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Abstract
Conformal Prediction (CP) provides rigorous
finite-sample coverage guarantees, yet its statisti-
cal efficiency depends critically on the size of the
calibration set. In data-scarce regimes, CP often
suffers from volatile quantile estimation, leading
to overly conservative and wide prediction inter-
vals. To address this, we propose Random Score
Alignment-Conformal Prediction (RSA-CP), a
simple framework designed to improve sample
efficiency in small-sample CP. Instead of requir-
ing the computationally intensive generation of
full synthetic datasets, RSA-CP enhances cali-
bration by directly aligning real scores with a
high-resolution reference score distribution. By
employing an optimal transport mapping, our
framework refines the stepwise quantile incre-
ments through a globally optimal use of reference
information. We provide theoretical guarantees
establishing that RSA-CP maintains robust cover-
age without any distributional assumptions on the
reference scores. Empirical evaluations demon-
strate that RSA-CP consistently produces more
efficient prediction sets while maintaining cali-
brated coverage behavior. Overall, RSA-CP of-
fers a computationally efficient and theoretically
grounded solution for robust uncertainty quantifi-
cation under limited data.

1. Introduction
Reliable uncertainty quantification is a prerequisite for the
safe deployment of machine learning systems in high-stakes
domains, including healthcare (Esteva et al., 2017), au-
tonomous systems (Bojarski et al., 2016), and legal decision-
making. Conformal prediction (CP) (Vovk et al., 2005;

1Department of Mathematical and Statistical Sciences, Univer-
sity of Alberta, Edmonton, Canada. Correspondence to: Pankaj
Bhagwat <pbhagwat@ualberta.ca>.

Proceedings of the 43 rd International Conference on Machine
Learning, Seoul, South Korea. PMLR 306, 2026. Copyright 2026
by the author(s).

Saunders et al., 1999; Lei et al., 2018; Angelopoulos &
Bates, 2021) provides a principled framework for this task
by offering finite-sample, distribution-free coverage guaran-
tees under minimal assumptions. Given a test input with an
unknown label, CP constructs a prediction set guaranteed to
contain the true label with a user-specified probability (e.g.,
95%), using nonconformity scores computed on a labeled
calibration set. These guarantees rely only on exchangeabil-
ity between calibration and test samples and do not require
assumptions on the underlying data-generating distribution.

Despite its strong theoretical guarantees, the practical per-
formance of CP deteriorates sharply when calibration data
are scarce. In small-sample regimes, prediction sets often
become overly conservative, limiting their usefulness for ap-
plications that require personalization or subgroup-specific
guarantees (Vadlamani et al., 2025; Lu et al., 2022; Gibbs
et al., 2025). This challenge is particularly pronounced
in medical diagnostics (Banerji et al., 2023; Liu & Meng,
2016) and class-conditional image classification (Vovk et al.,
2003; Ding et al., 2023), where only a limited number of
labeled examples may be available per group. At a technical
level, this limitation arises from a fundamental resolution
bottleneck: the empirical distribution of conformity ranks
is discrete, preventing fine-grained control of miscoverage
when the target level α is small relative to 1/(m + 1). To
preserve validity under these conditions, standard CP proce-
dures may be forced to adopt vacuous thresholds, resulting
in prediction sets that effectively cover the entire label space.
While such sets are mathematically valid, they provide little
practical value for decision-making.

Recent work has proposed a variety of mechanisms to miti-
gate the small-sample limitations of CP, including the use
of synthetic data (Bashari et al., 2025), clustering-based
calibration (Gao et al., 2025a), posterior conformal predic-
tion (Zhang & Candès, 2024), and related approaches (see
Appendix A). A common theme underlying these methods
is the augmentation of the calibration scores with additional
data-derived scores, compensating for the scarcity of real
calibration samples. However, a fundamental challenge
arises: the distribution of the augmented data is generally
not guaranteed to match that of the true calibration data.
As a result, finite-sample coverage guarantees, the defin-
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ing strength of the CP framework, are typically lost unless
strong assumptions are imposed, such as exact distribu-
tional equivalence or explicit bounds on distributional mis-
match. An exception is Bashari et al. (2025) who proposed
Synthetic-powered Predictive Inference (SPI) framework,
which successfully bypasses this issue by carefully control-
ling the augmentation mechanism. Nevertheless, SPI relies
on access to reliable synthetic data generation procedures,
which may be unavailable in many high-stakes applications
and can be computationally expensive to train and deploy at
scale.

In this work, we take a different perspective. Rather than fo-
cusing on how to generate additional data, we ask what prop-
erties augmented scores must satisfy in order to preserve
finite-sample validity. Guided by this analysis, we introduce
a universally applicable and computationally lightweight
framework that avoids reliance on data generation altogether.
Our key observation is that nonconformity scores can be
aligned with scores drawn from a reference distribution,
enabling principled calibration even when real calibration
data are scarce. This insight leads to a new conformal mech-
anism, which we term Random Score Alignment Conformal
Prediction (RSA-CP). We establish explicit finite-sample
coverage bounds for prediction sets constructed under this
framework and show how score alignment can be exploited
to improve the set-size efficiency of the resulting sets.

Our Contributions:

• Reference-score-augmented conformal prediction:
We propose a new conformal prediction framework,
RSA-CP, that leverages reference scores, which may
be random draws from a known distribution, to im-
prove the resolution of split conformal calibration and
construct informative prediction sets in small-sample
regimes, where standard conformal methods often pro-
duce overly conservative or even vacuous sets.

• Rank-resolution view of score augmentation: We
characterize the augmented rank of the test score via
a conditional Beta-Binomial law, leading to high-
probability conditional rank windows that quantify how
additional scores refine the coarse rank grid induced
by small m.

• Distribution-free finite-sample coverage bounds:
We derive distribution-free finite-sample coverage
bounds for prediction sets constructed using RSA-CP.
These bounds are easily computable and can be evalu-
ated independently of the observed calibration data.

• Rank-preserving alignment and distribution-robust
refinement. We incorporate monotone score align-
ment maps (including an OT barycentric alignment)
that inherits the distribution-free bounds, and we fur-
ther derive distribution-robust coverage guarantees

that tighten around the target coverage level when the
aligned real score distribution is close to the reference
distribution.

Overall, our results show that in small-sample regimes, ex-
isting conformal methods either fail to provide informa-
tive prediction sets or rely on strong modeling assump-
tions. Recent approaches based on synthetic data generation
provide distribution-free guarantees but require access to
complex generators that may be computationally expensive,
application-specific, or unavailable in high-stakes settings.
In contrast, RSA-CP achieves improved calibration resolu-
tion and informative prediction sets using only reference
scores, while retaining principled finite-sample coverage
bounds.

Conflict of Interest Disclosure. The authors declare no
financial conflicts of interest related to this work. In par-
ticular, this paper does not evaluate a model, product, or
system developed by an organization that employs any of
the authors.

2. Background
We consider the problem of distribution-free predictive un-
certainty quantification. Let (X,Y ) ∈ X × Y be a random
covariate-response pair drawn from an unknown distribution
P . For a new covariate realization Xm+1, the objective is
to output a set-valued prediction rule Ĉ(Xm+1) ⊆ Y that
satisfies the marginal coverage constraint

P
{
Ym+1 ∈ Ĉ(Xm+1)

}
≥ 1− α, (1)

for a user-specified miscoverage level α ∈ (0, 1), where
(Xm+1, Ym+1) ∼ P is an independent test draw. To con-
struct such prediction sets, we are given a labeled calibra-
tion sample Dreal = {(Xi, Yi)}mi=1, whose elements are
exchangeable with the test point. Exchangeability is the
only structural assumption required and forms the theoret-
ical foundation of CP. Under this assumption, conformal
methods deliver exact finite-sample coverage guarantees in
(1) without requiring parametric or distributional knowledge
of P .

CP operates by transforming labeled examples into real-
valued nonconformity scores. We assume access to a fixed
scoring function s : X × Y → R, trained independently
of the calibration data, which assigns larger values to less
plausible input–label pairs. Typical choices include abso-
lute prediction errors, inverse class probabilities, or nega-
tive log-likelihoods. Applying s to the calibration sample
yields scores Si = s(Xi, Yi), i = 1, . . . ,m, while the
corresponding score Sm+1 = s(Xm+1, Ym+1) for the test
example remains unobserved at prediction time.
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2.1. Split Conformal Prediction (SCP)

Split conformal prediction (SCP) is the simplest and most
widely adopted conformal method, constructing prediction
sets via score thresholding (Vovk et al., 2005; Papadopou-
los et al., 2002). Let S(1) ≤ S(2) ≤ · · · ≤ S(m) denote
the ordered calibration scores. For a target miscoverage
level α, SCP defines the threshold q̂SCP := S(k), k =
⌈(m+ 1)(1− α)⌉ (if k = m+1, q̂SCP :=∞ ), and outputs
the prediction set

ĈSCP(Xm+1) = {y ∈ Y : s(Xm+1, y) ≤ q̂SCP}.

Under the exchangeability assumption, the rank of Sm+1

among the multiset {S1, . . . , Sm, Sm+1} is uniformly dis-
tributed over {1, . . . ,m + 1}. This property immediately
implies that ĈSCP satisfies the marginal coverage guarantee
in (1). Notably, this validity (1) holds for arbitrary score
functions and for any underlying data-generating distribu-
tion P . We also have, if scores are distinct (Vovk et al.,
2005; Papadopoulos et al., 2002; Angelopoulos & Bates,
2021),∣∣∣P{Ym+1 ∈ ĈSCP(Xm+1)} − (1− α)

∣∣∣ ≤ 1

m+ 1
. (2)

2.2. A Fundamental Limitation: Instability in
Low-Calibration Regimes

CP guarantees exact finite-sample validity, but its efficiency
is highly sensitive to the calibration sample size. When
the number of calibration points m is small, the empirical
distribution of nonconformity scores becomes coarse and
unstable (see eq. (2)). In particular, a few atypical calibra-
tion scores can dominate the empirical (1 − α) quantile,
substantially inflating the calibration threshold.

