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Abstract

We study a learner who sequentially makes and
broadcasts predictions of some underlying adver-
sarially varying state. Many downstream deci-
sion makers with different goals and different
long-term constraints consume these decisions to
choose actions. In this setting we give the first al-
gorithm that obtains simultaneous dynamic regret
guarantees for all of the decision makers — where
regret for each agent is measured against a poten-
tially changing sequence of actions across rounds
of interaction, while also ensuring vanishing con-
straint violation for each agent. We can promise
these dynamic regret bounds not just marginally,
but simultaneously on many different intersecting
subsequences, which lets decision makers com-
pete with strategies that adapt with both long-term
drift and short-term variation. Our results do not
require the decision makers to maintain any state,
but just to react myopically to our predictions.

1. Introduction

In the problem of learning with long-term constraints, there
is a decision maker with an action space A and an adversary
with an outcome space ). The learner has a utility function
u: AxY —[0,1], and a vector-valued constraint function
c: AxY — [-1,1]7. Inrounds t = 1,...,T, a learner
chooses actions a; € A and an adversary chooses outcomes
y: € Y. The learner then obtains utility u(a,y:), and
suffers a marginal constraint increment c(a;, y;). The goal
of the learner is to satisfy all of the constraints marginally
(up to a vanishing regret term) — i.e. to guarantee that for
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all sequences of outcomes:

T
CCV(1:T) =max Y _c;(ar,ye) < o(T),
J

t=1

while simultaneously guaranteeing some notion of regret to
the best action in some benchmark class. It has been known
since Mannor et al. (2009) that in adversarial settings it
is not possible to compete against the best fixed action in
hindsight that satisfies the constraints marginally. Instead,
the standard benchmark in this literature is the set of actions
that in hindsight satisfy the realized constraints every round:

Afr={aeA:cj(a,y) <0, Vte[T],j €[]}

The corresponding standard goal in this literature (see e.g.
Sun et al. (2017); Castiglioni et al. (2022); Qiu et al. (2023);
Sinha & Vaze (2024)) is to minimize external regret with
respect to this benchmark:

T

Reg(1:T) = max (u(a,yt) — ulat, y)) < o(T).

acAS,
BT =1

A more ambitious goal, studied by a sub-thread of this liter-
ature, is to compete with a changing benchmark sequence
of actions, so long as the benchmark sequence does not
change too quickly (Chen et al., 2017; 2018; Chen & Gian-
nakis, 2018; Cao & Liu, 2019; Vaze, 2022; Liu et al., 2022;
Lekeufack & Jordan, 2024). This is called a dynamic regret
benchmark. For continuous action spaces, there are a variety
of ways to measure “change”, but we state here a version for
discrete categorical action spaces, which is the focus of our
paper. First we define a richer benchmark that allows for
changing sequences of benchmark actions that satisfy the
constraints at each round. Throughout, @ € A7 denotes a
sequence of actions, and @; € A denotes its ¢-th coordinate,
the single action at round ¢.

AN — (G e AT ¢; (@) <0, Vt € [T),j € [J]}.

For a given sequence of actions @ € A‘ﬁ;, we write
A(@) = |{t : @ # diy1}| for the number of times the
action changes in the benchmark sequence. The goal is to
obtain diminishing dynamic regret:

T

max

i (u(ah yt) - ’U,((lt7 yt)) - Regextfdyn(a") <0.
ac Ay —1
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Here we want the “dynamic regret bound” Rege; _qy, (@)
to be o(T') for all @ such that A(@) < o(T).

Remark 1.1. Dynamic regret gives qualitatively not just
quantitatively stronger guarantees. In contrast to uncon-
strained sequential learning problems (in which dynamic re-
gret bounds compare to a quantitatively stronger benchmark
than standard regret), in constrained settings the difference
between a standard and dynamic regret bound is often the
difference between a vacuous guarantee and a non-vacuous
one. This is because the standard notion of regret compares
to the set of actions that are required to satisfy all of the
constraints across all rounds, which may be the empty set!
In contrast, dynamic regret bounds allow for the comparison
to a changing set of actions, each of which only needs to
satisfy the constraints at the particular rounds on which it is
selected, not all rounds.

While the literature on online learning with long-term con-
straints generally couples the problem of predicting out-
comes y; and choosing actions a; by focusing on algorithms
for a single decision maker, Bechavod et al. (2025) recently
introduced the omniprediction variant of this problem. Om-
niprediction (c.f. Gopalan et al. (2022)) is a framework that
decouples prediction from decision making by modeling
a “prediction-as-a-service” setting. In this framework, a
single, centralized forecaster produces predictions that can
be simultaneously consumed by many downstream deci-
sion makers who have different objectives, while providing
guarantees for all the decision makers.

Bechavod et al. (2025) introduced the problem of “om-
niprediction with long-term constraints”, which extends the
omniprediction framework to the setting where downstream
decision makers also have different constraint functions.
Bechavod et al. (2025) showed how to make predictions that
simultaneously guarantee all such decision makers worst-
case regret and constraint violation bounds with respect to
the benchmark class A$. -, but their algorithm does not ex-
tend to give dynamic regret bounds. In this work we show
how to make predictions in a way that gives dynamic re-
gret bounds (in fact stronger dynamic swap regret bounds)
simultaneously for many downstream decision makers.

To understand prediction-as-a-service, consider the follow-
ing motivating example: an energy management system
produces a running set of predictions of electricity prices,
which are used by different downstream decision makers to
guide their energy management policies. The set of actions
available to them might include: purchasing electricity for
immediate use, buying excess power to charge batteries,
discharging stored energy, or temporarily shutting down
operations. Different downstream entities face distinct con-
straints: residential users might defer appliance usage to
low-cost periods, manufacturers require minimum uptime
to meet production quotas, and hospitals must refrain from

any outages due to critical operations. Furthermore, some
actions may not be available across different points in time,
and also as a function of previously taken decisions — it may
not be possible to store more than a certain amount of power,
and critically low levels must generally be avoided. The set
of feasible actions we benchmark against must hence be dy-
namic, rather than fixed. Furthermore, downstream decision-
makers may be interested in ensuring stronger guarantees
than traditional no regret — residential users may want guar-
antees that hold on days with extreme weather, factories
have different requirements for weekdays and weekends,
and hospital operations may differ significantly between
daytime and nighttime. These call for guarantees that hold
not only over the entire sequence of timesteps, but rather of
context-specific subsequences, which may vary across dif-
ferent decision-makers. A detailed discussion of additional
related work is deferred to Appendix A.

1.1. Our Results

Subsequence Regret Bounds Previous work on online
omniprediction with long-term constraints gave regret
bounds that held not just marginally over the whole se-
quence, but simultaneously on an arbitrarily specified col-
lection of subsequences of it. In principle dynamic regret
bounds can be extracted from subsequence regret bounds
like this, by taking the set of subsequences to be the set of all
~ T? contiguous intervals in {1, ..., T'}. Unfortunately the
bounds obtained by Bechavod et al. (2025) depend linearly
on the number of specified subsequences, which does not
yield nontrivial dynamic regret bounds. Our main contribu-
tion is a new algorithm giving regret and constraint violation
guarantees on arbitrary subsequences, with a dependence on
the number of subsequences scaling only logarithmically.
Our headline result—dynamic regret bounds—falls out as a
special case.

Stronger Notions of Regret In fact, since our subse-
quence regret bounds are stronger swap regret bounds, the
dynamic regret bounds we obtain are stronger than those
that have been previously studied in the literature on learn-
ing with long-term constraints: we give bounds on what
we call dynamic swap regret. Our new benchmark allows
each decision maker to compete with a sequence of actions
that results from applying a swap function remapping the
decision maker’s realized actions to alternatives. We allow
the swap function itself to change with time. The traditional
notion of dynamic regret is the special case in which these
swap functions are constant valued.

Easier Implementation for Downstream Agents Finally,
Bechavod et al. (2025) obtained their results by requiring
downstream agents to map predictions to actions using an
elimination-based algorithm, which required all agents to
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actively maintain state — the set of actions that had not yet
violated any of their constraints. Our algorithm allows down-
stream decision makers to map predictions to actions in an
entirely stateless way: they simply evaluate both their con-
straint function and objective function as if our predictions
were correct, and take the action that solves the resulting
one-round constrained optimization problem.

2. Model and Preliminaries

The model largely follows the framework for online
omniprediction with long-term constraints introduced in
Bechavod et al. (2025). Let X denote the feature space
and )Y denote the outcome/label space. Throughout, we
consider Y = [0,1]¢. We consider a set of agents N
with an arbitrary discrete action space .A. Each agent is
equipped with a tuple (u, ¢y, . . ., cs), which includes a util-
ity function v : A x Y — [0, 1] and J constraint functions
{e; : Ax Y = [=1,1]}ern'. We also sometimes write
the constraint functions as a single vector valued function
¢ = (¢1,...,c¢g). Since agents are uniquely defined by
their corresponding tuples, we treat agents and their tuples
interchangeably. We make the following assumptions on
the utility and constraint functions.

Assumption 2.1. We assume that for every agent (u,c) €
N and action a € A, the utility function u(a, -) and con-
straint functions ¢; (a, -) are linear and Lipschitz-continuous
in y. Specifically, for any f € {u,cq,...,cs}, we re-
quire f(a,kiyr + koy2) = kif(a,y1) + kaf(a,y2) for
all k1,ko € R and y1,y2 € ). Furthermore, we assume
there exist universal constants L;; and L¢ such that for all
y1,y2 € Vi |u(a,y1) — u(a,y2)| < Lyllyr — y2|l and
lej(a,y1) — ¢ji(a, y2)| < Lellyr — vz oo

While the assumptions on u are standard in the omnipredic-
tion literature (Bechavod et al., 2025), we extend these
assumptions to the constraint functions c. This will enable
the purely prediction-based decision rule we introduce later,
where agents select actions that are predicted to be feasible
without needing to track historical constraint violations as
was required in Bechavod et al. (2025).

Remark 2.2. For simplicity we assume that the utility func-
tions and constraint functions are linear in y, but we can
equally well handle the case in which the utility functions
are dffine in y, as we can augment the label space with
an additional coordinate that takes constant value 1. This
preserves the convexity of the label space and allows for
arbitrary constant offsets in the utility/constraint of each
action. Assuming linear/affine utility functions is only more

!'Sometimes online adversarial learning problems are described
by an adversary choosing a different utility and/or constraint
function at each step. This is equivalent to having a fixed state-
dependent utility function/constraint functions, and having an ad-
versary choose state.

general than the standard assumption that decision makers
are risk neutral in the sense that in the face of randomness,
decision makers act to maximize their expected utility. If )
represents the set of probability distributions over outcomes,
any risk neutral decision maker has a linear utility function
by linearity of expectation.

Remark 2.3. Linearity is essential to our analysis: In Lem-
mas 3.6, B.1, B.2, we will convert calibration guarantees for
p¢ into calibration of u(a, p;) and ¢;(a, p) using linearity
explicitly. Our setting can be extended by enriching the
prediction space to a feature map ®(y) for which utilities
and constraints are linear in ®(y), but this changes both the
algorithm and the bounds and is outside the scope of this

paper.

We take the role of an online/sequential forecaster produc-
ing predictions that will be consumed by agents. We con-
sider the following repeated interaction between a forecaster,
agents, and an adversary. In every round ¢t € [T

1. The adversary selects a feature vector ; € X and a
distribution over outcomes Y; € AY;

2. The forecaster observes the feature x, produces a dis-
tribution over predictions 7, € A), from which a
prediction p; € ) is sampled;

3. Each agent chooses an action a; as a function of the
prediction p; and the history;

4. The adversary reveals an outcome y; ~ Y3, and the
agent obtains utility u(a¢, y;) and the constraint loss

vector (cj(at, yt)) el

Remark 2.4. Our framework makes no assumptions about
the relationship between the feature x; and the outcome
distribution Y;. Our algorithm is designed to provide guar-
antees whether x; is highly informative or completely unin-
formative about Y;. Furthermore, if one has access to a class
of predictive models that predict the outcomes using the
features, our framework can be configured to incorporate
them and produce predictions that perform at least as well
as the best model in that class. We discuss this extension in
Appendix F.

We will focus on performance over a collection of sub-
sequences S, where each subsequence S € S is a sub-
set of [T]. These subsequences need not be fixed in ad-
vance but can be defined dynamically. A subsequence
S € S is generally characterized by an indicator function
hs : [T] x X — {0,1}. For any round ¢ € [T, the round is
part of the subsequence S if and only if hg(¢, x¢) = 1. This
flexible definition allows subsequences to be based on the
round index ¢, the feature x;, or both.

Agents aim to maximize their cumulative utilities over every
subsequence in S: ), g u(as, y;) while minimizing their
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cumulative constraint violation (CCV) over every subse-
quence in S:

CCV(S) := max

; < o(|S]).
et cj(as, ye) < o(|S])

tesS

We treat utility maximization as an objective and cumulative
constraint violation as a requirement: CCV(S) must be
sublinear in the length of the subsequence, |S].

