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Abstract

Flatness of the loss landscape has been widely
studied as an important perspective for under-
standing the behavior and generalization of deep
learning algorithms. Motivated by this view,
we propose Flatness-Aware Stochastic Gradient
Langevin Dynamics (fSGLD), a first-order
optimization method that biases learning its
dynamics toward flat basins while retaining
the computational and memory efficiency of
SGD and SGLD. We provide a non-asymptotic
theoretical analysis showing that fSGLD targets
a flatness-biased Gibbs distribution under a
theoretically prescribed coupling between the
noise scale σ and the inverse temperature β,
together with explicit excess risk guarantees. We
empirically evaluate fSGLD across standard opti-
mizer benchmarks, Bayesian image classification,
uncertainty quantification, and out-of-distribution
detection, demonstrating consistently strong
performance and reliable uncertainty estimates.
Additional experiments confirm the effectiveness
of the theoretically prescribed β–σ coupling
compared to decoupled choices. The code for
all the experiments is available at https:
//github.com/youngsikhwang/
Flatness-aware-SGLD.
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1. Introduction
A central challenge in deep learning is ensuring that models
generalize effectively to unseen data. In high-dimensional
and highly non-convex loss landscapes, stochastic optimiz-
ers often encounter numerous local minima, each exhibiting
significantly different generalization capabilities (He et al.,
2019; Jiang et al., 2020; Damian et al., 2021). Among vari-
ous attempts to characterize “good” solutions, the flat min-
ima hypothesis (Hochreiter & Schmidhuber, 1997), which
associates low-curvature regions of the loss landscape with
superior generalization, has emerged as a prominent re-
search direction. This perspective has motivated a large
body of flatness-aware optimizers, most notably Entropy-
SGD (Chaudhari et al., 2017), Sharpness-Aware Minimiza-
tion (SAM) (Foret et al., 2021), and their variants (Xie et al.,
2024; Li et al., 2024b; Tahmasebi et al., 2024; Luo et al.,
2024; Chen et al., 2024; Kang et al., 2025; Wei et al., 2025;
Liu et al., 2022a;b; Du et al., 2022b; Li et al., 2025).

Despite their empirical success, SAM and related methods
are inherently local in nature. By exploiting geometric in-
formation only within a restricted vicinity of the current
iterate, they can struggle to escape sharp basins in multi-
modal landscapes. Accordingly, theoretical guarantees for
such methods are largely limited to local convergence prop-
erties (Andriushchenko & Flammarion, 2022; Bartlett et al.,
2023; Si & Yun, 2023; Yu et al., 2024; Khanh et al., 2024;
Oikonomou & Loizou, 2025; Zhang et al., 2024; Li et al.,
2024a) except for a notable exception (Gatmiry et al., 2024).

In contrast, sampling-based optimizers derived from
Langevin dynamics provide a theoretically grounded mech-
anism for global exploration of the parameter space. For-
mally, consider the overdamped Langevin dynamics gov-
erned by the stochastic differential equation (SDE):

dYt = −∇u(Yt)dt+
√

2β−1dBt, (1)

which admits a unique invariant (Gibbs) measure
πSGLD
β (θ) ∝ exp(−βu(θ)), where β > 0 is the inverse

temperature and (Bt)t≥0 is a d-dimensional Brownian mo-
tion. As β increases, this measure πSGLD

β (θ) concentrates
on the global minimizers of u, establishing a direct link
between Langevin dynamics and global optimization. Build-
ing on this property, Stochastic Gradient Langevin Dynam-
ics (SGLD) (Welling & Teh, 2011; Raginsky et al., 2017)
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applies an Euler–Maruyama discretization of the Langevin
SDE, replacing the exact gradient ∇u with a stochastic
gradient. SGLD has attracted considerable attention as an
optimization algorithm for nonconvex problems, and under
mild regularity conditions a series of works has established
non-asymptotic global convergence guarantees (Raginsky
et al., 2017; Xu et al., 2018; Majka et al., 2020; Chau et al.,
2021; Zhang et al., 2023). However, the invariant measure
πSGLD
β targeted by SGLD is purely objective-driven and is

largely indifferent to landscape geometry. This creates a
critical gap: the lack of a systematic framework that si-
multaneously offers global exploration capabilities and an
inductive bias toward low-curvature regions.

To the best of our knowledge, only a few studies have at-
tempted to bridge this gap by biasing MCMC sampling
toward flat basins. For example, Entropy-MCMC (Li &
Zhang, 2024) leverages local entropy to smooth the poste-
rior and bias sampling toward low-curvature regions. While
this represents an important step forward, Entropy-MCMC
augments the sampling state space with auxiliary variables
to approximate the flat posterior, introducing additional al-
gorithmic complexity. Moreover, its theoretical analysis is
primarily established under strongly convex assumptions.

In this work, we introduce Flatness-Aware Stochastic Gra-
dient Langevin Dynamics (fSGLD), a Langevin-based al-
gorithm that enables global exploration of the parameter
space and induces an implicit bias toward flat regions of the
loss landscape without additional computational or memory
overhead. fSGLD is driven by the interplay between two
sources of noise: Langevin noise for global exploration,
controlled by the inverse temperature β; and perturbation
noise for identifying flat basins via perturbed gradient eval-
uations, controlled by the perturbation scale σ. Our key
theoretical finding is that, when the inverse temperature β
and the perturbation scale σ are properly coupled, the invari-
ant measure of fSGLD is close to a flatness-biased Gibbs
distribution (specifically, one induced by a Hessian-trace
regularized objective) that assigns higher probability mass to
low-curvature regions of the loss landscape. Moreover, we
establish non-asymptotic estimates in Wasserstein distance
and an explicit excess-risk bound for the associated Hessian-
trace regularized objective. Importantly, this mechanism
requires no explicit second-order computations, additional
gradient evaluations, or auxiliary state variables. That is, fS-
GLD matches the computational and memory cost of SGD
and SGLD. We empirically evaluate fSGLD in Bayesian
inference, uncertainty quantification and out-of-distribution
detection, as well as standard optimization settings. Across
diverse experiments, fSGLD consistently achieves superior
or comparable performance without incurring any additional
computational or memory cost. Moreover, in line with our
theoretical analysis, we empirically confirm the effect of the
proposed β-σ coupling, and observe that fSGLD tends to

prefer flat minima.

2. Problem Setting and FSGLD Algorithm
Notation. Let (Ω,F ,P) be a fixed probability space. We
denote the probability law of a random variable Z by L(Z).
Fix integers d,m ≥ 1. Let Id be the identity matrix of
dimension d. The Euclidean scalar product is denoted by
⟨·, ·⟩, with | · | standing for the corresponding norm. Let
f : Rd → R be a continuously differentiable function, and
we denote its gradient by ∇f . For any integer q ≥ 1, let
P(Rq) be the set of probability measures on B(Rq). For
µ, ν ∈ P(Rd), let A(µ, ν) denote the set of probability
measures ϱ on B(R2d) such that its respective marginals
are µ and ν. For any µ and ν ∈ P(Rd), the Wasserstein
distance of order p ≥ 1 is defined as

Wp(µ, ν) =

(
inf

ϱ∈A(µ,ν)

∫
Rd

∫
Rd

|x− z|p dϱ(x, z)
) 1

p

.

2.1. Curvature-Regularized Objective for Flat Minima

We consider the following nonconvex stochastic optimiza-
tion problem:

min
θ∈Rd

u(θ) := min
θ∈Rd

E
[
U(θ,X)

]
, (2)

where u : Rd → R is a four times continuously differen-
tiable function, U : Rd×Rm → R is a measurable function
satisfying E[|U(θ,X)|] < ∞ for all θ ∈ Rd, and X is a
random variable with probability law L(X). In practice, the
gradient ∇u is usually unknown and one only has access to
its unbiased estimate, i.e. ∇u(θ) = E[∇U(θ,X)].

The flat minima hypothesis (Hochreiter & Schmidhuber,
1997) suggests that generalization is closely linked to the
local geometry of the loss landscape. Among various no-
tions of curvature, the trace of the Hessian provides a natural
measure of average curvature and has been widely adopted
to characterize flat minima in both empirical and theoret-
ical studies (Ahn et al., 2024; Gatmiry et al., 2023; Liu
et al., 2023; Wen et al., 2023a; Wang et al., 2021; Damian
et al., 2021; Zhang et al., 2024; Li et al., 2024a). Follow-
ing these works, we adopt the trace of the Hessian as a
curvature-based measure of flatness and define the follow-
ing Hessian-trace regularized objective:

v(θ) := u(θ) +
σ2

2
tr(H(θ)) , (3)

where tr(H(θ)) is the trace of the Hessian of u evaluated at
θ, and σ > 0 controls the strength of the Hessian-trace regu-
larization. The global minimizers of v represent a trade-off
between low loss and low curvature. We refer to these mini-
mizers as the global flat minima, i.e., argminθ∈Rd v(θ).
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However, formulations that explicitly incorporate such
second-order information are often computationally expen-
sive in high-dimensional settings. Furthermore, alternative
strategies that seek flat minima without explicit Hessian
computation also incur extra computational or memory over-
head. For instance, SAM (Foret et al., 2021) relies on a
min-max formulation that requires double gradient compu-
tations in each iteration. On the other hand, Entropy-SGD
and Entropy-MCMC (Chaudhari et al., 2017; Li & Zhang,
2024) augment the parameter space with auxiliary variables,
resulting in double memory costs and increased state-space
complexity.

2.2. fSGLD Algorithm

To efficiently seek the global flat minima defined in (3)
without additional gradient computation or memory costs,
we propose the fSGLD algorithm. Formally, let θ0 be an
Rd-valued random variable representing the initial value,
(Xk)k∈N be an i.i.d sequence of data, (ϵk)k∈N be i.i.d copies
of the Gaussian perturbation ϵ ∼ N (0, σ2Id), and (ξk)k∈N
be an independent sequence of standard d-dimensional
Gaussian random variables. We assume that θ0, (ϵk)k∈N,
and (ξk)k∈N are all mutually independent. In fSGLD, the
perturbation scale is fully determined by the inverse temper-
ature β > 0:

σ := β− 1+η
4 , for a fixed η ∈ (0, 1). (4)

Then, the fSGLD algorithm is given by

θfSGLD
k+1 = θfSGLD

k − λ∇θU(θfSGLD
k + ϵk+1, Xk+1)

+
√
2λβ−1ξk+1, k ∈ N,

(5)

with θfSGLD
0 := θ0 where λ > 0 is the step size. We high-

light several key properties of the proposed fSGLD algo-
rithm. First, fSGLD employs perturbed stochastic gradients
∇θU(θfSGLD

k + ϵk+1, Xk+1) instead of unbiased stochastic
gradient evaluated at the current iterate. Second, fSGLD
requires only a single gradient computation per iteration and
updates only the d-dimensional parameter vector without in-
troducing auxiliary variables. Third, fSGLD features a struc-
tured interaction between two sources of randomness: the
parameter perturbation noise scaled by σ and the Langevin
noise scaled by β−1. The perturbation scale σ is explicitly
coupled with the inverse temperature β through (4). As a re-
sult, fSGLD requires tuning only a single parameter β, as in
standard SGLD. The parameter η ∈ (0, 1) is fixed through-
out, set to η = 0.1 in all experiments, and is introduced
solely for technical reasons in the convergence analysis.
Lastly, fSGLD provably targets a Gibbs distribution cor-
responding to the Hessian-trace regularized objective (3),
which will be rigorously established in Section 3. This
behavior is fundamentally different from that of standard
SGLD, whose Gibbs measure πSGLD

β concentrates on the
global minimizers of the original objective u.

2.3. Why Does fSGLD Induce a Flatness Bias?

This subsection provides an intuitive explanation of how the
fSGLD algorithm induces a flatness bias without additional
computation, by identifying the intermediate objective im-
plicitly optimized by fSGLD.

The key observation is that the gradient term of fSGLD
in (5) corresponds to an unbiased stochastic gradient of a
randomized-smoothing surrogate objective. Specifically, let
ϵ ∼ N (0, σ2Id) be a Gaussian perturbation independent of
the data variable X , and define the randomized-smoothing
surrogate objective

gϵ(θ) := E
[
u(θ + ϵ)

]
= E

[
EX

[
U(θ + ϵ,X)

]]
. (6)

where the outer expectation is taken with respect to the
noise ϵ and EX [·] denotes the conditional expectation given
ϵ. Then, the gradient of gϵ satisfies

∇gϵ(θ) = E
[
EX

[
∇θU(θ + ϵ,X)

]]
, (7)

which shows that the perturbed stochastic gradient ∇θU(θ+
ϵ,X) used in fSGLD is an unbiased estimator of ∇gϵ(θ).
Consequently, fSGLD can be interpreted as performing stan-
dard SGLD on the surrogate objective gϵ rather than directly
on the original objective u.

This surrogate serves as a tractable way to access curvature
information. By Taylor’s theorem, we have

u(θ + ϵ) = u(θ) +∇u(θ)⊤ϵ+ 1

2
ϵ⊤H(θ)ϵ

+
1

6

d∑
i,j,k=1

∂3u

∂θi∂θj∂θk
(θ) ϵiϵjϵk +R(θ, ϵ),

where R(θ, ϵ) is the remainder term. Taking the expectation
over ϵ ∼ N (0, σ2Id) yields the key connection:

gϵ(θ) = u(θ) + σ2

2 tr (H(θ)) + E[R(θ, ϵ)]

= v(θ) + E[R(θ, ϵ)]. (8)

This derivation reveals that fSGLD implicitly minimizes the
Hessian-trace regularized objective v(θ) by optimizing the
randomized-smoothing surrogate objective gϵ, provided that
the expected remainder term E[R(θ, ϵ)] is negligible.

However, in general high-dimensional nonconvex settings,
the higher-order remainder term E[R(θ, ϵ)] need not be neg-
ligible a priori, and can potentially corrupt the desired flat-
ness bias. The coupling between σ and β in (4) ensures that
the contribution of these higher-order terms is controlled.
By linking the magnitude of the perturbation to the tem-
perature of the Langevin dynamics, the surrogate objective
gϵ becomes an effective intermediate mechanism through
which fSGLD recovers Hessian-trace regularization without
explicitly computing second-order information.
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Finally, fSGLD admits an alternative interpretation as stan-
dard SGLD combined with random weight perturbations
(RWP). While this viewpoint is useful for intuition, there are
important distinctions. In the implementation of RWP, the
perturbation scale is treated as an additional tuning param-
eter. In contrast, fSGLD determines the perturbation scale
entirely through the inverse temperature β, and therefore
introduces no extra hyperparameter beyond those of SGLD.
Empirically, perturbation-based methods have been used to
improve generalization, but rigorous guarantees for RWP re-
main limited, except for (Ahn et al., 2024), which studies the
algorithmic complexity of reaching flat local minima. In this
sense, our results complement this line of work by providing
a global, non-asymptotic perspective on how RWP shapes
optimization landscapes in Langevin-based dynamics.

