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Abstract

In this paper, we propose a general theory of
ambiguity-averse MDPs, which treats the uncer-
tain transition probabilities as random variables
and evaluates a policy via a risk measure applied
to its random return. This ambiguity-averse MDP
framework unifies several models of MDPs with
epistemic uncertainty for specific choices of risk
measures. We extend the concepts of value func-
tions and Bellman operators to our setting. Based
on these objects, we establish the consequences
of dynamic programming principles in this frame-
work (existence of stationary policies, value and
policy iteration algorithms), and we completely
characterize law-invariant risk measures compati-
ble with dynamic programming. Our work draws
connections among several variants of MDP mod-
els and fully delineates what is possible under the
dynamic programming paradigm and which risk
measures require leaving it.

1. Introduction

Markov Decision Processes (MDPs) are a model of sequen-
tial decision-making in which an agent repeatedly interacts
with a system to optimize rewards over a (possibly infinite)
horizon (Puterman, 1994). It is well-documented that the
performance of a policy, which dictates the choice of actions
given the current state of the system, may severely deteri-
orate when the model parameters (such as the transition
probabilities across states) are incorrect (Delage & Mannor,
2010). This epistemic uncertainty may occur in applications
with high stakes, e.g., healthcare (Goh et al., 2018; Steimle
et al., 2021) and vehicle routing (Miao et al., 2017).

The issue of model errors has been addressed in several
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ways in the literature. Robust MDPs (RMDPs) posit that the
true parameters belong to an uncertainty set and optimize for
the worst-case parameter realization (Iyengar, 2005; Nilim
& El Ghaoui, 2005; Wiesemann et al., 2013); the uncer-
tainty set represents all plausible parameter realizations and
can be estimated from a dataset. RMDPs are among the
most well-studied MDP models with uncertain kernels, and
under appropriate rectangularity assumptions, they can be
solved efficiently via dynamic programming (Wiesemann
et al., 2013; Grand-Clément et al., 2024). Several other
frameworks for MDPs with uncertain parameters exist, e.g.,
multi-model MDPs (Steimle et al., 2021; Su & Petrik, 2023)
that optimize over the average of the return across plausi-
ble parameters, models based on value at risk (percentile
optimization) (Delage & Mannor, 2010; Petrik & Russel,
2019; Behzadian et al., 2021), conditional value at risk
(CVaR) (Lobo et al., 2020; Lin et al., 2022) and the en-
tropic risk measure (ERM) (Russel et al., 2020).

Overall, several “uncertain MDP”” models have been intro-
duced independently, each with its own ad hoc analysis.
For some models, computing an optimal policy is tractable
via dynamic programming (RMDPs), for others, computing
an optimal policy is NP-hard (e.g., for multi-model MDPs
and percentile optimization), and for others, the answers to
these questions are unknown (e.g., models based on CVaR
and ERM). One may wonder whether there is a common
perspective unifying these models, and, crucially from an ap-
plication standpoint, whether one could design new models
with favorable tractable properties (beyond RMDPs).

In this work, we propose a unifying model for MDPs with
uncertain parameters. Our contributions are as follows.

* We propose ambiguity-averse MDPs, a principled ap-
proach to epistemic uncertainty in MDPs, where the un-
certain transition probabilities are modeled as random
variables, and the return is estimated using a risk mea-
sure capturing the agent’s risk preferences. This model
unifies most of the literature on MDPs with parame-
ter uncertainty. We then introduce the generalization
of the dynamic programming principle for ambiguity-
averse MDPs, which states that ambiguity-averse value
functions are fixed points of some Bellman operator.

* For a broad class of risk measures satisfying a set of
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axioms, we prove that the fundamental properties of
the Bellman operators (monotonicity and contraction)
are preserved. We then establish that dynamic pro-
gramming implies key structural and computational
guarantees, most notably, the existence of stationary
optimal policies and the validity of value and policy
iteration algorithms.

* Finally, we fully characterize the risk measures for
which ambiguity-averse MDPs satisfy dynamic pro-
gramming. Surprisingly, we show that, under a law-
invariance and monotonicity assumption, or under a
continuity assumption, dynamic programming forces
the objective to collapse to only robust, optimistic, or
risk-neutral MDPs (we refer to Theorem 4.4 and Theo-
rem 4.5 for formal statements).

Overall, our work provides a unified perspective on parame-
ter uncertainty in MDPs within the dynamic programming
framework. On the one hand, dynamic programming en-
ables several desirable tractability properties, however it
also severely limits the choice of risk models (among law-
invariant risk measures). Our work emphasizes that de-
signing further tractable ambiguity-averse MDP instances
requires either going beyond dynamic programming and
allowing, for instance, state-augmentation (Chow et al.,
2015), or solutions based on direct gradient descent of the
returns (Wang & Zou, 2022), or sticking to dynamic pro-
gramming but going beyond law-invariance (e.g., focusing
on nested risk measures (Ruszczynski, 2010)).

In the rest of the paper, we first provide background on
MDPs and risk measures, then introduce the framework of
ambiguity-averse MDPs, and finally state our main results
on the algorithmic implications of dynamic programming
and characterize risk measures compatible with dynamic
programming. All the proofs are detailed in the appendices
and we provide a literature review in Appendix C.

Notations Random variables are denoted by a capital let-
ter and a tilde, e.g., X or S. We denote by L2°(B) the set
of bounded random variables with convex support (see for
instance Definition A.1) that are almost surely in B. The
simplex over a set S is denoted by A(S). For two vec-
tors v, w € R, the inequality v < w is component-wise:
v(s) <w(s),VseS.

2. Preliminaries

We first introduce (nominal) MDPs and risk measures.

2.1. Nominal MDPs

A (discounted) MDP is a tuple Mp = (S, A,r, P, v, 1),
where S, A are finite state and action spaces, 7 € RS*AXS

represents the instantaneous rewards; i.e., 7(s,a,s’) € R
is the reward when taking action « in state s and moving
to state s’, and P is a (fixed) transition probability kernel
in A(S)S*A. The vector u € A(S) is the initial proba-
bility distribution, and the scalar v € [0,1) is a discount
factor. A history-dependent policy maps any finite history
(s0, a0, 81, ---, S¢) up to period t € N to a distribution over
actions in A(A). A stationary policy can be identified with
amap S — A(A). The set of history-dependent (resp. sta-
tionary) policies is denoted by Il (resp. IIs). The goal of
the decision-maker is to find an optimal policy that maxi-
mizes the expected discounted return; i.e., to solve

sup EZ;P (Z ’ytr(s’tagtagt-‘rl)) ) (1)

welly =0

where (S}, A;) is the (random) state-action pair visited at
time ¢ and IEZ’P is the expectation with the measure induced
by 7, P, ju over the trajectories (S;, A;);en. Note that the
discounted return is equal to p' V™F with V™ € RS
the value function which characterizes the return obtained
starting from each state and is defined as follows:

VW’P(S) = ]E;r’P (Z ’Yt’f’(gt7 At, §t+1)> s (2)

t=0

for w € IIy and s € S. Given some transitions P and a
stationary policy 7 € Ils, the associated Bellman operator
is denoted as T™F : RS — RS with, forv € RS, s € S,

TPy (s) 3)
= Z (s, a) Z P(s,a,s") (r(s,a,s) +~yv(s)) .
acA s'eS

T™F is a contraction for the ¢..-norm, and its unique fixed-
point is the value function vy (Puterman, 1994):

VTr,P —_ TW,PVmP ) (4)

Moreover, the optimal value function VX € RS defined
as VP (s) = sup,cp, V7T (s) for s € S, satisfies the
following Bellman optimality equations:

VP (s) = max T™PVFP(s),VseS. Q)
wells

A stationary optimal policy can be computed by choosing a
policy that attains the max in the right-hand side of (5). The
fact that value functions and optimal value functions satisfy
fixed-point equations as in (4) and (5) is usually referred to
as the dynamic programming principle (Wang et al., 2023;
Grand-Clément et al., 2024) and plays a central role in the
favorable tractability properties of nominal MDPs. In par-
ticular, computing an optimal policy can be done efficiently
by value iteration, policy iteration, linear programming, and
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gradient descent (see, e.g., Puterman, 1994). One of the
main objectives of our work is to understand, in the case
where the transition probabilities are uncertain, when a sim-
ilar dynamic programming principle holds. To this end, we
rely on risk measures that we now introduce.

2.2. Risk measures

A risk measure is a map from random variables to R. Ex-
amples include the expectation: p(X) = E(X) and the
Value-at-Risk (VaR,,) defined as the upper (1 — «)-quantile
of X: VaR,(X) = inf{z € R | P(X < z) > 1 — a} for
some « € (0, 1), as well as the essential infimum (ess inf)
and the essential supremum (ess sup), defined as

essinf(X) = sup{b € R | P(X < b) = 0}
X

esssup(X) = inf{b € R | P(b < X) = 0}

which coincide with the infimum and supremum of the
support of X (when X is bounded, see Lemma A.2). Re-
cent work on risk-averse MDPs has also focused on the
Conditional Value-at-Risk (CVaR) (Chow et al., 2015; God-
bout & Durand, 2025), the Entropic Risk Measure (ERM)
and the Entropic Value-at-Risk (EVaR) (Hau et al., 2023b).
The terminology “Conditional Value-at-Risk™ should not be
confused with the conditional risk mappings used in time-
consistent dynamic risk models, e.g. (Ruszczynski, 2010).
In this paper, CVaR is a static risk measure (also called
Average Value-at-Risk, Tail Value-at-Risk, or superquantile)
applied to a single random variable. Classical analysis of
risk measures focuses on a small number of important prop-
erties. We introduce here the ones that play a role in our
framework:

* A risk measure p is monotone if p(.

X) > p(Y) for any
random variables X, Y such that X > S.

Z
Y a.

* A risk measure p is translation-invariant if p(f( +

¢) = p(X) + ¢, for any ¢ € R and random variable X.

* A risk measure p is law-invariant if it only depends on
the law of the random variables, i.e. if p(X) = p(Y)
for any random variables X, Y that have same law. We
provide an example and a discussion on risk measures

that are not law-invariant in Example A.3.

Most standard risk measures, including E, essinf, ess sup,
VaR, CVaR, ERM and EVaR, satisfy these properties. Non-
law-invariant risk measures exhibit less interpretable be-
haviours, see Example A.3 for an example. We refer to
Chapter 4 in Follmer & Schied (2016) for an introduction
to risk measures and to Appendix A for further details.

3. Ambiguity-averse MDPs
3.1. Definition, objectives and examples

In this section, we introduce the framework of ambiguity-
averse MDPs to model parameter uncertainty in MDPs.
The main idea is to consider the transition probabilities
as a random variable P with distribution v, so that the
return 4| V™ is itself a random variable and the decision-
maker optimizes for 7 + p(u' V™F), where p is a risk
measure. We focus on uncertain transition probabilities and
known rewards (this is the most difficult case, already for
RMDPs (Grand-Clément et al., 2024)).

Definition 3.1. A (discounted) ambiguity-averse MDP is
atuple M, = (S, A,r,v,~, 1) where S, A, 7,7, u are de-
fined exactly as in nominal MDPs (see Section 2) and v is
a probability distribution over the set A(S)S* of feasible
transition probabilities.

The distribution v models the likelihood of each realiza-
tion of the transition kernels in A(S)S*4. Uncertainty
in transition probabilities is frequent in high-stakes appli-
cations where model parametrization is difficult, e.g., in
healthcare (Goh et al., 2018; Steimle et al., 2021). Since
A(S)5*A is bounded for fixed (S, A), any measure v in
an ambiguity-averse MDP necessarily has compact support.
The distribution v naturally induces a distribution for the se-
quence (I:’t)teN of random kernels for each decision period.
To fully specify the dynamics induced by an ambiguity-
averse MDP instance, we consider two types of uncertainty:

Definition 3.2. Let M, be an ambiguity-averse MDP. The
(random) transition kernels (]St)teN are static if P, = P,
for any t € N, with Py ~ v. The transition kernels are
resampled if (ﬁt)teN is i.i.d. with distribution v.

We refer to Appendix B for a rigorous formalization of these
notions. In principle, one can extend the model of resampled
kernels to independent variables, not necessarily identically
distributed, i.e., to the case where 1575 ~ vy foreacht € N
and some distributions (14)en. We consider only the i.i.d.
setting here to simplify the exposition of our main results,
and because this model reduces to i.i.d. kernels for distribu-
tionally robust MDPs; see Appendix B.1. We note that value
functions V™% naturally extend to the case where P repre-
sents a sequence of kernels (we slightly overload notation
here; see Appendix B). We note that considering static or
resampled kernels leads to very different computational im-
plications. For instance, for multi-model MDPs, it is known
that static kernels lead to NP-hard problems (Steimle et al.,
2021) while with resampled kernels, multi-model MDPs
can be solved efficiently by dynamic programming.

We use the following notion of product structure.

Definition 3.3. A distribution v on A(S)®* is said to have
a product structure if for any P ~ v, the family of random
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variables { P(s,-,-) € A(S)* : s € S} is independent.

We say that M, has a product structure when v does. In this
case, the support of v, which is a subset of the set of ker-
nels A(S)S*4, has the classical s-rectangularity property
widely studied for robust MDPs (Wiesemann et al., 2013)
and necessary for the existence of Bellman equations in the
context of robust MDPs (Grand-Clément et al., 2024), see
Appendix C for details.

We will use the following simple example to illustrate the
model of ambiguity-averse MDPs.

Example 3.4. Figure 1 provides a simple example of an
ambiguity-averse MDP. There is only a single action and

()10

Figure 1. Ambiguity-averse MDP with two states and one action.
The edges (s, a, s") are labeled with pairs (P (s, a, s'),r(s,a, s")).

the state End is absorbing. The transitions from state Start

are modeled with a random variable X with a uniform dis-

tribution on [0, 1]. Here, v is the distribution of the random

matrix <X I-X
0 1

is resampled i.i.d. at each period ¢t € N. In the case of static

kernels, there is a single sample of X at time t = 0, so that

the kernel ]5,5 attime t € Nis Pt = (‘)é 1 _1X) .

. In the case of resampled kernels, X

Given an ambiguity-averse MDP M,,, and a risk measure p,
the objective of the decision maker is to solve:

sup p (EZ’IS<Z’yt7‘(§t,flt,§t+1))) , (6)
t=0

melly

where the inner expectation EZ>P is over random trajecto-

ries (S't, /L)teN a~nd the~ risk measure p is over the random
kernel sequence P = (P;);cn. Note that the objective func-

tion in (6) can be formulated as m — p (uTV“*ﬁ) , with
nominal value functions defined in (2). Similarly to the case

of nominal MDPs, we define the ambiguity-averse value
function V™*? € RS under policy 7 € ITy as:

VTR (s) = p (v”:ﬁ(s)) . VseS,

where we recall that the nominal value function is defined
in Equation (2). We recall that the randomness (for the risk
measure p) is only in P. The optimal ambiguity-averse
value function V¥ € RS is

V¥P(s) = sup V™"P(s),
ySm

VseS.

Examples and related work We briefly overview some
important examples of ambiguity-averse MDPs here; see
Appendix C for a rigorous presentation.

* Nominal MDPs with (fixed) kernel P correspond to
static kernels with v a Dirac distribution supported on
P, and p(X) = E”(X), so that we recover the classical

nominal MDP objective: p(u V™) = uTvV™F.