We measure performance against different benchmark
classes. The fundamental building block for our benchmark
classes is the set of actions that are feasible at a specific
round ¢ € [T'] with a margin of A > 0:

Af’)‘ ={acA:cj(a,y) < -\ VjelJ]}.

The margin \ parameterizes the difficulty of the bench-
marks; a smaller X yields a larger and thus more competitive
set of actions®. We note that this margin can be set indepen-
dently for each subsequence S € S, and our final results
will be achieved by choosing its value as a function of the
subsequence length |S]|.

Remark 2.5.
sidered  the satisfy
the constraints in expectation, i.e., .AItE[c]’)‘ =
{a € A:Ey,v,[ci(a,y)] < =X, Vje [J]} This
benchmark class can be more challenging to compete
with than A, since a single bad outcome ¢jla,ye) >0
does not immediately disqualify an action. Consequently,
Bechavod et al. (2025) proposed different algorithms
to handle the two benchmark classes. In contrast, our
approach is general enough to handle A]tE[C]’A just as it does
Aj *_ For clarity, we focus on Aj;  in the main text and

Bechavod et al.
benchmark

(2025) also
actions  that

con-

defer the discussion of why our method applies to A]f‘[c]”\
to Appendix E.

In the literature on learning with long-term constraints, a
standard benchmark is the set of actions that are feasible at
every round. We generalize this to our multi-subsequence
framework by requiring this condition to hold throughout a
given subsequence S € S:

A ={a€ A:cj(a,y) < —X Vte S, jelJ]}.

Competing with the best fixed action from this class in
hindsight leads to the notion of constrained external regret.

Definition 2.6 (Constrained External Regret over Subse-
quence S). Fix an agent with a utility functionu : AxY —
[0, 1] and a constraint function ¢ : A x Y — [—1,1]7. Fix a

?Assuming the existence of such a strongly feasible action is
known in the literature on learning with long-term constraints as
Slater’s condition (Neely & Yu, 2017; Chen et al., 2017; Cao &
Liu, 2019; Yu & Neely, 2020; Castiglioni et al., 2022)). We later
additionally give bounds that hold without making this assumption.

subsequence S C [T']. For a sequence of actions a1, . .., ar
and outcomes y1, . . ., yr, the agent’s constrained external
regret over the subsequence S is:

Regoy (u,c, A, 8) = max 3 (u(a, o) — ular,ye))
a€AY tes

We will also compete with a more demanding benchmark
based on action modification rules. For the benchmark class
Ag’)‘, an action modification rule is any function ¢ : A —
Ag’)‘ that consistently maps an agent’s actions to alternatives
within the benchmark class. Competing with the best such
rule in hindsight leads to the notion of constrained swap
regret. This is a stronger notion than constrained external
regret, as constrained external regret can be viewed as a
special case where the action modification rule is restricted
to being a constant function.

Definition 2.7 (Constrained Swap Regret over Subsequence
S). Fix an agent with a utility function v : 4 x Y — [0, 1]
and a constraint function ¢ : AxY — [—1,1]”. Fix a subse-
quence S C [T]. For a sequence of actions a1, .. .,ar and
outcomes vy, .. ., yr, the agent’s constrained swap regret
over the subsequence S is:

Reggyap (U, €, A, S)
Z (u(g(ar), ye) — ular, yr)) -

tesS

= max
d):A—).Ag’)\

When S is the set of all contiguous intervals, S = {[t1, ta] :
1 <t; <ty < T}, we refer to the resulting instantiations
of Definitions 2.6 and 2.7 as constrained external adaptive
regret and constrained swap adaptive regret, respectively.

While adaptive regret provides a powerful guarantee over
all contiguous intervals, a different but related goal is to
measure performance against a dynamic benchmark path
that changes over time, known as dynamic regret. We now
introduce the external and swap versions of this guarantee
under our framework with long-term constraints.

The benchmarks for constrained external dynamic regret
are changing sequences of benchmark actions that satisfy
the constraints (with a fixed margin of \) at each round:

ATp ={d e AT cj(@y) < -\, VEe[T],5 € [J]}.

The complexity of any such benchmark sequence a € /_l'({%
is measured by the number of times the action changes:
Al@)=|{t e [T —1]: d # a1}

Definition 2.8 (Constrained External Dynamic Regret). Fix
an agent with a utility function v : A x Y — [0,1] and a
constraint function ¢ : A x Y — [—1,1]7. For a sequence
of actions ay, . .., ar and outcomes y1, . . ., yr, the agent’s
constrained external dynamic regret against a benchmark
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sequence of actions @ € AT is

MH

Regext dyn U, a’ = atvyt _u(atvyt))~

t=1

The goal is to guarantee that Rege_qyy (4, @) is o(T') for
any benchmark sequence @ that is (1) dynamically feasi-
ble, d € .A1 ‘7> and (2) has a sublinear number of changes,
A(a@) = o(T).

Next, we define the more powerful swap-based counter-
part. The benchmarks for constrained swap dynamic regret
are changing sequences of action modification rules (E €
(A“*)T. The complexity of any such benchmark sequence is
likewise measured by the number of times the action modi-
fication rule changes: A( 5 =|{te[T—1]: ¢ # dria}l-
A sequence with A(¢) changes partitions the time horizon
[1, 7] into A(¢) + 1 contiguous intervals, on each of which
the rule is fixed. We only compete with sequences where,
for each interval of constancy, the fixed action modification
rule maps to the set of actions that are feasible throughout
that entire interval.

Definition 2.9 (Constrained Swap Dynamic Regret). Fix
an agent with a utility function v : A x Y — [0,1] and a
constraint function ¢ : A x ) — [—1,1]”. For a sequence
of actions aj, . .., ar and outcomes ¥1, . .., yr, the agent’s
constrained swap dynamic regret against a benchmark se-
quence of action modification rules ¢ € (A4)T

Rety syl = Y (u(Gt(ar). o) —ularye))

The goal is to guarantee that Regy;,— 4yn (4, ) is o(T) for

any benchmark sequence (g that satisfies two properties: (1)
It is piecewise feasible. Let the sequence have change points
that partition [1, 7'] into intervals Io, ..., I, (- The action
modification rule on each interval Ij, is the constant rule
v A — A?;:\' (2) It has a sublinear number of changes,

A(¢) = o(T).

Any dynamic benchmark sequence (either @ or d_;) with A
changes naturally partitions the time horizon [1, 7] into
A + 1 contiguous intervals based on its change points.
Within each of these intervals, the benchmark is fixed. Since
an adaptive regret guarantee ensures low regret over all pos-
sible intervals, it also ensures low regret over this specific
partition. The total dynamic regret can therefore be bounded
by summing the regret bounds over these A + 1 intervals,
hence a low adaptive regret bound implies a low dynamic
regret bound.

We will first focus on the strictly feasible benchmark classes
with positive margins, and obtain O(v/T') regret and O(v/T')
cumulative constraint violation. This yields our main

dynamic regret guarantee, which is sublinear whenever
A(¢) = o(T). We will then apply similar techniques to
handle the nominally feasible benchmark classes with zero
margin (A = 0), and obtain O(T?/3) regret and O(T%/3)
cumulative constraint violation; here the corresponding dy-
namic regret guarantee is a weaker fallback and is sublinear

only when A(¢) = o(T/3).

We note that all benchmark classes discussed are agent-
specific as they depend on agents’ constraint functions. All
guarantees we provide will be stated under the assumption
that the corresponding benchmark class is non-empty.

Our algorithm and guarantees scale with |.A|, so a direct
extension to arbitrary continuous spaces requires additional
structure. The most natural route is discretization. If actions
are mixed strategies over k actions and utilities/constraints
are evaluated in expectation, then with J constraints an opti-
mal constrained best response is an extreme point supported
on at most J + 1 actions, yielding an e-net of size roughly
k7*1e=7 This is a practical solution if the number of con-
straints J is 1 or a small constant as commonly studied
in prior work, but becomes impractical as the number of
constraints grows.

3. Proposed Approach and Main Guarantees
3.1. A Purely Prediction-Based Decision Rule

We propose a stateless decision rule for the agents that is
purely based on the forecaster’s predictions. At each round
t € [T, each agent acts as if the prediction p; were accurate,
and chooses the action that offers the highest predicted
utility among all actions predicted to be feasible. We say that
agents play constrained best responses to the predictions.

Definition 3.1 (Constrained Best Response). Fix a utility w :

AxY — [0,1], J constraints {c; : AxY — [~1,1]} ;e

and a prediction p; € ). The constrained best response to

p¢ according to u and {c; } j¢[s], denoted as CBR™(py), is

the solution to the constrained optimization problem:
ma;gglze u(a, pt)

subject to  ¢;(a,p;) < 0 forevery j € [J]

The agent can obtain CBR"°(p;) in two steps:
1. The agent first discards actions that are infeasible ac-

cording to the prediction.

For each constraint j € [J], the set of actions predicted
to violate that constraint is denoted as:

A — fa e A ejla,py) > 0}

The agent discards actions that are predicted to violate
any of the J constraints, i.e.,

A‘?,inf = {a cA: 3] S [JLCJ‘(aHpt) > O}
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The retained actions that are predicted to be feasible
are denoted as

A\f,fca = {CL S A : VJ S [J]acj(a’pt) S O}

2. The agent then chooses an action from the retained
action set A® that maximizes the utility function
according to the prediction, i.e.,

a; = arg maxu(a, p;).
e, fos
ac Ao e

If none of the actions are predicted to be feasible, i.e.,
A& — () the agent can choose any arbitrary action from
A. As we will formally prove, our predictions ensure this
special case rarely occurs, and hence its influence on the
cumulative constraint violation and regret is negligible.

3.2. Conditionally Unbiased Predictions

To ensure that our predictions are trustworthy so that treat-
ing them as the truth is a sensible choice for the agents, we
need the predictions to be unbiased — not only marginally,
but also conditionally on various subsequences. Notably,
we define the following notions of conditional unbiasedness.
The first is a “constrained” variant of decision calibration as
defined in Noarov et al. (2025), which itself is a strengthen-
ing of an earlier notion of decision calibration due to Zhao
et al. (2021).

Definition 3.2 (N, S, a)-Decision Calibration). Let S be
a collection of subsequences. Let A/ be a set of agents,
where each agent is equipped with a utility function w :
A x Y — [0,1] and J constraint functions {c; : A X
Y — [=1,1]}¢rs)- We say that a sequence of predictions
p1,--.,pr is (N, S, a)-decision calibrated with respect to
a sequence of outcomes yi,...,yr if for every S € S,
a€ A, and (u,c) € N:

T

ID 1t € S.CBR™(py) = a] (pe—ye)lloc < AT (a)),

t=1
where TS (a) = S 1 [t € S, CBR"(p;) = al.

Decision calibration guarantees that forecasts are unbiased
conditional on the decisions of the downstream decision
makers. Infeasibility calibration, defined next, requires that
the predictions be unbiased conditional on each action for
each downstream decision maker being predicted to be in-
feasible.

Definition 3.3 ((V, S, 3)-Infeasibility Calibration). Let S
be a collection of subsequences. Let A be a set of agents,
where each agent is equipped with a utility function u :
A x Y — [0,1] and J constraint functions {c¢; : A X
Y — [=1,1]}¢s)- We say that a sequence of predictions

p1,--.,pris (N, S, B)-infeasibility calibrated with respect
to a sequence of outcomes vy, ..., yr if for every S € S,
a€ A, (u,c)eN,andj € [J]:

T
H STafteSae A7 (p—y)|| < BETS(a)),

t=1
where TS0 (q) = YT 1t € §,a € A;7™].

Assumption 3.4. We assume that o, 3 : R — R are con-
cave functions. This will be the case in all the bounds we

give; in general, this condition holds for any sublinear error
bound T for r < 1.

‘ o0

In the following sections, we show how these two unbiased-
ness constraints lead to bounds on the cumulative constraint
violation and regret for all downstream decision makers.

We now address the algorithmic challenge of producing
predictions that are decision calibrated and infeasibility
calibrated. Our approach builds upon the UNBIASED-
PREDICTION algorithm from Noarov et al. (2025), which
makes conditionally unbiased predictions in the online set-
ting. We provide the pseudocode in Algorithm 1; for the for-
mal guarantees and analysis, we refer readers to Appendix
D and the original work.

