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Abstract

Trained attention layers exhibit striking and repro-
ducible spectral structure of the weights, includ-
ing low-rank collapse, bulk deformation, and iso-
lated spectral outliers, yet the origin of these phe-
nomena and their implications for generalization
remain poorly understood. We study empirical
risk minimization in a single-head tied-attention
layer trained on synthetic high-dimensional se-
quence tasks generated from the attention-indexed
model. Using tools from random matrix the-
ory, spin-glass theory, and approximate message
passing, we obtain an asymptotically sharp high-
dimensional characterization of training and test
error, interpolation and recovery thresholds, and
the spectrum of the key and query matrices. Our
theory predicts the full singular-value distribution
of the trained query—key map—including low-
rank structure and isolated spectral outliers—in
qualitative agreement with observations in more
realistic transformers. Finally, for targets with
power-law spectra, we show that learning pro-
ceeds through sequential spectral recovery, lead-
ing to the emergence of power-law scaling laws.

1. Introduction

Modern machine learning relies increasingly on attention
mechanisms (Vaswani et al., 2017), which form the back-
bone of state-of-the-art models in natural language process-
ing, vision, and beyond (Devlin et al., 2019; Dosovitskiy
et al., 2020; Brown et al., 2020). Despite their empirical
success, many fundamental questions about learning with
attention layers remain open.
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In particular, the weight matrices of trained attention layers
display striking and reproducible spectral patterns. Empiri-
cal studies report that the singular-value distributions of the
query and key projections are far from random: they exhibit
a structured bulk with non-trivial tails (Martin et al., 2021;
Staats et al., 2024), consistent with earlier observations of
heavy-tailed and compressible spectra across deep networks
(Mahoney & Martin, 2019). These regularities persist across
architectures and training scales, yet their theoretical origin
and their implications for generalization remain largely un-
explained. Why do such spectra emerge in attention weights,
and what do they reveal about the inductive biases of the
model?

Second, neural scaling laws (Kaplan et al., 2020; Brown
etal., 2020; Hoffmann et al., 2022) reveal striking power-law
relations between performance and computational or data
resources in attention-based models. Yet, with few excep-
tions, theoretical understanding of these phenomena remains
largely confined to linearized or lazy regimes, e.g. (Capon-
netto & De Vito, 2007; Cui et al., 2021; Maloney et al.,
2022; Bahri et al., 2024; Paquette et al., 2024; Atanasov
et al., 2024; Bordelon et al., 2024; Kunstner & Bach, 2025;
Defilippis et al., 2024) that may not capture genuine rep-
resentation learning. At the same time, growing evidence
suggests that learning in attention layers is not smooth: train-
ing dynamics often display plateaus and abrupt transitions,
with new directions in representation space emerging se-
quentially rather than all at once. This stepwise behavior
has been observed both in simplified attention models and
in large-scale transformers (Wei et al., 2022; Raventds et al.,
2023; Arora & Goyal, 2023; Schaeffer et al., 2023; Ren
et al., 2025). Can emergence and scaling phenomena of
this kind be reproduced and explained within a solvable
attention model?

A natural strategy for addressing these questions is to ana-
lyze simplified models in high-dimensional regimes, where
the blessing of dimensionality (Donoho et al., 2000) en-
ables sharp and tractable characterizations of learning. This
approach has driven major advances in the theory of two-
layer networks via Gaussian single- and multi-index models
(see, e.g., (Ben Arous et al., 2021; Abbe et al., 2022; Ba
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et al., 2022; Arnaboldi et al., 2023; Damian et al., 2023;
Bietti et al., 2025; Berthier et al., 2025)). In these settings,
high-dimensional asymptotics have enabled an essentially
complete characterization of empirical risk minimization.

In contrast, attention mechanisms remain far less explored
within such a high-dimensional framework (with notable ex-
ceptions of low-rank attention (Cui et al., 2024; Troiani et al.,
2025; Arnaboldi et al., 2025) and in-context linear regres-
sion (Zhang et al., 2025)), and, to our knowledge, there is no
high-dimensional asymptotic theory linking spectral prop-
erties to generalization. Can one propose and analytically
solve a simplified model of attention in the high-dimensional
regime that allows to explore the interplay between spectral
properties and generalization?

In this paper, we carry out such an analysis for single-head
tied attention trained by empirical risk minimization in the
high-dimensional limit. We consider synthetic sequence-to-
sequence and sequence-to-label tasks generated from the
attention-indexed model proposed in (Boncoraglio et al.,
2025). Our contributions are threefold:

(1) Asymptotics of empirical risk minimization and gra-
dient descent. We provide a sharp high-dimensional char-
acterization of empirical risk minimization in single-head at-
tention, deriving sharp asymptotic formulas for training and
test errors as well as interpolation and recovery thresholds.
Despite the non-convexity of the objective, we show numer-
ically that gradient-based algorithms converge to the pre-
dicted solutions. We also clarify the inductive bias induced
by weight decay and factorization, showing that standard
factorized training of query and key matrices outperforms
direct element-wise training of their product, despite the
latter being strictly more expressive.

(i) Spectrum-generalization link. We derive an analytic
characterization of the spectrum learned by single-head at-
tention in the high-dimensional limit and relate it quantita-
tively to generalization. Our theory predicts the full singular-
value distribution of the trained query—key map, including a
structured bulk, low-rank collapse, and isolated spectral out-
liers, in qualitative agreement with empirical observations
in more realistic transformers. Moreover, the learned spec-
trum provides an interpretable summary of generalization
performance.

(iii) Emergence and scaling laws. Finally, we study a
regime in which the target map has a power-law spectrum.
We show that spectral modes are recovered sequentially
according to their strength, leading to sharp emergence phe-
nomena and power-law scaling laws, and isolating how the
power-law structure in the target translates into observable
scaling behavior in attention layers.

2. Setting and related works

Task and architecture. We consider a sequence-to-
sequence (seq2seq) and a sequence-to-label (seq2lab) su-
pervised learning task. Our analyses applies to both
these cases. In the seq2seq task we consider a dataset
D = {x{;, X4, }}i=1 Where both the input and output data
xt xh . € RT*4 are sequences of T tokens, each given
through an embedding vector x4 & Riforl < a < T.
In the seq2lab task, instead we consider a dataset D =
{x{,,y"}"_, where the output data y* € R"*" are matri-
ces of T' x T' pair-wise tokens comparisons. Our results
naturally cover vector or scalar labels by setting some ele-

ments of y* to zero.

In both cases, we aim at learning the input-output relation-
ship through a parametrized function f(x;,; W) of the form
(respectively for the two tasks)

fjsq(xin; W) = AW (Xin)xin (1)
fin(xin; W) = Aw (Xin)
where
WWWTXT — B, [xWWTxT
Aw (xin) = 05 (X e N W x ]) )

is the T’ x T attention matrix with weights W € R¥?. g4
is the row-wise softmax activation at inverse temperature
B > 0,and Ay (x) € RT*T is the attention matrix with
tied key and query matrices. Thus, in the seq2seq task, f isa
tied attention layer with identity value matrix. In the seq2lab
case, instead, f outputs directly the attention matrix. We
restrict our analysis to tied attention for analytical simplicity,
but we remark that tied attention is expressive enough to
showcase interesting phenomena, see e.g. (Cui et al., 2024),
and we do not expect a considerably different phenomenol-
ogy to arise in this model in the untied case. Finally, Ey,
is the empirical average over x in the training set, and the
corresponding term plays the role of a batch-centering, en-
suring a mean-zero input to the activation. We recall that
a standard single-head attention layer forms Q) = XWg,
K = XWg,V = XWy and outputs oﬁ(QKT)V; in our
simplified tied setting Wg = Wx = W and the value
matrix is the identity.

We learn W by empirical risk minimization of the square
loss with ¢, regularization (or equivalently, weight decay)
that is commonly used in practice in large language mod-
els, i.e. W = argminy, £(W) = arg minyy, [£32% (1) +
R(W)] where respectively for the two tasks

LG W)= 5 2 Il = fua Gl W
L (W) =35 [y — fin (b W)

and R(W) = \||W||%. We measure the performance of the
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learned function f through the test errors

N 1 ~
eest (f) = EExirnxoutHXOUt - f(Xin)H%w

etest(f) = ]Exin,yHy - f(Xm)H% )

“

where [E stands for an average over an appropriate test set.
We remark that our analytical framework can be extended
to a larger class of losses and regularization, see Section 3.

Input data model. To allow for analytical tractability, we
assume that the input sequences Xﬁl are Gaussian, i.e., that
each token is independently given by x{ , ~ N(0,1) for
1 <a < T. In this case, it can be shown that the centering
term in Eq. (1) concentrates to Iz Tr(WW7) in the regime
n > 1. We remark that the high-dimensional setting we
consider exhibits universality way beyond Gaussian data, in
the same spirit as in Assumption 2.2 of (Xu et al., 2025) and
as proven by a number of recent works, e.g. (Montanari &
Saeed, 2022; Dudeja et al., 2023; Dandi et al., 2023; Lu &
Yau, 2025).

Target function model. Following the successes of the
single-index models, and inspired by the recently intro-
duced attention-indexed model (Boncoraglio et al., 2025),
we consider a target function that lies within the expressivity
class of the architecture in Eq. (1), and restrict the class of
(possibly noisy) target functions to the ones of the form
(respectively for the seq2seq and seq2lab tasks)

and y" =op, (R(Xin)) »
)
where R(xi,) € RT*T is a centered pre-activation matrix,
and [y a softmax temperature possibly different from the
learner’s one 3. We consider this model as we want to
focus on the learnability of the token-to-token correlations
exhibited by the output sequences. Concretely, we choose:

X,i1111 aSOXin,b - 5ab TI‘(SO) A
R(Xin)ab = ’ 7 + \/:6“ ’
(6)

where Sy = S € R4*? s the target function weight matrix
of rank py. The symmetry assumption matches the tied
query—key parametrization; for an asymmetric teacher, the
tied learner would recover the symmetric component. We
denoted £# € RT*T to be a symmetric standard Gaussian
noise &gy = &pg ~ N(0,1) forall 1 < a < b < T, and
the normalization of the variance ensures that the signal-to-
noise ratio is uniform across tokens. The intuition behind
Eq. (6) is that the learning model is structurally limited
to expressing models of attention that are bilinear in the
input sequences: for this reason, we model all higher-order
dependencies as (Gaussian) noise £. For the test set, we
consider samples distributed with the same distribution as
the training set.