3. Theoretical Results
In this section, we present the main theoretical results that
rigorously validate the fSGLD algorithm. We begin by stat-
ing the formal assumptions for our analysis. We then prove
that the invariant measure of fSGLD is close to an ideal tar-
get distribution over flat minima when β and σ are properly
coupled. Building on this, we obtain non-asymptotic W1

error bounds for the fSGLD iterates and excess risk bounds
for the Hessian-trace regularized objective.

3.1. Assumptions

Our assumptions impose standard conditions on: (i) regular-
ity of the original objective u, unbiasedness of the stochas-
tic gradient, and moments of the initial parameters; (ii) a
Lipschitz condition on the stochastic gradient; and (iii) a
dissipativity condition to ensure the stability of the Langevin
dynamics.

Assumption 3.1 (Regularity of u, moments of the initial
parameter). We assume that u : Rd → R is a four times
continuously differentiable function, that the stochastic gra-
dient ∇θU(θ, ·) is unbiased, i.e., ∇u(θ) = E[∇θU(θ,X)],
and that the initial parameter θ0 has a finite fourth moment,
i.e. E[|θ0|4] <∞. Furthermore, there exists a compact set
K ⊆ Rd such that

sup
θ/∈K

E[R(θ, ϵ)] ≤ C△σ
4d2, (9)

for some C△ <∞ independent of σ ∈ (0, 1).

The last condition (9) of Assumption 3.1 requires that,
for large values of θ, the contribution of the fourth-order
derivatives of u in the expected remainder term is absorbed
by the fourth order moment of the Gaussian perturbation
ϵ. This condition is weaker than global uniform control
(supθ∈Rd E[R(θ, ϵ)] ≤ C△σ

4d2) or a bound that holds out-
side every compact set (∀ compact K, supθ/∈K E[R(θ, ϵ)] ≤

C△σ
4d2). Because the notion of flatness already depends on

second-order information of u (see, e.g., (3)), it is natural for
our theoretical analysis to assume additional higher-order
regularity. Such higher-order assumptions are common in
implicit regularization analyses (Arora et al., 2022; Wen
et al., 2023b), in complexity results for escaping from sharp
minima (Ahn et al., 2024), and in recent studies of flat-
minima optimization (Zhang et al., 2025). We stress that
these higher-order requirements are purely analytical tools:
the fSGLD algorithm in (5) itself makes use only of first-
order gradient information.

Assumption 3.2 (Lipschitzness). There exists φ : Rm →
[1,∞) with E[|(1 + |X0|)φ(X0)|4] < ∞, and L1, L2 > 0
such that, for all x, x′ ∈ Rm and θ, θ′ ∈ Rd,

|∇θU(θ, x)−∇θ′U(θ′, x)| ≤ L1φ(x)|θ − θ′|,

and

|∇θU(θ, x)−∇θU(θ, x′)|
≤ L2(φ(x) + φ(x′))(1 + |θ|)|x− x′|.

Assumption 3.3 (Dissipativity). There exist a measurable
function (symmetric matrix-valued) function Ā : Rm →
Rd×d and a measurable function b̂ : Rm → R such that for
any x ∈ Rm, z ∈ Rd, ⟨z, Ā(x)z⟩ ≥ 0 and for all θ ∈ Rd

and x ∈ Rm,

⟨∇θU(θ, x), θ⟩ ≥ ⟨θ, Ā(x)θ⟩ − b̂(x).

The smallest eigenvalue of E[Ā(X0)] is a positive real num-
ber ā > 0 and E[b̂(X0))] = b̄ > 0.

Note that the dissipativity condition is a standard require-
ment for analysis of SGLD in the literature; e.g., see (Ragin-
sky et al., 2017; Xu et al., 2018; Deng et al., 2020a;b; 2022;
Futami & Fujisawa, 2023). Our version in Assumption 3.3,
together with the Lipschitz condition in Assumption 3.2, fol-
lows the more general formulation of (Zhang et al., 2023),
which allows for dependency on the data X . Moreover,
several direct consequences of these assumptions, which
are useful for our subsequent analysis, are detailed in Ap-
pendix C. Remarks C.1 and C.2 shows that introducing the
Gaussian perturbation ϵ modifies the dimension dependence
of the relevant constants associated with the overdamped
Langevin dynamics (1). In particular, the linear-growth con-
stant for ∇gϵ, which is O(1) for ∇u, becomes O(1+σ

√
d),

while the corresponding offset in the dissipativity condition
changes from O(1) to O(1 + σ2d).

3.2. Target Gibbs Measure for Global Flat Minima

At the core of our analysis lies an ideal Gibbs distribution
associated with the Hessian-trace regularized objective v,
which biases toward flat regions of the loss landscape. We
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denote this target distribution by π⋆
β,σ:

π⋆
β,σ(dθ) ∝ exp(−βv(θ)) dθ. (10)

Our central question is whether the law of the fSGLD iter-
ates is sufficiently close to this target Gibbs measure π⋆

β,σ,
and if so, how this discrepancy can be quantified. To this
end, we first analyze the invariant measure induced by the
fSGLD dynamics, denoted by πfSGLD

β , and investigate its
relationship to π⋆

β,σ . For these two Gibbs measures to align,
the expected remainder term E[R(θ, ϵ)] in (8) must be neg-
ligible. In high-dimensional nonconvex problems, this is a
non-trivial condition, as higher-order terms can be substan-
tial and unpredictable, potentially corrupting the intended
regularization effect.

Under the coupling condition in (4), we show that the invari-
ant measure of fSGLD, πfSGLD

β , is close to the target Gibbs
measure π⋆

β,σ concentrating on global flat minima.

Proposition 3.4. Let Assumptions 3.1, 3.2, and 3.3 hold,
and let σ = β− 1+η

4 for η ∈ (0, 1). Then

W2(π
fSGLD
β , π⋆

β,σ) ≤ D,

whereD = O(β− η
4

√
d+β− η

2 d+β− 1+η
2 d2), whose explicit

expression is given in (35).

The proof of Proposition 3.4 is postponed to Appendix D.1.
Due to Proposition 3.4, controlling the discrepancy term D
between the invariant measure of fSGLD, πfSGLD

β and the
target Gibbs measure π⋆

β,σ requires increasing β. Since σ
is coupled to β, larger values of β simultaneously reduce
the perturbation scale and hence the strength of the flatness
bias. This highlights a trade-off between approximation
accuracy and flatness induction. We emphasize that fSGLD
is not designed as a simulated annealing scheme (Pelletier,
1998) and does not seek the limit β → ∞. Rather, it op-
erates in a finite-β regime, where the prescribed coupling
balances these two effects and yields a flatness-biased Gibbs
distribution π⋆

β,σ. We refer to Appendix B for the formal
relationship between two Gibbs measures πfSGLD

β and π⋆
β,σ

and for the intuition behind the coupling condition (4).

3.3. Non-asymptotic error bounds for fSGLD

Our first main result provides non-asymptotic error bounds
on the Wasserstein-1 distance between the law of the fS-
GLD iterates and the target Gibbs measure showing that the
overall error can be made arbitrarily small by appropriately
choosing the fSGLD algorithm hyperparameters, i.e. λ, k,
and β. All proofs for the results in this section are provided
in Appendix D.2.

Theorem 3.5. Let Assumptions 3.1, 3.2, and 3.3 hold, and
let σ = β− 1+η

4 for η ∈ (0, 1). Then, there exist constants

ċ, D1, D2, D3, D > 0 such that, for every β > 0, for 0 <
λ ≤ λmax with λmax given in (36), and k ∈ N,

W1(L(θfSGLD
k ), π⋆

β,σ) ≤ D1e
−ċλk/2(1 + E[|θ0|4])

+ (D2 +D3)
√
λ+D,

(11)

where ċ is given in Lemma D.9, and

D1 = O(eD⋆(β+d+dβ(1−η)/2+d2β−η+1)(1 + (1− e−ċ)−1)),

D2 = O

(
1 +

√
d/β(1+η)/2

)
,

D3 = O(eD⋆(β+d+dβ(1−η)/2+d2β−η+1)(1 + (1− e−ċ)−1)),

withD⋆ > 0 independent of d, β, k. The explicit expressions
of D1, D2, D3 are given in (61), and D is given in (35).
Furthermore, let βδ̄, λδ̄, kδ̄ be as in (63), (64), and (65)
respectively. For any δ̄ > 0, if we choose β ≥ βδ̄, λ ≤ λδ̄,
and k ≥ kδ̄ , then

W1(L(θfSGLD
k ), π⋆

β,σ) ≤ δ̄.

The bound (11) in Theorem 11 consists of three components.
The term D1e

−ċλk/2 captures exponential mixing of the un-
derlying overdamped Langevin diffusion, with rate O(λk)
leading to a step-size exponent 1/2; the term (D2 +D3)

√
λ

corresponds to the Euler–Maruyama discretization error,
which is of order O(λ1/2), and the term D, which does not
appear in standard SGLD analyses, is the bound for the
distance between the invariant measure of fSGLD and the
flatness-aware target, and depends on β, d, and η (Propo-
sition 3.4). The fSGLD convergence rate is governed by
the discretization error O(λ1/2), matching the best-known
non-asymptotic rate for the discretization error in W1 under
the comparable Assumptions 3.2 and 3.3, see, e.g., Theorem
2.4 in (Zhang et al., 2023). A high-level overview of the
proof strategy is provided at the beginning of Appendix D.
The corresponding Wasserstein-2 bound for Theorem 3.5 is
given in Corollary D.16.
Remark 3.6. Theorem 3.5 recovers the best known non-
asymptotic rate for the discretization error in W1 for SGLD
under comparable assumptions, see e.g. Theorem 2.4 in
(Zhang et al., 2023). Unfortunately, the constants D1 and
D3 have exponential dependence on d and β due to the cou-
pling arguments of (Eberle et al., 2019), which are standard
in the SGLD literature (Chau et al., 2021; Zhang et al., 2023;
Deng et al., 2020a;b; Lovas et al., 2023; Lim et al., 2025a;
Neufeld et al., 2025), and therefore this behavior does not
reflect a limitation of our approach. In this setting, any im-
provement in the dimension dependence would necessitate
substantially strengthening the contraction-rate estimates in
Theorem 2.2 of (Eberle et al., 2019).
Remark 3.7. Non-asymptotic error bounds for SGLD target-
ing the Gibbs measure associated with the original objective
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u are well studied in the literature (Raginsky et al., 2017;
Xu et al., 2018; Zhang et al., 2023; Lim & Sabanis, 2024;
Neufeld et al., 2025). In contrast, our analysis addresses a
fundamentally different problem: we explicitly define flat
solutions through the Hessian-trace regularized objective v
and derive non-asymptotic bounds on the distance between
the law of the fSGLD iterates and the corresponding flatness-
aware Gibbs measure π⋆

β,σ. This requires controlling the
discrepancy between the invariant measure of fSGLD and
the ideal Gibbs measure π⋆

β,σ, which introduces analytical
challenges that do not arise in standard SGLD analyses.

While the previous results provides a theoretical analysis
from a sampling perspective, our final result analyzes fS-
GLD as an optimizer. The following theorem provides a
non-asymptotic bound on the expected excess risk with re-
spect to the Hessian-trace regularized objective v.

Theorem 3.8. Let Assumption 3.1, 3.2 and 3.3 hold, and
let σ = β− 1+η

4 for η ∈ (0, 1). Then, there exist constants ċ,
D♢

1 , D♢
2 , D♢

3 > 0 such that, for every β > 0, 0 < λ ≤ λmax

with λmax given in (36), k ∈ N,

E[v(θfSGLD
k )]− inf

θ∈Rd
v(θ)

≤ D♢
1 e

−ċλk/4 +D♢
2 λ

1/4 +D♢
3 ,

(12)

where ċ is given in Lemma D.9, and

D♢
1 = O(eD⋆(β+d+dβ(1−η)/2+d2β−η+1)(1 + (1− e−

ċ
2 )−1)),

D♢
2 = O(eD⋆(β+d+dβ(1−η)/2+d2β−η+1)(1 + (1− e−

ċ
2 )−1)),

D♢
3 = O

(
d

β
log

(
D⋆

(
β

d
+ β

1−η
2 + 1

))
+

d2

β1+η

)
,

withD⋆ > 0 independent of d, β, k. The explicit expressions
of D♢

1 and D♢
2 are given in (74), while D♢

3 is defined in
(79). Moreover, let βδ, λδ, kδ be as in (80), (81), and (82)
respectively. For any δ > 0, if we choose β ≥ βδ, λ ≤ λδ,
and k ≥ kδ , then

E[v(θfSGLD
k )]− inf

θ∈Rd
v(θ) ≤ δ.

The bound (12) in Theorem 3.8 admits a similar interpreta-
tion as the bound (11) in Theorem 11, with the rate governed
by a discretization term of order O(λ1/4) due to use of the
Wasserstein-2 bound in Corollary D.16, matching the best-
known rate for the discretization error for excess risk bounds
for SGLD under similar Assumptions 3.2 and 3.3, see e.g.,
Corollary 2.8 in (Zhang et al., 2023). This result shows that
the iterates θfSGLD

k increasingly favor global minimizers of
the Hessian-trace regularized objective v.

4. Numerical Experiments
In this section, we evaluate fSGLD across a range of tasks
to assess its behavior from both Bayesian sampling and

optimization perspectives. Section 4.1 studies Bayesian
image classification under posterior sampling, while Sec-
tion 4.2 examines predictive uncertainty estimation and out-
of-distribution detection. Section 4.3 evaluates generaliza-
tion performance under noisy labels in standard optimiza-
tion settings, including both training from scratch and fine-
tuning. Section 4.4 investigates the effect of the proposed
β–σ coupling through targeted ablation studies, and Sec-
tion 4.5 analyzes the curvature of the obtained solutions via
the Hessian spectrum. Detailed experimental settings and
hyperparameter configurations are provided in Appendix E.

4.1. Bayesian Image Classification

We first evaluate fSGLD in Bayesian image classification
on CIFAR-10 and CIFAR-100 to assess its effectiveness
as a posterior sampling method, following the evaluation
protocol of Entropy-MCMC (Li & Zhang, 2024). We adopt
the same network architecture and training setup as in
prior work for a fair comparison. Following their Bayesian
marginalization procedure, we construct the predictor by av-
eraging network outputs over multiple parameter snapshots,
enabling a unified inference scheme across both samplers
and standard optimizers. As shown in Table 1, fSGLD is
consistently competitive in classification accuracy on both
CIFAR-10 and CIFAR-100, while achieving the lowest NLL
across the compared methods, indicating improved proba-
bilistic prediction under Bayesian model averaging.

4.2. Uncertainty Quantification and OOD Detection

We evaluate predictive uncertainty estimation and out-of-
distribution (OOD) detection. Using models trained on
CIFAR-10 and CIFAR-100 in Section 4.1, we first quan-
tify predictive uncertainty via the entropy of the Bayesian
predictive distribution (Malinin & Gales, 2018). This un-
certainty score is used for OOD detection on SVHN, which
is evaluated using AUROC and AUPR. Table 2 shows that
fSGLD achieves strong OOD detection performance on
both CIFAR-10–SVHN and CIFAR-100–SVHN, attaining
the best AUROC and AUPR on CIFAR-10–SVHN and the
best AUPR with the second-best AUROC on CIFAR-100–
SVHN.