* Robust MDPs with compact convex uncertainty set
‘P correspond to static kernels, with v supported on
P, and p(X) = essinf(X), so that we recover the
classical RMDP objective (Wiesemann et al., 2013):
p(pTV™P) = infpep u" V™. The case of robust
MDPs with Markovian kernels can be modeled with re-
sampled kernels, see Appendix C. We also cover opti-

mistic MDPs for p(X) = esssup(X), see Lemma A.2
for the connection between ess inf, ess sup, inf, and sup.

¢ Multi-model MDPs (MMDP) with a distribution v
over the plausible realization of the transition kernels

correspond to p(X) = E¥ (f( ) Most of the litera-

ture focus on the case of static kernels, for which we re-
cover the qlassical MMDP obiective (Steimle et al., 2021):
p(u'V™P) = E¥(uTV™F). Multiple-environment
MDPs (MEMDPs) with prior semantics can be repre-
sented in the same way, while the adversarial semantics
of MEMDPs are closer to static robust MDPs with a pos-
sibly non-convex set of environments (Raskin & Sankur,
2014; Chatterjee et al., 2020; Bordais & Raskin, 2026),
see Appendix C for more detail.

* Percentile Optimization with distribution v and risk
level « € (0,1) corresponds to static kernels, with
p(X) = VaR,(X), so that we recover the popular per-
centile optimization objective (Delage & Mannor, 2010;
Cousins et al., 2023): p(u' V™) = VaR,(u"V™F).
Similarly, we can recover related frameworks that use
risk measures other than VaR, referred to as soft-
robustness (Lobo et al., 2020) or Bayes risk-aversion (Lin
et al., 2022), by choosing the appropriate risk measures.

We refer to Table 1 for a summary of these reformula-
tions. Given this unification, a natural question that arises
is whether we can compute an optimal ambiguity-averse
policy in general; i.e., whether we can solve (6) efficiently.
Given the central role of Bellman operators and Bellman
equations in solving nominal and robust MDPs, we next
extend these notions to ambiguity-averse MDPs.

Remark 3.5. Distributionally robust MDPs (DRMDPs)
require an ambiguity set of plausible distributions and not
just a single distribution v as in Definition 3.1. To model
DRMDPs as ambiguity-averse MDPs, one would need the
formalism of ambiguous probability space (Delage et al.,



Dynamic Programming for Epistemic Uncertainty in Markov Decision Processes

Table 1. Summary and properties of the main variants of MDP models studied in this paper. These models are reformulated as ambiguity-
averse MDPs with a risk measure p(X'). For nominal MDPs, we note “dp” for a Dirac measure supported on the set { P}. For robust
MDPs and optimistic MDPs, we assume a rectangular convex compact uncertainty set. The column “DP” indicates whether Condition 1
and Condition 2 hold. The column “7* € IIs” indicates that an optimal policy can be chosen stationary. The column “Trac.” indicates

whether the problem is tractable: for this column, “Xx” refers to NP-hardness, “v"” refers to problems that can be solved in polynomial

time (when the discount factor is fixed), and “?” refers to unknown status.

Name Objective Risk measure p(X ) Static Kernels Resampled Kernels
DP #n*e€lls Trac. DP 7*e€lls Trac.
Nominal MDP p'veF EY(X)withv =6p v v v v v v
Robust MDP infpep ' V™F  essinf(X) v v v v v v
Optimistic MDP suppep ' VP esssup(X) v v v v v v
Multi-model MDP B (u"V™F) EY(X) X ? x v v v
Percentile optimization ~ VaRa(u' V™) VaR,(X) X X X X X X

2019), requiring considerably more notation and formaliza-
tion. This extension is left as an interesting next step.

Remark 3.6. We compare here the ambiguity-averse MDP
framework to risk-averse MDPs (see, e.g., Ruszczynski,
2010; Hau et al., 2023a), which considers a single, known
transition kernel P and hedges against the variability of
the return over the random trajectories (sometimes called
aleatoric risk) with a risk measure by solving

+oo
sup p (Z V(S Ar, St+1)>

melly t=0

In contrast, our model (6) considers the expected return
over the trajectories, and hedges against the uncertainty in
parameters (sometimes called epistemic risk) with a risk
measure; see Appendix C.2 for more comparisons.

3.2. Dynamic programming

For a risk measure p, we define the ambiguity-averse Bell-
man operator 77" : RS — RS associated with a station-
ary policy 7 € IIs and a random transition kernel following
law v with identical marginals over time (static or resam-
pled) as, for v € RS,

TTr,V,p,U(S) =p (T”vﬁv(3)> , VsesS, @)

where P ~ v on the right-hand side of (7) and TP is
the standard Bellman operator for nominal MDPs as de-
fined in (3). We then define the optimal ambiguity-averse
Bellman operator 7* : RS — RS as, for v € RS,

T"Pv(s) = sup T™"Pu(s),
mwells

VseS. ®)

The operators T'"-+# T":¥ play the same role as the Bellman
operators 7™ and T (introduced in Section 2) in the
theory of nominal MDPs and inherit their properties under
some conditions on the risk measure p, as we show next.

Proposition 3.7. Let p be a monotone, translation-invariant
risk measure. Then we have the following properties for the
operator T € {T™"P T"P}:

1. Monotonicity: for any v,w € RS such that v < w
then, Tv < Tw.

2. Translation-invariance: for any v € RS and ¢ € R,
denoting 1s = (1,...,1) € RS, we have
Tw+c-1ls)=Tv+~vc- 1s.

3. Contraction: T is a contraction for the {.-norm.

Finally, we have the following attainability property: for any
v € RS, there exists € g such that TVPv = T™" Py,

We now introduce the dynamic programming principles
for ambiguity-averse MDPs, which state that value functions
are fixed points of Bellman operators. We write M. for the
class of all “convex, product” ambiguity-averse MDPs, i.e.
the setof all M, = (S, A, 7, v, 7, u) with any S, A, r,~, p,
and any v with convex support and product structure.
Condition 1. (Bellman Equations for Policy Evaluation).
We say that a risk measure p satisfies this condition, if
V™¥:P is a fixed point of 7™ ¥+ for any instance M,, € M,
and stationary policy 7 € 1ls, i.e.,

Vv = TmvPy TP M, € M,V € I .
This condition can be satisfied either for all M,, with static

kernels, or for all M,, with resampled kernels.

Condition 2. (Bellman Optimality Equations). We say that
a risk measure p satisfies this condition, if V** is a fixed
point of T%>* for any instance M,, € M., i.e.,

VP = TPV UM, € M,

This condition can be satisfied either for all M,, with static
kernels, or for all M,, with resampled kernels.

These conditions are related to the dynamic programming
principles introduced recently for robust MDPs (Wang et al.,
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2023; Grand-Clément et al., 2024) and to dynamic consis-
tency of risk measures (Kupper & Schachermayer, 2009;
Pflug & Pichler, 2016). In particular, Conditions 1 and 2 are
natural extensions of the Bellman equation for evaluating
the value function of a policy, given in (4) and Bellman opti-
mality equation (5) for nominal MDPs. Conditions 1 and 2
are also known to hold for rectangular Robust MDPs (see,
e.g., Eq. (11) and Eq. (25) in Wiesemann et al., 2013). We
emphasize that it is not obvious that these conditions hold,
e.g., it is known that they fail for multi-model MDPs with
static kernels (Steimle et al., 2021) (we provide a simple
example in Example 3.8). Note that Conditions 1 and 2 do
not imply that the operators have a unique fixed point, only
that the value functions are in the sets of fixed points. Note
that for robust MDPs to satisfy Conditions 1 and 2, the prod-
uct structure is a necessary condition (as recently shown
in Grand-Clément et al. (2024)), and without the convexity
requirement on the support of v, even s-rectangular robust
MDPs may fail to satisfy Conditions 1 and 2 (see Table 3
and Table 4 in Wang et al. (2023)). Adding the convex sup-
port and the product structure in the conditions only makes
them more general than, for instance, requiring that Condi-
tions 1 and 2 hold for all general ambiguity-averse MDPs
(with no assumption on v).

We refer to Table 1 for a summary of the dynamic program-
ming properties of several MDP variants. We also illustrate
Conditions 1 and 2 in the next simple example.

Example 3.8 (Continued from Example 3.4). We show
that Conditions 1 and 2 may fail to hold for the MDP in-
stance from Figure 1 when p = E" for static kernels. To
do so, we compute V™*F" and show that it differs from
TV E ymvE” For 4 = 1/2 we have

e [E(Xs0(1/2)' X)) _ (2log(2)
' _<< E(0) )>_( §)

Tﬂ',u,]E” Vﬂ,v,]]i" — <1 + 10§(2)/2> 7& Vﬂ',u,]E” )

Therefore, E violates Condition 1 for static kernels. It also
violates Condition 2 for static kernels because the MDP has
only one policy; see Appendix E for more detail.

4. Main Results

This section focuses on ambiguity-averse MDPs under the
lens of dynamic programming. We first analyze the proper-
ties of optimal policies and derive algorithms to compute
them. We then provide a complete characterization of law-
invariant risk measures that satisfy Conditions 1 and 2.

4.1. Computing optimal policies

Dynamic programming has several useful practical and com-
putational consequences, as it reduces policy evaluation and

policy optimization to fixed-point computations. In fact,
when Conditions 1 and 2 both hold, an optimal policy can
be chosen to be stationary and can be recovered from the
optimal value function, as we show next.

Theorem 4.1. Assume that p is monotone and translation-
invariant, and that Conditions 1 and 2 hold for static or
resampled kernels. Let M,, € M, with static or resampled
kernels. Then there exists a stationary policy 7* € Ilg that
is optimal for starting from any state:

In*ells,VseS, sup p (V”’ﬁ(s)) =p (V”*‘P(s)) .
welly

Moreover, T"** is a contraction and any policy © € 1lg such

that TV-PVVP = T™VPYVYP is optimal.

Theorem 4.1 generalizes existing results in the RMDP liter-
ature (e.g., Theorem 4 in Wiesemann et al. (2013)). Note
that when dynamic programming holds for both static and
resampled kernels, the stationary optimal policy defined in
Theorem 4.1 is optimal for both models of kernels. Under
the assumptions of Theorem 4.1, an optimal policy can be
computed efficiently; e.g., by value iteration and policy it-
eration, which both converge at a linear rate as we show
next.

Proposition 4.2. Assume that p is monotone and
translation-invariant, and that Conditions 1 and 2 hold
for static or resampled kernels. Let M,, € M, with static
or resampled kernels.

1. (Value iteration) Let (™), >0 be the sequence of poli-
cies generated by Algorithm 1. Then for all n € N,
29™
-y
2. (Policy iteration) Let (™), >0 be the sequence of poli-
cies generated by Algorithm 2. Then for all n € N,

Ve L VTl gnd

VT2 VP o <A VT = VP o

(V748 = VPl T VTP = V7

We also derive a convex program for computing V¥ when
p satisfies a convexity assumption; see Appendix G. De-
riving modern gradient techniques may require more as-
sumptions on the risk measure p (see Li et al. (2022b) for
the case of robust MDPs, where the analysis is not an easy
consequence of existing results for nominal MDPs). We
note that the main bottleneck in value and policy iterations
lies in evaluating the Bellman operators 7" and 1™ "7, as
well as the fixed point V™" in Algorithm 2. The specific
computation to do this depends on the risk measure p and
the distribution v, see Appendix G for some examples.

4.2. Dynamic programming compatibility

We now characterize the risk measures for which Condi-
tions 1 and 2 hold. We focus solely on law-invariant risk
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Algorithm 1 Ambiguity-averse Value Iteration

1: Initialize 70 € IIg, VO = V™ vp,

2: forn > 0do

3:  Compute V"1 = Tvrym

4:  Choose 71! such that T"PV™ =T
5: end for

7‘_n+1

WP

Algorithm 2 Ambiguity-averse Policy Iteration

1: Initialize 7° € Ils.

2: forn > 0do

3:  Compute V™" P

4:  Choose 71! € IIg such that

3 41 n
v, o T v Tt T e P
TPV =T |4 ,

and 7" *! = 7" if possible
stop if 7"+ = 77,

end for

7: return 7"

AN

measures here, which cover most of the common inter-
pretable risk measures. We first establish some important im-
plications of dynamic programming, namely, a law-invariant
risk measure that satisfies either Condition 1 or Condition 2
must be the identity on constant random variables, positively
homogeneous and additive for independent variables.

Proposition 4.3. Let p be a risk measure that is law-
invariant and non-constant on L° (R). If p satisfies Condi-
tion 1 or Condition 2 in the case of either static or resampled
kernels, then the following statements hold:

1. p on constant random variables is the identity:
VeeR, plx)==x.

2. pis positive homogeneous on L°(R)

VX € L(R),YVa >0, plaX)
3. pis additive independent on L° (R)
for any {ndependgntl X,Y € LE(R) we have,
p(X +Y) = p(X)+p(Y).

_ ap(X) .

We derive these results using a single MDP instance where
the geometry of the transitions enforces algebraic constraints
on the risk measure, see Appendix H.1. Combined with
Conditions 1 and 2, transitions to a next state imply positive
homogeneity, and transitions to two different next states
imply additivity for independent variables. Note that item 1
and item 3 in Proposition 4.3 imply translation-invariance.
Proposition 4.3 already rules out several of the standard
risk measures, e.g., positive homogeneity rules out ERM
and additivity rules out CVaR. To completely characterize
law-invariant risk measures satisfying Conditions 1 and 2,

' A rigorous reformulation is provided in Remark B.4

we rely on an additional assumption (monotonicity) to in-
voke representation theorems from the literature on statis-
tics (Mu et al., 2024), or to a stronger continuity notion
(W '-continuity).

Our first characterization requires the assumption that p is
monotone. We then use the results in Mu et al. (2024) to
obtain that p can be decomposed as a mixture of entropic
risk measures; i.e., p must have a representation of the form

o) = [ ERM,(D)du(a), VX € LE®), O

R
for some measure ;. with support on the extended real
line R = R U {+00,—00}. A key technical step in
our proof is bridging the gap between our properties on
variables with convex support and the domain of the rep-
resentation theorem. We do so by extending p to all
bounded random variables via a noise-addition technique
that convexifies supports while preserving the algebraic
structure imposed by Proposition 4.3. Positive homogeneity
then implies, through a dilatation argument on the mix-
ing measure p, that ;¢ can only be non-zero at —oo, 0 and
+00. We further prove that p must be multiplicative for
non-negative random variables; i.e., for any independent
X,Z € L Ry), p(ZX) = p(Z)p(X). Substituting inde-
pendent uniform random variables into this multiplicativity
identity yields quadratic polynomial equalities in the end-
points of the intervals. These equalities force u to be a Dirac
mass at —oo, 0, or +00, leading to the following theorem.

Theorem 4.4. Let p be a risk measure that is law-invariant
and non-constant on L (R). Assume additionally that p is
monotone on L° (R).

For static kernels, the following are equivalent:

1. p satisfies Condition 1.
2. p satisfies Condition 2.

3. p is the essential infimum or the essential supremum
on L (R).

For resampled kernels, the following are equivalent:

1. p satisfies Condition 1.
2. p satisfies Condition 2.

3. pis the essential infimum, the essential supremum, or
the expectation on L° (R).

The proof of Theorem 4.4 is given in Appendix H. We
note that the fact that the essential infimum and essential
supremum satisfy Conditions 1 and 2 for the static and
resampled kernels is already known from the literature on
robust MDPs and optimistic MDPs (Wiesemann et al., 2013;
Grand-Clément et al., 2023). The fact that expectation also
satisfies Conditions 1 and 2 for resampled kernels is a con-
sequence of seminal results on distributionally robust MDPs
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(see, e.g., Section 4 in Xu & Mannor (2012)). Therefore,
our main contribution in Theorem 4.4 is to prove that only
these risk measures yield dynamic programming equations,
for the class of monotone, law-invariant risk measures.