Xgut = 0By (R(Xin)) Xin

2.1. Further Related works

Several empirical studies have further noted that atten-
tion projections are approximately low-rank. (Staats et al.,
2024) found rapidly decaying spectra in pretrained trans-
formers, while (Si et al., 2025) reported similar profiles
in LLaMA models, showing that the low-rank tendency
is present already at pretraining and persists through fine-
tuning. Broader surveys confirm stable low-rank structure
during training (Yunis et al., 2024), and parameter-efficient
fine-tuning methods such as LoRA (Hu et al., 2022) ex-
ploit the fact that very low ranks suffice to capture relevant
structure. Recent work further leverages spectral profiles
for efficient adaptation (Si et al., 2025). While these find-
ings are empirical, recent theoretical progress has linked
weight decay on the query and key matrices to an effective
nuclear-norm regularization of their product (Kobayashi
et al., 2024), thereby formalizing a low-rank inductive bias
in attention, but they do not characterize any explicit rela-
tion between this low-rank bias and generalization. The
low-rank inductive bias connects directly to earlier analyses
of factorized parameterizations in feedforward networks,
where weight decay implicitly promotes low-rank solutions
through nuclear-norm penalties (Gunasekar et al., 2017;
2018; Arora et al., 2019; Galanti et al., 2024).

In contrast to the extensive literature on single- and multi-
index models, attention mechanisms remain comparatively
underexplored from a high-dimensional theoretical perspec-
tive. Existing analyses of attention (Cui et al., 2024; Troiani
et al., 2025; Arnaboldi et al., 2025) primarily focus on
extremely low-rank regimes of order O(1), which do not
capture the rich spectral structure observed empirically in
trained attention layers. More recently, attention-indexed
models have been introduced (Boncoraglio et al., 2025).
These models offer a controlled setting in which questions
of generalization and representation learning can be ad-
dressed. However, existing results in this line focus on
Bayes-optimal inference, leaving open the characterization
of solutions reached by empirical risk minimization (ERM),
which is the regime relevant for trained neural networks.

Our work builds on recent progress in the asymptotic anal-
ysis of quadratic neural networks (Erba et al., 2025; Xu
et al., 2025; Defilippis et al., 2025) to bridge this gap by
mapping ERM in attention to an equivalent matrix sens-
ing problem. This reformulation allows us to analyze the
learned spectrum using tools from approximate message
passing and its connections to convex and non-convex opti-
mization (Berthier et al., 2020; Gerbelot & Berthier, 2023;
Loureiro et al., 2021; Vilucchio et al., 2025). Other recent
theoretical works study complementary attention-learning
regimes: Chen & Li (2025) derive provable algorithmic
guarantees for learning multi-head attention, Fu et al. (2023)
analyze a single attention layer through a random-features
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lens with frozen query/key maps, and Saada et al. (2025)
study rank collapse and signal propagation at initialization.
In contrast, our focus is the high-dimensional ERM spec-
trum and generalization of fully trained tied attention.

3. Asymptotics of train and test error

Our main technical result is the characterization of the prop-
erties of the global minima of the empirical loss of Eq. (3)
in the high-dimensional limit where the token embedding
dimension d — oo with quadratic number of samples and
proportional ranks, i.e., the joint limit d, n, p — 400 with
O(1) ratios

a:=n/d* k:=p/d, Ko:=po/d. @)

We further assume that in the same limit the empirical spec-
tral density of Sy (which may be either random or determin-
istic) converges to a limiting distribution 1o with a finite first
moment and E[Tr S3] = dQo. The length of the sequence
T = O(1) is considered finite in our work in line with other
works on sequence multi-index or attention-indexed models
(Cui et al., 2024; Troiani et al., 2025; Boncoraglio et al.,
2025). Our first result is a prediction for the train and test
error of the global minimum of (3).

Claim 3.1 (Train and test error of ERM). Define A=
VEXN and ps = po B pise,s, where B is the free con-

volution and ps.5(x) = 462 — 22/(2m6?) the semi-
circle distribution of radius 20 for § > 0, and Fj its

c.df. Define also 63(A) = o53({/1+ dab Aab}ab) for

A € RT™*T, and where og is applied row-wise. Call
(X*,m*, g*, X%, >, §*) the global minimizer of

: 5 4 2m — 5
CD(Ea m,dq, E,TATL, qA) = WCL#

. N ®
+”M@m@—TJC??>,
43

d? m’ m

where

T
. 1 )
M(Z,m,q) = EZO,zhég(fT){ o G;I(hab — Zab)
a<b

T

+ Z 630 (20)ab — 55 (R)ab) } , )

a,b=1
+oo
J(6,€) = / ps(dz) (z — €)?,

S(T) is the set of T x T symmetric matrices, and where
E,, . denotes the average over {zap, 20.ab }1<a<b<T, Which
are Gaussian random variables

({227 ) o

independently for each pair a,b (up to symmetry zqp = Zpq
and 2y qp = 20,pa)- Then, for all values of a, A > 0, A > 0
and Kk > 1 — Fﬁ/m(Q;\/m) any global minimum W of
Eq. (3) satisfies

hm Eetest(W) == EZQ,Z

d—o0 [6'50(20)ab - 56(’2)1117]2 )

1
lim diz]EL(VAV) = @(E, m,dq, ia ’ﬁl, (j) ’

d—o0

£
7M1=

(1)

where all order parameters (X, m, q, f], m, §) are evaluated
at the global minimum defined above, and

T
1
p(z0,2,%) = arginf{ — E hap — Zap)?
( ) heS(T){2Z ( )

a,b=1
a<b (12)
T
+ Z (6580 (20)ab — 55(h)ab]2 } .
a,b=1

Claim 3.1 characterizes the global minimum of (3) through
the solution of a six-dimensional optimization problem (8),
whose numerical solution we discuss in Appendix G. To
provide a bit more intuition, we remark the parameters
m*,q* and X* measure, respectively, the target-learner
overlap Tr(Sy S)/d, the learner norm Tr(S'S)/d and
the trace of the inverse Hessian of the loss (Clarté et al.,
2023) as customary in approximate-message-passing anal-
ysis, where we defined S = WWT/\/]@ We also stress
that Claim 3.1 can be adapted to more general losses
Son—1 € (xuS0x];%,5x]) (i.e., depending bi-linearly on
the data, for example the cross-entropy loss) and regular-
izations inducing a spectral penalty on the effective matrix
S =WW' /\/pd. This includes models with mismatched
nonlinearities between data and learner, classification tasks,
and more. We provide the equations for the more general
case in Appendix B.2.1.

This result is obtained by analyzing a suitably designed
approximate message passing algorithm and corresponds
to the replica-symmetric characterization of its asymptotic
behavior (Mezard et al., 1987; Mezard & Montanari, 2009;
Advani et al., 2013; Zdeborova & Krzakala, 2016). We state
it as a claim rather than a theorem because a complete proof
would require substantial technical developments, largely
following standard arguments from high-dimensional in-
ference. In Appendix B, we provide a proof sketch outlin-
ing the main steps of the derivation. The argument relies
throughout on established tools from approximate message
passing and random matrix theory.

Although replica-symmetric predictions are not guaranteed
to be exact in this setting, all theoretical predictions reported
in the figures are systematically compared with numerical
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Figure 1. (Left) Test error of the ERM estimator Eq. (3) (Claim 3.1, Eq. (11)) compared with Adam simulations at d = 100 (64 instances,
error bars = standard deviation) as a function of the number of samples & = n/ d?, where we use k = 0.75,1 (model width) and
parameters A = 0.01, A = 0.5, T = 2, § = o = 1 for the MP target (Section 3, ko = 0.5). Theory and simulations agree. (Right)
Singular value spectrum of the trained weights from theory (blue, Claim 4.1, Eq. (20)) vs. Adam simulations (grey histograms) at
a = 0.05,0.5,4,40 (d = 200, 64 runs, 2000 samples in the test set). The asymptotic spectrum of the target is shown in red dashed. The
theory also captures the delta peak at zero. For large «, the spectrum splits into two bulks.

simulations of the model under study, as detailed in Ap-
pendix G. We find excellent agreement and are not aware
of any empirical or theoretical evidence indicating a break-
down of the replica-symmetric description in the regime
considered here.

To illustrate our results, in this Section we focus on the
Marchenko-Pastur (MP) target case, where the weights S
are such that the limiting distribution satisfies pg(z) =
\/%,U/M_p‘(\/%l‘), where p p. is the Marchenko-Pastur
distribution (Marchenko & Pastur, 1967) with normalized
rank 0 < k9 < 1, and Qg = 1 + k¢. For example, this is
the case in which the target attention matrix has the form
Sy = WoW{' /v/pod, where W, € R¥*™o has i.i.d. com-
ponents extracted from a distribution with zero mean and
unit variance, and ko = po/d = rank(Sp)/d. We believe
that the overall phenomenology we showcase here is valid
qualitatively for generic Sy with rank(Sy) = kod and posi-
tive eigenvalues bounded away from the origin. Addition-
ally, we consider the case of matched softmax temperatures
8 = By = 1 (noticing that a mismatch in temperatures can
always be reabsorbed in a rescaling of the regularization).
Appendix G provides some discussion of the dependence
on the temperature 3 and the number of tokens 7.

Sharp learning curves at quadratic sample complexity.
In Figure 1 (and Figure 6 in the Appendix G) we plot the test
error predicted by our theory as a function of the sample ra-
tio @ = n/d? for A = 0.5. We observe a monotone decreas-
ing behavior at large values of regularization A (Figure 1),
while at lower values of A a characteristic interpolation peak
(with oddly asymmetric shape) appears around the maximal
number of samples that can be perfectly fit by the model
architecture, the so-called interpolation threshold (Figure 6).
Claim 3.1 allows to derive an analytical prediction for the
interpolation threshold, i.e. the value qinterp before which

the ERM estimator for A — 07 achieves zero training loss.
In the noiseless case A = 0, we can also predict analytically
the perfect recovery threshold, i.e. the value ape s after
which the ERM estimator achieves perfect generalization.

Corollary 3.2 (Interpolation and perfect recovery thresh-
olds). Consider the setting of Section 2 with A — 07T,
A > 0and T > 2. Then, there exists a value of sample ratio
Qlinterp SUch that the training loss at its global minimum is
zero for a < Quinterp (perfect fit of the training set), and
strictly positive for o > Qingerp, and Qingerp Satisfies

_ 0J(6,0) a3
Qinterp — 25(T2 +T— 2)
where ¢ is the solution of
A - ) _
Qo + 5= J(6,0) — 5<91J (6,0) (14)

and J is defined in Eq. (9). Moreover, if A = 0, there exists
a value of sample ratio awerr Such that the test error at the
global minimum is zero for o > apert (perfect generaliza-
tion), and strictly positive for o < Qpert, determined as
follows. Call ¢ the solution of the equation

MD(e) = MO (e) + —— =0, (15
s.c. s.c. 1— ko
where
M) = [ dopcla) ot (16)
-2
for 0 < kg < 1. Then,
1— (1 = ro)? (MS(ZC)(C) = cMs(lc)(c)) a7

Cperf = T2+T -2
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Figure 2. Test error as a function of « for standard factorized query—
key training Eq. (3) and direct (non-factorized) training of the
attention matrix Eq. (19), both at optimal regularization (selected
by cross-validation). The factorized parameterization consistently
achieves significantly lower test error across all .. Solid lines
show theoretical predictions (Claim 3.1 and Appendix D), while
dots correspond to numerical experiments with Adam at d = 100,
averaged over 8 runs with 2000 test samples. Parameters are
ko =0.05, A =0.05,T =2,and 8 = o = 1.