This effect leads to overly conservative prediction sets that
are much wider than necessary to achieve coverage. In ex-
treme cases, the resulting sets may cover a large portion of
the output space, offering limited practical utility despite
formally satisfying the coverage guarantee. To illustrate
the small-sample instability of SCP, we simulated calibra-
tion scores from a Gamma distribution and examined the
distribution of conformal interval lengths across 1000 rep-
etitions (see Figure 1). For target coverage 1 − α = 0.95
and calibration size m = 20, SCP uses the maximum cali-
bration score as the conformal threshold, resulting in highly
variable interval lengths. In contrast, when m = 2000, the
conformal threshold corresponds to a stable interior quan-
tile and the interval-length distribution becomes sharply
concentrated. This phenomenon highlights the coarse rank
resolution problem in small-sample conformal prediction.

Addressing this instability, without sacrificing finite-sample
coverage guarantees, is therefore essential for deploying CP
in low-calibration regimes.

Figure 1. Illustration of the instability of SCP under small cali-
bration sizes. Calibration scores were generated from a Gamma
distribution, and the resulting SCP interval lengths were computed
across 1000 repetitions for target coverage 1− α = 0.95. When
the calibration size is small (m = 20), SCP uses an extreme order
statistic as the conformal threshold, producing highly variable and
often overly conservative interval lengths. In contrast, for large
calibration sizes (m = 2000), the threshold corresponds to a sta-
ble interior quantile and the interval-length distribution becomes
sharply concentrated. This phenomenon illustrates the coarse rank
resolution problem that motivates our work.

3. Our Framework
Our objective is to improve the sample efficiency of SCP in
small-data settings by leveraging augmented nonconformity
scores, while retaining finite-sample coverage bounds of
the form (1). Since SCP depends entirely on the empirical
distribution of calibration scores, its inefficiency in small
samples is fundamentally a consequence of limited quantile
resolution.

To isolate this effect, consider an idealized setting in
which, in addition to the m observed calibration scores
{S1, . . . , Sm} drawn i.i.d. from the true score distribution
induced by P (assumed continuous on R), we have access
to N additional i.i.d. scores {S̃1, . . . , S̃N} from the same
distribution. Applying SCP to the augmented collection
{S1, . . . , Sm} ∪ {S̃1, . . . , S̃N} ∪ {Sm+1} yields a predic-
tion set ĈSCP,m+1,N satisfying∣∣∣P{Ym+1 ∈ ĈSCP(Xm+1)

}
− (1− α)

∣∣∣ ≤ 1

m+N + 1
.

This highlights a central insight: augmenting calibration
scores increases the effective resolution of the empirical rank
distribution from 1/(m+1) to 1/(m+N+1). Equivalently,
the attainable precision of the calibration quantile improves
at rate O(1/(m+N)), leading to a more stable threshold
and, can yield more stable and potentially narrower sets.

Of course, in practice, additional scores drawn from the true
score distribution are unavailable. We instead propose to
augment the m real calibration scores with reference scores
sampled from a user-chosen distribution. These reference
scores need not match the true score distribution of the real
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calibration scores. This raises the central question of the
paper:

When can we use reference scores to increase cal-
ibration resolution and still retain finite-sample
coverage?

In the remainder of the section, we outline the strategy to
address this question.

3.1. A Rank-Based View of Calibration Resolution

We begin by analyzing conformal calibration under score
augmentation in an idealized setting, where additional
scores are drawn from the same distribution as the real
calibration scores. Let rm+1,m denote the rank of Sm+1

among {S1, . . . , Sm, Sm+1}. By exchangeability,

P(rm+1,m = k) =
1

m+ 1
, k = 1, . . . ,m+ 1. (3)

Now augment the calibration set with N additional scores
S̃1, . . . , S̃N , drawn i.i.d. from the same continuous dis-
tribution and independent of the original scores. Let
rm+1,m+N+1 denote the rank of Sm+1 in the augmented
set of size m+N + 1.

Define B :=
∑N

j=1 1{S̃j ≤ Sm+1}, the number of aug-
mented scores not exceeding the test score. Since the distri-
bution is continuous, ties occur with probability zero, and
rm+1,m+N+1 = k +B.

Conditionally on the event {rm+1,m = k}, the random vari-
able B follows a Beta-Binomial distribution (see Appendix
C.1 for technical details), for b = 0, 1, . . . , N,

P(B = b | rm+1,m = k) =(
N

b

)
B(b+ k, N − b+m+ 2− k)

B(k, m+ 2− k)
,

where B(·, ·) denotes the Beta function (Eq. (12)). Equiva-
lently, for t ∈ {k, k + 1, . . . , k +N},

P(rm+1,m+N+1 = t | rm+1,m = k) =(
N

t− k

)
B(t, m+N + 2− t)

B(k, m+ 2− k)
. (4)

The detailed proof is provided in the Appendix C.1.1.

3.2. High-Probability Conditional Rank Windows

The conditional rank distribution derived in (4) provides a
principled way to localize the augmented rank of the test
score, given its rank among the real calibration scores. We
now leverage this structure to construct high-probability
conditional rank windows.

Fix a rank k ∈ {1, . . . ,m + 1} and consider the condi-
tional distribution of the augmented rank rm+1,m+N+1

given {rm+1,m = k}. By (4), this distribution is sup-
ported on {k, . . . , k + N} and is fully characterized by
the Beta-Binomial law. For a user-specified confidence
level 1− β ∈ (0, 1), we define integers

b−(k, β) := QB|k

(
β
2

)
, b+(k, β) := QB|k

(
1− β

2

)
,

where QB|k denotes the conditional quantile function of B
given rm+1,m = k. Equivalently, with probability at least
1− β,

rm+1,m+N+1 ∈
[
k + b−(k, β), k + b+(k, β)

]
.

These conditional rank windows capture, with high proba-
bility, the refined location of the test score rank within the
augmented set, conditional on its coarse rank among the
real calibration scores.

3.3. Prediction Sets via Conditional Rank Compatibility

We now translate the high-probability conditional rank win-
dows into a conformal prediction set. The key idea is to
include a candidate label y whenever the nominal confor-
mal cutoff is compatible with the conditional rank window
implied by the real calibration scores.

Fix a candidate label y and let k := rm+1,m(y) denote the
rank of its nonconformity score among the m real calibra-
tion scores. Let

j∗ := ⌈(1− α)(N +m+ 1)⌉

denote the nominal conformal cutoff corresponding to tar-
get miscoverage level α on the augmented rank scale. We
include y in the prediction set whenever this cutoff is com-
patible with the conditional rank window, that is,

y ∈ Ĉ(Xm+1) ⇐⇒ k + b+(k, β) ≤ j∗ or
{k + b−(k, β) ≤ j∗ ≤ k + b+(k, β)

and rm+1,m+N+1 ≤ j∗} . (5)

Concretely, inclusion occurs when the entire conditional
rank window lies below the cutoff or when the cutoff falls
inside the conditional rank window.

We now establish finite-sample coverage guarantees for the
proposed prediction sets. The key observation is that the
rank-based inclusion rule in (5) admits deterministic lower
and upper bounds expressed through indicator functions of
the underlying rank.

Theorem 3.1 (Finite-sample coverage bounds). For any
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α, β ∈ (0, 1) and j⋆ be defined as above. Let

L(β,m) =
1

m+ 1

m+1∑
k=1

1{ k + b+(k, β) ≤ j⋆ } ,

U(β,m) =
1

m+ 1

m+1∑
k=1

1{ k + b−(k, β) ≤ j⋆ } .

Then,

L(β,m) ≤ P
(
Ym+1 ∈ Ĉ(Xm+1)

)
≤ U(β,m). (6)

The lower bound L(β,m) counts the fraction of real-score
ranks for which the entire conditional rank window lies be-
low the conformal cutoff. The upper bound U(β,m) counts
the fraction of ranks for which the conditional window inter-
sects or lies below the cutoff. The gap between these bounds
reflects the residual uncertainty induced by conditional rank
localization.

Importantly, the bounds in Theorem 3.1 depend only on the
combinatorial rank quantities b−(k, β) and b+(k, β) and
make no assumptions about the true score distribution in-
duced by P . Moreover, the inclusion rule in (5) is formu-
lated entirely in terms of ranks and Beta-Binomial thresh-
olds, without reference to the numerical values of the scores
themselves. This rank-based formulation is central: it al-
lows the decision rule to be mapped back to score space via
an arbitrary quantile map.

3.4. Mapping the inclusion rule back to score space

A key feature of the inclusion rule in (5) is that it is defined
entirely in terms of ranks, and is therefore independent of
the numerical values of the scores. Consequently, the rule
can be transported to an arbitrary score space through a
user-chosen reference distribution, without affecting the
finite-sample guarantees in Theorem 3.1.

Let A = {S1, . . . , Sm} ∪ {S̃1, . . . , S̃N} denote the aug-
mented score collection, and let A(1) ≤ A(2) ≤ · · · ≤
A(m+N) be its order statistics, with the conventions A(0) =
−∞ and A(m+N+1) = +∞. Then the inclusion rule admits
the explicit score-threshold form

y ∈ ĈRSA(Xm+1) ⇐⇒{
s(Xm+1, y) ≤ min{A(

k+b+(k,β)
), A(

j⋆
)}

and A(k+b−(k,β)) ≤ A(j⋆)

}
or

A(k+b+(k,β)) ≤ A(j⋆). (7)

We call ĈRSA(Xm+1) Random Score Alignment Confor-
mal prediction (RSA-CP) sets.

Proposition 3.2 (Score-space implementation preserves the
bounds). Assume that the augmented scores in

A = {S1, . . . , Sm} ∪ {S̃1, . . . , S̃N}

are distinct almost surely. Then prediction sets in (5) and
(7) are equal almost surely. In particular, ĈRSA satisfies
the same finite-sample coverage bounds as in Theorem 3.1.

Proposition 3.2 justifies implementing the inclusion rule
directly in score space using the reference score order statis-
tics, leading to the practical prediction-set construction sum-
marized in Algorithm 1.

Algorithm 1 RSA-CP Prediction Set Construction

1: Input: Calibration data {(Xi, Yi)}mi=1, score function
s(·, ·), reference scores {S̃j}Nj=1, miscoverage level
α ∈ (0, 1), window level β ∈ (0, 1).

2: Output: Prediction set ĈRSA(Xm+1) ⊆ Y for test
input Xm+1.

3: Compute real calibration scores Si ← s(Xi, Yi) for
i = 1, . . . ,m.

4: Form the augmented score collection A =
{S1, . . . , Sm} ∪ {S̃1, . . . , S̃N}.