For our second characterization, we use a continuity as-
sumption (specifically W!-continuity, a form of “continu-
ity in quantiles”; see Appendix H.3). Additivity and pos-
itive homogeneity give that p(X) = p (% Dy X’i), for
X € L(R) and X; some i.i.d. copies of X. Using W!-
continuity and the Law of Large Numbers, we get that it
is necessary that p coincides with the expectation, and we
conclude by distinguishing between static kernels (where
expectation doesn’t satisfy dynamic programming) and re-
sampled kernels (where expectation satisfies dynamic pro-
gramming). This approach yields a more restrictive class of
risk measures than Theorem 4.4 (since essinf and ess sup
are not W !'-continuous).

Theorem 4.5. Let p be a risk measure that is law-invariant
and non-constant on L (R). Assume additionally that p is
W-continuous on L°(R).

For static kernels, there is no such p satisfying Condition 1
or Condition 2.

For resampled kernels, the only p satisfying Condition 1 or
Condition 2 is the expectation on L°(R).

4.3. Discussion

Main takeaways We have established that dynamic pro-
gramming implies several useful properties, including the
existence of stationary optimal policies and the extension of
classical algorithms to the ambiguity-averse framework. We
have also shown that, in the class of monotone law-invariant
risk measures, only essinf, esssup and E can satisfy dy-
namic programming equations. The risk measures ess inf
and ess sup correspond to robust MDPs (Nilim & El Ghaoui,
2005; Iyengar, 2005). Our impossibility results explain
why no new model compatible with dynamic programming
has emerged in the wake of those seminal papers, despite
substantial interest in other alternatives involving VaR or
CVaR. Assuming stronger continuity properties (e.g., W*-
continuity) only further restricts the class of risk measures
compatible with dynamic programming.

Our work also clarifies the computational role of how un-
certain kernels change over time. Static kernels induce
significantly harder optimization problems than resampled
kernels, mirroring the corresponding distinction for multi-
model MDPs. In fact, we note that our results closely align
with the separations between NP-hard problems that re-
quire history-dependent policies (multi-model MDPs and
percentile optimization with static kernels, e.g., Delage &
Mannor (2010); Steimle et al. (2021)) and models that can

be solved efficiently and for which optimal stationary poli-
cies exist (e.g., robust and optimistic MDPs for both static
and resampled kernels, see Wiesemann et al. (2013); Grand-
Clément et al. (2023)). It would be interesting to understand
if Conditions 1 and 2 are “equivalent” (in some sense) to the
existence of optimal stationary policies. We also note that,
under the assumptions of Theorem 4.4 or of Theorem 4.5,
we establish that dynamic programming is valid for policy
evaluation (Condition 1) if and only if it is valid for policy
optimization (Condition 2). This is surprising since Condi-
tion 1 imposes a fixed-point equation for the value functions
of all stationary policies, whereas Condition 2 imposes a
fixed-point equation only for the optimal value function.

Limitations and assumptions The translation-invariance
and monotonicity assumptions are quite natural when the ob-
jective is to maximize returns, and are widely used in the risk
measure literature. As discussed in Section 3.2, we could
have written Conditions 1 and 2 without the restriction to
instances with convex support and product structure, but (a)
this would actually lead to more restrictive conditions, since
the fixed point equations would need to hold for a larger
set of instances, and (b) robust MDPs and optimistic MDPs
would not satisfy these more restrictive conditions (Wang
et al., 2023; Grand-Clément et al., 2024). So in a sense, our
formulations of dynamic programming as in Conditions 1
and 2 are the “most general formulations” for which we
can recover robust and optimistic MDPs. Finally, we show
in Appendix I that relaxed versions of Conditions 1 and 2,
where the risk measure is allowed to be different in the ob-
jective function and the Bellman operators, are equivalent
to our formulation of Conditions 1 and 2.

Extensions to more general setups. The impossibility
side of our results extends immediately to any proposed
framework that asks Conditions 1 and 2 to hold for classes of
instances where finite state and action sets are a special case,
e.g. to MDPs with measure state and action sets. Positive re-
sults in general spaces would require additional measurable-
selection and continuity assumptions to make the Bellman
operators and risk functionals well-posed. Average- or total-
reward criteria would also require a different technical setup:
one must first specify the class of instances for which the cri-
terion is well-defined. Rewriting and analyzing Conditions 1
and 2 in those setups is a promising direction.

Beyond dynamic programming Our results do not pre-
clude that one can solve the ambiguity-averse MDP prob-
lem (6) via other types of algorithms than dynamic program-
ming over the set of states. In particular, while our results
imply that attractive law-invariant risk criteria (such as VaR
or CVaR) do not satisfy dynamic programming for value
functions indexed solely by states, it is possible that one
could obtain DP equations on augmented state sets as in risk-
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averse MDPs (Chow et al., 2015; Hau et al., 2023a). Another
option would be to drop the law-invariance assumption and
take inspiration from nested risk measures (Ruszczynski,
2010) to recover DP equations over the set of states (at the
price of less interpretable risk criteria). Generalizing the
dynamic principles to collections of risk measures in the
same spirit as Bellman closedness in distributional reinforce-
ment learning (Rowland et al., 2019) is also an interesting
next step. Finally, it is worth noting that direct optimization
of the objective function (6) (e.g., via gradient descent) is
possible as soon as one can compute gradient estimates, al-
though the potential absence of optimal stationary policies
may be an issue for practical implementation.

5. Conclusion

We have introduced a unified theory of epistemic uncertainty
in MDPs, in which the transition probabilities are treated
as random variables. This ambiguity-averse MDP frame-
work subsumes several existing models depending on the
choice of risk measures in the objective functions. We de-
fine the ambiguity-averse equivalent of value functions and
derive the fundamental properties of Bellman operators. Our
main results show both the “advantages” of dynamic pro-
gramming (stationary optimality and classical algorithmic
machinery), and its modeling implications, as we provide a
comprehensive characterization of law-invariant risk mea-
sures compatible with dynamic programming. This provides
useful takeaways for applications, where we can choose to
stick with robust/optimistic formulations for dynamic pro-
gramming tractability, or where we must anticipate the need
for more advanced optimization methods (e.g., augmented
state sets or nested risk measures).

It is worth investigating in more detail the connections with
other variants, such as risk-averse MDPs, regularized MDPs,
and distributionally robust MDPs. Studying ambiguity-
averse MDPs with other objectives (e.g., total or average
return, Blackwell optimality) or with non-law-invariant risk
measures is also a promising research direction. Deriving
policy-gradient methods or value function approximation
methods for ambiguity-averse MDPs with general risk mea-
sures is also an interesting next step.

Impact Statement

This paper advances machine learning theory. As with any
theoretical advance, there are many potential indirect soci-
etal consequences, but they are difficult to predict or con-
template.
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A. Risk measures

In this section, we define general risk measures rigorously, present some common examples, and outline some of the most
studied properties of risk measures. We follow the lines of Chapter 4 in Follmer & Schied (2016) and Appendix A in Hau
et al. (2023b) here.

Definitions. Let (2, 7, P) be a probability space. The set L(Q2, F,P;R) is the set of real random variables, i.e. of
F-measurable functions from €2 to R. A risk measure p is a map from the set L(2, 7, P; R) to R.

Definition A.1 (Support of a Random Variable and Support of a Measure).

The support of a random variable X is denoted supp(f( ), and it is defined as the smallest closed set C' C R such that
P(X € C) = 1.

More generally, for a probability measure v on R™, the support supp(v) of v is the smallest closed set C C R™ such that
v(C) = 1, or equivalently, the complement of the largest open set having v-measure zero.

We say that a measure v has convex support if its support supp(v) is convex, i.e., for any A € [0, 1] and P, P’ € supp(v) C
R™, we have AP + (1 — \) P’ € supp(v). Accordingly, we say that a random variable X has convex support if its support
supp(X) is convex.

Since by definition supp(X) is closed, we have that supp(X) is compact if and only if the random variable X is a.s.
bounded. Similarly, the support of a measure v is compact if and only if there exists a bounded set with full v-measure.

Properties. Risk measures satisfying the monotonicity and translation-invariance properties given in Section 2.2 are
sometimes called monetary. A risk measure is said to be concave if it is monetary and it satisfies, for any random variables
X,Y and scalar A € [0, 1], the following inequality:

POAX + (1= NY) = M(X) + (1= A)p(¥) .

A coherent risk measure is a concave risk measure that is positively homogeneous, i.e., that satisfies the following condition:

Ya>0, VX, paX)=apX).

Finally, a risk measure p is law-invariant if it only depends on the law of its argument, i.e. if p(X) = p(Y) when
L(X) = L(Y), where £(X) is the law of the random variable X. Note that we will generalize this notion for the
ambiguity-averse MDP framework in Appendix B and Section 3.1.

Examples. All the examples discussed below are law-invariant.

* The expectation X E(f( ) is a simple example of a coherent risk measure. As a side note, the variance X

E ((f( — IE(X ))2) is not a monetary risk measure (it is easy to see that it is not monotone nor translation-invariant).

« The essential supremum X +— ess sup(f( ) and essential infimum X — essinf (X ) are defined as

essinf(X) = sup{b € R | P(X < b) = 0}
esssup(X) = inf{b € R | P(b < X) = 0}

Both essinf and ess sup are monotone and positively homogeneous, but only essinf is concave (hence coherent).
Additionally, essinf and esssup coincide with the infimum and supremum of the variables, under some simple
assumptions on the support of the random variables, as stated more formally below.

Lemma A.2. Let X be an a.s. bounded random variable. Then ess inf and ess sup coincide with the infimum and the
supremum of the support of X:

essinf(X) = inf supp(X)
X

esssup(X) = supsupp(X) .

12
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Proof of Lemma A.2. Recall that by definition (Definition A.1), the support of X is the smallest closed set C' such that
]P’(X € C) = 1. We provide the proof for the essential supremum, the proof for the essential infimum follows exactly
the same line. As noted in Definition A.1, supp(f( ) is compact if and only if X is a.s. bounded.

Let M = supsupp(X). Since supp(X) is compact, we get that M € supp(X). By definition we get that P(X >
M) = 0 so that esssup(X) < M. Additionally, since M € supp(X), any neighborhood of M has positive mass, i.e.
for every € > 0 we have ]P’(f( > M — ¢€) > 0. We conclude that M — ¢ < ess sup(f() for any € > 0, i.e. we conclude

that M < esssup(X). Therefore we have shown that M = esssup(X), which concludes the proof. O

* The Value-at-Risk (VaR,,) is defined as the upper (1 — «)-quantile:
VaR,(X) =inf{z e R |P(X < z) >1—a}

for some o € (0, 1), and the Conditional Value-at-Risk (CVaR,,) is the expectation of the worst (1 — o)-fraction of X
CVaR can be computed via the following formula:

CVaR,(X) = supé — L]E(max{g —X,0}). (10)
£eR l-a

CVaR is a concave risk measure, and positively homogeneous, thus CVaR is coherent. In contrast, VaR is only
monetary. Note we can extend CVaR by continuity, as CVaRy(X) = E(X), CVaR;(X) = essinf(X).

* The Entropic Risk Measure (ERM) at risk level 8 € R is defined as

ERMg(X) = %log(E(eXp(ﬁ - X))

extended by continuity as ERMg(X) = E(X), ERM o (X) = esssup(X),ERM_,(X) = essinf(X). ERM is
convex for 5 > 0 and concave for 8 < 0. The Entropic Value-at-Risk (EVaR) with a confidence parameter « € [0, 1)
is defined as

EVaR. (X) — sup ERM_5(X) + 081 =)
5>0 B

We note that ERM is not coherent for 8 € R\ {0}, while EVaR is a coherent risk measure. We refer to Hau et al.
(2023b) for recent advances in using ERM and EVaR in risk-averse MDPs.

For the sake of readability, we summarize the properties of some common risk measures in Table 2. Note that most of this

Table 2. Properties of some common risk measures. The term “Monetary” means that the risk measure is monotone and translation-
invariant. The column “WW'-C?” refers to the continuity in the W'-sense defined in Appendix H.3 (see Definition H.7).

| Risk properties
Risk measure Notation ‘ Coherent Concave Monetary ~ Law invariant W'-C°
Expectation E(X) ) v v v v v
Essential Supremum esssup(X) X X v v X
Essential Infimum essinf(X) v v v v X
Value-at-Risk VaRa(X) X X v v X
Cond. Value-at-Risk CVaR,(X) v v v v v
Entropic Risk Measure ERMg(X) X v (for 5 < 0) v v v
Entropic Value-at-Risk  EVaR,(X) v v v v v

work focuses on risk measures that are law-invariant. For the sake of completeness, we provide a simple example of a
non-law-invariant risk measure below.

Example A.3 (A Non-Law-Invariant Risk Measure).
Consider a probability space (2, F,P) where Q = {w;,ws} with P({w;}) = 1/2 for i € {1,2}. Define a risk measure p as
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follows: for a random variable X : Q — R, let p(X) = X (w;) + E[X], i.e., the risk measure depends explicitly on the
value at a specific outcome w = wy in addition to the expectation.

This risk measure is not law-invariant. To see this, consider two random variables:

f((w): {10 ifw=uw

0 ifw=ws

f/(w): {0 ifw=uw

10 ifw=uws

Both X and Y have the same law: each takes the value 10 with probability 1/2 and the value 0 with probability 1/2.
However, we have:
[X]=10+10/2=15

p(X) = X(w)
Y Y] =0+10/2=5

+E
(wl) + E
Since p(f( ) # p(f’) despite the fact that X, Y have the same law, the risk measure p is not law-invariant. The dependence

on the specific outcome X (wy) violates law-invariance because the risk measure distinguishes between different realizations
of the same distribution.

In the context of ambiguity-averse MDPs, non-law-invariant risk measures would depend on the specific sample path or
realization of the uncertain transition kernel, rather than only on its distribution. This makes them less interpretable and
difficult to work with, as they require tracking which particular realization of the uncertainty occurred, rather than just its
statistical properties.

Remark A.4. We conclude by noting that risk measures are sometimes introduced for minimizing costs (e.g. this is the
point of view adopted in Shapiro et al. (2021)), instead of maximizing rewards as in the present paper. These two settings
are equivalent, in the sense that if we have a risk measure ¢ for minimizing costs, then we can consider the risk measure
for maximizing reward p(X ) = f¢(fX ), which induces the same preferences over the random variables X modeling
rewards than the risk measure ¢ over random variables — X modeling costs. It is worth noting that, in the cost minimization

framework, the role of concavity is replaced by that of convexity and translation invariance becomes (;5(X +e)=¢(X)—c
for X arandom variable and c € R.

B. Randomization and Risk Measure for Ambiguity-Averse MDPs

In this section, we provide a rigorous foundation for the ambiguity-averse MDPs introduced in Section 3. We decide to keep
this construction in the appendices to simplify the exposition of our results in the main body. Overall, our goal is to provide
a rigorous framework for the objective functions of the form 7 +— p(u " V™) that appear in the ambiguity-averse MDP
optimization problem (6). Recall that by definition, a risk measure is a map from the set of real random variables L ({2, F, P).
However, to rigorously model ambiguity-averse MDPs, we need one probability space ($2m, Fum, Pm) per instance M of
ambiguity-averse MDP, and in principle, there is a distinct risk measure for each ambiguity-averse MDP instance (since
the set of arguments (Qwm, Fm, Pm) depends on the instance). We therefore extend the notion of risk measure (defined in
Appendix A for a single probability space) to risk measures for ambiguity-averse MDPs (Definition B.2), which can take as
arguments random variables induced by different ambiguity-averse MDP instances (i.e., induced by different probability
spaces).

