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Abstract

A key challenge in developing unified neural
solvers for combinatorial optimization (CO) is the
efficient generalization of models from a given
set of tasks to new tasks unseen during initial
training. To address this, we first establish a new
GNN encoder, which uses a GCON module as a
form of expressive message passing together with
energy-based unsupervised loss functions. This
model achieves highly competitive performance
across multiple CO tasks when trained individu-
ally on each task. We then leverage knowledge
from the computational reducibility literature to
propose pretraining and fine-tuning strategies that
transfer effectively (a) between MVC, MIS and
MaxClique, and (b) in a multi-task learning set-
ting that additionally incorporates MaxCut, MDS
and graph coloring. Additionally, in a leave-one-
out, multi-task learning setting, we observe that
pretraining on all but one task almost always leads
to faster convergence on the remaining task when
fine-tuning, while avoiding negative transfer. Our
findings indicate that learning common represen-
tations across multiple graph CO problems is vi-
able through the use of expressive message pass-
ing coupled with pretraining strategies that are
informed by the polynomial reducibility litera-
ture, thereby taking an important step towards
enabling the development of foundational models
for neural CO. We provide an open source imple-
mentation of our work at https://github.
com/semihcanturk/COPT-MT.
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1. Introduction

The ability to transfer performance from one task to another
is a crucial challenge in the development of modern Al since
it eliminates the need to train a model from scratch each time
that a new task is encountered. Instead, we seek to train a
model to perform well on a representative collection of prob-
lems in such a way that it may be easily adapted to each new
task in a relatively lightweight manner. Common techniques
for this include partial fine-tuning as well as attaching rela-
tively simple downstream task heads to an otherwise frozen
architecture (Oquab et al., 2014; Zeiler & Fergus, 2014;
Devlin et al., 2019; You et al., 2021; Kaur et al., 2021).
For example, in medical image analysis, pretrained vision
models have been shown to provide meaningful features,
significantly improving conventional ML efficacy (Kaur &
Mahajan, 2025), and a promising initialization for further
fine-tuning under data scarcity conditions (Eliwa, 2025).

We note that while transferability has only recently emerged
to the forefront of modern ML/AI, it has been a cornerstone
of theoretical CS for many decades. Indeed, the study of
computability and complexity relies on a hierarchical struc-
ture of equivalence classes defined by appropriate reductions
between problems (Cormen et al., 2022; Papadimitriou &
Steiglitz, 1998). Perhaps the most prominent examples are
the classes P and NP, containing problems that are solvable
in deterministic vs. non-deterministic polynomial time (cor-
respondingly). To show that a problem is in P, one has to
either find a direct algorithm that solves it, or — perhaps
more often — an indirect solution via a polynomial reduction
to another problem that is known to be in P. This reduction
would translate the inputs to the target problem, and then
translate the solution from it back to that of source problem.
As long as both translation steps can be done in polynomial
time, their cascade with the polynomial algorithm for the
target problem would also result in a polynomial algorithm.
Similarly, membership in NP can be established either by
verifying a hypothesized solution in polynomial time, either
directly, or indirectly via reduction to a known NP prob-
lem (i.e., by translating the candidate solution to test on
it). In particular, the study of such reductions gives rise to
the notion of NP-complete (or NP-hard) problems — those
to which every problem in NP can be (polynomially) re-
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duced. Indeed, these problems form an upper bound on NP
complexity, in the sense that if any of them is solvable in
polynomial time, it would immediately enable polynomially
solving any problem in NP via a cascade of reductions.

We note that while the discussion above focused on polyno-
mial complexity, numerous other complexity classes have
been extensively studied, such as poly-logarithmic, linear,
or randomized-polynomial time, as well as ones focusing on
other algorithmic aspects, such as parallelization capabilities
and space requirements. A common theme in each of these
is the reliance on complexity-bounded reductions, yielding
the notion of completeness (or hardness) of problem classes.
Further, in these studies, typically only a handful of core
problems that are directly solved via a handcrafted algo-
rithm, whereas the other problems are indirectly solved by
reducibility. We refer the reader to Cormen et al. (2022);
Papadimitriou & Steiglitz (1998) for further details and ex-
tensive background on these topics. Intuitively, one could
argue that the aim of foundation models in deep learning is
similar, at least in spirit, to these studies, in that they aim
to establish a core set of tasks (with associated loss terms
and curated data) that are sufficient to elicit emergent be-
havior, by which entire families of problems (or tasks) will
be easily, if not trivially, approached with relatively simple
adaptation of the core foundation model.

In this work, we investigate whether the notion of efficient
(e.g., complexity-bounded) reducibility can inspire, or po-
tentially inform, decisions regarding transferability. This is
particularly relevant in combinatorial optimization problems
on graphs, which have been of high interest in recent graph
neural network studies, as well as in theoretical computer
science, motivated in part by applications in, e.g., logistics
(Bao et al., 2018), healthcare (Zhong & Tang, 2021), and
scientific discovery (Naseri & Koffas, 2020).

Notably, most graph CO problems are NP-hard and feature
an exponential search space, which makes their direct solu-
tion computationally prohibitive. Nevertheless, numerous
recent work have produced promising results for generat-
ing approximate solutions for individual CO tasks, often
using networks that are trained by task-specific loss func-
tions (Lucas, 2014; Karalias & Loukas, 2020; Min et al.,
2022; Zhang et al., 2023). Here, we seek to build on their
work towards a unified model that is able to solve multi-
ple CO tasks simultaneously, utilizing connections between
transferability and reducibility. In particular, we aim to re-
place traditional reductions (driven by complexity bounds)
with efficient transfer learning mechanisms suitable for in-
tegration in deep learning paradigms, and establish empir-
ically their cross-task generalization feasibility. In doing
80, we aim to provide an important stepping stone towards
the development of foundation models that form a universal
neural solver for CO problems.

To this end, we first establish, in Sec. 3, new baselines
for individual CO tasks based on the Graph Combinato-
rial Optimization Network (GCON) network introduced by
Wenkel et al. (2025) and show that this method matches
the performance of most current methods, and occasion-
ally challenges the state-of-the-art (albeit not our primary
focus here). Namely, we focus on the following six prob-
lems, described in further detail in Sec. 3.3: Maximum
Independent Set (MIS), Minimum Dominating Set (MDS),
Minimum Vertex Cover (MVC), Max Clique, Max Cut, and
Graph Coloring. We then turn our attention to transferabil-
ity, first studying in Sec. 4 pairwise transferability between
three of these tasks. There, we explore the relation between
reducibility and transferability, while also elucidating the
challenges in translating theoretical knowledge to practical
application in deep learning settings. Next, in Sec. 5 we
shift towards a more realistic setting, addressing a primary
prerequisite for the development of transferable foundation
models, which are based on forming a unified trunk pre-
trained via multi-task learning, and that can generalize to
new tasks with relatively light-weight adaptation.

Our results indicate that while indeed some connections
arise between the notions of reducibility and neural trans-
ferability, these connections are not trivial and further work
is needed to fully elucidate them. Nevertheless, we see our
contributions as providing a stepping stone for further stud-
ies on this topic, and a promising starting point for future
work on universal neural CO solvers.

2. Related Work

Several prominent lines of research have emerged as part of
the recent interest in graph CO problems. We focus here on
a brief summary of the ones most relevant to this work.

