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Abstract

We study the robustness of stochastic mirror de-
scent (SMD) under heavy-tailed noise, focus-
ing on whether the method retains its conver-
gence guarantees when run with infinite-variance
stochastic gradient input. To address this ques-
tion in a principled manner, we begin by intro-
ducing a continuous-time model of SMD as a
stochastic differential equation (SDE) driven by
a centered Lévy noise process with finite p-th or-
der moments, 1 < p < 2. This scheme—which
we call the Lévy mirror flow (LMF)—arises nat-
urally as the scaling limit of SMD in the pres-
ence of heavy-tailed noise. In particular, when
p < 2—the heavy noise regime—the trajectories
of LMF generically exhibit jump discontinuities
of arbitrary magnitude which, if frequent enough,
lead to infinite variance. Nonetheless, despite this
highly singular behavior, we show that LMF at-
tains e-optimality within O(s~P/(P~1) time in
the convex case, and within O(¢~"/(P~1) time
for (relatively) strongly convex objectives. These
guarantees provide a transparent characterization
of the impact of frequent long jumps on the con-
vergence of the process, and percolate to a series
of matching discrete-time guarantees for several
variants of SMD under heavy-tailed noise.

1 Introduction

Background and motivation. Stochastic mirror descent
(SMD) and its variants comprise one of the most widely
studied classes of first-order methods in stochastic opti-
mization. Originally conceived by Nemirovski [76] and
Nemirovski & Yudin [77] as a general scheme for solv-
ing constrained convex minimization problems, SMD has
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since grown into a mature algorithmic template with appli-
cations in min-max problems and variational inequalities
[78, 80, 81], online optimization and bandits [1, 7, 22, 53],
games and equilibrium problems [24, 42, 74], sampling
[26, 37], optimal transport [88, 118], and many other fields
that are central to machine learning.

At a high level, mirror descent methods proceed by show
replacing Euclidean projections with a non-Euclidean “prox-
type” step—or, dually to this, by aggregating gradient steps
in an unconstrained, dual space, and performing a “mir-
ror step” at each iteration to generate a new query point
and obtain a new gradient sample. This mechanism links
the geometry of the underlying problem with the prox-step
defining the method and which, if chosen appropriately,
can lead to superior, almost-dimension-free convergence
guarantees.

A major challenge in this setting occurs when the gradient
samples that are fed into the algorithm have infinite variance,
thus jeopardizing the method’s convergence—which usually
presumes tame, light-tailed noise. This is a particularly per-
nicious issue as, even in 1-dimensional quadratic problems,
running “vanilla” stochastic gradient descent (SGD) with
heavy-tailed noise could lead to divergence in cases where
the method is otherwise convergent [32, 39, 117].

Due to the massive—and massively complex—structure
of deep neural nets, this “heavy noise” regime is ubiqui-
tous in contemporary machine learning models and archi-
tectures, cf. [35, 36, 60, 101, 109, 117] and references
therein. Especially in the context of deep learning, the
heavy-tailed behavior of gradient noise was first highlighted
by Simsekli et al. [103], who argued empirically that gradi-
ent minibatches in deep nets follow a heavy-tailed a-stable
noise distribution, even in relatively small datasets—such
as MNIST and CIFAR10. Even though these findings were
later challenged by Xie et al. [112], subsequent work—both
empirical and theoretical—has reaffirmed the heavy-tailed
profile of the noise in a wide range of training regimes,
from adaptive, momentum-based methods, to recurrent net-
works [117], deep convolutional architectures [10, 120],
large language models [2], and reinforcement learning [33].
Several theoretical works further attribute these phenomena
to multiplicative noise effects leading to the convergence
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of the iterates toward a heavy-tailed stationary distribution
[29, 35, 36, 87].

Our contributions in the context of related work. Our
aim in this paper is precisely this: fo examine the robustness
of stochastic mirror descent methods under heavy noise.

Building on a long-standing trend in optimization, we begin
with a continuous-time viewpoint and we introduce the Lévy
mirror flow (LMF), a stochastic differential equation (SDE)
formulation of SMD driven by a centered Lévy noise pro-
cess. In contrast to existing SDE models of mirror descent
driven by Brownian noise [26, 37, 50, 56, 69-72, 91, 118],
the introduction of Lévy noise changes the landscape dra-
matically. If the SDE is driven by an It6, Brownian-like
martingale, the solutions of the SDE are inherently “diffu-
sive”:(i) they exhibit tame, light-tailed increments; (i7) their
accumulation leads to a finite-variance process; and (iii) the
resulting sample paths are continuous (a.s.). By contrast,
under Lévy noise, LMF trajectories are “purely discontinu-
ous”:(7) their increments are no longer Gaussian but heavy—
tailed; (if) they may—and do/—have infinite variance; and
(iii) their sample paths may—and do/—exhibit jump dis-
continuities of arbitrary magnitude.

This leads to a highly challenging optimization landscape,
especially because It6’s formula—the workhorse of stochas-
tic calculus—cannot be applied in this context. A key tech-
nical contribution of our paper—which, to the best of our
knowledge, is new in the stochastic analysis literature—is a
weak Ito formula for convex functions that are not C? (so
the standard Itd formula does not apply).

Thanks to this new technical tool, we analyze several vari-
ants of the method, with both constant and variable learning
rate, and we establish the following series of results:

1. In convex problems, time-averaged LMF orbits attain an
g-approximate solution within O (e~7/(P=D) time.

2. In strongly convex problems, LMF orbits converge at a
geometric rate to an “uncertainty ball” whose radius 6
scales with the method’s learning rate and the intensity
of the noise, and the fraction of the time spent -far from
the problem’s global minimum scales as (9(6?7 /62).

3. If the objective function is strongly convex relative to the
method’s Bregman function, LMF orbits get within ¢ of
the problem’s minimum in O(5~2P /(P=1)) time (in terms
of both “first-passage” and “last-iterate” guarantees).

Subsequently, we turn to the bona fide, discrete-time setting,
and we study different variants of SMD under heavy-tailed
noise. To connect with existing results, we first establish
an (’j(s"’ /(p _1)) ergodic convergence guarantee for rela-
tively smooth convex functions, echoing the bounds of Ne-
mirovski & Yudin [77] and Vural et al. [108] for SMD under
a “uniform smoothness” assumption. We then specialize

to functions that are also strongly convex relatively to the
method’s generating Bregman function: here, we establish
the convergence of the method’s trajectories in mean square,
and as in the continuous-time setting, we show that(i) the
algorithm’s orbits converge at a geometric rate to an “un-
certainty ball” whose size scales with the intensity of the
noise; and (if) the algorithm attains an g-optimal point in
O(e~1(P=1)) iterations. This is similar to the convergence
rate estimates obtained by Liu [57] for stochastic gradient
descent and dual averaging with unbounded variance (for a
more detailed comparison, see Appendix A), but we are not
otherwise aware of any results in the literature comparable
to the derived concentration and first-passage estimates.

Importantly, our discrete-time results mirror our continuous-
time findings, both qualitatively and quantitatively. In fact,
in all cases, the discrete-time bounds decompose into a
term stemming from the continuous-time analysis, plus a
“discretization” term. This indicates that the proposed Lévy
model is a faithful proxy for studying SMD in the heavy-
noise regime, thus opening up an important direction for
further research in the heavy-noise regime.