Notation for sets of ambiguity-averse MDPs Recall that we denote by M. the class of all “convex, product” ambiguity-
averse MDPs, i.e. the set of all M, = (S, A, r, v, v, ) with any S, A, r, v, p, and any v with convex support and product
structure. We also denote by M the set of all ambiguity-averse MDPs, i.e. the set of all M,, = (S, A, r, v, ~, u) with any
S, A, 7,7, 1 and any v (not necessarily with convex support or product structure).

Probability space for an instance. We first define a probability space (2, F,P) for each ambiguity-averse MDP.

We provide a slightly more rigorous definition of an ambiguity-averse MDP, which allows us to define a distribution over
sequences of transition probabilities directly.
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Definition B.1. A (discounted) ambiguity-averse MDP is a tuple M, = (S, A, r, 0, v, u) where S, A, r,~y, u are defined

exactly as in nominal MDPs (see Section 2) and © is a probability distribution over the set (A(S )SXA)N of feasible
sequences of transition probabilities.

When # is equal to v for a certain measure v € A(S)S %A M corresponds to an ambiguity-averse MDP with resampled
kernels according to v. Here v®" is the i.i.d. distribution over the path space (A(S)® *A)N When # is equal to the
distribution of (P;)¢en such that Py ~ v and P, = P, for any ¢, M, corresponds to an ambiguity-averse MDP with static
kernel.

For any ambiguity-averse MDP M; = (S, A, r, 0,7, u) € M, we define the uncertainty in the model transition kernel
sequences via a probability space (Q2m, Fm, Pm), where:

* (Qwm, Fm) is a measurable space with Qu = (A(S )‘SXA)N the set of transition kernel sequences and JFy the canonical
o-field B(Qum) = B(A(S)S*A)eN,

* Py = 7 is a probability measure on (Qm, Fm)-

Without loss of generality, we consider (lst)teN to be the canonical process P, : (ps)sen — pt. In particular, it follows law
v in the sense of Definition B.1.

When 7 is non-atomic (i.e., it has no set of positive measure that contains no subsets of smaller positive measure),
the probability space (2m, Fm, Pwm) is nonatomic (i.e., it supports a random variable uniformly distributed on [0, 1]) and
therefore the space L™ (Qm, Fum, Pwm; R) is rich enough to contain real bounded random variables with arbitrary distributions,
see for instance Delage et al. (2019).

Note that by Definition 3.1, the set M. of all ambiguity-averse MDPs such that the measure has convex support and product
structure contains ambiguity-averse MDPs with non-atomic measure in both static kernels or resampled kernels cases (say
for example the ambiguity-averse MDP of Example E.1 in both static and resampled cases).

Formally, denoting by © the set of all distributions with bounded support (i.e., © is the set of non-decreasing right-continuous
functions F' : R — [0, 1] that attain both 0 and 1), for any F' € © there exists M, € M. and X € L*(Qu, Fum, Pum; R)
such that F'¢ = F', where I’y is the distribution function of X under Py, defined through F'y () =Pu(X < x).

Notation for sets of random variables Throughout this work, we denote by L (B) = Umem L (M, Fum, Pm; B) the
set of all bounded real random variables with support in B C R across all these probability spaces, and by L°(B) =
UMem LE° (v, Fm, Pum; B) its analog restricted to random variables with convex supports in B.

Note that, by nonatomicity of some probability spaces (2m, Fm, Pm) (for example the one of Example E.1 whether we
consider static or resampled kernels), the set L>°(R) (resp. L2°(R)) is rich enough to contain real bounded random variables
(resp. bounded real random variables with convex support) with arbitrary distributions.

Risk measures We now define the notion of risk measure for ambiguity-averse MDPs:

Definition B.2 (Risk Measure for Ambiguity-Averse MDPs). A risk measure for ambiguity-averse MDPs is a family
p = (pm)mem where each py is a risk measure on the corresponding probability space:

VMGM, pMILOO(QM,fM7]PM;R)—>R.

We also define the following properties of a risk measure p. We say that a risk measure p is:

* law-invariant on L>®°(R) (resp. L°(R)) if for any M,M’ € M and X, X’ € L®(Qu,Fu,Pu;R) x
L (Qmr, Fmr, Purs R) (resp. L (Qm, Fm, Pmi R) x L (Qmr, Fur, Purs R)),

Fg=Fg = pu(X) =pw(X').

* non-constant on L>°(R) (resp. L°(R)) if there exists MM’ € M and X, X’ € L*®(Qum,Fum,Pu;R) x
LOO(QM/,]:M/,PM/;R) (resp. LEO(QM,}—M,]PM;R) X LSO(QM/,.FM/,PM/;R)) such that

pm(X) # pwr (X) .
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« monotone on L®(R) (resp. LP(R)) if for any M € M and X,Y € L®(Qu,Fu,Pu;R) (resp.

L2°(Qm, Fm, Pu; R)) such that X > Y ass.,

pm(X) = pm(Y) .

For ease of notation, we drop the subscript M when considering risk measures for ambiguity-averse MDPs that are
law-invariant on L*°(R) (resp. LS°(R)) and note pm(X) as p(X) for X € L*®(Qm,Fm,Pw;R) (resp. X €
LEO(QMa-FMa]PJM;R))'

As expected, we also have the following characterization of law-invariant risk measures for ambiguity-averse MDPs:

Proposition B.3 (Existence and Uniqueness of g). If p is a risk measure for ambiguity-averse MDPs that is law invariant
on L™ (R), then there exists a unique functional ¢ : ® — R such that:

pm(X) =o0(Fg), YMe M, VX € L®(Qm, Fu,Pu;R) .
The proof directly follows from Proposition 1 in Delage et al. (2019).

Proof. Denoting by My the MDP of Example E.1 (whether we consider static or resampled kernels), we have that
(M, > FMo» Pwm, ) is nonatomic, so by Proposition 1 in Delage et al. (2019) there exists a unique functional ¢ : ® — R such
that for any X € L (Qm,, FMq Pmo; R):

Now, for any M € M and X € L>(Qwm, Fu,Pw;R), because (Qm,, Fu,,Pum,) is nonatomic, there exists X, €
L>(Qmy» FMg> Pmy; R) such that Fig = Fy, . Therefore, by law invariance of p:

pm(X) = pw, (Xo) = o(Fg,) = o(Fg) .

Finally, if o, ¢’ are such that YM € M,VX € L®(Qum, Fu,Pw;R), o' (Fg) = pm(X) = o(Fy), then, because
(Mg, FMo, Pm, ) is nonatomic, for any F' € © there exists X € L™ (Qwm,, Fm,, Pmy; R) such that Fig = F, and therefore
o' (F) = o(F). This shows uniqueness of . O

Remark B.4. When adding or multiplying random variables X andY,itis important to note that the risk measure p is only
defined on bounded random variables living in one of the probability spaces ((£2m, Fm, Pm))pe o Consequently, to make
sense of expressions like p()N( + f/) or p(f( . Y), the random variables X and Y must be defined on the same probability
space (2m, Fm, Py) for some ambiguity-averse MDP M € M. When we state properties like additivity or multiplicativity
for independent random variables, we implicitly assume they are defined on the same probability space and are independent
with respect to the probability measure on that space. For instance, a rigorous formulation of Statement 3 of Proposition 4.3
would be:

Additive independence on L°:

For any M € M and independent X,Y € L3°(Qu, Fu, Pu; R), we have p(X +Y) = p(X) + p(Y).

B.1. More details on resampled kernels

In this section, we provide more details on the resampled kernels setup.

Value functions for sequences of kernels For 7 € IIj and s € S, we naturally extend the definition of the value function
for nominal MDPs (see Equation (2)) to the case of a non-random transition kernel sequence (P;):cn that changes over time.
In this setup, the value function Y (Poien ¢ RS depends on 7 and (P;);cn and can be written as, for s € S,

v P (g) = R (Poeer ( Z v'r(Se, A, §t+1)> .
=0

,(Pt)e
where BT (F)ten

is the expectation over the random trajectories (S’t, flt)teN starting in state s, with the distribution over
trajectories induced by 7 and (P;);en. In the paper, we choose to overload the notation V™ when P = (P;);cy for the

sake of simplicity (instead of writing V™ (Ft)rer),
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Dynamic programming for non-i.i.d. kernels We provide here a brief discussion of the case of resampled kernels with
non-i.i.d. kernels. In particular, assume that P; ~ v, for each period ¢ € N with each v, having a product structure, P, 1L ]5{
for each t # t/, but where the law v, may be different at each period. To recover a dynamic programming equation, one
needs to index value functions with a time index ¢ € N, a situation similar to the case of finite horizon MDPs (see Chapter 4
in Puterman (1994)). For distributionally robust MDPs, Xu & Mannor (2012), the case of non-i.i.d. resampled kernels is
called nonstationary model and the case of i.i.d. resampled kernels is called stationary model, see beginning of Section 4
in Xu & Mannor (2012); the term stationary/nonstationary refers to the to the stationarity of the sequence (v;);>0 which is a
stationary sequence of v, = vy, V t,t’ € N. A central result shown by Xu & Mannor (2012) is the case of i.i.d. resampled
kernels and non-i.i.d. resampled kernels are equivalent in the sense that they yield the same optimal value functions and
optimal policies (see Theorem 4.1 and Theorem 4.2 in Xu & Mannor (2012)). This diminishes the practical interest of the
non-i.i.d. case, and this is one of the main reasons why we left a more formal analysis of this non-i.i.d. framework for future
work.

C. Connection with previous models

In this section, we provide rigorous reformulations of several of the common variants of MDPs as ambiguity-averse MDPs.
We also provide a literature review, discussing the connection of ambiguity-averse MDPs with risk-averse MDPs.

C.1. Reformulations and related work on MDPs with uncertain parameters

In this appendix we provide a rigorous reformulation of some of the classical variants of MDP models as ambiguity-averse
MDPs. We summarize these reformulations in Table 1.

Nominal MDPs Consider a nominal MDP with transition probability P € A(S)S*. We note that in the standard
MDP model, the transition probabilities are fixed over time. Therefore, the transition kernel sequence is static. Consider
a Dirac measure v that puts all its mass at P : v = Jp (we denote by d, the distribution that puts a mass of 1 on an
element ). Then p(u" V™) = p(u"V™F). We additionally choose p = E”. Because ' V™! is a constant, we get that
p(pTV™P) = 1 TV™F and we recover the standard objective for nominal MDPs. This shows the following proposition.

Proposition C.1. Any nominal MDP with transition kernel P can be reformulated as an ambiguity averse MDP with
v =20pand p(X) = E¥(X).

Robust MDPs and Optimistic MDPs There are two main frameworks for robust MDPs (Iyengar, 2005; Nilim &
El Ghaoui, 2005; Wiesemann et al., 2013). An uncertainty set P C A(S )5 xA s s-rectangular if it satisfies the following
Cartesian product property: P = X 3csPs for some Ps € A(S )A for each state s € S. Note that if v is a distribution over
A(S)S*A with product structure, then its support supp(r) C A(S)S*4 is a compact, s-rectangular uncertainty set.

We first focus on the model introduced in the seminal paper on s-rectangular robust MDPs (Wiesemann et al., 2013), which
analyzes
sup inf p'V™P (11)
e, per!
for some convex compact s-rectangular uncertainty set . Note that here the transition probabilities P are fixed over time,
so that we are in the static kernel case as described in Definition 3.2. This model can be recovered by choosing a distribution
v supported on P for the distribution of the random variable P, and P such that supp(v) = P, and p(X) = essinf(X). In
this case, we indeed have, following Lemma A.2, that

essinf,uTV’T’l5 = inf p'V™P = inf y'Vv™Ff
PcP

Pesupp(v)

so that we have shown the following proposition.

Proposition C.2. Consider a robust MDP as in (11) with convex compact s-rectangular uncertainty set P. We can
reformulate any robust MDPs as in (11) with an ambiguity-averse MDP with product structure and static kernels with
distribution v supported on P and p(X ) = essinf(X).

A second popular model of RMDPs allows the transition kernel to change over time and focuses on solving

sup inf p'V™F (12)
melly PepPH
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where P is the set of sequences of kernels: PN = {(P,),cy | P: € P,V t € N} for some uncertainty set P C A(S)5*4.
Note that Proposition 2.2 in Grand-Clément et al. (2023) shows that (11) and (12) coincide (Proposition 2.2 in Grand-
Clément et al. (2023) in fact shows a stronger statement for history-dependent transition probabilities, but these include
as a special case Markovian transition probabilities, so we indeed have that the two optimization problems (11) and (12)
coincide). We can reformulate (12) as an ambiguity-averse MDP with the same setup as for (11) but where we allow for
resampled kernels. Indeed, writing v®N for the law of the i.i.d. sequence of kernels (Pt)teN where P, ~ v for each period
t € N, we get that supp(v®") = supp(v)", so that we obtain that for resampled kernels

inf p vl = inf p' VTP = inf g

i var,P
(Pr)ten€esupp(v®N) (Pt)ten€supp(v)N (Pt)ten€PN

essinf (MTV”"E)) =

for P = supp(v). We have shown the following proposition.

Proposition C.3. Consider a robust MDP as in (12) with convex compact s-rectangular uncertainty set P. We can
reformulate any robust MDPs as in (12) with an ambiguity-averse MDP with product structure and resampled kernels with
distribution v supported on P for i.i.d. kernels and p(X) = essinf(X).

We also note that robust MDPs with non-rectangular uncertainty sets have been studied in the literature, e.g. the r-rectangular
model (Goyal & Grand-Clément, 2023) or model based on ¢;-norm between the kernels (Kumar et al., 2025), but dynamic
programming does not hold for these models in all generality, i.e. for all possible choices of instantaneous rewards.
In particular, it is shown in Grand-Clément et al. (2024) that s-rectangularity (implied by the product structure for the
distribution v over kernels) is a necessary condition for dynamic programming to hold, and r-rectangular models can only
satisfy weaker forms of dynamic programming (i.e. they require strong assumptions, e.g. that the rewards do not depend on
the next state, see Grand-Clément et al. (2024)).

Finally, we note that the case of optimistic MDPs, which focus on sup,.cyy,, sSuppep p " V™F can be reformulated analo-
gously as for RMDPs by choosing a distribution v over the transition probabilities in A(S)® *A with supp(v) = P and
p = esssup. As noted in Iyengar (2005); Goh et al. (2018) and proved in Givan et al. (2000), the results for robust MDPs
extend to optimistic MDPs and in particular Conditions 1 and 2 hold for p = ess sup in both the static and resampled kernel
cases.

Multi-model MDPs Multi-model MDPs (MMDPs) consider an optimization problem of the form

sup E”(u V™). (13)
melly

This model has received many different names in the literature. For instance, Le Tallec (2007); Steimle et al. (2021)
focus on this model in the case of finite-horizon MDPs, and Le Tallec (2007) also treats the case of discounted return
(infinite-horizon MDPs). The multi-model MDP framework has been reintroduced and studied independently over the years,
and is also called soft-robust MDPs (Derman et al., 2018; Lobo et al., 2020), concurrent MDPs (Buchholz & Scheftelowitsch,
2019; 2020), and Multiple-Environment MDPs (MEMDPs) (Raskin & Sankur, 2014). More precisely, MEMDPs with
prior semantics draw the true environment once from a fixed prior and are therefore equivalent to static MMDPs with
p = E” (Chatterjee et al., 2020; Bordais & Raskin, 2026). The adversarial semantics of MEMDPs instead ask for guarantees
against every possible environment; this is the same as a static robust MDP with a finite, generally non-convex uncertainty
set. The optimization problem (13) is known to be NP-hard for static kernels, even in the case of supports of cardinality two,
e.g. Le Tallec (2007) proved that the following problem is NP-hard

1 1
sup *,LLTVmPl + *LLTVW’PQ )
welly 2 2

The same result for discounted return (infinite-horizon MDPs) is present in (Buchholz & Scheftelowitsch, 2019). The
following reformulation of MMDPs as ambiguity-averse MDPs is straightforward.