Neural CO. The discrete nature of combinatorial opti-
mization problems and their natural representability through
graphs render them of particular interest to the graph learn-
ing community. As part of the recent interest in neural
CO solvers, several prominent lines of research emerged.
Most early prominent works, such as Gasse et al. (2019);
Li et al. (2018) and Selsam et al. (2019), have focused on
supervised approaches for neural CO. However, supervised
approaches are inherently limited in that obtaining labels
for NP-hard problems becomes computationally infeasible.
Consequently, other lines of works have taken precedence in
recent years, namely reinforcement learning (RL) (Dai et al.,
2017; Bello et al., 2017; Yolcu & Poczos, 2019) (and related
methods like generative flow networks (Zhang et al., 2023)),
and unsupervised learning (Tonshoff et al., 2021; 2023;
Amizadeh et al., 2019; 2020; Sanokowski et al., 2024). Un-
supervised methods are typically concerned with designing
task-specific loss functions such that the optimal solution to
the CO problem minimizes this loss.
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Figure 1. (Left) Reduction between tasks for pairwise transferability section: MIS/MVC are complements, but MaxClique is based on an
auxiliary graph. (Right) Multi-task learning / fine-tuning architecture (pretraining set in green, fine-tuning set in purple).

Our work is closely related to a family of methods that
train graph neural networks (GNN) in an unsupervised, end-
to-end differentiable manner. Karalias & Loukas (2020)
spearheaded this direction by proposing a surrogate loss
function for the MaxClique and graph partitioning problems,
together with sequential decoding of probabilistic predic-
tions to obtain valid solutions. Min et al. (2022) paired
this framework with a GNN derived from the geometric
scattering transform (Gao et al., 2019) to obtain further com-
petitive results on approximate MaxClique, while Min et al.
(2023) used a similar setup for the traveling salesman prob-
lem. A recent subset of unsupervised GNN-based solvers
use physics-inspired loss functions based on Lucas (2014),
which show that many CO problems map to the Ising model,
and minimizing the corresponding Hamiltonian representing
its energy landscape is equivalent to solving them. Schuetz
et al. (2022a); Krylova & Phillipson (2025) tackle MaxCut
and MIS using this recipe while Schuetz et al. (2022b) ex-
tend it to graph coloring. More recently, Sanokowski et al.
(2024) used task-specific Hamiltonians to train a diffusion
model and attain competitive results across multiple tasks.

Multi-Task neural CO. Most attempts to develop a uni-
fied model for CO problems are based on supervised or
reinforcement learning. Examples include GOAL (Drakulic
et al., 2024), a generalist model consisting of a single back-
bone based on mixed-attention blocks that learns from
imitating expert trajectories, UniCO (Zong et al., 2025),
framing problems as Markov Decision Process and incorpo-
rating a CO-prefix design and a two-stage self-supervised
learning scheme, and the RL- models in Li et al. (2025);
Wang et al. (2025), based on gradient homogenization and
a multi-armed bandits respectively. Other methods (Berto
et al., 2024; Lin et al., 2024; Liu et al., 2024; Zhou et al.,
2024) propose RL-based pretraining-fine-tuning approaches

specifically for different variations of vehicle routing prob-
lems (VRCs). Finally, alternative approaches aim to obtain
generic representations via SAT bipartite graphs (Guo et al.,
2025; Zeng et al., 2023) or syntax trees capturing problem
constraints (Boisvert et al., 2024). Unlike these methods,
we rely on unsupervised learning with task-specific loss
functions, which avoids problems arising from reliance on
labels or the large size of the state space in RL. Moreover,
we avoid transforming the graphs to a common SAT or ab-
stract representation but rather work on the original graph
structure (see Appendix C for a comparison of the two
approaches) by using a GCON backbone that leverages a
complex filter bank and localized attention mechanisms to
learn approximate solutions to CO problems (Wenkel et al.,
2025). Finally, unlike most of these methods, which do
not justify their selection of pretraining tasks theoretically,
we aim to use known polynomial reductions to show simi-
lar problems transfer effectively between each other, thus
guiding our pretraining tasks selection.

Polynomial reductions for CO problems. Combinato-
rial optimization problems have been extensively studied
in the computer science literature, for example with Karp’s
21 NP-complete problems (Karp, 1972). Many polynomial
reductions are well known between these problems. For
instance, reductions between the maximum clique (Max-
Clique), maximum independent set (MIS) and minimum
vertex cover (MVC) can be obtained from the following
lemma.

Lemma 2.1 (Garey & Johnson, 1979). For any graph G =
(V,E) and subset V' C 'V, the following statements are
equivalent: 1. V' is a vertex cover for G; 2. V\ V' is an
independent set for G; and 3. V '\ V' is a clique in the
complement G of G, where G = (V, E).
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Moreover, Filar et al. (2019) demonstrate the existence of
a kernel subset of Karp’s 21 problems. Specifically, they
define problem () as belonging to the linear orbit of P if
there exists a reduction where the input size of () is bounded
by a linear function of the input size of P. They then show
that every problem in Karp’s original set can be reduced with
linear growth in problem size to at least one problem within
this kernel. In particular, their work implies that MaxClique,
MaxCut, Node Cover (MVC and therefore MIS), and Set
Cover (of which MDS is a special case) reside in the linear
orbit of 0-1 Programming. Note that conversely, problems
like Chromatic Number (K -coloring) and the Hamiltonian
Cycle Problem appear to occupy different linear orbits.

3. Methodology

Table 1. Energy-based loss functions for CO problems considered.
Table extended from Sanokowski et al. (2024).

CO PROBLEM  OBJECTIVE: minx¢ g 13~ H(X)

MIS H(X)=-AY, Xi+ B jyee Xi - X,
N N
MDS HX) =AY Xi+BYio, (1= X) [Lieny 1 - X))
MAXCLIQUE  H(X) =AY, Xi+ B jyae Xi - X;
MAXCUT H(o) =~ pee 1’;’”“ WHERE 0; = 2X; — 1

MvC HX) =AY Xi+ BY; jyee (1 - Xi) - (1- X))
K-COoLORING  H(X) =Y, (1= T/, Xi)? + T jyee Lret Xin Xk

We frame each CO task as an unsupervised learning problem,
and assume we do not have access to the set of interest or
even the size of this set. Throughout, we assume undirected
and unweighted graphs G := (V, E), V = {v1,...,un},
though much of our work can easily be extended to weighted
graphs. We denote the complement of G as G := (V, E).

When training models from scratch, our pipeline largely
follows Wenkel et al. (2025) and Karalias & Loukas (2020).
We first train a GNN encoder, which is trained by a task-
specific, unsupervised loss function to generate a vector p
whose i-th entry p; = p|v;] is interpreted as the probability
that v; is in the set of interest. That is, the p; may be thought
of a soft proxies for the indicator variables X; € {0, 1}
which indicate whether v; is a member of this set. We then
use a sequential, rule-based decoder that strictly enforces
the problem constraints to arrive at the final set of interest.
We discuss the individual elements of our pipeline below.

We note that throughout this work, we will frequently use
the terms reducibility and transferability. By reducibility,
we refer to the existence of a polynomial-time reduction
between computational problems in the standard sense of
theoretical computer science, as used in complexity theory
to relate decision or optimization problems. By transfer-
ability, we refer to the machine learning paradigm in which
knowledge acquired from source tasks is leveraged to im-
prove performance on a related target task. This can be

achieved through various mechanisms, including partial pa-
rameter reuse (e.g., adapting only task-specific components
such as output heads) or full fine-tuning of all model param-
eters from a pretrained initialization.

3.1. GNN Encoder

Our GNN encoder relies on the Graph Combinatorial Op-
timization Network (GCON) architecture introduced in
Wenkel et al. (2025). Unlike local message-passing GNNs
such as GCN, GIN or GAT which effectively perform low-
pass filtering over the graph, GCON uses a rich bank of
multi-scale wavelet filters inspired by the geometric scatter-
ing transform (Gao et al., 2019; Gama et al., 2018; Zou &
Lerman, 2020; Perlmutter et al., 2023; Chew et al., 2024).
Wenkel et al. (2025) demonstrate that such networks can
learn rich node representations, and avoid typical informa-
tion bottlenecks of localized message-passing.