2 Setup and preliminaries

2.1. Notation and terminology. We begin by collecting
some basic definitions from convex analysis and optimiza-
tion. This is intended only to set terminology and notation;
for a detailed treatment, see [16, 19, 21, 95].

Throughout our paper, ¥ will denote a real n-dimensional
normed space with norm ||-|| (typically an LP-norm). The
dual space of V will be denoted by V) = V*, and we will
write ||y||. =sup{{y, x) : ||x|]| < 1} for the dual norm of y
in ), where (y, x) denotes the dual pairing between y € )
and x € V. Following standard conventions in the field
[95,96], if f: V — R U {oo} is an extended-real-valued
function on V, we will write dom f:={x € V : f(x) < oo}
for the effective domain of f,and df(x) ={y € YV : f(x') =
f(x)+(y,x" —x) for all x" € V} for the subdifferential of f
at x. Any g € df(x) will be called a subgradient of f at x,
and we will write dom df :={x € dom f : df(x) # @} for
the domain of subdifferentiability of f. By standard results
[95, Theorem 26.1], we have ridom f € domdf C dom f.

Finally, we will use the “soft-oh” notation O(g(n)) as a
shorthand for O(g(n) log n) for some k > 0, and the nota-
tion O(g(n)) as a shorthand for O(g(n)'**W)).

2.2. Problem setup. In the rest of our paper, we focus on
convex minimization problems of the form

minimize

f(x)

Opt
ex (OpY)

subject to
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where X is a compact convex subset of V and f: V — RU
{co} is a convex function satisfying the following standing
assumptions:

(a) Continuity: f is finite and continuous on X.

(b) Smoothness: The subdifferential 0 f of f admits a con-
tinuous selection, i.e., a continuous mapping V f such
that Vf(x) € d f(x) for all x € domdf.

Remark 1. In a slight abuse of terminology, we will re-
fer to V f(x) as the gradient of f at x. This does not im-
ply—or presume—that 9 f(x) is a singleton; instead, this
assumption is intended to capture cases where dom f lies
in a lower-dimensional subspace of VV—Ilike the probabil-
ity simplex—but f is smooth along any curve in X. For-
mally, it means that the directional derivative f’(x;z) =
d/dt|,-g+ f(x +1z) of f at x is equal to (Vf(x), z) for all
vectors of the form z =x" —x, x e domdf,x € X. +

We will specialize these assumptions later as needed. For
now, we only stress that the domain of subdifferentiability
of f need not extend to the boundary of X’; in particular, the
derivatives of f may be unbounded over X, even though
X is assumed compact. In this regard, the formulation
(Opt) is sufficiently flexible to account for a wide range of
optimization objectives that arise often in machine learning,
signal processing and data science, but which may fail to
be differentiable on the boundary of their domain—from
Poisson problems to quantum state tomography and beyond
[3,4, 11, 14, 18, 64].

2.3. Stochastic gradients. To solve (Opt), we will as-
sume that the optimizer has access to a black-box oracle
that returns a stochastic estimate of the gradient of f at the
point of interest. Formally, when queried at a x € domd f,
this mechanism returns a stochastic gradient of the form

G(x;w) =Vf(x)+U(x;w) (SG)

where(i) w is a random seed drawn from some (complete)
probability space (L, F,P); and (ii) U(x; w) denotes an
umbrella error term that captures all sources of randomness
and uncertainty in the oracle.

In practice, G is queried repeatedly at a sequence of points
xp € X, t=1,2,..., with a sequence of seeds w, drawn
ii.d. from Q according to IP. In so doing, we obtain the
sequence of stochastic gradients

gr = G(xss0;) = Vf(x) + Uy (D

where U, is a martingale difference sequence measuring
the gradient noise at step t. For book-keeping purposes,
we denote by F; the history (adapted filtration) of x;; in
particular, x, is F,-measurable, while w,, g, and U, are not.

With all this in hand, our standing assumptions for the gra-
dient noise term U; = U(x;; w;) will be as follows:

(a) Unbiasedness: E[U(x;w)] =0 for all x € domd f.

(b) Bounded p-th central moments: E[||U(x;w)||F] < oP
for some p € (1,2] and all x € domd f.

Importantly, for p < 2, this assumption allows for heavy-
tailed gradient input with possibly infinite variance. For
concreteness, we will refer to the case p < 2 as the heavy-
noise regime, and to the case p = 2 as the rame regime.

As we noted in the introduction, the heavy-noise regime
is particularly relevant for applications to deep learning
[10], attention models [2], and reinforcement learning [33],
where empirical studies have shown that stochastic gradi-
ents are typically heavy-tailed. The assumption we employ
above is the standard surrogate for heavy-noise models in
the literature, cf. [77, 117] and references therein.

2.4. Mirror descent and its friends. In the rest of our
paper, we will focus on the seminal mirror descent (MD)
class of algorithms introduced by Nemirovski [76] and Ne-
mirovski & Yudin [77] as a general scheme for solving
constrained optimization problems of the form (Opt). This
classical family of first-order methods replaces gradient
steps by a “mirror step”, that is, a non-Euclidean projection
step which is tailored to the geometry of the problem under
study. The main ingredients of this template are as follows:

Definition 1. Let 2: )V — R U {oo} be a convex function
with dom & = &, and let X, = dom 0h. We say that h is a
Bregman regularizer on X if:

(a) The subdifferential A of h admits a continuous selec-
tion Vh(x) € dh(x) for all x € X},.

(b) his strongly convex relative to ||-]| on X, viz.

h(x") > h(x) + (Vh(x),x' —x) + §||x' x> @

for some K > Oand all x € A, x" € X.

We also define the Bregman divergence of h as
D(q,x) = h(q) — h(x) = (Vh(x),q - x) 3)
and the associated prox-mapping as
Py (w) = argmin,,c  {{w,x —u) + D(u,x)} 4)

forall g € X, x € X), and all w € ). Finally, we define the
mirror map induced by & as

Q(y) = argmax ¢ x {(y, x) = h(x)} ®)
forally e ). +

With all this in hand, the stochastic mirror descent (SMD)
algorithm unfolds iteratively as

X+l = Px,(_%gt) (SMD)
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where g;, t = 1,2, ..., is a sequence of stochastic gradients
of the form (1), and y; > 0 is a variable step-size sequence,
typically of the form y; o 1/t% for some t, €[0,1].

Despite the method’s remarkable and well-documented suc-
cess—see e.g., [12, 21, 52] and references therein—(SMD)
exhibits the somewhat strange feature that “new gradient
information enters the algorithm with decreasing weights”.
This observation was first articulated in this way by Nes-
terov [81], who used it as the starting point for the variant
stochastic dual averaging (SDA) scheme

Y+l = Yt — Gt

(SDA)
Xe41 = Q(Mea1Yr+1)

where 17, > 0 is a variable nonincreasing learning rate
sequence that post-multiplies the aggregation of gradient
steps Yr+1 < Yr — g; in the dual—hence the name, see [111].