Proposition C.4. Consider a multi-model MDP as in (13), with static or resampled kernels. Then we can model it as an
ambiguity-averse MDP M,, with the distribution v using p(X) = E¥ (f()

We note that multi-model MDPs also arise as a special case of distributionally robust MDPs (see Appendix B.1 and
Equation 15 below) where there is only a single possible distribution ~ (and not a full set of possible probability distributions
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V). Given the seminal results for distributionally robust MDPs as in Section 4 in Xu & Mannor (2012), we know that
multi-model MDPs with resampled kernels satisfy Conditions 1 and 2. It is known that multi-model MDPs with static
kernels do not satisfy Conditions 1 and 2, and for the sake of completeness, we reprove this in Example 3.8.

Percentile optimization Percentile optimization (Mannor et al., 2004; Delage & Mannor, 2010; Petrik & Russel, 2019;
Zhang et al., 2024) optimizes for the Value-at-Risk (VaR) at a certain risk level « € (0, 1), i.e. it optimizes

sup VaR, (MTV”’P)) . (14)

welly

where P is random and follows a distribution v/ (typically assumed uniform). Note that it is NP-hard to compute an optimal
policy for general distributions (corollary 1 in Delage & Mannor (2010)). The following reformulation is straightforward.

Proposition C.5. Consider a percentile optimization problem as in (14). Then it can be formulated as an ambiguity-averse

MDP with p(X) = VaR,(X) and a distribution v for static kernels.

Other recent work The authors in Lobo et al. (2020) consider optimizing for a convex combination of expectation and the
Conditional Value-at-Risk (CVaR), i.e. optimizing  — (1 — A)E(p" V™) + ACVaR (1" V™) for some A € [0, 1]. This

optimization problem can be cast as an ambiguity-averse MDP using the risk measure p(X) = (1 — M)E(X) + ACVaR(X).

C.2. Other related work

Robust MDPs with uncertain rewards An alternative robust MDP model considers that the rewards r € RSXAXS

are uncertain while the transitions are known and fixed, or that both rewards and transitions are uncertain, e.g. Givan
et al. (2000); Eysenbach & Levine (2019); Brekelmans et al. (2022); Ashlag et al. (2025); it is also possible to analyze
distributionally robust MDPs with both uncertain rewards and transitions, as in the seminal papers (Xu & Mannor, 2012).
RMDPs with uncertain rewards represent a simpler optimization problem compared to RMDPs with uncertain transitions,
because value functions are linear in the rewards (this follows from the linearity of the expectation operator) but depend in a
non-linear fashion on the transition probabilities. In our paper, we decide to focus solely on the case of uncertain kernels for
the sake of conciseness, noting that our framework could be extended to also model uncertain rewards, at the cost of heavier
notations.

Distributionally robust MDPs DRMDPs are introduced in Xu & Mannor (2012) as the following optimization problem:

sup inf E”(MTVmP) (15)

WEHHVEV

where V is a set of probability distribution over the sequences of transition probabilities (P;):cn. For ambiguity-averse
MBDPs to cover this setting, we would need to define them with sets of distributions )V instead of a single distribution v. Note
that DRMDPs also consider the case of uncertain transition kernels that can change over time in a non-i.i.d. fashion, so that
we would need a different set V; of possible distributions v for the transition probabilities at each period ¢. This complicates
the formulation of the optimization problem (6), which requires to define risk measures with arguments to have multiple
distributions (one per choice of v € V). In principle, this can be done with the notion of an ambiguous probability space
(see Delage et al. (2019)), but it appears beyond the scope of this paper.

Necessary and sufficient conditions for dynamic programming There are numerous papers obtaining necessary and
sufficient conditions for the existence of dynamic programming in the context of MDPs. The authors in Grand-Clément et al.
(2024) focus on robust MDPs with an uncertainty set P, and show that a dynamic programming equation holds for policy
evaluation if and only if P is an s-rectangular uncertainty set. The authors in Marthe et al. (2023) focus on risk-averse MDPs
with a finite horizon (in the framework of distributional reinforcement learning) and show that for a Bellman optimality
equation to hold it is necessary that the risk measure is ERMg for some 8 € R; the sufficiency is proved in Howard &
Matheson (1972). The authors in Rowland et al. (2019) focus on distributional reinforcement learning and define Bellman
closedness for a set of statistics, as the property that these statistics can be jointly optimized by dynamic programming (e.g.,
this is the case for the set consisting of the expectation and the variance (Sobel, 1982)). The authors in Rowland et al. (2019)
show that the only sets of Bellman closed statistics are sets of moments (see Theorem 4.3 in Rowland et al. (2019)).
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Risk-averse MDPs In risk-averse MDPs, the transition probabilities P and the rewards r are known, and the risk measures
are with respect to the distribution over the trajectories induced by pairs of policies and transition kernels, i.e., risk-averse
MDPs aim at solving

+oo
sup p (Z’ytr(st,At,StH)) ) (16)

mElln t=0

It is also common to focus on the case of finite-horizon MDPs, i.e., to optimize, for a given horizon T' € N, the following
objective:

H
sup p <Z r(gtaletagt-i-l)) - (17

melly t=0

The existence of dynamic programming equations in risk-averse MDPs has been studied extensively, often using the terms
“dynamic consistency” or “time consistency’ for risk measures. Informally, a risk measure is time consistent when the risk
preferences do not change throughout the execution (Roorda et al., 2005; Iancu et al., 2015). Time consistency is typically a
weaker requirement than our Conditions 1 and 2 because it is sufficient that it holds only for v = 1.

Several works from the risk-averse MDP literature study necessary and sufficient conditions for the time-consistency of
risk measures. Kupper & Schachermayer (2009) shows that only law-invariant, time-consistent, and relevant risk measures
are the entropic risk measure, which subsumes the expectation operator. Relevance is a technical condition that excludes
risk measures that are insensitive to the essinf of the random variable. Similar results have been derived in later work,
including the restriction for law-invariant coherent risk measures (Shapiro, 2012), and for law-invariant and W-continuous
(see Appendix H.3) risk measures (Marthe et al., 2023).

Despite some superficial similarity to our results, the literature on the time consistency of risk-averse MDPs does not apply
to ambiguity-averse MDPs. There is a fundamental difference in the setup of the two problems. In risk-averse MDPs, the
risk aversion with respect to randomness is in the returns of the uncertain histories (or trajectories). As a result, we derive
that the properties of ambiguity-averse MDPs stem from the interaction between the risk measure, the expectation operator,
and the discount factor.

Interestingly, one can use dynamic programming to compute policies for risk-averse MDPs using one of the following two
approaches:

* Dropping the law-invariance condition: nested risk measures. If one drops the law-invariance requirement for the
risk measure, it is possible to recover a dynamic programming equation over the set of states using nested risk
measures (Ruszczynski, 2010) (also called Markov or iterated risk measures). Intuitively, nested risk measures replace

the objective p (Z;OS q/tr(gt, Ay, §t+1)) by applying the risk measure p repeatedly, i.e., informally it corresponds to
optimizing
p (r(§o7flo,§1) +p (T(gl,;ll,gz) +p (7“(52,;12753) +.. ))) . (18)

From the above equation, one can construct a dynamic programming equation and derive value iteration algo-
rithms (Ruszezyinski, 2010) to compute optimal Markov policies. However, nested risk measures are not law-invariant,
and their values can depend on the order in which rewards are accrued, complicating their interpretation. That is, the

quantity in (18) differs from the original objective p (2;08 (S, Ay, 5’t+1)) (Iancu et al., 2015).

¢ Extended state space. For most common risk measures, including VaR, CVaR, EVaR, ERM, one can formulate
dynamic programming equations after augmenting the state space with an additional variable. The particular augmenta-
tion depends on the risk measure. For example, to optimize discounted risk-averse objectives with ERM and EVaR,
one can augment the state space with the current time step, yielding Markov-optimal policies (Hau et al., 2023b).
When the objective is VaR, one can construct a dynamic program that augments the state space with the risk level
a € ]0,1] (Li et al., 2022a; Hau et al., 2023a; 2025), resulting in a history-dependent policy. When the objective is a
CVaR, one can construct a dynamic program by augmenting the state space with a real variable that keeps track of the
accumulated rewards (Béuerle & Ott, 2011) and compute an optimal history-dependent policy. When evaluating a
fixed policy with the CVaR objective, one can construct a dynamic programming that augments the state with the risk
level « € [0, 1], similarly to VaR. However, the risk-level augmentation fails for CVaR when optimizing a policy (Hau
et al., 2023a; Godbout & Durand, 2025).
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Bayes-adaptive MDPs Epistemic uncertainty over MDPs parameters has been studied extensively in the context of
Bayes-adaptive MDPs (Guez et al., 2012). Most research on Bayes-adaptive MDPs has focused on reinforcement learning
algorithms that compute history-dependent policies for the risk-neutral objective. For the discussion of the differences
with the risk-averse setting, we refer the interested reader to Lin et al. (2022, section 2). While classical Bayesian MDPs
often couple parameter uncertainty with trajectory observations through posterior updates (Lin et al., 2022; Shapiro et al.,
2025), the ambiguity-averse objective first computes the nominal expected return for every kernel (or kernel sequence) and
then applies the risk measure across possible kernels. This is why policies in our framework can differ qualitatively from
Bayesian policies that average or learn parameter estimates from realized trajectories.

D. Proof of Proposition 3.7

Proof of Proposition 3.7. 1. Let v,w € R® with v < w. Since 7™ is a monotone operator for any realization of the
transition probabilities P, that T™ Py <T™ Py almost surely. Since p is a monotone risk measure, we obtain that

P (T’“%) <p (T’T’Pw) , (19)

which proves that 77™">* is a monotone operator for each 7 € Ils. The fact that 7%** is a monotone operator follows
directly from taking the supremum over 7 € IIs on both sides of (19).

2. Letv € R, ¢ € R. We have
T"r’”’p(v +c- 18) = ,O(T‘"’f)(v +c- 13)) — p(T‘"’f)’U + e - 13) = p(Tﬂ’Isv) +yc-lg = TPy 4 ve- g,

where the first equality is by definition of the operator 77", the second equality is because 7™ is translation-
invariant for any realization of P, the third equality is from the translation-invariance of p, and the last equality is again
by definition of our operators. This proves that 7'™**# is translation-invariant. The proof for T* follows the same line,
using additionally that max,es{w(s) + ¢} = maxses{w(s)} + ¢ for any w € RS and ¢ € R.

3. A direct calculation shows that the composition of a non-expansive risk measure and a contraction remains a contraction.
Lemma 4.3 in Follmer & Schied (2016) shows that a monotone, cash-invariant risk measure is non-expansive (this is
also a consequence of Crandall-Tartar theorem (Crandall & Tartar, 1980)), in the sense that

p(X) = p(Y)| <esssup|X — V|, VX,V . (20)

Note that in (Féllmer & Schied, 2016) this result is written an ¢,-norm for random variables, but for the sake of clarity
we choose to use the notation || - ||, only for functions in RS in this paper. For the sake of completeness, we provide a
concise proof of (20) here. Let § = esssup | X — Y|. By definition, |X Y| <das. sothat V —0 < X <Y 446
a.s.. Using the monotonicity of p we get that p(Y — -0) < p(X) < p(Y + 6). Using translation invariance we get that
p(Y) =6 < p(X) < p(Y) + 8 sothat |p(X) — p(Y)| < 8, which concludes the proof of (20).

Now we have

1T Pv =TT ]l = max|p(T TFu(s)) = p(T™ w(s))|

< max ess sup |T”7Pv(s) — T™Pw(s)]
s€

< _

< maxy|[v — wl|e

<o = wlle

where the first line is from the definition of 77" and of the {,.,-norm for vectors, the second line is from the
non-expansiveness of p as in (20), and the third line is from the fact for each kernel P the operator 7™ (for nominal
MDPs) is a contraction. Therefore, we have shown

Vo,w e RS [T 0 =TT wllog < 7llv — w]oc- 21
The contraction property of T* follows directly from taking the supremum over 7 € Ils in the right-hand side of (21).
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We next prove the attainability property. We show that for any v € RS, we can find 7 € Ils such that T%Pv = T™" v, i.e.
such that sup, ¢y, T™"Pv(s) = maxyems 77" *v(s) for each s € S. To prove this, it suffices to show that 7 — T™Pv(s)
is continuous for 7 € IIs (note that Ils = A(A)® is a compact set and that 7™"v(s) only depends on the s-th
component of 7). To prove that 7 — T™""Pv(s) is a continuous function, we use the definition of the Bellman operator:

T Py(s) = p(T™Fv(s)). Let 7 € Il and consider a sequence (7, ) e of stationary policies such that lim,, _, o, 7, = 7.
Then

[T P0(s) = TTPu(s)| = [p(T™ P u(s)) = p(T7u(s))]
esssup [T v(s) — T™ u(s)|

where the first equality uses the definition of the Bellman operator and the inequality uses the non-expansivity of p
(Equation (20), similarly as in the proof for the contraction property of the operators in the third point above). Now from the
definition of the operator 7™ we get that for any P € A(S)S*4 we have

(77 Pu(s) = T™Fo(s) < - llmn = mly
where C' := max; 4 5 |7(S, a, s")| + v maxses |v(s)|. Overall we obtained that
[T "Po(s) = T™"Po(s)] < O [lm — 7y
and it is therefore straightforward to conclude that lim,,_, ; » |T™™"?v(s) — T™"Pv(s)| = 0 when m,, — 7, i.e. we have
shown that 7 — T™"Py(s) is a continuous function on the compact set IIs. By Weierstrass theorem, we conclude that
SUp,err, T7P0(s) = maxyeng T v(s). O

E. More details on Example 3.4-3.8

We provide a very simple example where Conditions 1 and 2 fail to hold below.
Example E.1. We consider, for p = E”, the static ambiguity-averse MDP of Figure 2 where X ~ Unif([0,1]).

%1 @

Figure 2. Ambiguity-averse MDP with S = {Start, End}, A = {1}. The edges (s, a, s") are labeled with pairs (P(s, a, s'),r(s,a,s’)).

Explicitly, we have S = {Start, End}, A = {1}, discount factor v € [0, 1) and reward function r(Start, 1, s") = 1 and

r(End, 1,s") = 0 for any s’ € S. Here, v is the distribution of the random matrix ()g 1 _1X) We consider here the
case of static kernels: there is a single sample of X at time ¢ = 0, so that the kernel P, at time ¢ is

5 (X 1-X

Pt—(o 1 >,Vt€N.

Explicitly, at any time step, from state Start, the system transitions to state Start with probability X and to state End with
probability 1 — X, and from state End, the system stays in state End with probability 1.

Because the transitions are only random at Start, the transition kernel law v of this ambiguity-averse MDP has a product
structure over spaces and identical marginals over time (because static), and because the uniform distribution has convex
support, the overall transition kernel law has convex support.