We follow a a common architectural design of a lin-
ear layer before and after the GNN layers, as well as
GELU (Hendrycks & Gimpel, 2016) nonlinearities, batch
normalization (Ioffe & Szegedy, 2015), and graph size nor-
malization after each layer. We additionally concatenate
all GNN layer outputs as our input to the final linear layer,
which empirically helps performance over most tasks. We
apply sigmoid activation after the final layer to map the
outputs to [0, 1].

As in Wenkel et al. (2025), we use node degrees, local
clustering coefficients, and triangle counts as node features.
Empirically, this performed superior compared to the Dirac
encodings used in Karalias & Loukas (2020) and largely
on par with Laplacian and random walk-based encodings.
The output of our GNN is a vector p where p, denotes the
probability that v; is in the set of interest, with the exception
of K-coloring, for which we output K vectors where (py);
is thought of as the probability that v; has color k.

Table 2. Performance comparison of GCON with other baselines
on RB-small datasets (Mean 4= Std). The best deep learning-based
method is listed in , second best in silver. T indicates Gurobi
outperforms all deep learning methods.

METHOD TYPE MVC | MCLIQUE 1 MIS ©
TRUE SIZE — 206.95 19.07 20.07
GUROBI OR — 19.05% 19.98%
GFN SSL — 16.24

GCN SSL-GNN 221.56 £0.05 15.33 £0.04 17.67 +0.20
GIN SSL-GNN 221.63 +£0.23 15.28 +£0.14 17.50 +0.04
GATV2 SSL-GNN  220.76 +2.26 15.56+0.09 17.58 +0.07
GCON SSL-GNN 18.12 +0.11

3.2. Sequential Decoder

The sequential decoder processes the probabilistic output
p of the GNN encoder and enforces the hard problem con-
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straints to arrive at a valid solution. In each case, we order
the nodes by probability of being included in the solution
set (based on p) and initialize the solution set S* = &. We
then iterate over the ordered node set and add v; to S* only
if it does not violate the problem constraints.

As demonstrated in Karalias & Loukas (2020), this blueprint
follows the method of conditional expectation (Raghavan,
1988). However, we note that this approach does not guaran-
tee the optimal solution, especially when the GNN encoder
assigns similar high probabilities to multiple nodes that may
constitute distinct solution sets. Therefore, we employ k
seeds where each seed selects a different node to initialize
the set with (choosing the k£ nodes with the highest prob-
abilities as initial nodes). We construct k sets, ST, ... S},
and return the largest or smallest depending on the task. We
note that while a similar approach is proposed in Wenkel
et al. (2025), their implementation constructed the k sets
sequentially, leading to dramatically increased runtimes. By
contrast, our sets are constructed in a parallelized manner,
enabling the efficient use of higher k. We give more details
about the decoders in Appendix B.

3.3. Objective Functions

As objective functions, we rely on the Ising formulations
of the CO problems, as provided in Lucas (2014) and dis-
played in Table 1. When training our network, we optimize
the probabilistic vector p rather than X € {0,1}"V. The
Ising model and equivalent quadratic unconstrained binary
optimization (QUBO) formulations have emerged as an ef-
fective framework to unify many CO problems by assigning
an energy function (namely the Hamiltonian) to every task
such that its optimal solution minimizes the total energy (Lu-
cas, 2014; Kochenberger et al., 2014; Glover et al., 2022;
Schuetz et al., 2022a). The loss functions for MIS, MDS,
MaxClique and MDS involve two terms A and B that can be
tuned additionally; the ratio of A to B controls how strongly
to penalize constraint violations in relation to maximizing
or minimizing the size of the objective set. Setting A < B
ensures the optimal solutions are valid subsets. We note that
all six problems studied here (illustrated in Fig. 1) are well
established in relevant computer science literature, and their
approximate relaxations used to derive the loss terms in Ta-
ble 1 are becoming incresingly standard in GNN literature.
Detailed problem descriptions are provided in Appendix A.

3.4. Ablation Study on GCON Layer

To validate our use of GCON in the following studies, we
first present an ablation study comparing several GNN-
based neural solvers with identical architectures (except
the convolutional layer), as well as the performant genera-
tive flow network-based GFN model (Zhang et al., 2023) on
MVC, MaxClique and MIS. As shown in Table 2, when

paired with the energy-based loss functions, we outper-
form all deep learning baselines (with the exception of GFN
on MIS, which is very competitive), attaining particularly
strong results for MVC and MaxClique on RB-small graphs.
The best-performing GCON models also constitute our pre-
trained models for our transferability experiments in Sec. 4.

We highlight that, for the MaxClique problem on RB-small,
we substantially improve over Wenkel et al. (2025), finding
a MaxClique size of 16.92 (compared to 15.87 in Wenkel
et al. (2025)) despite the fact that they used a nearly iden-
tical architecture. This difference is attributed to our im-
proved loss function that follows the Hamiltonian: By con-
trast, Wenkel et al. (2025) follows a formulation based on
the Motzkin-Strauss theorem (Motzkin & Straus, 1965),
which — while also valid and related — uses a quadratic first
term that changes the optimization landscape, likely over-
emphasizing size maximization over the penalty term. To
verify our observations, we further tested a similar quadratic
first term for MIS (note the similarity of the MIS and Max-
Clique Hamiltonian losses in Table 1); the alternative loss
only attained 15.5 average MIS size as opposed to 18.04
with the Hamiltonian loss. These findings strongly empha-
size the importance of an appropriate loss function selection,
despite the availability of many valid formulations.

4. Pairwise Transferability

We begin this section with a brief discussion of known
polynomial reductions among three closely related CO tasks:
Maximum Independent Set (MIS), Minimum Vertex Cover
(MVC) and Maximum Clique (MaxClique).

* MIS < MVC: MIS and MVC are trivially reducible
as they are the complements of each other by Lemma
2.1: Solving for the MIS subset MISg C V implies
MVC¢g = V\MISg, and vice versa.

* MaxClique < MIS: Again by Lemma 2.1, the Max-
Clique of G is the MIS of the complement graph
MaxClique, = MISg.

* MaxClique <> MVC: Following the statements above,
the MaxClique of G is the complement set of the MVC
of the complement graph G: MaxClique, = V\MVCg.

4.1. MIS <~ MVC

As established above, MISs and MVCg are complements,

and therefore solve each other implicitly. In our training

pipeline, we can interpret this in terms of the node probabil-

MIS _ ] _ pMVC,
K2

ities, where for a given node v;, we have p;

We conjecture that the graph representations learned on
MIS should also be sufficient to solve MVC, and vice versa.
Furthermore, given the linear relationship between the two,
a simple linear layer after message-passing should be able
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to learn this function using identical representations. Our
first test is thus to pretrain a model on one task, and transfer
the representations to the other task using the pretrained
GNN backbone and resetting & training only the linear post-
message-passing layer; we expect the transferred model to
quickly recover the original pretrained model performance.

RESULTS & ANALYSIS

Our hypothesis holds true with some caveats, with the re-
sults denoted in Table 3. We test several settings, the most
straightforward of which is freezing the MIS-trained GNN
backbone and simply resetting & fine-tuning the linear out-
put layer to solve MVC, and vice versa. The linear model
converges quickly (within 5 epochs for MIS, ~ 50 epochs
for MVC), but does not match the baselines trained from
scratch. This is likely due to the approximate nature of our
solution, as the strict duality between the problems assumes
an exact solution. In the second setting, instead of initializ-
ing the linear output layer from scratch, we invert it, i.e., we
initialize the new linear layer by multiplying all parameters
by —1, as the inversion is maintained through the softmax
output: o(—z) = 1 — o(x). This provides a much better
initialization as convergence is almost immediate on both
tasks, but it does not lead to any substantial improvement on
final results — implying that the frozen GNN representations
themselves are not able to overcome the duality gap, and
thus the backbone also needs to be fine-tuned.