5: Sort the augmented scores: A(1) ≤ A(2) ≤
· · · ≤ A(m+N), with conventions A(0) = −∞ and
A(m+N+1) = +∞.

6: Set cutoff index j⋆ ← ⌈(1− α)(m+N + 1)⌉ .
7: Initialize ĈRSA(Xm+1)← ∅.
8: for each candidate label y ∈ Y do
9: Compute candidate score sy ← s(Xm+1, y).

10: Compute the real-score rank k ← rm+1,m(sy) =
1 +

∑m
i=1 1{Si ≤ sy}.

11: Compute Beta-Binomial window indices b− ←
b−(k, β), b+ ← b+(k, β), where B | k ∼
BetaBin(N, k,m+ 2− k).

12: Set the RSA-CP score threshold

qRSA(k)← min{A(
k+b+

), A(
j⋆
)}.

13: if
{
A(k+b−) ≤ A(j⋆) and sy ≤ qRSA(k)} or

A(k+b+) ≤ A(j⋆) then
14: ĈRSA(Xm+1)← ĈRSA(Xm+1) ∪ {y}.
15: end if
16: end for
17: Return ĈRSA(Xm+1).

3.5. Choosing β for Target Coverage

The finite-sample bounds in Theorem 3.1 depend on the
window level β, which controls the width of the conditional
rank window. Smaller values of β produce wider windows
and more conservative prediction sets, while larger values
yield narrower windows and improved efficiency.
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A natural objective is to select β so that the prediction set
defined by the inclusion rule achieves the target marginal
coverage level 1−α. Since the lower bound in Theorem 3.1
is distribution-free, a sufficient condition for validity is

L(β,m) ≥ 1− α. (8)

When this condition holds, the resulting prediction set is
guaranteed to attain at least the desired coverage. Al-
gorithm 2 selects the largest β satisfying (8). This
search is well posed because L(β,m) is nondecreasing
in β (Lemma C.3), while the corresponding upper bound
U(β,m) is nonincreasing (Lemma C.2).

Due to rank discreteness and the conservativeness of
distribution-free lower bounds, it is possible that (8) fails
for all β ∈ (0, 1), even when the true coverage is close
to the target level. This reflects a fundamental limitation
of certification under coarse rank resolution, rather than a
deficiency of the inclusion rule itself.

In the next section, we show how to move beyond lower-
bound certification to construct narrower prediction sets
while achieving near-target coverage levels.

3.6. Score Alignment Step

Although Theorem 3.1 provides finite-sample, distribution-
free coverage bounds for the prediction set defined by the
inclusion rule, the certified lower bound L(β,m) may fall
well below the target level 1−α for all choices of β ∈ (0, 1).
This behavior does not reflect a failure of the inclusion rule
itself, but rather a mismatch between the real calibration
scores and the reference score system used to define the
cutoff.

From the inclusion rule (7), the procedure falls back to
the lower bound L(β,m), if S̃(

k+b+(k,β)
) ≥ S̃(

j∗
) a.s.

Conversely, poor alignment between the real and reference
scores (e.g., differing supports, scales, or distributional
shapes) can make this fallback very often.

To address this issue, we introduce a score alignment step
whose goal is to improve coverage within the certified
bounds by enhancing compatibility between the real and
reference score systems. Importantly, any such alignment
must preserve the relative ordering of the real scores, since
all finite-sample guarantees rely exclusively on rank infor-
mation.

3.6.1. RANK-PRESERVING SCORE ALIGNMENT

We therefore consider transformations T : R −→ R,
that are strictly increasing, so that s ≤ s′ implies T (s) ≤
T (s′). Such transformations preserve the ranks of the real
scores while allowing their numerical scale and support to
be adjusted.

Applying the inclusion rule to the aligned scores {T (Si)}
and T (s(Xm+1, y)) leaves the rank-based structure of the
method unchanged and hence preserves all finite-sample
guarantees, while potentially improving the interaction be-
tween real and reference scores. In the next section, we
construct principled alignment maps and show that ap-
propriate alignment can substantially tighten the coverage
bounds and yield more informative prediction sets. Con-
sider AT = {T (S1), . . . , T (Sm)} ∪ {S̃1, . . . , S̃N}, with
order statistics AT

(1) ≤ · · · ≤ AT
(m+N).

Proposition 3.3 (Aligned Score-space implementation pre-
serves the bounds). Let ĈRSA,T (Xm+1) defined via the
inclusion rule:

y ∈ ĈRSA,T (Xm+1) ⇐⇒{
T (s(Xm+1, y)) ≤ min{AT(

k+b+(k,β)
), AT(

j⋆
)}

and AT
(k+b−(k,β)) ≤ AT

(j⋆)

}
or

AT
(k+b+(k,β)) ≤ AT

(j⋆). (9)

where k := rm+1,m(T (s(Xm+1, y))). Then, we have

L(β,m) ≤ P
(
Ym+1 ∈ ĈRSA,T (Xm+1)

)
≤ U(β,m).

Note that any strictly increasing transformation may be used
in the above procedure, without affecting the finite-sample
coverage bounds. We now describe a particular choice based
on optimal transport (OT), which provides a canonical and
data-adaptive alignment between real and reference score
distributions.

3.6.2. OPTIMAL TRANSPORT BASED SCORE
ALIGNMENT

We introduce a score alignment mechanism based on one-
dimensional optimal transport. This construction yields a
continuous, rank-preserving transformation that adapts the
scale of the real scores to that of the reference scores.

Let P̃ := 1
m

∑m
i=1 δSi

, Q̃ := 1
N

∑N
j=1 δS̃j

denote the
empirical distributions of the real calibration scores and the
reference scores, respectively. In one dimension, the optimal
transport coupling between P̃ and Q̃ is characterized by
monotone rearrangement. When m ̸= N , a real score S(i)

may split its mass across adjacent reference scores under the
optimal transport plan. Let P̃ij denote the corresponding OT
coupling matrix (see Appendix C.6 for technical details on
how to construct this matrix). We define the OT barycentric
alignment map T : R→ R by

T (S(i)) :=

∑
j P̃ij S̃(j)∑

j P̃ij

. (10)
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S̃

S

Reference scores

Real calibration scoresS(1) S(2) S(3)

S̃(1) S̃(2) S̃(3) S̃(4) S̃(5) S̃(6)T (S(2))

Q̃1−α

Figure 2. 1D OT coupling and barycentric alignment. Mass is
transported monotonically from real scores (bottom) to reference
scores (top). Arrow thickness indicates transported mass; when
m ̸= N , a score may split across adjacent reference points. The
barycentric projection defines a rank-preserving alignment.

This map corresponds to the barycentric projection of the
optimal transport plan and defines a continuous, strictly
monotone transformation from real to reference score space.
We call prediction sets constructed using this alignment
map, learned on independent data, in ĈRSA,T (Xm+1) from
Proposition 3.3 as RSA-CP (OT) prediction sets (Figure 2
illustrates this concept).

While score alignment via optimal transport is designed
to reduce the distributional gap between real and reference
scores, small calibration sample sizes m fundamentally limit
the strength of distribution-free coverage guarantees (cf. Sec-
tion 1 and Appendix A). In particular, even after alignment,
one cannot in general recover exact finite-sample coverage
without additional assumptions. Nevertheless, if the align-
ment map substantially closes the distributional gap between
the real and reference score distributions, it is possible to
derive informative distribution-robust coverage bounds. The
following result quantifies this effect.

Theorem 3.4 (Distribution-Robust Coverage Analysis).
Suppose that the real calibration scores S1, . . . , Sm are
exchangeable with the test score Sm+1 and have a con-
tinuous common distribution PS . Let T : R → R be
a fixed strictly increasing map, and write PT := T#PS .

Let S̃1, . . . , S̃N be i.i.d. reference scores from a continu-
ous distribution Q, independently of the real scores. For
r = 1, . . . ,m + 1, let (PT )

(r)
m+1 and Q

(r)
m+1 denote the

distributions of the rth order statistic among m + 1 i.i.d.
observations from PT and Q, respectively, and define
ε
(T )
m (PS , Q) := 1

m+1

∑m+1
r=1 dTV

(
(PT )

(r)
m+1, Q

(r)
m+1

)
.

Then the RSA-CP prediction set ĈRSA,T (Xm+1) satisfies

1− α− β

2
− ε(T )

m (PS , Q) ≤ P
{
Ym+1 ∈ ĈRSA,T (Xm+1)

}
≤ 1− α+

1

m+N + 1
+

β

2
+ ε(T )

m (PS , Q).

Thus, whenever the distributional gap is small, bounds in
Theorem 3.4 are tighter around the target coverage than
in Proposition 3.3. But when it is not, we still have finite-
sample bounds in Proposition 3.3 which are computable.
Remark 3.5 (When are efficiency gains expected?). The

main limitation of SCP in small samples is coarse rank reso-
lution: with m calibration samples, conformal ranks lie on a
grid of size (m+1)−1, often leading to conservative thresh-
old estimates and wide prediction sets. RSA-CP refines this
rank structure by augmenting the calibration scores with
N reference scores, effectively improving the rank resolu-
tion to (m+N + 1)−1. Reference scores are incorporated
selectively through Beta-Binomial high-probability rank
windows. When the reference and real score distributions
are well aligned, reference scores frequently fall within
these admissible windows, refining the rank structure and re-
ducing conservatism. Under severe mismatch, incompatible
reference scores are rarely included, and RSA-CP automat-
ically reverts toward SCP-like behavior. Proposition 3.3
guarantees coverage bounds regardless of the reference dis-
tribution, while Theorem 3.4 shows that the efficiency gains
depend on the discrepancy between the transformed real
score distribution and the reference distribution. Conse-
quently, OT alignment plays a key role in moving RSA-CP
toward the oracle augmented regime, where near-maximal
efficiency gains can be achieved. Increasing N refines the ef-
fective rank grid and stabilizes empirical reference quantiles,
which can improve alignment and yield tighter prediction
sets when the reference scores are informative. Under mis-
match, however, incompatible reference scores are naturally
filtered by the inclusion rule, preventing spurious efficiency
gains and preserving validity. As a result, the gains from
increasing N eventually saturate once the rank grid becomes
sufficiently fine. Overall, RSA-CP trades exact calibration
at level (1 − α) for improved efficiency, while retaining
distribution-free guarantees and recovering near-target cov-
erage under good alignment. For practical guidance on
choosing the reference score distribution, see Appendix E.