Corollary 3.2 follows from a mapping of the theory of
softmax attention to that of linear attention that holds for
a < Qinterp and A — 0T, allowing to adapt results from
(Erba et al., 2025), as detailed in Appendix C.

Behavior of gradient descent. A natural question is
whether gradient-based methods can reach global minima of
the non-convex loss in Eq. (3), or whether they remain stuck
in spurious local minima. In Fig. 1 and 6 we compare our
theory with numerical results of runs of Adam (Kingma &
Ba, 2015) (details in Appendix G) run on the loss of Eq. (3)
with d = 100 and averaging over 32 different instances, and
p = d. We observe an excellent match for both the test error
and the training loss for both x = 1 and k = 3/4.

Inductive bias: weight decay implies nuclear norm on at-
tention. The /5 regularization over the weights W naturally
translates to a nuclear norm regularization in the equivalent
generalized matrix sensing problem, see (Kobayashi et al.,
2024) and Appendix A, naturally favoring model weights
configurations with an effective lower width (i.e., imple-
mentable with fewer hidden units): a weight decay in W
thus implies a low-rank learned attention matrix. This partly
explains why learning with low-rank weights (usually done
for computational reasons) does not negatively affect gen-
eralization despite reducing expressivity. We quantify this
bias in Claim 3.1, where we find that all attention learners
with rank satisfying p/d > 1 — F\/a/m(25\/m) achieve the
same error. This implies that mildly rank-constrained to
massively over-parametrized architectures incur no penalty
in terms of train and test error.

Comparison with non-factorized parameterization. A
natural baseline to consider is learning a non-factorized
attention S' through the empirical risk minimization of the

model (e.g. in the seq2seq task)

£ XinSX’iI;1 —Ei Tr XinSX’iI;]
fuatoni ) = 3 ( e

Vd
(18)

where we impose that S is symmetric (but neither PSD nor
factorized), and we train on the loss

Lia(S Z to— Fra(xls S5+ AIS|I% . (19)

&.M—‘

The Frobenius-regularized estimator underperforms the
nuclear-norm-regularized one whenever the target is suf-
ficiently low-rank. In the noisy case, we compare the test
error of the factorized ERM estimator of Eq. (3) with the
non-factorized Frobenius estimator of Eq. (19) at optimal
regularization (cross-validated, Fig. 2 left). The factorized
model consistently outperforms, fully exploiting the induced
low-rank bias. In the extreme low-rank regime py < d, it
achieves vanishing error at sample scale O(dpy), whereas
the non-factorized model requires O(d?), see Fig. 8 left in
Appendix G.

4. Spectrum and Generalization

Our second result is the characterization of the spectrum of
the ERM estimator (3) and its implication for generalization.

Claim 4.1 (Spectra of ERM). Under the same assumptions
and notations of Claim 3.1, let W be a global minimizer of
ERM in the high-dimensional limit. Then, in distribution,

1 . .
WWWT L nReLU(So + 67 —ely),  (20)

where Z ~ GOE(d), the ReLU is applied on the spectrum,
and we defined 1) = * /S*, 5 = /G |i*, e = 2)\/m In
particular, the empirical spectral density of WwT /v/pd
converges for d — oo to a deterministic limit fully deter-
mined by (n, 6, €) and the spectral law of Sp.

A key consequence of Claim 3.1 is that both the learned
spectrum and the test error are governed by the scalar pa-
rameters (7, 0, €) arising from the minimization of (8). This
yields an explicit link between generalization and spectral
structure: J controls the effective noise level due to finite
training set size, while e controls the regularization strength,
setting small eigenvalues to zero and inducing low effective
rank and spectral outliers.

Spectral law for low-rank targets. We start by showcasing
the resulting spectral behavior in the case of MP target in
the quadratic sample regime (7). Figure 1 compares the
spectrum of the learned weights with that of target weights
(as well as with numerical simulations with gradient descent
as discussed in the Section 3). We observe an agreement
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between theory and experiments, and we clearly see that
for this target function learning happens through a sequence
of qualitative behaviors (rank-collapse, bleed-out, appear-
ance of outliers) aligning more and more with the target
distribution as the number of samples increases. This is in
qualitative agreement with spectra observed experimentally
in real architectures (Martin et al., 2021; Martin & Mahoney,
2021; Staats et al., 2024).

From spectrum to generalization. We make the connec-
tion between spectral properties and generalization explicit
by studying how the test error approaches its limiting values
as the number of samples increases. To do so, we need
to restrict our attention to teacher matrices Sy with eigen-
values {s;}}_;, which we interpret as a set of learnable
features that decay faster than i~'/2 (including sub-linear
rank targets po = o(d)).

Our analysis relies on extending Claims 3.1 and 4.1 beyond
the strict scaling regime (7), assuming that they remain
valid whenever n, d — oo, possibly with A depending on d.
This assumption is not rigorously controlled at present, but
it has been extensively validated for quadratic neural net-
works (Defilippis et al., 2025) and proven in related settings
such as kernel ridge regression (Cheng & Montanari, 2024;
Misiakiewicz & Saeed, 2024; Defilippis et al., 2024). This
assumption is strongly supported by all numerical exper-
iments in this paper, which show quantitative agreement
with the predicted spectra, error decompositions, and learn-
ing curves across the regimes considered. We state it as a
precise conjecture in Appendix E.

Assuming further that the learned weights are well aligned
with the target (small test error), the learned spectrum ad-
mits a simple and interpretable form (see sketch in Figure 3).
It consists of a semicircular bulk, originating from noise and
finite-sample effects, together with a finite number of outly-
ing eigenvalues that are in one-to-one correspondence with
the recovered target eigenvalues {s; }, up to a regularization-
dependent rescaling and thresholding: spectral outliers can
be interpreted as learned features, while the bulk captures
spurious directions induced by noise. Here “recovered”
refers to the learned weights: as n increases, the weight ma-
trix aligns with progressively weaker target directions. Up
to the leading order, the test error at the empirical minimum
can then be written

erest (W) = eg + e1(n, d, \) Q1)

where e is a saturation value independent of n, d, A\, and the
decay term e; depends explicitly on the learned spectrum.
Schematically, we find

€1 =C¢C1 (Eover + Eunder + Eapprox) + c2 Emismatch,  (22)

where ¢, co depend only on the activations and the label
noise. This excess error decomposes into four contributions:
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Figure 3. Qualitative representation of the spectral density and
error decomposition of Section 4. (Top) Spectrum of the target
(below the horizontal axis) and of the ERM (above the axis). The
ERM spectrum is composed of outliers (learned target features)
and a noise bulk (magenta). (Bottom) Error decomposition for
power-law target v = 0.75,d = 200, A = 0.5, T =2, A= 1/d
(see Appendix G), expressed as fraction of the total error (shown
in Figure 4).

a) FEoyer 1S an overfitting term, controlled by the noisy bulk
of the learned spectrum and arising from fitting spurious
directions induced by finite samples;

b) Funder 1S an underfitting term, corresponding to target di-
rections that are not recovered due to noise or regularization,
consisting of the eigenvalues still trapped in the bulk.

¢) Eapprox 1 an approximation term, measuring residual
error along recovered spectral outliers, i.e. learned features;
d) Finally, Enismach 1S @ mismatch term, which appears
when the saturation value eg does not correspond to a local
minimum of the generalization error.

In Fig. 3, Eqver corresponds to the magenta noise bulk, Fynder
to the blue target spikes not yet learned, Fypprox to the resid-
ual displacement between recovered outliers and their target
spikes, and Eismatch to the remaining offset from the satu-
ration point. Explicit expressions for these terms (that can
be derived as a consequence of the minimization of (8)) are
given in Appendix E. Taken together, this decomposition
shows that spectral outliers correspond to genuinely learned
target features, and that increasing the number of recovered
outliers systematically improves generalization. Conversely,
the bulk of small eigenvalues represents pure noise aris-
ing from finite samples: the learned spectrum provides a
compact and interpretable summary of both the inductive
bias induced by the regularization and its consequences for
generalization.
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Figure 4. (Left) Excess test error (Eq. (4) minus its value at n — +00) of the ERM estimator Eq. (3) (Claim 3.1, Eq. (11)) compared with
Adam simulations at d = 200 (8 instances, error bars = standard deviation) as a function of sample number n, where we use power-law
target (Section 5, decay exponent v = 0.75), and A = 0.5, T = 2, 3 = Bo = 1. We plot three values of A\ = 1/d, 1, V/d. One can
see clearly several scaling regimes in different regions, with different decay exponents. We highlight those of them (in dashed lines) in
which the error decays as =77 with non-trivial dependency on v, namely f(v) = 1 — 1/(2v) for A = 1/d, and f(y) = 2 — 1/~ for
A = 1,v/d. (Right) Eigenvalue spectrum of the ERM estimator from theory (blue, Claim 4.1) vs. Adam simulations (grey histograms) at
n=4-10%,4-10° (d = 400, single runs). For large n the spectrum develops a heavy tail.

5. Power-law Targets and Scaling laws

We now focus on targets whose attention map exhibits
power-law structure, as discussed for multi-index mod-
els in (Ren et al., 2025; Ben Arous et al., 2025; Defilip-
pis et al., 2025). Concretely, we assume that the target
matrix Sy has a power-law spectrum, with eigenvalues
{Vdi=7 /\/C(27)}L, with v > 1/2, corresponding to a
sequence of signal directions with progressively decreasing
strength. Such spectra are natural in structured or multi-
scale tasks and provide a minimal setting in which emer-
gence and scaling phenomena can be studied analytically.
All details of the derivations are reported in Appendix F.

Sequential spectral recovery and heavy-tailed spectra.
Under the power-law assumption, the learned spectral
law (20) features a progressive recovery of signal modes.
The effective threshold € acts as a moving cutoff along the
target spectrum: as the sample complexity « increases (or
the regularization decreases), € shifts toward smaller eigen-
values, allowing increasingly weaker spectral directions of
So to be incorporated into the learned representation. Notice
that e = 2)\/7*, with 7 determined self-consistently by
Claim 3.1, so that indeed ¢ varies with the sample size a.
Learning, therefore, proceeds through a sequence of regimes
where a growing fraction of the dominant spectral modes
contributes to generalisation.

This mechanism extends the spectral phenomenology dis-
cussed earlier. For targets with Marchenko—Pastur—type
spectra, the same process leads to the emergence of a bulk
of spectral outliers as learning progresses. Instead, when the
target attention map has a power-law spectrum the progres-
sive recovery of spectral modes produces isolated outliers,
reproducing one of the most robust empirical observations

in trained attention layers (Figure 4 and (Martin et al., 2021;
Staats et al., 2024)), and leads in some regimes to a learned
spectrum with power-law tails. The heavy-tailed behavior
arises not from isolated spikes, but from the accumulation of
an increasing number of recovered modes across scales. In
this setting, the emergent event is a sharp transition in which
a target feature crosses the effective cutoff, exits the noise
bulk, and appears as a learned spectral outlier. Our data
has a whole spectrum of features with smoothly decaying
importance, and thus the discrete emergence events coalesce
in a continuous decay (Michaud et al., 2023).