Finally, we verify whether fine-tuning the whole model
after inverting the output head can recover the baseline
performance. For MIS — MVC in particular, the results are
remarkable in that all runs converge within 15 epochs, and
the resulting models outperform the baseline trained from
scratch for 300 epochs. MVC — MIS is also successful,
albeit to a lesser extent — likely because pretrained MIS
model has converged to a better minimum: The fine-tuned
model converges to a marginally worse performance than the
baseline on average, and convergence takes 100-150 epochs,
whereas the baselines were trained for 200 epochs. This
indicates that the GNNs can learn to perform the appropriate
reduction, but rely on good initialization and fine-tuning
of the backbone to maximize performance — theoretical
equivariance of the reduction alone is not enough.

Table 3. MIS <> MVC transferability on RB-small. BASELINE
refers to models trained from scratch on the CO task tested on.
Other models are pretrained on the opposite task, e.g., the MIS
column evaluates models pretrained on MVC and fine-tuned on
MIS.

GNN  OUT-HEAD | MIS MVC |
BASELINE 18.12 £0.11 211.69 +0.16
FREEZE RESET+FT | 17.68 £0.04 212.46 +0.25
FREEZE INVERT + FT | 17.69 £0.05 212.39 £0.21
FT INVERT + FT | 18.00 £0.05 211.56 +0.24

4.2. MIS/MVC <+ MaxClique

Our experiments in 4.1 (MIS < MVC) implicitly use the
fact that the problem reductions considered do not alter the
graph topology. This increases transferability substantially
as the graph representations do not suffer from any distribu-
tion shift in the graph structure nor the node features, which
makes it viable to freeze the GNN backbone, and fine-tuning
only the MLP head, in order to obtain close-to-optimal re-
sults. Indeed, the learned node-level representations in this
case are sufficient, and no additional graph-level informa-
tion is needed to solve either task.

However, this advantage does not apply to transferring rep-
resentations between MaxClique and MIS/MVC: G and
the complement graph G may have drastically different
structural properties and distributions despite sharing the
same node set V. For instance, RB graphs are typically
sparse, which implies that their complements are very dense.
This renders the structurally-derived node features (or any
structurally-informed PSE that may be used in their stead for
node identifiability) ineffective. Moreover, the graph con-
volutional layers will similarly suffer from this distribution
shift.

With this in mind, we aim to answer the following questions
on MIS — MaxClique transferability, while noting that our
findings apply to MVC <+ MaxClique as well:

* Exps. #4-7: Despite the shift in graph topology, how
useful are the MIS-pretrained weights by themselves in a
(1) frozen backbone, or (ii) full fine-tuning setting?

* Exps. #8-9: Assuming the node-level representations
are not sufficient, does additional global message-passing
(using a stack of Graph Transformer (GT) layers on top
of the GNN backbone) help adapt to the distribution shift
in topology?

* Exps. #10-11: Recalling MaxClique; = MIS, can we
match baseline performance by implementing the frue
reduction by fine-tuning the model to solve MIS on the
complement GG? To account for the distribution shift in
node features, we pretrain and fine-tune the model based
on node features derived from both G and G.

RESULTS & ANALYSIS

In Table 4, we compare our fine-tuned models with the base-
lines that comprise the first three rows: (1) GCON trained
from scratch on MaxClique, using as node features graph
statistics derived from G only and representing a typical
training setting, (2) GCON similarly trained from scratch
but node features derived from both G and G for fair compar-
ison with fine-tuning settings that use G, and (3) Randomly
initialized GCON to benchmark random embedding per-
formance. The baselines are trained for up to 700 epochs,
while the frozen/fine-tuned models are trained for up to 200,
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Table 4. Overview of MIS — MaxClique transferability experi-
ments on RB-small. First two rows represent baselines trained
from scratch. The “feats” column denotes whether graph statis-
tics from only the original graph G or also its complement G are
provided as initial node features. Third row represents a randomly
initialized GCON model. Mean =+ standard dev for 3 runs reported.
Top 3 transfer runs are denoted with , silver and bronze.

# FEATS GNNSTACK GT Comp? \ MC SI1ZE
1 G BASELINE — FALSE 16.92 +£0.13
2 G||G  BASELINE — FALSE | 16.63 £0.05
3 RANDOM — FALSE 10.71 £0.14
4 G FROZEN — FALSE 16.12 +£0.20
5 G FINE-TUNED — FALSE 16.55 + 0.03
6 G||G  FROZEN — FALSE | 15.98 £0.12
7 G|G  FINE-TUNED — FALSE | 16.63 +0.03
8 G FROZEN 3-MHA FALSE 16.13 £0.17
9 G||G  FRrROZEN 3-MHA FALSE | 16.11 +0.63
10 G||G  FROZEN — TRUE 15.52 +0.08
11 G||G  FINE-TUNED — TRUE

with early stopping used.

All fine-tuning settings perform well above random, which
is an encouraging if unsurprising result. We also note that
even the worst-performing models are able to outperform
local-message-passing GNNs trained from scratch (Table 2)
and find an average maximum clique of size 16 (with the
exception of #10). These results convincingly demonstrate
that pretraining on MIS is useful for MaxClique even though
the underlying topology of the MaxClique-reduced-to-MIS
graphs are different. We also note that the flexibility of
GCON layers likely contributes to the transferability of
representations. Nevertheless, most fine-tuning settings fall
short of the baselines. We hereby list our main takeaways
on each question previously stated:

Freezing vs. Fine-tuning (#4-7): The aforementioned dis-
tribution shift problems limit the ceiling of the frozen-GNN-
backbone models in the absence of additional learnable
GNN layers, verifying that the MIS-trained local represen-
tations are not sufficient to predict MaxClique. Fine-tuning
fares considerably better — while not always sufficient to
match the baseline performance with only 200 epochs, #7 ex-
actly matches its corresponding baseline (#2). While more
topology-preserving reductions imply easier task transfer
(as in the MIS <+ MVC case), these experiments show that
CO tasks related via non-topology-preserving reductions
can still provide a strong initialization, with the caveat that
fine-tuning is required to close the distribution shift.

Global message-passing (#8-9): When considering addi-
tional global message-passing (i.e., graph Transformer) we
focus on the frozen-backbone setting, since the fine-tuning
setting renders them somewhat redundant, especially consid-
ering the additional quadratic computational complexity of
the GT layers. We use three layers of multi-head attention
with three heads each. We also evaluated combining MHA
with message-passing using GraphGPS layers (Rampéasek

et al., 2022), but did not see any additional benefits.

On average, global message-passing over frozen GNN back-
bones only offers marginal improvements, and falls short of
trained baselines. However, we note high variance across
runs, with one #9 run attaining 16.75, which outperforms
the corresponding baseline (#2). This indicates that global
message-passing may leverage the frozen MIS representa-
tions successfully to transfer to MaxClique, but naive train-
ing of the transformer layers is likely insufficient — exten-
sive fine-tuning and auxiliary structures (e.g., re-introducing
node statistics or positional encodings, at the transformer-
stack level, or deeper stacks with linear transformer layers)
are required to obtain consistent improvements.

Implementing the true reduction (#10-11): Finally, we
test the following setting: After pretraining our model to
solve MIS, in the fine-tuning phase we perform message-
passing over the complement graph G instead of the original.
One can then use the MIS loss and metrics, effectively solv-
ing MIS over G which is equivalent to solving MaxClique
(per the preamble of Sec. 4); note that keeping the Max-
Clique loss and metrics over the original graph is also viable
as the losses are equivalent over the complement (Table 1).