4. Simulation Study
We study the finite-sample behavior of RSA-CP in regimes
where standard conformal calibration is known to be un-
stable. The simulations are designed to isolate three key
effects: (i) rank coarseness under small calibration sizes,
(ii) stabilization as the reference score resolution increases,
and (iii) robustness to mismatch between real and reference
score distributions.

We consider nonlinear regression models Y = f(X) +
ε with X ∈ R5 having heterogeneous, non-Gaussian
marginals, yielding irregular and heavy-tailed score distribu-
tions. Two noise regimes are studied: skewed (log-normal)
and heavy-tailed (t3). Reference scores are generated from
a deliberately misspecified generator with a rare-shock com-
ponent (probability 0.05), designed to stress-test robustness
as the reference size N grows.

We compare SCP, SPI (Bashari et al., 2025) and their
Synthetic-only method, RSA-CP (OT), and a reference
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score-only baseline. All experiments use m = 20, α =
0.05, and β = 0.4, with N ∈ {20, 50, . . . , 3000}. We re-
port empirical coverage, average prediction-set size, and
runtime over 100 trials in Figure 3. Full data-generation
and generator details are provided in Appendix G.1. For
these simulation settings, the distribution-free finite-sample
bounds from Proposition 3.3 yield 0.9048 ≤ P{Ym+1 ∈
Ĉ(Xm+1)} ≤ 1, uniformly over all considered augmen-
tation sizes N ∈ {20, 50, . . . , 3000}. Our simulation re-
sults show that the empirical coverage consistently remains
within this certified range across all values of N .

Figure 3. Simulation results as a function of reference score size
(N ). (A) empirical coverage, (B) prediction-set width, and (C)
total runtime.

Figure 3 shows that SCP severely overcovers and produces
wide, unstable prediction sets due to coarse empirical quan-
tiles at m = 20. SPI is sensitive to generator misspecifi-
cation, particularly under skewed and heavy-tailed noise.
In contrast, RSA-CP exhibits monotonic efficiency gains
and rapidly stabilizes coverage as augmentation score size
increases, even under imperfect reference generators. These
trends align with our theory: increasing reference size re-
fines the effective rank grid, while OT alignment mitigates
distributional mismatch.

RSA-CP also offers substantial computational advantages
over SPI, avoiding repeated feature-based simulation and
inference. Notably, even under heavy-tailed noise where the
Gamma reference is misspecified, RSA-CP maintains near-
target coverage and achieves the tightest intervals among all
methods. Additional sensitivity analyses, including varying
calibration sizes and reference distributions, are reported in
Appendix G.1.

5. Real Data Analysis
We evaluate RSA-CP on an ImageNet-derived image classifi-
cation benchmark introduced in the SPI framework (Bashari
et al., 2025). We follow the same dataset construction and
experimental protocol as SPI to enable a controlled com-
parison, varying only the calibration/augmentation strategy
while keeping the underlying classifier, features, and prepro-
cessing fixed. We compare SCP, SPI (Bashari et al., 2025),

Figure 4. Image Classification: Coverage levels and widths of
prediction sets constructed using SCP, RSA-CP(OT), SPI, and
Synthetic data only methods for α = 0.05, 0.10, augmented score
size 1000, calibration size 15.

their Synthetic-only baseline, and our RSA-CP (OT).

Figure 4 reports empirical coverage and prediction-set sizes
for target miscoverage α ∈ {0.05, 0.10} with ncal = 15,
ntest = 15000, and nsyn = 1000 (100 trials). In this ex-
tremely small calibration regime, SCP becomes overly con-
servative and frequently returns vacuous prediction sets (of-
ten close to the full label space), yielding non-informative
outputs. Augmentation-based baselines (SPI and synthetic-
only) produce smaller sets, but at the cost of noticeable
under-coverage in this setting. RSA-CP(OT) achieves a
more favorable trade-off: it substantially reduces set sizes
while remaining closer to the target coverage, delivering
informative prediction sets without requiring a learned syn-
thetic generator. This highlights a key practical advan-
tage of RSA-CP: improved resolution and stability via
cheap reference-score sampling and alignment, rather than
resource-intensive synthetic data generation.

We further examine robustness with respect to calibration
size and augmentation size. Figure 5 shows that as ncal

increases, RSA-CP(OT) tracks the target coverage more
closely, whereas SPI and the synthetic-only baseline remain
systematically below target in this experiment. In addition,
increasing nsyn improves stability for all augmentation-
based methods (Figure 8), but RSA-CP(OT) stabilizes
quickly (typically after a few hundred reference scores), con-
sistent with the rank-resolution effect: once the augmented
rank grid is sufficiently refined, additional reference scores
yield diminishing returns. Overall, these results demonstrate
that RSA-CP provides a simple, scalable mechanism for pro-
ducing non-vacuous prediction sets with reliable coverage
in real-world, small-calibration regimes.
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Figure 5. Image Classification: Coverage levels and widths of
prediction sets constructed using SCP, RSA-CP(OT), SPI, and
Synthetic data only methods for α = 0.05, 0.10, augmented score
size 1000 with increasing calibration sizes from 10 to 50.

6. Conclusion
We introduced RSA-CP, a rank-based framework for im-
proving conformal prediction in low-calibration regimes by
augmenting calibration with user-chosen reference scores.
By shifting attention from numerical score values to rank res-
olution, our approach constructs informative prediction sets
while retaining explicit finite-sample coverage guarantees.
The framework is modular, computationally lightweight,
and compatible with arbitrary score functions and reference
distributions.

Our analysis highlights conditional rank localization as the
key mechanism underlying stability gains from augmenta-
tion, and shows how rank-preserving score alignment can
further tighten coverage behavior when the reference dis-
tribution is well matched. In contrast to recent approaches
that rely on training and deploying synthetic data genera-
tors to achieve finite-sample guarantees, RSA-CP attains
similar stability gains through a direct, generator-free mech-
anism that requires only reference scores and rank-based
computations.

Several directions remain open. Promising avenues include
extending RSA-CP to conditional and fairness-aware con-
formal settings, incorporating prior or knowledge-based
reference scores from a Bayesian perspective, developing
adaptive reference selection strategies, and integrating the
framework with conditional or group-conditional conformal
guarantees.
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Impact Statement
The RSA-CP framework introduced in this work signifi-
cantly advances the reliability of uncertainty quantification
in automated decision-making systems. A key contribution
of our approach is the ability to leverage high-resolution
reference scores via rank-alignment operators to enhance
limited real-world calibration sets, without requiring the
dynamic generation of synthetic data (images, text, sound,
etc.) during inference. By establishing a mathematically rig-
orous bridge between small-scale real data and large-scale
synthetic distributions, RSA-CP provides finite-sample cov-
erage bounds even in data-constrained regimes. This re-
search fosters Trustworthy AI by enabling models to com-
municate their own uncertainty through reliable prediction
sets, reducing the risks of overconfident predictions in high-
stakes environments. Ultimately, this work offers a scalable
and computationally efficient path toward more transparent,
accountable, and robust AI systems across a broad range
of predictive tasks. Nevertheless, the proposed RSA-CP
framework is model-agnostic, and does not introduce new
capabilities that would inherently raise ethical concerns be-
yond those already associated with predictive modeling and
data-driven decision systems. We do not envision direct neg-
ative societal impacts stemming uniquely from this work,
though, as with all uncertainty quantification methods, prac-
titioners must take care to interpret and deploy prediction
sets appropriately in context-sensitive applications.
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APPENDIX

A. Related Work
Conformal Prediction Efficiency. The construction of distribution-free prediction sets dates back to foundational statistical
theories (Wilks, 1941; 2012; Wald, 1943; Tukey, 1947; Scheffe & Tukey, 1945), with modern CP established by Vovk et al.
(2005); Saunders et al. (1999). Since its inception, CP has emerged as a versatile framework for uncertainty quantification
across various domains, including regression (Lei et al., 2018), classification (Angelopoulos & Bates, 2021), and time-series
analysis (Zaffran et al., 2022). While CP offers robust marginal coverage, its predictive efficiency, often measured by the set
size, is fundamentally constrained by the calibration sample size m. This limitation is particularly acute in information
retrieval and low-data regimes, where obtaining reliable confidence intervals is critical to prevent overconfident estimations
under sparse feedback (Oosterhuis et al., 2024).

Refined Coverage Guarantees. Recent literature has focused on extending CP to offer guarantees beyond marginal
coverage, such as group-conditional coverage (Vovk, 2015; 2012; Romano et al., 2019), local coverage (Guan, 2023), and
label-conditioned guarantees (Sadinle et al., 2019). Despite these advancements, these methods often suffer from high
variance or excessive interval widths when the specific group of interest lacks sufficient labeled data. Our work addresses
this gap by augmenting limited real calibration information at the score/rank level using reference scores, without requiring
generated feature-label samples.

Prediction-Powered and Auxiliary Inference. A parallel line of research, Prediction-Powered Inference (PPI) (An-
gelopoulos et al., 2023) and its stratified variants (Fisch et al., 2024), leverages large-scale unlabeled data to enhance
statistical power. Related approaches explore using unlabeled data for efficiency (Tibshirani et al., 2019) or few-shot CP
for auxiliary tasks (Park et al., 2020). However, these methods typically assume that unlabeled or auxiliary data are drawn
from the same distribution P , or they rely on asymptotic validity. In contrast, we focus on finite-sample guarantees under
unknown distributional shifts where Q ̸= P .

The SPI Framework and Score Transport. The central mechanism of the Synthetic-Powered Predictive Inference (SPI)
framework (Bashari et al., 2025) is the score transporter. This component is a data-driven function T , typically implemented
as an empirical quantile mapping (TEQM), whose primary role is to align the distribution of scores from the small, trusted
real set with the abundant synthetic data. Specifically, TEQM preserves the rank order of real scores while correcting their
magnitudes based on the synthetic reference scale. By transferring the stability properties of the large synthetic distribution
onto the real scores, SPI allows for prediction sets that benefit from the synthetic domain’s sample size while maintaining
distribution-free coverage tied to the real data.