4.3. Generalization on Noisy Label Datasets

This section examines the generalization performance of
fSGLD in a standard optimization setting under noisy labels,
beyond the Bayesian sampling perspective.

Training from scratch. We compare the generalization
performance of different optimizers when training ResNet
models from scratch. Table 3 presents the results across all
dataset-architecture combinations. Overall, fSGLD shows
highly competitive performance across all benchmarks. In
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Table 1. Performance comparison on ResNet-18. Results are reported
as mean±std over three different random seeds. The best result
is bold and the second-best is underlined. Results for all methods
except fSGLD and ASAM are sourced from Li & Zhang (2024).

CIFAR10 CIFAR100

Method ACC (%) ↑ NLL ↓ ACC (%) ↑ NLL ↓

SGD 94.87±0.04 0.205±0.015 76.49±0.27 0.935±0.021

Entropy-SGD 95.11±0.09 0.184±0.020 77.45±0.03 0.895±0.009

SAM 95.25±0.12 0.166±0.005 78.41±0.22 0.876±0.007

ASAM 95.34±0.23 0.150±0.008 78.26±0.30 0.814±0.008

SGLD 95.47±0.11 0.167±0.011 78.79±0.35 0.854±0.031

Entropy-SGLD 94.46±0.24 0.194±0.020 77.98±0.39 0.897±0.027

Entropy-MCMC 95.69±0.06 0.162±0.002 79.16±0.07 0.840±0.004

fSGLD 95.73±0.07 0.144±0.001 78.53±0.21 0.810±0.011

Table 2. OOD detection on CIFAR-SVHN. The best result is
bold and the second-best is underlined. Results for all methods
except fSGLD and ASAM are sourced from Li & Zhang (2024).

CIFAR10-SVHN CIFAR100-SVHN

Method AUROC (%) ↑ AUPR (%) ↑ AUROC (%) ↑ AUPR (%) ↑

SGD 98.30 99.24 71.96 84.08

Entropy-SGD 98.71 99.37 79.15 86.92

SAM 94.23 95.67 74.56 84.61

ASAM 97.24 98.26 79.86 87.93

SGLD 97.66 98.64 72.51 83.35

Entropy-SGLD 90.07 91.80 71.83 82.89

Entropy-MCMC 98.15 99.04 81.14 87.18

fSGLD 98.91 99.44 80.52 88.01

Table 3. Performance comparison on ResNet-34 and ResNet-50. Results are reported as mean±std over five different random seeds.
Within each model block, the best result is bold and the second-best is underlined. WV-1/WV-5 denote Top-1/Top-5 accuracy on
WebVision. The wall-clock time per iteration (s/epoch) measured on CIFAR-10N for each model architecture.

Model Optimizer CIFAR-10N CIFAR-100N WV-1 WV-5 (s/epoch)

ResNet-34

SGD 89.31±0.84 58.47±0.20 71.87±0.44 89.33±0.30 22.0
AdamW 89.25±0.66 56.77±0.47 68.69±0.32 87.01±0.24 22.5
SAM 91.53±0.22 59.18±0.33 73.49±0.36 90.32±0.31 41.3
ASAM 91.73±0.36 60.79±0.72 73.46±0.24 90.14±0.42 41.4

fSGLD 91.37±0.43 61.51±0.65 73.95±0.52 90.03±0.36 23.7

ResNet-50

SGD 89.41±0.26 57.52±0.17 71.11±0.59 88.31±0.40 31.9
AdamW 89.26±0.31 57.28±0.90 69.92±0.67 87.97±0.34 32.3
SAM 90.88±0.49 59.01±0.60 72.52±0.46 89.53±0.44 60.7
ASAM 91.25±0.67 60.47±0.90 71.92±0.67 88.48±0.53 60.9

fSGLD 90.86±0.34 61.26±1.08 73.54±0.51 90.34±0.21 34.1

Table 4. Fine-tuning performance comparison on ViT-B/16.

Model ViT-B/16

Dataset CIFAR-10N CIFAR-100N (s/epoch)

SGD 94.64 71.80 343.2
AdamW 95.57 72.30 344.5
SAM 96.75 74.66 656.7
ASAM 96.25 74.86 662.5

fSGLD 96.45 75.67 345.8

particular, fSGLD achieves clear performance gains over
standard optimizers on CIFAR-100N and WebVision under
the Top-1 metric (WV-1), which represent more challenging
settings due to higher label noise and a large number of
classes.

In terms of computational cost, the wall-clock time per iter-
ation (s/iter) shows that fSGLD has a training speed com-
parable to standard optimizers like SGD and AdamW. In
contrast, SAM and ASAM incur nearly double the computa-
tional overhead due to their min-max formulations requiring
two gradient evaluations per step. This highlights a key
advantage of our method: fSGLD matches or surpasses
SAM and ASAM strong performance with a computational

budget similar to standard SGD.

Fine-tuning. We further evaluate fSGLD in a fine-tuning
setting, using a pre-trained ViT-B/16 model on CIFAR-10N
and CIFAR-100N. The results are summarized in Table
4. fSGLD outperforms standard optimizers such as SGD
and AdamW, and achieves performance competitive with or
superior to SAM and ASAM while requiring roughly half
the computational overhead.

4.4. Effect of the β-σ Coupling

To assess the effect of the proposed β-σ coupling, we con-
duct controlled experiments in which the coupling is delib-
erately violated. Specifically, we consider (i) fixing β and
varying σ over a wide range, and (ii) fixing σ and varying β.
For each configuration, we compute the implied exponent η
via the coupling formula σ = β−(1+η)/4.

In Figure 1, the primary (bottom) x-axis corresponds to the
varied parameter (σ or β), while the secondary (top) x-axis
shows the implied exponent η computed from the coupling
formula. Across both settings, performance is maximized
when the implied η lies within the theoretical range (0, 1),
and degrades outside this regime, supporting the proposed
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β-σ coupling. Moreover, performance remains stable across
a broad range of η ∈ (0, 1), indicating that fSGLD is insen-
sitive to the precise choice of η. This supports the use of a
fixed value η = 0.1 in our experiments.

(a) Fixed β = 108, varying σ.

(b) Fixed σ = 10−3, varying β.

Figure 1. Performance of fSGLD as a function of the implied ex-
ponent η, where η is computed from the coupling σ = β−(1+η)/4.
Top: fixing β and varying σ. Bottom: fixing σ and varying β. The
bottom x-axis corresponds to the varied parameter (σ or β), while
the top x-axis shows the implied exponent η.

4.5. Hessian Spectrum

To empirically verify our theoretical insight that fSGLD
finds flat minima by implicitly regularizing the Hessian
trace, we analyze the curvature of the solutions obtained by
SGD, SGLD, and fSGLD. We measure the maximum Hes-
sian eigenvalue (λtop) and the Hessian trace for a ResNet-34
trained on CIFAR-10N, using standard stochastic approxi-
mations (Appendix E.5). The results, presented in Figure 2,
confirm our hypothesis. fSGLD converges to solutions with
a significantly smaller maximum eigenvalue and Hessian
trace compared to SGD and SGLD.

5. Related Work and Discussions
We review the most relevant literature on SAM, RWP,
Hessian-based optimization, and SGLD.

Flat Minima and Generalization. Empirical studies
(Keskar et al., 2017; Jastrzkebski et al., 2017; Jiang et al.,
2020) and theoretical analyses (Dziugaite & Roy, 2017;
Neyshabur et al., 2017) consistently show that flatter min-
ima are strongly correlated with better generalization in
deep neural networks. However, elucidating precise notions
of sharpness and their relationship to generalization remains
an open and active area of research (Andriushchenko &
Flammarion, 2022; Andriushchenko et al., 2023; Ding et al.,
2024; Wen et al., 2023a; Tahmasebi et al., 2024).

SAM, RWP, and Hessian-regularized Optimizers. The
success of SAM (Foret et al., 2021) has produced a wide

range of follow-up work to improve its efficiency, effec-
tiveness, and applicability. Extensions include algorithmic
improvements to approximate the inner maximization more
efficiently (Liu et al., 2022a; Du et al., 2022a; Kwon et al.,
2021; Xie et al., 2024; Li et al., 2024b; Chen et al., 2024;
Kang et al., 2025). Beyond these, several Hessian-based reg-
ularization approaches have explored flatness from a differ-
ent angle. For example, (Sankar et al., 2021) studies explicit
Hessian-penalty methods that rely on costly approximations.
Moreover, (Zhang et al., 2024) proposes Noise-Stability
Optimization, and (Li et al., 2024a) studies random weight
perturbation with explicit Hessian penalties. Both works
focus on PAC-Bayes generalization bounds and local con-
vergence to stationary points, providing algorithm-agnostic
guarantees about the perturbed loss rather than the training
dynamics of a specific optimizer.

Flat Posterior Sampling. Recent Bayesian methods explic-
itly bias posterior inference toward flat regions of the loss
landscape. Flat-seeking Bayesian neural networks (Nguyen
et al., 2023) and Flat Posterior-aware Bayesian Model Aver-
aging (Lim et al., 2025b) modify the posterior or inference
objective to favor wide, low-curvature minima and improve
generalization. Entropy-MCMC (Li & Zhang, 2024) instead
uses entropy-regularized MCMC with auxiliary variables to
bias sampling toward flat posterior basins.

SGLD and its Non-asymptotic Analyses. Following the
seminal works of (Welling & Teh, 2011; Raginsky et al.,
2017), numerous variants of SGLD have been developed to
improve its practical performance, such as variance reduc-
tion techniques (Kinoshita & Suzuki, 2022; Dubey et al.,
2016; Huang & Becker, 2021), preconditioned SGLD (Li
et al., 2016), replica exchange SGLD (Dong & Tong, 2021;
Deng et al., 2020a). A parallel line of research has fo-
cused on its theoretical properties, particularly its non-
asymptotic guarantees. Early results (Raginsky et al., 2017;
Xu et al., 2018) showed non-asymptotic error bounds in the
Wasserstein-2 distance at a rate dependent on the number of
iterations. More recently, the state-of-the-art analyses have
established Wasserstein-1 discretization error bounds of or-
der O(λ1/2) (Zhang et al., 2023). Our discretization error
bound matches this state-of-the-art rate. However, a crucial
distinction is that prior work shows non-asymptotic error
bounds between SGLD iterates and the minimizers of the
original objective u, whereas our error bounds are between
the algorithm iterates and global flat minima. Related to this
geometric perspective, (Jules et al., 2023) uses Langevin
dynamics with thermal-like noise to analyze the geometry
of neural network loss landscapes and the structure of flat re-
gions. While their focus is on landscape analysis rather than
optimization, our work complements this perspective by de-
veloping an optimization algorithm with explicit guarantees
for targeting global flat minima.
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(a) SGD (b) SGLD (c) fSGLD

Figure 2. The distribution of the leading eigenvalues and Hessian trace of ResNet-34 trained on CIFAR-10N with SGD, SGLD, and
fSGLD.

6. Conclusion and Limitations
In this work, we proposed Flatness-Aware Stochastic Gradi-
ent Langevin Dynamics (fSGLD), a first-order optimization
algorithm designed to bias the optimization trajectory to-
ward flat minima without introducing additional memory or
extra gradient evaluations. Our main theoretical contribu-
tion is a rigorous non-asymptotic analysis of this process.
We establish non-asymptotic error bounds in Wasserstein
distance and provide the explicit excess risk bound for this
class of flatness-aware optimizers. Crucially, our theory
shows that the desired regularization effect emerges from a
precise coupling of the noise scale σ and the inverse temper-
ature β. Empirically, we conducted an extensive evaluation
of fSGLD across a broad range of evaluation protocols and
learning settings. We assessed its performance as a standard
optimizer in conventional optimization benchmarks, as well
as in Bayesian image classification, uncertainty quantifica-
tion, and out-of-distribution detection. Across these settings,
fSGLD demonstrates superior or competitive performance
against strong baselines. These gains are achieved at roughly
the same gradient evaluation and memory cost as standard
SGD and SGLD. We also systematically investigated the
effect of the β-σ coupling by varying σ and β in controlled
experiments, clearly demonstrating the effectiveness of the
theoretically prescribed coupling compared to decoupled
choices of β and σ. Lastly, Hessian spectrum analysis fur-
ther confirms that fSGLD converges to significantly flatter
minima, providing a direct validation of its mechanism.

Limitations and Future Directions. Applying fSGLD
to diffusion-based generative models (Bruno et al., 2025;
Bruno & Sabanis, 2025) is a particularly promising direc-
tion; investigating whether its bias towards flatter regions of
the loss landscape can lead to more diverse or higher-quality
samples is a compelling open question. On the theoretical
side, we leave for future work the extension of our analy-
sis to the case where u is semiconvex (i.e., its gradient is
one-sided Lipschitz), rather than satisfying Assumption 3.2.
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A. Appendix Roadmap
This appendix is organized as follows:

• Section B establishes the relationship between π⋆
β,σ and πfSGLD

β .

• Section C discusses the direct consequences of our assumptions on the fSGLD dynamics.

• Section D presents an overview of the non-asymptotic error bounds in Wasserstein distance and the expected excess
risk bounds.

• Section E reports the implementation details and complements the main empirical results with additional analyses.

B. Relationship between π⋆
β,σ and πfSGLD

β

We derive the relationship between the target measure π⋆
β,σ and the invariant measure πfSGLD

β of the fSGLD algorithm, which
will be used to prove Proposition 3.4, Theorem 3.5, and Theorem 3.8. By Taylor’s theorem, we obtain

u(θ + ϵ) = u(θ) +∇u(θ)T ϵ+ 1

2
ϵTH(θ)ϵ+

1

6

d∑
i,j,k=1

∂3u

∂θi∂θj∂θk
(θ) ϵiϵjϵk +R(θ, ϵ), (13)

where R(θ, ϵ) denotes the remainder term. Taking the expectation over ϵ ∼ N (0, σ2Id) in (13), we have

gϵ(θ) = u(θ) +
1

2
E[ϵTH(θ)ϵ] + E[R(θ, ϵ)]

= u(θ) +
1

2
tr
(
H(θ) · E[ϵT ϵ]

)
+ E[R(θ, ϵ)]

= v(θ) + E[R(θ, ϵ)],

(14)

where

v(θ) = u(θ) +
σ2

2
tr (H(θ)) .