Interestingly, if the MIS-pretrained backbone is frozen (#12),
we obtain by far the worst-performing model, whereas fine-
tuning the full model instead (#13) gives us the only model
that can consistently match (and even beat) its baseline coun-
terpart within the allotted epochs. The failure of the frozen
model can likely be attributed to the distribution shift in the
graph topology; however, the learned representations clearly
form a useful initialization — fine-tuning quickly adapts the
model to the new distribution to recover the baseline perfor-
mance in less than a third of the epochs.

5. Multi-Task Transferability

We now study transferability between graph CO problems
in a pretraining-fine-tuning framework, where we learn mul-
tiple CO problems simultaneously in pretraining and use
this knowledge to transfer efficiently onto new problems by
fine-tuning for a few epochs. We first show that a task only
requires one task similar to itself in the pretraining set to
learn a solution quickly when fine-tuned. We further show
that almost all tasks benefit from fine-tuning on other tasks
compared to training from scratch, and use our observations
to partition the six tasks we consider into a pretraining set
and a fine-tuning set of three tasks each. We then evaluate
the resulting performances against single task learning base-
lines. We hope that a careful study of the interplay between
different CO problems and known reductions will yield an
appropriate pretraining set, paving the way to foundational
models for graph CO problems. For every experiment in this
section, we pretrain for 200 epochs on a Barabési—Albert
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(BA)-small graph dataset and fine-tune on the same dataset
for only 20 epochs. The model consists of a GCON back-
bone where we attach a simple MLP heads for every tasks,
and the output is fed to a task specific unsupervised loss
function (see Sec. 3.3 and Appendix A). Fine-tuning is done
by attaching a new task head with the corresponding loss
function and training for 20 epochs with either a frozen or
an unfrozen backbone. The tasks considered here are Max-
Cut, MaxClique, MDS, MIS, MVC and K -coloring with
K = 10. Tables display the size of the subset V'’ learned for
all tasks but K -coloring, where we simply count the number
of violations.

5.1. Leave-One-Out Transfer

We begin by asking if the successful transfers observed in
Sec. 4 also apply in the multi-task learning setting. Suppose
we want to fine-tune task 7}, on a backbone pretrained on
tasks 77, - - - ,T,,—1. To get efficient transfer, does it suffice
for there to exist one task 77 in the pretraining set such that
T, is reducible to T;? To study this question, we look at MIS
and MVC when they are fine-tuned on the other task (MIS
from MVC and MVC from MIS), when they are fine-tuned
on the rest of the tasks (MaxCut, MaxClique, 10-Coloring
and MDS), and when they are fine-tuned on all tasks (rest +
other). We compare the results to training MIS and MVC
individually for 20 epochs, and show the results for a frozen
and an unfrozen backbone in Figure 2.

Unsurprisingly, we find that when we transfer from MVC to
MIS and vice-versa, we quickly converge to a good solution
(within 4-6 epochs), whereas training from scratch takes
at least 15 epochs to match the fine-tuning performance.
However, if we do not freeze the backbone, we find that the
behavior of the MIS learning curve when pretrained on all
other tasks including MVC behaves similarly to when only
pretrained on MVC, whereas when we remove MVC from
the pretraining set, the curves behave closer to the training
from scratch. Moreover, when the backbone is frozen, the
model is not able to transfer to MIS using the other tasks
if MVC is not present in the pretraining set, giving poor
results, while if MVC is present, it actually converges faster
than training from scratch. As expected, the inverse relation
also holds true when transfering to MVC while keeping or
removing MIS in the pretraining set. These results suggest
that it is sufficient to have one j € {1,--- ,n — 1} such
that there is an efficient reduction from T, to T in order
to observe rapid transfer from the pretraining set to 7}, that
beats the baseline in a low-resource regime, even with a
frozen backbone (thus requiring to train only a fraction of
the total number of parameters).

Now we want set up a leave-one-out transfer framework
to study if fine-tuning on a multi-task learning model pre-
trained on the five other tasks help the remaining task to

Transfer to MVC Transfer to MIS

240 107

220 100

200 - 90 -

val. MIS size

180 4
80
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70+

140 1
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Figure 2. Transfer performance on MVC and MIS. We compare
training from scratch against frozen and unfrozen fine-tuning on
the other task (MVC on MIS and MIS on MVC), the rest of tasks
(MCut, MClique, MDS, K -coloring), and all tasks (rest + other)
for BA-small graphs.

Table 5. Leave-one-out fine-tuning in low-resource regime on BA-
small graphs (20 epochs, unfrozen backbone, 5 runs average)

TASK FROM SCRATCH FINE-TUNED
T MaxCuT 716.81 £3.00 722.40 +1.17
1 MAXCLIQUE 4.31 +£0.01 4.32 +£0.01
1 MDS 35.57 £2.41 36.15 +1.87
T MIS 111.33 £0.20 111.56 £0.10
I MVC 141.30 £ 0.27 140.04 +0.33
J COLOR 61.92 +36.11 24.19 +9.08

learn a good solution faster than from scratch. We repeat
this experiment five times for all tasks on BA small graphs
in low-resources regime (20 epochs), and display the results
in Table 5. We find that for every task but MDS, the model
attains better performance at 20 epochs when it is fine-tuned
on the other tasks than from scratch, which provides a strong
evidence of transfer between graph CO problems. However,
the benefits of fine-tuning varies between tasks: it is most
beneficial for MaxCut and K-coloring to be fine-tuned on
other CO problems, whereas MaxClique and MDS show
little to no benefit. Therefore if our goal is to rapidly obtain
good solutions to CO problems by fine-tuning tasks on a
pretrained backbone compared to from scratch, our results
suggest that MaxCut and K-coloring are good candidates
to be fine-tuned.

5.2. Fine-Tuning on a Graph CO Backbone

In this section, we propose a pretraining set of three CO
problems and leave the remaining three tasks to be fine-
tuned for 20 epochs and compare performance to single
task learning from scratch for 20 epochs and for the full
200 epochs. From our findings in in Sec. 5.1, we assert
that having one closely related task in the pretraining set
is sufficient for good fine-tuning performance. Since we
want to manage our resources efficiently, we want to avoid
having similar tasks in the pretraining set when only one
is sufficient to learn the others by fine-tuning. Therefore,
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Table 6. MDS (]) trained together with all but one task on BA-
small graphs for 200 epochs (5 runs average)

MAXCur MAXCLIQUE MIS MVC CoOLOR

33.36 41.34 41.40 34.68 45.29

Table 7. Fine-tuning on MDS-MIS-Coloring pretrained backbones
for 20 epochs (BA-small dataset, 3 runs average)

TASK FINE-TUNED  BASELINE FuLL

T MAaxCuT 722.77 £1.00 716.90 +1.55 726.58 £0.51
T MAXCLIQUE  4.32 +£0.01 4.31 +0.00 4.43 +£0.02
J} MDS 29.65+0.09 33.93+1.15 29.56+0.22
1T MIS 111.94 £0.06 111.33 £0.26 112.23 £0.06
JMVC 139.70 £0.31 141.43 £0.23 139.40 +0.20
J COLORING 17.29 £1.97 49.04 +£21.84 3.52 +£1.52

results from Sec. 4 suggest including only one of MIS, MVC
and MaxClique in the pretraining set (preferably MIS or
MVC), leaving one spot for MDS, K-coloring or MaxCut
in the fine-tuning only set. Since MDS does not show any
gains when fine-tuned on other tasks, unlike MaxCut and
K-coloring, we choose to include it in the pretraining set.
Moreover, we observe that when pretraining the all-but-
one multi-task models, MDS performance is best when
MaxCut and MVC are not pretrained alongside it, as we
show in Table 6, suggesting to leave MaxCut and MVC
out of the pretraining set. This implies by our previous
remark that we will have MIS in pretraining and MaxClique
in fine-tuning-only. We then delegate K-coloring to the
pretraining set, which is also sensible since it is the most
different from the other tasks, being the only one not linearly
reducible to 0-1 programming as per Filar et al. (2019) (also
see Sec. 2). In fact, we want to maximize task diversity
in the pretraining set, so that the network has access to a
wide range of information when fine-tuning. Therefore,
we select MDS, MIS, K -coloring for pretraining and leave
MaxClique, MaxCut, MVC to be fine-tuned. In Table 7 we
show the results of fine-tuning all tasks on our backbone,
which is unfrozen (except for fine-tuning K-coloring), and
baseline results from training single tasks from scratch for
20 epochs (BASELINE) and 200 epochs (FULL).

