilian and
defense propulsion systems. The efficiency gains from ro-
tating detonation engines and the reduced computational
barriers enabled by surrogate models such as Cheap2Rich
could accelerate the development of cleaner, more efficient
aerospace propulsion and power generation systems.
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A. Preprocessing of the High Fidelity Sim
A.1. Interpolation of ADR onto a fixed spatial grid

To map each snapshot from the native (unstructured) simulation point cloud onto a fixed cylindrical reference grid with
3 x 100 x 100 points equally spaced in the 7, ¢, z directions in a cylindrical coordinate system, we build a KD-tree over the
source coordinates {x; }évzl C RR? and, for every target grid point g; (i = 1,..., Ny), query its k nearest neighbors N (i)
with Euclidean distances d;; = ||g; — x;||2. The field value v(g;) is then obtained by inverse-distance weighting with a
softened exponent, i.e.,

N d¢‘+€71/2
bg) = Y, wiyo(xg), wy (dy +e)

= ~1/2°
JEN(3) 2 e, (i) (die +¢€)

where ¢ is a small constant for numerical stability; this yields a smooth local interpolation while remaining computationally
efficient via batched neighbor queries.

A.2. Projection onto a 1d ring

Finally, we pick h, = 20 mm and take the mean of the three points of the grid at the fixed h, and ¢(i) = ﬁ?ﬂ' obtaining a
1d dataset which is presented on Figure 3. After the projection step, we also counter the rotation of the waves by shifting the

frame at time index i by i% radians, and changing the Temperature scale with a min-max scaler.

B. Koch’s Model

The physical system describes a compressible reactive flow where fuel and oxidizer are continuously injected into an annular
combustor channel, mix at a rate governed by a mixing parameter s, and undergo chemical reaction according to Arrhenius
kinetics with Damkohler number Da and activation energy Ea. The system conserves mass, momentum, energy, and a
progress variable (mixture fraction 2) that tracks the degree of mixing and reaction. Key physical phenomena include
injection through the boundary characterized by an area ratio AR, heat release hv from chemical reactions controlled by an
ignition temperature 7}gy, and a choked flow condition at the injection boundary that depends on the local pressure state. The
governing equations employ a gamma-law equation of state with specific heat ratio v = 1.29, representative of detonation
products, and include Heaviside functions to model activation of injection, chemical reactions, and boundary conditions.

The numerical solution employs a finite volume method with operator splitting to separately handle hyperbolic transport and
stiff reactive source terms. The inviscid flux terms are discretized using a second-order Clawpack framework (Ketcheson
etal., 2012) with an HLLC (Harten-Lax-van Leer-Contact) Riemann solver that resolves shock waves, contact discontinuities,
and expansion fans in the reactive flow field. The source terms arising from injection, mixing, and chemical reaction are
integrated using a second-order explicit Runge-Kutta method (RK2) with adaptive time stepping controlled by a CFL
condition of 0.1. The chemical source term incorporates a temperature-dependent reaction rate with Arrhenius kinetics,
activated only above a threshold temperature of 1.01xTign to ensure numerical stability. Periodic boundary conditions are
enforced at both domain boundaries to simulate the azimuthal periodicity of the annular combustor, and the simulation tracks
primitive variables (density, velocity, pressure, temperature, and mixture fraction) over a domain length of 24 characteristic
lengths discretized with 100 grid points, evolving the solution to a final dimensionless time of 180 to capture multiple
detonation wave passages and establish quasi-steady periodic behavior.

Four distinct RDE configurations were investigated to demonstrate the universality of the model 9. Just by changing the s
parameter in the model we can obtain simulations which have quasi-steady states of one (s = 0.05) or two waves (s = 0.06),
a pulsing detonation (s = 0.04), and three waves which correspond to the high-fidelity setting with (s = 0.07).

We find a set of parameters which best resemble the data observed in the high resolution 3d simulation. For the following set
of parameters we are able to achieve a quasi-steady state of three co-rotating waves 2.
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Figure 9. Comparison of four RDE operational modes demonstrating model capacity to simulate different wave structures

C. Notation Summary
See Table 3.

D. High-Frequency Pathway Details

This appendix provides detailed specifications of the high-frequency pathway components described in Section 3.