Using Assumption 3.1, in particular σ ∈ (0, 1), and the extreme value theorem on the compact set K, there exists CK <∞
such that E[R(θ, ϵ)] ≤ σ4d2CK for all θ ∈ K. Hence, combining this bound with (9), we obtain

E[R(θ, ϵ)] ≤ σ4d2(CK + C△). (15)

Let the normalization constants of πfSGLD
β and π⋆

β,σ be defined as

Zβ :=

∫
Rd

e−βgϵ(θ) dθ, (16)

and
Zβ,σ :=

∫
Rd

e−βv(θ) dθ. (17)

Using (14), (16), and (17), we obtain the following relationship

πfSGLD
β (dθ) = Z−1

β exp(−βgϵ(θ)) dθ

= Z−1
β Zβ,σ exp(−β E[R(θ, ϵ)]) π⋆

β,σ(dθ).
(18)

The particular choice σ = β− 1+η
4 arises naturally from the relation

π⋆
β,σ(dθ)

πfSGLD
β (dθ)

∝ exp (βE[R(θ, ϵ)]),

and from the contribution of the fourth-order moments of ϵ ∼ N (0, σ2Id) to the expected remainder term, which leads,
roughly speaking, to a term of order exp

(
O(β−ηd2)

)
. As demonstrated in our experiments, this coupling yields meaningful

improvements in generalization.
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C. Additional results for Section 3.1
This section collects two technical remarks which are direct consequences of the assumptions presented in Section 3.1.
Remark C.1. By Assumption 3.1 and 3.2, the gradient ∇u(θ) = E[∇U(θ,X)] for all θ ∈ Rd, is well-defined. In addition,
one obtains for all θ, θ′ ∈ Rd,

|∇u(θ)−∇u(θ′)| ≤ L1E[φ(X0)]|θ − θ′|.

The bound of the linear growth of ∇u is O(1), i.e.

|∇u(θ)| ≤ L1E[φ(X0)]|θ|+ |∇u(0)|.

Also, Assumption 3.2 implies, for fixed ϵ̃ ∈ Rd,

|∇θU(θ + ϵ̃, x)| ≤ L1φ(x)(|θ|+ |ϵ̃|) + L2φ̄(x) + |∇U(0, 0)|,

where φ̄(x) := (φ(x) + φ(0))|x|. Using (7) and Lemma 1 in (Nesterov & Spokoiny, 2017), one obtains

|∇gϵ(θ)| ≤ L1E[φ(X0)]
(
|θ|+ σ

√
d
)
+ L2E[φ̄(X0)] + |∇U(0, 0)|.

Therefore, the introduction of the random weight perturbation ϵ into the overdamped Langevin dynamics (1) yields the
bound of the linear growth of ∇gϵ to be O(1 + σ

√
d).

Remark C.2. By Assumption 3.1 and 3.3, one obtains a dissipativity condition of ∇u, i.e., for any θ ∈ Rd,

⟨∇u(θ), θ⟩ ≥ ā|θ|2 − b̄, where ā = O(1) and b̄ = O(1). (19)

Let ζ ∈ (0, āL−2
1 (E[φ2(X0)])

−1). The inclusion of the random weight perturbation ϵ into (1) and the use of Assumptions
3.1, 3.2, and 3.3, lead to the following dissipative condition of ∇gϵ, i.e. for any θ ∈ Rd,

⟨∇gϵ(θ), θ⟩ ≥ a|θ|2 − b, (20)

where

a := ā− ζL2
1E[φ2(X0)] > 0,

b := ((2ζ)−1 + 2ζL2
1E[φ2(X0)])σ

2d+ 4ζL2
2E[φ̄2(X0)] + 4ζ|∇U(0, 0)|2 + b̄ > 0,

(21)

with φ̄ given in Remark C.1. In particular, the dissipative constants of ∇gϵ are a = O(1) and b = O(1 + σ2d).

Proof of Remark C.2. Using Assumption 3.3 and Remark C.1, and Young’s inequality, one obtains, for fixed ϵ̃ ∈ Rd

⟨∇θU(θ + ϵ̃, x), θ⟩ = ⟨∇θU(θ + ϵ̃, x), θ + ϵ̃⟩ − ⟨∇θU(θ + ϵ̃, x), ϵ̃⟩

≥ ⟨θ + ϵ̃, A(x)θ + ϵ̃⟩ − b̂(x)− ζ2−1|∇θU(θ + ϵ̃, x)|2 − (2ζ)−1|ϵ̃|2

≥ ⟨θ, (A(x)− ζL2
1φ

2(x))θ⟩+ ⟨θ,A(x)ϵ̃⟩+ ⟨ϵ̃, A(x)θ⟩+ ⟨ϵ̃, A(x)ϵ̃⟩

− 2ζL2
1φ

2(x)|ϵ̃|2 − 4ζL2
2φ̄

2(x)− 4ζ|∇U(0, 0)|2 − b̂(x)− (2ζ)−1|ϵ̃|2.

(22)

Therefore,

∇gϵ(θ) = E[EX [∇θU(θ + ϵ,X)]]

≥ (ā− ζL2
1E[φ2(X0)])|θ|2 + (ā− (2ζ)−1 − 2ζL2

1E[φ2(X0)])σ
2d− 4ζL2

2E[φ̄2(X0)]

− 4ζ|∇U(0, 0)|2 − b̄

≥ a|θ|2 − b,

where a and b are defined in (21).
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Randomized 
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Discretization
& 

Stochastic Gradient

c

Proposition 3.4

Theorem 3.5

Theorem 3.8

Original objective Randomized-smoothing surrogate Hessian-trace regularization

Figure 3. A schematic overview of the theoretical framework of fSGLD. The process begins with the original objective u(θ) and its
associated Gibbs measure πSGLD

β (left). Randomized smoothing transforms this into a tractable surrogate objective, gϵ(θ), which is the
basis for the fSGLD algorithm and its invariant measure, πfSGLD

β (center). This highlights a key distinction: while the Gibbs measure of
standard SGLD, πSGLD

β , is indifferent to the flatness of the minima, the fSGLD framework is designed such that its invariant measure,
πfSGLD
β , targets the distribution over the flattest minima. Our ultimate goal is to target the Hessian-trace regularized objective v(θ) and

its corresponding measure π⋆
β,σ , which concentrates on the desired global flat minima (right).

D. Overview of the non-asymptotic Wasserstein analysis and error bound for the expected excess
risk

In this section, we derive the results introduced in Sections 3.2 and 3.3. To provide a high-level picture of the framework,
Figure 3 summarizes the logical flow of our main results.

The proofs of Theorem 3.5 and the resulting W2 bound (Corollary D.16) rely on the following decomposition:

Wp(L(θfSGLD
k ), π⋆

β,σ) ≤Wp(L(θfSGLD
k ),L(Y λ,fSGLD

t )) +Wp(L(Y λ,fSGLD
t ), πfSGLD

β ) +Wp(π
fSGLD
β , π⋆

β,σ), (23)

for p = {1, 2}, and t ∈ (kT, (k + 1)T ]. The first term on the right-hand side of (23) corresponds to the discretization
error between the fSGLD recursion (5) and the time-rescaled version of flatness Langevin SDE (38) associated with the
randomized-smoothing surrogate objective gϵ defined in (6). The second term captures the convergence error between this
SDE and its invariant measure πfSGLD

β . The third term is the distance between the two measures provided in Proposition 3.4.
The proofs of the first two error terms follow the general structure of (Chau et al., 2021; Zhang et al., 2023), but require
substantial adaptation to handle the fSGLD update (instead of SGLD) as well as the surrogate objective function gϵ (instead
of the original objective u). The proof of the third error term is new and is provided in Appendix D.1.

The proof of Theorem 3.8 relies on the W2 bounds of the first and second error terms on the right-hand side of (23), and is
given in Appendix D.2.5.

D.1. Proof of Proposition 3.4

To prove Proposition 3.4, we will use the following result stated in Lemma D.1.
Lemma D.1. Let Assumption 3.3 hold. Then, the following set

B :=

{
θ ∈ Rd : |θ| ≤

√
b

a

}
, (24)

contains all the minimizers of u(θ) and gϵ(θ), where a and b are given in (21).

Proof of Lemma D.1. Let θ⋆gϵ and θ⋆u be a minimizer of gϵ(θ) and u(θ), respectively. By Remark C.2, we have

0 = ⟨∇u(θ⋆u), θ⋆u⟩ ≥ a|θ⋆u|2 − b, (25)

which implies

|θ⋆u| ≤

√
b

a
≤
√
b

a
.
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Again, by Remark C.2, we have

0 = ⟨∇gϵ(θ⋆gϵ), θ
⋆
gϵ⟩ ≥ a|θ⋆gϵ |

2 − b, (26)

which implies

|θ⋆gϵ | ≤
√
b

a
.

Proof of Proposition 3.4. Recall that for any µ and ν ∈ P(Rd), the Kullbak-Leibler divergence (or relative entropy) between
µ and ν is defined as

KL(µ||ν) =

{∫
Rd log

(
dµ
dν

)
dµ, if µ≪ ν,

∞, otherwise.
(27)

We use the following result from Corollary 2.3 of (Bolley & Villani, 2005): For any two Borel probability measures µ and ν
with finite second moments, one obtains

W2(µ, ν) ≤ Cν

[√
KL(µ||ν) +

(
KL(µ||ν)

2

)1/4
]
, (28)

where

Cν := 2 inf
κ̃>0

(
1

κ̃

(
3

2
+ log

∫
Rd

eκ̃|θ|
2

ν(dθ)

))1/2

. (29)

Let µ = πfSGLD
β and ν = π⋆

β,σ . Using (18), we have

KL(πfSGLD
β ||π⋆

β,σ) =

∫
Rd

log

(
πfSGLD
β (dθ)

π⋆
β,σ(dθ)

)
πfSGLD
β (dθ)

=

∫
Rd

log
(
Z−1
β Zβ,σ exp(−β E[R(θ, ϵ)])

)
πfSGLD
β (dθ)

= log

(
Zβ,σ

Zβ

)
− β

∫
Rd

E[R(θ, ϵ)] πfSGLD
β (dθ).

(30)

We focus on the first term on the right-hand side of (30). We denote the complementary set of K in Assumption 3.1 by Kc.
Using (16) and (17), one obtains

log

(
Zβ,σ

Zβ

)
= log

( ∫
K e

−βv(θ)dθ∫
K e

−βgϵ(θ)dθ +
∫
Kc e−βgϵ(θ)dθ

+

∫
Kc e

−βv(θ)dθ∫
K e

−βgϵ(θ)dθ +
∫
Kc e−βgϵ(θ)dθ

)

≤ log

(∫
K e

−βgϵ(θ)+βE[R(θ,ϵ)]dθ∫
K e

−βgϵ(θ)dθ
+

∫
Kc e

−βgϵ(θ)+βE[R(θ,ϵ)]dθ∫
Kc e−βgϵ(θ)dθ

)
≤ log

(
eβ

−ηd2CK + eβ
−ηd2C△

)
,

(31)

where the second inequality holds by Assumption 3.1, by (15), and by σ = β− 1+η
4 . Using (31) and (15) in (30) yields

KL(πfSGLD
β ||π⋆

β,σ) ≤ log
(
eβ

−ηd2CK + eβ
−ηd2C△

)
+ β

∫
Rd [|E[R(θ, ϵ)]|1K + |E[R(θ, ϵ)]|1Kc ] e−βgϵ(θ) dθ∫

Rd e−βgϵ(θ) dθ

≤ log
(
eβ

−ηd2CK + eβ
−ηd2C△

)
+ β−ηd2 (CK + C△)

=: C1.

(32)
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Thus, C1 = O(β−ηd2). We provide a bound on the constant Cπ⋆
β,σ

in (28) using the following inequality. We denote the
complementary set of B in Lemma D.1 by Bc. For θ ∈ Bc and c̃ ∈ (0, 1), we have, by Remark C.2,

gϵ(θ) = gϵ(c̃θ) +

∫ 1

c̃

⟨θ,∇gϵ(tθ)⟩ dt

≥ gϵ(θ
⋆
gϵ) +

∫ 1

c̃

t−1⟨tθ,∇gϵ(tθ)⟩ dt

≥ gϵ(θ
⋆
gϵ) +

∫ 1

c̃

t−1(a|tθ|2 − b) dt

≥ a(1− c̃2)

2
|θ|2 + b log c̃+ gϵ(θ

⋆
gϵ)

= c̄|θ|2 + b log c̃+ gϵ(θ
⋆
gϵ),

(33)

where c̄ := a(1−c̃2)
2 > 0. We use (28) with κ̃ = βc̄− γ > 0, for γ ∈ (0, 1 ∧ βc̄). Let cv := min

θ∈B
e−βv(θ). Using (33), the

inequality log(x+ y) ≤ log(2) + max(log(x), log(y)) for x, y > 0, the bound (15), and σ = β− 1+η
4 , we obtain

C2
π⋆
β,σ

≤ 6

βc̄− γ
+

4

βc̄− γ
log

(∫
Rd e

(βc̄−γ)|θ|2−βv(θ) dθ∫
Rd e−βv(θ) dθ

)

≤ 6

βc̄− γ
+

4

βc̄− γ
log

(∫
B
e(βc̄−γ)|θ|2−βv(θ) dθ∫

B
e−βv(θ) dθ

+

∫
Bc e

(βc̄−γ)|θ|2−βgϵ(θ)+βE[R(θ,ϵ)] dθ∫
B
e−βv(θ) dθ

)

≤ 6

βc̄− γ
+

4

βc̄− γ
log

(
e

(βc̄−γ)b
a +

e−βb log c̃−βgϵ(θ
⋆
gϵ

)
∫
Bc e

−|θ|2γ+βE[R(θ,ϵ)](1Kc+1Bc\Kc ) dθ

cv(
b
a )

d
2

πd/2

Γ(d/2+1)

)

≤ 6

βc̄− γ
+

4

βc̄− γ
log

(
e

(βc̄−γ)b
a +

e−βb log c̃−βgϵ(θ
⋆
gϵ

)+βσ4d2(C△+CK)a
d
2Γ(d2 + 1)

cvγ
d
2 b

d
2

)

≤ 6

βc̄− γ
+

4 log(2)

βc̄− γ
+ 4max

(
b

a
,
βb log 1

c̃

βc̄− γ
−
βgϵ(θ

⋆
gϵ)

βc̄− γ
+
β−ηd2(C△ + CK)

βc̄− γ
+

d log(a)

2(βc̄− γ)

+
log(Γ(d/2 + 1))

βc̄− γ
− log(cv)

βc̄− γ
− d log(γb)

2(βc̄− γ)

)
:= C2.

(34)

By Stirling’s formula, we have log(Γ(d/2 + 1)) = O(d log d) and by (21), we have b is O(1 + dβ− 1+η
2 ). Therefore,

C2 = O(1 + β− 1+η
2 d+ d2β−(1+η) + β−1d log(d)). Applying (28) with (32) and (34), we obtain

W2(π
fSGLD
β , π⋆

β,σ)

≤ C
1
2
2

[(√
C1 + 2−

1
4 (C1)

1/4
)]

=

[
6

βc̄− γ
+

4 log(2)

βc̄− γ
+ 4max

(
b

a
,
βb log 1

c̃

βc̄− γ
−
βgϵ(θ

⋆
gϵ)

βc̄− γ
+
β−ηd2(C△ + CK)

βc̄− γ
+

d log(a)

2(βc̄− γ)

+
log(Γ(d/2 + 1))

βc̄− γ
− log(cv)

βc̄− γ
− d log(γb)

2(βc̄− γ)

)] 1
2

×

[√
log
(
eβ−ηd2CK + eβ−ηd2C△

)
+ β−ηd2 (CK + C△)

+ 2−
1
4

(
log
(
eβ

−ηd2CK + eβ
−ηd2C△

)
+ β−ηd2 (CK + C△)

) 1
4

]
=: D,

(35)
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where D = O(β− η
4

√
d+ β− η

2 d+ β− (1+η)
2 d2).