More generally, Nesterov [81] considered the template

Yt+1 = Yt — YVt Gt

(SDA, ;)
Xr41 = Q(Mex1Yre1) .

which includes both a pre- and a post-multiplier of gradient
steps. When run with constant learning rate n, « 1 instead
of a constant step-size, this template specializes to the itera-
tive method known as stochastic mirror descent with lazy
updates—or lazy mirror descent [21, 100, 121]—namely

Yt+1 = Yt — Yt 9t

(LMD)
Xr41 = Q(Yr1)

Importantly, when 4 is steep—in the sense that X}, =i X,
so Vh blows up at the boundary of X—the methods (SMD)
and (LMD) are equivalent; for completeness, we state and
prove this fact formally in Appendix B.

Remark 2. At a high level, dual averaging provides a more
flexible algorithmic template than mirror descent, all the
while avoiding the inverse recency bias. Discounting more
recent gradient feedback in favor of older, more stale input
could prove catastrophic in the presence of heavy-tailed
noise, so we will focus primarily on (SDA) in the sequel. 4

3 Analysis and results in continuous time

In this section, we introduce and analyze a general class of
stochastic dynamics modeling the heavy noise regime in
continuous time. Specifically, we consider a stochastic dif-
ferential equation (SDE) driven by Lévy noise, a stochastic
process with independent stationary increments and typi-
cally discontinuous paths. Beyond its intrinsic interest, this
continuous-time formulation serves as a principled stepping
stone for understanding the convergence of (SDA) under
heavy noise, as it allows us to focus on the interplay between
infinite-variance perturbations and unbounded jumps.

To streamline our presentation, the proofs of all results in
this section are collected in Appendices C and D.

3.1. The Lévy mirror flow. In the absence of noise, a
natural continuous-time model for mirror descent is given
by the mirror flow (MF) of f, defined here via the dynamics

Y(1)=-Vf(X(n)) with X(1)=Q@(nY(1)) (MF)

where n7 > 0 is a nonincreasing, differentiable learning rate
function, as per (SDA). Following [50, 70, 91], a standard
way to account for noisy gradient observations in (MF) is
to consider the associated stochastic mirror flow

dY(t) = =-Vf(X(t)) dt + dM (1)

(SMF)
X(1) = Q)Y (1))

where M(t) € Y, t > 0, denotes a continuous square-
integrable martingale. As such, (SMF) can be seen as a
rigorous formulation of the informal Langevin dynamics

Y(t) = =V (X(1)) + “noise” (©6)

5

with M (¢) playing the role of a catch-all, “white noise’
term intended to capture all sources of randomness and
uncertainty in the gradient signal V£ (X(t)).

Owing to its simplicity and flexibility, (SMF) has been stud-
ied extensively in the literature—see e.g., [48, 50, 70, 91] for
applications to optimization, [26, 37, 56, 118] for sampling,
and [20, 23, 47, 49, 61, 62, 66, 67, 69, 71, 73] for variational
inequalities, game theory, and beyond. At the same time
however, the driving noise process M () of (SMF) is in-
herently “tame”:(7) its increments are Gaussian, and hence,
light-tailed; (i7) their accumulation leads to a finite-variance
process (E[||M(t)||?] < oo for all r); and (iii) as a result,
the sample paths of (SMF) remain (uniformly) continuous.

To overcome these limitations of (SMF), we will instead
consider the Lévy mirror flow

dY (1) = =V f(X(t)) dt + dL(1)
X(1) =Q2(m()Y (1))

where, echoing our assumptions for (SG), the process L(t)
is a Y-valued centered Lévy process with E[||L(1)||?] < o
for some p € (1,2]. For completeness, we provide all
necessary background on Lévy processes in Appendix C.
For the moment, we only note that, for p < 2, (LMF) should
be seen as a formal version of the dynamics

(LMF)

Y (1) = =V f(X(t)) + “heavy noise” (7)

in the sense that(i) the increments of L(¢) are no longer
Gaussian but heavy-tailed; (i) the variance of L(¢) may be
infinite; and (iii) the sample paths of (SMF) may exhibit
jump discontinuities of arbitrary magnitude.
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This non-diffusive behavior is much closer to what one
would intuitively expect from the “heavy noise” regime.
Formally, referring to Appendix C for a more detailed treat-
ment, a centered Lévy process L(#) is a stochastic process
with L(0) = 0, independent stationary increments, and sam-
ple paths that are right continuous with left limits / continue
a droite, limite a gauche (cadlag). In particular, by the Lévy-
[t decomposition theorem [5, Theorem 2.4.16], the Lévy
noise process in (LMF) can be decomposed as

Lit)=M@)+S(t)+U(t) )
where:

(a) M(r) is a continuous square-integrable martingale of
the form

Mi(t) = D ZiW;(1) ©)
Jj=1

where W(t) is a standard Brownian motion in R™ and
¥ € R™™ ig a diffusion matrix capturing possible
correlations in the components of M;(¢); by this token,
we refer to M (t) as the diffusion component of L(t).

(b) S(t) is a purely discontinuous cadlag square-integrable
martingale with jumps bounded by some fixed—but
otherwise arbitrary—positive constant ¢ > 0; we refer
to it as the short jump component of L(t).

(¢) U(¢) is a purely discontinuous cadlag martingale with
finite p-th moments and unbounded jumps; we call it
the unbounded jump component of L(t).

Importantly, a Lévy process has infinite variance only if it
exhibits unbounded jumps, so (LMF) concurrently allows
the analysis of two important phenomena that cannot occur
in (SMF): heavy tails and long, unbounded jumps.

The distribution of these jumps is encoded by the Lévy
measure of L(t), a measure v on R"\{0} which counts how
many jumps of a given magnitude occur in unit time, viz.

v(B)=E[#{0 <t <1:AL(r) e B}],  (10)
where B is a Borel subset of R\ {0}, and
AL(t) =L(t) — L(t-) (11D

is the jump process of L(¢).! With this in mind, the intensity
of each component of L(#) can be quantified as follows:

(a) Diffusion component:

og =12} = «[=TX]. (12a)
(b) Short jump intensity:
Fhon= [ Ielivad. az)
0<|lzlls<c

Here and throughout, we write u(t—) :=limg_;- u(s) for the
left limit of a cadlag function u (7).

(¢) Long jump intensity:

o= [ V@ a2
lIzllszc
Finally, with a fair amount of hindsight, we also set
2 _ 2 2 P _ D
Oame = 0 + Oore  and Theavy = Tlong (12d)

for the tame and heavy part of the noise respectively.

Each of these quantities controls a specific part of the
noise process L(z). Clearly, the diffusive regime of (SMF)
is recovered when Oghort = Olong = 0, i.e., when L(¢)
has no jump component. We elaborate on all this in Ap-
pendix C, where we also discuss in detail the well-posedness
of (LMF)—that is, the existence and uniqueness of strong
solutions from every initial condition Y (0) € ).

3.2. Analysis and results. We now turn our focus to the
convergence guarantees of (LMF) in the context of (Opt).
To lighten notation, we will assume in the rest of this section
that (LMF) is initialized at the prox-center x. = argmin h
of X, i.e., with Y (z) « 0.