A key highlight of our approach is the ability to leverage high-resolution reference scores via rank-alignment operators to
enhance limited real-world calibration sets, without requiring the dynamic generation of synthetic data (images, text, sound,
etc.) during inference. By establishing a mathematically rigorous bridge between small-scale real data and large-scale
synthetic distributions, RSA-CP provides valid, finite-sample coverage guarantees even in data-constrained regimes. This
research fosters Trustworthy AI by enabling models to communicate their own uncertainty through reliable prediction sets,
reducing the risks of overconfident predictions in high-stakes environments.
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B. Algorithm

Algorithm 2 Certified selection of β

1: Input: m,N ∈ N, miscoverage α ∈ (0, 1), search grid B ⊂ (0, 1) (or tolerance ε > 0 for bisection).
2: Output: Certified βcert (if exists) and certified lower bound L(βcert,m).
3: Set cutoff index j⋆ ← ⌈(1− α)(m+N + 1)⌉.
4: Initialize βcert ← None and Lmax ← 0.
5: for each β ∈ B (sorted in decreasing order) do
6: Compute b+(k, β) for all k = 1, . . . ,m+ 1 and then compute L(β,m).
7: if L(β,m) ≥ 1− α then
8: Set βcert ← β and break.
9: end if

10: if L(β,m) > Lmax then
11: Lmax ← L(β,m).
12: end if
13: end for
14: if βcert = None then
15: Return: No certified β exists on (0, 1); optionally report β† := argmaxβ∈B L(β,m) and Lmax.
16: else
17: Return: βcert and L(βcert,m).
18: end if

C. Technical details and Proofs
C.1. The Beta-Binomial Distribution

The Beta-Binomial distribution arises naturally when modeling uncertainty over a Binomial success probability. It plays a
central role in our analysis of rank uncertainty under score augmentation.

Definition. Let p ∼ Beta(a, c) and, conditional on p, let B | p ∼ Binomial(N, p). The marginal distribution of B is
called the Beta-Binomial distribution with parameters (N, a, c), denoted B ∼ BetaBin(N, a, c), and has probability mass
function

P(B = b) =

(
N

b

)
B(b+ a, N − b+ c)

B(a, c)
, b = 0, 1, . . . , N, (11)

where B(·, ·) denotes the Beta function. The Beta function B(a, b) appearing in (11) is defined as

B(a, c) :=

∫ 1

0

ta−1(1− t) c−1 dt, a, c > 0. (12)

Equivalently, it can be expressed in terms of the Gamma function as

B(a, c) =
Γ(a)Γ(c)

Γ(a+ c)
. (13)

The Beta-Binomial distribution can be viewed as a Binomial model with a random success probability.

In our setting, the Beta-Binomial distribution characterizes the conditional distribution of the number of reference scores
falling below a test score, given its rank among the real calibration scores. Specifically, conditioning on a real-score rank k
induces a BetaBin(N, k,m+2− k) law, which governs the uncertainty window

[
b−(k, β), b+(k, β)

]
used in the RSA-CP

inclusion rule.

The lower and upper window indices b−(k, β) and b+(k, β) are defined as the β/2 and 1−β/2 quantiles of the corresponding
Beta-Binomial distribution. These quantiles are monotone in β and can be computed efficiently using standard numerical
routines.
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C.1.1. Beta-Binomial WINDOWS:

Proof. Let S1, . . . , Sm, Sm+1 be i.i.d. from a continuous distribution, and let rm+1,m denote the rank of Sm+1 among
{S1, . . . , Sm, Sm+1} (with rank 1 corresponding to the smallest value). Since the joint law is exchangeable and ties occur
with probability zero, all (m + 1)! strict orderings of (S1, . . . , Sm+1) are equally likely. For each k ∈ {1, . . . ,m + 1},
exactly m! of these orderings place Sm+1 in position k, hence

P(rm+1,m = k) =
m!

(m+ 1)!
=

1

m+ 1
,

which proves (3).

Now augment the calibration set with N additional i.i.d. scores S̃1, . . . , S̃N , independent of (Si)
m+1
i=1 and drawn from the

same continuous distribution. Define

B :=

N∑
j=1

1{S̃j ≤ Sm+1}.

By continuity, P(S̃j = Sm+1) = 0, so
rm+1,m+N+1 = rm+1,m +B.

Fix k ∈ {1, . . . ,m + 1} and condition on the event {rm+1,m = k}. Write F for the (continuous) CDF of the score
distribution and set

Ui := F (Si), i = 1, . . . ,m+ 1, Ũj := F (S̃j), j = 1, . . . , N.

By the probability integral transform, U1, . . . , Um+1, Ũ1, . . . , ŨN are i.i.d. Unif(0, 1). Moreover, ranks are preserved
under strictly increasing transforms, so the event {rm+1,m = k} is equivalent to “Um+1 is the k-th order statistic among
U1, . . . , Um+1,” i.e.

{rm+1,m = k} ≡ {Um+1 = U(k)},

where U(k) denotes the k-th order statistic of m+ 1 i.i.d. uniforms. It is standard that

U(k) ∼ Beta
(
k, m+ 2− k

)
,

with density

fU(k)
(u) =

1

B(k,m+ 2− k)
uk−1(1− u)m+1−k, u ∈ (0, 1).

Next, observe that

B =

N∑
j=1

1{S̃j ≤ Sm+1} =
N∑
j=1

1{Ũj ≤ Um+1}.

Conditionally on Um+1 = u, the indicators 1{Ũj ≤ u} are i.i.d. Bernoulli(u), hence

(B | Um+1 = u) ∼ Binomial(N,u).

Therefore, conditioning on {rm+1,m = k} (equivalently Um+1 = U(k)) yields a Beta-Binomial mixture:

P(B = b | rm+1,m = k) =

∫ 1

0

P(B = b | Um+1 = u) fU(k)
(u) du

=

∫ 1

0

(
N

b

)
ub(1− u)N−b

uk−1(1− u)m+1−k

B(k,m+ 2− k)
du

=

(
N

b

)
1

B(k,m+ 2− k)

∫ 1

0

ub+k−1(1− u)N−b+m+1−k du

=

(
N

b

)
B(b+ k, N − b+m+ 2− k)

B(k, m+ 2− k)
,

for b = 0, 1, . . . , N , which is the claimed Beta-Binomial pmf.
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Finally, since rm+1,m+N+1 = k +B, for any t ∈ {k, k + 1, . . . , k +N} we have

P
(
rm+1,m+N+1 = t | rm+1,m = k

)
= P

(
B = t− k | rm+1,m = k

)
=

(
N

t− k

)
B(t, m+N + 2− t)

B(k, m+ 2− k)
,

which is exactly (4).

Unconditional rank distribution. Marginalizing over k yields

P(rm+1,m+N+1 = t) =

m+1∑
k=1

P(rm+1,m+N+1 = t | rm+1,m = k)P(rm+1,m = k).

Since the augmented scores, real scores, and test score are exchangeable under the present assumption, the rank is uniformly
distributed:

P(rm+1,m+N+1 = t) =
1

m+N + 1
, t = 1, . . . ,m+N + 1.

C.2. Proof of Theorem 3.1

Proof. Let k := rm+1,m denote the rank of the true test score among the m real calibration scores (including the test score).
By exchangeability of (S1, . . . , Sm, Sm+1) and continuity (no ties),

P(k = t) =
1

m+ 1
, t = 1, . . . ,m+ 1. (14)

For each realized k, define the inclusion indicator induced by (5):

Ik := 1{k + b+(k, β) ≤ j∗ or {k + b−(k, β) ≤ j∗ ≤ k + b+(k, β) and rm+1,m+N+1 ≤ j∗}} .

Then, by construction of ĈRSA, we have

1
{
Ym+1 ∈ ĈRSA(Xm+1)

}
= Ik, almost surely. (15)

We now sandwich Ik between two simpler indicators. First, if k + b+(k, β) ≤ j⋆, then the first clause in the union holds,
hence Ik = 1. Therefore,

1{k + b+(k, β) ≤ j⋆} ≤ Ik. (16)

Second, if Ik = 1, then either k + b+(k, β) ≤ j⋆ or {k + b−(k, β) ≤ j∗ ≤ k + b+(k, β) and rm+1,m+N+1 ≤ j∗}; in
both cases it must hold that k + b−(k, β) ≤ j⋆. Hence,

Ik ≤ 1{k + b−(k, β) ≤ j⋆} . (17)

Taking expectations in (16)–(17) and using (14) yields

E[1{k + b+(k, β) ≤ j⋆}] ≤ E[Ik] ≤ E[1{k + b−(k, β) ≤ j⋆}] ,

1

m+ 1

m+1∑
k=1

1{k + b+(k, β) ≤ j⋆} ≤ P
{
Ym+1 ∈ ĈRSA(Xm+1)

}
≤ 1

m+ 1

m+1∑
k=1

1{k + b−(k, β) ≤ j⋆} .

By the definitions of L(β,m) and U(β,m), this is exactly the claimed bound.

C.3. Proof of Proposition 3.2

Proof. For deterministic rank indices r1, r2, r1 ≤ r2 ⇐⇒ A(r1) ≤ A(r2). Therefore, for every candidate label y, the
y ∈ Ĉ(Xm+1) by inclusion rule (7) if and only if the original rank-based rule (5) assigns y ∈ Ĉ(Xm+1), implying they are
equal almost surely. The stated bounds then follow immediately.
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C.4. Proof of Theorem 3.4

For an integer-valued random variable V with distribution function FV , we use the quantile convention QV (u) := min{v ∈
Z : FV (v) ≥ u}, u ∈ (0, 1). Accordingly, P{V < QV (u)} ≤ u, P{V > QV (1− u)} ≤ u.

We prove a sharper result below with exactly computable Beta-Binomial tail corrections. Theorem 3.4 then immediately
follows. Set M := m+N+1, j⋆ := ⌈(1− α)M⌉ . For each k ∈ {1, . . . ,m+1}, let B0

k ∼ BetaBin(N, k,m+2−k) and
denote its distribution function by F 0

k (t) := P(B0
k ≤ t), with the conventions F 0

k (t) = 0 for t < 0, F 0
k (t) = 1 for t ≥ N.

Define the automatic inclusion and exclusion rank regions by K+(β) := {k ∈ {1, . . . ,m+ 1} : k + b+(k, β) ≤ j⋆} , and
K−(β) := {k ∈ {1, . . . ,m+ 1} : j⋆ < k + b−(k, β)} .