At a high level, the UNBIASED-PREDICTION algorithm pro-
vides a general method for making predictions p; that are
unbiased with respect to a collection of “events” £. For-
mally, an event E € £ is a function that maps the feature
x4 and the prediction p; to a value E(x¢,p;) in [0, 1]. The
algorithm’s goal is to ensure that for every event £ € &,
the cumulative prediction bias conditioning on that event is

small, i.e., Zthl E(z,pe)(pe — yt)

’ is sublinear in 7.
oo

Algorithm 1 UNBIASED-PREDICTION
fort =1to 7 do
Observe x;
Define the distribution ¢; € A[2d|€]] such that for any
Eecé&ic[d,oe{£l},

t—1
,i,0 n . v
nt X exp (5 E o- . Ew [E(zs,ps) (Pl — ys)});
S:l s™~MWs

Output the solution to the minmax problem:

1 < argminmax [E { i

€ ~)
PreAy YEY pi~viy Fio

- (p} — y")};

"0 E(ﬂCupt)

end for

To achieve this, the algorithm reduces the problem to a zero-
sum game between a learner and an adversary. At each
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round, it computes an approximate minimax equilibrium of
this game: the learner chooses a distribution over predic-
tions ¢/, to minimize the weighted sum of conditional biases
(emphasizing events with large accumulated bias), while the
adversary tries to maximize it.

We ensure our two calibration properties by instan-
tiating this algorithm with a specific collection of
events. This collection is the union of all events re-
quired by Definition 3.2 and Definition 3.3, namely
all events of the form 1[t € S,CBR"(p:) = a] and
1 {t € S,a€ ﬁf-”"“f}.
stantiation of UNBIASED-PREDICTION as DECISION-
INFEASIBILITY-CALIBRATION. Our guarantees will inherit
directly from the guarantees of UNBIASED-PREDICTION.

We refer to this specific in-

Our guarantees hold with probability at least 1 — §. Define
¢ = dJ|A||N||S|T/6. To simplify presentation, we use
O(-) to hide factors polylogarithmic in (.

Theorem 3.5. Let S be a collection of subsequences. Let N
be a set of agents, where each agent is equipped with a util-
ity functionu : A x Y — [0, 1] and J constraint functions
{¢; + Ax Y — [=1,1]}j¢pg)- There is an instantiation
of UNBIASED-PREDICTION (Noarov et al., 2025) —which
we call DECISION-INFEASIBILITY-CALIBRATION— pro-
ducing predictions p1, ...,pr € Y satisfying that for any
sequence of outcomes vy, ...,yr € Y, with probability at
least 1 — 0, for any (u,c) e N, j € [J],a € A and S € S:

H zT: 1t € S,CBR™(py) = a] (ps — yt)Hoo
t=1

< O8I+ TS (a),

T
|2 € 5.0 A -0
t=1

< O(IS|Y1 +\/Ter 5 (a) ).

3.3. Theoretical Guarantees

‘ oo

We begin our analysis with a preliminary lemma. Recall
that if the set of predicted feasible actions is empty, the
agent plays an arbitrary action. The following lemma uses
the infeasibility calibration guarantee to show that for any
benchmark action a € AC’)‘, the number of rounds where it
is incorrectly predicted to violate a specific constraint c; is
small. As a result, the number of rounds on which no action
is predicted to be feasible is small.

First, we establish some notation for simplicity. Let
gs(x) = x/B(x). For the specific form of 5 provided by
the guarantee in Theorem 3.5, gg is monotone for = > 0.

We define its inverse function as fg = ggl.

Lemma 3.6. Suppose the benchmark class Ag”\ is

non-empty. If the sequence of predictions p1,...,pr
is (N, S, B)-infeasibility calibrated, then for any agent
(u,¢) € N, subsequence S € S, benchmark action
a € Ag’)‘, and constraint j € [J], the number of rounds
TS50 () within S on which a is predicted to violate the
j-th constraint is bounded by:

TS5 () < fa(Le/N)

Consequently, the number of rounds within S on which no
actions are predicted to be feasible is bounded by:

[{te§: A =0} < Jfa(Le/N).

In particular, plugging in the guarantee from Theorem 3.5
yields the following concrete form of fz(Lc /), which holds
with probability at least 1 — 0:

fa(Le/A) = O(Le|S|T /A + L2/X%).

3.3.1. BOUNDING THE CUMULATIVE CONSTRAINT
VIOLATION

We now show that the conditional unbiasedness of our pre-
dictions guarantees all agents can satisfy the long-term con-
straints over any subsequences in S. At a high level, this
is because (by definition), downstream agents only play
actions that we predict to be feasible. On the other hand,
our predictions are guaranteed to be unbiased on the subse-
quence of days on which the downstream agents play each
action, and so by linearity of the constraint functions, their
cumulative constraint violation cannot be much larger than
their predicted cumulative constraint violation (which is
non-positive).

Theorem 3.7. Let S be a collection of subsequences. Let
N be a set of agents, where each agent is equipped with a
utility function u : A x Y — [0, 1] and J constraint func-
tions {c; : Ax Y — [=1,1]},c1s. Suppose each agent
plays constrained best responses to p; to choose action a.
Suppose the benchmark class AE’A is non-empty. If the
sequence of predictions p1,...,pr is (N,S, a)-decision
calibrated and (N, S, B)-infeasibility calibrated, then the
cumulative constraint violation of any agent over any subse-
quence S € S is bounded by:

CCV(S) < LelAla(|S|/|A]) + T fs(Le/N)-

In particular, plugging in the guarantee from Theorem 3.5
vields the following bound, which holds with probability at
least 1 —9:

JLc|S|

3 : JL2
COV(S) < O(LelA|IS|H+Le/IATSI+ ===+ 8

~—

We note that this guarantee holds simultaneously for all
choice of A (as long as the corresponding benchmark class
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A$™ is non-empty). By setting A = |S|~1/* for each sub-
sequence S € S, we arrive at the following concrete bound
for the cumulative constraint violation.

Corollary 3.8. Let S be a collection of subsequences. Let
N be a set of agents, where each agent is equipped with a
utility function w : A x Y — [0,1] and J constraint func-
tions {c; : Ax Y — [=1,1]}c1s). Suppose each agent
plays constrained best responses to p; to compete with ac-

. S|—1/4
tions from the benchmark class Ag" ! over each subse-

quence S € S. The sequence of predictions p1, . . ., pr pro-
duced by DECISION-INFEASIBILITY-CALIBRATION guar-
antees that with probability at least 1 — 0, the cumulative
constraint violation of any agent over any subsequence
S € S is bounded by:

CCV(9)
< O(Le|A||S|T + Le/[A[[S] + J(Le + L2)V/]S)).

Remark 3.9. Our analysis can be extended to the standard
benchmark with zero margin (A = 0). This requires relax-
ing the agent’s decision rule to allow for a small tolerance
in predicted feasibility (i.e., choosing from actions where
¢j(a,p¢) < m). A similar analysis reveals a trade-off, yield-
ing a bound of roughly O(1/n? + n|S|). Optimizing 7
results in cumulative constraint violation and regret bounds
of O(T?/3). We defer the full results to Appendix C.

3.3.2. BOUNDING THE REGRET

Next we show that decision calibration and infeasibility
calibration imply no constrained swap regret, and hence
no constrained external regret. At a high level, decision
calibrated predictions allow agents to accurately assess (on
average) the utilities of their chosen actions and the coun-
terfactual actions produced by any action modification rule.
Because agents choose optimally based on these accurate
utility estimates, their decisions are competitive against any
alternative action as long as the alternative action is also
predicted to be feasible. Infeasibility calibrated predictions
guarantee that the alternative action must be predicted to be
feasible at almost every round.

Theorem 3.10. Let S be a collection of subsequences.
Let A : N — (0,00) be a margin function. Let N be a
set of agents, where each agent is equipped with a util-
ity function w : A x Y — [0,1] and J constraint func-
tions {c; : Ax Y — [=1,1]},c1s. Suppose each agent
plays constrained best responses to p; to compete with
actions from the benchmark class Ag’)‘ over each subse-
quence S € S. If the sequence of predictions p1,...,pr
is (N, 8, a)-decision calibrated and (N, S, B)-infeasibility
calibrated, then the constrained swap regret of any agent
over any subsequence S € S is bounded by:

Regap (U, €, A, 5) < 2Lyl Ala(|S|/|A[) + J|Alfs(Le/A).

8

In particular, plugging in the guarantee from Theorem 3.5
vields the following bound, which holds with probability at
least1 — 0:

Reggyap (U, ¢, A, S)

) ! JL Sli JL2
< O(Ly|Al|S|* + Lu+/|AJ|S| + c|AllS] 24l

A A2

By setting A = |S|~!/4 for each subsequence S € S, we
arrive at the following concrete bound for the constrained
swap regret.

Corollary 3.11. Let S be a collection of subsequences.
Let N be a set of agents, where each agent is equipped
with a utility function u : A x Y — [0, 1] and J constraint
functions {c; : AxY — [=1,1]};e1). Suppose each agent
plays constrained best responses to p; to choose action
ay. The sequence of predictions p1,...,pr produced by
DECISION-INFEASIBILITY-CALIBRATION guarantees that

with probability at least 1 — §, the constrained swap regret

; c |5~/
against the benchmark class Ag

any subsequence S € S is bounded by:
Reggyap (U, C, |S\_1/47 S)
< O(Lul Al|S|* + Lu/JAIIS| + J(Le + LE)AIVIS]).

Remark 3.12. One could alternatively set a fixed margin of
A\ = T~1/4, This choice creates a larger and more compet-
itive benchmark class. The resulting regret bound would

then be O(v/T).

A powerful implication is that we achieve low constrained
swap adaptive regret by instantiating our framework with
the collection of all contiguous intervals, S = {[t1,t2] :
1<t; <ty <T}.

Corollary 3.13. Let N be a set of agents, where each agent
is equipped with a utility function v : A x Y — [0,1]
and J constraint functions {c; : A x Y — [=1,1]},e[)-
Suppose each agent plays constrained best responses to p;
to choose action a;. Let \(|S]) = |S|~'/* be the margin
function. The sequence of predictions p1, . . ., pr produced
by DECISION-INFEASIBILITY-CALIBRATION guarantees
that with probability at least 1 — 0, the constrained swap
adaptive regret of any agent is bounded by:

of any agent over

Regswapfadapt (’LL, c, )‘)

< O(Ly|A|ITT + Ly~/|AIT + J(L¢ + L2)|AVT).

Corollary 3.13 provides a guarantee over all contiguous
intervals, and we use it as a building block to establish
dynamic regret bounds. A dynamic benchmark with A
changes partitions the entire time horizon into A + 1 in-
tervals. By summing our per-subsequence regret bound
over this specific partition, we obtain the following dynamic
regret guarantee.
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Corollary 3.14. Let N be a set of agents, where each agent
is equipped with a utility functionu : Ax )Y — [0,1] and J
constraint functions {c; : A x Y — [=1,1]};¢s). Suppose
each agent plays constrained best responses to p; to choose
action ay. The sequence of predictions p1, . . ., pr produced
by DECISION-INFEASIBILITY-CALIBRATION guarantees
that with probability at least 1 — 0, the constrained swap
dynamic regret of any agent against any piecewise feasible
sequence of action modification rule 5 € (AA)T is bounded
by:

-,

Reguwap—ayn (1 @) < O(Lul AITH(A() + 1)}

+ L/ |AIT(A(P) + 1) + J(Le + L2)| AN T(A($) +1)).

A benchmark sequence ¢ is piecewise feasible if on each
interval of constancy Iy, the corresponding rule 1y, maps to
the set of actions that are feasible over that entire interval,

. |4
ie, Y : A— A%J el .

This bound explicitly characterizes the dependence of the
regret on the time horizon 7" and the complexity of the
comparator sequence, denoted by the number of switches
A(¢). In the stationary regime where A(¢) = 0, we recover
the standard O(\/T ) rate for static regret; in the dynamic
regime where A(¢) = o(T), the bound ensures sublinear
regret. Crucially, this guarantee is parameter-free: the algo-
rithm does not need to know the value of A((E) in advance.
This is achieved by instantiating our framework with the

collection of all contiguous intervals.

Since external regret is a special case of swap regret, our
bounds apply directly to the external versions of these guar-
antees as well.

We complement these theoretical guarantees with an illustra-
tive experiment in Appendix G. It shows that as the number
of subsequences grows, the elimination-based method of
Bechavod et al. (2025) accumulates substantially larger cu-
mulative constraint violation, while our method keeps it
small and maintains low constrained external regret.

Impact Statement

This paper presents work whose goal is to advance the field
of Machine Learning. There are many potential societal
consequences of our work, none which we feel must be
specifically highlighted here.

References

Anderson, D., lTosifidis, G., and Leith, D. J. Lazy la-
grangians with predictions for online learning. arXiv
preprint arXiv:2201.02890, 2022.

Bechavod, Y., Lu, J.,, and Roth, A. Online om-

niprediction with long-term constraints. arXiv preprint
arXiv:2509.11357, 2025.

Cao, X. and Liu, K. J. R. Online convex optimization
with time-varying constraints and bandit feedback. IEEE
Trans. Autom. Control., 64(7):2665-2680, 2019.

Castiglioni, M., Celli, A., Marchesi, A., Romano, G., and
Gatti, N. A unifying framework for online optimization
with long-term constraints. In Koyejo, S., Mohamed, S.,
Agarwal, A., Belgrave, D., Cho, K., and Oh, A. (eds.),
Advances in Neural Information Processing Systems 35:
Annual Conference on Neural Information Processing
Systems 2022, NeurIPS 2022, New Orleans, LA, USA,
November 28 - December 9, 2022, 2022.