We consider the unique stationary policy 7 that always takes the single action possible. The random nominal value function
under policy 7 and transition kernel sequence P is given by:

s 1
P — (tho 7tXt> _ (1w?) .
0 0
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Therefore, the ambiguity-averse value function under policy T is:

—_— (IE (117;3)) _ <4g§1—v>>
0 0 '

On the other hand, the ambiguity-averse Bellman operator 7™*F" is given by:

e R cwi (v(Start)\ _ (E(1+ Xyo(Start) + (1 — X)yv(End) ) | _ (1+ Jv(Start) + Jv(End)
el ! (v(End)) < ( E (0 - yv(Start) + 1 - yv(End)) )> ( yv(End) ) '

and in particular, we have

T‘n’,u,]E”Vﬂ',u,]E” — (1 — 105(;—7)) )

Finally, we have 7™V E VT E" — V7mvpr e _og(l — ) = 22_—77, so because the second assertion does not hold for

every v € [0, 1), there exists M € M, and 7 € IIg such that T™»E" ymvE” L \ymwE” That is, the expectation does not
satisfy Condition 1 for static kernels.

Because there is a single policy, T7™*E" = TYE” and V7™»E” = V»E” 50 we also have that the expectation doesn’t satisfy
Condition 2 for static kernels.

F. Proof of Theorem 4.1

Proof of Theorem 4.1. Under the assumption that p is monotone and translation invariant, from Proposition 3.7, both T"™»*>*
(for each 7 € Tls) and T** are monotone contractions.

We first prove that there exists 7* € Ilg such that V** = V™ e Indeed, for s € S we have

VVP(s) = TVPVYP = max TT"PVVP(s) = T“*’”’pV””’(s)7
mells
where the first equality is from Condition 2, the second equality follows from the definition of the operator 7"** as in (8),
and the last equation is from defining the policy 7* € IIs attaining the arg max in max,em, 7™"*V"*(s) foreach s € S
(note that 77* exists from the attainability property stated in Proposition 3.7) and from the definition of the operator 77" as
in (7). This shows that V¥ is a fixed point of the contraction operator 7™ **-#. Therefore V' coincides with the fixed
point of 7™ *», which is equal to V™" " from Condition 1.

We have } }

sup p (V”’P(s)) =V"P(s) =V" "P(s) < maxp (V”’P(s)) ,

welly mells
where the first equality is by definition of V***, the second equality was proved in the previous paragraph, and the last
equality is by taking the maximum over IIs (since 7* € Ils). Since IIs C IIy, in general we also always have

ymP )gw yP )
i%%’ip( (s) :éll_II)Hp( (s)

from which we conclude that

sup p (V’“P(S)) = max p (V”’P(S)) =p (V”*’P(S)) :

melly wells

i.e., we conclude that 7 is a stationary optimal policy starting from any state.

The fact that 7%* is a contraction follows from Proposition 3.7. Additionally, we have defined 7* as any policy 7 € Ilg
such that T"PV*F = T™¥PV¥P which concludes the proof. O

The next corollary shows that when Conditions 1 and 2 hold for both static kernels and resampled kernels, then one can
choose an optimal policy that is stationary and optimal for both models of kernels. This is stated in the next corollary.
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Corollary F.1. Assume that p is monotone, translation-invariant. Assume that for static and resampled kernels, Conditions 1

and 2 hold.

Then there exists a stationary policy that is optimal starting from any state in both the model with static kernels and
resampled kernels.

Proof of Corollary F.1. Note that under the assumptions of Corollary F.1, the operator 7*” is a contraction, hence it has a
unique fixed point. Additionally, this operator only depends on the marginal at time ¢ = 0 (in evaluating 7"*?v for some
v € R®, the transition kernels are sampled only once before a continuation value of v(s’) is obtained at state s’ € S), so that
the operator 7"* is the same function in the case of static kernels and in the case of resampled kernels. Because Condition 2
holds for both the static and resampled kernels, the optimal value functions for both models of kernels are fixed point of the
contraction operator 7%. Since a contraction has a unique fixed point, we get that the optimal value functions for both
kernel models coincide, and we denote this common optimal value function as V*. From theorem 4.1 we know that in both
kernel models (static or resampled) we can find a stationary optimal policy as any 7 € Ilg such that T*PV* = T™¥"PV*,
which concludes the proof. O

G. Proof of Proposition 4.2

The proof of Proposition 4.2 follows from standard arguments in the MDP literature, e.g., Chapter 6 in Puterman (1994).
The arguments rely entirely on the monotonicity, attainability, and contraction properties of the Bellman operators.

Proof of Proposition 4.2. 1. We start by proving the results for value iteration.

Let V* =TV forn > 1and V° € RS, By induction we get that V" = (T”’p)n V0 for any n > 0, and since
T is a contraction, we have that (7%*)" VY converges to the fixed point of the operator 7"*” as n — +00, i.e. we
get that lim,, , , o, (T"?)" V? = V¥*. Moreover,

[V = Voo = TPV = TPV oo < AIIVH? =V |oo,

where the equality follows by definition of the sequence (V"),cn and because V¥ is a fixed point of 7%>* and the
inequality is because T"* is a contraction under the assumption of Proposition 4.2. We conclude by induction that
[V% = V7o < 4" [V¥# = VO]l forany n € N,

There remains to bound ||V ™" ** — V**|| , based on our bound on ||[V*"# — V"| .. Note that
Hvl/,p _ VTI'”,V,p |oo — ||V1/,p _ Tﬂn,u,pvnfl + T’T"’V"pvn71 _ VTI'”,V,p
— ”Vl/,p _ Ty,an—l + T7rn,u71>Vn—1 _ Vﬂ'",v,p”OO
< ||Vu,p _ Ty,pvn—lnoo + ”Tﬂ-n,u,pvn—l _ V7r",u,p Ioo
= |TY VP — TPV o + | TPVt — Tﬂ'anaPVﬂ'an:P”oo
AV = VI oo + AV VT

‘ o0

|oo

where the first equality is by adding and substracting the vector T™»*»?V/"~1, the second equality is by definition of
7™ for value iteration, the first inequality is by triangle inequality, the third equality is by V** and V™" ¥ being the
fixed points of 7% and T™" -*+* following Conditions 1 and 2, and the last inequality is from these operators being
contractions. Now we also have

an—l _ Vﬂ-",u,p ‘oo — ”Vn—l e + Ve — Vrrn,u,p”Oo < an—l _ Vl/,p”OO + Hvy,p _ Vﬂ-",u,pHoo

where the equality is by adding and substracting V** and the inequality follows the triangle inequality. Overall we
have shown

[V — V™2 K Y| VPP = VI oo + (V7 = V2Pl + [V7P = VT )

which we can rearrange to obtain
n 2 _
(Ve = VT < T2V = Vg
-7
We therefore conclude that ||[V™"¥# — V¥°|| < f%:HV’TO’”’” — V" -
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n n+1
2. Let n € N. We first show that V™ »»» L V™ ¥ We have
ALY VA Y Iy S v N > T ey — e

where the first equality is by definition of 7!, where the inequality is from the definition of the Bellman optimality
operator 7+, and the second equality is from Condition 1. Therefore we obtain T ey Ttve > e Since
77" "¢ is a monotone increasing contraction under the assumptions of Proposition 4.2, applying repeatedly the
operator T 1o the component-wise inequality T eyt > ytve yields Ve 5 e,

We now prove that V™ > converges to V*** at a linear rate. We have
Ve — VTr"“,Vw — e — T?T"“Mpvﬂ"“ﬂ/,p
= VP — Tﬂ"“%pvﬂ"w,p + Tﬂ"“%pvﬂ”#m _ Tﬂ"“w,pvﬂ"“,wﬁ
n+1 n
LV —_weyTvp
o . n+1 n .
where we use Condition 1 for the first equality, where we add and subtract the vector 7™ **?V™ > in the second

. . . n n n+1 n+ .
equality, and where the inequality follows from 77" PV vp < T ey 7" hve teelf a consequence of
n n+1 n+1 . .
Vrove L V™ PP and the fact that T ¥ is a monotone contraction. Now we have

|vve — T”7L+1’”"’V7Tn”’"’||oo = |TrVrr — Tﬂ"“#mvﬂ”#mﬂ@

— ||T7f*av7pVVap _ Tﬂn+17V;PVWn7V;P||OO
||T7r*’”’pV”"’ G LTV VA
7||Vv,p _ Vﬂ"w,p”m

‘ o0

<
<

where the equality uses Condition 2, the second equality uses the existence of a policy 7* € Il such that 7™ *PV VP =
V'¥+# (the attainability property from Proposition 3.7), the first inequality is from the definition of 7", and the last
inequality is from the operator 7™ > being a contraction. By induction we directly obtain that

(V2P =Vl < 9PV = VT o

which concludes the proof.

O

It is also possible to obtain a convex program with V**# as a unique solution, as we show in the next proposition. We need
here that p is a convex risk measure, in the sense defined in Appendix A: p(AX + (1 —A\)Y) < Ap(X) + (1 — A\)p(Y) for
any random variables X, Y and scalar A € [0, 1]. An example of convex risk measure is the essential supremum.

Proposition G.1. Assume that p is monotone, translation-invariant and convex. Then V¥'P can be recovered as the unique
solution to the following convex optimization program:

min {Z V(s) |V eRS,V(s) =T""V(s),Vse s} .

seS

Proof. Since p is monotone and translation invariant, we know that 7"” is a monotone contraction from Proposition 3.7.
From the contraction lemma (Lemma 3.1 in Grand-Clément & Petrik (2024)), V** is the unique fixed point of the
optimization problem

min {Z Vi(s)|VeRS, V(s) =T""V(s),¥VseS

seS

It remains to show that this optimization problem is convex. By construction, 77" is a monotone affine operator for
each 7 € Ils, P € A(S)S*A. Therefore, v + T™"Pv(s) is convex, since by definition 7™ is the composition of
a convex operator 7™F with monotone convex random variable p (see Section 3.2.4 in Boyd & Vandenberghe (2004)),
and v — T"Pv(s) is convex as the pointwise supremum of convex functions (see Section 3.2.3 in Boyd & Vandenberghe
(2004)). O
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Evaluating the Bellman operators The efficient computations of the Bellman operators have been studied in some cases:

o The case of robust MDPs. In this case we have, forv € RS and s € S,

T™"Py(s) = 1;161% T™Fu(s)

T"Pu(s) = sup inf T™Fu(s
(5) = sup fnf T7u(s)

which shows that evaluating 7™ "*?v requires solving linear programs over P, and evaluating 7" ”v requires solving
saddle-point problems over IIs x P. Under some additional assumptions on the uncertainty set P, one can evaluate
the Bellman operators in polynomial time, e.g., for sets based on weighted ¢;-norm (Iyengar, 2005; Ho et al., 2018),
{5-norm (Iyengar, 2005), entropy and Kullback-Leibler divergence (Nilim & El Ghaoui, 2005), and ¢.,-norm (Givan
et al., 2000).

e The case of optimistic MDPs. This case can be treated similarly to robust MDPs by noting that

esssup(X) = —essinf(—X).

* The case of multi-model MDPs. In this case we have p(X) = E¥(X), and
T Py(s) =EY (T”’[}v(s)> = T”’Ey([})v(s)

where the second equality is because P + T™Fv(s) is an affine function. This shows that evaluating the Bellman

operator for p = E¥ can be done in two steps: (i) computing the expected kernel E(P) (ii) computing the nominal
Bellman operator with the expected kernel.

* The case of more general risk measures may require resorting to numerical estimates. From the definition of the
ambiguity-averse Bellman operators, evaluating T™"*v(s) requires evaluating p(X ) for some random variable X.

For instance, for CVaR one can compute CVaR(X) by solving the optimization problem (10), which only involves
a supremum over a single real variable. In general, one can result to sample-average approximation or Monte-Carlo
methods to estimate VaR or CVaR, and we refer to Chapters 5-6 in Shapiro et al. (2021) for some discussion on this
and to Rockafellar & Uryasev (2000) for a seminal reference. It is worth noting that our main theorems (Theorem 4.4-
Theorem 4.5) show that dynamic programming does not apply beyond esssup, essinf, [E”, so that evaluating the
Bellman operator in order to apply Value Iteration or Policy Iteration may not lead to meaningful optimization over the
set of stationary policies.

Approximate dynamic-programming. The convergence analyses of value and policy iteration in our setting rely on the
same monotonicity, contraction, and translation-invariance properties of Bellman operators as in nominal MDPs, recovered
in Proposition 3.7. Therefore, error-propagation arguments for approximate value or policy iteration could be adapted (in

the lines of Scherrer et al. (2015)) when the Bellman operator is evaluated inexactly.

H. Proofs of Section 4.2

In this appendix we provide the proof for the results stated in Theorem 4.4 and Theorem 4.5. As discussed in Section 4.2,

some of these results are already known:

* For static kernels, the literature on s-rectangular robust MDPs (Wiesemann et al., 2013) and optimistic MDPs (Givan

et al., 2000) show that Conditions 1 and 2 hold when p € {essinf, esssup}.

 For resampled kernels, a recent result for s-rectangular robust MDPs (Proposition 2.2 in Wiesemann et al. (2013)) and
a seminal result in DRMDPs (Theorem 4.1 and Theorem 4.2 in Xu & Mannor (2012)) show that Conditions 1 and 2 are

implied by the fact that p € {essinf, esssup, E"}.

We also recall that ess sup, ess inf are not W!-continuous (see Appendix A). Therefore, we are left with proving that:
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* For proving Theorem 4.4, there remains to show that for p monotone and law-invariant,

1. for static kernels, each Condition 1 and Condition 2 individually implies p € {essinf, esssup}
2. for resampled kernels, each Condition 1 and Condition 2 individually implies p € {essinf, esssup, E”}.

¢ For proving Theorem 4.5, we show that for p W-continuous and law-invariant, each Condition 1 and Condition 2
individually implies that p = E” for both the cases of static and resampled kernels. We then conclude since we know
that p = [E¥ doesn’t yield dynamic programming equation for static kernels, as highlighted in example E.1.

We provide the proof of Proposition 4.3 in Appendix H.1, the proof of Theorem 4.4 in Appendix H.2, and the proof of
Theorem 4.5 in Appendix H.3. In the remainder of this section, we use the notations and the rigorous probabilistic
framework introduced in Appendix B.

H.1. Proof of Proposition 4.3

We start with the following lemma. Both equations can be derived from Condition 1 or Condition 2 applied to the single-
policy MDP structure of Figure 3. We emphasize here that we only use the single-policy MDP structure of Figure 3 among
all the possibilities in M. (because both conditions Condition 1 and Condition 2 concern all the ambiguity-averse MDPs in
M.). While the second equation will be useful later to establish that p(0) = 0, the first equation alone contains the key
property needed to derive all the results of Proposition 4.3. We recall that (Qp, Fm, Pm) is the probability space associated
with a specific ambiguity-averse MDP M, as defined right after Definition B.2.

Lemma H.1. Let p be a risk measure that is law invariant on L (R). If p satisfies Condition 1 or Condition 2 in either the
case of static kernels or resampled kernels, then the following statements hold:

1. for any M € M and independent random variables (X, Y, Z) € L (O, Fum, Pu; R)?2 x LS (2w, Fm, Pu; [0, 1)),
vy el0,1), p(v(ZX+ (1= 2)7)) = p(1(Zp(X) + (1= 2)p(Y))) .
2. VO € R, ¥y € [0,1),p(C) = p(C +vp(0)) .