Specifying our results to power-law targets also leads to an
interpretable mechanism for emergence (Wei et al., 2022;
Schaeffer et al., 2023; Ren et al., 2025). Emergence here
refers to a sharp transition where a feature is learned. For
power-law targets, each time a new spike exceeds the cutoff
and exits the bulk, it constitutes an emergent event. The
underfitting and approximation terms of (22) are controlled
by the cutoff scale €, while the overfitting contribution is
governed by the bulk noise level §. As n, d, A varies, differ-
ent contributions dominate the excess risk, leading to sharp
crossovers between learning regimes. These crossovers cor-
respond to the successive inclusion of new spectral modes
into the learned attention map, providing a first-principles
explanation of emergence phenomena in feature-learning
models. From this perspective, the diversity of spectral be-
haviors observed in modern attention architectures would
reflect differences in task structure, rather than qualitative
changes in optimization dynamics or architectural design.

Power-law learning curves and universal exponents. The
same emergence mechanism directly yields power-law scal-
ing of the test error with the number of samples. In particu-
lar, the excess risk obeys €qest — €plateaun < n=f) where
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Figure 5. Excess risk rates as a function of n and A\(n, d), with a sketch of the corresponding spectral properties of the learned weights.

the exponent f(-y) > 0 and the value of the plateau eplatean
depends on the tail exponent y of the target spectrum, and
on the value of n,d, \. Remarkably, these rates coincide
with those previously obtained for LASSO and matrix com-
pressed sensing by (Defilippis et al., 2025), supporting their
universality. The rates read:

c=eto((5) T (2)) @

ford <n < d?* A< /7 and

etest_elo—
2
@(%), n>d* A< /%,
/2\27%
o((*47) ) max(y/ 3, i) <A< 5,
2
Ad?
o ()) VE AL s
24)

where e and e, < eq refer to the two saturation errors.
They are defined in terms of the test error function Z(m, q)
from (11) evaluated at specific values of m and ¢

T
I(m, Q) = IEzo,z Z [&ﬁo (ZO)ab - 6B(Z)ab]2 . (25)

a,b=1

In particular, eg = Z(mg, m2/Qo) with mg = BoQo/f
and e, = min,,, Z(m, m?/Qo). The derivation is detailed
in Appendix F, where we show that the same rates are also
valid beyond softmax activations. The predictions are il-
lustrated in Fig. 4 as well as the phase diagram in Fig. 5.
These error rates correspond to an expansion of the various
terms in (22), with different terms dominating in different

phases. In particular, (n/ d2)2/ ® comes from the overfit-

ting error, (n/d) /7 from the underfitting, (Ad?/ n)2,
the term d? /n comes from the approximation. Finally, the

piece ()\d?’/ 2/ n) 2-1/ is a result of both approximation and
underfitting errors. The key mechanism underlying these
universal scaling laws is thus the combination of two ingre-
dients: quasi-sparsity of the target representation, encoded
by a heavy-tailed spectrum that induces an ordered hierar-
chy of feature strengths (Mallat, 1999; Donoho, 2006), and
the implicit rank-sparsity bias induced by attention. Under
optimal regularization, these yield an excess generalization
error scaling as n~'71/(27) matching the classical minimax
rate achieved by the LASSO (Raskutti et al., 2011).

6. Conclusion and limitations

We provide a high-dimensional theory of single-head at-
tention that predicts generalization, weight spectra, emer-
gence, and scaling laws. Our analysis deliberately relies on
simplifying assumptions—most notably isotropic data, tied
single-head attention, and an asymptotic high-dimensional
limit—which are essential for analytic tractability. Despite
these limitations, the theory reproduces empirical phenom-
ena observed in trained attention models and provides a
principled foundation for extending these results to more
realistic data distributions and attention architectures.
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A. Inductive Nuclear Norm Bias for Tied and Untied weights

We briefly recall here the mathematical reasons behind the appearance of the inductive nuclear norm, following arguments
that go back to classical variational characterizations of atomic norms, and were emphasized in the deep learning context by
(Neyshabur et al., 2015; Gunasekar et al., 2017; Soudry et al., 2018; Pesme & Flammarion, 2023). These arguments are
quite general: whenever a predictor is parameterized in a factorized form (for instance, as the product of two matrices, or as
a diagonal interaction of two vectors), an £2-type penalty on the factors induces, via an AM-GM-style variational identity,
an /7 or nuclear norm penalty on the effective predictor. More recent works (Maillard & Kunisky, 2024; Xu et al., 2025)
have also used these ideas.

Case 1 (Tied weight): Let W € R%*P and M := W TW € RPXP, Assume the loss depends on W only via M, i.e. there
exists ® : %, — R such that

LW) =W W)+ AW
Then the following problems are equivalent in optimal value, and their minimizers correspond via M = W TW:

. P T A 2 = i S(M MMM,
W, QWIW)EAWIE = min o, 20+ AIMIL *

Proof. Since M = WTW = 0 with rank(M) < d, and if s;(W) are the singular values of W, then the eigenvalues of M
are s;(W)2. Hence

W% = si(W)* = Z/\z'(M) = [|M]].

i

Because ® depends only on M, we can replace W by M and obtain (x). Moreover, any feasible M = 0 with rank(M) < d
admits a factorization M = W T W; choosing such a T/ makes the two objectives equal. O

Case 2 (Untied weights): LetU € RP*", V € R*"*" and M := UVT e RP*™, Assume the loss depends on (U, V)
only through the product M, i.e.

A
LO,V) = vV + Z(IUIE + IVIE),

for some (possibly nonconvex) function ¥ : RP*™ — R. We show the exact equivalence

. TN | A 2 2y — :
min W(UV) +5([UIF +IVIE) = | min W)+ MM, ()

Matrix AM—GM analogue (variational identity for || - ||.). The key inequality is the matrix analogue of AM—GM: for
any factorization M = UV T,

1Ml < 3(IU1E +1VIE), (A)

with equality attained by a specific SVD-based factorization.

Proof of (A). Use the dual characterization of the nuclear norm:

M|, = max (M,A) = max (UVT,A> = max (U, AV),
[[All2<1 IAll2<1 [All2<1

where (X,Y) := Tr(X "Y) and | - ||2 is the spectral norm. For any A with ||A|| < 1, apply Cauchy—Schwarz and the
scalar AM—-GM (or ab < 3(a® + b?)):

(U, AV) < [Ullp1AVIF < IUlF Al IVIF < WUlFIVIF < s(I01F +1VIE)-

Taking the maximum over || A||2 < 1 yields (A).
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Tightness of (A). Let the compact SVD of M be M = PXQT with ¥ = diag(o, ... ,0p), 0; > 0. Choose the balanced
SVD factorization
U := Pxl/? V= QX2

Then M = UV and
U7+ IVIIF = Tr(2) + Tr(S) = QZQ = 2[| M|,

Hence, equality holds in (A):
Il = min (101G + IVIE). ®)

and the minimum is attained by the balanced SVD factorization.

Equivalence of objectives. Because ¥ depends on (U, V) only through M = UV T, we may fix M and minimize the
regularizer over all factorizations M = UV T. By (B),

Sont SR+ IVIE) = MM

Therefore
inf YOV +3(UIF+IVIE) = inf W(M) + Al| M,

which is exactly ().

Notice that no convexity of W is required for the equality of optimal values; convexity only affects algorithmic guarantees.

B. Derivation of Claim 3.1 and proof sketch

In this paper, we provide an informal justification for Claim 3.1. Claim 3.1 can be proven by going through the following
steps:

* Reduction to the PSD generalized matrix estimation problem
L£(S) =~ Z 1165 ({Tr[S Xap (x")] }ab) %" — & ({Tr[So Xav (x"]}a))x"||F + v/pd A Tr(S) (26)

where X 45 (x) = (XoX] +%pXE —264514)/1/2d(1 + 6ap), S = WWT /y/pd = 0and 6(A) = o({v/1 + SapAab }ab)-
This step is discussed in Appendix A.

Asymptotic equivalence of sequence-to-sequence and sequence-to-attention tasks. One needs to show (as done for e.g.
in (Cui et al., 2024)) that Eq. (26) is asymptotically the same as

n

L£(S) = Y 1155 ({Te[SXap (x*)]}ab) = G5 ({ Tr[SoXap (x*)] Ya) 3 + dATH(S), 27)
pn=1

where we called A\ = /p /dX = \/kA. To do this, one should use a law-of-large-numbers kind of argument giving
1 1
a||F(x)xH2F = gF(x)xxTF(x)T ~ F(x)F(x)T (28)

where we used that E,xx” /d = Ir.

* Gaussian universality, i.e. replacement of each matrix X,;(x*) by a random independent Wigner matrix G*;,. This
step is a priori non-trivial, and its proof would require generalizing the arguments of (Maillard et al., 2024; Xu et al.,
2025; Erba et al., 2025) to the case of multiple tokens (the case T = 1 is instead included in (Erba et al., 2025)). We
do not foresee any technical roadblock here, as this step requires only promoting scalar outputs to finite-dimensional
vectorial ones in all such proofs.
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* Analysis of the final empirical risk minimization problem
. 1 | -
L£(8) = 2> llos({Tr[SGhy an) — 0, ({Te[SoGhy a7 + dATr(S) (29)
p=1

The asymptotic analysis of this loss can be done by adapting the analysis in (Erba et al., 2025) (corresponding to
the single token case 1" = 1 with linear activation) to multiple tokens, in the same spirit as the generalization of
single-index models to multiple tokens performed in (Cui et al., 2024). In practice this reduces to:

— Writing down an appropriate Approximate Message Passing (AMP) algorithm (which we present explicitly in the
following) whose fixed point are local minima of the loss in Eq. (29).

— Using AMP theory to derive a set of low-dimensional state evolution equations that track AMP step-by-step, and
use them to characterize the properties of its fixed points.

— Among the fixed points of state evolution, select the one with the lowest value of the training loss (describing then
the properties of global minima).