Chen, T. and Giannakis, G. B. Bandit convex optimization
for scalable and dynamic iot management. IEEE Internet
of Things Journal, 6(1):1276-1286, 2018.

Chen, T., Ling, Q., and Giannakis, G. B. An online convex
optimization approach to proactive network resource allo-
cation. IEEE Trans. Signal Process., 65(24):6350-6364,
2017.

Chen, T., Ling, Q., Shen, Y., and Giannakis, G. B. Heteroge-
neous online learning for “thing-adaptive” fog computing
in iot. IEEE Internet of Things Journal, 5(6):4328-4341,
2018.

Dagan, Y., Daskalakis, C., Fishelson, M., Golowich, N.,
Kleinberg, R., and Okoroafor, P. Breaking the 72/ bar-
rier for sequential calibration. In Proceedings of the 57th
Annual ACM Symposium on Theory of Computing, pp.
2007-2018, 2025.

Dwork, C., Hays, C., Immorlica, N., Perdomo, J. C.,
and Tankala, P. From fairness to infinity: Outcome-
indistinguishable (omni)prediction in evolving graphs.
In Haghtalab, N. and Moitra, A. (eds.), The Thirty Eighth
Annual Conference on Learning Theory, 30-4 July 2025,
Lyon, France, volume 291 of Proceedings of Machine
Learning Research, pp. 1564—1637. PMLR, 2025.

Garg, S., Jung, C., Reingold, O., and Roth, A. Oracle
efficient online multicalibration and omniprediction. In
Proceedings of the 2024 Annual ACM-SIAM Symposium
on Discrete Algorithms (SODA), pp. 2725-2792. SIAM,
2024.

Globus-Harris, 1., Gupta, V., Jung, C., Kearns, M., Mor-
genstern, J., and Roth, A. Multicalibrated regression
for downstream fairness. In Proceedings of the 2023
AAAI/ACM Conference on Al, Ethics, and Society, pp.
259-286, 2023.



Stronger Benchmarks for Prediction as a Service with Constraints

Gopalan, P., Kalai, A. T., Reingold, O., Sharan, V., and
Wieder, U. Omnipredictors. In Braverman, M. (ed.), 13th
Innovations in Theoretical Computer Science Conference,
ITCS 2022, January 31 - February 3, 2022, Berkeley,
CA, USA, volume 215 of LIPIcs, pp. 79:1-79:21. Schloss
Dagstuhl - Leibniz-Zentrum fiir Informatik, 2022.

Gopalan, P, Hu, L., Kim, M. P,, Reingold, O., and Wieder,
U. Loss minimization through the lens of outcome indis-
tinguishability. In Kalai, Y. T. (ed.), I4th Innovations in
Theoretical Computer Science Conference, ITCS 2023,
January 10-13, 2023, MIT, Cambridge, Massachusetts,
USA, volume 251 of LIPIcs, pp. 60:1-60:20. Schloss
Dagstuhl - Leibniz-Zentrum fiir Informatik, 2023a.

Gopalan, P, Kim, M. P., and Reingold, O. Swap agnos-
tic learning, or characterizing omniprediction via mul-
ticalibration. In Oh, A., Naumann, T., Globerson, A.,
Saenko, K., Hardt, M., and Levine, S. (eds.), Advances
in Neural Information Processing Systems 36: Annual
Conference on Neural Information Processing Systems
2023, NeurIPS 2023, New Orleans, LA, USA, December
10 - 16, 2023, 2023b.

Gopalan, P., Okoroafor, P., Raghavendra, P., Sherry, A., and
Singhal, M. Omnipredictors for regression and the ap-
proximate rank of convex functions. In Agrawal, S. and
Roth, A. (eds.), The Thirty Seventh Annual Conference
on Learning Theory, June 30 - July 3, 2024, Edmonton,
Canada, volume 247 of Proceedings of Machine Learn-
ing Research, pp. 2027-2070. PMLR, 2024.

Guo, H., Liu, X., Wei, H., and Ying, L. Online convex
optimization with hard constraints: Towards the best of
two worlds and beyond. In Koyejo, S., Mohamed, S.,
Agarwal, A., Belgrave, D., Cho, K., and Oh, A. (eds.),
Advances in Neural Information Processing Systems 35:
Annual Conference on Neural Information Processing
Systems 2022, NeurlPS 2022, New Orleans, LA, USA,
November 28 - December 9, 2022, 2022.

Hébert-Johnson, fJ., Kim, M. P., Reingold, O., and Roth-
blum, G. N. Multicalibration: Calibration for the
(computationally-identifiable) masses. In Dy, J. G. and
Krause, A. (eds.), Proceedings of the 35th International
Conference on Machine Learning, ICML 2018, Stock-
holmsmdssan, Stockholm, Sweden, July 10-15, 2018, vol-
ume 80 of Proceedings of Machine Learning Research,
pp- 1944-1953. PMLR, 2018.

Hu, L. and Wu, Y. Predict to minimize swap regret for
all payoft-bounded tasks. In 65th IEEE Annual Sympo-
sium on Foundations of Computer Science, FOCS 2024,
Chicago, IL, USA, October 27-30, 2024, pp. 244-263.
1IEEE, 2024.

10

Hu, L., Navon, L. R. L., Reingold, O., and Yang, C. Om-
nipredictors for constrained optimization. In Krause,
A., Brunskill, E., Cho, K., Engelhardt, B., Sabato, S.,
and Scarlett, J. (eds.), International Conference on Ma-
chine Learning, ICML 2023, 23-29 July 2023, Honolulu,
Hawaii, USA, volume 202 of Proceedings of Machine
Learning Research, pp. 13497-13527. PMLR, 2023.

Kleinberg, B., Leme, R. P., Schneider, J., and Teng, Y. U-
calibration: Forecasting for an unknown agent. In Neu, G.
and Rosasco, L. (eds.), The Thirty Sixth Annual Confer-
ence on Learning Theory, COLT 2023, 12-15 July 2023,
Bangalore, India, volume 195 of Proceedings of Machine
Learning Research, pp. 5143-5145. PMLR, 2023.

Lekeufack, J. and Jordan, M. I. An optimistic algorithm for
online convex optimization with adversarial constraints.
arXiv preprint arXiv:2412.08060, 2024.

Liu, Q., Wu, W., Huang, L., and Fang, Z. Simultaneously
achieving sublinear regret and constraint violations for
online convex optimization with time-varying constraints.
ACM SIGMETRICS Performance Evaluation Review, 49
(3):4-5, 2022.

Lu, J., Roth, A., and Shi, M. Sample efficient omnipredic-
tion and downstream swap regret for non-linear losses. In
Haghtalab, N. and Moitra, A. (eds.), The Thirty Eighth
Annual Conference on Learning Theory, 30-4 July 2025,
Lyon, France, volume 291 of Proceedings of Machine
Learning Research, pp. 3829-3878. PMLR, 2025.

Mannor, S., Tsitsiklis, J. N., and Yu, J. Y. Online learning
with sample path constraints. J. Mach. Learn. Res., 10:
569-590, 2009.

Neely, M. J. and Yu, H. Online convex optimiza-
tion with time-varying constraints. arXiv preprint
arXiv:1702.04783, 2017.

Noarov, G., Ramalingam, R., Roth, A., and Xie, S. High-
dimensional prediction for sequential decision making.
In International Conference on Machine Learning, ICML
2025, 13-19 July 2025, Vancouver, Canada, 2025.

Okoroafor, P., Kleinberg, R., and Kim, M. P. Near-
optimal algorithms for omniprediction. arXiv preprint
arXiv:2501.17205, 2025.

Qiao, M. and Valiant, G. Stronger calibration lower bounds
via sidestepping. In Khuller, S. and Williams, V. V. (eds.),
STOC ’21: 53rd Annual ACM SIGACT Symposium on
Theory of Computing, Virtual Event, Italy, June 21-25,
2021, pp. 456-466. ACM, 2021.

Qiu, S., Wei, X., and Kolar, M. Gradient-variation bound for
online convex optimization with constraints. In Williams,
B., Chen, Y., and Neville, J. (eds.), Thirty-Seventh AAAI



Stronger Benchmarks for Prediction as a Service with Constraints

Conference on Artificial Intelligence, AAAI 2023, Thirty-
Fifth Conference on Innovative Applications of Artificial
Intelligence, IAAI 2023, Thirteenth Symposium on Edu-
cational Advances in Artificial Intelligence, EAAI 2023,
Washington, DC, USA, February 7-14, 2023, pp. 9534—
9542. AAAI Press, 2023.

Roth, A. and Shi, M. Forecasting for swap regret for all
downstream agents. In Bergemann, D., Kleinberg, R.,
and Saban, D. (eds.), Proceedings of the 25th ACM Con-
ference on Economics and Computation, EC 2024, New
Haven, CT, USA, July 8-11, 2024, pp. 466—488. ACM,
2024.

Sinha, A. and Vaze, R. Optimal algorithms for online convex
optimization with adversarial constraints. In Globersons,
A., Mackey, L., Belgrave, D., Fan, A., Paquet, U., Tom-
czak, J. M., and Zhang, C. (eds.), Advances in Neural In-
formation Processing Systems 38: Annual Conference on
Neural Information Processing Systems 2024, NeurIPS
2024, Vancouver, BC, Canada, December 10 - 15, 2024,
2024.

Sun, W., Dey, D., and Kapoor, A. Safety-aware algorithms
for adversarial contextual bandit. In Precup, D. and Teh,
Y. W. (eds.), Proceedings of the 34th International Con-
ference on Machine Learning, volume 70 of Proceedings
of Machine Learning Research, pp. 3280-3288. PMLR,
06-11 Aug 2017.

Tropp, J. Freedman’s inequality for matrix martingales.
2011.

Vaze, R. On dynamic regret and constraint violations in
constrained online convex optimization. In 2022 20th
International Symposium on Modeling and Optimization
in Mobile, Ad hoc, and Wireless Networks (WiOpt), pp.
9-16. IEEE, 2022.

Yi, X., Li, X., Yang, T., Xie, L., Hong, Y., Chai, T., and
Johansson, K. H. Distributed online convex optimization
with adversarial constraints: Reduced cumulative con-
straint violation bounds under slater’s condition. arXiv

preprint arXiv:2306.00149, 2023.

Yu, H. and Neely, M. J. A low complexity algorithm with
0(\/T) regret and o(1) constraint violations for online
convex optimization with long term constraints. Journal
of Machine Learning Research, 21(1):1-24, 2020.

Zhao, S., Kim, M. P., Sahoo, R., Ma, T., and Ermon, S.
Calibrating predictions to decisions: A novel approach
to multi-class calibration. In Ranzato, M., Beygelzimer,
A., Dauphin, Y. N., Liang, P., and Vaughan, J. W. (eds.),
Advances in Neural Information Processing Systems 34:
Annual Conference on Neural Information Processing
Systems 2021, NeurIPS 2021, December 6-14, 2021, vir-
tual, pp. 22313-22324, 2021.

11



Stronger Benchmarks for Prediction as a Service with Constraints

A. Additional Related Work

The study of online learning with long-term constraints was initiated by Mannor et al. (2009), who established a foundational
impossibility result. They demonstrated that learners cannot achieve sublinear external regret when benchmarked against
the set of actions that satisfy the constraints marginally, i.e., on average over the entire time horizon. In response to this
limitation, subsequent work pivoted to a more stringent benchmark: actions that fulfill the constraints on every single round
(e.g., Sun et al. (2017); Guo et al. (2022); Anderson et al. (2022); Yi et al. (2023); Sinha & Vaze (2024); Lekeufack &
Jordan (2024)). These papers generally study the problem within the online convex optimization framework, rather than
for a finite number of actions. Within this body of work, Sinha & Vaze (2024) achieved the fastest known rates without
additional structural assumptions, with both regret and cumulative constraint violation scaling as O~(\/T) For the experts
setting, Lekeufack & Jordan (2024) proposed an algorithm where both metrics scale as O(1/T In(d)), with d representing
the number of experts and regret measured against the set of expert probability distributions that satisfy the constraints in
expectation.

This literature has also studied dynamic regret benchmarks (Chen et al., 2017; 2018; Chen & Giannakis, 2018; Cao & Liu,
2019; Vaze, 2022; Liu et al., 2022; Lekeufack & Jordan, 2024), where regret is measured against a slowly changing sequence
of actions, one for every round in the interaction. We introduce the stronger notion of dynamic swap regret.

Some papers in this literature (e.g. Neely & Yu (2017); Chen et al. (2017); Cao & Liu (2019); Yu & Neely (2020); Castiglioni
et al. (2022)) assume Slater’s condition holds — the existence of a benchmark action that satisfies all of the constraints with
constant margin (or a sequence of strongly feasible actions, in the dynamic benchmark case), which is an assumption we
sometimes make in this work as well. Note that we also provide bounds that hold without this assumption.