D.2. Proof of the results in Section 3.3

We begin by presenting the framework behind this section. The ‘data’ process (Xk)k∈N in (5) is adapted to a given filtration
(Xk)k∈N representing the flow of past information, and we denote the sigma-algebra of ∪k∈NXk by X∞. In addition, we
assume that θ0 , X∞, (ϵk)k∈N, and (ξk)k∈N are all independent among themselves.

We define

λmax = min

{
min{a, a 1

3 }
16(1 + L1)2(E[(1 + φ(X0))4])1/2

,
1

a

}
, (36)

where L1, φ and a are defined in Assumptions 3.2 and Remark C.2, respectively.

We define the process (Y fSGLD
t )t≥0 as the solution of the flatness Langevin SDE

Y fSGLD
0 = θ0 ∈ Rd,

dY fSGLD
t = −∇gϵ(Y fSGLD

t )dt+
√
2β−1 dBt,

(37)

where Bt is a standard d-dimensional Brownian motion. Denote by (Ft)t≥0 the natural filtration of (Bt)t≥0 and by Σθ0 the
sigma-algebra generated by θ0, and we assume that (Ft)t≥0 is independent of X∞ ∨ Σθ0 . Furthermore, denote by F∞ the
sigma-algebra of

⋃
t≥0 Ft. Since ∇gϵ is Lipschitz-continuous as a consequence of Assumptions 3.1 and 3.2, the flatness

Langevin SDE (37) has a unique solution adapted to (Ft)t≥0.

To facilitate the convergence analysis, we consider the time-rescaled version of the process (37). For each λ > 0, let
Y λ,fSGLD
t := Y fSGLD

λt , t ≥ 0 with

Y λ,fSGLD
0 = θ0

dY λ,fSGLD
t = −λ∇gϵ(Y λ,fSGLD

t ) dt+
√
2λβ−1 dB̂λ

t ,
(38)

where B̂λ
t := Bλt/

√
λ, t ≥ 0 is a Brownian motion. The natural filtration of (B̂λ

t )t≥0 is denoted by (Fλ
t )t≥0 with

Fλ
t := Fλt, t ∈ R+ and is independent of X∞ ∨ Σθ0 . For a positive real number a, we denote its integer part by ⌊a⌋ and

its ceiling by ⌈a⌉. Then, we define the continuous-time interpolation of fSGLD algorithm (5) as the process (θ̄fSGLD
t )t≥0

solving

θ̄fSGLD
0 = θ0,

dθ̄fSGLD
t = −λ∇θU(θ̄fSGLD

⌊t⌋ + ϵ⌈t⌉, X⌈t⌉) dt+
√
2λβ−1dB̂λ

t .
(39)

For the convergence analysis, we work with the continuous-time interpolation (39) instead of the discrete update (5), since
both share the same law at the grid points, i.e., L(θ̄fSGLD

k ) = L(θfSGLD
k ) for all k ∈ N. Moreover, we consider the following

continuous-time process (Φs,u,λ,fSGLD
t )t≥s defined as the solution of

Φs,u,λ,fSGLD
s = u ∈ Rd

dΦs,u,λ,fSGLD
t = −λ∇gϵ(Φs,u,λ,fSGLD

t ) dt+
√
2λβ−1 dB̂λ

t .
(40)

Fix k ∈ N. For any t ≥ kT , define the auxiliary process

Φ̄λ,k,fSGLD
t := Φ

kT,θ̄fSGLD
kT ,λ,fSGLD

t , where T := ⌊1/λ⌋. (41)

In other words, Φ̄λ,k,fSGLD
t in (41) is a process started from the value of the continuous-time interpolation fSGLD process

(39) at time kT and run until time t ≥ kT with the continuous-time flatness Langevin dynamics.

We use the following triangle inequality to establish the non-asymptotic bounds in Theorem 3.5 and its W2 consequence
(Corollary D.16):

Wp(L(θfSGLD
k ), π⋆

β,σ) ≤Wp(L(θ̄fSGLD
t ),L(Φ̄λ,k,fSGLD

t )) +Wp(L(Φ̄λ,k,fSGLD
t ),L(Y λ,fSGLD

t ))

+Wp(L(Y λ,fSGLD
t ), πfSGLD

β ) +Wp(π
fSGLD
β , π⋆

β,σ), with p ∈ {1, 2}.
(42)
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We control the four terms on the right-hand side of (42) separately. The bounds for the first three terms follow the general
methodology of (Chau et al., 2021; Zhang et al., 2023), with Assumption 1 in (Zhang et al., 2023) replaced by Assumption
3.1, and using the bounds for the linear growth and the dissipativity of ∇gϵ established in Remarks C.1 and C.2, respectively.
For completeness, we reproduce these proofs here to make the theoretical analysis of fSGLD self-contained. The bound for
the fourth term on the right-hand side of (42) is provided in Proposition 3.4.

D.2.1. BOUND FOR W2(L(θ̄FSGLD
t ),L(Φ̄λ,k,FSGLD

t ))

We will use the results stated in Lemma D.2 and Lemma D.6 to derive the bound for the first term on the right-hand side of
(42) in Lemma D.7.

Lemma D.2 (Moment bounds of (39)). Let Assumptions 3.1, 3.2 and 3.3 hold. For any 0 < λ ≤ λmax given in (36), one
obtains

sup
t>0

E[|θ̄fSGLD
t |2] ≤ E[|θ0|2] + α1(λmax + a−1) <∞,

where

α1 := 4λmaxL
2
1E
[
φ2(X0)

]
σ2d+ 4λmaxL

2
2E
[
φ̄2(X0)

]
+ 4λmax|∇U(0, 0)|2 + 2b+ 2dβ−1

= O
(
d(σ2 + β−1) + 1

)
,

(43)

with a and b given in Remark C.2. In addition, one obtains for t ∈ (k, k + 1] with k ∈ N,

E
[
|θ̄fSGLD

t |4
]
≤ (1− aλ(t− k))(1− aλ)k E[|θ̄fSGLD

0 |4 + α3(λmax + a−1),

where

M := max{(8ba−1 + 96a−1λmax(σ
2dL2

1E
[
φ2(X0)

]
+ L2

2E
[
φ̄2(X0)

]
+ |∇θU(0, 0)|2))1/2,

(256a−1λ2max(L
3
2E
[
φ̄3(X0)

]
+ |∇θU(0, 0)|3))1/3}

= O(σ
√
d(σ

√
d ∨ 1) + 1),

α2 := 4bM2 + 304(1 + λmax)
3

×
(
8(1 + L1)

4(1 + d(d+ 2)σ4) + (1 + L2)
4E
[
(1 + φ̄(X0))

4
]
+ [(1 + |∇θU(0, 0)|)4]

)
(1 +M)2

= O(σ4d(σ2d ∨ 1) + 1),

α3 := (1 + aλmax)α2 + 12d2β−2(λmax + 9a−1)

= O(σ4d(σ2d ∨ 1) + d2β−2 + 1).

(44)

In particular, this implies sup
t>0

E[|θ̄fSGLD
t |4] <∞.

Proof. This follows along the same lines as Lemma 4.2 of (Zhang et al., 2023) under our own Assumptions 3.1, 3.2, and 3.3,
and using the estimates in Remark C.1 and C.2.

We define, for each p ≥ 1, the Lyapunov function Ṽp by Ṽp(θ) := (1+ |θ|2)p/2, θ ∈ Rd, and similarly ṽp(ω) := (1+ω2)p/2,
for any real ω ≥ 0. We establish a drift condition for the flatness Langevin SDE (37), which will be instrumental in deriving
moment bounds for the continuous-time process Φ̄λ,k, fSGLD

t in Lemma D.11.

Lemma D.3. Let Assumptions 3.1 and 3.3 hold. Then, for each p ≥ 2, θ ∈ Rd,

∆Ṽp(θ)β
−1 − ⟨∇gϵ(θ),∇Ṽp(θ)⟩ ≤ −ᾱ(p)Ṽp(θ) + α̃(p),

where ᾱ(p) := ap/4 and α̃(p) := (3/4)ap ṽp(M̄p) with M̄p := (1/3 + 4b/(3a) + 4d/(3aβ) + 4(p− 2)/(3aβ))1/2.

Proof. This follows by replacing the Langevin SDE (1) with the flatness Langevin SDE (37) and using Remark C.2 in the
arguments of the proof of Lemma 3.5 of (Chau et al., 2021).
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Lemma D.4. Let F ,X ,H ⊂ M be sigma-algebras. Let X,Y be Rd-valued random vectors in L2(Ω) such that Y is
measurable with respect to F ∨ X ∨H. Then,

E1/2
[
|X − E[X|F ∨ X ∨H]|2

∣∣∣X ∨H
]
≤ 2E1/2

[
|X − Y |2

∣∣∣X ∨H
]
.

Proof. This follows by applying Lemma 6.1 of (Chau et al., 2019) to F ∨N , where the sigma-algebra N := X ∨H.

Lemma D.5. Let Assumptions 3.1, 3.2 and 3.3 hold. For any t ∈ (kT, (k + 1)T ], with k,N ∈ N and n = 1, . . . , N + 1,
where N + 1 ≤ T , one obtains

E[|∇gϵ(Φ̄λ,k,fSGLD
t )−∇θU(Φ̄λ,k,fSGLD

t + ϵkT+n, XkT+n)|2] ≤ e−aλt/2ψ̄ZE[Ṽ2(θ0)] + ψ̃Z ,

where

ψ̄Z = 16L2
2E[(φ(X0) + φ(E[X0]))

2|X0 − E[X0]|2]
= O(1),

ψ̃Z = 16L2
2E[(φ(X0) + φ(E[X0]))

2|X0 − E[X0]|2](3ṽ2(M̄2) + α1(λmax + a−1) + 1) + 8L2
1E[φ2(X0)]σ

2d

= O
(
d(σ2 + β−1) + 1

)
,

(45)

with M̄2 and α1 given in Lemma D.3 and Lemma D.2, respectively.

Proof. We adapt the proof of Lemma A.1 of (Zhang et al., 2023) to the process (41) and our framework. The perturbation
(ϵk)k∈N in (5) is adapted to a given filtration (Hk)k∈N, and we denote the sigma-algebra of ∪k∈NHk by H∞. Then, we
define the filtration Jt = Fλ

∞ ∨X⌊t⌋ ∨H⌊t⌋. Then, the result follows by an application of Lemma D.4, Assumption 3.2, and
Lemma D.11

E
[∣∣∣∇gϵ(Φ̄λ,k,fSGLD

t )−∇θU(Φ̄λ,k,fSGLD
t + ϵkT+n, XkT+n)

∣∣∣2]
= E

[
E
[∣∣∣∇gϵ(Φ̄λ,k,fSGLD

t )−∇θU(Φ̄λ,k,fSGLD
t + ϵkT+n, XkT+n)

∣∣∣2∣∣∣∣JkT

]]
= E

[
E

[∣∣∣∣∣E
[
∇θU(Φ̄λ,k,fSGLD

t + ϵkT+n, XkT+n)

∣∣∣∣∣JkT

]

−∇θU(Φ̄λ,k,fSGLD
t + ϵkT+n, XkT+n)

∣∣∣∣∣
2∣∣∣∣∣JkT

]]

≤ 4E

[
E

[∣∣∣∣∣∇θU(Φ̄λ,k,fSGLD
t + ϵkT+n, XkT+n)

−∇θU(Φ̄λ,k,fSGLD
t + E [ϵkT+n| JkT ] ,E [XkT+n| JkT ])

∣∣∣∣∣
2∣∣∣∣∣JkT

]]

≤ 8L2
1E[φ2(X0)]σ

2d+ 8L2
2E
[
(φ(X0) + φ(E[X0]))

2|X0 − E[X0]|2
]
E
[(

1 +
∣∣∣Φ̄λ,k,fSGLD

t

∣∣∣2)]
≤ 8L2

1E[φ2(X0)]σ
2d+ 16L2

2E
[
(φ(X0) + φ(E[X0]))

2|X0 − E[X0]|2
]

×
(
e−λta/2E[Ṽ2(θ0)] + α1(λmax + a−1) + 3ṽ2(M̄2) + 1

)
.

Lemma D.6. Let Assumptions 3.1, 3.2 and 3.3 hold, and let λmax be given in (36). Then, for any t > 0,

E
[
|θ̄fSGLD

⌊t⌋ − θ̄fSGLD
t |2

]
≤ λ

[
e−λa⌊t⌋ψ̄Y E[Ṽ2(θ0)] + ψ̃Y

]
,
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where

ψ̄Y := 4λmaxL
2
1E[φ2(X0)]

= O(1),

ψ̃Y := 4α1L
2
1λmaxE[φ2(X0)](λmax + a−1) + 4λmax(L

2
1σ

2dE[φ2(X0)] + L2
2E[φ̄2(X0)] + |∇θU(0, 0)|2) + 2dβ−1

= O
(
1 + d(σ2 + β−1)

)
,

(46)

with α1 given in Lemma D.2.

Proof. This follows by applying Remark C.1 and Lemma D.2 in the proof of Lemma A.2 of (Zhang et al., 2023).

We now proceed to bound the first term in (42).
Lemma D.7. Let Assumptions 3.1, 3.2, and 3.3 hold. For any 0 < λ < λmax given in (36), t ∈ (kT, (k + 1)T ],

W2(L(θ̄fSGLD
t ),L(Φ̄λ,k,fSGLD

t )) ≤
√
λ
(
e−ak/4D̄2,1E[Ṽ2(θ0)] + D̄2,2

)1/2
,

where

D̄2,1 := 4e4L
2
1E[φ

2(X0)](L2
1E[φ2(X0)]ψ̄Y + ψ̄Z)

= O(1),

D̄2,2 := 4e4L
2
1E[φ

2(X0)](L2
1E[φ2(X0)]ψ̃Y + ψ̃Z)

= O
(
d(σ2 + β−1) + 1

)
,

(47)

with ψ̄Y , ψ̃Y given in (46), and ψ̄Z , ψ̃Z given in (45).