Proof. Let p be a risk measure that is law-invariant on L2°(R) and that satisfies Condition 1 or Condition 2 in either the
case of static kernels or resampled kernels and v € [0, 1). The statement is obvious for v = 0, and we assume y € (0,1) in
the rest of this proof. We will consider an ambiguity-averse MDP with a single possible action, therefore there is a single
possible policy (the one that consists in always taking the only possible action with probability 1), noted 7, and Condition 1
or Condition 2 applied to this specific ambiguity-averse MDP yield the exact same conclusion.

LetM € Mand (X,Y,Z) € L(Qm, Fum, Pu; R)? x L2 (Qwm, Fu, Pu; [0,1]) be three independent random variables.

Because X, Y are bounded, there exists a, b, ¢,d € R? x (R*)? such that X=2 ¢ 10,1] a.s. and Y52 € [0,1] a:s. Our

goal is now to define the ambiguity-averse MDP of Figure 3 in such a way that £(X’) = £( Xoay LY = L(%) and

L(Z") = L(Z), where L(-) denotes the law of a random variable.

Let S = {Start, Left, Right, WinL, LoseL, WinR, LoseR}, A = {1}, v € (0,1) and r a reward function such that
r(Left,1,s") = a, r(Right,1,s") = b, 7(WinL,1,s") = v~ ¢, r(WinR,1,s’) = v~'d and the reward associated with
any other transition is equal to 0. We now define the transition kernel law v as

0 Z 1-2 0 0 0 0
00 o0 X 1-X=e g 0
00 0 0 0 Y-b Yt
v=Lllo 0 0 0 1 0 0
0 0 0 0 1 0 0
0 0 0 0 0 0 1
0 0 0 0 0 0 1

Because X, Y, Z all have convex support, the law v has convex support and by independence of X,Y,Z, valso has a
product structure. Consequently, having u € A(S), the tuple (S, A, r, v, 7, 1) is a valid “convex, product” ambiguity-averse
MDP that we note M’ € M_..
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The transition kernel sequence now depends on the sampling case:

* Static transition kernel sequence:

Denoting by P the static transition kernel sequence of the ambiguity-averse MDP M’, we define Z: "=
P,—o(Start, 1, Left), X’ = P—o(Left,1,WinL) and Y’ = P,_g(Right, 1, WinR). By construction X’ Y’ Z’ are
three independent random variables in L2°(Qu, Fur, Pwr; [0, 1]) such that £(X') = £(£=2), L(Y') = L(Y;b) and

c

L(Z') = L£(Z). In particular, by independence, we also have £ ((cf(’ +a,dY’ + b, Z’)) =L ((X, Y, Z))

The transition kernel of M’ is such that Start goes to Left with probability Z' and to Right with probability 1 — Z'
From Left, the transition to WinL happens with probability X' and to Losel with probability 1 — X'. From Right, the
transition to WinR happens with probability Y’ and to LoseR with probability 1 — Y. From WinL/WinR, the transition
goes deterministically to Losel/LoseR, and from Losel/LoseR, the state self-loops.

Figure 3. Ambiguity-averse MDP with S = {Start, Left, Right, WinL, LoseL, WinR, LoseR}, A = {1}. The edges (s, a, s") are labeled
with pairs (P(s,a,s’),7(s,a,s)).

On the one hand, because there is a single policy, the ambiguity-averse value function and the optimal ambiguity-averse
value function are equal, and V = V™"f = V" is given by
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law-invariant.
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On the other hand, the operator 7' = T™ " = T"* is defined by:

v(Start) P (V@’U(Left) +(1 - Z’)v(Right)))
v(Left) p(a+y(Xv(WinL) + (1 — X")v(Losel))
YweR?, T ZE\?\I/%:B _ |0t Y(Y'v(WinR) + (1 — Y")v(LoseR))
v(Losel) p (77 te+ yu(Losel))
v(WinR) p (yv(Losel))
v(LoseR) p (vy71d 4+ yv(LoseR))
p (yv(LoseR))

Then, by Condition 1 or Condition 2, because M’ € M, (and 7 € IIg), we have V = T'V:

+1=2)7)) =p (7 (Zp(X) + (1= Z)0(Y)))
( ) (aJr’y(Xp lc)+(1fX')p(O)))

( )-p(b+’y(Y’ (v d)+(1—f/’)p(0)))

p(ve) =p (v e+ p(0))
p(0) = p (7p(0))

p(v7'd) =p (v d+p(0))
p(0) = p(vp(0))

—~

The first equation gives the first part of the desired result after using £(Z’) = £(Z) and law-invariance.

We also note that the fourth equation p (7’10) =p (’yilc + ’yp(O)) holds for any ¢ € R. Consequently, we also have
VC € R, p(C) = p(C + vp(0)).

Resampled kernels: Denoting by P the resampled transmon kernel sequence of the amblguity:averse MDP M’ € M.,
we define, for any ¢t € N, Z/ = P,(Start, 1, Left), X; = P;(Left,1,WinL) and Y/ = P;(Right, 1, WinR). By

construction, for any ¢ € N, Xt,Y;’ , Z; are three 1ndependent random variables in LOO(QM/ Fwr, P [0, 1]) such that
L(X]) = E(XC ay L(Y)) = L(X2 —b) and L(Z!) = L(Z). In particular, by independence, for any ¢,,t,,t5 € N we
also have £ ((chl +a,dY}, +b, ng)) -y ((X, v, Z)).

Therefore, at time ¢ € N, the transition kernel of M’ is such that Start goes to Left with probability Z{ and to Right
with probability 1 — Z{ . From Left, the transition to WinL happens with probability X 7 and to Losel with probability
1 — X/. From Right, the transition to WinR happens with probability ¥/ and to LoseR with probability 1 — Y;. From
WinL/WinR, the transition goes deterministically to LoselL/LoseR, and from Losel/LoseR, the state self-loops.

Now, V' = V™¥P = V¥ from starting at time ¢ = 0 in a state s is given by

V(Start) = p ( (Zé(aﬂfq-rlc)+(1—Zg)(bﬂ?{-fld)))

(3 (2% + (- 2)7))

V(Left) = p (a + Xy e+ (1 — XP) - 0) =p (a + X’éc) = p(X)
V(Right) = p (b+97"y " d+ (1= 1) -0) = p (b+ Yid) = p(¥)
V(WinL) = p (v '¢)

V(LoseL) = p(0)
V(WinR) = p (v~ 'd)
V(LoseR) = p(0)
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splitting the real line with points (n+5~

where the last equalities in the first three lines come from the law invariance of p and from the fact that

c ((a + X!, b+ dYy, Zg))) -y ((X, Y, Z)) and £ ((a 4 eX) b+ dffof)) -y ((X, Y)).

To explicitly describe the random return in the first line, we have that starting from position Start at time ¢ = 0, the
transition to Left happens with probability Z(’) and to Right with probability 1 — Z(’). If the next state is Left, then at
time ¢ = 1, the transition to WinL happens with probability X 1 and to Losel with probability 1 — X 1, yielding a total
c. If the next state is Right, then at time ¢t = 1, the transition to WinR happens with probability

return of @ + X/} -y~

Y/ and to LoseR with probability 1 — Y7, yielding a total return of b + Y7 - v~d.
On the other hand, the operator 7' = T™** = T" " is defined by:

v(Start)
v(Left)

YoeR", T

p (W(Zév(Left) +(1- Z{))v(Right)))
p (a + 4 (X4u(WinL) + (1 — X3)v(Losel))
p (b - ~y(VLo(WinR) + (1 — ¥7)v(LoseR))
p (vt +~yv(Losel))
p (yv(Losel))
p (v~'d + yv(LoseR))
p (yv(LoseR))

Then, by Condition 1 or Condition 2, because M’ € M, (and 7 € IIg), we have V = TV

p(0) = p(vp(0)),

The first equation gives

p(7(2X+ (1= 2)7)) = p (1 Zip(X) + (1= Z)p(V))
(a+2(Xip (v7e) + (1= Xp)o(0)))

b+ (Vip (v71d) + (1 = ¥)p(0)) )

p(X)=p
o) =
p(vre) =p (v e+ p(0))

p(7(2X+ (1= 2)7)) = 0 (A Zop(X) + (1= Z)p(V)))

/N

p (W Zp(X) + (1= 2)p(7)))

after using the law invariance of p and from the fact that £(Z})) = L(Z).

As in the case of static kernels, the fourth equation implies that VC € R, p(C') = p(C + vp(0)).

We will use the next technical lemma.

Lemma H.2. Ler f : R — R a non-constant function such that

SN—"

oy,2) € R x 0,1, ¥ € [0,1), f(v(za+1-2))) = f(1(:F@) + (1= 2)f())

YO € R, ¥y € [0,1)

£(0)
2

f(C) = f(C+~f(0
Then f is the identity: f(x) = z,V x € R.

)
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Proof. Let f be a non-constant function that satisfies Equations (22)-(23). We first have that f(0) = 0. Indeed, if f(0) # 0,
then for any C' € R, Equation (23) directly implies that f is constant on any closed interval of length | f(0)/2| > 0 and then,

)nez, we get that f is constant on R, which contradicts the assumption.
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We show the following auxiliary result: Va < b, f(a) = f(b) = f is constant on (a,b). Leta < bsuchthat f(a) = f(b),
and let z,y € (a, b). There exists v € [0, 1) such that z, y € [ya,vb]. By (22),

F@) = £(1(b+ (1= 2)a)) = £(4(210) + (1 = 2)f(a)))
= f(wf(a))
= 1(1( 1 @) + (1= )5 (@)
= (1= (1= 20a)) = f(),

where z = % €[0,1] and 2’ = yl/li;“ € [0,1]. So f is constant on (a, b).
We now prove by contradiction that f is injective. Let a < b such that f(a) = f(b). We show that f is constant on R. Let
x <y €Rsuchthaty — x = (b — a)/4. We define u = 4o — a = 4y — b € R. Then, by (22) withy = 2 = 1/2,
1 1 1 1
r@) =1 (ja+ 0) = £ (3@ + 100

(370 + 17w)

f (ib+ iu) =f(y).

Therefore, using our auxiliary result, f is constant on any open interval of length |b — a| /4 > 0, so f is constant on R,
which contradicts the assumption.

Finally, by (22) with v = z = 1/2 and y = 0, we have

Vo € R f(o/4) = £ (Jo-+ 10) = £ (1(@)/4+ FO/) = F7(0)/0).
so by injectivity of f, we have Vo € R, 2/4 = f(x)/4 and f is the identity. O

We now prove a slightly more general result than Proposition 4.3:

Proposition H.3. Let p be a risk measure that is law-invariant and non-constant on L (R). If p satisfies Condition 1 or
Condition 2 in either the case of static kernels or resampled kernels, then the following statements hold:

1. p coincides with the identity on constant random variables: Vx € R, p(x) =x
2. pis positive homogeneous on L (R): VX € L®(R),Va >0, p(aX) = ap(X)
3. pis additive independent on L (R):

for any M € M and independent X,Y € L2 (Qm, Fm, Pu; R), p(X +Y) = p(X) +p(Y) .

4. If p is also monotone on L (R), then,

for any M € M and independent X,Y € L (Qm, Fm, Pm; Ry),  p(XY) = p(X)p(Y) .

Proof. Let p be a risk measure that is law-invariant and non-constant on L2°(R), and that satisfies Condition 1 or
Condition 2 in either the case of static kernels or resampled kernels.

By the conclusion of Lemma H.1 we have, for any M € M and independent random variables (X ,}7,2) €
LEO(QvaMa]PM;R)2 X LEO(QM»FMJPM; [071])’

v e0,1), p(v(ZX+(1-2)7)) = p(1(Zp(X) + (1= 2)p(}))) . (24)
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and VC € R, Vy € [0,1), p(C) = p(C +vp(0)) .

We first show that p : © € R > p(x), the restriction of p to R, is non-constant. In fact, because p is non-constant on
L2°(R), there exists W € L°(R) such that p(T/i/) # p(0). Then, applying (24) with Y=0,Z=1~v=1/2and X = 2W,
we have p(1/2 - p(2W)) = p(1/2-2W) = p(W) # p(0) so p(2W')/2 is a real number whose image by p is different from
p(0) and pjg is non-constant.

By Lemma H.2 applied to pjr, we now know that Vx € R, p(x) = .

Then, Equation (24) with Z = MNfor X € [0,1] now becomes, for any M € M and independent random variables
X,Y S Lgo(Qm,fM,PM;R),

YA € [0,1], ¥y € [0,1), p(’y()\X +(1- A)Y)) =y (Ap(X) + (1= N)p(Y)) . (25)

Taking Y =0and A = 1in Equation (25) we obtain that,
VX € LE(R), ¥y €[0,1), p(vX)=7p(X),

< Lso that 1p(aX) = p(LaX) = p(X), ie. we have

which is still true for v = 1. Now take o > 1, we have 0 < é

shown that p is positively homogeneous on LS°(R):

VX € L(R),Ya >0, plaX)=ap(X).

Then, taking v = A = 1/2 in Equation (25) and using positive homogeneity, we obtain that p is additive for independent
random variables:

for any M € M and independent (X,Y) € L2 (Qwm, Fm, Pw;R), p(X +Y) = p(X) + p(Y).

Finally, if p is also monotone, using Equation (24) with Y =0A=1landy=1 /2, we have that for any M € M and
independent random variables (X, Z) € L°(m, Fm, Pm; Ry) x L (Qm, Fm, Pu; [0, 1]):

1= - 1~ = _/1 -
p(fZX) = p(pr(X)) = p(X)p(fZ) ;
2 2 2
where we have used positive homogeneity and the fact that p(X) > p(0) = 0 by monotonicity. Then, by positive
homogeneity again, we obtain o ~ ~
p(Z2X) = p(Z)p(X) ,
which is still true if (X, Z) € L (Qwm, Fu, Pm; R4 )? by positive homogeneity applied to Z. O

H.2. Proof of Theorem 4.4

We now provide the proof for Theorem 4.4. The proof relies on the following representation theorem from Mu et al. (2024),
which we state here with the notations and terminology of our paper.

Theorem H.4 (Theorem 1 in Mu et al. (2024)). If a risk-measure ®: L*°(R) — R coincides with the identity for constants
and is law-invariant, monotone and additive independent on L, then there exists a unique Borel probability measure p on
the extended real line R such that for every X € L (R)

B(X) = /7 ERM,(X) du(a).

R
Remark H.5. Monotonicity in Mu et al. (2024) is defined with respect to the first-order stochastic dominance but, as argued
before Theorem 1 in Mu et al. (2024), this is equivalent to our notion of monotonicity because of law-invariance.

For the purpose of this work, we need a version of Theorem H.4 for risk measures defined on bounded random variables with
a convex support L2°(R) (whereas Theorem H.4 only applies to risk measures on L (R)). This is done in the next lemma,
which states that an additive independent law-invariant risk measure defined on L3°(R) can be extended to a law-invariant
risk measure p defined on L°°(R), which preserves its main properties (e.g., additive independence and monotonicity).
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The key insight is that any random variable with nonconvex support can be represented as the difference of two random
variables with convex support by adding an independent uniform noise. This property allows us to define the extension p of
any random variable with not-necessarily convex support as the difference of the images by p of two random variables with
convex support and this way preserve the algebraic properties (monotonicity, additive independence, positive homogeneity)
required by the representation theorem. We recall that (Q, i, Pm) is the probability space associated with a specific
ambiguity-averse MDP M € M, as defined right after Definition B.2.