Omniprediction was introduced by Gopalan et al. (2022) within the batch (distributional) learning setting. In its standard
formulation, omniprediction considers a binary label space ) = {0, 1}, a continuous action space of real-valued predictions
A = [0, 1], and decision-makers who optimize a loss function £ : [0,1] x {0,1} — R, such as squared or absolute error.
A key initial finding was that multicalibration (c.f. Hébert-Johnson et al. (2018)) is a sufficient condition for achieving
omniprediction. Subsequent work (Gopalan et al., 2023a;b) studied both weaker and stronger notions of calibration and the
corresponding omniprediction guarantees they provide.

Omniprediction was later extended to the online adversarial setting by Garg et al. (2024), who provided oracle-efficient
algorithms, with subsequent work establishing optimal regret bounds (Okoroafor et al., 2025; Dwork et al., 2025). While
the bulk of this literature focuses on binary outcomes, a notable exception is Gopalan et al. (2024), which investigates
vector-valued outcomes for decision-makers with convex loss functions. The problem of omniprediction with constraints has
been explored in Globus-Harris et al. (2023); Hu et al. (2023). Consistent with the broader literature, these works operate
in the batch setting with binary outcomes and continuous actions, focusing on constraints motivated by group fairness in
machine learning classification tasks.

A parallel line of work has emerged on making sequential predictions for downstream agents (Kleinberg et al., 2023; Noarov
et al., 2025; Roth & Shi, 2024; Hu & Wu, 2024). This literature considers adversarially chosen outcomes from a space
Y and downstream agents who possess arbitrary discrete action spaces and seek to optimize their own losses. Several of
these papers move beyond the binary setting (Noarov et al., 2025; Roth & Shi, 2024), addressing scenarios—similar to our
own—where loss functions are linear in the high-dimensional state y € [0, 1]? to be predicted. The primary objective is to
provide worst-case, diminishing regret guarantees for all such agents. Motivated by competitive environments, a subset
of this work (Noarov et al., 2025; Roth & Shi, 2024; Hu & Wu, 2024) provides guarantees for diminishing swap regret at
near-optimal rates.

Recognizing that traditional calibration is unobtainable at O(+/T') rates in the online adversarial setting (Qiao & Valiant,
2021; Dagan et al., 2025), this literature has employed alternative techniques. Methods such as “U-calibration” (Kleinberg
et al., 2023) and extensions of decision calibration (Zhao et al., 2021; Noarov et al., 2025; Roth & Shi, 2024) circumvent
these known lower bounds while still being powerful enough to ensure downstream agents incur no (swap) regret. A unifying
perspective on these two research areas is offered by Lu et al. (2025). Our own model and techniques are primarily derived
from this “prediction for downstream regret” literature, adopting its features of arbitrary action spaces, high-dimensional
outcomes, and swap regret guarantees in an online adversarial context.

Finally, our work is a direct follow up to Bechavod et al. (2025) who introduced the problem of “omniprediction with
long term constraints”. Like Bechavod et al. (2025), we give an algorithm that can guarantee an arbitrary collection of
decision makers diminishing regret bounds on an arbitrarily specified collection of subsequences. Our main technical
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contribution is an exponentially improved dependence (in both the regret and constraint violation terms) on the number of
such subsequences — the algorithm of Bechavod et al. (2025) depends linearly on this, whereas our bounds depend only
logarithmically on this parameter. This is crucial in order to give dynamic regret bounds, which fall out of guaranteeing
diminishing (swap) regret on all contiguous subsequences, of which there are (7). This would yield trivial bounds using
the algorithm of Bechavod et al. (2025), whereas it costs only an additional logarithmic term in our regret bounds relative to
what we could guarantee for a static benchmark.

B. Omitted Proofs
B.1. Proof of Lemma 3.6

On any round ¢ where action a is predicted to violate the j-th constraint, we have:

Cj(a7pt) > O

Since a is in the benchmark class Ag")‘, we have:
Cj (0/, yt) S -A

Combining these two facts gives c;(a, p:) —¢;(a, y:) > A. Summing this difference over all rounds in S where a is predicted
to violate the j-th constraint, we get:

T
Z 1 [t €S,a€ /T:j’mf} (cjla,pe) —cjla,yr)) > ATeSi0f ()

t=1

The left-hand side can be bounded using the properties of our predictions. By linearity and L¢-Lipschitzness of the constraint
function, and by (N, S, §)-infeasibility calibration, we have that:

T
Souftesae A (ea,m) - cjla,m)

t=1
T 4 T .
G (%ZM [t €Sa€ Afﬂnf}) ¢ (a,Zyﬂl [t €S,ac Af““fD
t=1

t=1

< L¢

T T
SpfteSae ] Y utfre sae A
t=1 t=1

< LeB(T™ 5" (a)

o0

Combining these inequalities gives the first part of the lemma:

)\ch,S,inf<a) < LCB(TCj ,S,inf(a))

For the concrete bound, we substitute the explicit form for 5 from Theorem 3.5:

dJ S|T dJ S|T
Ms(Le/) = LeO (m ATANISIT 171 4 1y SAINISIT. fﬁ(Lc//\)>

Solving for fg(L¢/A) yields the stated form:

1/4 2
FolLe/3) = 0 (LC|S| 1n(dJA|A|w||3\T/5) M 1n(dJ|f;|lN|S|T/6)>

13
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Fix any arbitrary benchmark action a € Ag’)‘. If on round ¢ € S, no action is predicted to be feasible, then it must be that a
is predicted to be infeasible. Hence, there must exist at least one constraint that a is predicted to violate. As a result, we
have:

‘{t €8 AT = @}‘ <|{teS:3je ) eiap) >0}
J
< ZTCJ,S,inf(a)
j=1
< Jfp(Le/N)

B.2. Proof of Theorem 3.7

Fix any j € [J]. We will bound the cumulative violation against the j-th constraint, i.e., ), ¢;(as, y:). The final result
follows by taking the maximum over all j € [J].

We use the triangle inequality to decompose the sum:

> cilany) =Y cilanp)

tesS tesS

+ ch<at7pt)

tesS

ch(at’yt) <

teS

We bound each of the two terms on the right-hand side separately.

For the first term, we partition the sum based on the action played and use the linearity of the constraint functions to derive
that:

ch(atvyt) - ch(at,pt) Z ZC]'(CLyt)]l[at =a] - Z ch(avpt)]l[at = a]

tes tes a€Ates a€Ates

= Z ¢; <a,2yt]l[at = a]) — Z ¢; (a,Zpt]l[at = a]) |
acA tes acA tes

< Z ¢; (a,Zyﬂl[at = a]) —¢ (a,Zpt]l[at = a])‘
acA tes tes

<Y Le|> wdlar=a] = > pidfa; = a]
acA  |tes tes

<Y Lea(T™%%(a))
acA

where the first inequality follows from the triangle inequality, the second inequality follows from L¢-Lipschitzness of ¢;,
the third inequality follows from (A, S, a)-decision calibration. By concavity of o and the fact that 3 . , 7% (a) =

D oaca Zthl 1]t € S,CBR"““(p;) = a] = |S], this expression is at most:
Le|Ala(|S[/1A])-

For the second term, ) _, _ ¢ ¢;(a¢, p¢), we decompose the sum based on whether the predicted feasible set ﬁf’fea is empty

on round ¢. By the agent’s decision rule, on any round where /Tf’fea # (), the chosen action a; satisfies ¢;(a¢, p;) < 0. On
rounds where the set is empty, the violation is at most 1. The sum is therefore bounded by the number of “empty set” rounds:

ch(ampt) = Z cjlas, pe) + Z cjlat, pt)

tes teS: A £ tes: AS =

oo+ > 1

LESAT LD teS AT =)
{res: 2=}

IN

14
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By Lemma 3.6, this expression is at most:
Jfa(Le/A)
Combining the two bounds gives the result stated in the theorem.

B.3. Proof of Theorem 3.10

To prove the theorem, first note that for any subsequence S € S and action modification rule ¢ : 4 — Ag, we can
decompose the regret against ¢ into three parts as:

Z (u(e(at), yr) — ular, yr))

tes

= Z (u(p(at), yt) o(at),pt)) + Z ¢(at), pr) — u(at,pt)) + Z (at, pt) — u(at, yt))

tesS tesS tesS

We first bound the first and third part, i.e., the difference in utility under our predictions p; and the outcomes y; for both the
chosen actions and the swapped-in actions. We show this in the next two lemmas using decision calibration.

Lemma B.1. If the sequence of predictions p1, . ..,pr is (N, S, a)-decision calibrated, then for any (u,c) € N and
Ses:

> (ular, py) — ular, ye))

tesS

< LulAla([S|/|A])-

Proof. Using the linearity of u, we can write:

> (ular, pr) — ulas, y))

Z Z]l t S S a; = a]( (&pt) - u(a,yt))‘

tes acAt=1
T T
Z ( ( Z [t €S, a :a]pt> —u (a,Z]l[te S, ay :a]yt>>’
a€EA t=1 t=1
T
< Z u(a Z]lteS a; = alp ) —u(a,Z]l[teS,atza]yt>‘
acA t=1
T
< Z Ly Z]l[t € S,ar = a|(pt — yt)
acA t=1 oo
< Ly Y a(T"%%(a)).
acA

where the first inequality follows from the triangle inequality, the second inequality follows from L;,-Lipschitzness of u, and
the third inequality follows from (A, S, «)-decision calibration. By concavity of « and the fact that ., , T (a) =

Yoaca Zthl 1[t € S,a; = a] = |S|, this expression is at most:
Lu|Alee(|S]/1A])-
O

Lemma B.2. [f the sequence of predictions p1, ..., pr is (N, S, a)-decision calibrated, then for any (u,c) € N and
Ses:

> (u(dlar), pe) — ul@lar),ye))| < Lul Ala(|S|/]A).

tesS
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Proof. Using the linearity of u, we can write:

Z(u(qﬁ(at), pe) — u(é(ar), yr))

T
Z Z L[t € S, a; = al(u(¢(a), pt) — u(¢(a)7yt))‘

tes acAt=1
= <u <¢(a), dAfteSa= a]m) —u <¢(a), Y LteSa= ah!t)) |
acA t=1 t=1
< Z u (qﬁ(a),Z]l[t (S S, ay = a]]%) —u ((b(a),Z]l[t € Sa ar = a]yt> ‘
acA t=1 t=1
T
< Z Ly Z]l[t € S,a; = a|(pr — yt)
acA t=1 SS]
< Ly Y | a(T"%%(a))
acA

< LulAla(|S/]Al)

where the first inequality follows from the triangle inequality, the second inequality follows from L;;-Lipschitzness of u, the
third inequality follows from (A, S, a)-decision calibration, and the fourth inequality follows from concavity of a. O

Regarding the second part in our decomposition of the regret against ¢, we further decompose it into two components based
on whether the swapped-in action is predicted to be feasible:

Z (u(g(ar), pr) — ula, p)) = Z (u(o(ar), pe) — ular, pr))

tes teS:p(ar)c AT

+ Z (u(g(ar), pt) — ular, pr))

tES:¢(at)€.;l\?’i"f
The first component is non-positive. This is because on these rounds, a; is chosen to maximize predicted utility over the
predicted feasible set, which includes ¢(a:), so u(P(ar), pr) < u(at, pt).

For the second component, the utility difference is at most 1, so the sum is bounded by the number of rounds within S on
which the swapped-in action ¢(a;) is predicted to be infeasible. We can bound this count by the sum of the number of
rounds where each single benchmark action a € Ag”\ is predicted to be infeasible.

Z (u(@p(ar),pr) — ulas, p)) < Z 1 [qb(at) c A\;:.,inf]

tGS:qb(af,)EA\:’inf tes

S St [ola) = a0 e A

CLEAE’A tes

Z Z 1 [a € Vzl\tc’inf}

At
a€Ag €s

= > > 1[F5€J]eilap) > 0]

(LEAE’A tes

Z ZZ]I [cj(a,pt) > 0]

aE.AcS’A tesS j=1

J
Z Z T ,S,inf(a)

acA? =1

IN

IN
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By Lemma 3.6, this expression is at most:

JIAfs(Le/A)

We can now complete the proof of Theorem 3.10. For any subsequence S € S and action modification rule ¢ : A — AS,
we can decompose the regret against ¢ into three parts as:

Z (u(o(at), yr) — ular, ye))

tes

= Z (u(é(ar), yt) o(ar),pr)) + Z ¢ar),pt) — ular, pe)) + Z (at, p) — ular, yt))

tes tes tesS

By Lemmas B.1 and B.2, the first and third part are both bounded by L;/|.A|a(|S]|/].A|).
As shown in our preceding analysis, the second part is bounded by J|A| fg(Lc/)).

Combining the bounds for all three parts, we arrive at the final inequality.

B.4. Proof of Corollary 3.14

Suppose the sequence (5 has change points that partion [1, 77 into intervals Iy, ..., 1, @) The action modification rule on

each interval Iy, is the constant rule ¢, : A — A?;f‘.