To provide some background, we begin with the tame, dif-
fusive regime of (SMF), where [70] showed that the time-
averaged process X (1) = (1/1) fot X (s) ds enjoys the bound

E[f(X(1)) = min f] = O(1/1) . (13)

The analysis of [70] hinges on an application of Itd’s for-
mula—the chain rule of stochastic calculus [51, 86]—to a
carefully designed energy function. To define it, consider
first the Fenchel coupling [70]

F(q.y) = h(q)+h*(y) = (y.q) forgeX,ye), (14)

where h*(y) = max,cx {{y,u) — h(u)} denotes the convex
conjugate of h. In a sense made precise in Appendix B,
the Fenchel coupling provides a measure of “primal-dual”
divergence between g € X and y € ), which is compatible
with the Bregman setup of Definition 1. Accordingly, to
account for the scaling of Y(¢) by n in (SMF), a natural
choice of energy function is the n-deflated Fenchel coupling

E(1) = ——F(q.n()Y (). (15)
n(t)

The first challenge that arises in studying the evolution of
E(t) under (LMF) is that the analogue of 1t6’s lemma for
Lévy-type processes includes second-order jump terms cor-
responding to the discontinuities of L(#). Thus, given that
the unbounded jump component U(¢) of L(z) may have in-
finite variance when p < 2, we cannot use crude estimates
based on smoothness arguments to control these terms as in
the diffusive case.
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A second major difficulty is that, in general, the Fenchel
coupling is Lipschitz smooth but not C2-smooth, so it must
first be mollified in order to derive a “weak” version of
It6’s lemma that only holds as an inequality (as opposed
to an equality). Putting all this together is a delicate task
whose end result is Theorem C.1, a “weak It6 formula” for
Lipschitz-smooth convex functions relative to general Lévy-
type integrators. To the best of our knowledge, this result is
new in the stochastic analysis literature; however, because
the statement itself requires additional technical machinery,
we defer the formal presentation and proof to Appendix C.6.

Instead, we only present here the application of this weak It6
formula to E(t). To that end, if we set with some hindsight

2-p P
2 _ a_t%me d P _ ”X” pa—heavy 6
Viame = 2K an Vheavy - T ’ (16)

we obtain the following explicit bound:
Proposition 1. Under (LMF), E(t) is bounded as

E(t)—E(O)S/O (Vf(X(s5)),q = X(5)) ds +&£(1) + £ (1)

t t
Viwe [ 0 ds+ i, [Cnert s

- [ B h) - nxemras. an
o 1(s)

where || X|| :=maXy v ||x" — x|| is the diameter of X, and

&(1), £(t) are martingales (the former square-integrable).

We prove Proposition 1 in Appendix D, where we also
provide explicit expressions and bounds for & and £. Thanks
to these bounds, we get the following guarantee for (LMF):

Theorem 1. Under (LMF), the time-averaged process
X() =1/ fol X (s) ds enjoys the bounds

E[f(X(1))] < min f + Ro(z) (18)
and, with probability 1,

(1) < min f + Ro(r) + O )

logl
ogtogt) (19)

+ O(O—tame”X”

where

H Véme/’

Ro(t) = —— + d

o= s+ = | ns) ds
P

Vheavy ! 1
T‘/ n(s)P~ ds (20)
0

and H :=max h — min h. In particular, if (LMF) is run with
learning rate n(t) = 1/t'P, we have

P
R (t) — H + p Véme VheaVy
0 (0P T p—1¢/p " Cip-Dip

=O(1/tP=11Ipy, (21)

Theorem 1 is our main result for convex functions, so some
remarks are in order.

Remark 3. From the expression (21) for Ry(t), we further
observe that f(X(¢)) — min f whenever the learning rate
satisfies tn(f) — oo and n(t) — 0. Among such choices,
the standard schedule 7(r) oc 1/¢'/7 is the one that optimizes
the resulting upper bound in #. To connect with existing
results, this gives E[f(X(7))] — min f = O(1/+/) in the
tame regime p = 2, so we recover the diffusive expression
(13) for (SMF) under Brownian noise [70]. On the other
hand, under heavy noise (1 < p < 2), the convergence
rate of (LMF) deteriorates smoothly with p, matching the
corresponding lower bounds of [77]. This deterioration is
due expressly to the long-jump term O(oﬁ3 avy JtP=DIPYin
(21), and suggests that the Lévy-driven dynamics (LMF)
comprise a particularly expressive model for the study of
stochastic mirror descent under heavy-tailed noise. +

Remark 4. We also note that, for any error £ > 0, The-
orem 1 shows that running (LMF) with constant n =
O(e'/(P=1) guarantees E[f(X (7)) —min f| < & within
time ¢ = O(eP/(P=D). This expression in terms of & pro-
vides a convenient baseline for comparing convergence rates
under constant learning rates; we revisit this point later. 4

3.3. Finer results under (relative) strong convexity. In
the rest of this section, we refine and expand on the con-
vergence guarantees of Theorem 1 for functions that are
strongly convex relative to either ||-|| or 4. Formally:

(i) f is u-strongly convex if
FO) 2 @) +(VF ). =)+ Sl =l 22)

forall x,x’ € X.

(i) f is u-strongly convex relative to h if

F(X') = fx) +(Vf(x),x" —x) + uD(x",x) (23)
for all x € Xj, and all x” € X.

The notion of relative strong convexity is due to Lu et al.
[64], and is a refinement of “vanilla” strong convexity: if
f is p-strongly convex relative to A, then it is also (uK)-
strongly convex relative to ||-||. The converse, however, does
not hold, especially when 4 is steep (that is, X}, = ri X).
In this case, the Bregman divergence D(x’,x) may grow
unbounded as x gets closer to the boundary of X’; in turn,
this means that the gradient of f blows up at the boundary
of X, so a strongly convex function like ||x||> cannot be
strongly convex relative to % in this case. We discuss this
issue in more detail later; for now, it suffices to keep in mind
that the notion of relative strong convexity is more exacting,
but also more aligned with the geometry of & (so one may
reasonably expect better guarantees in this setting).
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With all this in hand, we will examine the following ques-
tions for (LMF) under (relative) strong convexity:

(a) The fraction of time that X (z) spends near arg min f.
(b) The time it takes X (¢) to get close to arg min f.

(c) The convergence speed of X (¢) itself (as opposed to its

time average).

To quantify the above, fix a distance tolerance 6 > 0, let
x* € argmin f denote a solution of (Opt), and let

Bs={xeX:|x-x"|| <6} (24)

be a ball of radius ¢ centered at x* € X. Finally, with some
hindsight, consider the “uncertainty radius”

p—lvp

heavy | * (25)

2
6%} = /: nvtzame +n

We then have the following guarantees for (LMF).

Theorem 2 (Concentration). Assume f is u-strongly convex,
and let

i (By) = 1 /0 1{X(s) € Bs}ds  (26)

be the fraction of time that X (t) spends in Bs up to time t.
If (LMF) is run with constant 1j(t) = n, we have

2

0 2H
E[u;(Bs)] =1 - — — 27
Bl 2 1= = = (27a)
and, with probability 1,
2
1 2H - _P—l
By) > 1- - - +O(¢ , )
pe(Bs) 2 ot !
loglogt
+0(atame||»c|| =t ) (27b)

Theorem 3 (Hitting time). Assume f is u-strongly convex,
and let
75 =inf{t > 0: || X(¢) —x"| < 6} (28)

denote the first time that X (t) gets within 6 of x* for some
small enough 6 > 0. We then have the following estimates:
Case 1. Heavy noise: If p < 2 and (LMF) is run with
1/(p-1
n(t) = [u6?/ 8V, )] 7Y, then

/(p=1)
8P Vieary |
E[rs] < 4H ﬂ) . Q9

ué?

