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Abstract

Softmax attention is a central component of
transformer architectures, yet its nonlinear struc-
ture poses significant challenges for theoretical
analysis. We develop a unified, measure-based
framework for studying single-layer softmax at-
tention under both finite and infinite prompts.
For i.i.d. Gaussian inputs, we lean on the fact that
the softmax operator converges in the infinite-
prompt limit to a linear operator acting on the
underlying input-token measure. Building on
this insight, we establish non-asymptotic con-
centration bounds for the output and gradient
of softmax attention, quantifying how rapidly
the finite-prompt model approaches its infinite-
prompt counterpart, and prove that this concen-
tration remains stable along the entire training
trajectory in general in-context learning settings
with sub-Gaussian tokens. In the case of in-
context linear regression, we use the tractable
infinite-prompt dynamics to analyze training at
finite prompt length. Our results allow opti-
mization analyses developed for linear attention
to transfer directly to softmax attention when
prompts are sufficiently long, showing that large-
prompt softmax attention inherits the analyti-
cal structure of its linear counterpart. This, in
turn, provides a principled and broadly applica-
ble toolkit for studying the training dynamics and
statistical behavior of softmax attention layers in
large prompt regimes.
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1. Introduction

Modern transformer architectures rely fundamentally
on attention mechanisms (Vaswani et al., 2017), whose
ability to extract and combine information from long
prompts underpins the remarkable empirical success of
large language models and related systems. The nonlinear
structure of the softmax attention mechanism lies at the
heart of the empirical success of transformer architectures,
yet it also presents a major obstacle to theoretical analysis.
Even in the single-layer setting, the dependence of softmax
attention on all pairwise token interactions makes its
behavior difficult to characterize, both statistically and
from an optimization standpoint. To circumvent these
challenges, a substantial body of recent theoretical work
has turned to linear attention as a proxy model (Ahn et al.,
2024), whose algebraic simplicity enables explicit analyses
of learning dynamics and generalization. However, despite
the widespread use of linear attention in theoretical studies,
it is well documented that softmax attention exhibits sig-
nificantly stronger empirical performance, particularly in
terms of length generalization, expressivity and its ability
to extract task structure from long prompts (He et al,
2025; Duranthon et al., 2025; Dragutinovi¢ et al., 2025).
Strikingly, from a theoretical perspective, it is still not un-
derstood whether softmax attention should systematically
outperform, or even consistently match, the capabilities
of its linear counterpart. This gap between empirical
evidence and theoretical understanding motivates the need
for a framework that can relate the behavior of softmax
and linear attention in a principled manner.

To address this gap, we rely on a unifying framework
based on a measure-based representation of attention layers
(Vuckovic et al., 2020; Sander et al., 2022). This perspec-
tive allows us to systematically compare the finite-prompt
model with its infinite-prompt counterpart and to identify
regimes in which softmax attention behaves effectively
linearly with respect to the input-token distribution. Such
a perspective opens the door to simplified optimization
analyses in the infinite-prompt limit, which can then be
translated back into realistic settings involving softmax
attention.
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Contributions. We consider a unified, measure-based
framework, notably developed by Vuckovic et al. (2020);
Sander et al. (2022), that allows to analyze single-layer
transformers with both finite and infinite prompts. A key
observation in this setting is that, for i.i.d. Gaussian input
tokens, the action of a softmax attention layer over an in-
finite number of tokens becomes linear with respect to the
underlying input-token measure. Building on this insight,
our main contributions are as follows:

¢ Concentration toward the infinite-prompt limit. We
first establish non-asymptotic concentration bounds for
both the output and the gradient of a softmax attention
layer as the prompt length grows. These results quan-
tify how rapidly the behavior of a finite-prompt layer ap-
proaches its infinite-prompt limit.

* Stability of concentration along training dynamics.
While the previous bounds hold pointwise for fixed at-
tention parameters, we further show—within a general
in-context learning setting—that this concentration per-
sists along the entire training trajectory of the attention
layer. Informally we show that for a general in-context
learning task,

Jim R(91(1)) < Jim R(Ox(1) + 0roe(1),

where R is the theoretical risk associated to the in-
context learning task and 6, (resp. 6, ) are the model pa-
rameters obtained by following the gradient flow for the
theoretical risk minimization with a finite (resp. infinite)
prompt length L. This, in turn, enables us to approximate
the training dynamics at finite prompt length by those of
the infinite-prompt model. The latter is typically much
easier to analyze from an optimization standpoint.

* Leveraging the infinite-prompt limit: softmax atten-
tion solves in-context linear regression. We then lever-
age our previous results and show that they apply in the
setting of in-context learning for linear regression with
Gaussian inputs. In this regime, our analysis allows the
linear-attention results of Zhang et al. (2024) to transfer
directly to softmax-attention dynamics, provided that the
prompt length is sufficiently large. More broadly, under
centered Gaussian inputs, our framework extends theo-
retical analyses developed for linear attention to softmax
attention in the large-prompt regime.

Related works. Measure-based formulations recently
yielded seminal insights into gradient-based analyses of
one-hidden-layer networks (Nitanda and Suzuki, 2017;
Mei et al., 2018; Rotskoff and Vanden-Eijnden, 2018;
Bach and Chizat, 2022). While these works interpret
the model parameters as measures, Pevny and Kovarik
(2019); De Bie et al. (2019); Zweig and Bruna (2021)

adopted a different perspective by considering architec-
tures that take measures as inputs. This viewpoint has
become particularly relevant with the emergence of the
attention mechanism, and has since been explored in
numerous works (Vuckovic et al., 2020; Sander et al.,
2022; Geshkovski et al., 2025; Bruno et al., 2025; Burger
et al., 2025; Zimin et al., 2025; Castin et al., 2025). These
studies mostly focus on inference through attention layers
with fixed weights. Our work further develops this line of
research by adopting a measure-based representation of the
input prompt while studying the training dynamics of a sin-
gle attention layer in the regime of large but finite prompt
length. The concurrent work of Bohbot et al. (2025) also
investigates the concentration of the attention output in
the large-prompt regime, similarly to the results presented
in Section Although their analysis yields sharper
convergence rates, it is restricted to the concentration of
moments of the output distribution. In contrast, our results
establish Lo concentration for both the attention output
and the gradients with respect to the trainable parameters.
This latter property is essential for deriving the training
dynamics results developed in the subsequent sections.

In addition, a central phenomenon identified in the behavior
of transformers is in-context learning (ICL, Brown et al.,
2020; Olsson et al., 2022; Min et al., 2022; Chan et al.,
2022). It refers to the ability of a model to implement new
tasks directly from the prompt at inference time, without
modifying its weights or running any additional optimiza-
tion. Early empirical and mechanistic studies (Garg et al.,
2022; Raventos et al., 2023) show that, when trained on
prompts encoding linear regression tasks, transformers im-
plicitly implement in-context linear regression within their
attention layers. This observation has motivated a series
of theoretical analyses focusing on linear attention mech-
anisms in a variety of settings (Von Oswald et al., 2023;
Ahn et al., 2023; Mahankali et al., 2024; Zhang et al., 2024,
Lu et al.,, 2025). Notably we build on the work of Zhang
et al. (2025), which establishes precise learning dynamics
and generalization behaviors for in-context linear regres-
sion with linear attention mechanism.

Beyond linear attention, several works have begun to in-
vestigate softmax attention for in-context linear regression.
Huang et al. (2024); He et al. (2025) provide analyses
of the training dynamics, though respectively under re-
strictive data assumptions and under specific, nonstandard
optimization algorithms. Of particular relevance to our
work, Chen et al. (2024) show that softmax attention can
learn multi-task linear regression under Gaussian covari-
ates, which may be viewed as a refined and more quantita-
tive counterpart of our Theorem 5.2. Their analysis, how-
ever, relies on heavily technical arguments and is restricted
to the case of isotropic covariates, a setting that substan-
tially simplifies both the dynamics and their analysis (see,
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e.g., He et al., 2025, Section 5.3). In contrast, our work
handles anisotropic covariates and introduces a more com-
pact and user-friendly proof strategy, leading to a general
toolkit for analyzing softmax attention layers.

QOutline. Section 2 recalls the measure-based formalism
underlying our view of attention layers. Section 3 es-
tablishes concentration bounds showing how finite-prompt
softmax attention layers (and related functions) concentrate
around their linear infinite-prompt counterparts. Build-
ing on these results, Section 4 demonstrates how theoret-
ical analyses of training dynamics for linear attention can
be transferred to the softmax setting in general in-context
learning problems. Section 5 specializes this analysis to the
case of in-context linear regression. Finally, Section 6 illus-
trates our different results on numerical toy experiments.

2. Measure based view of attention

In this section, we recall the measure-based formulation
of attention introduced, for instance, by Vuckovic et al.
(2020); Sander et al. (2022); Castin et al. (2025). In
this framework, the transformer receives both a prompt
of d-dimensional tokens, represented as a probability
measure 4 € P(R?), and a query token z € RZ. We
denote by 7@V a transformer equipped with a softmax
self-attention layer, parameterized by key, query, and value
matrices K,Q,V € R¥¢, This formulation allows us to
treat finite- and infinite-length prompts within a unified
framework.

Finite-length prompt. We begin by considering the case
where the prompt consists of a finite sequence of L tokens
(21,...,21) € R™ZE_In this case, the output of an atten-
tion layer consists of L transformed tokens, each of which
is computed independently of the original token order—
once positional encodings and masking are ignored. This
permutation equivariance naturally leads us to represent the
prompt as the empirical measure ji;, = % 25:1 0, asso-
ciated with the tokens (z1,. .., zr).

The transformation operated by a self-attention layer
TH:Q:V can then be seen as the following map

TERQV . PRY) xRY — R4

(12) = TEOVE)

with
TK’Q’V[,LL](Z) o Jra exp((Qz, K2'))V2'du(2")

Jow exp((Q2, KeN)ap(z')
where, in the case of finite-length prompt with i, =
% ZeL:l J.,, the {-th transformed token is given by
i ex((Qz Kz Vi

i1 exp((Qzr, Kz))

TK,Q,V[

fir](2e)

which coincides with the classical definition of self-
attention.

Infinite-length prompt. When the input tokens are inde-
pendently and identically distributed according to p, and
the prompt length L tends to infinity, the input prompt can
be effectively viewed as the distribution p itself. Indeed,
one can observe, by the strong law of large numbers, that
for any z € RY,

TRV [y (2) 2 TRV 1 (2)

This limit case is particularly interesting when the distribu-
tion w of the input tokens is a Gaussian measure. Indeed,
the transformation applied by T5:@"V then preserves the
Gaussian nature of the distribution. More precisely, it cor-
responds to an affine transformation of the input, as formal-
ized in the following lemma.

Lemma 2.1 (Castin et al. 2025, Lemma 4.1). Assume that
w is a Gaussian measure N'(m,T) of mean m € R? and
covariance matrix T' € RIX2, Then, the output obtained
from the attention layer T2V is characterized, for any
z € RY, as

TEQV(u(2) = Vim + VI KT Qz.

In particular, the pushforward measure TK’Q’V#M of u
through TE.QV s Gaussian, i.e., TK’Q’V#/L =NV 1+
TKTQ)m,VITKTQT(VIKTQ)").

This result states that when the full token measure p is pro-
vided as prompt input, softmax-based attention behaves es-
sentially like a linear transformation. More precisely, it co-
incides with a normalized self-attention layer for centered
Gaussian inputs (see Appendix for further details).

However, it remains unclear how this relationship ex-
tends to realistic settings with finite—albeit possibly
large—prompt lengths L. To address this question,
Section 3 provides quantitative bounds characterizing the
concentration of T5:@:V[fi;] towards its infinite-prompt
counterpart 75-@-V 1], when /i1, is the empirical measure
of L i.i.d. tokens distributed according to x. Notably, these
concentration results are derived in a setting that goes
beyond Gaussian measures, allowing for more general
input distributions.