Define

η+(β) :=
1

m+ 1

∑
k∈K+(β)

[
1− F 0

k (j
⋆ − k)

]
, (18)

η−(β) :=
1

m+ 1

∑
k∈K−(β)

F 0
k (j

⋆ − k). (19)

Finally, let (PT )
(k)
m+1 and Q

(k)
m+1 denote the distributions of the kth order statistic among m+ 1 i.i.d. observations from PT

and Q, respectively, and define

ε(T )
m (PS , Q) :=

1

m+ 1

m+1∑
k=1

dTV

(
(PT )

(k)
m+1, Q

(k)
m+1

)
.

Theorem C.1. Let S1, . . . , Sm+1 be i.i.d. from a continuous score distribution PS . Let T : R → R be a fixed strictly
increasing map, or a map learned using data independent of S1, . . . , Sm+1 and of the reference scores. Write PT := T#PS .

Let S̃1, . . . , S̃N be i.i.d. from a continuous distribution Q, independently of the real scores.

Then the RSA-CP prediction set in Proposition 3.3 satisfies∣∣∣∣P{
Ym+1 ∈ ĈRSA,T (Xm+1)

}
−

{
j⋆

M
+ η+(β)− η−(β)

}∣∣∣∣ ≤ ε(T )
m (PS , Q). (20)

In particular,

1− α− η−(β)− ε(T )
m (PS , Q) ≤ P

{
Ym+1 ∈ ĈRSA,T (Xm+1)

}
, (21)

and

P
{
Ym+1 ∈ ĈRSA,T (Xm+1)

}
≤ 1− α+

1

m+N + 1
+ η+(β) + ε(T )

m (PS , Q). (22)

When PT = Q, the discrepancy vanishes and the oracle RSA-CP coverage is exactly

P
{
Ym+1 ∈ ĈRSA,T (Xm+1)

}
=

j⋆

m+N + 1
+ η+(β)− η−(β).

Proof of Theorem C.1. Set Zi := T (Si), i = 1, . . . ,m+ 1, and define the rank of the transformed test score among
the m+1 transformed real scores by K := 1+

∑m
i=1 1{Zi < Zm+1}. Since T is strictly increasing and the original scores

are i.i.d. and continuous,

P(K = k) =
1

m+ 1
, k = 1, . . . ,m+ 1.

Let B :=
∑N

j=1 1{S̃j ≤ Zm+1} denote the number of reference scores not exceeding the transformed test score. Thus,
K +B is the augmented rank of the test score.
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For k ∈ {1, . . . ,m+ 1} and b ∈ {0, . . . , N}, define the RSA-CP inclusion indicator

ϕk(b) :=1{k + b+(k, β) ≤ j⋆}+ 1{k + b−(k, β) ≤ j⋆ < k + b+(k, β)}1{k + b ≤ j⋆}.

The first term represents automatic inclusion when the entire conditional rank window lies below the cutoff. The second
term represents the case where the cutoff lies inside the window, in which case RSA-CP uses the actual augmented-rank
comparison. If j⋆ < k + b−(k, β), both terms vanish and the candidate is automatically excluded.

It follows that the inclusion indicator for the true test response is

1
{
Ym+1 ∈ ĈRSA,T (Xm+1)

}
= ϕK(B).

Conditional on K = k, the transformed test score has distribution Zm+1 | {K = k} ∼ (PT )
(k)
m+1. Therefore,

CRSA :=P
{
Ym+1 ∈ ĈRSA,T (Xm+1)

}
=

1

m+ 1

m+1∑
k=1

E
Z∼(PT )

(k)
m+1, S̃1:N∼QN

ϕk

 N∑
j=1

1{S̃j ≤ Z}

 .

We compare this expression with the oracle model in which Z ∼ Q
(k)
m+1. Define

C0
RSA :=

1

m+ 1

m+1∑
k=1

E
W∼Q(k)

m+1, S̃1:N∼QN

ϕk

 N∑
j=1

1{S̃j ≤W}

 .

For each k, the integrand takes values in [0, 1]. Hence, by the total-variation inequality,

∣∣∣∣∣∣EZ∼(PT )
(k)
m+1, S̃1:N∼QN

ϕk

 N∑
j=1

1{S̃j ≤ Z}

 − E
W∼Q(k)

m+1, S̃1:N∼QN

ϕk

 N∑
j=1

1{S̃j ≤W}

∣∣∣∣∣∣
≤ dTV

(
(PT )

(k)
m+1 ×QN , Q

(k)
m+1 ×QN

)
= dTV

(
(PT )

(k)
m+1, Q

(k)
m+1

)
. (23)

Averaging over k gives
∣∣CRSA − C0

RSA

∣∣ ≤ ε
(T )
m (PS , Q).

Under the oracle model, conditional on K = k, B0
k :=

∑N
j=1 1{S̃j ≤W} ∼ BetaBin(N, k,m+ 2− k).

Now define the ordinary augmented conformal indicator Jk(b) := 1{k + b ≤ j⋆}. Under the oracle model, all m+N + 1
scores are i.i.d. from Q. Therefore, the augmented rank of the test score is uniform on {1, . . . ,m+N + 1}, and hence

1

m+ 1

m+1∑
k=1

E[Jk(B0
k)] =

j⋆

m+N + 1
.

We next compare the RSA indicator ϕk with Jk.

If k ∈ K+(β), RSA-CP automatically includes the candidate, and therefore ϕk(B
0
k)− Jk(B

0
k) = 1{B0

k > j⋆ − k}.

If k ∈ K−(β), RSA-CP automatically excludes the candidate, and therefore ϕk(B
0
k)− Jk(B

0
k) = −1{B0

k ≤ j⋆ − k}.

For every remaining value of k, the cutoff lies inside the conditional rank window, and ϕk(B
0
k) = Jk(B

0
k).

It follows that

C0
RSA =

j⋆

m+N + 1
+ η+(β)− η−(β). (24)
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Combining (23) and (24) proves (20).

Finally,

1− α ≤ j⋆

m+N + 1
< 1− α+

1

m+N + 1
.

Since η+(β) and η−(β) are nonnegative, the lower and upper bounds (21)–(22) follow.

Proof of Theorem 3.4. Under the conditions of Theorem C.1, 0 ≤ η+(β) ≤ β
2 , 0 ≤ η−(β) ≤ β

2 . Indeed, we have:

If k ∈ K+(β), then j⋆ − k ≥ b+(k, β). Therefore,

1− F 0
k (j

⋆ − k) = P(B0
k > j⋆ − k) ≤ P(B0

k > b+(k, β)) ≤
β

2
.

It follows that

η+(β) ≤
β

2

|K+(β)|
m+ 1

≤ β

2
.

Similarly, if k ∈ K−(β), then j⋆ − k < b−(k, β). Because j⋆ − k and b−(k, β) are integers, {B0
k ≤ j⋆ − k} ⊆ {B0

k <
b−(k, β)}. Hence,

F 0
k (j

⋆ − k) ≤ P(B0
k < b−(k, β)) ≤

β

2
,

and consequently,

η−(β) ≤
β

2

|K−(β)|
m+ 1

≤ β

2
.

Substituting these inequalities into (21) and (22) proves

1− α− β

2
− ε(T )

m (PS , Q) ≤ P
{
Ym+1 ∈ ĈRSA,T (Xm+1)

}
≤ 1− α+

1

m+N + 1
+

β

2
+ ε(T )

m (PS , Q).

Equivalently, ∣∣∣P{
Ym+1 ∈ ĈRSA,T (Xm+1)

}
− (1− α)

∣∣∣ ≤ 1

m+N + 1
+

β

2
+ ε(T )

m (PS , Q).

C.5. Additional results

Lemma C.2 (Monotonicity of the certified upper bound). Fix m,N ∈ N and α ∈ (0, 1), and let j⋆ = ⌈(1−α)(N+m+1)⌉.
Define

U(β,m) =
1

m+ 1

m+1∑
k=1

1{ k + b−(k, β) ≤ j⋆ } ,

where b−(k, β) = QB|k(β/2) and B | k ∼ BetaBin(N, k,m+ 2− k). Then U(β) is nonincreasing in β on (0, 1).

Proof. Fix k. The quantile function QB|k(p) is nondecreasing in p. If β1 < β2, then β1/2 < β2/2, hence

b−(k, β1) = QB|k(β1/2) ≤ QB|k(β2/2) = b−(k, β2).

Therefore, the indicator 1{b−(k, β) ≤ j⋆} is nonincreasing in β for each fixed k (as the threshold b−(k, β) moves upward
with β). Summing over k and dividing by m+ 1 yields that U(β,m) is nonincreasing in β.
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Lemma C.3 (Monotonicity of the lower bound). Fix m,N ∈ N and α ∈ (0, 1), and let j⋆ = ⌈(1 − α)(N + m + 1)⌉.
Define

L(β,m) =
1

m+ 1

m+1∑
k=1

1{ k + b+(k, β) ≤ j⋆ }

where b+(k, β) = QB|k(1− β/2) and B | k ∼ BetaBin(N, k,m+ 2− k). Then L(β,m) is nondecreasing in β on (0, 1).

Proof. Fix k ∈ {1, . . . ,m+ 1}. The Beta-Binomial quantile function is nondecreasing in its argument, i.e., QB|k(p1) ≤
QB|k(p2) whenever p1 ≤ p2. If β1 < β2, then 1− β1/2 > 1− β2/2, hence

b+(k, β1) = QB|k(1− β1/2) ≥ QB|k(1− β2/2) = b+(k, β2).

Therefore, the indicator 1{b+(k, β) ≤ j⋆} is nondecreasing in β for each fixed k. Summing over k and dividing by m+ 1
yields that L(β,m) is nondecreasing in β.

C.6. Computing the 1D Optimal Transport Coupling

We describe how to compute the optimal transport (OT) coupling matrix P̃ij between the empirical measures

P̃ :=
1

m

m∑
i=1

δSi
, Q̃ :=

1

N

N∑
j=1

δS̃j
,

in one dimension under the cost c(x, y) = |x − y|p for any p ≥ 1. In 1D, the optimal coupling is given by monotone
rearrangement and can be computed by matching cumulative masses of the sorted atoms. Under monotone coupling, each
source atom transports mass to a contiguous block of target atoms. The block may contain more than two atoms when
N > m.

Let S(1) ≤ · · · ≤ S(m) and S̃(1) ≤ · · · ≤ S̃(N) be the sorted real and reference scores. Each source atom has mass
ai := 1/m and each target atom has mass bj := 1/N .