By Theorem 3.10, for any interval Iy, the regret against ¢, over I}, is bounded by:

max{I}
ST (un(ar),ye) — ular )
t=min{ly}
JLe| ALV JL2|A
gO((Lu|A||Ik1/4+Lu || + c| A” I fgl |)lm(dJIAIIJ\/ISIT/<5))

Summing over all the intervals, we have:

Z(U(T/Jk(at)vyt) —u(at, yt))

t=1
A(¢) max{Iy}

= Z Z u(r(ar), ye) — u(ar, ye))

k=0 t=min{I}

A(9)
JLc|A|| L,V JL2|A
< > 0 ((zalAln + nuyTATE + ZEAES 4 TEA s apvisizss))

k=0

We note that \ can be set independently for each interval I,. By setting A = |I;;|~'/%, we arrive at the following bound:

A(P)
> 0 ((Eul AT + LuTATT + T (Le + L)AL n(@IAIWISIT/6))
k=0
By concavity of the functions f(z) = z'/* and f(x) = /2 and the fact that Z P \I x| = T, this expression is at most:

-,

o((LU|A|T1/4<A<“>+1>3/4+Lu AIT(A@) + 1)+ J(Le + L2)AN/T(A <>+1>) 1n<dJ|A|N||ST/6>)
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C. Analysis for the Zero-Margin Benchmark
C.1. A Decision Rule with Feasibility Tolerance

In this section, we obtain guarantees for the standard benchmark Ag’o with zero margin A = 0. For this purpose, we modify
the agent’s decision rule. We introduce a relaxed rule that allows for a small, positive tolerance in predicted feasibility n > 0.
An action is now considered feasible by the agent if its predicted constraint violation is less than or equal to this tolerance.

Formally, we say that an action a is predicted to 7)-violate the j-th constraint if ¢;(a, p¢) > 7. An action a is predicted to be
n-infeasible if a is predicted to n-violate any constraint, and is predicted to be n-feasible otherwise. This leads to a relaxed
version of the constrained best response.

Definition C.1 (1-Constrained Best Response). Fix a utility u : A x ) — [0, 1], J constraints {c; : AxY — [=1,1]},c1
a prediction p; € Y, and a tolerance 77 > 0. The 7-constrained best response to p; according to u and {c; } je[.s], denoted as
CBR,“(pt), is the solution to the constrained optimization problem:

maximize u(a,pt)

subjectto ¢;(a,p:) < n forevery j € [J]
The agent can obtain CBR,(p;) in two steps:

1. The agent first discards actions that are n-infeasible according to the prediction.

For each constraint j € [J], the set of actions predicted to n-violate that constraint is denoted as:

~n

A — g e At ei(a,p) > ).
The agent discards actions that are predicted to n-violate any of the J constraints, i.e.,
AT = U A" = {a € Az 3j € [T ej(a,p) > )

The retained actions that are predicted to be n-feasible are denoted as

Agn=Ien — fa e A:Vj e [J],ej(a,p) <n}.

2. The agent then chooses an action from the retained action set .AS"~*** that maximizes the utility function according to
the prediction, i.e.,

a; = argmax u(a,p;).
ac A\;: ,n—fea

If none of the actions are predicted to be feasible, i.e., Aﬁ’”*fea = (), the agent can choose any arbitrary action from A. Our
predictions ensure this special case rarely occurs, and hence its influence on the cumulative constraint violation and regret is
negligible.

C.2. Conditionally Unbiased Predictions

As in our main analysis, the guarantees for the relaxed decision rule rely on the predictions being conditionally unbiased.
The definitions for decision calibration and infeasibility calibration are analogous to those in the main text, modified to
account for the feasibility tolerance 7.

Definition C.2 (', S, n, a)-Decision Calibration). Let S be a collection of subsequences. Let A/ be a set of agents, where
each agent is equipped with a utility function u : A x J) — [0, 1] and J constraint functions {c; : A x ¥ — [~1,1]};e[1-
Let i > 0 be the feasibility tolerance. We say that a sequence of predictions py, ..., pr is (N, S, n, a)-decision calibrated
with respect to a sequence of outcomes y, . .., yr if forevery S € S, a € A, and (u,c) € N:

T
> L[teS.CBRy(p) = a] (pr — )| < (T (a))

t=1

o0

where TS (a) = 3] 1 [t € S, CBR;“(p:) = al.
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Definition C.3 ((NV, S, 7, 3)-Infeasibility Calibration). Let S be a collection of subsequences. Let N be a set of agents,
where each agent is equipped with a utility function u : A x )} — [0,1] and J constraint functions {¢; : A x Y —
[—1,1]}jers)- Let n > 0 be the feasibility tolerance. We say that a sequence of predictions py,...,pr is (N, S,n, B)-

infeasibility calibrated with respect to a sequence of outcomes yy, ..., yr if forevery S € S, a € A, (u,c) € N, and
jeJ):
T ' _
Stftesiae A )| < BEEST )
t=1 00

where T¢>51=nf(g) = Zthl 1 {t €S.ac j?mfinf}

We will again instantiate UNBIASED-PREDICTION to make predictions that simultaneously achieve decision calibration and
infeasibility calibration; we will refer to this instantiation as DECISION-INFEASIBILITY-CALIBRATION-RELAXED. Our
guarantees will inherit from the guarantees of UNBIASED-PREDICTION.

Theorem C.4. Let S be a collection of subsequences. Let N be a set of agents, where each agent is equipped with
a utility function u : A x Y — [0,1] and J constraint functions {c; : A x Y — [=1,1]},es. Let n > 0 be the
feasibility tolerance. There is an instantiation of UNBIASED-PREDICTION (Noarov et al., 2025) —which we call DECISION-
INFEASIBILITY-CALIBRATION-RELAXED— producing predictions p1,...,pr € Y satisfying that for any sequence of
outcomes iy, ..., yr € Y, with probability at least 1 — §, for any (u,c) e N, j€[J],a € A and S € S:

T
> 1[teS,CBRY(p) =] (pr )| <O (ln<<> IS+ in(e) .Tu,c,s,n@)
=1 oo
tT i |

1 [t €Sac Afﬂ'"’*mf} (pt —we)|| <O (m(g) S|+ \/ln(g) -T%Swinf(a))
t=1 50

C.3. Theoretical Guarantees

Similarly to Lemma 3.6, we use the infeasibility calibration guarantee to show that for any benchmark action a € A% the
number of rounds where it is incorrectly predicted to n)-violate a specific constraint ¢; is small. As a result, the number of
rounds on which no action is predicted to be n-feasible is small.

Lemma C.5. [fthe sequence of predictions py, ... .,pr is (N, S, 1, B)-infeasibility calibrated, then for any agent (u,c) € N,
subsequence S € S, benchmark action a € Ag’o, and constraint j € [J], the number of rounds TS~ (a) within S on
which a is predicted to n-violate the j-th constraint is bounded by:

T3 (a) < fg(Le/n)
Consequently, the number of rounds within S on which no actions are predicted to be feasible is bounded by:

Ht €S APnea — @H < Jfs(Le/n)

In particular, plugging in the guarantee from Theorem C.4 yields the following concrete form of fz(Lc/n), which holds
with probability at least 1 — 0:
LclS 1/4 I2
fatte/m =0 ( (#2426 m(o

Proof. The proof is similar to that of Lemma 3.6.

On any round ¢ where action a is n-predicted to violate the j-th constraint, we have:

Cj(a7pt) >n

. .. 0
Since a is in the benchmark class AS", we have:

Cj(a,7 yt) S 0
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Combining these two facts gives ¢;(a, p;) —¢;j(a, y¢) > 7. Summing this difference over all rounds in S where a is predicted
to n-violate the j-th constraint, we get:

T
Soutesae &7 (e p) - ¢ila,m)) > a1 )

t=1
The left-hand side can be bounded using the properties of our predictions. By linearity and L¢-Lipschitzness of the constraint
function, and by (N, S, n, 3)-infeasibility calibration, we have that:

T

Z 1 [t €S8,ac ﬁfj’niinf} (cj(a,pi) —cj(a,ye))

t=1
T . T ‘
= ¢ (a, > il [t €S,a¢c A?’nme —¢ (a, > il [t €S,ae A?‘*"”ﬂ)

t=1 t=1

£l T
<Le | pd {t €Sae ﬁ?’”ﬂnf} = il [t €S,a€ ,Zf]""*mf}

t=1 t=1

oo

< LeB(T™ 5070 (a)

Combining these inequalities gives the first part of the lemma:

77ch ,S,n—inf(a) < LCﬂ(ch ,S,n—inf(a))

For the concrete bound, we substitute the explicit form for 5 from Theorem C.4:

dJ|A|N||S|T dJ|A|IN||S|T
nmmmzwo@l'g”-ww+%nW§”-m@w@

Solving for fg(L¢/n) yields the stated form:

LelSI " n(d T ANTISIT/6) | LG ln(dJ«‘lIIJ\fISIT/fS)>

mwam=0( : %

Fix any arbitrary benchmark action a € Ag’o. If on round ¢ € S, no action is predicted to be feasible, then it must be that
is predicted to be infeasible. Hence, there must exist at least one constraint that a is predicted to violate. As a result, we
have:

’{t € g Asmten _ @}| <|{teS:3jeJ]cj(ap) > n}l

J
< Z ch,S,n—inf(a)
j=1

< Jfs(Le/n)

C.3.1. BOUNDING THE CUMULATIVE CONSTRAINT VIOLATION
The bound on the cumulative constraint violation follows the same argument as in Theorem 3.7. The key difference is that
the agent’s relaxed decision rule, which tolerates violations up to 7 at each round, introduces an additional error term 7|.S|.

Theorem C.6. Let S be a collection of subsequences. Let N be a set of agents, where each agent is equipped with a
utility function u : A x Y — [0,1] and J constraint functions {c; : A x Y — [=1,1]},¢c[s)- Letn > 0 be the feasibility
tolerance. Suppose each agent plays n-constrained best responses to p; to compete with actions from the benchmark class
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Ag’o over each subsequence S € S. If the sequence of predictions p, . ..,pr is (N, S,n, a)-decision calibrated and
(N, S8, n, B)-infeasibility calibrated, then the cumulative constraint violation of any agent over any subsequence S € S is
bounded by:

CCV(S) < Le|Ala(|SI/IAl) + J f3(Le/n) + 1l S|
In particular, plugging in the guarantee from Theorem C.4 yields the following bound, which holds with probability at least
1—4:

JLc|S|M* JLE
cov(s) <0 ((Lells* + Ley/ATS + 2L 4 ZEE)

In(¢) + n|S|)

By setting 7 = T~ 1/3, we arrive at the following concrete bound for the cumulative constraint violation.

Corollary C.7. Let S be a collection of subsequences. Let N be a set of agents, where each agent is equipped with a
utility function u : A x Y — [0,1] and J constraint functions {c; : A x Y — [=1,1]},¢[s). Let n > 0 be the feasibility
tolerance. Suppose each agent plays n-constrained best responses to p, to compete with actions from the benchmark class
Ag’o over each subsequence S € S. The sequence of predictions p1, ..., pr produced by DECISION-INFEASIBILITY-
CALIBRATION-RELAXED guarantees that with probability at least 1 — 6, the cumulative constraint violation of any agent
over any subsequence S € S is bounded by:

CCV(8) <0 ((LC\A||S|1/4 + Le/JA|IS] + J(Le + Lg)T2/3) 1n(<))

C.3.2. BOUNDING THE REGRET

The bound on the constrained swap regret follows the same argument as in Theorem 3.10.

Theorem C.8. Let S be a collection of subsequences. Let A : N — (0, 00) be a margin function. Let N be a set of agents,
where each agent is equipped with a utility function u : A x Y — [0,1] and J constraint functions {c; : A x Y —
[-1,1]} jelJ)- Let n > 0 be the feasibility tolerance. Suppose each agent plays n-constrained best responses to p; to compete
with actions from the benchmark class Ag’o over each subsequence S € S. If the sequence of predictions p1,...,pr is
(N, 8, n, a)-decision calibrated and (N, S,n, 3)-infeasibility calibrated, then the constrained swap regret of any agent
over any subsequence S € S is bounded by:

Regyap (4; €,0,5) < 2Ly | Ale(|S]/|A]) + JI A fa(Le /n)

In particular, plugging in the guarantee from Theorem C.4 yields the following bound, which holds with probability at least
1—4:

JL S|4 JI2
Regswap<u7c,o,s><o((Lu|A|S|1/4+LWA|S+ C“‘;'" n ,;'““')m(o)

By setting n = 7-1/3

, we arrive at the following concrete bound for the constrained swap regret.