3. Concentration of softmax attention

In this section, we draw a connection between a softmax-
based attention layer with a finite-length prompt and an at-
tention layer that would have received an infinite number
of input tokens, i.e., the full token distribution.

Proposition 3.1 (Output concentration bound). Assume
that p and v are respectively o and 1 centered sub-
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Gaussian measures with o > 1. Then there exist constants
c1, ¢ > 0depending solely on d,V, K, Q) such that,

KQV [ KQV 2 6 In(L)

E [HT [ML] -T [ILL]HLZ(V)} <co Te2/o?
)
where the expectation is taken over (z1,...,zr) ~ p®t

o n L
with fi, = 13, 0z,

Sketch of proof. Although the input tokens are sub-
Gaussian, the proof of Proposition does not follow
directly from standard sub-Gaussian concentration argu-
ments on the sums appearing in the numerator and denom-
inator of T75-@V[fi1](2). Indeed, the softmax weights in-
volve potentially heavy-tailed random variables of the form
exp(z,;r K T(Q~z). On the high-probability event where these
terms remain uniformly bounded, we apply independent
concentration inequalities to the numerator and denomi-
nator of the softmax expression. In contrast, on the com-
plementary (low-probability) event where one of the terms
exp(z;] KT Qz) becomes exceptionally large, we exploit
the fact that the attention output lies in the convex hull
Conv(zy,...,z1). As a consequence, its norm is bounded
by maxy, ||V z||, which can be controlled using standard
maximal inequalities for sub-Gaussian random variables.
Extending these arguments to bounds that also average over
the query token z introduces additional challenges, as con-
centration estimates obtained for fixed z typically deterio-
rate with ||z||. To address this issue, we again adopt a case-
based analysis, employing different bounding techniques
depending on whether ||z|| > v/d or ||z|| < Vd. O

Precise dependencies in d,V, K, () can be deduced from
Equation (!2) in the Appendix.

Remark 3.2 (Handling the autocorrelation in attention).
In what follows, the analysis relies on concentration ar-
guments of

[T ] = Tl =

Eens (|79 2] (2) ~ T@V 1)) ]

(and some of its variants), as obtained in Proposition

Here the expectation is taken with respect to a fresh inde-
pendent variable z ~ v. A careful reader may notice that
this differs from the practical setting of attention layers,
where the model is typically evaluated on tokens that also
appear in the prompt. In that practical context, the query
token is part of the empirical measure used to build [ir.
A mathematical faithful formulation would therefore map

a new query token z to T™XQ:V LL_H[LL + L%Héz} (2),
where we explicitly include the contribution of the query
token in the empirical measure. A rigorous adaptation of

our proofs to this convention does not introduce any new

technical difficulties (although it makes the arguments less
X N L~ 1

readable), since both ji1, and T+ TH‘SZ converge to

[ at the same rate.

The concentration phenomenon obtained in Proposition
extends to related quantities associated with the attention
layer, most notably the gradients with respect to the atten-
tion parameters. This extension is particularly important
for the analysis of training dynamics in attention-based
models. To streamline the exposition, we henceforth focus
on the dynamics with respect to U = K 'Q and V, so
that the measure-based representation of an attention layer
becomes

TUV (] : 5 s Jraexp(ZTU2)V2'du(z")
Jox exp (7T U)d(=)

Such a parametrization is common in optimization analyses
of attention architectures (see e.g., Ahn et al., 2023; Zhang
et al., 2024; Lu et al., 2025; Zhang et al., 2025). Leaning
on this reparameterization, we provide in the following
concentration bounds for VTV and VTV

Assumption 3.3. The distributions p and v are respec-
tively o and 1 sub-Gaussians and for any p,p’ € {0,4, 8},
there exist constants M, ,» € R such that

Ez, ~ulexp(Z{ UZ)| 20|17 Z]”]
Ez,~ulexp(Z/ UZ)]

2
Ezv < oMy,

where M, v potentially depends on U.

The moment conditions of Assumption are typically
satisfied for bounded and Gaussian distributions.

Proposition 3.4 (Gradient concentration bound). Assume
that p and v are respectively o and 1 centered sub-
Gaussian measures with o > 1 and that Assumption
holds. Then there exist constants c1,co > 0 depending
solely on d,V, U, (M, ) pp such that,

In(L)

6

S 10 L62/<72

12 In(L)?
[c2/0?

E MVVTU’V lir) — VvTU’V[/‘]H;(V)}

E [HVUTW ] — VUTU’V[,u]HiQ(VJ <o

where the expectation is taken over (z1, ... oL

with ﬂL = % Zle 524.

7ZL) ~ M

Sketch of proof. The proof relies on similar concentra-
tion techniques than that of Proposition 3. !, while requiring
the control of higher order deviation terms. Precise depen-
dencies in d,V,U, (M, )., can be deduced from Equa-
tions (12) and (14) in the Appendix. O
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Switching between the two parameterizations (K, Q, V)
and (U, V'), we observe that, for U = K ' Q,

VKTK,Q,V — Q(VUTU,V)T7
VoTHeV = KvyTYV,
VVTK ,Q,V v TUV

Hence, the concentration results established for Vi and
Vv in Proposition can be directly transferred to obtain
analogous bounds with respect to the original parameters
K. Q,V.

If the measure perspective on transformers offers an el-
egant framework for handling i.i.d. input tokens, we see
through these concentration bounds that this formalism can
be leveraged for describing the non-asymptotic prompt set-
ting (L < +o0), which is often less tractable. Yet, one
might still question the realism of the i.i.d. assumption—an
issue we address in the following sections, where we show
that it offers a meaningful lens through which to study the
challenges of in-context learning.

4. General In-Context Learning

In-context learning consists in predicting the output asso-
ciated with a new query input, given a prompt composed of
input—output pairs. What distinguishes in-context learning
is that each prompt implicitly defines its own task-specific
relationship between inputs and outputs. Mathematically,
it corresponds to minimizing (w.r.t. U and V') a loss of the
form
RI[S:L(U7 V)= Ey~p [E(zh...,ZL)Nu@L [E (TU V[NL])]]
2
where L is the prompt length and fi;, = % ZZLZI d,,. Note
that z, here denotes an input/output pair, so that with stan-
dard notations, we would have z, = (x,1,) € R4k,
where k£ would denote the label dimension. The task distri-
bution D here denotes a distribution over the set of distri-
butions so that x is drawn according to D for each new task
(i.e., prompt). In general, £,, quantifies the error of a pre-
diction function f on a new input and is thus of the form:

Lu(f) = By yg)~n [E (f ((xqu)T) 73/01)] )

where in standard univariate (k =
one can choose

1) regression settings,

. 1,
0(z,y) = i(szrl - y)27

i.e., the squared error between the last coordinate of the
output 2z and the true label y.

Remark 4.1 (Distribution shift). Note that we could con-
sider the case where (x4, Yq) differs in distribution from the

prompt variables. Such a mismatch would introduce an ad-
ditional bias term in the generalization error. However, this
effect is not measured here, as we are primarily concerned
with the training phase—specifically, with the optimization
of the attention-layer weights.

In Section 3, we have established that, as the prompt
length L tends to infinity, both the attention output and
its gradient converge to their counterparts obtained by
taking the full measure p as input. As a consequence, the
in-context learning optimization process with finite, but
sufficiently large, prompts is expected to closely mirror
the behavior of the infinite-prompt regime, which directly
targets the minimization of the infinite-length analogue of
the risk RI°" given by

R (U, V) = Eyp [L(T"V [])] - )
In general, this optimization problem is considerably

easier to analyze. For instance, when p is a centered
Gaussian measure, the resulting parametrization becomes
linear in both U and V (see Lemma 2.1). Building on
this observation, Theorem below provides a general
framework for comparing the optimization processes
defined by the corresponding gradient flows

(UL(t), Ve (t)) = =VREN(UL(1), Vi (1))

and  (UL(0).VL(0) = (To. Vi), O
(U0, Vic (1) = ~VREH U (0, V0)
and  (Uno(0), Ve (0)) = (Uo, Vi)

Assumption 4.2. Assume that the following holds for some
p > 0:

(i) conditionally on p, x4 is 1 sub-Gaussian and
(xk,yr) ~ pis o, sub-Gaussian, with o, > 1, D-
almost surely.

(i) E[0)?] < oo and for any ¢ >

In(L)*
Buvo | 25| 520

(iii) Forall (U,V') € Byy andp,p’ € {0,4,8}, there exist
M, v such that D-almost surely

Ez,mulexp(z] Ulag, 0)1)llz1 1P lzg[1*']
Eleu[eXp(leU(:cq,O)T)}

2p .
S UH Mp’p/ 5

E(ajq’yq)"‘ﬂ

where By, denotes the centered ball of radius 2p'.

Assumption 4.2 is fairly mild and ensures that the concen-
tration results of Section 5 apply under well-behaved con-
ditions. More specifically, item (i) assumes that the tokens
are sub-Gaussian, a standard and convenient hypothesis in
this line of work. Item (ii) further requires the (random)
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sub-Gaussian parameter o, itself to be light-tailed, ensur-
ing that the resulting concentration behavior remains well
controlled. Finally, item (iii) guarantees that the outputs of
the attention layer possess sufficiently bounded moments.

Theorem 4.3. Assume that ¢ is 1-smooth, V1£(0,0) = 0,
RICL is C2?. Assume in addition that the gradient flow

(UOO (t)> is contained within the centered ball B, of ra-

Voo (t)
dius p for some p > 0, and that Assumption holds with

P =p.
Then for any £ > 0, there exists L(e) such that for any

L > L(e), the solutions of the differential equations (5)
and (0) satisfy

Jim RICHUL(1), V(1)) < lim RIH (U (1), Vi 1)) .

Sketch of proof. The proof of Theorem builds on
Propositions and , applied within the in-context
learning framework. Specifically, as the prompt length
L increases, the finite-prompt risk R converges to its
infinite-prompt counterpart RICT, and the same conver-
gence holds for their gradients. Leveraging these results,
Gronwall’s inequality yields a bound on the deviation be-
tween the finite-L training trajectory and its infinite-prompt
limit over any finite time horizon ¢.

By choosing ¢ sufficiently large, the limiting pair
(Uso(t), Voo (t)) can be made arbitrarily close to its asymp-
totic convergence point. As a consequence, the correspond-
ing finite-L pair (UL (t), V1 (t)) achieves a comparably low
risk. The final limit statement then follows from the mono-
tonic decrease of the risk throughout training. O

This upper bound is particularly informative in regimes
where the infinite-prompt model is easier to analyze or is
known to perform well (most notably in the case of in-
context linear regression, studied in the next section).

Theorem states for a softmax attention layer that
under mild regularity assumptions on the ICL loss, the
parameters obtained after training over large, finite-length
prompts obtain a population risk that is at least comparable
(if not better) to the risk it would have obtained by
training over infinite-length prompts. Although it provides
guarantees only in terms of risk, its proof also yields
(weaker) control over the training iterates themselves.
In particular, Lemma implies that for any ¢ > 0,
there exist sufficiently large values of L and T (with T
depending on L) such that

JUL(T) ~ Jim Use(0)]| + [VE(T) ~ lim Vao(1)] < e

However, this result does not guarantee convergence of
(Ur(t),VL(t)) as t — oo, for a fixed prompt length L.

Rather, it ensures that

lim (UL(T(L)),Vo(T(L)) = lim (Us(t), Vao(t)),

L—+oo t—o0
for an appropriately chosen sequence T'(L).

5. In-Context Linear Regression

In this section, we consider the problem of linear in-context
learning, similar to that considered in (Zhang et al., 2024).
In this case, each prompt corresponds to a specific linear
regression task, with its own set of regression coefficients.
More formally, here, each training prompt is associated
with a linear regression task of parameter w € R? drawn at
random according to w ~ N(0,1;). Consequently, each
prompt is given by [z1,...,z1], where for any ¢ < L,
ze = (xy, yg)T € R¥1 arei.i.d. random variables such that

w o~ N(0,1)
Ye = ’LUTl'g.