We see that leveraging known polynomial reductions and
interactions between CO tasks allows to carefully select
a backbone of three tasks, to which we can attach simple
task-specific MLP heads and fine-tune to get results that are
on par with the fully trained (200 epochs) single task mod-
els for most tasks and that beat the low compute resources
(20 epochs) singe task models for all tasks. These results
suggest that using reductions and interactions between tasks
as a guide allows to select an efficient and transferable back-
bone, which becomes crucial as we increase the number of
CO tasks. Therefore, we believe our methodology estab-
lishes an important step to building a foundational model

for combinatorial optimization problems on graphs.

6. Conclusion & Future Work

In this work, we have established a conceptual relation
between computational reducibility — a topic traditionally
associated with theoretical computer science, and learned
transferability — an increasingly prominent area of machine
learning in general, and deep learning in particular. We
demonstrate that established knowledge of reducibility be-
tween problems can help identify and inform pretraining
and transfer learning targets, although this relationship is not
trivial, and further work remains to be done to fully under-
stand the potential interaction between these notions. After
initially exploring pairwise task transferability, we turned
our attention to multi-task learning, which would be crucial
for the formation of universal models (e.g., implemented
via foundation models). We show that, indeed, this is a
promising new direction for establishing theory-informed
foundation models for graph CO, in which one may find
a sufficient suite of landmark tasks that are sufficient for
allowing efficient (if not ready-made) transfer of pretrained
models to a wide family of significant tasks of interest.
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A. Graph Combinatorial Optimization Problem Descriptions

We consider a graph G = (V, E) with |[V/| = N. For problems defined on vertex subsets, we let X € {0, 1}" denote a hard
assignment vector where X; = 1 indicates that v; is in the set of interest. When training our network, we will approximate
X; by a soft assignment vector p € [0, 1]V, where p; is interpreted as the probability that X; = 1. However, when defining
the problems, it is more natural to use the hard assignment vector X.

MaxCut aims to find a partition V/ U V" = V maximizing the number of cut edges. We minimize

. Z 1—20in

(i,5)eE
where 0; = 2X; — 1. Note that each term vanishes when v; and v; are in the same subset and decreases the loss when they
are separated.

Maximum Clique aims to find the largest subset V' C V such that all pairs of nodes in V' are connected. We minimize

N
~AY X;+B ) XX
i=1 (1.9)¢E
where the first term favors large cliques, while the second penalizes missing edges inside V.

Minimum Dominating Set aims to find the smallest subset V/ C V such that every node in V' \ V' has a neighbor in V".
We minimize
N N

AY X;+BY (1-Xx) [ a-xy

i=1 i=1 v EN(vy)

where the first term favors small dominating sets and the second term penalizes nodes that are neither selected nor adjacent
to any selected node (with A/ (v;) denoting the immediate neighbors of v;).

Maximum Independent Set aims to find the largest subset V' C V such that no two nodes in V' are adjacent. We minimize

N
~AY Xi+B > XX
i=1 (i.J)EE

where the first term maximizes the size of V', while the second penalizes edges between nodes of V.
Minimum Vertex Cover aims to find the smallest subset V' C V such that every edge has at least one endpoint in V. We
minimize

N

AY X+ B Y (1-X)(1 - X;)

i=1 (i,5)EE

where the first term minimizes the size of V', and the second term penalizes uncovered edges.

Given K colors, K-Coloring aims to assign one color to each node so that all adjacent nodes have different colors. Here,
we use an assignment matrix X € [0, 1]V *¥ where X; j ~ 1 indicates that node i has color k. We minimize

N K 2 K
(B SEIRID »ib oE T8
i=1 k=1 (i,j)€E k=1

where the first term enforces one color per node, and the second penalizes monochromatic edges. We measure success of
this tasks by the number for violations observed, i.e. the number of edges connecting two vertices of the same color is to be

minimized.
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B. Experimental Setting

Datasets. We conduct our experiments on the same synthetic datasets used in Wenkel et al. (2025), which are commonly
used in the field of neural graph combinatorial optimization. In all experiments, we use datasets of size 6000 with 200-300
nodes (small) and 800-1200 nodes (large). In Section 4, we use graphs generated from the RB model. For RB graphs, we
can specify the number of cliques (n) and the number of nodes per cliques (k). We use n € [20,25] and k € [5,12] for
RB-small and n € [40, 55] and k& = 20 for RB-large. We then use Barabdsi—Albert (BA) graphs in Section 5. For BA graphs,
we can specify how many edges are attached from each new node, which we set to 4 for both BA-small and BA-large.

Backbone architecture. We use a GCON backbone based on Wenkel et al. (2025) with the specific configuration detailed
in Table 8 for every experiment, except learning rate scheduling which varies depending on pretraining or fine-tuning. Total
number of parameters depend on the size of the head used, but the GCON backbone always has 39.2K parameters.

Table 8. GCON Backbone and Training Hyperparameters

Parameter Value

Architecture Details

Number of GCON Layers 16
Hidden Dimension (dj) 64
Channels (Filters) [01, [11, [2], [4], [0,1], [1,2], [2.4]
Aggregation Sum
Dropout Rate 0.3
Backbone Activation GELU
Pre-MP / Post-MP Layers 1/1
Node Encoder Stats Degree, Cluster Coeff., Triangles
Optimization & Training

Optimizer AdamW (7 = 1073, wq = 0)
Learning Rate Scheduler Cosine with Warmup (50 epochs)
Batch Size 256 (small) or 128 (large)
Loss Strategy Weighted Sum (Task weight = 1.0)

Decoders. The candidate sets are constructed by first ranking all vertices in descending order of their model-predicted
scores. For each problem type, the algorithm generates K distinct candidate sets (seeds) in parallel to find the best possible
solution for that specific graph. In the MaxClique and MIS decoders, the k-th candidate set is initialized with the k-th ranked
node, and the algorithm then greedily attempts to add subsequent nodes in the ranked list only if they respect the problem
constraint, such as forming a clique or an independent set. For the MDS and MVC, the k-th candidate set is constructed
by ignoring the top k — 1 ranked nodes (by setting them to —oco) and then greedily selecting the highest-ranked available
nodes until the required coverage constraint is satisfied. MaxCut simply picks nodes with a score higher than 0.5 to be in the
first set and the rest in the second and counts the number of cuts created by this partition, while coloring simply counts the
violations (adjacent nodes of the same color).

C. Multi-Task Learning vs. Unified-Task Reductions

Table 9. Average number of nodes and edges for the original BA-small graph where we train on solving MDS, and the equivalent graphs
for other tasks obtained by applying reductions to the original graphs. For the transformed graphs, we denote the X change in the
“blow-up” in the nodes and edges of the resulting graph.

REDUCTION # NODES x MDS SIZE # EDGES x MDS SIZE
MDS (BASE) 250.3 + 28.9 - 985.0 +115.8 -

MIS 1239.0 + 146.8 4.95 2964.0 £ 352.3 3.01
MVC 1239.0 + 146.8 4.95 2964.0 £+ 352.3 3.01
MAXCLIQUE 30873.7 =7148.0 123.37 91870.3 £21357.4 93.27

A related but distinct set of approaches in neural CO instead focus on generalized formulations of CO problems in the form
of satisfiability problems (SAT) or their optimization counterparts Max-SAT. This line of work emerges from the Cook-Levin
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Table 10. Comparison of our MTL framework with unified-MDS-reduction-based approaches, where we train a GCON model to solve
MDS on BA-small graphs, and then “transform” the graphs corresponding to MIS/MVC/MaxClique via constructing the true reductions
over the graph. We test three variants of the pretrained MDS model: 0-shot, frozen backbone (F-BB), and full fine-tuning (FT). * denotes
the original MDS pretraining result, which is trained for 100 epochs as opposed to constraining to 20 epochs for other tasks.