D.1. Time-Derivative Embedding

To capture velocity and acceleration information critical for correcting phase mismatches, the residual history is augmented
with finite-difference temporal derivatives:

. o1 — Ty
==t - 14
T 2At (14

rop1 —2rp+Te g

iy = 0 : (15)

forming an augmented input R = [re, ¢, ] € RL>3P that embeds the local temporal structure.
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Parameter Value Parameter Value

~y 129  Da 289
Dref 1.0 Crign 5.8
Dre 1.0 B 24.6
R 1.0 E, 11.5
Thet 1.0 L 24.0
AR 0.2 My 100
] 0.07 tinal 180.0
8 14.286

Table 2. Simulation parameters for three co-rotating waves configuration.

Simulation Reality
State Space ur = u(x, tg) € R” u, =u/(x,tx) €ER"
Sensor Data sy = Muy € RP s, € R?
Data Matrix X=[u-up R | X' =[u} - -u),] e R
Sensor Matrix S =[s1---sm) € RPX™ S'=[s}---sp,] € RPX™
Sampling Operator M € RP*"
Governing Equations w = N(u,x,t) | u; = M(u/,x,t)

Table 3. Summary of variables, data, and models used in the Cheap2Rich formulation. The state space is of dimension n, there are m
snapshots of temporal measurements using p sensors. For reality, only sensor measurements sj, are observed; the full state u), is never
directly available.

D.2. Temporal Attention Encoder

The HF encoder employs an attention mechanism over temporal lags to learn which timesteps are most informative for
predicting the HF correction:

H = LSTM,;(R; 0,)) € REX4= (16)
hg, = LayerNorm (LSTMmain(f{; Bmain)) € R%, (amn
o = softmax (A(hgna; 0.4)) € RE, (18)
L
Zyr = ZC&@H[, (19)
=1

where LSTMy returns hidden states at all timesteps, LSTM s is a two-layer LSTM returning only the final hidden state,
A : R% — R’ is a two-layer attention network with Tanh activation, and o represents learned attention weights over
temporal lags.

D.3. HF Decoder with Spatial Deformation

The HF decoder generates a base spatial pattern and applies a learned spatially-varying deformation to correct for velocity
mismatches:

Ubase (t) = 7 - Dur(zur(t); Our) € R™, (20)
where +y is a learnable scale parameter initialized to 0.5.

To handle spatially and temporally varying wave velocities, we apply a deformation-based correction:
d(t) = tanh (Fenin(zur; Oshift)) - Omax € R”, 1)

1 1
a(t) = §SOftplus (Famp (z0E; Oamp)) + 3 € R", (22)

where 9 is a position-dependent shift field bounded by d,,ax grid points (typically dmax = 10), and a is a positive amplitude
modulation field centered around 1.

15



Cheap2Rich for Data Assimilation

The final HF output is obtained via spatial warping with periodic boundary conditions:
UHF(l‘i) = Q; - Upase ((xz + 51) mod Li) , (23)

where bilinear interpolation is used for non-integer shifts to ensure smoothness.

E. Training Pipeline Details

This appendix provides complete details of the four-stage training pipeline for the Cheap2Rich model.

E.1. Stage 1: SHRED Training on Simulation

A standard SHRED model is first trained on simulation data with sparse sensor inputs. The model consists of an LSTM that
maps sensor histories to a latent space, followed by a decoder MLP:

1 & 2
L = — Drr (ELr(St,—1L: — , 24
Stage 1 m;“ LF( LF( th L.tk)) ukHQ (24)
where & ¢ denotes the LSTM encoding and Dy g denotes the decoder. This pretrained SHRED model captures the dominant
dynamics of the inexpensive simulation and serves as the LF pathway in the multi-scale architecture.
E.2. Stage 2: Latent GAN Training
The generator G and discriminator D are trained to align latent distributions:

min max Lp+ Lg, (25)

Oc D

where latent codes are extracted from both simulation and real sensor data using the frozen LF encoder.