Corollary C.9. Let S be a collection of subsequences. Let N be a set of agents, where each agent is equipped with a utility
functionu : Ax Y — [0,1] and J constraint functions {c; : Ax Y — [~1,1]},¢(s). Let n > 0 be the feasibility tolerance.
Suppose each agent plays n-constrained best responses to p; to choose action a;. The sequence of predictions p1,...,pr
produced by DECISION-INFEASIBILITY-CALIBRATION-RELAXED guarantees that with probability at least 1 — 6, the

constrained swap regret against the benchmark class Ag’o of any agent over any subsequence S € S is bounded by:
Reguwap(t:¢,0,8) < O ((LulAlISIY* + Lu/IATIST + I (Le + L2)AITY) n(())

We then achieve low constrained swap adaptive regret by instantiating our framework with the collection of all contiguous
intervals, S = {[t1,t2] : 1 <3 <ty <T}.

Corollary C.10. Let N be a set of agents, where each agent is equipped with a utility function uw : A x Y — [0,1] and
J constraint functions {c;j : A x Y — [=1,1]};e1s). Let n > 0 be the feasibility tolerance. Suppose each agent plays
n-constrained best responses to p; to choose action a;. The sequence of predictions p1, . .., pr produced by DECISION-
INFEASIBILITY-CALIBRATION-RELAXED guarantees that with probability at least 1 — ¢, the constrained swap adaptive
regret of any agent is bounded by:

ReBuuap—ndspt (1€ 0) < O (((Lus + TLe + TLRIAIT* ) In(())

21



Stronger Benchmarks for Prediction as a Service with Constraints

A dynamic benchmark with A changes partitions the entire time horizon into A + 1 intervals. By summing our per-
subsequence regret bound over this specific partition, we obtain the following dynamic regret guarantee.

Corollary C.11. Let N be a set of agents, where each agent is equipped with a utility functionu : A x Y — [0,1] and
J constraint functions {c;j : A x Y — [=1,1]};e1s). Let n > 0 be the feasibility tolerance. Suppose each agent plays
n-constrained best responses to p; to choose action as. The sequence of predictions p1, . .., pr produced by DECISION-
INFEASIBILITY-CALIBRATION-RELAXED guarantees that with probability at least 1 — 0, the constrained swap dynamic
regret of any agent against any piecewise feasible sequence of action modification rule ¢? € (AA)T is bounded by:

-,

Regap-dyn(1:6) < O (((Lu + TLe + TLDIATH(AB) + 1)) n(0))

A benchmark sequence ¢ is piecewise feasible if on each interval of constancy I, the corresponding rule 1y, maps to the set
of actions that are feasible over that entire interval, i.e., ¥y, : A — A}:;‘O.

Consequently, the zero-margin dynamic regret bound is sublinear when A((E) = o(T'/?). This is in contrast to the
positive-margin dynamic guarantee in Corollary 3.14, which is the main dynamic result of the paper and remains sublinear
for the broader regime A(¢) = o(T).

Whether the O(TQ/ 3) rate is a fundamental cost of simultaneous omniprediction for many agents under zero-margin
constraints, or whether a different technique can recover O(+/T'), remains an open question.

D. Unbiased Prediction Algorithm

In this section we present the UNBIASED-PREDICTION algorithm of Noarov et al. (2025). We first introduce several
notations and concepts from Noarov et al. (2025). Let IT = {(z,p,y) € X x Y x Y} denote the set of possible realized
triples at each round. An interaction over 7 rounds produces a transcript 7 € II7. We write m5' as the prefix of the
first t — 1 triples in 77, for any ¢t < T. An event E € £ is a mapping from contexts and predictions to [0,1] , i.e.
E:XxY—][0,1].

The UNBIASED-PREDICTION algorithm makes predictions that are unbiased conditional on a collection of events £. The
algorithm’s conditional bias guarantee depends logarithmically on the number of events:

Theorem D.1. (Noarov et al., 2025) For a collection of events £ and convex prediction/outcome space Y C [0, 1]d,
Algorithm 1 outputs, on any T-round transcript 7p, a sequence of distributions over predictions V1, ..., bp € AY such that
forany E € &:

T

Z E [E(ﬂ%,pt)(pt—yt)]

~)
i P P

<O | In(ET) + [(diET)- > E [E(i,pr)]

0o t=1

The algorithm can be implemented with per-round running time scaling polynomially in d and |£)|.

Theorem D.1 is stated as expected error bounds over randomized predictions ¢; € A) . In the following Corollary D.2, we
state the guarantee based on realized predictions p, that are sampled from v);, and generalize it to our multi-subsequence
framework. Our guarantees in Theorem 3.5 directly follow from Corollary D.2.

Corollary D.2. Let S be a collection of subsequences. For a collection of events £ and convex prediction/outcome space
Y C [0,1)%, Algorithm I instantiated with the event collection {1[t € S| - E}scs pes outputs, on any T-round transcript
wr, a sequence of predictions p1, ..., pr € Y satisfying that, with probability at least 1 — §:

ZE(JUnPt)(pt = Yt)

tes

< O | In(dI€|[S|T/8) - |S|/* + \/1n(d|5||ST/5) Y E(xi,p)

[eS) tesS

£

The algorithm can be implemented with per-round running time scaling polynomially in d, |E|, and |S).

Proof. Fixanym € [d], E € €, and S € S. Consider the sequence {E (¢, pt)(Pt,m — Ye.m) — Ep, o, [E(@t, Dt) (Dtm —
Ye.m)] }thl, where p; ,, and y; ., are the m-th coordinate of p; and y;, respectively. It is a sequence of martingale differences,
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since for any ¢ € [T7:

E | E(zt,pt) (Pt,m — Yem) — E [E(@e,pt) 0rm — Yem)] | o(npt, )| = 0.

P~

The subsequence of these terms corresponding to rounds ¢ € S, i.e., {E(z¢, pt)(Pt,m — Yt.m) — Ep,~u, [E (@4, Dt) (Dtm —

Ye.m)| }tes, is also a martingale difference sequence, because the selection rule is predictable with respect to the filtration
<t
o(mr’, zy).

By Freedman’s inequality (Lemma 1.2), we have that with probability at least 1 — dI%HSI:

ZE(xtvpt)(pt,m - yt,m) - E [E(itvpt)(pt,m - yt,m)]

tes tes PV

Pt~

< O( In(d|€[|S|n(|S)/6) - Y E

tesS

(E(xt,pa(pt,myt,m) 5 [E(xt,po(pt,myt,m)]) |a(w;t,xt>]

+In(d[€]|S] 1m(SI)/5)>

<0 \/1n<d|6||8|/6> S E[(B@p)Gim — n)? | o5 2] + (dlE]S1/6)

tes

<0 \/ln(dISIISIIH(ISI)/5) Y E[E(z,pi) | o(n5',z4)] + In(d|E]|S] (] S])/6)

tesS

where the second inequality follows from the fact that the conditional variance is less than or equal to the conditional second
moment, and the third inequality follows from the fact that E(xy,p;) € [0,1] and |py m — Ye.m/| € [0, 1].

Using the union bound over all m € [d], E € £, and S € S, we have that with probability at least 1 — ¢, for any E € £ and
any S € S:

> B@up)pe—y) =3, B [Ewep) e w)
tes tes T

o0

<0 \/1n(d|€||8 I(S))/6) - S_E [Ews,pe) | o(m5t,z,)] + In(d|E]|S|In(|S])/3)

tesS

By applying Theorem D.1 with the event collection {1[t € S] - E}ses,pee and combining its guarantee with the deviation
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bound above, we derive that with probability at least 1 — §, forany F/ € £ and any S € S:

Z E(z, pe) (e — yt)

tes ~
T
Z 1t € S]E(z¢, pe) (Pt — Y1)
1 ptN’lPt oo
+11 B ) (e —ve) — B [E(ze,p)(pe— ye)]
tes tes Pt

o0

<0 1n<d|s||S|T>+wnmwwn-z E (B,

tes’’

tes

+0 \/ln(df’?lslln(ls)/é) - E[E(ze,pt) | o(n7',20)] + In(d|E]|S] In(]S]) /)

go(\/1n(d|5||5|:r/5 > E, (B pol

tes Pt~

+ \/1n(d|8|8|T/6) . ZIE [E(ze,pe) | o(ngt,ay)] + ln(d5|8|T/6)>.

tesS

The next step is to bound the deviation of }_, ¢ E(x,p;) from its expectation ), oy, ~y, [E (24, p)] and from its

conditional-expectation-based version Y, ¢ E [E(zy, py) | o(75", 2)] forany S € S and E € €. We will again apply a
martingale concentration inequality.

Fix any £ € £ and S € S. Consider the sequence {E(z¢,p;) — Ep,~y, [E(21,p:)] 1, and the sequence {E(z¢,p;) —
E [E(zi,pt) | o(m5", 24)] }{_,. Both of them are sequences of martingale differences, since for any ¢ € [T7:

E |E(x,pt) — E¢ [E(ze,pe)] | U(”;t7$t) =0

Pt~

E [E(xe,pt) = E [BE(ze,pe) | o(n',20)] | o(n5 20)] =0

The subsequence of these terms corresponding to rounds ¢ € S, i.e., {E(z¢, pt) — Ep, ~y, [E(xt, pt)] }tes and {E(x¢, p) —

E [E(zy,pt) | o(m5", 24)] }es. are also both martingale difference sequences, because the selection rule is predictable with
respect to the filtration o (75", ).

By Azuma-Hoeffding inequality (Lemma H.1), we have that with probability at least 1 —

ZE(lft,pt) - Z @wt[E(l"t,pt)]

Pt

5.
2d[E][s]

< 2¢/2In(4d|€]|S]/3) - |9]

tes tes
Y E(xip) =Y E[E(w,p) | o(ri' 2] | < 2v/2In(4d|E][S]/6) -|S].
tes tes

Using the union bound over all £ € £ and S € S, we have that with probability at least 1 — J, for any £/ € £ and any
Ses:

> B@p) =Y E [Blep)l| < O (Vi(E]S)/5) -[9)

tes tes

ZE(UCuPt ZE (@4, p1) |U(7TT 7%&)]

tesS teS

< 0 (VIn(dEl[S]/9) - 151)
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Finally, substituting the above concentration bound for » -, o E(x, p;) into our high-probability guarantee yields the final
result, with probability at least 1 — 4.

Z E(xe, p) (e — yt)

tes

o0

<0 \/1n(d|€|S|T/5) > (E(xt,pt) +0 (\/ln(d|5||8\/5) - |S|)) + In(d|&]|S|T/3)

tes

<O | In(d|E[[S|T/3) - |SI'* + \/1n<d|5||S|T/6> > B(xi,p1)

tes

E. Handling the Expected-Constraint Benchmark

In our main text, we focused on the realized-constraint benchmark AC”\, where actions must satisfy cj(a7 yr) < —Ain

every round ¢ € S. Prior work (Bechavod et al., 2025) also considered the expected-constraint benchmark AI‘ES[C] ”\, where
actions need only satisfy E,, .y, [¢;(a,y:)] < —A. In Bechavod et al. (2025), handling this benchmark was more involved
and required a different algorithm than the one used for the realized-constraint benchmark.

Here, we show that our approach is general enough to handle AE[C]”\ with the same algorithm and achieve the same
asymptotic bounds. The core of our guarantees (e.g., Theorem 3.7 and Theorem 3.10) relies on Lemma 3.6, which bounds
the number of times a benchmark action is incorrectly predicted as infeasible. We now show how the proof of Lemma 3.6
can be adapted for the expected-constraint benchmark.

Leta € AE[C] * be a benchmark action from the expected-constraint class. The proof proceeds analogously to that of Lemma
3.6. On any round ¢ where action a is predicted to violate the j-th constraint, we have c;(a, p;) > 0.

The next step of the original proof, however, no longer holds. We cannot claim ¢;(a, ;) < —A. Instead, for the expected-
constraint benchmark, we only know that E, .y, [c;(a,y:)] < —A. Combining these two facts gives a different gap:
cj(a,pr) — Ey,~v,[ci(a, y.)] > A. Summing this difference over all rounds in S where a is predicted to violate the j-th
constraint, we get:

T
Z]l [t €S,a€ f“mf} (cj(a,p) — E_[ej(a,ye)]) > AT ().

~Y,
=1 Yt t

To connect this to our calibration guarantee, we add and subtract ¢, (a, y,) inside the summation:

T
ATe St () < Z 1 [t € S,ac A;""mf} (cj(a,pe) — cja,ye))

t=1

T
+)°1 {t €S,a¢€ ﬁfj’inf} (cjla,y) = Elej(a,y0)))-

=1 Yt t

The first term on the right-hand side is bounded exactly as in the original proof of Lemma 3.6. By linearity, L¢-Lipschitzness,
and (N, S, B)-infeasibility calibration, we have:

T
Z 1 [t €S,ac ﬁf"’mf] (c¢j(a,ps) — cj(a,ys)) < LeB(T9 5 (a)).
t=1

The second term, 3, 1 {t €S,ac ﬁf"’inf} (cj(a,ys) — Ey,~v,[cj(a, y1)]), is new. By the Azuma-Hoeffding inequality
(Lemma H.1) and a union bound over all .J|.A||S| possible events (accounted for in our In(¢) term), we have with probability
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atleast 1 — ¢:

<0 ( TesSint (q) 1n(<)> :

Yt~ re

T
Z 1 [t € S,a€e Afj’lnf] (cjla,yr) — Ey [cj(a,y)])

Combining these bounds, we get:

AT S (a) < Lep(T 5 (@) + 0 (/TS (@) ).