Case 2. Tame noise: If p = 2 and (LMF) is run with n(t) =
pS? - K| (205 + 4oy, ), then
< 8H O-tzame + 2O—Iiaavy

Blrsl < 5o =3 (30)

Theorem 4 (Convergence). Assume f is p-strongly convex
relative to h with h steep. Then:

(a) If (LMF) is run with constant n(t) = n, we have:
E[IX(r) = x*|I] < 6% /K + (2H/K)e 1. (31)

(b) If (LMF) is run with n(t) = (1 +1)~Y?, we have:

. 2 H
E[IX(1) -x"I1P] € = ———7
uK pt(p=D/p
p
o2 Ve, 2 Vheay
uK tt/p uK ptp=1ip

tlfl/p_l

— ) (32)

N 2H
K P{—HuP
In particular, X (t) — x* in mean square ast — oo,

Theorems 2—4 are our main results for (LMF) in the strongly
convex regime, so we close this section with some remarks.

Remark 5. Note that Theorem 4 is stated in the context of
relative—as opposed to ordinary—strong convexity. This is
due to the fact that Gronwall-type arguments for the iterates
of mirror descent (as opposed to time averages) require a
two-way compatibility between norms and divergences, and
this is absent when f is norm-strongly convex. This dispar-
ity is well-documented in the literature—for both stochastic
[8, 63] and deterministic methods [9, 64]—so it is natural
that (LMF) is also subject to it. For completeness, we also
record in Appendix D an ergodic convergence result under
“vanilla” strong convexity, cf. Theorem D.3. +

Remark 6. 1t is also worth noting that Theorems 2—4 paint
a complementary picture. At a high level, Theorem 2
shows that, for any fixed 5, there is a “critical radius” 6, =
dc(n, u, o) such that, after a transient O(1/1) regime, X (1)
is concentrated within .. of x*, spending only an O(62/6?)
fraction of time d-away from x*. This is reflected in the
guarantee (31) which shows the geometric convergence of
X (1) to an O(6.)-neighborhood of x* before the noise over-
shadows the drift of the process. In particular, letting t — oo
in Theorem 4 yields lim sup,_,., E[||X(¢) — x*||*] < 62/K,
matching the upper bound obtained from Theorem D.3, but
applies to the last iterate rather than to ergodic averages
(and is reached at a geometric rate under relative strong
convexity, instead of 1/¢ for standard strong convexity). 4

Remark 7. As in the case of Theorem 1, running (LMF)
with n = O(g"/(P~1) for a fixed tolerance level & >
0 guarantees ]E[||X(t) - x*||2] < ¢ within time ¢t =
O (e7YP=Dlog(1/e)). Since p > 1, this is always
sharper than the (ergodic) rate O(g~?/(P~=1)) of Theorems 1
and D.3; in particular, in the tame regime p = 2, this rate
matches the well-known O(1/¢) rate for stochastic strongly
convex optimization up to a logarithmic factor. However,
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for p < 2, this bound does not match the Q(g~P/[2(P=D1)
lower bound [117, Theorem 5] for smooth strongly convex
functions. We discuss this in detail in the next section. 4

4 Analysis and results in discrete time

With the continuous-time analysis in place, we return in
this section to the discrete-time algorithmic setup of (SDA),
where we show that, mutatis mutandis, the same conver-
gence and concentration patterns persist. The only ad-
ditional element that we will require over Section 3 is a
measure of smoothness for f that is compatible with the
Bregman geometry of 4. This is mandated for two reasons:
First, under relative strong convexity, gradients may grow
unbounded near the boundary of X, so standard Lipschitz
smoothness does not suffice. Second, the heavy noise in
the input is filtered through the mirror map Q, so, in order
to control it in the primal space X, we need a notion of
smoothness which, in a sense, commutes with Q.

To that end, we will employ the notion of relative smooth-
ness due to [11, 17, 64]. Formally, f is said to be L-smooth
relative to h if Lh — f is convex, or, equivalently, if

f(xX) < f(x)+(Vh(x),x’ —x)+ LD(x’,x) (RS)

for all x € Aj, x* € X. Dually to strong convexity, if a
function is L-smooth relative to ||-||—that is, (RS) holds
with [|x” = x||?/2 in lieu of D (x’, x)—then it is also (L/K)-
smooth relative to s. The converse however does not hold,
and there is a broad range of problems in machine learning
and data science—from Poisson inverse problems to entropi-
cally regularized optimal transport—that are smooth relative
to a suitable Bregman function, but not in the ordinary sense.

With all this in hand, we state below a series of representa-
tive results for different incarnations of SMD under heavy
noise. For convenience, we write throughout

VE=1X|PP 2/K)P~ o (33)

in direct analogy with Vyeavy in (16). In addition, to stream-
line our presentation, we assume that all algorithms are
initialized at the prox-center x. = argmin s of X, i.e., with
y1 <« 0, and we defer all proofs to Appendix E.

We start with two results in the spirit of Theorem 1.

Theorem 5 (SDA, convex). Suppose that f is L-smooth
relative to h and (SDA) is run with learning rate n, =
B/t'/P, B < 1/(pL). Then the time-averaged process X1 =
(1/T) ZzT=1 Xy enjoys the bound

f(x1) —min f .\ HKP~' 4+ P VP
T BT (P-D/p

E[f(X7)] < min f +

In particular, for B = [H/(p — 1)]"/P |V, we have

E[f(¥r)] < min f + w

L PUH[(p =17 VPV,
T(p-1/p ’

(34)

Our next result concerns the relatively strongly convex
case—so arg min f = {x*} for some x* € X. Then:

Theorem 6 (SDA, strongly convex). Suppose that f is u-
strongly convex and L-smooth, both relative to h, with h
steep. If (SDA) is run with constantn; =n < 1/(pL), then

nP~'WEl 2H

E ok 2 < =7 1_ t—l.
[Ilx, = x*|17] < kT = (1=nw) (35)

Corollary 1. Fix some target accuracy € > 0. If (SDA) is
run with small enoughn = O(g'/P ), then E[||x, —x*||*] <
eforallt = Q((a’p/s)l/(”_l) log(1/¢)).

Our next two results echo Theorems 2 and 3, and they esti-
mate the fraction of time that x; spends away from arg min f,
and the time that it takes to get close to it for the first time.