The only non-trivial point here is that this program is a priori that for non-convex losses such as Eq. (29) AMP may not
converge signaling the onset of so-called replica symmetry breaking. Nonetheless, the agreement between numerical
experiments and theoretical predictions strongly suggest that AMP should converge in this setting. Theoretically, we
checked that the replicon condition (Vilucchio et al., 2025) is satisfied:

T 2
aza Pecd — 5ac5bd
2aE20,z E (”Z

a,b,c,d=1
a<b, c<d (30)
&(z) — &(y))?
/H\/a/m (dz) p g m (dy) M <1,

where {(2) = ReLU(x — 2X /7). This is a necessary condition for convergence, pointing further to the correctness of
our results

We devote the rest of the section to write down the suitable AMP algorithm used in the sketch of the proof, in the more
generic setting of multi-token generalized matrix sensing.
B.1. Generic setting

Consider the data model
v = go({Tr(SoZ) o), (31)

where Z" are GOE(d) matrices, Sy € R%*4 and go : REn — REout, go can be a stochastic function, in which case we
assume that its stochasticity is independent and identical for each sample p. Consider the empirical risk minimization
problem over d X d symmetric matrices

§=argminL(S),  L(S)= Zz(y“; {ﬂ(szm}ﬁi:l) +R(S), (32)
sec "

for ¢ : Rlowt x REn — R, R : R4 — R a rotationally invariant regularization (i.e. R(S) = R(OSOT) for all
d-dimensional rotation matrices O) and C is a rotationally-invariant subset of the set of d X d symmetric matrices.

Special case I: main text model. In the main text, we consider L;, = T(T 4 1)/2 (interpreted as T' X T symmetric
matrices), Lous = T2, go is the row-wise softmax with Gaussian noise in the input

gdA)zo({M} > (33)

2 — dap
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where £ € RT*T isa symmetric standard Gaussian noise £y = g ~ N(0,1) forall1 <a <b< T,

T
Uy, 9) = (Yab — Jap)? and  R(S) = dATr(S). (34)

a,b=1

Finally, C is the set of PSD symmetric d x d matrices.

Special case II: main text model with linear attention. In this case, we consider Ly, = T(T + 1)/2 and Loy =
T(T + 1)/2 (interpreted as T' x T' symmetric matrices), go is

go(A)as = 1‘“@%@5“ 7 (35)
where ¢ € RTXT ig a symmetric standard Gaussian noise £, = &g ~ N(0,1) forall 1 < a <b < T, and
T
0y, 9) = > Wab — Jap)* and  R(S) = dATx(S). (36)
a,b=1

Finally, C is the set of PSD symmetric d X d matrices. The case of single token T" = 1 reduces to (Erba et al., 2025).

B.2. Mapping to a vector-weights model with coupled regularization

We consider the mapping from vec : Sym,; — R4 4+1)/2 (which conveniently maps the Frobenius scalar product in Sym,
given by (A ; B) = Tr(AB) to the standard Euclidean scalar product in R%*(¢+1)/2) given by

vee (4) gy = (B A) = V2= G A, (37)
under the choice of orthonormal basis
0ia0jb + ibdja
7\@ .

Here (ab) stands for the ordered pair of 1 < a < b < d, and we denote A; ; as the 4, j entry of a matrix A, while as A(ab) the

bZ('.(jla) = 5ia5ja7 bg?b) = (38)

component of matrix A onto the basis element b(*®). Let us denote d(d + 1)/2 = D (we use D ~ d?/2 as we are interested
in the leading order in d).

Our input data is given, for each sample y, by Li, d X d symmetric matrices {Z, } 5;‘“1 that in the Gaussian equivalent model
we treat as independent GOEs. Then the sensing vectors satisfy

d
Aa,ij) = \/;VGC(Za)(m') ~ N(0,Ip) (39)
for 1 < a < Ly, and (i) means the dimension indices 1 < i < j < d. Moreover, if we define
d
Weig) =\ gVee (8) iz » (40)

we have that
2 V2
Tr(SZa) = D Zaii)Stis) = \/; > Auin St = N > A inWis)
(i) (i) (i)

1 2 1 2 2 2 1 2
G =32 8ty = 7 2wl = 5 2 vl
(i5) (i5) (i5)

(41)

In this formulation, under Gaussian equivalence, we see that our model is just a sequence single-index model of the form
(Cui et al., 2024) with coupled prior term.

Finally, the loss in the vectorial model reads
Uy = go(20), 2) = Ly = go(V220), V22) (42)
due to the factor /2 in Eq. (41).
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B.2.1. APPROXIMATE MESSAGE PASSING

Under the mapping of Section B.2 we can directly combine the single token derivation of AMP given in (Erba et al., 2025)
(which holds for generic single-token losses and generic rotational-invariant regularization), with multi-token AMP given in
(Cui et al., 2024) to obtain the following AMP algorithm with fixed points given by local minima of the loss in Eq. (32).
We stress that the multi-token extension can be mapped to the standard treatment of AMP, amounting to a non-separable
non-linearity along the samples dimension. Hence the mapping from ERM to AMP of (Erba et al., 2025) can be adapted to
the multi-token case.

AMP in vector notation. In vector notation, the labels are generated as

y=go({V2D2Y " AD | owip tain) (43)
@)

and the AMPreads (here u =1,...,n,a=1,...,Liyand 1 <¢ <5 <d)

Wi = \/zvec <¢(\/gmat (Ft_l),At_1)>

V= ll)(diwﬁ)(\/gmat (T1), A

1
w! :—E A Wi — 0 > 1)V =1
sa =) o, (i) P (ig) = wa
D (45)

(i5)

44
t prox(yu, w;t,u Vt)a - wfl,,a ( )
wa Vv
1 Lin n
t t
M= B g
a=1 p=1
1 L, n
t _ t t,t
Ty =75 ; I; Apa(ig) Fua + MWz

where

L.
. 1 Lm ,
prox(y, w, V) = ?2%55{2‘/ > (ha —wa)® + €y, ﬂh)}
v a=1
N p (45)
1 1

— T _ : 2 T

(M =ODO",A) = O argmin ER(T) + 1 ;:1 T — 3 ;:1 T:D;| O

TeC

where M is a d-dimensional symmetric matrix with eigen-decomposition M = ODOT .

AMP in matrix notation. If we map back all quantities to their original matrix shape, we obtain the following equivalent
AMP algorithm. The labels are generated as

Y = go({Tr(SoZ4)}om,) (46)
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and the AMP reads (here py =1,...,n,a=1,...,Liyand 1 < 1,5 < d)
St — ¢(®t71 Atfl)

1% == (dqu)(@t LAY
L —1
Q. =Te(S'Z) —0(t > )V'F!,

proxmat(y“,Qz,Vt) - Qt a

Ft
%4 (47)
2 t
2SS
a=1p=1
1 Lin, n
- QZZ a,ij ua+AtSt
where ¢ is the same as in the vector case, while
1 Lin
prox(y, w, V)mat = arginf{ v Z(h“ — wa)® + Ly, h)} . (48)
heREin a—1

State evolution. The iterations of both algorithms can be tracked by the following state evolution equations.

At —

q = d2(2t)2 zo,z Za 1(pa Za)2

£ = B [Din — Bap o o, Sezefeemolare |

= s, . Tl Ll o)
mttl = —&,L\I'(At,(jt mt)

gt =205W(S, ¢, ")

N+l — _2aqu(zt7qt mt)

where

Lin
o = argmf{l S e = )? + g0 (VE 20}, ﬂh)} ,

hepian | 258
Z T? — - Z T,D;

a=1
where the average Ep is over the spectrum D of the matrix .Sy + /¢Z with Z ~ GOE(d), while E, . is over two
Gaussian vectors zg, z € RZ» such that, independently for all components a = 1, ..., Li,

(5 7))

and over any stochasticity of the activation gg.

(50)

- 2
(X, q,m) = dED melrcl

Observables. Call 7 is the optimizer in ¥ of Eq. (50). Then, by state evolution, at the global minimum W of Eq. (32), we
have that the spectral density of W W7 /1/pd converges to the one of 7. Moreover, pre-activations converge to Gaussians

of the form (

Tr S() Za) 0 . 2Q0 2m

[ﬂ(sza)] NN<[0} ’ [Qm 2q (52)
when evaluated on data Z that is not included in the training set. Otherwise, the target’s pre-activations are still Gaussian
with zero mean and variance 2(), but the learned model’s pre-activations are given by

Tr(SZa) ~ V2pa - (53)
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With that in mind, we have that the training error (without regularization term) at a fixed point of AMP is given by

Lin
Curain = Ezg.z ¢ (90(v220); V2p) (54)
a=1

The regularization part of the loss can be computed as d~2R(7™*), and any test loss (intended as a comparison of the output
of the target and learned function) can be instead computed as

Lin
Ctest = Ezo,z Z etest (90(\/530)7 \/§Z> . (55)
a=1

All averages are as defined for the state evolution equations.

Variational formulation. It can be checked (Cui et al., 2024) that Eq. (8) is stationary at the fixed point of Eq. (49), and
that it matches the training loss.

Replicon condition. The replicon condition is the linear stability condition of AMP under perturbations of a fixed points.
A derivation is given in (Erba et al., 2025). In our case, we have

T

2a 2 .
oo D (Oeupea—dacdia)’ HEp 30 Ou,¢(M =0DOT,%) <1 (56)
ab,e,d=1 1<i<j<d
a<b, e<d 1ZK<I<d

where the averages are the same as for state evolution.

B.3. Simplifications in the main text setting

In the main text, we consider Ly, = T(T 4 1)/2 (interpreted as T’ x T symmetric matrices), Loyt = T2, g is the row-wise
softmax with Gaussian noise in the input

90(A) = o5, ({[Aap + VAEwD]) /2 — Babtab) (57)

where ¢ € RT*T is a symmetric standard Gaussian noise £, = &g ~ N(0,1) forall1 <a <b < T,

T
Uy, z) = (Yab — 08(Zan/ V2 — Sap))? and R(S) = d\ Tr(S). (58)

a,b=1

In this case,
ReLU(D;; — 2
H(M = ODOT, A) = O diag (eU(AW _ 1,...,d> o
~ 2 ~
(S, 4 ) =~ J(Vif i, 23/ ) 59)

+oo
J(a,b) :/ dx g (z) (. — b)?.
b
where 1, = pse B po. Notice that the noise can be treated simply by altering the second moment of zj in the state evolution
equations from Qg to Qo — Qo + A/2 (where the factor 2 comes from gathering the V2 factor present in the state evolution

equations).

Observables. The training and test errors are given by

Lin
Crain = Eng 3 11350 (V220) — 55(V2p) I3
a=1

- (60)
test = Bage O 1163, (V220) — 55(v22)|3.
a=1
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The spectral density of WwwT /+/pd converges to that of T*, which is a shifted, rescaled and cropped version of the spectral
density of So + v/q/mZ for Z ~ GOE(d), giving the expression in the main text.

State evolution. This gives the following state equations (at the fixed point)

2 <\/52X>
9==J | = =
N2 m m

. m Va 2X
- 2 (4.2)

(61)
i QOZapa — MZ20,aPa
¥ = 2aL — 2aE :
(6% (0% 20,2 ; Qoq _ m2
. N 420,aPa — MZaPa
Y =20k, , _—
T Qog —m?
Lin
422 = QaEzo,z Z (pa - Za)Q
a=1
where o = n/d? and
1 Lin Lout
Do = arg;inf{22 S (ha —wa)? + 3 (G0 (V220)0 &ﬁ(ﬁh)ay} , (62)
heRTin a=1 a=1

For the replicon, the only thing that changes is that the regularization dependent part becomes the same as presented in
(Erba et al., 2025), giving the expression of Claim 3.1.