METHOD MDS | MVC | MIS 1 MAXCLIQUE 1
(MDS RED.) RANDOM 120.43 £25.3 190.11 £36.9 59.87 £40.1 1.61 £1.04
(MDS RED.) BASE (20 EPOCHS) 31.37 £0.62*% 165.21 £ 0.96 80.99 £ 6.42 298 £0.12
(MDS RED.) 0-SHOT 31.37 £0.62* 148.21 £2.53 102.78 +2.53 2.46 + 0.44
(MDS RED.) F-BB - 144.59 £1.35 106.25 £ 1.35 2.27+0.14
(MDS RED.) FT - 142.79 £1.37 106.45 £0.92 2.82+£0.01
(MTL) FT (Ww/ GRAPH STATS) 32.03 £ 0.66 139.31 +£ 0.17 111.96 £ 0.02 4.34 + 0.01

(MTL) FT (w/0 GRAPH STATS) 36.57 +£1.09 140.14 £ 0.81 111.39 +0.39 4.31 £ 0.01

theorem (Cook, 1971; Karp, 1972), which shows that any problem in NP can be reduced to a boolean satisfiability problem
(SAT) in polynomial time.

Zeng et al. (2023) pretrain GNNs on bipartite graph representations of synthetic Max-SAT instances in a supervised manner
and solve MaxCut, MIS and MDS instances by reducing them to Max-SAT graphs. Guo et al. (2025) follow a similar
recipe but focus on SAT formulations of corresponding decision problems, and pretrain in an unsupervised manner via
contrastive learning. These works acknowledge the value of generalization for neural CO and provide partial solutions, but
do not directly address the relationship between reducibility and transferability; instead, they aim to wholly circumvent task
transferability itself by directly learning in the general SAT/Max-SAT space, to which all our CO problems of interest can
be polynomially reduced.

These approaches, however, give rise to different limitations on transferability over graph distributions, rather than over
tasks. Specifically, the approaches above require applying the true reduction over the graph of interest, similar to the MIS >
MC reduction (Sec. 4.2) where we demonstrate that finding the maximum clique of G is equivalent to finding the MIS of
the complement G. The graph reductions between MIS, MVC and MaxClique, however, lead to relatively mild structural
changes, as the node set V' is maintained. As discussed in Sec.4, even such mild changes in structure lead to tangible
limitations on transferability in constrained fine-tuning settings.

The reductions involved to map an, e.g., MaxClique graph to an equivalent MDS or Max-SAT graph, on the other hand, may
require “chaining” multiple structure-altering reductions to arrive at the MDS/Max-SAT representations, which in turn leads
to extreme blow-ups in the number of nodes and edges considered. For example, reducing MaxCut on a graph to its SAT
counterpart, in practice, requires chaining three reductions: MaxCut — MIS — 3-SAT — SAT.

This resulting blow-up, despite being polynomially bounded, leads to a large distribution shift in the graph distributions
across which the models are trained and transferred to, as well as substantially larger graphs in general, limiting the ability of
GNN-based frameworks to learn the appropriate graph representations effectively. To demonstrate the potential shortcomings
of these methods compared to our multi-task learning (MTL) framework, we hereby present an analogous study where we
compare our MTL framework with a “unified-task” learning framework akin to the works discussed above.

Unified-task method. We pretrain a GCON model to solve MDS on BA-small graphs, and evaluate the transferability on
the resulting model on the reduced versions of the BA-small graphs for MIS, MVC and MaxClique problems, respectively.
The reducibility relationships are defined as

MDS + MVC < MIS +~ MaxClique

where each arrow indicates whether a known reduction exists in the specified direction. We choose MDS as our “base” task
as all other tasks can be reduced to MDS, whereas no established direct reduction from MDS to the other tasks exists to our
knowledge without reducing it to a more general CO framing (e.g. Max-SAT). In addition to the MVC <« MIS and MIS
MaxClique reductions we establish in Sec.4, we introduce the following reduction (Sipser, 1996):

The MVC on G is thus equivalent to the MDS on G’. The chaining of reductions, in the case of MaxClique — MDS, is then
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Algorithm 1 MDS < MVC

Require: Undirected graph G := (V, E)
G =V, ,E)«G
Remove all nodes with no incident edges from G’
for (i,7) € E do
V' + V" U {k} {For every original edge (¢, j), add a new “gadget” node k to V'}
E' <+ E'"U{(i, k), (j, k)} {Connect the new node k to both endpoints of the original edge}
end for
return G’

as follows:

Convert the original graph Gmaxciique to its complement to define the equivalent MIS graph Gyiis = Gwmvc.

Apply the reduction denoted in Algorithm 1 to obtain the MDS graph Gyps.

Solve the MDS problem on Gyps.

Invert the solution set to account for the MVC <+ MIS reduction (which does not transform the graph but inverts the
node assignments). The resulting set (and thus its cardinality) is equivalent to GyaxClique-

bl

We follow this recipe to generate reduced versions of our BA-small dataset for MIS, MVC and MaxClique respectively. The
node and edge counts of each reduced dataset is presented in Table 9: The first graph reduction from MDS to MIS/MVC leads
to graphs with five times the number of nodes and three times the number of edges. The chained reduction to MaxClique
leads to an average graph size of about 31,000 nodes, a 122-fold increase over the relatively small (200-300-node) original
graphs.

We then evaluate our MDS pretrained model on each reduced dataset in three transfer settings: zero-shot transfer, fine-tuning
the linear prediction head while keeping the backbone frozen, and fine-tuning the whole model. In line with our MTL
experiments, we restrict fine-tuning to 20 epochs for a fair comparison.

Results. We present the results of our study in Table 10. Our MTL method consistently outperforms all variants of the
unified-MDS-task model, with the performance gap growing as we chain more reductions and increase the distribution shift.
For MVC and MIS, unified-task pretraining is still useful despite falling short of MTL performance, with noticeable gains
even in the zero-shot setting compared to the baseline of training 20 epochs from scratch, with additional improvements
through fine-tuning.

However, in the MaxClique case with a ~ 100X blow-up in the node and edge counts, unified-task pretraining breaks down:
Even in the full fine-tuning setting, the attained maximum clique is lower than the baseline, indicating negative transfer. The
gap between fine-tuned unified-task and MTL methods also increase from 2.5% and 4.9% for MVC and MIS, respectively,
to 35.0% for MaxClique.

Analysis. These results suggest a direct inverse correlation between increased distribution shift as a result of chained
reductions, and reduced transferability. In addition to the distribution shift itself, the induced large graphs also limit the
effectiveness of fine-tuning by introducing practical and computational bottlenecks that reduce the quality of learned graph
representations. The practical bottlenecks are straightforward to analyze: Significantly larger (and denser in cases where the
MIS <+ MaxClique reduction, which returns dense complements of sparse graphs, is considered) graphs render efficient
training of GNNss expensive, require significantly more memory and compute, and provide noisier gradients due to being
limited to small batch sizes. Computing graph statistics or positional encodings (PE) for graph datasets with sizes in the
order of tens of thousands also render their usage as informative node features cumbersome at best, and non-viable at worst.
We emphasize that we have considered BA-small graphs precisely for these reasons: Despite the small size of the original
graphs, the resulting MaxClique dataset is comparatively so large that when training on a single NVIDIA L40S GPU, we
can fit only four graphs into memory at a time and full fine-tuning (20 epochs) takes about two days, whereas training the
MDS model on the original BA-small dataset only takes several hours.