Proof. This follows by applying Lemma D.6 together with the argument used in the proof of Lemma 4.7 of (Zhang et al.,
2023). We summarize the main steps in the following. Using (39), the process (41), Remark C.1, and it follows that for any
t ∈ (kT, (k + 1)T ],∣∣∣Φ̄λ,k,fSGLD

t − θ̄fSGLD
t

∣∣∣ ≤ λ

∣∣∣∣∫ t

kT

[
∇θU(θ̄fSGLD

⌊s⌋ + ϵ⌈s⌉, X⌈s⌉)−∇θU(Φ̄λ,k,fSGLD
s + ϵ⌈s⌉, X⌈s⌉)

]
ds

∣∣∣∣
+ λ

∣∣∣∣∫ t

kT

[
∇gϵ(Φ̄λ,k,fSGLD

s )−∇θU(Φ̄λ,k,fSGLD
s + ϵ⌈s⌉, X⌈s⌉)

]
ds

∣∣∣∣
≤ λL1

∫ t

kT

φ(X⌈s⌉)
∣∣∣θ̄fSGLD

⌊s⌋ − Φ̄λ,k,fSGLD
s

∣∣∣ds
+ λ

∣∣∣∣∫ t

kT

[
∇gϵ(Φ̄λ,k,fSGLD

s )−∇θU(Φ̄λ,k,fSGLD
s + ϵ⌈s⌉, X⌈s⌉)

]
ds

∣∣∣∣ .
(48)

Squaring both sides of (48) and taking expectations, we obtain using λT ≤ 1 and Lemma D.6

E
[∣∣∣Φ̄λ,k,fSGLD

t − θ̄fSGLD
t

∣∣∣2] ≤ 4λL2
1E
[
φ2(X0)

] ∫ t

kT

E
[∣∣∣θ̄fSGLD

⌊s⌋ − θ̄fSGLD
s

∣∣∣2] ds
+ 4λL2

1E
[
φ2(X0)

] ∫ t

kT

E
[∣∣θ̄fSGLD

s − Φ̄λ,k,fSGLD
s

∣∣2] ds
+ 2λ2E

[∣∣∣∣∫ t

kT

[
∇gϵ(Φ̄λ,k,fSGLD

s )−∇θU(Φ̄λ,k,fSGLD
s + ϵ⌈s⌉, X⌈s⌉)

]
ds

∣∣∣∣2
]

≤ 4λL2
1E
[
φ2(X0)

]
(e−λakT ψ̄Y E[Ṽ2(θ0)] + ψ̃Y )

+ 4λL2
1E
[
φ2(X0)

] ∫ t

kT

E
[∣∣θ̄fSGLD

s − Φ̄λ,k,fSGLD
s

∣∣2] ds
+ 2λ2E

[∣∣∣∣∫ t

kT

[
∇gϵ(Φ̄λ,k,fSGLD

s )−∇θU(Φ̄λ,k,fSGLD
s + ϵ⌈s⌉, X⌈s⌉)

]
ds

∣∣∣∣2
]
.

(49)

22



Flatness-Aware Stochastic Gradient Langevin Dynamics

We now bound the last term on the right-hand side of (49) by splitting the final integral. Let kT +N < t ≤ kT +N + 1
with N + 1 ≤ T,N ∈ N. It follows that

2λ2
∣∣∣∣∫ t

kT

[
∇gϵ(Φ̄λ,k,fSGLD

s )−∇θU(Φ̄λ,k,fSGLD
s + ϵ⌈s⌉, X⌈s⌉)

]
ds

∣∣∣∣2
= 2λ2

N∑
n=1

∣∣∣∣∣
∫ kT+n

kT+(n−1)

[∇gϵ(Φ̄λ,k,fSGLD
s )−∇θU(Φ̄λ,k,fSGLD

s + ϵkT+n, XkT+n)]ds

∣∣∣∣∣
2

+ 4λ2
N∑

n=2

n−1∑
j=1

〈∫ kT+n

kT+(n−1)

[∇gϵ(Φ̄λ,k,fSGLD
s )−∇θU(Φ̄λ,k,fSGLD

s + ϵkT+n, XkT+n)]ds,

∫ kT+j

kT+(j−1)

[∇gϵ(Φ̄λ,k,fSGLD
s )−∇θU(Φ̄λ,k,fSGLD

s + ϵkT+j , XkT+j)]ds

〉

+ 4λ2
N∑

n=1

〈∫ kT+n

kT+(n−1)

[∇gϵ(Φ̄λ,k,fSGLD
s )−∇θU(Φ̄λ,k,fSGLD

s + ϵkT+n, XkT+n)]ds,∫ t

kT+N

[∇gϵ(Φ̄λ,k,fSGLD
s )−∇θU(Φ̄λ,k,fSGLD

s + ϵkT+N+1, XkT+N+1)]ds

〉
+ 2λ2

∣∣∣∣∫ t

kT+N

[∇gϵ(Φ̄λ,k,fSGLD
s )−∇θU(Φ̄λ,k,fSGLD

s + ϵkT+N+1, XkT+N+1)]ds

∣∣∣∣2 ,
Let the filtration Jt be as in the proof of Lemma D.5. Observe that for any n = 2, . . . , N , j = 1, . . . , n− 1,

4λ2E

[〈∫ kT+n

kT+(n−1)

[∇gϵ(Φ̄λ,k,fSGLD
s )−∇θU(Φ̄λ,k,fSGLD

s + ϵkT+n, XkT+n)]ds,

∫ kT+j

kT+(j−1)

[∇gϵ(Φ̄λ,k,fSGLD
s )−∇θU(Φ̄λ,k,fSGLD

s + ϵkT+j , XkT+j)]ds

〉]

= 4λ2E

[
E

[〈∫ kT+n

kT+(n−1)

[∇gϵ(Φ̄λ,k,fSGLD
s )−∇θU(Φ̄λ,k,fSGLD

s + ϵkT+n, XkT+n)]ds,

∫ kT+j

kT+(j−1)

[∇gϵ(Φ̄λ,k,fSGLD
s )−∇θU(Φ̄λ,k,fSGLD

s + ϵkT+j , XkT+j)]ds

〉∣∣∣∣∣JkT+j

]]

= 4λ2E

[〈∫ kT+n

kT+(n−1)

E
[
∇gϵ(Φ̄λ,k,fSGLD

s )−∇θU(Φ̄λ,k,fSGLD
s + ϵkT+n, XkT+n)

∣∣JkT+j

]
ds,

∫ kT+j

kT+(j−1)

[∇gϵ(Φ̄λ,k,fSGLD
s )−∇θU(Φ̄λ,k,fSGLD

s + ϵkT+j , XkT+j)]ds

〉]
= 0.

By the same reasoning, we obtain for all 1 ≤ n ≤ N

4λ2E

[〈∫ kT+n

kT+(n−1)

[∇gϵ(Φ̄λ,k,fSGLD
s )−∇θU(Φ̄λ,k,fSGLD

s + ϵkT+n, XkT+n)]ds,

∫ t

kT+N

[∇gϵ(Φ̄λ,k,fSGLD
s )−∇θU(Φ̄λ,k,fSGLD

s + ϵkT+N+1, XkT+N+1)]ds

〉]
= 0.
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Combining these results, we can bound the last term on the right-hand side of (49) using Lemma D.5

2λ2E

[∣∣∣∣∫ t

kT

[
∇gϵ(Φ̄λ,k,fSGLD

s )−∇θU(Φ̄λ,k,fSGLD
s + ϵ⌈s⌉, X⌈s⌉)

]
ds

∣∣∣∣2
]

= 2λ2
N∑

n=1

E

∣∣∣∣∣
∫ kT+n

kT+(n−1)

[∇gϵ(Φ̄λ,k,fSGLD
s )−∇θU(Φ̄λ,k,fSGLD

s + ϵkT+n, XkT+n)]ds

∣∣∣∣∣
2


+ 2λ2E

[∣∣∣∣∫ t

kT+N

[∇gϵ(Φ̄λ,k,fSGLD
s )−∇θU(Φ̄λ,k,fSGLD

s + ϵkT+N+1, XkT+N+1)]ds

∣∣∣∣2
]

≤ 4e−aλkT/2λ(ψ̄ZE[Ṽ2(θ0)] + ψ̃Z).

Consequently, (49) is bounded as follows

E
[∣∣∣Φ̄λ,k,fSGLD

t − θ̄fSGLD
t

∣∣∣2] ≤ 4λL2
1E
[
φ2(X0)

] ∫ t

kT

E
[∣∣θ̄fSGLD

s − Φ̄λ,k,fSGLD
s

∣∣2] ds
+ 4e−aλkT/2λ(L2

1E
[
φ2(X0)

]
ψ̄Y + ψ̄Z)E[Ṽ2(θ0)]

+ 4λ(L2
1E
[
φ2(X0)

]
ψ̃Y + ψ̃Z).

Applying Grönwall’s inequality yields

E
[∣∣∣Φ̄λ,k,fSGLD

t − θ̄fSGLD
t

∣∣∣2] ≤ λe4L
2
1E[φ

2(X0)]
[
4e−aλkT/2(L2

1E
[
φ2(X0)

]
ψ̄Y + ψ̄Z)E[Ṽ2(θ0)]

+4(L2
1E
[
φ2(X0)

]
ψ̃Y + ψ̃Z)

]
.

Finally, we obtain using λT ≥ 1/2,

W 2
2 (L(θ̄fSGLD

t ),L(Φ̄λ,k,fSGLD
t )) ≤ E

∣∣∣Φ̄λ,k,fSGLD
t − θ̄fSGLD

t

∣∣∣2
≤ λ(e−an/4D̄2,1E[Ṽ2(θ0)] + D̄2,2),

(50)

where

D̄2,1 := 4e4L
2
1E[φ

2(X0)](L2
1E
[
φ2(X0)

]
ψ̄Y + ψ̄Z),

D̄2,2 := 4e4L
2
1E[φ

2(X0)](L2
1E
[
φ2(X0)

]
ψ̃Y + ψ̃Z).

D.2.2. BOUND FOR Wp(L(Φ̄λ,k,FSGLD
t ),L(Y λ,FSGLD

t ))

Let PṼp
denote the set of µ ∈ P(Rd) satisfying

∫
Rd Ṽp(θ) µ(dθ) <∞. For µ, ν ∈ PṼ2

, let

w1,2(µ, ν) := inf
ϱ∈A(µ,ν)

∫
Rd

∫
Rd

[1 ∧ |θ − θ′|](1 + Ṽ2(θ) + Ṽ2(θ
′)) ϱ(dθ,dθ′), (51)

where we recall that A(µ, ν) denotes the set of probability measures ϱ on B(R2d) such that its respective marginals are µ
and ν.

Proposition D.8. Let Assumptions 3.1, 3.2, and 3.3 hold. Let (Ỹ fSGLD
t )t∈R+ be the solution of (37) with initial condition

Ỹ fSGLD
0 = θ̃0 which is independent of F∞ and satisfies E[|θ̃0|2] <∞. Then,

w1,2(L(Y fSGLD
t ),L(Ỹ fSGLD

t )) ≤ ĉe−ċtw1,2(L(θ0),L(θ̃0)),

where the constants ċ and ĉ are given in Lemma D.9.
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Proof. From Assumptions 3.1 and 3.2, one can deduce

|∇gϵ(θ)−∇gϵ(θ′)| ≤ L1E[φ(X0)]|θ − θ′|. (52)

The rest of the proof follows using Assumptions 3.1, 3.2, and 3.3, (52), and Lemma D.3 in the proof of Proposition 4.6 in
(Zhang et al., 2023).

Next, we provide explicitly the constants ċ and ĉ appearing in Proposition D.8.

Lemma D.9. The contraction constant ċ > 0 in Proposition D.8 is given by

ċ := min
{
ϕ̄, a/2, 3a2v2(M̄2)ε

}
/2 (53)

where a is from Remark C.2, M̄2 is from Lemma D.3, and

ϕ̄ :=

(
2
√
(3v2(M̄2)(1 + a/2)− 1)(8π/(βL1E[φ(X0)]))

)−1

×

(
exp

((√
(3v2(M̄2)(1 + a/2)− 1)(βL1E[φ(X0)]/8) +

√
8/(βL1E[φ(X0)])

)2
))−1

,

(54)

Furthermore, ε > 0 in (53) is chosen such that

ε ≤ 1 ∧

6av2(M̄2)

√
2βπ

L1E[φ(X0)]

∫ 2
√

6v2(M̄2)−1

0

exp

(
s

√
βL1E[φ(X0)]

8
+

√
8

βL1E[φ(X0)]

)2

ds

−1

. (55)

In addition, the constant ĉ > 0 is given by

ĉ := 2

(
1 + 2

√
3v2(M̄2)(1 + a/2)− 1

)
× exp

(
βL1E[φ(X0)](3v2(M̄2)(1 + a/2)− 1)/2 + 4

√
3v2(M̄2)(1 + a/2)− 1

)
/ε.

(56)

In particular,

ċ = O

(
32
√
π(1 + a2)(1 + β)

a2
√
β

(
1 +

1√
L1E[φ(X0)]

)

× e

(
8(1+2/a)(1+a+((2ζ)−1+2ζL2

1E[φ
2(X0)])σ

2d+4ζL2
2E[φ̄

2(X0)])(1+βL1E[φ(X0)])(1+d(σ2+β−1))+ 16
βL1E[φ(X0)]

))−1

,

and

ĉ = O

(√
β

L1E[φ(X0)]

(
1 + d(σ2 + β−1)

)2
× e

(
12(1+2/a)(1+a+((2ζ)−1+2ζL2

1E[φ
2(X0)])σ

2d+4ζL2
2E[φ̄

2(X0)])(1+βL1E[φ(X0)])(1+d(σ2+β−1))+ 16
βL1E[φ(X0)]

))
.

Proof. This follows by adapting the arguments in the proof of Lemma 4.11 of (Zhang et al., 2023) to the flatness Langevin
SDE (37), using (52) together with Lemma D.3.

Next, we establish uniform bounds for Ṽ4(θ̄
fSGLD
t ), Ṽ2(Φ̄

λ,k,fSGLD
t ), and Ṽ4(Φ̄

λ,k,fSGLD
t ) which will be used to control

Wp(L(Φ̄λ,k,fSGLD
t ),L(Y λ,fSGLD

t )).
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Corollary D.10. Let Assumptions 3.1, 3.2 and 3.3 hold. For any 0 < λ < λmax, k ∈ N, t ∈ (k, k + 1],

E[Ṽ4(θ̄fSGLD
t )] ≤ 2(1− aλ)⌊t⌋E[Ṽ4(θ̄fSGLD

0 )] + 2α3(λmax + a−1) + 2,

where α3 is given in Lemma D.2.

Proof. This follows from the definition of the Lyapunov function Ṽ4 together with Lemma D.2.

Lemma D.11. Let Assumptions 3.1, 3.2 and 3.3 hold. For any 0 < λ < λmax, t ≥ kT , with k ∈ N, the following inequality
holds

E[Ṽ2(Φ̄λ,k,fSGLD
t )] ≤ e−λta/2E[Ṽ2(θ0)] + α1(λmax + a−1) + 3ṽ2(M̄2) + 1,

where α1 is given in Lemma D.2. In addition, the following inequality holds

E[Ṽ4(Φ̄λ,k,fSGLD
t )] ≤ 2e−aλtE[Ṽ4(θ̄fSGLD

0 )] + 3ṽ4(M̄4) + 2α3(λmax + a−1) + 2,

where M̄2 and M̄4 are given in Lemma D.3, and α3 is given in Lemma D.2.

Proof. This follows by applying Lemma D.2, Corollary D.10, and Lemma D.3 in the proof of Lemma 4.5 of (Zhang et al.,
2023).

The bound for the second term on the right-hand side of (42) is established in the following lemma and corollary.