The goal of the attention layer is then to predict the
label y,, based on the (masked) query token (z,0).
Using the notations of Section 4, this amounts to study
in-context learning for univariate regression with

w= N(Oa Fw)7
b)) Yw
where 'y, = . For this linear in-context
((Ew)T le|%>

task, considering an attention layer parameterized by
U,V € RUE+D*(d+D) " the theoretical risk for prompts of
infinite length is given by

RIE(U, V) = Epup [L,(TYY [1)]
1

= §]Ew~./\f(0,1d) |:Exq~./\/(072) [

(v;HFwU(xq, 0)T — waq)Q H

where vg4q is the (d + 1)-th row of V. As observed by
Zhang et al. (2024), note that the prediction concerns
only the last coordinate of the transformer output. Con-
sequently, the parameter V' affects the learning task solely
through its last row, so its remaining components remain
fixed during training.

When using a softmax architecture with a prompt of finite
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length L, the theoretical risk reads as
RIEL(Ua V) = EMNDE(21,---7ZL)~;L®L [[’M(TU’V[/}LDH

1
- §]EwNN(O’Id)]E(zla-<~7ZL)NN(0,Fw)®L [
zq~N(0,%)

2
Zi:l exp (2 U(2q,0) " )vg, 12k —w'z
Sr_iexp (27 U(2q,0)7) .

In what follows, we study the training dynamics of an at-
tention layer with a softmax activation and a finite prompt,
via the gradient flow associated with the risk R'°". Using
previous results, this can be compared to the gradient flow
dynamics with an infinite length prompt and a linear atten-
tion layer. To this end, we consider the same initialization
scheme as in (Zhang et al., 2024).

Assumption 5.1. The parameters U,V are initialized by
the following block matrix structure

. [ee’ o,

_ (0Ogxa Og
vor =G ),

where o € R and © € R¥™? is any matrix satisfying both
H@@T”F = 1and ©% 7& 0d><d-

This block structure is preserved through training (as al-
ready noticed and used by Zhang et al., 2024, with linear
attention), and allows a tractable analysis of training dy-
namics when « is chosen small enough. This assumption
is mainly technical and does not appear to be necessary in
practice, as illustrated by the experiments in Section

Theorem 5.2. Consider the in-context linear model de-
scribed by (7) and an initialization of parameters given by
with o € (0, %) If Y is invert-
ible, then for any € > 0, there exists L(¢) such that for any
L > L(g), the attention parameters trained via gradient

flow (5) satisfy

Jm RE(UL(t), Vi(t)) < RICH +e,

Assumption

where R+ = limy_, o0 RIS (Us (1), Voo (t)) corre-
sponds to the Bayes risk for the in-context linear regres-
sion task, which is attained at convergence by the gradient
flow (0) for the infinite prompt setting.

Sketch of Proof. The proof relies on applying Theorem
to the specific setting of linear in-context learning,
which yields that

Jim REFE(UL(E), Vi(t) < lim REH (Uoo (1), Vo () +e.

We then build on the results of Zhang et al. (2024), with
minor adaptations to our framework, to establish the Bayes
optimality of (Us, Vo). While the results of Zhang et al.
(2024) are stated for a finite prompt length with (normal-
ized) linear attention, both their analysis and conclusions
extend seamlessly to the infinite-prompt regime (L = c0).
In particular, Equation (5.4) in Zhang et al. (2024), which
governs the gradient-flow dynamics, remains valid in this
limit, and the remainder of the argument carries over ver-
batim, yielding convergence of the gradient flow for infinite
prompt and linear attention.

In this asymptotic regime, the softmax attention layer acts
effectively as a linear operator on both the query token and
prompt measure (see Lemma 2.1). As a result, the infinite-
prompt softmax setting becomes analytically and concep-
tually equivalent to the corresponding infinite-prompt lin-
ear formulation, aligning precisely with the limiting case
studied by Zhang et al. (2024). O]

Remark 5.3. Zhang et al. (2024) even give a more precise
result, characterizing the limits of U, and V. as

-1
Uot) —— tr(2)- 14 (20 0d)
0] 0

t—o0

—2\1/4 (Odxa Oq

These limit matrices are Bayes optimal for in-context linear
regression (Zhang et al., 2024, Theorem 4.2), achieving a
risk equal to 0, ie., RICL* — (), since there is no label
noise here. Note that our results can also be extended to the
presence of label noise, which would only add a variance
term to the right-bottom corner entry of Iy, but we prefer
to stick to Zhang et al. (2024) setting for clarity.

We also require X to be invertible, inheriting the assump-
tions of Zhang et al. (2024), but their result (and ours
henceforth) can be extended to a degenerate covariance
matrix. This requires a slightly more careful analysis,
where the limit parameters are given as a function of the
pseudo-inverse 2.1, We refer to Appendix I3 for more de-
tails about such an extension.

Importantly, we do not provide explicit convergence rates
here, as our objective is not to obtain sharp quantitative
bounds, but rather to characterize the limiting behavior
of the dynamics as L becomes large. Deriving precise
rates generally requires additional structural assumptions
that are specific to the problem under consideration (for
instance, a local Polyak—t.ojasiewicz condition), together
with technically involved arguments that do not directly
rely on the infinite-prompt perspective.

Using such problem-specific techniques, Chen et al. (2024,
Theorem 3.3) established precise convergence rates for in-
context linear regression with softmax attention. Their
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analysis moreover extends to multi-head and multitask set-
tings, and accommodates distinct parametrizations for the
key and query matrices. Their approach does not rely on
comparisons with linear-attention architectures, but instead
involves highly technical arguments tailored to the soft-
max setting. However, their guarantees hold only under
isotropic covariates, i.e., when > = I;. This isotropy as-
sumption is crucial to their analysis, as it preserves a diag-
onal structure in the model parameters throughout training
(see also He et al., 2025). By contrast, our proof strat-
egy builds on the linear-attention analysis of Zhang et al.
(2024), which relies on comparatively simpler mathemat-
ical arguments and remains valid beyond the isotropic-
covariate regime.

6. Numerical experiments

This section presents numerical experiments illustrating
our theoretical results. The experiments are implemented
using a modified version of the codebase introduced by He
et al. (2025), originally developed for a mechanistic in-
terpretability study of in-context linear regression (as de-
scribed in Section 5).

We train single-layer attention architectures using the stan-
dard parameterization § = (O,V, K, Q) respectively de-
noting the output/value/key/query matrices . Optimization
is performed via stochastic gradient descent (SGD) using
independently new mini-batches at each iteration.

The data are generated according to the model described in
Equation (7), with dimension d = 5 and isotropic covari-
ates X = I;. Following the setup of He et al. (2025), the
regression parameter is drawn as w ~ N(0,d~'1;), and
additive label noise with variance 0.1 is included. Com-
plete experimental details are provided in Appendix

We first investigate the concentration behavior of softmax
attention. Figure | illustrates the convergence of softmax
attention—and its gradients—towards its normalized linear
counterpart as the prompt length L increases. In particular,
the figure compares the outputs of the two models evaluated
at identical parameter values, corresponding to the random
initialization of the training dynamics, as well as their gra-
dients with respect to the ICL risk. In agreement with our
theoretical analysis, both the model outputs and the corre-
sponding gradients become increasingly close as L grows,
eventually coinciding in the large-prompt limit.

Figure 2 reports the ICL risk at convergence for differ-
ent prompt lengths L. In addition to single-layer atten-
tion models using either softmax or (normalized) linear

'The output matrix O c})OSt multiplies the model output, yield-
ing the predlctlon OT™ %V {ii](2) for a prompt with empirical
measure fi7, and a query token z.

2
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(a) Comparison of linear and
softmax model outputs as L
increases.

(b) Comparison of linear and
softmax model gradients (for
ICL risk) as L increases.

Figure 1. Concentration of output and gradient of softmax atten-
tion layer towards its linear counterpart, on Gaussian inputs.

attention, we compare their performance to the L-Bayes-
optimal estimator, that is, the optimal estimator based on
the L observed prompt tokens (which corresponds to a
well-tuned ridge regression; see, e.g., Williams and Ras-
mussen, 2006, Chapter 2). We observe that linear atten-
tion consistently outperforms softmax attention, although
the performance gap narrows as L increases. Moreover,
the risks achieved by both models appear to converge to the
label-noise level as L — oo. These findings are fully con-
sistent with our theoretical analysis, and in particular with
Theorem 5.2, which predicts convergence of both softmax
and linear attention models to the Bayes-optimal predic-
tor in the large-prompt limit. Finally, we note that the la-
bel noise is non-zero in this experiment, further confirming
that our results remain valid in the presence of label noise,
as discussed in Remark

softmax attention
0.61 linear attention
-------- L-Bayes optimal

o
o

ICL Risk RV

noise level

0 250 500 750 1000
Prompt Length L

Figure 2. ICL risk of model at convergence. L here refers to
the prompt length used for both model training and the evaluation
shown in the figure.

Figure 3 illustrates more precisely the similarity between
the training dynamics of softmax and normalized linear
attention, which we recall are theoretically equivalent in
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the limit L — oo under Gaussian inputs. Specifically, Fig-
ure 5 displays, for several values of L, the evolution during
training of the squared norm of the difference between
the parameters of the linear attention model and those of
the softmax model. To enable a meaningful comparison
of the two training trajectories, we use the same random
seed for both parameter initialization and data generation
at each training step. In agreement with our theoretical
predictions, the distance between the two trajectories
decreases as L increases, indicating that the dynamics
of softmax attention progressively align with those of
normalized linear attention in the large-prompt regime.

— L=10

2.0
N —— L=50
S — =100
£ 15] L=200
> L=1000
o]
=
=05

0.0 ‘ |

0 1 9 3

Training step ¢t~ *10’

Figure 3. Evolution of distance between trained parameters ob-
tained with softmax and linear attention for different prompt
lengths.

Additional experiments with anisotropic Gaussian data are
presented in Appendix A and lead to similar observations.

7. Conclusion

We developed a measure-based framework for softmax at-
tention that characterizes its behavior in the infinite-prompt
limit and provides non-asymptotic guarantees for finite
prompts. This framework yields a faithful surrogate for an-
alyzing training dynamics and shows that softmax and lin-
ear attention become increasingly similar in long-prompt
regimes, with centered Gaussian inputs. As an application,
we establish the first convergence guarantees for in-context
linear regression with softmax attention under anisotropic
Gaussian covariates. More broadly, our framework pro-
vides theoretical justification for analyzing simplified at-
tention mechanisms, such as linear attention, without los-
ing relevance to practical regimes encountered in trans-
former models. We believe that these tools can facilitate
the study of training dynamics beyond Gaussian inputs and
with more complex learning tasks, including, for instance,
n-gram in-context learning (Edelman et al., 2024; Varre
et al., 2025).
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A. Additional experiments and experimental details
A.1. Experimental details

The code used to run the experiments is based on the implementation of He et al. (2025) and is publicly available at
github.com/eboursier/softmax_as_linear. The data for the ICL task are generated according to the follow-
ing process:

w o~ N(O, d_lld)
Ty ~ N(O, E)
ye = w'xp+mn, where 7, ~ N(0,0.1)

which matches the data-generating distribution used in the experiments of He et al. (2025). In Section 6, we focus on the
isotropic setting ¥ = I with d = 5. Training is performed using stochastic gradient descent with a learning rate of 10~3
for 500,000 steps. At each iteration, we sample a batch of np,c, = 128 prompts, each of length L.

The softmax attention architecture is parameterized by matrices O, V, K, Q. Given a prompt (z1,...,2) and a query
token z4, the model outputs

iy exp((Qzq, K2))Var
i exp((Qzq, K 20))

12

T2 ] (2q) = O


github.com/eboursier/softmax_as_linear
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The linear attention architecture uses the same parameterization (O, V, K, Q) and produces

L
1
O,V.K,Qrn
15 9L (zg) = O > (Qzq, Kz0)V 2.
(=1
The additional normalization factor 1/L, while not standard, ensures that the softmax and linear attention architectures
exhibit comparable behavior in the limit L. — oo in our setting. The weights O, V, K, @ are initialized at random following
the standard Pytorch initialization.