Theorem 7 (Concentration). Assume f is p-strongly convex
and L-smooth relatively to h, let B s be a 6-ball in X around
the global minimum x* of f, and let

| T
ur(Bs) = T > 1{x, € Bs} (36)
=1

be the fraction of time that x; spends in Bs up to time T. If
(SDA) is run with constant learning rate n; = n, we have

O _2fx)-minf]  2H

62 uoT nuo2T

Efur(Bs)] = 1 (37)

where, in a similar vein to (38), we let
&y =2/(up) 0PV (38)

Theorem 8 (Hitting time). Assume f is u-strongly convex
and L-smooth relatively to h, and let

s =inf{r=1,2,...: ||Ix; —x*|| < &} (39)

denote the first time that x; gets within § of x* for some
small enough 6 > 0. If (SDA) is run with constant learning
rate n < [upd?/(RVEN]V/(P=D, then

_ 2H/n+f(x1) —min f +u6®/2
<2 .

E[7s]
62— 6%,

(40)

In particular, if (SDA) is run withn = [u6%/(2VE) |V (r=1),
we have

E < -7
[7s] b1 15 15

=01/ (P=1)y (41)

p_|,, 2LfGx) — min f] +H(2V0)p’ill
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Figure 1. The behavior of (SDA) under tame and heavy noise. We considered a strongly convex function over X = [0, 1] x [0, 1] and
we ran N = 200 instances of (SDA) with entropic regularization for T = 10* iterations and gradients perturbed by a centered e-stable
distribution with scale parameter ¢ = 1 and no skewness. The leftmost plot shows a sample trajectory and the long-run distribution of the
iterates of (SDA) for the tame regime (@ = p = 2); the center plot shows the same information for the heavy-noise regime (¢ = p = 3/2).
Finally, the rightmost plot shows the evolution of f(x¥7) under tame and heavy noise (red and blue coloring respectively; markers = mean,
shading = range, and the dashed line represents a sample trajectory); as predicted, f (¥7) follows a power law in both cases.

Finally, to complete our range of results, we provide below
the analogous result for (LMD) with a variable step-size.

Theorem 9 (LMD, variable y). Suppose that f is u-strongly
convex and L-smooth, both relative to h, with h steep. If
(LMD) is run with step-size y; = B/t, B < 1/(pL), then

o1 /tP7h ifp <1+pu,
E[llx,—x*|*] = {O(logt/tP~!)  ifp=1+pu, (42)
O(1/tPr) ifp>1+pu

There are several points worth discussing at this stage.

First, the choice of results to present in this section has not
been arbitrary; our aim was to show the broadest range of
phenomena that arise. Specifically, by the equivalence of
(SDA) and (LMD) for constant y = 1, Theorem 6 also cov-
ers (LMD); and by the equivalence of (LMD) and (SMD)
in the steep case, the bounds of Theorem 9 also apply di-
rectly to (SMD). In Appendix E, we provide a range of
supplementary results that complete the picture.

Second, a salient pattern that arises when connecting the
corresponding continuous- and discrete-time results is that
the derived discrete-time bounds consist of a term that mir-
rors the corresponding continuous-time guarantee, plus a
term involving the value difference f(x;) — min f, which
essentially stems from the “discretization” of (LMF). This
suggests that (LMF) is a particularly faithful surrogate for
the heavy-noise regime in continuous time—so the study of
its properties proves highly beneficial for the discrete-time
regime as well.

In terms of rates, the guarantees of Theorem 9 are fairly
involved. First, to provide some context, Theorem E.11 in
Appendix E shows that running (LMD) with y, o 1/¢!/7
achieves an O(1/t(P=1/p) convergence rate. On the sur-
face, this appears weaker than that of Theorem 9, but there
are several intricacies at play: First, since L > u, we have
Bu < u/(pL) < 1/p < 1, so the rates in Theorem 9 are

better when p < 1/(1 — Su), but not otherwise. Concretely,
for 8 = 1/(pL), this condition reduces to p < 1+ u/L,
which generally holds only when p is close enough to 1,
that is, for very heavy noise; in the other cases, the step-size
¥: o 1/tY/P seems to be preferable.

Finally, we see that (SDA) attains the improved complexity
rate O((o? /£)"/(P~1)) with a suitably tuned 7 (the case of
a variable learning rate is more subtle, cf. Theorem E.7).
As we mentioned in Section 3, this does not match the
O(&=P/2P=2)) of Zhang et al. [117] for strongly convex
functions. A key difference between our setting and [117]
is that we work here with functions that are strongly convex
relative to a steep regularizer over a bounded domain, so
V f grows unbounded at the boundary of &’; by contrast, the
lower bounds of [117] concern problems whose gradients
are bounded over any bounded domain, so there is no over-
lap. Beyond this difference, we conjecture that our rates
can be tightened further with a different choice of energy
function; we leave this as an open question for future work.

5 Concluding remarks

A first important take-away of our results is that stochastic
mirror descent remains particularly robust in the presence
of heavy noise, and maintains its convergence and concen-
tration guarantees despite the very long jumps exhibited
by the noise. A second is that our discrete-time results
closely mirror our continuous-time findings, both qualita-
tively and quantitatively; this indicates that the proposed
Lévy model is a faithful proxy for studying SMD in the
heavy-noise regime, thus opening up several important di-
rections for further research in the heavy-noise regime. A
first such question would be to sharpen Theorem 6 under rel-
ative strong convexity, where we conjecture that the lower
bound of Zhang et al. [117] is achievable (even with un-
bounded gradients); a second would be to investigate the
use of (LMF) for sampling from constrained spaces in the
spirit of [37, 118]. We leave these questions for the future.
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A Related works

Stochastic mirror flows and Mirrored Langevin dynamics Stochastic mirror flows were introduced and studied by
Raginsky & Bouvrie [91] as a noisy variant of the continuous-time mirror flow of Nemirovski & Yudin [77], with subsequent
works refining their convergence properties and extending the framework to state-dependent diffusion terms and variational
inequalities [70, 71]. Accelerated variants were later proposed, notably by Krichene & Bartlett [48] and Xu et al. [113, 114],
the latter also establishing convergence rates under relative strong convexity. All these works suppose L-smoothness of the
objective function. Closely related are the mirrored Langevin dynamics, which extend Langevin diffusions to non-Euclidean
geometries for sampling measures on constrained spaces. The initial formulation, due to Hsieh et al. [37], considered a
constant diffusion coefficient, while later studies introduced a diffusion term adapted to the geometry via the Hessian of the
regularizer [26, 56, 118], thereby placing mirrored Langevin dynamics as a special case of Riemannian Langevin methods
[94]. Convergence guarantees for convex and relatively strongly convex objectives were also established for these dynamics
by Tzen et al. [107] under a constant stepsize schedule.

Lévy-driven SDEs in stochastic optimization Stochastic differential equations driven by Lévy processes have gained
attention in machine learning as models for stochastic optimization under heavy-tailed noise. A first line of work focuses
on sampling algorithms based on Lévy-driven dynamics, most notably the fractional Langevin Monte Carlo method
introduced by Simgekli [101], and further studied by [38, 83, 105, 115, 119], where Brownian motion is replaced by a
stable Lévy process. More general Lévy Langevin Monte Carlo methods allowing arbitrary Lévy noise were also recently
studied in Oechsler [85] and Behme & Schwienhorst [13]. Beyond sampling, Lévy-driven SDEs have been proposed as
continuous-time approximations of stochastic gradient methods, notably to explain metastability and escape phenomena
observed in deep learning [10, 82, 102, 103, 120]. Finally, Lévy-driven models have also been used to study generalization
properties of SGD, suggesting that heavier-tailed processes should achieve better generalization errors [30, 31, 92, 93, 104].