Lemma D.12. Let Assumptions 3.1, 3.2, and 3.3 hold, and let σ = β− 1+η
4 for η ∈ (0, 1). For any 0 < λ < λmax given in

(36), t ∈ (kT, (k + 1)T ],

W1(L(Φ̄λ,k,fSGLD
t ),L(Y λ,fSGLD

t )) ≤
√
λ(e−ċk/2D̄2,3E[Ṽ4(θ0)] + D̄2,4),

where

D̄2,3 = ĉ

(
1 +

2

ċ

)
(ea/2D̄2,1 + 12)

= O

(
eD⋆(β+d+dβ(1−η)/2+d2β−η+1)

(
1 +

1

ċ

))
,

D̄2,4 =
ĉ

1− exp (−ċ)
(D̄2,2 + 12α3(λmax + a−1) + 9ṽ4(M̄4) + 15)

= O
(
eD⋆(β+d+dβ(1−η)/2+d2β−η+1)(1− e−ċ)−1

)
,

(57)

with D̄2,1, D̄2,2 given in (47), ĉ, ċ given in Lemma D.9, α3 given in (44), and M̄4 given in Lemma D.3.

Proof. This follows by applying Proposition D.8, Lemma D.7, Corollary D.10, and Lemma D.11 together with the arguments
in the proof of Lemma 4.8 of (Zhang et al., 2023).

Corollary D.13. Let Assumptions 3.1, 3.2, and 3.3 hold, and let σ = β− 1+η
4 for η ∈ (0, 1). For any 0 < λ < λmax given in

(36), t ∈ (kT, (k + 1)T ],

W2(L(Φ̄λ,k,fSGLD
t ),L(Y λ,fSGLD

t )) ≤ λ1/4(e−ċk/4D̄⋆
2,3(E[Ṽ4(θ0)])1/2 + D̄⋆

2,4),

where

D̄⋆
2,3 :=

√
2ĉ(1 + 4/ċ)(ea/8D̄

1/2
2,1 + 2

√
2)

= O
(
eD⋆(β+d+dβ(1−η)/2+d2β−η+1) (1 + 1/ċ)

)
,

D̄⋆
2,4 :=

√
2ĉ

1− exp (−ċ/2)
(D̄

1/2
2,2 + 2

√
2α3(λmax + a−1)1/2 +

√
3ṽ

1/2
4 (M̄4) +

√
15)

= O
(
eD⋆(β+d+dβ(1−η)/2+d2β−η+1)(1− e−ċ/2)−1

)
,

(58)

with D̄2,1, D̄2,2 given in (47), ĉ, ċ given in Lemma D.9, α3 given in (44), and M̄4 given in Lemma D.3.
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Proof. This follows using Proposition D.8, Lemma D.7, Corollary D.10, and Lemma D.11 in the proof of Corollary 4.9 of
(Zhang et al., 2023).

D.2.3. BOUND FOR Wp(L(Y λ,FSGLD
t ), πFSGLD

β )

In this section, we derive a non-asymptotic bound for the third term on the right-hand side of (42).
Theorem D.14. Let Assumptions 3.1, 3.2, and 3.3 hold. Then, there exist constants ċ, ĉ > 0 such that, for every β > 0, for
0 < λ < λmax, any t ∈ (kT, (k + 1)T ], and k ∈ N,

W1(L(Y λ,fSGLD
t ), πfSGLD

β ) ≤ ĉe−ċλt

(
1 + E[Ṽ2(θ0)] +

∫
Rd

Ṽ2(θ)π
fSGLD
β (dθ)

)
,

with ĉ, ċ given in Lemma D.9.

Proof. UsingW1(µ, ν) ≤ w1,2(µ, ν), where the latter is defined in (51), and Proposition D.8, we have for t ∈ (kT, (k+1)T ]

W1(L(Y λ,fSGLD
t ), πfSGLD

β ) ≤ w1,2(L(Y λ,fSGLD
t ), πfSGLD

β )

≤ ĉe−ċλtw1,2(L(θ0), πfSGLD
β )

≤ ĉe−ċλt

(
1 + E[Ṽ2(θ0)] +

∫
Rd

Ṽ2(θ)π
fSGLD
β (dθ)

)
.

Corollary D.15. Let Assumptions 3.1, 3.2, and 3.3 hold. Then, there exist constants ċ, ĉ > 0 such that, for every β > 0, for
0 < λ < λmax, any t ∈ (kT, (k + 1)T ], and k ∈ N,

W2(L(Y λ,fSGLD
t ), πfSGLD

β ) ≤
√
2ĉ1/2e−ċλt/2

(
1 + E[Ṽ2(θ0)] +

∫
Rd

Ṽ2(θ)π
fSGLD
β (dθ)

)1/2

,

with ĉ, ċ given in Lemma D.9.

Proof. Using W2(µ, ν) ≤
√
2w1,2(µ, ν), and Proposition D.8, we have for t ∈ (kT, (k + 1)T ]

W2(L(Y λ,fSGLD
t ), πfSGLD

β ) ≤
√

2w1,2(L(Y λ,fSGLD
t ), πfSGLD

β )

≤
√
2ĉ1/2e−ċλt/2

√
w1,2(L(θ0), πfSGLD

β )

≤
√
2ĉ1/2e−ċλt/2

(
1 + E[Ṽ2(θ0)] +

∫
Rd

Ṽ2(θ)π
fSGLD
β (dθ)

)1/2

.

D.2.4. FINAL BOUND FOR Wp(L(θFSGLD
k ), π⋆

β,σ)

Proof of Theorem 3.5. Using Lemma D.7, Lemma D.12, Theorem D.14, and Proposition 3.4 in (42), we obtain for t ∈
(kT, (k + 1)T ],

W1(L(θfSGLD
k ), π⋆

β,σ) ≤W1(L(θ̄fSGLD
t ),L(Φ̄λ,k,fSGLD

t )) +W1(L(Φ̄λ,k,fSGLD
t ),L(Y λ,fSGLD

t ))

+W1(L(Y λ,fSGLD
t ), πfSGLD

β ) +W1(π
fSGLD
β , π⋆

β,σ)

≤ (D̄
1/2
2,1 + D̄

1/2
2,2 + D̄2,3 + D̄2,4)

√
λ[(e−ċk/2E[Ṽ4(θ0)] + 1)]

+ ĉe−ċλt

(
1 + E[Ṽ2(θ0)] +

∫
Rd

Ṽ2(θ)π
fSGLD
β (dθ)

)
+W2(π

fSGLD
β , π⋆

β,σ)

≤ 2e−ċk/2(λ1/2max(D̄
1/2
2,1 + D̄

1/2
2,2 + D̄2,3 + D̄2,4) + ĉ)(1 + E[|θ0|4])

+ ĉe−ċk/2

(
1 +

∫
Rd

Ṽ2(θ)π
fSGLD
β (dθ)

)
(1 + E[|θ0|4])

+
√
λ(D̄

1/2
2,1 + D̄

1/2
2,2 + D̄2,3 + D̄2,4) +D,

(59)
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where D̄2,1, D̄2,2 are given in (47) (Lemma D.7), D̄2,3, D̄2,4 are given in (57) (Lemma D.12), and D is given in (35). The
above result implies, for any k ∈ N,

W1(L(θfSGLD
(k+1)T ), π

⋆
β,σ) ≤ D1e

−ċ(k+1)/2(1 + E[|θ0|4]) + (D2 +D3)
√
λ+D, (60)

where, for σ = β− 1+η
4 , the constants are

D1 := 2eċ/2
[
(λ1/2max(D̄

1/2
2,1 + D̄

1/2
2,2 + D̄2,3 + D̄2,4) + ĉ) + ĉ

(
1 +

∫
Rd

Ṽ2(θ)π
fSGLD
β (dθ)

)]
= O

(
eD⋆(β+d+dβ(1−η)/2+d2β−η+1)

(
1 +

1

1− e−ċ

))
,

D2 := D̄
1/2
2,1 + D̄

1/2
2,2 = O

(
1 +

√
d

β(1+η)/2

)
,

D3 := D̄2,3 + D̄2,4 = O

(
eD⋆(β+d+dβ(1−η)/2+d2β−η+1)

(
1 +

1

1− e−ċ

))
,

(61)

with ĉ, ċ given in Lemma D.9 andD⋆ > 0 is independent of d, β, k. To obtain a non-asymptotic error bound for (θ̄fSGLD
(k+1))k∈N,

we set (k + 1)T to k + 1 on the left-hand side of (60), and set k + 1 to (k + 1)/T on the right-hand side of (60). By using
λ(k + 1) ≤ (k + 1)/T , it follows that, for any k ∈ N,

W1(L(θfSGLD
k+1 ), π⋆

β,σ) ≤ D1e
−ċλ(k+1)/2(1 + E[|θ0|4]) + (D2 +D3)

√
λ+D. (62)

In addition, for any δ̄ > 0, if we choose λ, k and β in (11) such that λ ≤ λmax, and

D1e
−ċλk/2(1 + E[|θ0|4]) ≤

δ̄

3
, (D2 +D3)

√
λ ≤ δ̄

3
, D ≤ δ̄

3
,

then W1(L(θfSGLD
k ), π⋆

β,σ) ≤ δ̄. This yields

β ≥ βδ̄ := D0 max

(9
√
d

δ̄

) 4
η

,

(
9d

δ̄

) 2
η

,

(
9d2

δ̄

) 2
1+η

 , (63)

where D0 > 0 is a constant collecting all the terms in (35) with no dependence on d or β, and

λ ≤ λδ̄ :=
δ̄2

9(D2 +D3)2
∧ λmax, (64)

and λk ≥ 2
ċ ln

(
3D1(1+E[|θ0|4])

δ̄

)
. From (61), it follows that

k ≥ kδ̄ :=
D⋆e

D⋆(β+d+dβ(1−η)/2+d2β−η+1)

δ̄2ċ

(
1 +

1

(1− e−ċ)2

)
× ln

(
D⋆e

D⋆(β+d+dβ(1−η)/2+d2β−η+1)

δ̄

(
1 +

1

1− e−ċ

))
.

(65)

Corollary D.16. Let Assumption 3.1, 3.2 and 3.3 hold, and let σ = β− 1+η
4 for η ∈ (0, 1). Then, there exists constants

ċ, D4, D5, D6, D > 0 such that, for every β > 0, 0 < λ ≤ λmax with λmax given in (36), and k ∈ N,

W2(L(θfSGLD
k ), π⋆

β,σ) ≤ D4e
−ċλk/4(E[|θ0|4] + 1) + (D5 +D6)λ

1/4 +D, (66)
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where ċ is given in Lemma D.9, D is the same as in Theorem 3.5 and is given explicitly in (35) and,

D4 = O

(
eD⋆(β+d+dβ(1−η)/2+d2β−η+1)

(
1 +

1

1− e−ċ/2

))
,

D5 = O

(
1 +

√
d

β(1+η)/2

)
,

D6 = O

(
eD⋆(β+d+dβ(1−η)/2+d2β−η+1)

(
1 +

1

1− e−ċ/2

))
,

with D⋆ > 0 independent of d, β, k. The explicit expressions of D4, D5, D6 are given in (68). In addition, let βδ̃ , λδ̃ , kδ̃ be
as in (69), (70), and (71) respectively. For any δ̃ > 0, if we choose β ≥ βδ̃ , λ ≤ λδ̃ , and k ≥ kδ̃ , then

W2(L(θfSGLD
k ), π⋆

β,σ) ≤ δ̃.

Remark D.17. The convergence rate in Corollary D.16 can be improved to O(λ
1
2 ) under substantially stronger assumptions

than Assumption 3.1, 3.2 and 3.3. For example, one may assume that the πfSGLD
β satisfies a log-Sobolev inequality, as in

(Huang et al., 2025). However, such assumptions go beyond the scope of our work.

Proof of Corollary D.16. Using Lemma D.7, Corollary D.13, Corollary D.15, and Proposition 3.4 in (42), and λT > 1/2,
we obtain for t ∈ (kT, (k + 1)T ],

W2(L(θfSGLD
k ), π⋆

β,σ) ≤W2(L(θ̄fSGLD
t ),L(Φ̄λ,k,fSGLD

t )) +W2(L(Φ̄λ,k,fSGLD
t ),L(Y λ,fSGLD

t ))

+W2(L(Y λ,fSGLD
t ), πfSGLD

β ) +W2(π
fSGLD
β , π⋆

β,σ)

≤
√
λ
(
e−ak/4D̄2,1E[Ṽ2(θ0)] + D̄2,2

)1/2
+ λ1/4(e−ċ/4D̄⋆

2,3(E[Ṽ4(θ0)])1/2 + D̄⋆
2,4)

+
√
2ĉ1/2e−ċλt/2

(
1 + E[Ṽ2(θ0)] +

∫
Rd

Ṽ2(θ)π
fSGLD
β (dθ)

)1/2

+D

≤ 2e−ċk/4(λ1/2max(D̄
1/2
2,1 + D̄

1/2
2,2 ) + λ1/4max(D̄

⋆
2,3 + D̄⋆

2,4) +
√
2ĉ1/2)(1 + E[|θ0|4])

+
√
2ĉ1/2e−ċk/4

(
1 +

∫
Rd

Ṽ2(θ)π
fSGLD
β (dθ)

)
≤ D4e

−ċλk/4(E[|θ0|4] + 1) + (D5 +D6)λ
1/4 +D,

(67)

where

D4 := 2(λ1/2max(D̄
1/2
2,1 + D̄

1/2
2,2 ) + λ1/4max(D̄

⋆
2,3 + D̄⋆

2,4) +
√
2ĉ1/2)

+
√
2ĉ1/2

(
1 +

∫
Rd

Ṽ2(θ)π
fSGLD
β (dθ)

)
= O

(
eD⋆(β+d+dβ(1−η)/2+d2β−η+1)

(
1 +

1

1− e−ċ/2

))
D5 := λ1/4maxD̄

1/2
2,1 + λ1/4maxD̄

1/2
2,2 = O

(
1 +

√
d

β(1+η)/2

)

D6 := D̄⋆
2,3 + D̄⋆

2,4 = O

(
eD⋆(β+d+dβ(1−η)/2+d2β−η+1)

(
1 +

1

1− e−ċ/2

))
,

(68)

where ĉ, ċ given in Lemma D.9, and D⋆ > 0 is independent of d, β, k. In addition, for any δ̃ > 0, λ, k and β such that
λ ≤ λmax, and

D4e
−ċλk/4(E[|θ0|4] + 1) ≤ δ̃

3
, (D5 +D6)λ

1/4 ≤ δ̃

3
, D ≤ δ̃

3
,
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then W2(L(θfSGLD
k ), π⋆

β,σ) ≤ δ̃. This yields

β ≥ βδ̃ := D0 max

(9
√
d

δ̃

) 4
η

,

(
9d

δ̃

) 2
η

,

(
9d2

δ̃

) 2
1+η

 , (69)

where D0 > 0 is the same as in the proof of Theorem 3.5,

λ ≤ λδ̃ :=
δ̃4

81(D5 +D6)4
∧ λmax, (70)

and λk ≥ 4
ċ ln

(
3D4(1+E[|θ0|4])

δ̃

)
. From (68), it follows that

k ≥ kδ̃ :=
D⋆e

D⋆(β+d+dβ(1−η)/2+d2β−η+1)

δ̃4ċ

(
1 +

1

(1− e−ċ/2)4
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× ln

(
D⋆e

D⋆(β+d+dβ(1−η)/2+d2β−η+1)

δ̃

(
1 +

1

1− e−ċ/2

))
.