To ensure a fair comparison of the training dynamics the random seed is fixed, so that both architectures are initialized with
identical weights and the same prompt batches are presented at each training iteration.

All experiments were run on a personal laptop. Each run (corresponding to a fixed architecture and prompt length L)
required approximately 30 minutes.
A.2. Additional experiments

We provide additional experimental results in the appendix. Appendix reports the training dynamics for the experi-
ments discussed in Section 0, while Appendix presents analogous experiments with anisotropic Gaussian covariates.

An observation not discussed in Section 6 is that training softmax attention architectures appears to be more stable than
training linear attention architectures. In particular, for the linear models, optimization occasionally failed for some random
initializations, requiring reruns with different random seeds to obtain successful training.

A.2.1. EVOLUTION OF ICL RISK OVER TRAINING

Figure 4 below illusrates the evolution of the ICL risk during training for L € {10, 100, 1000} and both softmax and linear
activations.

softmax, L=10

softmax, L=100
—— softmax, L=1000

linear, L=10
—-— linear, L=100
—-— linear, L=1000

00 02 04 06 08 1.0
Training step t %10

Figure 4. Evolution of ICL risk during training, for different activations and prompt lengths on isotropic data.

The evolution of the ICL risk is here rather natural—in contrast to the anisotropic case of Figure —and suggests that the
convergence happens quite quickly, i.e., before 50 000 steps.

A.2.2. ANISOTROPIC GAUSSIAN COVARIATES

Since our work is the first to establish convergence guarantees for softmax attention in in-context linear regression with
anisotropic Gaussian covariates, we include this section for completeness and provide experiments analogous to those in
Section 0, but in the anisotropic setting.

13
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Figure 5. Concentration of output and gradient of softmax attention layer towards its linear counterpart, on anistropic Gaussian inputs.
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Figure 6. ICL risk of model at convergence for
anistropic covariates. L here refers to the prompt
length used for both model training and the evaluation
shown in the figure.

Figure 7. Evolution of distance between trained pa-
rameters obtained with softmax and linear attention for
different prompt lengths for anisotropic covariates.

We consider the same experimental setup as described in Appendix A1, with the sole modification that covariates are now
sampled as o ~ N (0,%), where ¥ is a Kac-Murdock—Szeg6 matrix with parameter p = 0.5, i.e.,

% = 051790

In this representative anisotropic setting, we observe behavior qualitatively similar to the isotropic case: both softmax and

linear attention models converge towards the Bayes-optimal predictor, and their training trajectories become increasingly
close as L — oo.

In this typical anisotropic case, we get similar observations as in the isotropic case: both softmax and linear attention
models converge towards the Bayes optimum, while their training trajectories are getting closer as L — oo.

However, in contrast to the isotropic case, several notable differences arise:
* The ICL risk converges more slowly towards the Bayes optimum as L — oo, as illustrated in Figure

* The evolution of the difference between the two training trajectories is more erratic—and potentially non-
monotonic—particularly for small values of L, as shown in Figure 7. Nevertheless, we still observe an overall

14
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Figure 8. Evolution of ICL risk during training, for different activations and prompt lengths, on anisotropic data.

tendency for the trajectories to get closer as L. — oco. For large prompt lengths (e.g., L = 1000), the evolution
of this difference appears more regular, resembling the behavior observed in the isotropic case (Figure 3).

¢ For a fixed value of L, the training dynamics of the ICL risk are themselves more irregular compared to the isotropic
setting, as illustrated in Figure ©.

Overall, these observations confirm our theoretical results, while also highlighting that the optimization process becomes
more challenging in the presence of anisotropic covariates. In particular, larger prompt lengths may be required to achieve
performance comparable to that obtained in the isotropic case.

B. Results of Section
B.1. Proof of Lemma
Proof. We define for any z the skewed distribution p, by:

exp((Qz, K2'))
E.omp [exp((Qz, Kz()))}
Obviously, p, is a probability distribution. Moreover, note that, assuming I is invertible,

dp, (2 1
% o exp(z’TKTQz - 5(2” —m) T2 — m))

dps(2) = du(2)

1
x exp<f§(z' —m—-TK"Q2)'T (2 —m — FKTQZ)>.
In particular, 1, = N'(m + T K TQz,T). Using this relation, we can now compute 75@V[1](2):
V fpaexp((Qz, K1) #du(2)

fRd exp((Qz7 Kz’))du(z’)
= VEznp, [#]
=V(m+TK'Q2)

TR ()

This equality still holds when I is degenerate, by doing the same computation, replacing dz’ by the Lebesgue measure on
an appropriately chosen affine subspace of dimension rank(T").

Thus the output distribution is the pushforward through the affine map z +— Vm + VI'K T Qz of the initial Gaussian
density NV (m,T). It is therefore also Gaussian, given by N'(V (I + TK TQ)m, (VI K TQ)I' (VI KTQ)T). O
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B.2. Relation to linear self-attention

Normalized standard linear self-attention (LSA) is given by the parametrization:

L
1
Tlxl [r]( Z Qzq, Kz0)V 2.
f:l

In contrast to the standard definition, we here include the normalization factor % so that the limit as L — oo is well-defined.

A straightforward application of the law of large numbers then yields the pointwise limit

TV’K’Q[M (2q) = VEZNM[ZZT]KTQZq.

lin

This expression coincides with the softmax attention output given in Lemma in the special case of centered Gaussian
inputs. Accordingly, for centered Gaussian inputs, softmax and linear attention are equivalent.

C. Proofs of Section 5: Concentration of Attention

The output 75-Q-V only depends on K, @ by their product K T Q. In consequence, we use in the section the parametrization
U= K"Qand TK:@V = TUV for conciseness. Yet, since this section solely concerns concentration of the output of
THQV our result hold both for 7YV and T5-@V,

C.1. Preliminaries for the high-probability bound (Propositons 3.1 and 3.4)

Lemma below allows to provide a high probability (over prompt tokens z,) concentration bound for a fixed input token
z.

Lemma C.1. If i is centered and o sub-Gaussian, then for any § > exp (—% exp(—2(|Uz||?)) and z € RY, with proba-
bility larger than 1 — 46,

’ Sriexp(z] Ua)f(zn)  Egyulexp(Z] Uz)f(Z:

2
)] 5
<2787 s
S exp(z] Uz) Ez, ~pulexp(Z] Uz)] Lo

where 1.5 = exp(20°|Uz|?) - Ez, (|l £(Z0)I)V/* - /57
Proof of Lemma (/. For a fixed z, we introduce the notation

Ry =Y exp(z] Uz)f(z)
S = ZiL:1 exp(zi—rUz)

in which we omit the dependence in z. Then, by definition

Zé:l exp(z Uz)f(zr)  Rp

=: . )
Z£=1 exp(z) Uz) Sy
To control the quantity in Lemma C. |, we proceed as follows
Bo R\ _||\Bp R R R
S, S| |SL
< inR R+ IR |- - 5 (10
s :;1; L E;L, g )

where R = L -Ez, [exp(Z] Uz)f(Z1)] and S = L - Ez, [exp(Z] Uz)] are the expected values of Ry, and Sy
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Control of S;. For a fixed z € RY, set M, = exp(z, Uz), which is by sub-Gaussianity of z, such that

E[M,]==< exp(azHUsz/?) and E [ME] < exp(202HUz||2).

I

To first control a lower bound on Sy, we proceed as follows. By setting Sy, = Zle M, and observing that M, are almost
surely non-negative, Theorem 7 of Chung and Lu (2006) gives for any cv_ € (0, 1)

Oé2 2
P(S < (1-a-)S) <exp <_2LH5[§4%]>

( a? L exp(—202||U22))
< exXp | — 2 )

where we used that S = L - E[M;] > L by Jensen’s inequality. Letting o = exp(c?||Uz||?)y/ M, this yields that
with probability at least 6,
SL Z (1 — Oé,)S.

The concentration upper bound for Sy, is obtained by resorting to the heavy tail concentration bound of Bubeck et al. (2013,
Lemma 3), which directly yields here that with probability larger than 1 — 6,

LE[M? /
Sp <S5+ 36[1}§<1+exp(02|Uz||2) ;)S

Thus we have shown that with probability at least 1 — 20,

l1-a_)S<Sp<(1+ay)

where a_ = exp(o?||Uz]|?)4/ M and ay = exp (0%||Uz||?) /5. This inequality directly implies the following
inequalities

1 1 1 1 1
<< iy

l4ay S= S, " 1—a_ S
o 11 a1

1
L= < L
l14ay S8, S 1—a- S8

Finally, we thus get that, with probability at least 1 — 24,

! 1 <max | « a- !
_——= X —.
S, S|~ T1-a ) S

Control of R;,. Define Q; = exp(z; Uz)f(z;). Then, using Cauchy-Schwarz inequality:

E[1Qil?] < /E [exo(a2]U2)] - E(I£(z0) 14
< exp(da®|U2|*) - VE[|f (=) 1].
Lemma 3 of Bubeck et al. (2013) can directly be extended to random vectors to the following lemma.
Lemma C.2. Let Q1,...,Q be an i.i.d. sequence of random vectors in R? such that E[||Q;||*] < u. Then for any

6 € (0,1), with probability at least 1 — 24:

3ul
< —_
- )

L
Z Qi — E[Q/]

17



Softmax as Linear Attention in the Large-Prompt Regime

We can use again this heavy tail concentration bound so that with probability larger than 1 — 24,

Lexp(40?|U212) /BT GOI]
IR, — R|| < \/ 3 5

3L

= exp(20°|[U=|1*) - B[l F(z0) ']/ 5

Gluing things together. Finally using Equation (10) and the fact that S > L, it comes with probability larger than 1 — 46

that
H H< ax<a+, - )H H -
1—a ’

where ay = exp (o?|Uz|]?) /5, a- = min(exp(02||Uz||2)\/2ln(Ll/6),1> and B = exp(20?|Uz|?) -
Ellf (014 /57

Note that

<=0 > exp (g exp(202|Uz||2)>

so that for § > d,nin, we can ensure that 1/(1 — «_) < 2 and then, with probability larger than 1 — 44,

J5: - 5]|mcten2eo 5] -2

<

R
> HS ay +257

using that a4 > 2a._. Now note that

i ]EZI exp ZIUZ)f(
]EZI exp(ZTUz)]

M < Veatowrzrva) Ballszl

< explo?|U=|2) /B, T (Z0) P ar
Then, with probability at least 1 — 44, for § > dppip

Ry, 3
52 - 5| < exntoP=1?) VEITTGOTT - exp (0210212) |

3

+20xp(2o U - E{ )Yy 2

3
< Bexp(2o? Uz P)EI (=) ] o

which yields Lemma

Corollary C.3. If i is o sub-Gaussian, for any z € R and § > 6§y := %W,

o ([ SioiewGlvase)  Balenziuap@| L )
Ei:l exp(zl;rUz) EZ1 [exp(Z;Uz)} 6L 7

where C' = C(U, f,z) = 108 exp(4a?||Uz||*)/Ez [ f(Z1)|4].

18
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Proof. Since e=® < L on (0, 00), we have dg > dpin. Lemma then yields that with probability 1 — 44,

x

S exp(:l U (z) B fexp(ZTU2F(Z0)] |
S exp(z Uz) Ez, lexp(Z, Uz)]

< 27 exp(do? | Uz ) VA [TFZOT ] 5

Replacing § by 0/4 leads to the desired result: with probability larger than 1 — ¢, it holds that

(T s)(2) = TV [1)(2)” < 108 exp(o? V=) /B, [T7 (25

C.2. Concentration of the second order over input tokens (fixed query)

Lemma below allows to provides an expected concentration bound for a fixed input token z. This bound does not
directly derive from Corollary .3, but also requires a careful bounding of the squared difference in the small probability
event where the concentration of Corollary does not hold.