E.3. Stage 3: HF-SHRED Training with Spectral Sparsity

The HF pathway is trained with sensor-only supervision combined with a spectral sparsity regularizer. Let k. denote a
user-specified cutoff frequency. The training objective is:

LStage 3= L‘sensor + )\Rfreq<ﬁHF) + M‘Cmaga (26)

where each term is defined as follows.

Sensor Residual Loss. The HF output must match the observed residual at sensor locations:

Liensor = |Mugg(t) — 3. 27)

Bandlimited Spectral Sparsity. Let Gyr(k) denote the discrete Fourier coefficients of tiyr obtained via rFFT. The
regularizer encourages sparsity within a specified frequency band while penalizing energy in higher frequencies:

ZZCZQ |7:LHF(I<J)\ w5 Z’ch |7lHF(k)|2
\/El;:lo [anr (k)| + € > kso ltme(k)[? + €’

high-frequency energy ratio

Rfreq (ﬁHF) = (28)

sparsity within k<k.

where k. is a user-specified cutoff frequency and 5 >> 1 (typically 8 = 100) penalizes energy above this cutoff to encourage
spectrally sparse corrections within the [0, k.| band while suppressing energy above k.. The cutoff k. defines a shared
spectral search region rather than a hard LF/HF partition: the LF output is spectrally smooth due to the spectral bias of
neural networks (Rahaman et al., 2019), and the HF pathway discovers sparse corrections the smooth LF missed within
this same band. The out-of-band penalty prevents the HF pathway from absorbing sensor noise, as confirmed by the noise
robustness study in Appendix J.

For the RDE experiments with p = 25 sensors over a domain of n = 100 grid points, we set the cutoff frequency to k. = 12,
which empirically balances reconstruction fidelity with spectral parsimony.
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Magnitude Constraint. To prevent the HF component from dominating:
Lonag = [max (0, [|ame 2 = 7)]7, (29)

where 7 is estimated from the sensor residual scale.

Warmup Schedule. The sparsity weight A is ramped from 0 to its target value over an initial warmup period to allow the
model to first learn the basic residual structure before enforcing sparsity.

E.4. Stage 4: Fine-Tuning
The HF pathway is fine-tuned with reduced sparsity weight A’ = 0.1\ to allow greater expressivity while maintaining the

learned sparse structure.

E.5. Inference and Full-State Reconstruction

At inference time, given a new sensor history S;_ 1..¢» the full-state estimate is computed as:

Z1F = SLF( ;_L;t), (30)
Zir = zLr + G(2LE), (31)
urr = Pr, (DLr(ZLr)), (32)
re=s;_,—Mug, (=0,...,L—1, (33)
tugr = Deform (Dur(Eur(Ri—r:t))) , (34)
' (t) = e(t) + Gue(t). (35)

E.6. Hyperparameter Configuration

Table 4 summarizes the default hyperparameters.

E.7. Computational Cost and Model Complexity

Table 5 summarizes the computational cost and model complexity.

Table 5. Computational cost and model complexity.

Metric Value
Model Complexity
LF-SHRED parameters 49K
HF-SHRED parameters 1639K
Total parameters 168.8 K
Training Time
Stage 1 (LF-SHRED) 7.92 sec
Stage 2 (GAN) 1.09 sec
Stage 3 (HF-SHRED + Fine-tuning) 38.87 sec
Total 47.88 sec
Hardware
CPU Apple M4 Pro
Memory 24 GB
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Table 4. Default hyperparameters for the Sparse-Frequency DA-SHRED architecture.