Small regularization limit A\ — 0*. To study the small regularization limit before interpolation (where a vanishing
regularization would lead to degenerate global minima), one can perform the change of variables m — mA, q— q/\2

¥ — ¥/Xand & — X to obtain
Vi 2
22 m

q =
id (Y1,2) = 3opd (2, 2) - oy (4, 2)
m = =
by
)2) SN \/5 2
2G
63)
QOZapa — MZzp,aPa (
»3 = 2al — 20K, :
o ; Qog —m?
~ - 420,aPa — MZaPa
Ym = 2aE,, . —_—
T Qog—m?
Lin
422 = 2aIEZQ,Z Z (pa - Za)2
a=1
with
5\ L' Lout
Pa = ,&i%nf{m g(ha —wa)® + ;(&go(\/ﬁm)a — 55(V2h),)? } (64)
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We then see that for A — 07 the last expression reduces to

Lout
Da = arginf{ 2(650 (V220)a — 55(\/§h)a)2} . (65)
h€RYin a=1

with the prescription that if such arginf is degenerate, one should pick the arginf closest to z in L2 distance. This set of
equations is valid as long as 3 > 0 and not diverging. At interpolation we expect ¥ — 0, as there the curvature of the loss
(proportional to ¥~1) diverges.

After interpolation, there is no need to change variable. One can put directly A — 07 in the original Eq. (49). This set of
equations is valid as long as > > 0 and not diverging. At interpolation we expect 3 — 00, as there the curvature of the
loss (proportional to X ~1) goes to zero.

C. Reduction to linear attention

Let us consider the setting of the main text in the A\ — 07 limit, before interpolation (i.e. when there exists multiple sets
of weights that perfectly fit the training dataset). Then, we need to solve Eq. (71). We now show that here, for the case of
softmax-softmax studied in the main text, the equations reduce to a rescaled version of the state equations for the case of
linear single token attention (Erba et al., 2025). We consider w.l.0.g. the case 8 = By. Let us consider the proximal

Lout
Py = arginf{ Z(5ﬁo(20)a — 65(h)a)2} , (66)
heRLin | ;7

where we recall that 55(A) . = 05(v/1 + dap, Aap)for any matrix A € RT*T For the softmax activation, it is easy to see
that the minimum is achieved at

a
V1+ 0

for any scalar a. Thus, we have a continuum of global minima, and we need to pick the one closest in L2 distance to z,
giving

DPab = 20,ab + (67)

20,cd — Zcd
Pab = 20,ab — (68)
T2 Z /(1 +6ca) (1 + dap)
which provides striking simplifications in the equations, that reduce to

q = 22 J (\7/7;7 ,374)
LG wﬂ(i%)f@w(%%)

S Vi 2
9 72faJ(m,m) (69)
28 =2a(Ly — 1)
mY = 2a(Liy — 1)
G2 2a( —1)(Qo —2m +q)

It is easy to see that instead, in the linear case, p = 2, leading to the set of equations
2 .
¢ =57 (‘,{ ,i)
g (YL, 2) R0y J (¥, 2) iy, j(¥d, 2

R o (4) Fos(44)

S Vi 2
25 =g (YL2) (70)
¥Y =2aliy
mY = 2aliy,
cj22 = QOzLin(QO —2m =+ q) .
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We thus see that, calling agopt = (Lin —

et al., 2025).

1) and qjipear = Lin, one get the same equations as the single-token case (Erba

This implies immediately Corollary 3.2, giving in particular the expression for the interpolation threshold up to which the
mapping discussed in this Appendix holds. It also implies immediately that the low-rank limit kg — O reduces to Result 2
of (Erba et al., 2025) (modulo a rescaling).

D. Non-factorized attention

The case of non-factorized attention falls in the formalism of Appendix B.1, with state evolution equations given by

__™ a
= (@)

Qo
m= =
Y +4r
1
Y=<
Y+4r
A QoZaPa — MZ0.aP
2% = 2aL — 20K, . el T haks
O’ QZ:1 Qogq —m?
Lin q20.aPa — MZaD
Diit = 20E,,,, Y ot
> = Qog— m?
Lin
‘jEQ =20k, . Z (pa - Za)2
a=1

with 7 being the Frobenius regularization. The equations can be derived by noticing that

j,m) = =Ep min

2

d TeC

1 .
= ghr I%lé?

d d

i=1

d
B (2+4T Z

_ Qun* + ¢
2(3 + 47)

while the loss-related equations are the same as in the case of the main text.

PO 1
ZZ *52”

(71)

(72)

In the limit 7 — 07, the last three equations reduce as in the case of Appendix C, giving a set of equations that can be
solved and gives (in the noiseless case)

1S — Sol|% = Qo — 2m + ¢ = Qo(1 — 2a)

(73)

giving the strong recovery at o = 1/2 and proving the claim that if xo — 07 learning for the non-factorized model happens
only at scale a = O(1), i.e. n = O(d?).

E. Derivation of the error decomposition of Section 4

In this section we derive the error decomposition. For notational simplicity we assume that the target matrix has eigenvalues
{V/di=}¢_, with v > 1/2, which can me mapped to the minimization objective in the main text by rescaling AQy — A

and A — \/Qo, where Qo := ((27) alters only the asymptotic constants, not the scaling.
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To begin with, the generalization error is given by

Z(m,q) = Esy 2 ¢llo1(z0 + /A/20) — 0a(2)|]?, (74)

m ZL >>, ¢ ~ N(0, 1) and for simplicity we denote o1 := 7, to be the teacher activation

and o2 := 0 to be the student activation.

where (zg,2) ~ N <0, < Qo

We further assume that Claim 3.1 is valid for any n, d large enough, as specified by the following conjecture, which
decomposes the error in an irreducible part and one that will decreases as the number of samples increases.

Conjecture E.1. Let A > 0, A > 0 and consider n,d > 1 sufficiently large. Then with high probability the generalization
error at the global minimum is given by

etest (W) = Z(mao, go) + (Z(m”, ¢%) = Z(mo, q0)) (1 + 0n.a(1)), (75)

where mg, qo independent of n, d are the zeroth orders of m*, ¢* (i.e.m* = mo(1 + 0,,.4(1)), ¢* = qo(1 + 01,4(1))) and
m*, q* are obtained as the global minimizer of

. qx + 2mm — Eq Va 22
(2, m,q, 2, m, §) = f%—(pM(qu) T (76)
In another word, we conjecture that the generalization error is given by
erest (W) = Z(m*, ¢*), (77)

up to the first order and m*, ¢* are obtained by minimizing (8) at large but finite n, d. Our analysis will distinguish two
cases: the flat minimum case X >> 1, which corresponds to an interpolation regime with vanishing train error, and a sharp
minimum case > < 1, where the train error is not vanishing. As we will see, under these assumptions the envelope in
equation (9) will simplify drastically. We give a general overview of the procedure, while referring to the more detailed
derivation in (Defilippis et al., 2025).

E.1. Sharp minimum: ¥ < 1

When Y < 1 we approximately have
M(Z’ m, q) ~ EZO;Z ||01(ZO) - 02(2)||2 - 42Ht702 (Z)(Z - ZO)||2 ) (78)

where z, 2 are regarded as %T(T + 1)—dimensional vector and thus 7, € R2T(T+1)x3T(T+1) denotes the derivative of
01q.

Under the assumption that the cosine similarity between the teacher and the student is close to 1, i.e.,
m2

q— @ < Qo, (79)

we can write zg = \/%Q 4+ +v/Qolp and z = %C@ +4/q— 8—;{ with ¢, (o, (1 ~ N(0, 1) independent of each other and
then expand (78) as
zo z||Ul(ZO) - 02 |2

2

2
m m
( -G +vQ Co) — 09 (OC ) + Ts (\/@CO) q-— @C

’ (80)
A m ? m?2 m 2
o1 |/ 5@1 + v/ Qoo | — 02(\/ﬁ®) + (CI - Qo) E¢, || Tos (\/@Co) ;

24
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and

Eug 2| Toa (2) (2 = 20) I

To <\/§<1 + @@) <(f o0+ \fcl F) H2

2
2 A A
~ EC0||\702( V QO + A/QC())HQF (q - Z;O) +]EC0~,C1 joz (\/;Cl + \/@CO) <<\/@ - \/%) CO + \/;(1)
(81)

= EC?(OvCl

)

which gives
2

M(,m,) % o) -+ (m)(q = ) = 45 (m) (82)
up to the first order of 3 and g — ﬂ , Where
X 2
ro(m) :=Eq, ¢, ||lo1 <\/@Co + \/;Q) — 02 (\/%Q) = ZI(m,m*/Qo), (83)
m 2
=FE oy | — 84
it =B | (), o

and

K2 (m) = EQCO

o (x/@co + \Ec) ((@— %) Co+ \Ec) ‘[ (85)

Then the saddle point equations for (8) are

2240[/@'1
m= 20((/{1%—”; + ky(m))
q = dako
_ 5. w2 7(V/G 23 (86)
m—8m2£:J(m7m)

q:(g) J<\nC>3r>L\)
N 3J(\ﬁ 2/\)

m’m

At the leading order we have J ~ @ because the estimator is given by WW7 /\/pd = ReLU( :So + fZ ) in

distribution and J describes the second moment of ReLU(Sg + gZ — %) Then m? ~ qQ is equivalent to .J ~ QO. One
can also check at if we use J ~ Qo, we have Tx[W W7 S /+/pd] = %Qo = m in the leading order.