Learning non-local relationships on large graphs are also more prone to run into under-reaching and over-squashing (Alon
& Yahav, 2021), well-known challenges in graph representation learning that limit the expressivity of the learned graph
representations. Without auxiliary structures like virtual nodes, skip connections or graph Transformer layers, we conjecture
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Table 11. Fine-tuning on MDS-MIS-Coloring pretrained backbones for 20 epochs (BA-large dataset, 3 runs average)

PROBLEM FINE-TUNED BASELINE FuLL

1T MAXCUT 2935.82 £ 0.63 2926.39 +£2.46 2946.01 + 6.00

T MAXCLIQUE 4.31 +£0.03 4.32 £0.01 4.41+0.02

1} MDS 109.72 £ 0.16 129.64 +12.74 121.20 +10.38
1+ MIS 453.51 +£0.17 452.59 +0.07 45477 £ 0.13
I MVC 550.55 £0.36 554.53 +£1.22 548.86 £ 0.35
J COLORING 31.40 £5.29 53.48 +£4.53 10.61 £2.95

Table 12. Size Extrapolation Comparison on BA-large and BA-small datasets (3 runs average)

BA-LARGE BA-SMALL
PROBLEM FINE-TUNED EXTRAPOL. DIFF BASELINE FINE-TUNED EXTRAPOL. DIFF BASELINE
T MAXCUT 2935.8 £0.6 2936.0 £0.1 +0.01%  2926.4 £2.5 722.8+1.0 722.0+1.4 -0.11% 7169 £ 1.5
1T MAXCLIQUE 4.31 £0.03 4.30+£0.02 -0.24% 4.32 £0.01 4.32 £0.01 4.34£0.01 +0.49% 4.31 £0.00
J MDS 109.7 £ 0.2 111.9+0.8 +2.01% 129.6 £ 12.7 29.6 £0.1 29.2 £0.1 -1.61% 33.9+1.2
1T MIS 453.5+0.2 453.9+0.2 +0.08% 452.6 £ 0.1 111.9+0.1 111.8+£0.0 -0.10% 111.3+0.3
I MVC 550.5+04 5509 £0.3 +0.06% 5545+1.2 139.7+£0.3 139.8 £ 0.2 +0.09% 141.4+0.2
J} COLORING 314+53 53.8+12.5 +71.26% 53.5+45 17.3 £2.0 28.3 £8.8 +63.52% 49.0 £21.8

that it is difficult for conventional GNNs to fully overcome these bottlenecks both when training from scratch and in
fine-tuning, leading to both the baseline and unified-task models falling well short of our MTL model which instead solves
the respective tasks on the original graph.

D. Additional Experiments

Multi-task learning on large graphs. We test our pretraining-finetuning framework developed in Section 5 on BA-large
graphs. We see that the results obtained and the observations made in Section 5 also hold for larger graphs.

Size extrapolation. We investigate if finetuning on graphs of a certain size allows us to quickly finetune to graphs of
different sizes never seen in pretraining. Using the same set-up as Section 5, we pretrain on BA-small graphs and finetune
on BA-large graphs, and vice-versa. We observe very good size extrapolation, where for most tasks pretraining on small
graphs then finetuning on larger graphs and vice-versa performs as good as pretraining and finetuning on graphs of the same
size. Only coloring doesn’t transfer as well, where we see that extrapolating from large to small graphs gives better results
than training from scratch but not nearly as good as pretraining from same size graphs, while extrapolating from small to
large graphs gives similar results to training from scratch.

Timing experiments. We record the required time for inference at test time once we have pretrained our model as done
in Sec. 5 to finetune on our 6 different CO problems. We use one NVIDIA L40S GPU for each task for fair comparison.
Pretraining on single tasks take from a few minutes (MaxCut, Coloring) to a few hours (backbone, MDS, MaxClique).

Table 13. Inference Time Performance on NVIDIA L40S GPU (seconds)

PROBLEM BA-LARGE BA-SMALL
MAXCuUT 6.23 2.23
MAXCLIQUE 48.95 32.58
MDS 46.42 10.65
MIS 65.11 22.78
MVC 137.52 31.39
COLORING 6.38 2.84

We also provide below the inference times for Table 2 over the test set (500 RB-small graphs, NVIDIA Tesla V100). Note
that despite comparable times to the other methods on the RB-small dataset, GFN and Gurobi scale substantially worse
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compared to the GNN-based methods on larger graphs. MVC times for Gurobi and GFN are not listed, but would be
approximately equal to MIS as one would solve for MIS and invert the solution.

Table 14. Inference times of Table 2 over the RB-small test set (500 graphs, NVIDIA Tesla V100).

Method  Type MVC Time MClique Time MIS Time
True Size — — — —
Gurobi OR — 1:55 47:34
GFN SSL — 0:42 0:32
GCN SSL-GNN 1:29 0:57 0:45
GIN SSL-GNN 1:24 0:55 0:35
GATV2 SSL-GNN 1:26 1:02 0:57
GCON SSL-GNN 1:46 1:20 1:05

Zero-shot performance on DIMACS instances. We investigate how pretraining using our method allows us to extrapolate
to new graph distribution by evaluating on DIMACS instances, which are a standart reference point for many combinatorial
optimization problems. As DIMACS instances consist of specific graph instances and not a standard graph dataset adaptable
to our framework, we report inference-only, zero-shot transfer results by running our pretrained model on select DIMACS
instances (treating them as a test set) to demonstrate that the learned representations produce reasonable solutions on
out-of-distribution real-world graphs. Using the evaluation framework inspired from Feng et al. (2026), we do this for the
MIS task by finding the MIS of the complement of DIMACS MaxClique graphs, which is equivalent to the MaxClique of the
original DIMACS graphs for which the best known sizes are available (2nd DIMACS Challenge, Johnson & Trick (1996)).
Comparing our pretrained model to random initialization, we observed that it comfortably outperforms random models
on almost all graphs, and obtains reasonable zero-shot results on many instances, showing that we are able to extrapolate
useful information from pretraining on RB-graphs to considerably out-of-distribution hard graph instances. Note we are not
expected to attain near-SOTA results when zero-shot learning on considerably out-of-distribution hard single graph instances
using an ML-based solver, compared to SOTA algorithmic solvers specifically designed for MIS.
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Table 15. Comparison of our pretrained (RB small) and a randomly initialized model on 0-shot inference on DIMACS instances for MIS.

Graph name Pretrained Random Best known
C1000.9 56 29 68
C125.9 32 25 34
C2000.5 11 9 16
C2000.9 48 28 80
C250.9 36 28 44
C400.5 10 8 18
C500.9 50 30 57
DSJC1000.5 11 8 15
DSJC500.5 10 8 13
MANN_a27 117 85 126
MANN _a45 276 71 345
MANN_a81 300 122 1100
brock200_2 10 8 12
brock200_4 13 11 17
brock400_2 21 16 29
brock400_4 23 15 33
brock800_2 16 12 24
brock800_4 16 12 26
gen200_p0.9_44 37 28 44
gen200_p0.9.55 38 30 55
gen400_p0.9.55 48 30 55
gen400_p0.9_65 44 31 65
gen400_p0.9_75 45 33 75
hamming10-4 27 16 40
hamming8-4 16 16 16
keller4 9 8 11
keller5 18 15 27
keller6 37 28 59
p-hat1500-1 10 3 12
p-hat1500-2 52 4 65
p-hat1500-3 79 10 94
p-hat300-1 7 5 8
p-hat300-2 24 10 25
p-hat300-3 31 17 36
p-hat700-1 8 3 11
p-hat700-2 38 5 44
p-hat700-3 57 10 62
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