Component Parameter Value
Data Number of sensors 25
Temporal lags L 25
Train/Valid split 80%/20%
LF-SHRED Encoder Hidden dimension d, 32
LSTM layers 2
Dropout rate 0.1
Normalization LayerNorm
LF Decoder Hidden layers [128, 128]
Activation ReLU
GAN Generator hidden 64
Discriminator hidden 64
Activation LeakyReLU
HF-SHRED Hidden dimension 32
LSTM layers 2
Dropout rate 0.1
Lag attention True
Attention hidden 64
Velocity correction Deformation
Max spatial shift 410 grid points
HF Decoder Hidden layers [128, 128]
Deformation net [128, N]
Amplitude net [64, N]
Scale ~ init 0.5
Sparsity Asparse 0.1
Out-of-band penalty 3 100.0
Fine-tune A\{ 0.01
Optimization Batch size 32
Optimizer Adam / AdamW

F. Comparison to other baselines

This appendix benchmarks our approach against standard supervised baselines. We assume access to paired low-fidelity and
high-fidelity datasets, and consider the reconstruction task

RP > s; — uyp € R",

where s; denotes the p sensor measurements at time ¢ and u; the corresponding high-fidelity state. We compare (i) SHRED
models that use a history of sensor measurements (lagged inputs) and (ii) feed-forward MLPs that map sensors to state
instantaneously. For each architecture, we evaluate two training strategies: training solely on high-fidelity data, and
pretraining on low-fidelity data followed by fine-tuning on high-fidelity data.

All models are evaluated with an RMSE calculated on the final 50 snapshots of the high-fidelity dataset, held out from
training, as well as SSIM evaluated at the entire high-fidelity dataset. When pretraining is used, we train on 250 preprocessed
snapshots from Koch’s model before fine-tuning on the high-fidelity data.

Important distinction. The supervised baselines in this appendix section have access to full high-fidelity states in their
training loss—a fundamentally different and easier problem setting than Cheap2Rich, which operates without any full-state
supervision from the high-fidelity system. These baselines are included for reference to contextualize reconstruction quality;
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direct comparison of RMSE values across problem settings is not appropriate. On structural fidelity (SSIM), Cheap2Rich
(0.364) still substantially outperforms all supervised baselines (best: MLP at 0.213).

F.1. SHRED trained on high-fidelity data only

We use p = 25 sensors, L = 5 lags, and a latent dimension d, = 32. The model is trained for 500 epochs with Adam (initial
learning rate 10~3), achieving RMSE = 0.102237 on the test set and SSIM of 0.171135 on train + test. To enable inference
for t < L, we pad the sensor histories in both the training and test sets with zeros at the initial time steps. Reconstructions
are shown in Figure 10.

SHRED (no pretraining) Predictions on High-Fidelity Data SHRED (no pretraining) Absolute Error on High-Fidelity Data
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Figure 10. SHRED trained on high-fidelity data only.

F.2. SHRED pretrained on Koch’s model, then fine-tuned on high-fidelity data

We again use p = 25, L = 5, and d, = 32. The model is pretrained for 500 epochs on Koch’s data and then fine-tuned
for 300 epochs on the high-fidelity data using Adam (initial learning rate 10~3). This yields RMSE = 0.107945 on the
test set, and SSIM of 0.176757 on train + test. As above, sensor histories are zero-padded to support inference for ¢ < L.
Reconstructions are shown in Figure 11.
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Figure 11. SHRED pretrained on Koch’s data and fine-tuned on high-fidelity data.

F.3. MLP trained on high-fidelity data only

We use p = 25 sensors and a feed-forward MLP with layer widths [25, 128, 128, 128, 100] and ReLU activations. The model
achieves RMSE = 0.093735 on the test set and SSIM of 0.213414 on train + test. Reconstructions are shown in Figure 12.

19



Cheap2Rich for Data Assimilation
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Figure 12. MLP trained on high-fidelity data only.

F.4. MLP pretrained on Koch’s model, then fine-tuned on high-fidelity data

We use the same MLP architecture as above. The model is pretrained for 500 epochs on Koch’s data and then fine-tuned for
300 epochs on the high-fidelity data with Adam (initial learning rate 10~3), achieving RMSE = 0.107945 on the test set,
and SSIM of 0.213414 on train + test. Reconstructions are shown in Figure 13.
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Figure 13. MLP pretrained on Koch’s data and fine-tuned on high-fidelity data.