Lemma C.4. Assume p is centered, o sub-Gaussian and there is Cy € R such that sup,cpa H{Z(ﬁ,)j” < Cy for some
p € {1,2}. Then for any z € R,
2
E ke e U () B lexp(ZIU2f(Z0)] || _ 20m(L)
. Sy exp(z] Uz) Ez,lexp(Z{ U2)] L
2 2d VL 811/4
21670 Lp Cye (1 +1,-2 9952 CE[|| 218V )
Li/p 2 Elll £(Z)||411/2p
cexp | — - exp(702\|Uz||2) . [Hf( 1)H2] ,
21/p p 160.20f/17
where C = C(U, f,z) = 108 exp(40?|Uz||>)VEz, (|l f(Z1)|4]
Proof. Using the same notations as in the proof of Lemma C.1, it comes for C' defined by Corollary and {p = %:
R, R|? = R R
E. - —_— - = = Plll=——=]|| >t|dt
Ltk ‘ S S /0 St

c o ¢ > , _t R?
<= l > =
ST +/€ Ltdt+/ P(mgix”f(zz)ﬂ 25 2)dt,

to

where we used Corollary for t < tg, and for t > t; that

R; R|? Ry |I? R|?
— — — >t 21|== 21— <t
‘SL S|l = = HSL tilg| =
Bt B
ST, -2 S
t ||R|?
S UGN

The last line here used the fact that };—j is in the convex hull of (z), by definition of the softmax. Now using that
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P(maxy || f(2¢)]|? > u) < LP(|| f(21)]|> > u) by union bound,

2

R, R c C > 20, 112
A — < — 4 = P>
E.,,.z0 ‘SL S| <7+ L(ln(t0)+1n(L/0))+2L/t20};2 P (Cillz | = t) dt
+
%) 1/p
< G0+ tL/C)) +2L/ P(la)> ) at
L (49-122) c3/r
2 52 + f
— oo 1/p
- C(1 —1n(dp) + In(16/27)) +2L62d/ e (- t ) ar
L o L7)%) 1602C"

C(1—1n(8 o
< (1 —1n(do)) +2Lpezd/ W oxp [ " au,
L (;o_umﬂ)l/’” 16020;/”
+

2 52

. . 2 .
where we use that for o sub-Gaussian random variables, for any ¢, P (||21]|? > t) < e??~%/16" (see Lemma in

Appendix D). By definition of d,
1 —1In(dp) = 1+ 2In(L) — 61n(2) — 40?||U2||* < 2In(L).
Moreover, recall that
to = LVE[|f(Z)]*]  and ”%‘2 < exp(20%[|Uz*) VE[F(Z1)]|%).

By definition of Cy, E[[| f(Z1)[|*] < C}E[||Z1]|*"], so that

o IRIP\YP 1 L Ve[| £ (20142
( _ || H ) . . 7 2 5 —exp(202||UzH2) . Hl ( )H ]
+ 160 Cf

2 S? 2/p
+ 160’2Cf
t RII2 1/p 1 Ll/p
wi (5 15) o < g EIAIT
+ 160’20f 2 Po

Moreover for the remaining integral, note that

b p-1 —— %) du=16Pe%C /OO Pl —v)d
/(m_R22)1/Pu eXp( 16020;/]”) Y 7 (m_||R\\2)1/P/(16020§/p)v exp (—v) dv
+ +

2 52
t R 2\ 1/p
= 16Pc*PC4T (p, (20 - Lsy )+ /(16026']2/1)) )

where I'(+, -) is the upper incomplete Gamma function. Since p € {1,2}, we can use the upper bound I'(p,z) < (1 +
xlp=2)e™" for all z > 0 (Pinelis, 2020) so that finally

R, R|*| _20m(L) ) .y VL -
A < S\ . 16P 2P P S /4
]Ezl,“.zL ’ S, g < I +2-16F0 LpC’fe 1+]lp,2220_2 E[”ZIH }
1/p 411/2p
cexp | — <L _ eXp(2J2||UZ||2)> . E[”f(Zl)lL/}
2 n 1602C'"
f
2C In(L) VL
< TJFQ. 16p02prCf€2d <1+]lp_22202 'E[”ZlHSPM
LY/» 2 E[|| f(Z1)|*]}/2P
-exp | — < 75 T eXP(U2||UZ||2)> . M ,
24P p 1652C;'P
which concludes the proof. O
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C.3. Concentration of the second order over both query and input tokens

The goal of this section is now to prove an expected concentration bound for finite length prompt, when taking expectation
with respect to both prompt sequence and input token. Again, we will have to resort to different bounds, depending on
whether we are in high probability events where different vector norms and deviations are well controlled or not. First of
all, we need moment conditions given by Assumption below.

Assumption C.5. Assume that f, g satisfy the following properties for the family of probability distributions P C P(R?)
and the integer p € N:

(i) there is C'y € R such that sup,cpa Ol < Cy;

BN

|Ez, [exp(2] U2) f(Z1)g(2)]||*

Ez, [exp(ZlTUz)]4

(ii) for any U € R¥? and yi € P that is o sub-Gaussian, E., < o%c(f,g,U) < +oo;

(iii) E.[llg(2)]|*] < +oo.

Note that we could use a more general Assumption (i1), where the scaling in o could be of arbitrary exponent, without
any significant change in our following results. The scaling chosen here is just for the sake of presentation, as it corresponds
to the one we will encounter in our in-context learning application. In addition, remark that p characterizes the homogeneity
degree of function f.

Lemma C.6 (General finite-length bound). Assume that p and v are both centered, respectively o and 1 sub-Gaussian
distributions with ¢ > 1. Moreover, consider functions f, g satisfying Assumption C.5 for p € {1,2} and p € P, assuming
that the product f(z1)g(z) is legit and that || f(z1)g(2)|| < |[f(z0)| lg(2)|. Then there exist constants ci,c2 > 0
depending solely on d, f, g, p, P,U such that,

E ‘ >t P Zauery U 2)f(20)9(2) Bz, [exp(zquery U 21).f(Z1)g(2)] < oo InL)"
Sk P (2uery U 21) Ezlexp(euenUTZ20] ||, Les/7?
where Zy ~ 1 and the expectation is taken over (z1,...,21) ~ ,u®L.
The proof provides a more explicit bound of the form
. ‘ S ooy U5 f () B [exp(equen U 205(20)] | )
Dk XD (2 uery U 21) Bz [oxp(equers UT 200 |,
< & 0P L3/? exp(—é LYP /62) + &5 IEE/LB) + 540411%7
where ¢4, o, €3, ¢4 are positive constants depend solely on d, f, g, p, P,U.
Note that Lemma above provides a more general concentration than just on the transformer output, which would

correspond to f(zx) = Vzi and g(z) = 1. This is because this more general form will also be used to control the
concentration of gradients, via other choices of f and g. Note that such a general bound could even be used to control
higher order derivatives if desired.

Proof. Again in this section, we follow the notation used in the proofs of Lemmas and . To get a bound on the
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expectation, we split the computation as follows for some B € R

Ry R 2
Ez Ezl ey 2L a - Ao
[ || ) - o) H
R, R|? ) Ry R 2
<E. |E.,. 2 S, S lg) "Ly < | +Ez |Ezy 2y ?Lg(z)*gg(z) Ly.>B
2C(2)In(L VL
<. |2 o) cn | 4 B |2 10702 Ly <1+1p=2220_2.1a[||zl8]1/4>~

) E f 714 1/2p
_ exp(a2||Uz||2)> . [” ( 1)||2/]p
p 1602C%

Li/p
exp | — (21/17

2

> ||9(Z)||2]1|z|<13]

Ry R
+ 2B, 1o (H&M + 5o )]
2C(z) In(L VL
<E, |:()L(>||g(2)2]l|z|§3:| +E, |2 16P0? LpC e (1 + ]lpzzﬁ -IE[||218]1/4> '

Li/p
21/p

2 E Z)|14 1/2p
exp [ — ( _ exp(02||Uz||2)> . [”f( 1)||2/]p
D 1602C;
R-g(2)|?
# 28, (Voo (B s £GP oo ? + L0

52

)

) ||9(Z)||2]1|z|gB]

)

where for the last term, we used the deterministic bound || % | < maxye(z) || f(2¢)]]. We bound the three terms separately.

Bound on Term 1. By choosing B = W In(L)/6,

12 <5C(2) = 1)< 108 exp(40®||Uz||* )/ Bz, [|| f (Z1)]4]

2 VBT

where we used on the second line that, on the event {||z|| < B},
o*|Uz)* < o?||U |3, B*

_ (D)
k)

<108 exp(

So for the first term, we have the bound
E, [ 2C(Z)Lln(L)

Bound on Term 2. Again, using that 02| Uz||? < Lé’:)

be bounded as:
(LY E[llf(Z0)|")/?
oxp 1/p ' 2/p
2 1602C'f

2, 9 )
—exp(=0c?||U=

) Lyzi<s
Li/»
S exp{ - (zl/p
so that the second term can be bounded by

- 12
E10™E. [lg(=) LY/ exp(~ 2 LY/7)

22

I9(:) L1 < 216VE T ZITE: o)

2In(L)
/3"

13)

on the event {||z|| < B}, the exponential in the second term can

E(llf(Z0)|*4)'/?
16020;/’)

— L1/3p) . ) ’



Softmax as Linear Attention in the Large-Prompt Regime

where ¢1, o are positive constants hiding only dependencies in f and d. This matches the first term in the more explicit
bound described by Equation (12). From now on, we show that this term is dominated by a polylog term as given in
Lemma C.6. Note that for any L,o > 0 and p € {1, 2}

~ -~ —2p
~ C2 - Co
(B [lo I expl- SL7) < seaa B[l (S20)

where we used that e=® < 52727, when z > 0 and p € {1, 2}. After simplifying, this finally yields that the second term
can be bounded by 5¢, ¢, 0P [ ~1/2,

Bound on Term 3. First note that

Bepen [ GO | < CFEur oy [malaal )]

By Cauchy-Schwarz inequality, we have

E: [ L1aion (Bucs b 1102 ><z>||2]+|R§§Z)|2)]

Le[L]

< \/mEz oGIPE oo [l | + 2. | 220 ) R 5

- a(z 2
< (\/2Ez[||g<z>||4}Ezl,,..,% £l + \/2Ez R e (a- 55)

|
<\/2Ez[l|g(z)|I4}Ezl,...,ZL [gel[aﬁIIf(Ze)ll“] + \/QEZ [W}

In(L)
< . d_ 2
- ) op ( 192a2||U3p)
R-g(2)|" In(L)

< 2p 414 2 2 I ) _

< | 0% 2E-[l9()1C}Cap(d + (L)) + | | 2E. | 155 o (4~ fg5pa0Te )
where we used Lemma for the last inequality. Now Assumption (ii) allows to bound /E, {”R'%#HAL] by

¢(f,g,U) and to conclude. O

C.4. Concentration of the fourth order over input tokens (fixed query)

To control the concentration of the gradient, we will also need to derive an expected concentration bound similar to
Lemma .6, but with a power 4 instead of 2 in the concentration. In that goal, the two following sections derive results
and analyses similar to Lemmas and C.6, but with fourth order moment. First, Lemma gives the fourth moment
equivalent” of Lemma

Lemma C.7. Assume (1 is centered, o sub-Gaussian and there is Cy € Ry such that sup,,cga MG < CYy. Then for any

z € RY,
E Y1 exp(2, U2)f(z)  Eg,lexp(Z] Uz)f(Z1)] 2CVE[|f(Z))*] n
TRl Zﬁzl exp(z{ Uz) Ez, [exp(Z| Uz)] VL
VL
63 4LC4 2d 1+ : ~E[||Z1H4}1/2
32v/20

471/2
exp (— (2@ - expmozwzn%) - E[”Jiﬁj)cf]) ,

Note that here the homogeneity degree p is taken equal to 1, as it will be sufficient for our application.
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C =C(U, f,2) =108 exp(4o?|Uz|?*) Bz [|1f(Z1)]*]