Heavy-tailed noise in stochastic algorithms For standard SGD, Zhang et al. [117] showed that iterates may fail to
converge for any fixed stepsize under heavy-tailed noise, even for strongly convex objectives, indicating that additional
structure is generally required. Convergence can nonetheless be recovered under strong assumptions on the objective, such
as a bounded and uniformly p-positive definite Hessian [109], or by modifying the algorithm.

In the context of mirror descent, Nemirovski & Yudin [77] established convergence for convex objectives with uniformly
continuous mirror maps and proved the optimal in-expectation lower bound Q(t‘(p -D/p ). This result was later refined by
Vural et al. [108] for uniformly convex regularizers, with improved dimension dependence, and extended to zeroth-order
methods in Kornilov et al. [46]. For projected SGD on bounded domains, recent work by Fatkhullin et al. [32] and Liu [57]
showed that the optimal convex rates can in fact be achieved without modifying the algorithm; the latter also establishing
this property for Dual Averaging and AdaGrad in online convex optimization.

A large body of work instead focuses on gradient clipping as a stabilization mechanism under heavy-tailed noise. This line
of research was initiated by Zhang et al. [117], who proved optimal lower bounds in expectation of order Q(z‘z(P‘l)/ P) for
strongly convex objectives and Q(t’(l’ -D/Gp ’2)) for nonconvex smooth ones, and showed that clipped SGD can match
these bounds. Subsequent works derived high-probability guarantees matching these rates [97] and extended the analysis to
broader settings, including nonconvex [6, 28, 60], composite [34] and distributed optimization [34, 116], as well as to more
general (Lo, L1)-smooth objectives [27].

Further refinements include variance-reduced and stabilized variants that can achieve even faster rates under additional
structure [58, 90]. The recent work of Wang & Rhee [110] complements this line of work by providing a large-deviations
and metastability analysis of clipped SGD without relying on a Lévy-driven SDE approximation. Alternatives to clipping
have also been proposed to address heavy-tailed noise without truncation. Notably, normalized gradient methods achieve
optimal or near-optimal convergence rates for nonconvex optimization [39, 59, 106, 116].

Further comparison with [57] For discrete-time algorithms, the closest work to ours is [57], which derives several
convergence guarantees for Online Gradient Descent and Dual Averaging on bounded domains under heavy-tailed noise.
Importantly, while the same general strategy is used to handle unbounded variance (cf. the chain of inequalities leading
to [57, Eq. 5]), that work is restricted to standard Euclidean norms, whereas our results hold under general Bregman
divergences. This extension to non-Euclidean norms was in fact already alluded to by Liu [57, Remark 4], but carrying it
out requires substantially more care than what one might initially expect, notably the need to distinguish between standard
and relative strong convexity—the former being norm-agnostic while the latter accommodates the geometry induced by the
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regularizer. In particular, when the regularizer is steep, relative strong convexity requires the objective function to have
unbounded gradients, making it necessary to work under the refined relative smoothness framework of Bauschke et al. [11].
By contrast, gradients are assumed bounded throughout [57], except for the last-iterate convergence rate of [57, Theorem 10]
and its corollaries, which rely instead on the condition

’ ’ ’ ’ ’ H ’ ’
Ll =1 < f(0) = f() = (Vf()x =) <26 =2+ T e = x|, xx’ € X, (A1)

for some u, G, H > 0 satisfying G + H > 0. One may in fact observe that, in the Euclidean and compact setting of Liu [57],
the above condition effectively reduces to a bounded-gradient assumption, despite being formulated as a nonsmoothness
condition. However, unlike the other results of [57], its extension to the relatively smooth / relatively strongly convex setting
now becomes rather natural, as it effectively amounts to replacing Euclidean norms by Bregman divergences. With that said,
this condition was only introduced in a revised version of [57], posted online concurrently with the initial drafting of the
present paper, and whose existence was brought to our attention only later by a reviewer.

B Basic properties of Bregman methods

In this appendix, we collect some background material, properties and examples regarding the mirror setup of Section 2.
The results presented below (or a version thereof) are known in the literature; nevertheless, we provide detailed proofs for
completeness and to resolve any conflicts or ambiguities with different conventions in the literature.

B.1. Refresher. With notation as in Section 2, let V be a n-dimensional normed space, let ) := V* denote the (algebraic)
dual of V, and let (y, x) denote the canonical bilinear pairing between x € V and y € V*. If ||-|| is a norm on V we will also
write

llyll. = max{{y,x) : [lx]| <1} (B.1)

for the induced dual norm on ), so |y, x)| < ||x|||lyl|« for all x € V and all y € ) by construction. Moreover, given a closed
convex subset X of V, we also define:

1. The tangent cone to X at g € X:
TC(g) =cl{z €V : g +1tz € X for some ¢ > 0} (B.2)

i.e., as the closure of the set of rays emanating from ¢ and meeting X in at least one other point.

2. The dual coneto X at g € X:

TC*(¢q) ={we Y :{(w,z) =0forall z€ TC(q)} (B.3)

3. The normal/polar cone to X at g € X:

PC(q)={we) :(w,z) <0forall z € TC(q)} (B.4)

Following standard conventions in the field [95], convex functions will be allowed to take values in the extended real line
R U {co}, and we will denote the effective domain of a convex function f: )V — R U {co} as

dom f={x € V: f(x) < o0}. (B.5)

When there is no danger of confusion, we will identify a convex function f: V — R with its restriction on dom f’; in other
words, we will treat f interchangeably as a function on dom f with values in R, or as a function on V with values in RU {co}
(and finite on dom f).

Throughout the sequel, we will assume that all functions under study are proper, that is, dom f # @. Then, given a proper
function f: V — R U {co}, the subdifferential of f at x € dom f is defined as

Ofx)={yeY: f(x) = f(x)+{y,x —x) forallx’ € V} (B.6)
and we denote the domain of subdifferentiability of f as

domdf={xeV:df(x)+2}. (B.7)
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With all this in hand, a regularizer on a closed convex subset X of V is a continuous function i: X — R which is strongly
convex relative to ||+||, i.e., there exists some K > 0 such that

h(Ax + (1 = )x’) < th(x) + (1 = Dh(x') - gm - D)|lx" - x| (B.8)

for all x,x” € X and for all A € [0, 1]. By standard arguments [16, 96], this immediately implies that

K
h() 2 h(0) + I (x5’ =) + Sl = xl” forallx,x’ € &, (B.9)
where
W (x;x" —x) = Hlir&[h(x +0(x" —x)) - h(x)]/0 (B.10)

denotes the one-sided directional derivative of / at x along the direction of x” — x.