Lemma H.6. Let p be a risk measure that is law-invariant on L°(R). Assume additionally that p is additive independent
on L¥ (R):

for any M € M and independent X,Y € L (Qm, Fm, Pv; R), p(X +Y) = p(X) + p(Y) .

Then, there exists risk measure p that is law-invariant on L>(R), that coincides with p on LX(R) (ie, VX €
L (R), p(X) = p(X)) and such that the following statements hold:

1. pis additive independent on L>°(R):
for any M € M and independent X,Y € L™ (Qm, Fm, Pu; R), (X +Y) = p(X) +p(Y) .
2. if p is positive homogeneous on L° (R), then p is positive homogeneous on L>°(R):

[vfc € L¥R),Ya >0, plaX)= ozp(X)} — [VX € L®R),Ya >0, paX)= a,é(X)} :

3. if p is monotone on L (R), then p is monotone on L™ (R):

{forany Me Mand X,Y € LZ(Qwm, Fu, Pu;R) s.t. X > Y as., p(X) > p()})}

= {forany MeMand X,Y € L>(Qm, Fum, Pum; R) s.2. X >Y as., p(f() > p(f’)} .

Proof of Lemma H.6. Let p be a risk measure that is law-invariant and additive independent on L2°(R). Let My € M an
ambiguity-averse MDP such that (Qu,, Fm,, Pm, ) is non-atomic (for example the one of Example E.1).

For any X € L®(R), we define Ix = ess sup(X) — ess inf(X). By non-atomicity (m,, Fwm,,Pwm,). there exists
X', Ug € L (Qmy, Fmg, Pmy; R) such that £L(X') = L(X), Ug ~ Unif([0,[x]) and X', U are independent. We call
U anoise for X'.

We now observe that the support of X’ + U ¢ is the Minkowski sum of supp(X’) C [ess inf(X), ess sup(X)] and of [0, Ix],
so it is a closed interval of R. Therefore, we can now define

pX) = p(X +Ug) —p(Usg) . (26)
Note that by definition, p is well defined by law-invariance of p and it is itself a law-invariant risk measure on L>°(R) (as a
difference of two law-invariant risk measures) that coincides with p on L3°(IR) by additive independence of p on LS°(R).

We also have, for any noise V € L (Mg FMo» Pmy; R) independent of X' and U ¢ with convex support that includes
[07 ZXL B R 5 5
PX) = p(X'+V) = p(V). @7)

Indeed, f]X’ V, X'+ (75(, X' +Vand X' + ﬁf( + V all have convex support, so,

p(X +V) = p(V) =
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1. Let M € M and two independent random variables XY eL® (M, Fm, Pum; R). There exists independent random
variables X', Y", Uz, Uy € L=(Qm,, FMmy, Pmo; R) such that £(X') = £(X), L(Y') = L(Y) and Ug, Uy are
noises for X’ and Y’. We now have,

HX) + (V) = p(X' +Ug) + p(Y' + Uy) = p(Ug) = p(Uy)
=p(X'+Y' + Uz +U;) — p(Uz + Uy)
=pX+Y),
where the last egualit~y comes from using Equation (27) because U 5+ Uf, has support exactly [0,lx + ly] and is
independent of X + Y.
Therefore, p is additive independent on L*>°(R).

2. Assume that p is positive homogeneous on L2°(R).

Then, for any X e L°°( ) and o > 0, there exists independent X’,UX € L>®(QMmy, FMgs Pmo; R) such that
L(X') = L(X) and Uy is a noise for X’ We now have

ap(X) = ap(X' + Uy) — ap(T)

=p(aX’'+aUg) — p(aUg)

= /3(QX) )
where the last equality comes from using Equation (27) because ol + has support exactly [0, alx] and is independent
of aX’.
Therefore, p is positive homogeneous on L>°(R).

3. Assume that p is monotone on L°(R).

Let M € M and two random variables X,Y € L>(Qm, Fm, Pw; R) such that X > Y almost surely. There
exists random variables X', Y, U € L*(Qm,,Fm,,Pmy;R) such that £ (()N(’ }7’)) = L (( X,Y )) U ~

Unif([0, max(lx,ly)]) and U is independent to both X’ and Y’. In particular, because their  joint law is identi-
cal, we have X’ > Y’ and adding U we get X’ + U > Y’ + U almost surely. As, X’ + U and Y’ + U have convex
supports in R and p coincides with p on L2°(R), by monotonicity of p on L°(R), we have

PX +0)=p(X' +0) 2 p(Y +U) = p(Y' +U) .
Now, subtracting by p(U7) on both side and applying Equation (27), we get p(X) > p(Y).

Therefore, p is monotone on L (R).
O

By Lemma H.6, we know that a version of Theorem H.4 holds for risk measures on LS°(R), that is, if p is a risk measure
defined on Lg°(R) that is monotone, additive independent, coincides with the identity on constant random variable, and
law-invariant, then there exists a unique Borel probability measure 1 on R such that

VX € LP(R), p(X)= L ERM,(X)du(a) .
R
We are now ready to prove Theorem 4.4.

Proof of Theorem 4.4. Let p be a risk measure that is law-invariant, non-constant and monotone on L3°(R) and that satisfies
Condition 1 or Condition 2 in either the case of static kernels or resampled kernels.

By the conclusion of Proposition 4.3, p coincides with the identity on constants, is positive homogeneous and additive
independent on L°(R). Also, by monotonicity of p on L2°(IR), using the multiplicativity statement proved as Item 4 of
Proposition H.3, for any M € M and independent X,Y € L2°(Qm, Fm, Pm; Ry ), we have p(XY) = p(X)p(Y) .
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Then, using Lemma H.6, there exists p a risk measure that is law-invariant on L>°(R), coincides with p on L°(R) and is
positive homogeneous, additive independent and monotone on L*°(R). In particular, p also coincides with the identity on
constants.

Letnow My € M an ambiguity-averse MDP such that (Qwm,, Fm, , Pm, ) is non-atomic (for example the one of Example E.1).
Because p is monotone, additive independent and law invariant on L>°(R) and it coincides with the identity on constants,
the specific risk measure
ﬁMO : LOO(QM07]:M07IPMU;R) —-R
X = p(X)
is a risk-measure on a non-atomic probability space that is law-invariant, monotone, additive independent, and that coincides

with the identity on constants. Therefore, by Theorem 1 in Mu et al. (2024), there exists a unique Borel probability measure
1 on R such that

VX € L%®(Qwmy, Fuy, Puoi R),  fmy (X) = [ ERM, (X)du(a) ,
R

where ERM, (X) = LlogE(exp(aX)) if a € R*, ERMo(X) = E(X), ERM o (X) = esssup(X) and ERM_.(X) =
essinf(X).
Then, we fix A > 0 and define the dilatation map 7 : R — R such that Ty(a) = Aa if a € R and T)(+00) = 400,

T\ (—00) = —oc. Noting that for any a € R and X € L=(Q,, Fumy: Pvo; R), we have ERM,(AX) = AERM7, (o) (X),
we obtain by positive homogeneity of p,

VX € Ly Fuags B B), iy () = iy (0X) = 1 [ ERMLOE)dica)
R
= /@ ERMy, () (X)du(a)
— [ ERML ()T 0 o).

R

where T # . is the pushforward measure of 1 by 7. By uniqueness of the representation of py,, we have p = Th#u for
any A > 0.

We now assume for contradiction that x((0,4+-00)) > 0. Then, there exists 0 < a3 < az < +o0 such that ;1((a1, az)) > 0.
Taking A > as/ai, we have that the intervals (A" a1, A"as) for n € N are pairwise disjoint and each has the same positive
measure under u, contradicting the finiteness of .

The same argument leads to p((—o0,0)) = 0, finally showing that y is supported on {0, —o0, +00}.
Consequently, noting a = p({0}), b = u({—o0}) and ¢ = p({+o00}), we havea + b+ ¢ = 1 and
VX € L®(Qmg> Ftos Pmo; R),  pme (X) = a - E(X) + b- essinf(X) + ¢ - esssup(X) .

We now show that a = 1,b = 1 or ¢ = 1 using that for any independent random variables X, 7 e L (g FMo, Pumg; Ry ),
o (ZX) = p(ZX) = p(Z)p(X) = pry(Z) g (X) -

By non-atomicity, for any 0 < Ty < T2 and 0 < 1 < 22, there exists independent random varigblgs X , 7 €
L (Mg, FMo, Pmo; R) such that X ~ Unif([z1, x2]) and Z ~ Unif([21, z2]). In particular, because X, Z have con-
vex supports and take values in R, we have p(X Z) = p(X)p(2).

First, noting u = a/2 + b and v = a/2 + ¢, we have

R ~ T+
Mo (X) =a 12 2+b$1+8$2:u1‘1+1}£2,
R ~ 21+ 2
v, (Z) =a ! 2—|—bzl+022:u21—|—v22,

pp(R2) = o IELT IR T2 0

+ bx1z1 + croza .
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so the equality pm, (X Z) = pm, (X)pm, (Z) gives

T121 + T122 + T221 + T222

(uzy + vaa)(uz1 +v22) = a ) + bx121 + cTozy
a a
wlxiz + wv(x122 + T221) + 202y = (u ) T121 + 4(35122 + x021) + (v — Z) ToZo .

Therefore, because this equality holds for any 0 < 21 < 22 and 0 < 27 < 29, we have the system of equations:

a
u? =u— —
4
a
U = —
4
a
v =v—
4

From the first and third equations, we have that u and v are roots of the equation X2 — X + a/4 = 0.
If they are equal, then w = v = 1/2 since u + v = a + b + ¢ = 1. Then, the second equation gives a = 1.

If u # v, we immediately have a < 1 as a = 1 implies © = v. We now prove by contradiction that a = 0. In fact, if a # 0,
we have 1 — a € (0, 1) and noting w = min(u, v), we have that w = 1= V21_“ < 5 which contradicts the non-negativity of
bor c. Finally a = 0 so u = b and v = c are the two roots of X? — X = 0 and {b,c} = {0, 1}.

Because a = 1,b = 1 or ¢ = 1, we now have

VX € L®(Qmy, Fvos Pmy; R),  pm, (X) = E(X)
or

VX € L®(Qmy, Fvos Py R),  pm, (X) = essinf(X) ,
or

VX € L®(Qmy, Fvos Pmy; R),  pm, (X) = esssup(X)

By law-invariance of p on L*°(R) and non-atomicity of (m,, Fm,, Pums, ), it directly implies:

VX € L®(R), p(X)=E(X)

or

VX € L®(R), p(X)=-essinf(X),
or

VX € L®(R), H(X) = esssup(X)

so the desired result holds because p and p coincide on L3 (R):

VX € L¥(R), p(X)=E(X)
or

VX € LP(R), p(X) =essinf(X) .
or

VX € L(R), p(X) = esssup(X)

H.3. W'-continuity and Proof of Theorem 4.5

In this section we derive results for the case of W!-continuous functionals. We first define W !-continuity.

Definition H.7. The Wasserstein-1 metric Wl(ul, v5) between two laws vy, v is defined as

1
Wmmm=/NEﬂw—ﬂﬂwm.
0
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A law-invariant risk measure p(X) can be written p(X) = o(L(X)) for some g that maps laws to scalars, see Proposition B.3.
With this notation, the risk measure p is W!-continuous if for any law v with compact supports and any sequence of laws
with compact supports (v, )nen We have
lim W'(v,,v) =0= lim o(v,) = o(v).
n—-+oo

n—-+oo

Intuitively, T/ !-continuity corresponds to a continuity in the quantiles of the law. Table 2 summarizes the W *-continuity
properties of common risk measures. Theorem 4.5 provides a complete characterization of W !-continuous, law-invariant
risk measures that satisfy Condition 1 or Condition 2. We first prove that if p is a W!-continuous law-invariant risk measure
that satisfies Condition 1 or Condition 2 in either the case of static kernels or resampled kernels, then p = E.

Proof of Theorem 4.5. Let p a risk measure that is non-constant, 1 !-continuous and law-invariant on L2°(R) and that
satisfies Condition 1 or Condition 2 in either the case of static kernels or resampled kernels.

By the conclusion of Proposition 4.3, p coincides with the identity on constants and is positive homogeneous and additive
independent on L2°(R).

Let My € M an ambiguity-averse MDP such that (Qwm,, Fm,, Pwm,) is non-atomic (for example the one of Example E.1).
Now, for any X € L (R), consider a sequence of i.i.d. random variables (X;)ien € L°(Qm,, Fuy, Pmo; R)N such that
all the X; have the same law as X. By additive independence and positive homogeneity on L2°(R), we have

IR 1 i N
Vnz1, p (n ZXz> = ZP(Xi) = p(X)
i=1 i<n

Denoting by v,, the law of the sample mean - Z X and by v = 515( ) the Dirac measure concentrated in E(X ), we
now show that W(v,,,v) —,, 0. Indeed,

where we have used in first equality that v is a Dirac measure and in the second equality that if U is a random variable
uniformly distributed on (0, 1), then F), ! (U) has the same distribution as * L 3" Xi. Then, by boundedness of + 3" | X
the Dominated Convergence Theorem gives

1 n
lim E ( —
n—o0 n im1

Z)?i—IE(X)D:IE<nh_>ngonZX ~E(X |> E[0] =0,

IS X, — E(X)‘ — 0 almost surely by the Strong Law of Large

where the second equality comes from the fact that

Numbers.

Therefore, using Wl-continuity,

oX) =l o ( ZX)
<HETMZX>

where the last equality uses that p(c) = ¢ for ¢ € R, as shown in Proposition 4.3. O
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We can now conclude by noting that it is known that p = E satisfies both Conditions 1 and 2 for resampled kernels (this
corresponds to distributionally robust MDPs with a set of distribution equal to the singleton {~} (Xu & Mannor, 2012)) but
not for static kernels (as shown in Example 3.4-3.8).

I. Extensions of Conditions 1 and 2 to the case of two risk measures

Proposition I.1. Let p1, p2 be two risk measures for ambiguity-averse MDPs that are non-constant and law-invariant on
L2°(R) and such that one of the two conditions is satisfied in either the case of static kernels or resampled kernels:

1. V™¥P s a fixed point of T™"P2 for any instance M,, € M. and stationary policy w € 1ls, i.e.,
Ve = P2y yM, € M,V € s .
2. V¥ is a fixed point of TV P2 for any instance M, € M., i.e.,
VP = TPyt yM, € M. .
Then VX € LE(R), p1(X) = p2(X).
Proof. We first show the result for static kernels. We heavily use the intermediary results of the proof of Theorem 4.4

here (see Appendix H). Keeping the same notations and random variables as in Lemma H.1, the MDP of Figure 3 and
law-invariance lead to the following system for any v € (0,1),M € M, independent random variables (X,Y,Z) €

L (Qm, Fum, Pus R)? x L (2w, Fm, Pu; [0, 1]) and (a, ¢) € R x R* such that =2 € [0, 1] almost surely,

i (1 (2X+1=207)) = (v (Z0n(D) + (1= 2 (V) 28)
p1 (f() = p2 (a +7 (X C_ Yo (v i)+ (1 - X C_ CL)p1(0)>> , (29)
p1 (v le) = p2 (v e +9p1(0)) (30)

As in the beginning of the proof of Theorem 4.3, p; being non constant on LS°(R) imposes ps to be non constant
on R through (28). Consequently, (30) imposes p1(0) = 0 and that Vo € R, py(z) = p2(x). Then, by Lemma H.2,
Vz € R, p1(z) = p2(x) = x and Equation (29) gives the desired result.

To prove the results for the case of resampled kernels, we can proceed similarly and use the same MDP instance as in
Figure 3 and use law-invariance. O
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