(71)

D.2.5. NON-ASYMPTOTIC BOUND FOR THE EXPECTED EXCESS RISK

Proof of Theorem 3.8. We begin by decomposing the expected excess risk using the random variable Y fSGLD
∞ , for which

L(Y fSGLD
∞ ) = πfSGLD

β , and obtain

E[gϵ(θfSGLD
k )]− inf

θ∈Rd
gϵ(θ)

= (E[gϵ(θfSGLD
k )]− E[gϵ(Y fSGLD

∞ )]) + (E[gϵ(Y fSGLD
∞ )]− inf

θ∈Rd
gϵ(θ)).

(72)

We proceed by controlling the two terms on the right-hand side of (72) separately. By using Lemma 6 of (Raginsky et al.,
2017), Remark C.1 with σ2 = β− 1+η

2 for η ∈ (0, 1), Lemma D.2, Lemma D.7, Corollary D.13, and Corollary D.15, the first
term on the RHS of (72) can be bounded by

E[gϵ(θfSGLD
k )]− E[gϵ(Y fSGLD

∞ )]

≤
(
L1E[φ(X0)](E[|θ0|2] + α1(λmax + a−1)) + L1E[φ(X0)]σ

√
d+ L2E[φ̄(X0)] + |∇U(0, 0)|

)
×W2(L(θfSGLD

k ), πfSGLD
β )

≤ D♢
1 e

−ċλk/4 +D♢
2 λ

1/4,

(73)

where

D♢
1 := D4

(
L1E[φ(X0)](E[|θ0|2] + α1(λmax + a−1)) + L1E[φ(X0)]σ

√
d+ L2E[φ̄(X0)] + |∇U(0, 0)|

)
× (E[|θ0|4] + 1),

D♢
2 := (D5 +D6)

×
(
L1E[φ(X0)](E[|θ0|2] + α1(λmax + a−1)) + L1E[φ(X0)]σ

√
d+ L2E[φ̄(X0)] + |∇U(0, 0)|

)
,

(74)

with ċ given in (53), D4, D5, D6 given in (68), and α1 given in (43). The second term on the RHS of (72) can be controlled
using Proposition 11 of (Raginsky et al., 2017) together with (52), which leads to

E[gϵ(Y fSGLD
∞ )]− inf

θ∈Rd
gϵ(θ) ≤ D♢

#, (75)

where

D♢
# :=

d

2β
log

(
eL1E[φ(X0)]

a

(
bβ

d
+ 1

))
, (76)
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with b defined in (21). Using the estimates from (73) and (75) in (72), we obtain

E[gϵ(θfSGLD
k )]− inf

θ∈Rd
gϵ(θ) ≤ D♢

1 e
−ċλk/4 +D♢

2 λ
1/4 +D♢

#. (77)

Applying (14) on the LHS of (77), along with (15), and choosing σ4 = β−(1+η), it follows that

E[v(θfSGLD
k )]− inf

θ∈Rd
v(θ) ≤ D#

1 e
−ċλk/4 +D#

2 λ
1/4 +D#

3 , (78)

where

D♢
1 = O
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eD⋆(β+d+dβ(1−η)/2+d2β−η+1)
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1
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,
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1 +

1
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,
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3 := D♢

# + 2β−(1+η)d2(CK + C△)

= O

(
d

β
log

(
D⋆

(
β

d
+ β(1−η)/2 + 1
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+ β−(1+η)d2

)
,

(79)

with D⋆ > 0 a constant independent of d, β, k. In addition, for δ > 0, if we choose β such that D♢
3 ≤ δ/3, then choose λ

such that λ ≤ λmax and D♢
2 λ

1/4 ≤ δ/3, and choose k such that D♢
1 e

−ċλk/4 ≤ δ/3, we obtain

E[gϵ(θfSGLD
k )]− inf

θ∈Rd
v(θ) ≤ δ.

This yields

β ≥ βδ := β♢ ∨ 6d

δ
log

(
eL1E[φ(X0)]

ad
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)
∨
[
12d2(CK + C△)

δ

] 1
1+η

, (80)

where β♢ is the root of the function f♢(β) = log(β+1)
β + log

(
eL1E[φ(X0)]

ad

(
1 + d
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))
− δ
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+ β−(1+η)d2(CK + C△),

we can ensure D♢
3 ≤ δ/3 by imposing
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Moreover, one can verify that

λ ≤ λδ :=
δ4

81(D♢
2 )

4
∧ λmax, (81)

and λk ≥ 4
ċ ln

3D♢
1

δ which leads to

k ≥ kδ :=
D⋆e

D⋆(β+d+dβ(1−η)/2+d2β−η+1)

δ4ċ

(
1 +

1

(1− e−ċ/2)4
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D.2.6. TABLE OF CONSTANTS

Table 5 and Table 6 summarize the constants appearing in Theorem 3.5 and Theorem 3.8, together with their roles in the
bounds and references to their explicit definitions in the main text.

Table 5. Summary of the constants appearing in Theorem 3.5. The table lists the role of each constant together with the equation or lemma
in the main text where its explicit definition is provided.

Constants Role Reference in the main text

ċ Contraction constant of the overdamped Langevin diffusion (37) Lemma D.9

D1 Constant in the bound for the exponential mixing of the over-
damped Langevin diffusion (37)

Eq. (61)

D2 Upper bound constant for W2(L(θ̄fSGLD
t ),L(Φ̄λ,k,fSGLD

t )) Eq. (61)

D3 Upper bound constant for W1(L(Φ̄λ,k,fSGLD
t ),L(Y λ,fSGLD

t )) Eq. (61)

D Upper bound constant for W2(π
fSGLD
β , π⋆

β,σ) Eq. (35)

βδ̄ Inverse temperature threshold ensuring D ≤ δ̄/3 Eq. (63)

λδ̄ Stepsize threshold ensuring (D2 +D3)
√
λ ≤ δ̄/3 Eq. (64)

kδ̄ Iteration threshold ensuring D1e
−ċλk/2(1 + E[|θ0|4]) ≤ δ̄/3 Eq. (65)

Table 6. Summary of the constants appearing in Theorem 3.8. The table lists the role of each constant together with the equation or lemma
in the main text where its explicit definition is provided.

Constants Role Reference in the main text

ċ Contraction constant of the overdamped Langevin diffusion (37) Lemma D.9

D♢
1 Constant in the bound for the exponential mixing of the over-

damped Langevin diffusion (37)
Eq. (74)

D♢
2 Upper bound constant for the discretization error contained in

E[gϵ(θfSGLD
k )]− E[gϵ(Y fSGLD

∞ )]
Eq. (74)

D♢
3 Upper bound constant for E[gϵ(Y fSGLD

∞ )]− infθ∈Rd v(θ) Eq. (79)

βδ Inverse temperature threshold ensuring D♢
3 ≤ δ/3 Eq. (80)

λδ Stepsize threshold ensuring D♢
2 λ

1/4 ≤ δ/3 Eq. (81)

kδ Iteration threshold ensuring D♢
1 e

−ċλk/4 ≤ δ/3 Eq. (82)

E. Experimental details
E.1. Software and hardware environments

We conduct all experiments with PYTHON 3.10.9 and PYTORCH 1.13.1, CUDA 11.6.2, NVIDIA Driver 510.10 on Ubuntu
22.04.1 LTS server which equipped with AMD Ryzen Threadripper PRO 5975WX, NVIDIA A100 GPUs.

E.2. Details for Section 4.1 and 4.2

We follow the experimental protocol of Entropy-MCMC (Li & Zhang, 2024) for both image classification and out-of-
distribution (OOD) detection. Here, Entropy-SGLD refers to the learning algorithm introduced in (Dziugaite & Roy,
2018).

Datasets. For in-distribution classification, we use CIFAR-10 and CIFAR-100. For OOD evaluation, we adopt SVHN
as the out-of-distribution dataset. Following the evaluation setup of (Li & Zhang, 2024), the OOD test set is formed by
concatenating the CIFAR test split with the SVHN test split.
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Models. All experiments are conducted using a ResNet-18 backbone, aligned with the Entropy-MCMC configuration. We
keep the backbone architecture, data preprocessing, and augmentation strategies identical across all compared methods to
ensure controlled comparisons.

Implementation details. Consistent with the Bayesian marginalization procedure in (Li & Zhang, 2024), we construct the
predictive distribution by averaging network outputs over multiple parameter snapshots. For a given input x, the predictive
distribution is defined as

p(y | x) = 1

S

S∑
s=1

p(y | x, θ(s)),

where (θ(s))Ss=1 denotes the set of parameter snapshots, and we use S = 16 in all experiments. For fSGLD, we adopt the
same learning rate schedule and temperature settings as used in the Entropy-MCMC implementation to maintain strict
comparability. The noise scale is fixed to σ = 10−3.

E.3. Details for Section 4.3

Datasets. We evaluate our method on three noisy label datasets including CIFAR-10N and CIFAR-100N (Wei et al., 2022),
and WebVision (Li et al., 2017). CIFAR-10N and CIFAR-100N include real-world annotation errors introduced by human
annotators, offering realistic yet standardized benchmarks for noisy label learning. For CIFAR-10N, we use the aggregate
noise setting. WebVision is a large-scale, in-the-wild benchmark, consisting of more than 2.4 million images with labels
automatically collected from Google and Flickr based on the 1,000 ImageNet ILSVRC2012 categories. Following standard
protocol (Li et al., 2020; Ortego et al., 2021; Li et al., 2022), we use the first 50 classes from its Google image subset and
report Top-1 (WV-1) and Top-5 (WV-5) accuracy on the official validation set.

We follow standard data preprocessing and augmentation strategies as adopted in prior work (Li et al., 2017; Wei et al.,
2022) on noisy-label benchmarks. For CIFAR-10N and CIFAR-100N, we apply random cropping with padding, random
horizontal flipping, and normalization using dataset-specific statistics. For WebVision, we follow the preprocessing protocol
of (Kodge, 2024). We note that Noisy-label benchmarks and ViT fine-tuning are widely used in evaluating the optimizer’s
generalization ability (Luo et al., 2024; Baek et al., 2024; Tan et al., 2025).

Models. We use ResNet-34 and ResNet-50 for training from scratch. For fine-tuning experiments, we use the pre-trained
ViT-B/16 (Dosovitskiy et al., 2021) architecture, which has been trained on the ImageNet-1K (Deng et al., 2009) dataset as
the backbone on CIFAR-10N and CIFAR-100N.

Regarding model architectures, we employ the CIFAR-specific variants of ResNet-34 and ResNet-50 when training on
CIFAR-10N and CIFAR-100N, where the first convolution layer is replaced by a 3× 3 kernel with stride 1 (instead of the
7× 7 stride-2 convolution and max pooling used in ImageNet models) to accommodate the smaller 32× 32 resolution. For
WebVision, we adopt the standard ResNet implementations as provided for ImageNet-scale data.

Baselines and Implementation Details. We compare fSGLD against four baselines: SGD with momentum, AdamW
(Loshchilov & Hutter, 2019), SAM (Foret et al., 2021), and ASAM (Kwon et al., 2021). To ensure a fair comparison,
all optimizer hyperparameters are tuned using Optuna (Akiba et al., 2019) with 20 trials of Bayesian optimization. For
each optimizer, the search spaces were carefully chosen to include previously reported optimal hyperparameters from the
literature, ensuring that all baselines are strongly tuned. For experiments with training from scratch, all experiments are
trained for 150 epochs with a batch size of 128. The learning rate decays by a factor of 0.1 in the 50th and 100th epochs.
For fine tuning, models are trained for 75 epochs with a batch size of 128, decaying the rate by a factor of 0.1 at the 50th
epoch. The detailed hyperparameter search spaces for each optimizer and experimental settings are provided in Table 7.

For both training-from-scratch and fine-tuning experiments, we use the same hyperparameter search spaces. Table 7
summarizes the ranges considered for each optimizer. We do not employ any early stopping or pruning strategy during the
Optuna-based hyperparameter tuning, ensuring that each trial is fully evaluated to its final epoch. We performed the same
number of hyper-parameter trials for all methods so that the search-space exploration budget (number of trials) was identical.
Because each SAM and ASAM update requires two gradient evaluations, this design implies that, for the same number of
trials and training epochs, SAM and ASAM consumed roughly twice the wall-clock compute time of the other baselines.
Thus our tuning protocol is at least as favorable to SAM and ASAM as to the proposed fSGLD, ensuring that our reported
improvements are not due to weaker tuning of SAM and ASAM.

For fSGLD, we search over inverse temperature, ranging from β = 107 to β = 109. We only search for the optimal inverse
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temperature β and then deterministically set perturbation scale σ via our theoretically-derived relationship, σ = β− 1+η
4

with η = 0.1. This is a practical choice, as a larger η would cause σ to become too small, causing the perturbation to lose
its intended significance. A small η thus ensures stable optimization. This principled approach significantly simplifies the
search space.

Table 7. Hyperparameter search spaces for different optimizers.

Optimizer Learning rate Momentum Weight decay Other hyperparameters

SGD 10[−2,0] {0.1, 0.9} 5× 10−4 –
AdamW 10[−4,−2] – 10−2 [β1, β2] ∈ {[0.8, 0.95], [0.99, 0.999]}
SAM 10[−2,0] {0.1, 0.9} 5× 10−4 ρ ∈ 10[−3,−1]

ASAM 10[−2,0] {0.1, 0.9} 5× 10−4 ρ ∈ 10[−3,−1]

fSGLD 10[−2,0] – 5× 10−4 β ∈ 10[7,9], σ = β− 1+0.1
4

E.4. Details for Section 4.4

Figure 1 presents a sensitivity analysis of η for a ResNet-34 trained on CIFAR-10N, with the initial learning rate fixed to 0.5.
In Figure 1a and Figure 1b, we fix β = 108 and σ = 10−3, respectively. Each point corresponds to the mean classification
accuracy over three random seeds, and error bars represent the associated standard deviations.

E.5. Details for Section 4.5

For the Hessian spectrum analysis, we use the best-performing ResNet-34 model trained on CIFAR-10N under each optimizer
setting. Given a trained network fθ and loss function L, we compute Hessian-vector products (HVPs) by applying automatic
differentiation to the scalar product ∇θL

⊤v̄ for a random vector v̄. For eigenvalue computation, we adopt the Lanczos
algorithm (Lin et al., 2016) as implemented in scipy.sparse.linalg.eigsh, which allows us to approximate the
top-k eigenvalues without explicitly forming the Hessian. In all reported results, we compute up to the top 50 eigenvalues.
As a complementary measure of curvature, we estimate the trace of the Hessian using Hutchinson’s stochastic estimator
(Avron & Toledo, 2011) with Rademacher random vectors:

tr(H(θ)) ≈ 1

m

m∑
i=1

z⊤i H(θ)zi, zi ∼ Unif{±1}d,

where m = 100 in our experiments and d denotes the number of model parameters. Eigenvalue computations are performed
with a tolerance of 10−4 and a maximum of 500 iterations for the Lanczos solver.
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