Initialize pointers i← 1, j ← 1 and remaining masses r ← a1, c← b1. Set P̃ij = 0 for all i, j. Iterate:

1. Move mass ∆ := min{r, c} from source i to target j by setting P̃ij ← P̃ij +∆.

2. Update remainders r ← r −∆ and c← c−∆.

3. If r = 0, increment i← i+ 1 and set r ← ai (if i ≤ m).

4. If c = 0, increment j ← j + 1 and set c← bj (if j ≤ N ).

Stop when i > m or j > N . The resulting matrix P̃ is a valid coupling, and in 1D it is optimal for any convex cost |x− y|p.

Barycentric alignment map. Given the coupling, the OT barycentric alignment map is computed on the sorted real scores
as

T (S(i)) :=

∑N
j=1 P̃ij S̃(j)∑N

j=1 P̃ij

= m

N∑
j=1

P̃ij S̃(j), (25)

since
∑

j P̃ij = 1/m for each i. This defines a monotone, piecewise-linear transport map from the real score space to the
reference score space.

D. Asymptotic Regimes of RSA-CP
In this section, we provide discussion of the asymptotic behavior of RSA-CP under different scaling regimes for the
calibration sample size m and the number of reference scores N .
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D.1. Regime 1: Fixed Number of Reference Scores

Consider the regime in which the calibration sample size satisfies m→∞ while the number of reference scores N remains
fixed. In this setting, SCP already achieves quantile resolution of order (m+ 1)−1, and the contribution of the N reference
scores becomes asymptotically negligible relative to the calibration sample.

Consequently, the augmented rank grid (m + N + 1)−1 is asymptotically equivalent to the SCP rank grid (m + 1)−1.
Hence, RSA-CP does not provide efficiency improvements over SCP in this regime. This reflects the fact that the main
benefits of RSA-CP arise in small-sample settings where coarse rank resolution is a dominant source of conservatism.

D.2. Regime 2: Proportional Growth of Calibration and Reference Scores

Now consider the regime in which both m and N grow proportionally, with N/m→ c ∈ (0,∞). Assume additionally that
the OT alignment map converges to a population transport map T ⋆ satisfying T ⋆

#P = Q, where T ⋆
# denotes the pushforward

measure.

In this regime, the total variation discrepancy term appearing in Theorem 3.4 vanishes asymptotically. Consequently,
RSA-CP (OT) attains exact asymptotic coverage:

lim
m,N→∞

P{Ym+1 ∈ ĈRSA-CP(OT)(Xm+1)} = 1− α.

Moreover, since the inclusion rule is rank-preserving and the OT alignment becomes asymptotically exact, the resulting
prediction sets become asymptotically equivalent to those obtained from the oracle augmented procedure using additional
i.i.d. draws from the true score distribution. Thus, RSA-CP asymptotically recovers the oracle regime under sufficiently
accurate alignment.

E. Practical Guidance for Choosing Reference Distributions
Proposition 3.3 and Theorem 3.4 should be interpreted together as a practical guide for selecting reference score distributions.
The key insight is that the choice of reference distribution affects efficiency but not validity. In particular, the distribution-free
coverage guarantees of Proposition 3.3 hold for any choice of reference distribution. Consequently, even a poorly chosen
reference distribution cannot invalidate the finite-sample coverage guarantee. The role of Theorem 3.4 is complementary: it
quantifies how tightly the achieved coverage concentrates around the target level 1− α. This tightening improves as the
discrepancy between the transported real-score distribution and the reference distribution decreases.

In practice, we recommend selecting a simple parametric family that matches the structural properties of the score distribution.
For example:

• Beta distributions are natural for scores supported on bounded intervals such as [0, 1];

• Log-normal or Gamma distributions are appropriate for strictly positive and potentially heavy-tailed scores;

• Gaussian approximations may be suitable when the score distribution is approximately symmetric.

The parameters of the reference distribution can then be estimated from the observed calibration scores using standard
procedures such as maximum likelihood estimation or moment matching. In our real-data experiments, we used simple
parametric approximations estimated from the observed calibration scores and found them to perform well in practice.

The subsequent optimal transport (OT) alignment step plays an important corrective role. Even when the chosen parametric
family is only an approximation to the true score distribution, the OT transport map partially compensates for the mismatch
by aligning the reference-score distribution with the empirical calibration-score distribution. Thus, the method does not rely
on exact parametric specification.

When additional information is available, more informative reference distributions may be constructed from auxiliary
sources. Examples include:

• historical datasets from related prediction tasks,
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• external control cohorts in clinical studies (U.S. Food and Drug Administration, 2023),

• population-level score distributions from prior deployments,

• synthetic scores generated from large pretrained models (Bashari et al., 2025).

Such auxiliary information can substantially improve alignment and thereby improve efficiency. Nevertheless, Proposition 3.3
continues to provide a finite-sample safety guarantee regardless of the quality of the chosen reference distribution. This
robustness is important in practice, since the method remains valid even when the reference distribution is misspecified or
only weakly related to the target score distribution.

Example: Small-Sample Clinical Trials Small-sample clinical trials, such as rare disease studies or early-phase clinical
investigations, often suffer from insufficient calibration data, causing standard split conformal prediction (SCP) to become
vacuous or overly conservative due to coarse rank resolution. RSA-CP directly addresses this limitation by leveraging
external information, such as historical trials, patient registries, external control arms, or real-world evidence, to construct
reference score distributions, an approach increasingly supported by recent regulatory guidance (e.g., U.S. FDA (U.S. Food
and Drug Administration, 2023)). Unlike existing borrowing strategies (Zhu et al., 2025; Gao et al., 2025b), which typically
operate at the data, likelihood, or model level, RSA-CP borrows rank resolution. The reference scores refine the effective
quantile resolution available in small samples, enabling less conservative conformal thresholds while satisfying explicit
distribution-free lower and upper coverage bounds. Importantly, the coverage bounds of Proposition 3.3 hold regardless
of the quality or alignment of the external information. Theorem 3.4 further quantifies how efficiency improves as the
transported reference-score distribution becomes better aligned with the target score distribution. This provides a principled
mechanism for incorporating external information without requiring strict exchangeability between historical and current
populations, making RSA-CP particularly well suited for settings where auxiliary data are informative but not perfectly
matched to the target clinical population.

F. Efficient implementation for regression
Algorithm 1 is stated as a candidate-wise construction, which is directly applicable when Y is finite. For regression,
however, it is not necessary to enumerate candidate responses. The RSA-CP inclusion rule is monotone in the candidate
nonconformity score and therefore admits a single score-threshold representation.

Let Zi := T (Si), i = 1, . . . ,m, denote the transformed real calibration scores, and let AT = {Z1, . . . , Zm} ∪
{S̃1, . . . , S̃N}. Write AT

(1) ≤ · · · ≤ AT
(m+N) for the order statistics of AT , with AT

(0) = −∞, AT
(m+N+1) = +∞.

Similarly, let Z(1) ≤ · · · ≤ Z(m) be the ordered transformed real scores, with Z(0) = −∞, Z(m+1) = +∞.

Proposition F.1 (Scalar-threshold representation of RSA-CP). Assume that the real and reference scores are distinct, and
use the rank convention k(z) := 1 +

∑m
i=1 1{Zi < z}. For k = 1, . . . ,m+ 1, define g−(k) := k + b−(k, β), g+(k) :=

k + b+(k, β), and let
k+ := max ({k ∈ {1, . . . ,m+ 1} : g+(k) ≤ j⋆} ∪ {0}) ,

and
k− := max ({k ∈ {1, . . . ,m+ 1} : g−(k) ≤ j⋆} ∪ {0}) .

Then k+ ≤ k−, and the RSA-CP acceptance decision is nonincreasing in the transformed candidate score z =
T{s(Xm+1, y)}. More precisely, define

τRSA := max
{
Z(k+),min

{
AT

(j⋆), Z(k−)

}}
. (10)

Then
ĈRSA,T (Xm+1) = {y ∈ Y : T{s(Xm+1, y)} ≤ τRSA} . (11)

If T is strictly increasing, define
qRSA := sup{u ∈ R : T (u) ≤ τRSA}.

Then
ĈRSA,T (Xm+1) = {y ∈ Y : s(Xm+1, y) ≤ qRSA} . (12)
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Proposition F.1 shows that RSA-CP produces a score-sublevel set and does not require enumeration over an infinite response
space. The Beta–Binomial window indices need to be computed only for the m+ 1 possible real-score ranks.

Lemma F.2 (Stochastic monotonicity of the conditional reference count). For k = 1, . . . ,m + 1, let Bk ∼
BetaBin(N, k,m+ 2− k). Then B1 ≤st B2 ≤st · · · ≤st Bm+1. Consequently, for every u ∈ (0, 1),

QBk
(u) ≤ QBk+1

(u).

In particular,
b−(k, β) ≤ b−(k + 1, β), b+(k, β) ≤ b+(k + 1, β).

Therefore, both
g−(k) = k + b−(k, β) and g+(k) = k + b+(k, β)

are strictly increasing in k.

Proof. Let U(1) ≤ · · · ≤ U(m+1) be the order statistics of m + 1 independent Unif(0, 1) variables. Independently, let

V1, . . . , VN
i.i.d.∼ Unif(0, 1), and define Bk :=

∑N
j=1 1{Vj ≤ U(k)}.

Since U(k) ∼ Beta(k,m+ 2− k), the Beta–Binomial mixture representation gives

Bk ∼ BetaBin(N, k,m+ 2− k).

Thus, Bk has the same distribution as Bk.

Moreover, U(k) ≤ U(k+1) almost surely. Using the same variables V1, . . . , VN for both counts gives Bk ≤
Bk+1 almost surely.

This coupling proves Bk ≤st Bk+1.

First-order stochastic ordering implies ordering of the corresponding left quantiles:

QBk
(u) ≤ QBk+1

(u), u ∈ (0, 1).

Applying this result at u = β/2 and u = 1− β/2 proves the monotonicity of b− and b+. Finally,

g±(k + 1) = k + 1 + b±(k + 1, β) ≥ k + 1 + b±(k, β) > g±(k),

so both g− and g+ are strictly increasing.