Proof. Using the same notations as in the proof of Lemma .1, it comes for C' defined by Corollary .3, ty = (%)
R, R|* < R, R
E. ooy |22 -2 :/ L2 >t a
’ SL S 0 SL S

4
/ dt—i—/to <max||fZg)|42;—H§ )dt,

where we used Corollary for t < tg, and for t > ¢t that

R, R R
ke L | I 8 >t
‘ S, S| = H * ‘ s|| =
I A e 4
S
— stz &[5
Therefore, processing the integration and applying a union bound again gives
Ry, R|'| _ 20V i
E - - = < L P >
21,21 H SL S =~ I +8 (Lofm) (CfHZIH = t) dt
3 s,
2C/t o t1/2
< \FO+8L P|z]?> — | dt
L (fp-121%) 3
3 51 ),

IN

2C /%o N t1/2
L -
L 8lLe /(toRII“) 5P 16020? dt
8 54 +

2Cf 2 [T u
+ 16Le /(m_llR4)l/2 uexp | — 1602013 du,
8 +

sS4

IN

where we use that for o sub-Gaussian random variables, for any ¢, P (||21? > t) < e~/ 160° (see Lemma
Lemma D). Moreover, note that

[eS) u o
— d :162 404/ _o)d
/(WR'4)1+/QUQXP< 16020?) ' i (%0*“Rl4)l/2/<1eazc;>vexp( v

S

2 4,4 to HR||4 12 2 12

to ||R||4>1/2 22
- exp —(— /(160°C%) | .
< 8 G4 N f

4
o= LENFZ)I] and D < expao?|u 2Bl (20)])

By definition of Cy, E[[| f(Z1)||*] < C}E[||Z1]|*], using these three last inequalities, we get that

E[l f(Z)I']?

1/2 1/2
to |R* 1 L 2 2
L : > (2~ exp(402|U :
(8 si), teercz = \5 - oeWrlU=R ) 1602C2

t N2 7 1 L2
and ( 0o ”R” ) < \/>0 < ]E[HZ1||4]1/2

L 1602C7 ~ 2v2 1602CF ~ 324/202

Recall that

+
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Finally this yields
R, R E[llf(Z0)]*] 3 474 2d VL a7
E. . |l|l=—=—-=]||< + 1630 LCte* [ 1+ -E[|| 21|12
o || 5 - 5 5 e (14 Ve Al
L o) B0
- exp ( <8 —exp(4o®||Uz|| )>+ . TQCJ% )
which concludes the proof by subadditivity of the square root. O

C.5. Concentration of the fourth order over both query and input tokens

Assumption and Lemma below then correspond to the fourth moment equivalent of Assumption and
Lemma , withp = 1.

Assumption C.8. Assume that f, g satisfy the following properties for the family of probability distributions P C P(R%):

(i) thereis Cy € Ry such that supega “ 7~ < Cy;

H]Ezl [exp(Z1 Uz)f(Z1)g ]H

Ez, [exo(2] U)|" be(f,g,U) < +00;

(ii) for any U € R¥? and y € P that is o sub-Gaussian, E.,

(iii) E.[|lg(2)]|®] < +oc.

Again, we could use a more general scaling in o for Assumption (ii).

Lemma C.9 (General finite-length bound). Assume that p and v are both centered, respectively o and 1 sub-Gaussian
distributions with ¢ > 1. Moreover, consider functions f, g satisfying Assumption with i € P, assuming that the
product f(z1)g(z) is legit and that || f(z1)g(2)|| < || f(z0)|| l|g(2)||- Then there exist constants ¢y, ca > 0 depending solely
ond, f, g, P,U such that,

L 4
E Zk:l eXp(Z(IueryUTZk)f(zk)g( ) EZl [eXp( queryUTZl)f(Zl)g(Z)] < 610'12 IH(L)2
0.2
Zi:l eXp(Z(TueryUTZk) EZI [exp( queryUT Zl)] LA(v) Le2/
where Zy ~ u and the expectation is taken over (21, . .., zr) ~ p®L.
The proof provides a more explicit bound of the form
4
H Zk 1 exp qucryUTZk)f( k) . ]Ezl [exp( qucryUTZl)f(Zl)] (14)
T
Zk 1 eXp queryU Zk) ]Ezl [eXp( queryU Zl)] LA(v)
} R 1 _ In(L)?
< 210" L2 exp(=e2VL/0®) 4 & g + 640" gy
where ¢1, éo, C3, ¢4 are positive constants depend solely on d, f, g, P, U.
Proof. Again in this section, we follow the notation used in the proofs of Lemmas and C.7. To get a bound on the
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expectation, we split the computation as follows for some B € R

Ry R 4
E. |E B O s
[ || B8 - o) H
R, R . Ry R |
<E,|\E; . 2 S, S lg() " Lyz< | +Ez |Esy 2y EQ(Z)—gg(z) 1.8
2C(z) E[||f(Zl)||4] 4 3 4714 2d VL 4711/2
<E, 1. +E, |16°¢*LC 14+ ——— E[|Z |92 | -
< L lg()I* 1)z <B o"LC}e 334357 (121 11%]
VL E[|f(Z1)]*]*/2
exp ( (2\@ —exp(20°||U=|?) | - W ||9(Z)||4]1\|z\|g3
Ry * IR *
+8E. |y (HSLM + 5o )
20(2) IE[||JC(Z1)||4] 4 3 4 4 2d \E 411
<E, 1y, +E. |[16%¢*LC 1+ S REERE
< L lg()I* 1)z <B o"LC%e N (1121 1I%]

a11/2
- <— <2@ _ exp(%QWZ”Q)) | %) ”g(z)”‘lﬂlzl@]
+ 8E. []1|ZI|>B (Ezl,...,zL [gel?ﬁ”f(ze)”4“|g(2)”4 n Rgiz)”ﬂ |

where for the last term, we used the deterministic bound ||I;—f|| < maxyer) || f(z¢)]|. We now bound the three terms
separately.

Bound on Term 1. By choosing B = m, /In(L)/12,
L2 <BC U, f, 2) = 1) <5108 exp(46” |Uz||*)V/Ez, [|| £ (Z1)]|]

< 108 exp (") VB 7z

where we used on the second line that, on the event {||z|| < B},

o*|U=|* < o*|U|3, B2

_ In(L)
o112
So for the first term, we have the bound
20(2)/E[[| f(Z1)]]* 1
E. W (o)1 | < 21682, 15 Bl (15)

Bound on Term 2.  Again, using that o2||Uz||? < 1n1(2L ) on the event {||z]| < B}, the exponential in the second term can

be bounded as:

VL , , Bl £( 7, ) I[411/2
exp (— <2\/§ — exp(20°(|U=|| )) : w> Lyzi<s

v E[|lf(Z1)]]/*
= oxp <_ (M -t /6> ' 160120]% ) ’
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so that the second term can be bounded by

. Ca

&10'Eellg(2)[[ 1L/ exp(- VL)
where ¢1, o are positive constants hiding only dependencies in f and d. This matches the first term in the more explicit
bound described by Equation (12). From now on, we can show this term is dominated by a polylog term in L as in the

proof Lemma (.6, so that the second term can be bounded by 5¢,é, ‘012 L~1/2,

Bound on Term 3. First note that
Bepen [ I GOIP| < O Eury macleal?

By Cauchy-Schwarz inequality, we have

E, I:]l||z||>B (Ezl,...,zL [}}é?ﬁ 1f(z0)a(2) 1] + W)]

< \/zn«:z G IE..oy [ Gl | + 2. [ V22 RT3

< <\/zn«:z[g< s on s 01 ﬂ?Ez [”R;(”D e (1-2)
\/2]E Ng(IBIE, ..z, {gel?ﬁllf(Ze)Ig} +\/ [WD Fexp (d 384312(||LI;|21D>

IR-g(»)]° In(L)
T | ) el 38402(U2, )’

IN

IN

( *J2E-[l9(2) IFICFCs(d + In(L)#) + , | 2.

where we used Lemma for the last inequality. Assumption (ii) then ensures the bound 4 /E, {HR 9)II° }
c(f.9,U). O

C.6. Proof of Proposition

The proof of Proposition 3. consists in the application of Lemma when setting f(z1) = V z; for a given value matrix
V and g(z) = 1. Therefore, we have to verify that assumptions of Lemma are met for such a choice of f.

Note that, for p = 1, f satisfies Assumption C.5(i) with Cy = ||V ||op. Assumption C.5(ii) is a consequence of Lemma
Indeed for any U € R?* and the above f,

4
B Tt 1T Wl IV
Z, |8XP

by Lemma D.|. Finally, note that Assumption (' .5(iii) is automatic for the given choice of g.

C.7. Proof of Proposition
To derive the analysis, we derive the computations “row-wise” in V, i.e., we study TV:*[u](z) € R where v; is the i-th
row of matrix V. The row-wise gradients are given as follows
L T
U
(VU TV il (2)), = kgt TPk D2
Y o1 exp(z, Uz)
L L L
(VuTU7V[ﬂ](Z)) _ Zk:l eXP(Zl;rUZ)(UiTZk)(ZkTZ) B Zk:l eXP(Zl;rUZ)(UiTZk) Zk:l eXp(ZI;FUZ)(ZkTZ)
i L L L
i exp(z{ Uz) Yiiexp(z) Uz) S exp(z{ Uz)
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i) The first inequality of Proposition 3.4 (on (VvTU’V[[L](Z))i) comes from Lemma with f = id and g = 1. Note
that, for p = 1, f satisfies Assumption C.5(i) with Cy = 1. Assumption C.5(ii) is a rewriting of the moment assumption,
indeed for any U € R%*? and the above f,

g, [Ezn o@D _ Bz, [exo(ZTUZ)I£(Z0)I1]
>~ Lz 1
Ez, [exp(ZTUZ)] Ez, [exp(Z{ UZ)]
Ez, [exp(ZTUZ)||21H ]

=Ez - < oMy,
Ez, [exp(Z UZ)]

(16)

by assumption. Finally, note that Assumption (' .5(iii) is automatic for the given choice of g.

i) Regarding (Vy TV [f1](2)) . let us first give a concentration on the first term. In particular, we can show a bound

B, || Zie ol U 20 (5 2) _ Eafexp(z{ U2l 20T 2)]|7| _ | ioln(l)
2521 exp(z{ U=) Ez, [exp(Z] Uz)] = A Teafo?
using again Lemma C .6, with f(2x) = (v, 2x)2x, p = 2 and g(2) = 2. Indeed, for p = 2, f satisfies Assumption C5(i)

with Cy = ||v;||. Assumption C.5(ii) comes from the moment assumption. Indeed for any U € R?*4, the above f and O,
we have similarly to Equation (16),

|Ez, [exp(2]UZ) (2 >g(Z>]H4 < oo Ezs [xp(ZTUZ)]1 21121
Ez < vl "Ez

16
Mg 4.
By, [exp(Z7UZ)]] Bz [ep(zlUZ)] =7

Finally, note that Assumption C.5(iii) comes from the sub-Gaussian property.

It now remains to control the second term in (VyTV"V [fi](2)) ;- Itis the product of two terms that we can call

o S (2] Uz) (0] ) L i exp(z Uz)zpz T
X = T and Y = I =
D k=1 eXP(zk Uz) > i1 exp(z, Uz)
We also denote by X, Y their infinite counterparts, i.e.,
¥ Ez, [exp(ZUz) (v, Z1)] and _Eg [exp(Z] U2)Z127]
IEZ1 [exp(ZIUZ)] EZ] [exp(z,;rUz)]

Remark that
E[IXY - XY|[}] < 2B [IX(T - V)IE + V(X - X)lI3]
<2 (BIXENY - v () 42 (BIYIEIS - x)4)

<2 (S(BIX) + B - )ENY - vI[) 2 (Bv e - 00) . an

Similarly to Equation (!0), first note that
EXY < [lvi]|*0®Myo  and  E[|Y|*] < 0®Mya.