Then taking the first two equations of (86) into the last three equations of (86) gives the first order solutions

2K1mM Q-&-R’ m
me = 24 0/Qo+rq( O)QO,

2&1
’ 2
g = (Fremelgeteitn)” g, 87)
b)) =0

2 2
consistent with the ansatzs gyp = % and ¥ < 1. Then the leading order solution is given by gy = % with my satisfying

kg(mo) = 0, (88)
or equivalently
mo = arginf Z(m, m?/Qo). (89)
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This gives the zeroth order generalization error

eo = inf Z(m, m?/Qy). (90)
Now we consider the first order correction. The excess risk is given by
9Z(m, q) 9Z(m,q)
€11 = ————|mg,q0"1 + — —|mo,q0 N1
om Jq ©1)
= K(ql - 2777,1),
n
where m, ¢q; are the first order corrections, 7 := % = % and
A T
X =E|Tr | T, |20+ 55 Toy (M20) . (92)
The first order corrections of fourth and fifth equations of (86) are
m 1 - ~
myp = T(J((S, 6) — QQ) — —= (\/581J(6, 6) + )\82:](6, 6))
% 7]22 (93)
=n(J(d,¢) — Qo) — 5(581J(57 €) + €02 J(0,€))
and )
m
0= (%) V6.9~ =60 - Q. o4)
and thus
e = T]X((581 + €0y — 1)J(5, 6) + Qo), 95)
where we define
§o— @ _ Vv Hz(mo) (96)
mo Vanki(mo)
and ~ ~
2
€:= T/\ = # )
m  2aki(mo)n
Therefore, the excess risk can be written as
e1 :=nx((601 + €dy — 1)J(d,€) + Qo). (98)
Finally, assume that the spectrum is given by the BBP approximation, i.e., for the under-regularization case
1 K(9) 2 2
J(d’e):E ;(siJrSi6)2+62/€/6psc(x)(xe/5)2 99)
with a cutoff K (6) < d satisfying s (s5) = 0, or for the over-regularization case
K(8,€) 52
J(6.€) = ; (55 + ” €) (100)
with a cutoff K'(d,€) < d satisfying s (5,¢) + Sk‘i S €= 0. Then we can borrow Result 3 of (Defilippis et al., 2025) to
write
2 2 d K(9) 2 2
€ 1 1 1 ) ) 0
e1=1nx 52/ﬂsc(dx) (x—f) + Z6K'(6)(20 — €)* 4+ = 52 += (—e)—i—(si—i——e)
€/ ) d di_Kz(;)-&-l d =1 S; Si S;
overfitting underfitting approximation error

learned noise 1
( ) (not learned features) for learned features
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for the under-regularization case and

1 d 1 K(d,€) (52 2 (52 (52
2
e1="nx d E Si+3 (&_€)+s<si+s-_e> (102)
A . i % %
1=K (d,e)+1 i=1
underfitting approximation error
(not learned features) for learned features

for the over-regularization case. This finishes the derivation of the error decomposition for the case ¥ < 1.

When is it the global minimum? One thing to notice is that the plateau (90) is not necessarily equal to the oracle
generalization error

min  Z(m,q). (103)

m,q:m2<qQo
Thus it only describes one saddle point rather than the global minimum.

Here we only point out that a sufficient condition for (90) to be the oracle generalization error is when the activations are
conservative monotone operators, i.e., if

o1 = Vq)l, 09 = V@Q (104)

for functions ®4, 5 which are both convex or both concave. This can be easily proven by

0I(m,q) E 0o1(z9 + \/A/2§)T02(z)
om 7

_ Z [ayka% (y)Tag(z))} (105)
= -E [Tr (70 @) (T ()" <0,

where we denote y := zp + /A/2¢ and use the Stein’s lemma. The last inequality is because if 01, 05 are conservative
monotone, J,, , J», are positive/negative semi-definite. Then the oracle generalization error is achieved when m = /qQo,
which proves that e is equal to the oracle generalization error.

The condition can be relaxed to row-wise or column-wise conservative monotone, because we can write

d

Z(m,q) =Y By zc(ow(zo0 + /A/20) — 02(2))°. (106)

(=1

Then the softmax activation satisfies this condition because it is row-wise conservative monotone: softmax(z) =
Viegy, e".

The potential global minimum In general we can write the SE at ¥ < 1 as

$ = 4o fZima)

A OZ(m,q)
= =205, d
4 = daka(m, q)
2 (107)
m:e?mzij(ﬁj,%)
g=(2)J(%,2)
=10, (%2, 2,
where
K2(m, q) = E. || To, (2) (2 — 20) || (108)
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For the global minimum, the plateau is given by

ey = inf Z(m,q). (109)

m,q:m2<qQo
Then if the ansatz m? = Q) is not valid at the global minimum, we must have

9Z(m, q) _ 0Z(m,q)

om |m0,q0 - Tq'mo,qo

=0, (110)

which gives the first order solution my, go. Then we have Gy = 4daka(mo, qo) and g, io are solved self-consistently from

2 o 2) o\ 2 o 2\
Mo = O, mOJ(*@ ) o = <m°) J(\{(TO ) (111)
220 Mo Mo Yo mo Mo
The excess risk is then given by
1 6%Z(m,q) 1 6%Z(m,q) 9?Z(m,q)
€1:= §W\mo,qom% + 567q2|mo,qoq1 + Who,qoml‘h» (112)

where mq, q; are the first order corrections. It is left as the future work to explicitly calculate the excess risk in this scenario.

E.2. Flat minimum: ¥ > 1
When ¥ > 1, we approximately have
1

where
K(m,q) :==E ».c inf [|h— 2||*. (114)
hearg in ||o1 (z0++/A/2¢)— o2 ()| |2

For example, when o2 () = o1(8712) and oy is a one-to-one mapping, we have

T
M(E,m,q) = E% > (Bro.a = 2a)’ = T(L”WQ + 52— +q—26m). (115)

43
a<b

When oo(2) = 01 (8~ ) and 01 (2) = softmax({v/1 + dup2ab }ab ) there is a redundant degree of freedom, so we have

T

1 §
M(Z7maq) :Ezozlnf Z(ﬁzo ab + —/—— _Zab)2
’ 2% ’ V144,
a<b T dab (116)
1 |1 A
FT(T+1) =11 (8°Qo + 825 + g — 2Bm).
o 2
By using (78) the SE reduces to
$H - 20 0K (m,q)
P dq
= — g O
Cj:QaK(m ) (117
m = 02 (%, 2)
q= <f;>2J<§z 2)
5= o)
Under the ansatz J ~ ()¢, we have
mo = nQo, g0 =1"Qo (118)
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m

at the leading order by the fourth and fifth equations of (117), satisfying m3 = qoQo, where we denote 7 := 5= % They
are solved self-consistently with

n= (119)

_L[9K(m.q), - OK(m, q)
2 aq mo,qo am mo,q0°

which is obtained by combining the first and the second equations of (117). This gives the plateau eg = Z(my, qo). Note
that in this case, the plateau Z(my, qo) is non-optimal but does not depend on n, d, A.

Then we can similarly define the excess risk as

dZ(m, q) 0Z(m, q)
el = aT‘mmqoml + qumo’qoql (120)
= —2Xm1 + X/QI

where m1, ¢ are the first order correction. Y is defined the same way as (92) and
d2

X =B || To,(m20) |7 + Y _(02:(n20) — 01i(20))Aci(nzo) | - (121)

i=1

The first order corrections are the same as the previous case
m1 = (J(6.6) = Qo) — 3 (6017 (5,€) + €027 (5.0)) (122)

and
a1 =n*(J(8,€) — Qo). (123)

which gives

er = (mx' = x)n(J (8, €) — Qo) +nx((601 + €dy — 1).J (8, €) + Qo)

: (124)
=nX(J(0,€) — Qo) +nx((901 4 €02 — 1)J (6, €) + Qo),
where 5
1 7
L= Vit 2772#%07% (125)

with £ the direction along m? = ¢Qq. There is an additional term compared with the original error decomposition, with
coefficient proportional to the derivative along m? = ¢(@Q because

oL(m,q) 1 0 af(m,q)l +om 8I(m,q)|
o QR amg 7T om e TR g e 126

SR
VQE + 4m?
This derivative becomes zero if the plateau is equal to (90), and thus evaluates how suboptimal the plateau is.

Finally, to obtain § and €, we can use the second and third equations of (117) to obtain

2
ad’ =a— =
1?2 om

N —2
q [Wm,qo} K (mo, o). (127)

Then using the first and the last equations of (117), we can obtain

. 2K (m, q)

2 9

- 1
Imo.q = E% = <017 (4, €). (128)
d, € are solved from (127) and (128).
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Similarly, under the BBP approximation, we can write the error decomposition as

2 2 1 1< 1 & /62 28 52
— 2 _ € 25K 24 = 2 4 2 o L
er=nx| o /Eusc(dx) (x 5) + déK (0)(26 — €)= + d g si + 7 - (Sz e) + o (sz + . e)

K3 K2

overfitting

; approximation error
(learned noise)

underfittin,
8 for learned features

(not learned features)

1 2 1<
+ v gZ(si+f—e)2+52/ fise(2) (2 — €/6)? &Z
i=1 Si €/s i=1
mismatch of the second moment
(129)
for the under-regularization case and
d K(d,¢€) 2 K(d,¢€) d
1 , 1 52 52 52 |1 2, Is,
el =1 - s; + - — = +— s+ —— + = S +— — - = S;
1)xdz ity [(Se ol G nxd_(z ” €) dzz
1=K (d,e)+1 i=1 =1 =1
underfitting approximation error mismatch of the second moment
(not learned features) for learned features
(130)

for the over-regularization case. This finishes the derivation of the error decomposition for the case ¥ < 1.

F. Error scalings for power-law teachers

In this section we assume that the teacher has a power-law spectrum, i.e., Sy has eigenvalues {\/az T, with p < d. The
overall phase diagram is shown in Figure 5, which is remarkably similar to (Defilippis et al., 2025). One important difference
is that because Z(mg, m2/Qo) < inf,, Z(m, m?/Qo), phase IV is in general non-optimal. Thus, the optimal regularization
is the boundary between phases II and IV. By choosing A = /n/d2 in phase II, the rate becomes (\d*/2/n)?>~1/7 =
(d/n)*~1/(7) which is the Bayesian rate in (Defilippis et al., 2025).

The derivation of Figure 5 is given in the following. Since the divisions into phases is the same as (Defilippis et al., 2025)
we will just state what is the main difference of this setting compared to theirs.
F.1. Sharp minimum: ¥ < 1

Phase Ib: Trivial phase )\ > max (\ /3= #) In this phase we have J(9, €) ~ 0. In this case (86) is still true, but gives
the leading order solution A
m,q, X =0, ¥ = 4ar(0), m = 2ary(0), § = 4arz(0). (131)

This is consistent because % > V/d. Thus we obtain the trivial generalization error Z(0,0).

Phase II: Over-regularization phase max ( un L) LKAK % In this phase we have

d2’ d7+%
11 R
v+ € il €
J(0,€) = Qo + ( 1 27_1> (\/&) _ﬁl'y>1~ (132)
Taking it into (98), we have
2y—1
20xy (2N T
= A . 133
“ 2y -1 ( 2k11 (133)

The condition ¥ = $£0,.J(0, €) < 1 is satisfied.
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Phase I1I: Intermediate over-regularization phase /75 < A < 755 In this phase we have

J(8,€) = Qo — ep™n(r 11 4 \2¢2,
Taking it into (98), we have

o = MmN
VT a2

The condition ¥ = £0;J(d, €) < 1 is satisfied.

Phase VI: Large-sample phase A < /75 and n>> d®"*! In this phase we have

1 52
J(0,€) = Qo + 552(1 +4p/d) = Qo + DR
or

J(0,€) = Qo + %52 +C(v) (\;%) - .

Taking it into (98), we have

2 2
Ad (1+4¢) or Ad

€1

4Kkin dgin’

The condition ¥ = £0;J(d,¢) = O(1/a) < 1 is satisfied.