Substituting the concrete form of §(-) from Theorem 3.5:

AT S (q) < Le - O (m(g) SISV 4 \/1n(g) -cha&i“f(a)) +0 ( TeisSinf (g) 1n(g)> :

The new term is asymptotically absorbed by the O(1/In(() - T-5:"f(a)) term already present in the calibration guarantee.
Thus, the inequality remains asymptotically unchanged:

AT%" (a) < O <1n(<)|sl/4 + ln(C)TCJ‘vSvinf(a)) :

Solving for 75" (q) yields the same asymptotic bound as in Lemma 3.6. Consequently, all subsequent guarantees in
Theorem 3.7 and Theorem 3.10 that depend on this term hold for the expected-constraint benchmark with the same order of
bounds.

F. Achieving Best-in-Class Predictive Performance

In Section 2, we noted that our framework can incorporate benchmark predictive models. This “best-in-class” guarantee is a
powerful feature of the underlying UNBIASED-PREDICTION algorithm from Noarov et al. (2025), and it can be seamlessly
added to our approach. The core idea is to augment the collection of conditioning events used by our algorithm. In addition
to the events required for decision calibration (Definition 3.2) and infeasibility calibration (Definition 3.3), we can add a new
set of events designed to compare our predictor p; against a benchmark class of predictors, Q.

Let Q be a collection of predictors. Each ¢ € Q is a model that maps the feature x; to a prediction g(x;) € ) of the outcome
y;. Following Noarov et al. (2025), we can force our predictor to be “as good as” ¢ by defining events based on the joint
values of p; and ¢(z;). This is typically done by discretizing the prediction space into a set of d-level sets (or bins). For each
coordinate ¢ € [d], predictor ¢ € Q, and pair of bins (€, 2;), we define a new event:

E;’a’b(pt) = 1[ps,i € Qa, q(w¢)i € N

We then instantiate the UNBIASED-PREDICTION algorithm (which we call DECISION-INFEASIBILITY-CALIBRATION in
our main text) with the union of our original calibration events and this new collection of model-comparison events.

Running our algorithm on this final, larger set of events yields two guarantees simultaneously. First, since our original
calibration events are still included in the collection, all our guarantees for dynamic regret and constraint violation continue
to hold. The only change is that the In({) term in our bounds will be slightly larger, as ¢ now depends on the size of
this larger event collection, but this is only a logarithmic increase. Second, as proven in Noarov et al. (2025), forcing
unbiasedness on these new events guarantees that our predictor p; achieves a cumulative loss measuring predictive accuracy
that is as low as the loss of the best predictor ¢ € Q, up to a sublinear o(T’) term.

In summary, this “stacking” of event sets allows our single set of predictions p; to simultaneously provide guarantees on
downstream decisions (low regret and constraint violation) and on its own predictive accuracy (no worse than the best
benchmark model). For a formal proof of the best-in-class guarantee, we refer the reader to Noarov et al. (2025).
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G. Illustrative Experiment

We include an experiment comparing the elimination-based method of Bechavod et al. (2025) with our proposed method.
The experiment illustrates that as the number of subsequences grows, our method keeps cumulative constraint violation
small while maintaining low constrained external regret against the feasible benchmark. In contrast, the elimination-based
method can obtain low regret in this synthetic setting only while accumulating substantially larger cumulative constraint
violation.

G.1. Setup

We use three agents and two actions, which we call safe and risky. Outcomes are represented as y = (y1, y2, 1), where the
last coordinate is a constant coordinate used to express affine utilities and constraints as linear functions of the augmented
outcome. The realized outcome is fixed across all rounds at

y: = (0.8,0.8,1),
and the horizon is T = 64. The positive margin for the benchmark class is A = 0.03.
The prediction space used in the experiment is the finite grid
{0,0.25,0.5,0.75, 1} x {1}.
The action safe is common to all agents and satisfies
u(safe, y) = 0.50, c(safe,y) = —0.25.

The action risky has agent-specific utility and constraint functions, shown in Table 1. On the realized outcome, risky
violates the constraint for all three agents, but its utility is worse than safe for Agent A and better than safe for Agents B and
C.

Table 1. Agent-specific risky-action utilities and constraints in the synthetic experiment. The safe action has utility 0.50 and constraint
value —0.25 for every agent.

Agent u(risky,y) c(risky, y) u(risky, (0.8,0.8,1))  c¢(risky, (0.8,0.8,1))
A —0.20y; — 0.20y2 +0.70 y; —0.35 0.38 0.45
B —0.10y; — 0.10y2 +0.80 y2 —0.35 0.64 0.45
C 0.20y; — 0.25ys +0.55  0.50y;, +0.50y, — 0.35  0.51 0.45

For a total of |S| = m + 1 subsequences, one member of S is the full sequence [T, and the remaining m members partition
the time indices by their residue class modulo m. We consider |S| € {5, 15, 25, 35,45, 55,65}.

G.2. Algorithms and Metrics

We compare two methods on the same realized outcome sequence. The first method is the elimination-based method of
Bechavod et al. (2025). Each agent maintains, for each active subsequence, the set of actions that have not yet violated the
realized constraint on that subsequence. Predictions are generated using decision-calibration events corresponding to the
actions selected by this elimination procedure. The second method is our proposed method, which generates predictions
using DECISION-INFEASIBILITY-CALIBRATION and has agents play constrained best responses to those predictions.

The numerical implementation uses the finite grid above and solves the per-round finite minimax problem by linear
programming. This is a finite-grid implementation of the prediction step used by both methods in this experiment, not an
implementation of the most general algorithm.

We report the paper’s cumulative constraint violation on the full-sequence subsequence. We also report constrained external
regret against the positive-margin benchmark class Ag’)‘. In this experiment, safe is the feasible benchmark action for all
agents. Negative regret values therefore mean that the realized policy obtained higher utility than this feasible benchmark,
possibly by choosing the constraint-violating risky action.
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G.3. Results

Figure 1 shows the resulting CCV and regret, with each agent shown separately. The top row varies |S|, while the bottom
row fixes |S| = 35 and shows how the metrics evolve over time. All reported quantities are computed on the full sequence
[T]. The top-left panel illustrates that as the number of subsequences grows, the elimination-based method accumulates
substantially larger CCV on the full sequence. This occurs because constraint-violating actions are eliminated separately
across subsequences, so an action can remain available on one subsequence even after it has violated the constraint on
another subsequence. In contrast, our method uses infeasibility events tied to predicted feasibility, and the resulting CCV
remains much smaller in this synthetic setting.

The regret panels should be read together with the CCV panels. The elimination-based method can have lower regret values
because it continues to choose the high-utility risky action on some subsequences, but this is exactly what leads to its large
CCV. Our method instead maintains low constrained external regret against the feasible benchmark while keeping CCV
small. This is consistent with our theoretical guarantees: incorporating predicted infeasibility into the prediction process
allows agents to play constrained best responses while avoiding the unfavorable dependence on the number of subsequences
that arises from running the elimination procedure on each subsequence.

- Elimination-based method

CBR (ours) —e— AgentA —m=- AgentB --A- AgentC
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30 4
A
- Om!’j—
Be——a— - ZZz
20 - o S, " B
s -2 b €
/,I’ » ~o
> 104 'S o h
o ,X oA o —4 1 NS
O -, S Q u
o
0 1 e A SO
R A =6 A u
/'.’ . \\.
—10 1 - "‘——.——_ P el T —8 1 RS
EtS=xe 2 2 2 Sm
5 15 25 35 45 55 65 5 15 25 35 45 55 65
Number of subsequences, |S| Number of subsequences, ||
CCV over time, |S| =35 Regret over time, |S| =35
15
/’.‘\‘I\\
\ Nl = = = = - - ——
-1 A \\
o \
> L -2 S
@] o w
O Q
o 34 \
™
—4 A \
N\
s i p—w—m--
1 16 32 48 64 1 16 32 48 64
Round, t Round, t

Figure 1. Synthetic comparison between the elimination-based method and our proposed method. The top row varies the number of
subsequences |S| with fixed horizon T" = 64; the bottom row fixes |S| = 35 and plots the trajectory over time. All quantities are
computed on the full-sequence subsequence. The elimination-based method accumulates substantially larger CCV as |S| grows; its lower
regret values in this setting come from continuing to choose constraint-violating actions. Our method keeps CCV small while maintaining
low constrained external regret against the feasible benchmark.
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H. Azuma-Hoeffding’s Inequality

Lemma H.1. Let Z1, ..., Zp be a martingale difference sequence. |Zy| < M for all t. Then with probability at least 1 — §:

T
>z

t=1

2
<M 2T1ng

I. Freedman’s Inequality

The following lemma gives a standard form of Freedman’s inequality, which can be found in works such as Tropp (2011).

Lemma L1. Let (F;)}, be a filtration. Let Zy,...,Z, be a martingale difference sequence with respect to (F;)I"_,.
Z; < M foralli. Let V,, = > | E[ZZ|F;_1]. Then, for all T > 0 and v > 0,

P EnZ> V,<uv| <e /2
i = TyVn S S ex T T A o
P v+ M7/3

i=1

We derive the following convenient form that we use in our proofs.

Lemma 1.2. Let (F;)I', be a filtration. Let Zy,. .., Z, be a martingale difference sequence with respect to (F;)7_,.
Z; < M foralli. Let V,, = Y| E[Z2|F;_1]. Forany § € (0, 1), with probability at least 1 — §:

n

> zZi< 2\/Vn (In(1/8) + Char) + <§M + 3) (In(1/8) + Cr, )

where Cy, pr = 2In(In(nM?) + 1) + 21n(2).

Proof. Let T = /2vIn(1/6) + 2 M In(1/4), it satisfies that — > In(1/6), because:

72/2 — (v + M7/3)In(1/4) =vln(1/0) + 5 E5Ye In%(1/8) + /2v1n(1/6) - Mln (1/6)
—vln(1/6) — fM (\/W+ Mln(1/6)> In(1/6)
2v1n(1/5) - Mln(l/é) - fM 201n(1/5) - In(1/5)

= S /20 m(1/6) - n(1/9)

>0

Applying Lemma I.1 with this choice of 7, we derive that for any § € (0,1) and v > 0:
. 2
P (Z Zi > +/20In(1/6) + SMn(1/0), V, < v) <46
i=1

Let K = [logy(nM?)]. Let 6, = -32; and vy, = 2" for k = 1,..., K. Instantiate the above inequality with 65, and v, we
have for any k € [K]:

P(Ey) < i

where F). denotes the event:
i 2
= {Z Z; > /20 In(1/6;) + ngn(l/(Sk), Vi, < vk}
i=1
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Applying the union bound, we have:

P (UL Ey) <) P(Ey)

IA

M= 1= T
(=9
.

m2k?

AN
o,
£

Therefore, with probability at least 1 — 4, none of the events E}, occurs. We will prove that our desired guarantee holds true
conditional on this high-probability event N¥_, F¢.

For convenience, let vy = 0. Then {(vg_1,vx]} -, forms a partition of (0, 2%]. Since 0 < V,, < nM? < 2% there must
exist k € [1, K], such that vy_1 < V,, < vg.

Since Ej, does not happen, it must be that Y7 | Z; < \/2vj, In(1/6;) + 2M In(1/6).
If k € [2, K], then vy = 2vj_q < 2V,,. Hence, Y. | Z; < \/4V, In(1/6;) + 2M In(1/6;).
If k = 1, then v, = 2% = 2. Hence, ;" ; Z; < 24/In(1/6;) + M In(1/6y,).

Therefore, conditional on the event ﬁleEg, which happens with probability at least 1 — ¢, it always holds true that:

> Zi < 2V In(1/6k) + 2¢/In(1/6x) + ;Mln(l/ék)

i=1

By definition of J, we have In(1/d;) = In % >In %2 > 0.49. Hence, 1/In(1/d;) > 0.7. Then we have:
n 2
> Zi < 2y/ Vo In(1/6) +3- 0.7+ /In(1/5;) + S M In(1/5;)
i=1
2
< 24/ViIn(1/01) + <3M + 3) In(1/6)

We note that
m2k?
60

wk
= ZIH% +1n(1/9)

<2In % +1n(1/6)

r(logy(nM?) + 1)
V6

< 2In(2In(nM?) + 2) + In(1/0)

= Cypr +In(1/6)

In(1/6x) = 1n

<2In +1n(1/0)

Therefore, with probability at least 1 — §:

Sz < 2,/Via (I0(1/6) + Cooar) + <§M + 3> (In(1/8) + Coar)
i=1
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J. Use of Large Language Models

We used Gemini 2.5 Pro as a writing assistant. Its use was focused on improving language and readability, including tasks
such as correcting grammar, refining sentence structure, and ensuring stylistic consistency.
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