Moreover, we can use Lemma C 9 to bound both E[(X — X)4] and E[||Y — Y||]. Indeed, the former can be bounded by ap-
plying Lemma .9 with f(z1) = v;' 21 and g(z) = 1. Assumption
(iii) is automatic and Assumption (i1) comes from the moment assumption:

||IEZ1~# [exp(Z1 Uz)f ]H
Ez, [exp(Z{rUz)]

E. [IEz,~p. [£(Z0)g())I]

< [0l *E= [Ezim. [1200°]] < il P Mg o.
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Similarly, E[[|Y — Y'||*] is bounded by applying Lemma with f(21) = 21 and g(2) = z". Again, Assumption
holds with
[Ezunp [exp(Z] U2)f(Z1)g(2)]

E. i
Ez, [exp(Z1 UZ)]

8
H ‘| SUlGM&S.

These concentrations along with Equation (!7) yield for constants ¢y, ca depending solely on d, V, U that

12 IH(L)Q
LCQ/(,Z )

E[IXY - XY|}] < a0
which finally allows to conclude.

D. Auxiliary Lemmas
D.1. Bounded moment for infinite-prompt output

Lemma D.1. Assume p and v are respectively o and 1 sub-Gaussian, centered measures. Then

1TV ]| 10y < 402V o | KT Qlop V.

Proof. The first parf of the proof (until Equation (1)) follows arguments similar to the one of Bobkov and Gétze (2025,
Proposition 2.4).

Define ¥(z) = logE.,~, {egzl}. By o sub-Gaussianity of z;, ¥(z) < %2||z||2 So we can define the non-negative
function ¢ : z +— ‘772||z||2 — U(z). By Jensen inequality, ¥(z) > E., [z 2] = 0, so that ¢(2) < %ZHZH2

As U is convex, it also holds that V2 < ¢21,. So that a Taylor expansion yields for h, z

@(z+h) < (2) + (Vo(=), b + 5|2

In particular, as ¢(z + h) > 0,
2
g
¢(2) 2 =(Vep(2), h) = - [1BII*.

Taking h = —o~2V(2), it becomes
o? 1
S lI217 = 0(z) = 55 IVe )|, (18)
o
ie., |[Vo(2)| < o?|z|. By triangle inequality, we then have ||[V¥(2)| < 202 z]|.
From there, we can conclude by noting that 75V [u](2) = VV¥(Q T Kz), so that
1/4
||TK,Q’V|:/’LH|L4(II) < HVHOPEZ~V [HV\I}(QTKZ)”‘l]

1/4
<V llopEans [ (2021QT K2)])']

1/4
< 20'2||V||0p||KTQH0pE2~V [||z||4]
< 40% |V lop| KT QlopVd.

D.2. Maximal Inequality

Lemma D.2. Suppose z1, ..., zy, are L i.i.d. 1 sub-Gaussian random variables in R?. Then
1. foranyt >0, P (||z] >t) < e2d-t7/16,
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2. forany p > 2, there exists a constant C,, € R such that Elmax,—, | z||?] < Cp(dP/? 4 In(L)?/2).
Proof. 1) For any ¢ € (0,1), Theorem 1.19 by Rigollet and Hiitter (2023) yields that

P (||z1|| > 4Vd + 2\/2ln(1/6)) <.
Thus for any ¢ > 4+/d, with the transformation ¢ = 4v/d + 2/21n(1/9), it rewrites:
P(lar] > 1) < sV,

Using that for any a,b > 0, (a — b)? > 1a? — b2, this yields for any ¢ > 4/d

1
2
2
P(lz] > 1) < em i t2
2 .
Now noting that e~ 16 724 > 1 for any ¢ € [0,4+/d] concludes the first point of Lemma

2) Take in the following B > 1. We can decompose the expectation as follows:

E |:m€ax ||zg||1’:| =B +/ P <m€ax|zg|1’ > t> dt

B

SB+L/ IP(HZ1|| Ztl/p) dt
B

< B+ LeQd/ e_tz/p/mdt7
B
where we used the first point of Lemma for the last inequality. From there, using change of variables, it comes:

/oo o7 /16 gy — 8(16)17/2 /OO WP/2 et du
B 2 B2/p

16

P p B2/P
=ZeP2.T (L
2(6) <2’ 16 )

where we recall I'(-, -) is the upper incomplete Gamma function. Typical upper bounds on the upper incomplete Gamma
function (Pinelis, 2020) show the existence of a constant ¢, such that for any z > 1 /16,T (g, x) < cpe*pr/ 2. so that

2/p B
P 24P 16\p/2 . _B7P\_B
E [m@ax l|lze]] ] <B+Le 2(16) Cp €Xp ( 16 ) 62

Taking B = 64P/2dP/? + 32P/2 In(L)P/2, note that, as 2/p < 1, B*/? > 1 (64d + 321n(L)), so that for B > 1

E [m?x |ng:| < B+ LeQd%j ~cpexp(—2d —1In(L)) B
pP-Cp
< — .
<(1+552)B
Lemma then follows by plugging the value of B. O

E. Proofs of Section 3
E.1. Proof of Theorem
Let ¢ > 0, and choose T'(¢) such that

RICH(T(e)) < lim RICL(t) +e.

T t—+oo
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Uso(t)
Recall that

L > L*(g)andt € [0,T(c)],

€ B, for any t > 0 by assumption. Using Lemma . |, we can then choose L*(¢) such that for any

|G0) - ()] =+

In particular, (l[/]L((tt)))> € By, Using Proposition .3 and Lemma . |, for any ¢ € [0,7(¢)] and L > L*(¢),
L

)

REH(ULE), V(1) = RS (Uso (1), Vs (1) = REZH(UL(1), Vi (t)) — RECH(UL(1), Vi (¢
s (Use(t), Vo (1))

+ R (UL(), Vi (t) - R

(i)~ (26

< g1(L) + K" ga(L) - t - exp (B1)

< gi(L) + k"

where x!Cl is the Lipschitz constant of RIST on Bs,. As g1 and g2 both go to 0 as L — oo, we can update L*(¢) large
enough so that for any L > L*(¢) and ¢ € [0, T(¢)],

RICHUL(), V(1) < RSH (Uso(t), Vs (1) + €.
In particular for ¢ = T'(¢),
RICHUL(T(2)), VL (T(€))) < lim REH(Uso(t), Vi (1)) + 2e.

t—o00

As the risk is non-increasing along the flow, we finally get

Jim REFH(UL (1), Vi () < Jim RECH(Uso(t), Vao (1)) + 22

E.2. Technical lemmas

Lemma E.1. Assume that { is 1-smooth, V1£(0,0) = 0, RICY is C?, and that the gradient flow (l‘f.m((g) is contained
within the centered ball B, of radius p. Consider in addition that Assumption holds.

Then for any T, there exists L* such that for all L > L* and for all t € [0,T,

H( ) (V >H<g2 L)-t-exp (B) (19)

where go(L) — 0.
L—o0

Uso (1)

Proof. In the proof, for convenience, we set 0, = (‘(i ) and 6 (V )
L o)

). We also define 7, = inf{t > 0: .(t) ¢
Bs,}. Remark that for any ¢t < 77, §1(t) € By, so that
16(t) = bos (1) < || = VRE(OL(1) + VRIH O )] + || = VR (01.(8)) + VR (0 (®))]] - (20)
< || = VREM(O1(8)) + VR (Or()]| + B 10 (1) — b (1)]] 2D
where the constant 3:S" denotes the Lipschitz constant of VRICL over By,

To bound || — VRICL(0L,(t)) + VRICE(0L(t)) |, we apply Corollary .5, so that for any ¢ € [0, 7.]:
102.() = Oc (D[] < g2(L) + BEH(0L() — oo (2)]]-

Let f(t) = ||0L(t) — 0 (t)]], as both dynamics starts from the same initialization, we have

< / 10(5) = bua(o)lds.

F@) =102() = boo ()] = ; O1(s) — oo (s)ds
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Plugging the previous control on || (s) — 0o ()|,

[0, 7] that

ft) < /Ot BT f(s)ds + tga(L).
The integral form of Gronwall’s inequality gives that for any ¢ € [0, 77
F(t) < ga(L) - - exp (Bi™T) - (22)
By Assumption 4.2, go (L) m 0. Therefore for any 7', we can choose L* large enough so that for any L > L*:
92(L) - T - exp (B(I)SLT) <p. (23)

Remark that 07, (77,) ¢ Bs, by continuity of 6, and therefore f(77,) > p. Now assume that 7, < 7. Therefore, Equations
(22) and (23) imply that f(71,) < p for L > L*. This entails that necessarily, 7;, > T for L > L*. As Equation (22) holds
on [0, 7z ], it holds in particular on [0, T'], concluding the proof of Lemma . 1. O

Lemma E.2. Assume that £ is 1-smooth and that V1£(0,0) = 0. Assume that Assumption 4.2 (i) and (ii1) hold. Then

1/ In(L) 1/
|RILCL(U3 V) - R<I>SL(U7 V)' § QEﬂqu [||yq||4] / \/aE |:O—2 LCQ(/O')EL:|
In(L)2]\1/4 1/4
(e o225 ) (B, DoV I )
where the constants (c1, c2) are given by Proposition 3.1, and depend solely on d,V, U, D.

In particular, when p is D almost surely a Gaussian distribution,
Ep iz 177V [l (z) '] < 2VA||V [lop U lop E[or]*/*

which can be used in the terms given by Proposition

Proof. By definition,
REMUV) = Eype [Lu(T7Y [Ac))]
= Epu B gueny wavery) [(T7Y 2] (Zquery), Yauery)]
so that, using the smoothness of ¢ and by writing q instead of query for readability,
[REH(U,V) = REHU, V)

< Ep By [TV (L) (2), ya) = 6T 1] (24), ya) ]

S BBy g [max(I(T7Y [Az] (z0), yo) Il 1Y 1] (za), ) ) - 179V (L] () — TV (1] (2]

S BBy o) yall (IT7YIRL) )l + 1T [l (o) 1) 177 (L) (zq) = TV [l (zo)II] -
By Cauchy-Schwarz (applied twice),

IREHU,V) = RGHU V)

1/4
< By Eiey ) [10al ] BBy ) [TV )l + 1T Tl (o)1)

. 1/2
BpoEag ) 1TV (2] (20) = TPV [ () I1P]

In what follows, for the sake of conciseness, we use the simple notation [E to refer to EN’Z]E(
handled as follows

E [(IITU’V[ﬂL](zq)II + IITU’V[N](Zq)II)4] < 8E [IT%V [aL](zq)II*] + 8E [IT%Y [u] (q)|*]
< 8E [IT%Y [ar)(2q) = T [l (za)[I*] + 16E [T 1] (o) "]
2 In( )

zqyq)+ The second term is
ayYaq

2

< 8iE [ + 16E [IT7 [l ()]
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by using Lemma as we did similarly in the proof of Proposition 3.4. Finally, we control the third term by using
Proposition

1/2

E [IT%Y [ar)(zq) = TV [l (2q)|1°]

s In(L) 1Y/2
,Uch/O' '

< varE o}

O

Corollary E.3. Assume that { is 1-smooth, V1£(0,0) = 0 and that Assumption holds. Then for any (U,V') € Bs,, we
have
[REH(UV) = REHU V)| < ga(L)

where g1 (L) —— 0.