F.5. Cheap2Rich (ours)

Figure 14 reports reconstructions produced by Cheap2Rich. The test-set error is RMSE = 0.1031, and the SSIM on the
entire high-fidelity dataset is 0.3638. While the aggregate RMSE is comparable to the baselines, the reconstructions better
preserve the salient spatiotemporal structure, which is also explained by the much higher SSIM. In particular, the three
dominant wavefronts are sharper and more consistently separated, and fine-scale features are recovered more faithfully,
including the colder regions near (z,t) = (80, 25) and (45, 75).
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Figure 14. Cheap2Rich reconstructions on the high-fidelity test set.

G. SINDy Framework and Simulation Integration Details

This appendix provides additional details on the SINDy-based physics discovery described in Section 5.

G.1. SINDy Framework for Discrepancy Modeling

Given the LF reconstruction u g, the HF correction tigg, and the known Koch’s simulation ugy,, we can pose three
complementary discovery problems:

LF Correction Dynamics. The GAN-based latent alignment induces a correction to the simulation output. We seek to
identify the functional form of this correction:

a .
& (ULF - llsim) = f (Au, Aug, urr, ULF,xy - - ) ) (36)

where Au = Gy — ugy, denotes the LF correction field.

HF Component Dynamics. The high-frequency pathway captures fine-scale physics absent from the Koch’s model. We
identify its governing dynamics:

ot

= g (unp, UHF,z, ULF; ULF - UHF, - - -) - 37

Direct Missing Physics. Most directly, we can identify the total discrepancy between real and simulated dynamics:

Q(ureal _usim) = h(ua um;umxau'ua?7"~)~ (38)

ot

where u denotes Ugjy,.

G.2. Library Construction and Sparse Regression
For each discovery problem, we construct a library of candidate nonlinear terms @ and solve the sparse regression problem:
ou
ot

where £ is a sparse coefficient vector recovered via sequential thresholded least squares (STLSQ) (Brunton et al., 2016).

O(u,u,, Uy, .. .)E, (39)

The candidate library is tailored to the physical context of RDE dynamics. For the direct missing physics discovery, we use:
O = [17 u, u?, Ul Uy, Upg, U ug, Au, Aug, } , (40)

where spatial derivatives are computed spectrally via FFT to ensure accuracy (Brunton & Kutz, 2022). The library is
normalized column-wise before regression to ensure fair coefficient comparison across terms of different magnitudes.
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(a) Spatiotemporal reconstruction. The SINDy-corrected Koch model (b) recovers the dominant correction structure (RMSE = 0.139, 68%
improvement over LF), while Cheap2Rich (c) additionally captures fine-scale amplitudes and structures (RMSE = 0.103, 76%).
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(b) Spatial slices at representative time steps. The SINDy correction shifts the LF solution toward the correct amplitude range; Cheap2Rich
further recovers the sharp, localized features.

Figure 15. Forward integration of the SINDy-discovered missing-physics equation (Eq. 13) on top of Koch’s 1D model. The six-term
polynomial PDE contains no neural network components yet recovers 68% of the fidelity gap, validating the system identification claim.

The STLSQ algorithm iteratively performs least-squares regression and thresholds small coefficients to zero, promoting
sparsity while maintaining accuracy. We employ adaptive thresholding, starting from oo = 0.001 and incrementing until the
discovered equation contains 2—8 active terms, balancing parsimony with expressiveness.

G.3. Simulation Integration
The discovered equations provide two pathways for improving the Koch’s model without requiring the neural network at

inference time.

Direct Correction. The most straightforward approach uses the discovered missing physics equation directly. The
modified governing equation becomes:

% = [Koch’s terms] 4+ v - h(u, u; ), 41

where h(u,u,) = 0.72 — 3.79u + 6.24u? — 3.33u3 + 0.40u, — 0.40u - u, is the discovered correction functional and ~ is
a tunable scale factor that accounts for normalization differences between training data and simulation variables.