Proof of Proposition F.1. For a transformed candidate score z, define k(z) = 1 +
∑m

i=1 1{Zi < z} and ℓ(z) =∑N
j=1 1{S̃j < z}. Then raug(z) := k(z) + ℓ(z) is the rank of z among the transformed real scores, reference scores, and

the candidate score itself.

By the RSA-CP inclusion rule, the candidate is accepted precisely when g+{k(z)} ≤ j⋆ or when

g−{k(z)} ≤ j⋆ < g+{k(z)} and raug(z) ≤ j⋆. (40)

By Lemma F.2, both g− and g+ are strictly increasing. Therefore, g+{k(z)} ≤ j⋆ ⇐⇒ k(z) ≤ k+, and g−{k(z)} ≤
j⋆ ⇐⇒ k(z) ≤ k−.

Furthermore, because b−(k, β) ≤ b+(k, β), g−(k) ≤ g+(k), which implies k+ ≤ k−.

Consequently, inclusion condition is

{k(z) ≤ k+} or {k(z) ≤ k− and raug(z) ≤ j⋆} . (41)

The rank convention gives k(z) ≤ k+ ⇐⇒ z ≤ Z(k+), and k(z) ≤ k− ⇐⇒ z ≤ Z(k−).

Similarly, raug(z) ≤ j⋆ ⇐⇒ z ≤ AT
(j⋆). Thus, inclusion rule becomes

{z ≤ Z(k+)} or
{
z ≤ min

(
Z(k−), A

T
(j⋆)

)}
.
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The union of these two lower half-lines is
{
z ≤ max

[
Z(k+),min

{
Z(k−), A

T
(j⋆)

}]}
.

This proves the threshold representation z ≤ τRSA.

Since T is strictly increasing, T{s(Xm+1, y)} ≤ τRSA is equivalent to s(Xm+1, y) ≤ T←(τRSA), which proves the final
assertion.

G. Additional Experiments
G.1. Simulation study

We conduct simulation studies to examine the finite-sample behavior of prediction sets constructed using rank-based score
augmentation and alignment. The experiments are designed to reflect the core phenomena studied in this paper: instability
under small calibration sizes, the effect of increasing reference score resolution, and robustness to mismatch between real
and reference score distributions.

G.1.1. DATA-GENERATING PROCESSES

We generate i.i.d. covariates Xi ∈ R5 with heterogeneous, non-Gaussian marginals to induce realistic and irregular score
distributions. Specifically, Xi1 follows a two-component Gaussian mixture, Xi2 ∼ t3 (scaled), Xi3 is Log-Normal, Xi4

follows a shifted Beta distribution, and Xi5 ∼ Unif(0, 1). The response is generated as

Yi = f(Xi) + εi,

where f is a nonlinear regression function and εi is an additive noise term. We consider two noise regimes:

• Skewed errors. εi ∼ LogNormal(0, 0.52), yielding highly asymmetric score distributions.

• Heavy-tailed errors. εi ∼ t3, producing frequent large deviations and extreme scores.

These settings stress-test calibration procedures under skewness and heavy tails, both known to cause instability when
calibration sizes are small.

G.1.2. REFERENCE SCORES AND GENERATOR MISSPECIFICATION

A central goal of our simulations is to assess how increasing the number of reference scores stabilizes rank-based calibration,
even when the reference distribution is imperfect. Rather than assuming access to an oracle sampler, we deliberately use
misspecified reference score generators.

Reference scores are generated from an approximate residual simulator that captures the bulk behavior of the true score
distribution but is noisy and imperfect. To model realistic generator failures, we introduce a rare shock mechanism: with
probability p = 0.05, the generator outputs an extreme outlier far from the main distribution. When the reference sample
size N is small, these shocks induce substantial variability in the empirical reference quantiles; as N grows, their influence
is mitigated. This setup directly probes the stability benefits predicted by our rank-resolution analysis.

G.1.3. METHODS COMPARED

We compare the following prediction set constructions:

• SCP. Standard split conformal prediction using only the real calibration scores.

• SPI: Feature-based synthetic augmentation. Recently developed method that augments calibration using feature-
conditioned synthetic samples, which act as another baseline.

• RSA-CP (OT) Score-aligned prediction set (ours). The prediction set ĈRSA,T (Xm+1) from Proposition 3.3 with
OT alignment map.

• Reference score-only baseline. Calibration performed using reference scores alone, included to highlight bias under
misspecification.
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Figure 6. Simulation study: Coverage levels and widths of prediction sets constructed using our RSA-CP (OT) in two different noise
regimes with increasing noise levels.

Figure 7. Simulation study: Left: Coverage levels and widths of different prediction sets as a function of calibration size (denoted as Ncal

in the plots). Right: Coverage levels and widths of different prediction sets in two noise regimes.

All experiments are conducted in a challenging low-calibration regime with m = 20 real calibration points and target
miscoverage level α = 0.05. We fix the window level at β = 0.4 to balance robustness and efficiency, and vary the number
of reference scores over N ∈ 20, 50, . . . , 3000 to study the effect of increasing rank resolution on stability. Results are
averaged over 100 independent trials.

H. Additional Real Data Experiments
H.1. ImageNet classification

In these experiments, reference scores are generated from simple parametric reference distributions estimated from the
observed calibration scores. Specifically, we model the reference score distribution using a Beta family, with parameters
estimated via maximum likelihood estimation (MLE) from the m observed calibration scores. This provides an approximation
to the underlying score distribution while remaining computationally lightweight. Throughout the experiments, we fix
β = 0.4.

For ImageNet classification experiments, candidate-label evaluation follows the standard conformal prediction protocol
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Figure 8. Image Classification: Coverage levels and widths of prediction sets constructed using SCP, RSA-CP(OT), SPI, and Synthetic
data only methods for α = 0.05, 0.10, calibration size 15 with increasing augmented score sizes from 100 to 2000.

used in SCP and SPI. For each candidate label y, we compute the corresponding nonconformity score s(X, y) and apply the
RSA-CP inclusion rule in the same manner as standard conformal prediction. All methods use identical pretrained models,
features, logits, and preprocessing pipelines, with no additional hyperparameter tuning beyond calibration. For SPI, the
synthetic score generator follows the original implementation and protocol provided in the SPI framework (Bashari et al.,
2025).

H.2. Regression on the MEPS dataset

We evaluate RSA-CP on the Medical Expenditure Panel Survey (MEPS) regression benchmark, following the experimental
protocol of the SPI framework (Bashari et al., 2025).

For all methods, we use conformalized quantile regression (CQR) scores constructed from pretrained quantile regression
prediction intervals provided in the SPI repository (available at https://github.com/Meshiba/spi). The experi-
ments are conducted separately across four age groups: 0–20, 20–40, 40–60, and 60+. Following the small-sample setting
considered in SPI, the real calibration size is fixed at m = 15.

We compare four approaches: (i) standard split conformal prediction (SCP) calibrated only on real minority scores, (ii)
RSA-CP (OT) with score-level reference augmentation, (iii) SPI, and (iv) CP using only synthetic scores.

In case of SPI, we follow the protocol outlined in (Bashari et al., 2025). Specifically, MEPS panel 19 is used to train the
underlying regression model, panel 20 serves as the reference dataset, and panel 21 is treated as the target minority dataset
for calibration and testing. This setup reflects a realistic deployment scenario in which large historical populations are
available as auxiliary reference data, while only a small number of samples are available from the current target population.

For RSA-CP, we generate additional reference scores from the reference distribution (MEPS panel 20). In our experiments,
we vary the number of reference scores from N ∈ 250, 500, . . . , 2500 while keeping the real calibration size fixed at m = 15.
The experiments are repeated over 50 random splits, and we report empirical coverage and average prediction interval length
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evaluated exclusively on minority-group test observations. We consider target miscoverage levels α ∈ 0.05, 0.10.

The results demonstrate that RSA-CP consistently achieves coverage close to the nominal level while often producing
shorter prediction intervals than SCP. Similar to the observations reported for SPI, the standard conformal baseline exhibits
high variability and can become overly conservative in the small-sample regime, whereas generated-only methods may
perform well empirically but lack finite-sample validity guarantees. In contrast, RSA-CP effectively leverages additional
reference information through score transport while retaining rigorous finite-sample coverage guarantees.
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Figure 9. MEPS regression experiments across different age groups and target miscoverage levels. Coverage and prediction interval
lengths are reported for SCP, RSA-CP (OT), SPI, and synthetic-only calibration methods. The real calibration size is fixed at m = 15,
while the number of reference/synthetic scores is fixed at N = 1000.
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I. Sensitivity to alignment mismatch
We conduct an additional score-level sensitivity experiment to isolate the effect of alignment error in RSA-CP (Theorem 3.4).
Real calibration scores, reference scores, and test scores are generated from the same distribution, so the correct population
alignment is the identity map. We then deliberately perturb the alignment map away from identity through a monotone
tail distortion Tδ, where δ = 0 corresponds to perfect alignment and larger δ induces increasing mismatch between the
transformed real scores and the reference scores. In particular,

Tδ(s) = s+ δ
s2

σ̂s + |s|+ ε
, δ ≥ 0,

where σ̂s is the interquartile range of the real calibration scores and ε > 0 is a small numerical constant. Thus T0(s) = s,
while larger values of δ increasingly inflate upper-tail scores and hence increase the discrepancy between the transformed real-
score distribution Tδ#P and the reference score distribution. We set m = 15, N = 1000, ntest = 1000, β = 0.40, α = 0.05
and vary δ ∈ {0.0, 0.05, 0.10, 0.20, 0.30, 0.40, 0.50, 0.75, 1.00}

Figure 10. Sensitivity to alignment mismatch under lognormal scores: Real calibration scores, reference scores, and test scores
are generated from the same lognormal score distribution, so the correct population alignment is the identity map. We then introduce
controlled alignment mismatch through Tδ(s) = s+ δs2/(σ̂s + |s|+ ε).

Figure 10 reports the lognormal setting as in our section 4. The results show that RSA-CP satisfies coverage bounds under
increasing alignment mismatch: coverage stays above the Proposition 3.3 lower bound, while the method becomes more
conservative as the perturbed alignment map moves farther from identity. At δ = 0, RSA-CP produces finite informative
prediction sets even though SCP is vacuous for m = 15 and α = 0.05. As δ increases, the augmented-rank refinement is
used less frequently and RSA-CP moves toward the conservative lower-bound regime. Empirical coverage remains within
the finite-sample bounds predicted by Proposition 3.3.
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