F.2. Flat minimum: ¥ > 1

Phase Ia: Trivial phasen < d and ) <,/ Inthis phase we have

16t7/2
1057 °

5
J(0,¢€) = / pse(2/8) /6 (x — €)*dx ~ §°

(127) and (128) are still true, and give § = 4/ f—(; and 62 lﬁlt;f = A,, with constants defined as

oK(m, q)
om

IK(m, q)

—2
A1 =8 |: 77L0,qg:| K:(m07q0)a AQ = Al

Thus we have J =~ 0, which gives
mo,qo0 = 0

at the leading order. Then we obtain the trivial generalization error Z(0, 0).

aq ‘7”07‘10'

(134)

(135)

(136)

(137)

(138)

(139)

(140)

(141)

Phase IV and V: Benign and harmful overfitting phase A < /7 and d < n < d? In this phase we have

J(0,¢€) =~ J1(d,€) + J2(6, €), where

16t7/2
1057

6
J2(6, €) ::/ psc(x/8) /6 (x — €)*dx ~ §°

witht::275<<1and

(142)

T6,6) i~ Qo+ = o ot L2 €
neo==ro T\ g 27y 1\ 51—~ 14~0
2e
1 Sl
’Y>1<(P)/)\/E
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Then we have
16t5/2

157

501J (8, €) ~ 82

Taking it into (127) and (128), we obtain § = /41 and &2 1?’;:2 = A,. Finally (124) gives the excess risk

24mxy3 dA\ 1T Y As (1572 \2/? /1 \2/5
€1 + ( ) .

T AP 4 —q -1\ 4n 7 4N, a2
The condition

€
E—%alj(é,G)N >1

Az
200
is satisfied because we have A < /« in this phase.

Interpolation peak At the interpolation peak the spectrum is mainly determined by the noise, which gives

1, 8 1, 8
J((5,6)~Q0+25 37r65 or 25 37T65

at the leading order. From the fourth and fifth equations of (117) we have
m = g(z — 60y — edy)J(6,€) =Qy or 0

and
q= 772J(57 6),

where 7 := % is determined by the first and the second equations of (117), i.e.,

’r]:

_% [a;cgn;,q)yl a/c(gnﬂz, q)

0= g is given by the the second and the third equations (117), i.e.,

U )

The special about the interpolation peak is that we need to expand M (X, m, ¢) to the second order, i.e.,

M(S,m,0) = 5K(m,0) + 5 K1 (msa),
where )
Ki(m,q) := —]EZ,ZOE(hO(z, 20) — 2)TH(z, 20) T (ho(2, 20) — 2)
with
ho(z,z) i=arg - Wnf Il =P
and

H(z,20) = Villo(z0) — 02(R)[|* | hzho(z,20)-

Then the first equation of (117) gives

uY =2
@ Jdq % dq
~ 9o 2K m.q) | Ba OKy(m,q)
- q ned dq
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where we use ¥ ~ "Te‘s from the last equation of (117). Then combine it with the the last equation of (117), we obtain

oK 1606 0K 8
4a52 ) | 160008 0) _ 5 55 ) n 52— S5, (157)
6(] ne aq 37
which implies
_1[oKma] "
a=7z dq (158)
16a 9K1(myq) _ 8
ne dq 3

Finally the generalization error is given by Z(m, ¢), where m, q are solved self-consistently from (148), (149), (150), (151),
(158).

For the softmax activations, M is linear in g, and thus the first equation of (158) gives a simple formula for the interpolation
threshold

1[1 !
by using (116). Similarly, for invertible activations we have
1
“ToarT+ 1) (160

by using (115), which recovers the interpolation threshold % in (Erba et al., 2025) by choosing 7' = 1.

G. Details of the implementation and additional experiments

All of the code for reproducing the figures is in the repository at the following link: https://github.com/
SPOC-group/ExtensiveAttention. The analytical predictions in all plots are obtained by iterating the equa-
tions in Eq. (49) until convergence. The minimization in Eq. (12) is performed with the minimize package of Scipy,
initializing in a Gaussian of variance 10~* centered on 2. The expectations in Eq. (49) are computed using Monte-Carlo
integration with at least 10* samples. Even though a single iteration of Eq. (49) takes typically less than one hour on a
standard laptop, for convenience we used 60 nodes with 2 Intel Xeon 8360Y CPUs. For producing this paper we used
approximately 60000 CPU hours including the initial exploration.

We offer some additional numerical explorations of the model in Eq. (1) that are complementary for the single-head
tied-attention model in the main text.

In Fig. 6 we demonstrate a perfect match between GD and theory for various values of A, which also suggests a large but
finite interpolation peak at small regularization.

In Fig. 7 we evaluate the replicon condition (30). Let’s define the replicon as

T 2
. 82 Pecd — 6acabd> / (g(ﬂ?) B £(y))2
Replicon =1 —2aE, . Seb s = =1, (A =1 (dY) —2t——"— . 161
p : ab%(“( S 1y i (d) 1t /g (dy) S (161)
ag})zﬁcgd

In order for our results to hold we need the replicon to be positive.

In Fig. 8 left we display the thresholds for perfect recovery of the target in the limit of vanishing noise A — 0 and
Marchenko-Pastur target. In Fig. 8 right we compare the prediction of the test error (11) with the error decomposition (129),
which is an expansion around zero test error and thus qualitative in nature when applied to regions where the test error is far
from zero. For the specific plot we used the following prescriptions:

1. We approximate 6 K'(8) = 0, as it’s of a smaller order in d than the other terms for power-law targets;

2. We multiply the overfitting term of (129) by the factor 1 — K (d)/d, to take into account the fact that the bulk will lose
mass if a large number of spikes exit from it;

3. We take 9, €, i from the numerical solution of (49);

33


https://github.com/SPOC-group/ExtensiveAttention
https://github.com/SPOC-group/ExtensiveAttention

Single-Head Attention in High Dimensions
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5041 Z 1071 A = 1e-03
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Figure 6. Test error (left) and training loss (right) as functions of the number of samples for decreasing regularization A (A = 0.5, T = 2,
B = pPo =1, ko = 0.5, kK = 1). Solid lines: theoretical predictions; dots: Adam simulations at d = 100, averaged over 16 runs with
2000 samples in the test set. The gray dashed line marks the analytical interpolation threshold (Corollary 3.2), i.e., the largest « for which
the ERM estimator fits the training data as A — 0T. As expected, the training loss vanishes before interpolation (vertical log scale), while
the test error exhibits a non-symmetric interpolation peak, distinct from the usual cusp-like shape.

4. For the mismatch part of the error, we assume that m = q = 1 for n < d?/4 instead of using the solution of (49),
consistently with the theory (see Eq. (125)).

We remark that even though this procedure is qualitative, the agreement with the pure state evolution error is quite nice.

In Fig. 9 we compare the sequence-to-sequence and sequence-to-label formulations, evaluating test error via Eq. (4) (left)
and training loss via Eq. (3) (right), for both noiseless (A = 0) and noisy (A = 0.5) settings at T' = 2. The two variants are
indistinguishable within error bars across the whole range of o = n/d?, confirming the asymptotic equivalence used in our
proof sketch. The learning curves, indeed, exhibit the same phenomenology for the two variants of the model, seq2seq and
seq?2lab.

We next move to analyze the impact of the inverse temperature used inside the softmax activations in both the model and the
target of Eq. (1).

In Fig. 10 we compare the cases in which the inverse temperature matched temperatures 5 = 9 € {0.5,1,2} at fixed
T = 2. Lower temperatures (larger smoothing of the row-wise softmax) systematically yield lower test error for a given «,
both without noise (left) and with label noise A = 0.5 (right).

To conclude, we vary the number of tokens 7' to investigate the impact of such parameter in the model’s behavior.
Finally, in Fig. 11 we vary the number of tokens 7" € {2, 3,5} and plot the test error against the rescaled sample ratio
a=n/d*(T(T+1)/2—1) = 2n/(T?+ T — 2)d?, motivated by the effective number of scalar constraints in the attention
matrix (cf. Appendix C). After this normalization, the learning curves for different 7" largely align in both the noiseless
and noisy cases (left/right), exhibiting the same qualitative dependence on the number of samples and confirming that T’
primarily rescales the usable information rather than altering the underlying learning dynamics.
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Figure 7. Replicon (161) condition for the same parameters as Figure 6 (left, including the data showed in Figure 1) and ad Figure 4. We
see that in general the replicon is well bounded away from zero, meaning that the replicon condition (30) for Claim 3.1 is satisfied. We
remark that as A decreases, the replicon approaches lower and lower values around the interpolation threshold, where our numerical solver
performs poorly. We conjecture that the condition is satisfied for all values of «.
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Figure 8. (Left) Analytical thresholds for vanishing regularization in the noiseless case A = 0. We plot the Bayes-optimal perfect
recovery from (Boncoraglio et al., 2025) (lower-bound to the perfect recovery of any estimator), the perfect recovery of the attention
model Eq. (3) from Corollary 3.2, the interpolation threshold from Corollary 3.2, and the perfect recovery of the non-factorized attention
model Eq. (19). (Right) Comparison of the excess test error from Claim 3.1 (in black) in tis non-asymptotic version as described in
Section 4 and its equivalent computed using the error decomposition in Eq. (22). Parameters are v = 0.75, d = 200, A = 0.5, T = 2,
A = 1/d. The specific formula used is Eq. (129).
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Figure 9. Comparison between the seq2seq model and the seq2lab model, both in Eq. (1). Both panels display the numerical simulations
obtain from Adam with A = 0.01, 8 = By = 1.0, T' = 2. We compare in both panels the noiseless A = 0.0 and the noisy version of the
model with A = 0.5. We show in the (Left panel) the test error of the model computed from the seq2seq and the seq2lab formulas in
Eq. (4). In the (Right panel) we show the train loss computed from the formulas in Eq. (3) with Adam. In all curves we average over 32
different realizations, with d = 100 and 2000 samples in the test set. Both variants achieve same test error and train loss, both in the
noiseless and in the noisy version of the model.
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Figure 10. We show the test error for the model in Eq. (1) with respect to o = n/d?. We compute the test error through Adam for
different values of the inverse temperatures 8 = (o of the softmax activation in the single-head tied-attention model. In all cases we
consider the matched-temperature scenario between the target and the model. Both panels display the numerical simulations obtain from
Adam with A = 0.01, ko = 0.5, x = 1, T" = 2. We compare in both panels the noiseless A = 0.0 (Left panel) and the noisy version of
the model with A = 0.5 (Right panel) for three values of the inverse temperatures 5 = Sy = 0.5, 1, 2.0. In all curves we average over 32
different realizations, with d = 100 and 2000 samples in the test set.
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Figure 11. We show the test error computed through Adam for the model in Eq. (1) for a different number of tokens 7" > 2. In the x-axis

we show the rescaled sample complexity & = n/ d%% —1) =2n/(T*+ T — 2)d>. Both panels display the numerical simulations
obtain from Adam with A = 0.001, ko = 0.5, kK = 1, § = o = 1.0 and different number of tokens 7" = 2, 3, 5. We compare in both
panels the noiseless A = 0.0 (Left panel) and the noisy version of the model with A = 0.5. In all curves we average over 32 different
realizations, with d = 100 and 2000 samples in the test set.
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