L—oo

Proof. To prove this, we use Proposition by making explicit dependence in U, V' for the constant c; and cp. To this
end, we define

D (L UV) =2, [llval*]* Ver (U VIE { U<5)>/] V2
N, o) (B, IV )

Note that ¢; and cz only depend on U, V' through their norm and are therefore uniformly controlled in By, i.e., ¢, =
SUP(1,v)eBs, c1(U,V) < ooand &2 = inf(y,y)ep,, c2(U, V) > 0, so that

gi(L) == sup  qi(L,U,V)
(Uav)EBZP
ARYE ¢ In(L) 2 = 12 In(L)* ]\ /4 1/4
%, [lwall'] " VEE |of 2 || (@B o2 ) M
Assumption then implies that this upper bound goes to 0 as . — oo. O

Lemma EA4. Assume that £ is 1-smooth and that V1£(0,0) = 0. Assume that Assumption 4.2 (i) and (iii) hold. Then

IVRIEH(U, V) = VRISH(U, V)22 <

1/2
In(L) In(L)
VAR [L/M e IT2Y P + VB, |02 ) +E[llyq|§f/2>
In(L)
4 VaE, | o T B IV TV o) P12,

where the constants (c1, c2) and (c}, cb) are respectively given by Propositions 3. and 3.4, and depend solely on d, V,U, D.
In particular, when p is D almost surely a Gaussian distribution,
Ep o (1T [1](20)I1P]? < 2VA||V [lop U llop E[o]'/?

Ep o IVTOY [ () IP12 < 2VA([V lop + U lop) Elo]'/2,

which can be used in the terms given by Proposition

Proof. By definition,
REHUV) =Bz [£,(T7Y )]
= ]Elu'sz(uneryquuery) [e(TU’V mL] (uncry)v yqucry)]
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and therefore,

VRILCL(Ua V) = Eu,zE(zquery,yquery) [VU-,V(TU’V[/:LL}(unery))vlg(TU’V[ﬂL](unery)a yquery)]

where Vv is the Jacobian matrix of (U, V) = TYV[i](2query ). In what follows, we abbreviate query by a simple q to
save space in the equations. Since

VR (U, V) — VRIS (U, V)
= Eusz('zqqu) [(VU,V(TUymL](Zq)) - VU,V(TU’V[N](ZQ))) vlg(TUy[ﬂL](Zq)a yq)
+Vu v (T [(2q)) - (VT L) (24)s Ya) — VLTV (1] (24)5 ) ]

IVREH(U,V) = VREHU, V)22

< B[V T ] o)) — For (PO )] - B IV (] ) )

FVEIV TV GBS, - VE V1T [i](0),v) — V2T [il(z), ) P
< (B[I9ew @ [a)(za)) - For PV LG ] ) - E IV sl ), 50)12)
£ BV @Y CE) - (BT i) ca) - T Gl )

< (B [IVor TV sl o)) ~ Vo (0 BlGla]) - 1T Gala)l? + 20 2))

use Proposition

+ (ElIVov (T 1] (2)) 13 2)

V2 (BT [l — T Gal)|F)

use Proposition

< V2 Eyp |0 [ ; Ll(” - (E 20T () (=) |12 + 2lgl13])

(BIV oy (TVY (1] (24)252) 24)

Using again Proposition

s

co/o?

A In(2)
B (AT ]l + 2l < 18 [|79 ien) ] + 45, [erof | + 4l B
which allows to conclude. O

Corollary E.5. Assume that { is 1-smooth, V1£(0,0) = 0 and that Assumption .2 holds. Then for any (U, V') € Bs,, we
have

IVRIH(U, V) = VRGHU V)| < g2(L)
where go(L) —— 0.

L—oo

Proof. We use Proposition .4, and similarly to the proof of Proposition L.5, we can define &} = SUD(U,v)eBs, AU, V) <
oo and & = inf(y,v)ep,, ¢3(U, V) > 0, so that

” 1n(L)1 M,

( ) < \/>]EH LC /20-2

e, [ 0] (v 5D

L02/20'2

1/2
+1E[|yq||§]”2>~
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F. Proofs of Section
F.1. Preliminaries

Lemma F.1. The linear in-context model (7) with || X||op < 1 satisfies Assumption

Proof.

(). As Zquery 18 a centered Gaussian vector of covariance matrix X, such that ||X||op < 1, Zquery is 1 sub-Gaussian.
b)) Yw

(Zw) " [lwlf3
particular, 4 corresponds to a max(1, ,,) sub-Gaussian measure.

Moreover, as u = N(0,Ty,) where T, = ( ), p is 0, sub-Gaussian with o7, = max(||%]|op, [[w[[3). In

2

(ii). Since o},

Elo}?] < co.

= max(||||op, |w||3) and |Jw]||3 follows a x?(d) distribution, the moment assumption is satisfied, i.e.,

Moreover, for any ¢ > 0 and defining @ : x — % + £,

1 1
E.~p {L/o} =Bz {(L)l/ax(lo}

1 1 J e /2
< - /2—1 d
STe T 2d/2r(d/2)/ r (Lo)1/= v
1 1 " cIn(L)
et /2-1 4
= Ie T 2anr(age) / ( x/2>dx
1 1 L
et /2-1 4
< Lc+2d/2r(d/2)/ ( \/cln (a:/\/cln(L)))da;

1 (CIH(L))d/4 * et
<1 2d/2I‘(d/2)/0 u® exp(— cln(L)q)(u))du.

Now, Laplace integral method (see e.g. Ivrii, 2024, Section 2.1, Theorem 2) directly yields the asymptotic equivalence for
ug = argminger, ®(u) = v2:

|t exp (- Vem@ie() )du ~ (eln(n) 4L e VR,
0

L—oo " (ug)

This equivalence finally yields that for any ¢ > 0, E,~p [ILHF(/LU):} L—> 0.
T —00

(iii). Let U € R%*? and u = N(0,T") for some matrix I'. Similarly to the proof of Lemma (in Appendix B.1), we
define for any z = (Tquery, 0) T the skewed distribution /. by:

exp(z'TUz)

E.o~plexp(zg Uz)] (25)

dp.(¢') =

And similar computations yield p, = N (T'Uz,T'). Using this relation, we can now bound the following moment for any

35



Softmax as Linear Attention in the Large-Prompt Regime

peN:

E. ~ulexp(z] Uz)||z1|"]
E.,~ulexp(z{ Uz)]

= Exy . [ll2a]17]
= Ey.n (0,10 {HPUZ + Fl/QYHp}
<2771 (LU= + By exoay [ITV2Y 7))

< 27 (ITU[P + Ty mavoa [1VIP])

< 2 max(L, [T, | V12, 2] + By aora Y1)

Cap

for some constants C, depending solely on d and p, using typical moment bounds on multivariate Gaussian distributions.
Next, we have D-almost surely that

. E., ~[exp(2] Uz query, 0) D) |21 )17 | Zquery I
(Fauery Yavery )i E., ~u[exp(2] U(zquery, 0)T)]

< 277102 (Ul wquery 7] + CatpE [[Tquery ).
which directly yields (z44). O

F.2. Proof of Theorem

The proof of Theorem 5.2 relies on the application of Theorem .3 in the specific case of linear in-context setting studied
by Zhang et al. (2024).

Softmax and linear attention in infinite regime. First of all, we ensure that, in the infinite prompt length limit, the linear
attention setting of Zhang et al. (2024) and the softmax attention model described in Equation (7) correspond. Indeed, since
we are considering Gaussian data distributions ¢ = A(0,T,,), Lemma directly implies that with softmax attention:
TYVu)(z) = VT, Uz.

On the other hand, the linear attention setting of Zhang et al. (2024, Equation (3.6)) corresponds for prompt length L, with
our notation, to an output .
T 1ar)((2,0)7) = VIp 02 U(,0) 7

lin

where, following our notations, fi;, = 1 2521 8., with 2, = (23, w "), and such that

1 L T 1,...T 1 L T
P _ [T ey + T T D he1 ThT W
Laow,x — i3 T .

1~~L T, T 1 T
T Dkt T WT T2 h=1 W ThTp W

From here, it is clear that T'z, ,, — I",, almost surely, so that we indeed have in the infinite case Tllljnv (1] = TYV [y,
—00
i.e., in the infinite prompt limit, our softmax attention model does coincide with the linear one described by Zhang et al.

(2024), independently of whether the autocorrelation term is included as its contribution vanishes when L — +oo0.

To compare infinite and finite length prompts, we must now ensure that all the required assumptions for Theorem are
satisfied.

Verifying the set of assumptions. First, observe that the quadratic loss is 1-smooth, such that V1£(0,0) = 0. In addition,
RICL is C2, which follows from differentiation under the summation sign.

Uso(t)
Vo (t)
radius p. This fact follows from Theorem 4.1 in Zhang et al. (2024), up to a few minor subtleties. Specifically, they

Then, we have to ensure that the gradient flow trajectory ) for an infinite prompt remains in a ball of a certain
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establish that for a finite prompt length, with linear attention, the attention parameters satisfy

-1
—2v-1/a (X Oq —ov1/4 (Odxd Od

where ¥/, = (1+ +)X + +tr(3)I,. Their analysis extends directly to the infinite-length case L = oo when X is invertible;
in particular, Equation (5.4) of Zhang et al. (2024) carries over to this limit. The remainder of the argument then follows
exactly as in their finite- L setting, yielding the convergence of the gradient flow with linear attention,

=10 0 0
—2\—1/4 d —2y1/4 (Udxd U4
Usolt) oy r(277) <o; 0> and - Voolt) = tr(277) (og 1)~

=U* =V*

This convergence also holds with softmax attention, since both linear and softmax attention coincide with infinite prompt
Uso(t)

Vo t)) ensures that the trajectory can be confined to a ball of radius p, for an
oo

lengths (see above). The convergence of (
appropriately chosen p > 0.

The last remaining step is to check Assumption #.7; this is precisely ensured by Lemma

Convergence guarantees and Bayes optimality. We can thus apply Theorem to in-context linear model (/) so that
for any £ > 0, there exists L(e) such that for any L > L(e),

Jim RICH (UL (1), Vi.(8)) < Jim RIS (U (1), Voo (1) + &

Then, infinite prompt length extension of Theorem 4.1 by Zhang et al. (2024) with our choice of initialization imply that
limy oo RIS (Uso (1), Vao (t)) = R(U*, V*). Moreover, Theorem 4.2 by Zhang et al. (2024) ensures that (U*, V*) admits
a theoretical risk of 0, being therefore Bayes optimal.

F.3. Extending Zhang et al. (2024) to degenerate covariance >

While the results of Zhang et al. (2024) are restricted to a positive definite covariance matrix 3, they can actually be
extended to degenerate matrices X, even in the limit case where L = oo.

In that case, the main modifications in their proof will be as follows, following their notations.
1) In the limit case L = oo, we first have I' = A.

2) Their Lemma 5.3 will now imply that for any global minimum of /, we have

u_lAUHA = A.

3) The PL inequality of Lemma 5.4 would now holds with

0.2

 Va[A]foptr((AD2)er(AT)’

1

where AT denotes the Moore-Penrose inverse of A.

4) The modified above lemmas are not sufficient anymore to characterize the convergence of U;1 and u_;. Indeed, the set
of global minima is now a continuous set. However, using the expression of the time derivative of Uy, (see in the proof of
Lemma A.1), one can note that for any time ¢,

Uni(t) € {0007 + MY | M € R¥*4},
This set intersects the set { M € R?*4 | AM A = A for some o > 0} on the affine space given by:
{aAT +oP(@O ")},
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where P : M + M — AATMAAT is the orthogonal projection on {M | AMA = 0454}. Finally, by balancedness, the
model parameters necessarily converge as

tlgglo Upn(t) =aA"+oP(©O7) and tlggo u_1(t) =1/q,

where o ensures balancedness and is given by

1/2
\/G4P(®@T)|% +4tr((AD?) = 0?| P(067)|3

2tr((AT)2)

o =

Going back to our notations, we would have for degenerate covariance matrix 3 that

’yET—FOzP(@@T) 04 l Odxa Oq
Use (t) t—o0 ( 0;— 0 and 0] t—oo 7y OJ 1

with

P:M— M-2xTment

1/2
\/a4||P(@@T) I+ 4tr((2h?) - a?|P(007) |2

ztr((zw)

and v =

In particular, the trajectory of (Us (¢), Voo (t)) remains bounded in that case, so that Theorem 5.2 still holds and still implies
a Bayes optimal risk as L — oo.
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