Hierarchical Correction. Alternatively, the LF and HF corrections can be applied separately, enabling independent tuning
of large-scale adjustments versus fine-scale dynamics:

ou
i [Koch’s terms] + vy - f(Au, u) + vuF - g(unr, uLp), (42)

where f and g are the discovered LF correction and HF dynamics, respectively. This approach provides finer control but
requires tracking both components during simulation.
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(b) Fourier modes for two co-rotating waves. Left: HF dataset; Middle: LF simulation; Right: Cheap2Rich
reconstruction

Figure 16. First 15 Fourier modes and their development in time. The amplitudes are clipped at 20 for better visualization.

G 4. Forward Integration Validation

To validate that the discovered equations constitute operable models, we forward-integrate the missing-physics equation (13)
on top of Koch’s 1D model. Sparse sensor measurements (p = 25) periodically provide partial observations of the
discrepancy, serving as initial conditions for the correction PDE, which is then propagated forward between sensor updates
using cosine-blended overlapping windows. Figure 15 presents the results. The SINDy-corrected Koch model achieves
RMSE = 0.139, a 68% improvement over uncorrected Koch (RMSE = 0.434), while Cheap2Rich additionally captures
fine-scale amplitudes (RMSE = 0.103, 76% improvement). The six-term polynomial PDE contains no neural network
components yet bridges most of the fidelity gap, and the rollout remains numerically stable throughout the integration.

G.5. Connection to DA-SHRED Framework

The SINDy-based discovery presented here extends the methodology of (Bao & Kutz, 2025) to the multi-scale setting.
While the original DA-SHRED framework demonstrated discrepancy modeling for systems with a single learned correction,
the multi-scale architecture provides a natural decomposition that yields richer physical insight:

» The LF correction captures what the latent-space alignment contributes—primarily amplitude and baseline adjustments
that align the simulation manifold with reality.

* The HF dynamics reveal the structure of physics entirely absent from the simplified model, including the coupling
between fine-scale fluctuations and the dominant wave structure.

» The direct missing physics provides a single equation summarizing all corrections needed, suitable for integration into
simulations where the model discrepancy is perturbative—i.e., when the simulation is not far from reality.

This combined discovery approach—enabled by the Cheap2Rich architecture—provides both interpretability and actionable
model corrections, advancing beyond pure reconstruction toward genuine physics discovery.
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Figure 17. Robustness test: Cheap2Rich deployed on noise-corrupted (o = 0.1) high-fidelity sensor data. (a) Three-wave configuration,
trained on 3-wave Koch prior. (b) Two-wave configuration, trained on 2-wave Koch prior. In both cases the HF pathway recovers
the dominant wave structure from noisy sparse sensors. Two-wave metrics (mean =+ std, 3 seeds): DA-SHRED only achieves RMSE
= 0.504 £+ 0.002, SSIM = 0.093 +£ 0.008; Cheap2Rich achieves RMSE = 0.125 + 0.006, SSIM = 0.241 £ 0.019 — a 75% RMSE
reduction.
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Figure 18. Cross-condition deployment: Cheap2Rich trained on a 3-wave Koch prior and deployed on 2-wave high-fidelity sensor data.
(a) 3-wave Koch simulation (LF prior). (b) 2-wave high-fidelity ground truth. (c) LF reconstruction, which inherits the mismatched
3-wave topology. (d) Full Cheap2Rich LF+HF reconstruction. Despite the topological mismatch, the HF pathway achieves 76.9% RMSE
reduction (0.458 vs. 0.106), though a residual third-wave artifact reduces SSIM (0.246 vs. 0.364 in the matched case).

H. Spectral Comparison of Low- and High-Fidelity Models

Figure 16 compares the first 15 Fourier modes and their temporal evolution across three datasets: the high-fidelity simulation,
the Koch LF model, and the Cheap2Rich reconstruction. Results are shown for both the three-wave (panel a) and two-wave
(panel b) configurations.

The Koch model accurately captures the dominant modes but lacks the higher-harmonic content present in the high-fidelity
data. The Cheap2Rich reconstruction recovers this missing spectral structure, confirming that the HF pathway learns the
correct spectral corrections rather than introducing spurious energy.

I. Cross-Condition Robustness

To evaluate generalization beyond the three-wave configuration used for primary evaluation, we train Cheap2Rich on a
two-wave Koch prior (s = 0.06) and deploy it on two-wave high-fidelity data with 0 = 0.1 sensor noise. This tests both
cross-condition generalization and noise robustness simultaneously.

Figure 17 presents the reconstruction results. In the three-wave case (panel a), Cheap2Rich recovers the dominant wave
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Effect of Spectral Cutoff Frequency on Cheap2Rich (RDE) Effect of Sensor Noise on Cheap2Rich (RDE)
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Figure 19. Ablation studies on Cheap2Rich hyperparameters (3-wave co-rotating RDE). Each point reports the mean over 3 random seeds;
shaded regions represent 1 std.

structure despite sensor noise corruption. In the two-wave case (panel b), the framework achieves RMSE = 0.125 &£ 0.006
and SSIM = 0.241 + 0.019 (mean = std over 3 runs), compared to DA-SHRED’s RMSE = 0.504 + 0.002 and SSIM
= 0.093 £ 0.008—a 75% RMSE reduction. These results confirm that the multi-fidelity architecture generalizes across
wave-mode configurations and is not overfit to the three-wave topology.

I.1. Cross-Condition Deployment with Topological Mismatch

We further evaluate Cheap2Rich under a deliberately mismatched prior topology: the model is trained on a 3-wave Koch
prior (s = 0.07) and deployed on 2-wave high-fidelity sensor measurements without retraining. This constitutes a worst-case
scenario in which the LF model’s wave count does not match the deployment reality.

Figure 18 presents the results. Despite the fundamental topological mismatch, the HF residual pathway compensates for
the discrepancy using only sparse sensor measurements, achieving a 76.9% RMSE reduction (0.458 vs. 0.106)—nearly
identical to the matched-topology result. However, the reconstruction exhibits a residual artifact at the spatial frequency
of the prior’s third wave, resulting in lower SSIM (0.246 vs. 0.364 in the matched case). This artifact arises because the
additive LF+HF decomposition requires the HF pathway to simultaneously cancel the spurious third-wave structure and
reconstruct the correct two-wave content—a harder task than pure fine-scale correction.

We emphasize that this mismatched scenario is not the intended operating regime: Koch’s model generates any wave-count
configuration in seconds by varying a single parameter (the mode number), so deploying with a matched prior is trivially
inexpensive. The cross-condition result nevertheless demonstrates the robustness of the HF pathway and reveals a practical
mechanism for mode-switch detection: when a topological mismatch exists, the HF pathway’s spectral corrections and
residual magnitudes differ observably from the matched-topology case, providing a diagnostic signal that could trigger
re-generation of the prior with an updated wave count.

J. Ablation Studies

We conduct ablation studies on the key hyperparameters of the Cheap2Rich framework using the 3-wave co-rotating RDE
configuration. Each experiment reports the mean over 3 random seeds; shaded regions in Figure 19 represent -1 standard
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deviation.

The spectral cutoff k. is swept over {3,6,9,12,15} (Figure 19a). Performance improves monotonically and plateaus at
k. > 12, confirming that k. is a robust hyperparameter. The cutoff defines a shared spectral search region: the LF output is
spectrally smooth due to the spectral bias of neural networks (Rahaman et al., 2019), and the HF pathway discovers sparse
corrections within the [0, k.] band; the out-of-band penalty suppresses noise absorption at higher frequencies.

Sensor noise robustness is evaluated by training on clean data and deploying with additive Gaussian noise o €
{0,0.02,0.05,0.10,0.15} (Figure 19b). Performance degrades gracefully, with RMSE increasing from 0.107 to 0.114 at
o = 0.10, consistent with the spectral cutoff providing noise protection.

The effect of sensor count p € {5,10, 15,25} is shown in Figure 19c: RMSE improves steadily with increased spatial
coverage. Temporal lag L € {5, 10, 15,25} (Figure 19d) yields diminishing returns beyond L = 15, consistent with Takens’
embedding theory.
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