As per Definition 1, we will say that & is a Bregman regularizer if dh admits a continuous selection Vi (x) € dh(x) for all
x € dom dh. For such a regularizer, we recall the following definitions:

1. The prox-domain of h:

Xp:=domdh (B.11a)
2. The convex conjugate h*: ) — R of h:
h*(y) = ma))(({(y,x) —h(x)} forallye ). (B.11b)
X€E
3. The mirror map Q: Y — X induced by h:
0(y) =argmax{{y,x) — h(x)} forallye ). (B.11¢)
xeX
4. The Fenchel coupling F: X x ) — R defined by h:
F(q,y) =h(q) +h*(y) —{y,q) forallge X,ye). (B.11d)

5. The Bregman divergence D : X x X} — R associated to A:

D(q,x) = h(q) — h(x) —(Vh(x),q —x) forallge X,xe X. (B.11e)

6. The prox-mapping P: X, x Y — X}, induced by h:
Py (w) = argmin, . p{(w,x —u) + D(u,x)} forallge X,ye). (B.11f)
Remark B.1. Of the items above, only the last two require % to be a Bregman regularizer; the rest apply to any regularizer. 4

The proposition below provides some basic properties linking the above:

Proposition B.1. Let h be a K-strongly convex regularizer on X. Then:
(a) Q is single-valued on ).
(b) Forallx € Xy and all y € Y, we have

x=Q0(y) ifandonlyif ye dh(x). (B.12)

(¢) The image im Q of Q is equal to the prox-domain of h, and we have
nX cimQ=4,cX. (B.13)

(d) The convex conjugate h*: Y — R of h is differentiable and satisfies
O(y) =Vh*(y) forallye ). (B.14)
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(e) Q is (1/K)-Lipschitz continuous, that is,
10(y") =Wl < /Ky -yl forally.y €. (B.15)
(f) Fixsomey € Y and let x = Q(y). Then, for all x’ € X we have:
W (xx" —x) = (y,x" —x). (B.16)
(g) Fix somey € Y, and let x = Q(y). Then Q(y + w) = x for all w € PC(x).
Proof. For the most part, these properties are well known in the literature (except possibly the last one), so we only provide

a pointer or a short sketch for most of them.

(a) This follows from the fact that 4 is strongly convex, so the arg max in (B.11c) is attained and is unique for all y € ).

(b) By Fermat’s rule [95, Chap. 26], we readily see that x solves (B.11c) if and only if y — dh(x) 3 0, that is, if and only if
y € dh(x). Since this implies that 9/, our claim follows.

(c) By (B.12), we readily get imQ = A},. As for the second part of our claim, it follows from basic properties of the
subdifferential, cf. Rockafellar [95, Chap. 26].

(d) This is simply Danskin’s theorem, see e.g., Bertsekas [16, Proposition 5.4.8, Appendix B].
(e) This is a consequence of the fact that 4* is (1/K)-Lipschitz smooth, cf. Rockafellar & Wets [96, Theorem 12.60(b)].
(f) Since y € dh(x) by (B.12), we readily get that

h(x+6(x" —x)) =2 h(x) +6{y,x’ —x) foralld e [0,1]. (B.17)
Hence, by rearranging and taking the limit & — 0", we conclude that

Wi =x) = lim hx+ 07 ;x)) —h) S x = x) (B.18)

as claimed.?

(g) By (B.12) it suffices to show that y+w € dh(x) for all w € PC(x). However, if w € PC(x), we also have (w,x"—x) < 0
for all x’ € X, and hence, with y € dh(x), we readily get

h(x") = h(x) + (y,x" —x)
>h(x)+{y+w,x’ —x) forallx’ € X. (B.19)

This shows that y + w € dh(x) and completes our proof. ]

Following [68, 74], we also define the Fenchel coupling associated to h as

F(q.y) = h(q) +h*(y) = (y.q) forallge X,ye ). (B.20)

The next proposition shows that the Fenchel coupling can be seen as a “primal-dual” measure of divergence between g € X
andy € ):

Proposition B.2. Let h be a Bregman regularizer on X. Then, forall g € X and ally € Y, x = Q(y), we have:

(a) F(q,y) =0 with equality if and only if g = x. (B.21a)
(b) F(q,y) = D(q,x) with equality whenever x € ri X. (B.21b)
(€) Fq.y) = 3K [10(y) - gl (B.21¢)

Proof. These properties are all fairly well known in the literature; we only provide a quick proof for completeness.

2The existence of the limit is guaranteed by elementary convex analysis arguments, cf. Bertsekas [16, App. B].
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(a) By the Fenchel-Young inequality, we have h(q) + h*(y) > (y, q) forall ¢ € X, y € ), with equality if and only if
y € dh(q). Our claim then follows from (B.12).

(b) By definition, we have

F(q.y) = h(q) + 1" (y) — (v, q)
= h(q) +{y,x) = h(x) =y, q) = h(q) — h(x) = {y,q — x) . (B.22)

Since x € ri X and y € dh(x), we readily get (y, g —x) = ' (x;q—x) = (Vh(x), g —x), showing that F(q,y) = D(q,x)
in this case. Otherwise, by (B.16), we get (y, g —x) > h'(x; g —x) = (Vh(x), g —x), and the desired inequality follows.

(c) Arguing as above, we have

F(q.y) = h(q) + " (y) — (v, q)

= h(q) + (Y, x) — h(x) =y, q) > since y € AN (x)
> h(q) — h(x) = h'(x;q — x) > by Proposition B.1
> 1K|lx - q|I? > by (B.8)
so our proof is complete. ]

Our last result at this point is a useful differentiation formula for the Fenchel coupling:

Lemma B.1. Forall g € X and all y € ), we have:
VyF(q,y) =Q(y) —q. (B.23)
Proof. The proof follows immediately from Danskin’s theorem, cf. Eq. (B.14) of Proposition B.1. ]

B.2. Update lemmas. Moving forward, we note that the basic update step of (LMD) can be written as
y'=y+w and x*=0(y") (B.24)

for some y, w € V.

We begin with the equivalence of the primal and dual updates—of (SMD) and (LMD) respectively—when #4 is steep, that is,
A, =r1i X. The key element of this equivalence is the general proposition below.

Proposition B.3. Fix some y € Y, x = Q(y), and w € Y. Suppose further that y — Vh(x) annihilates all tangent vectors to
X atx, ie.,
(y—Vh(x),x' =x)=0 forallx’ € X. (B.25)

Then:
Py(w) =0y +w). (B.26)

Corollary B.1. Proposition B.3 holds whenever x = Q(y) € ri X; in particular, if h is steep, (B.26) holds for ally € ).

Corollary B.2. Suppose that (SMD) and (LMD) are initialized respectively at x| € X, and y; € Y, withx; = Q(y1). If h
is steep and the algorithms are run with the same input sequence g;, t = 1,2, ..., then they generate the same sequence of
iterates.

Proof of Proposition B.3. By the definitions (B.11f) and (B.11c) of P and Q respectively, we have:

Py (w) = argmin{(w,x —x") + D(x’,x)}
- a;giern)zn{(w,x — Xy + h(x') = h(x) - (Vh(x),x" —x)}
= arxg;i(inﬂw,x — XY+ h(x') = h(x) = (y.x" —x)}
:a%En}X{(y+w,x')—h(x')}=Q(y+w). .
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We now proceed to state a series of identities and estimates for the Fenchel coupling before and after an update of the form
(B.24). These results are not new, cf. [42, 74, 75] and references therein; however, the assumptions used to derive them vary
in the literature, so we provide detailed proofs for completeness.

The first is a primal-dual version of the so-called “three-point identity” for Bregman functions [25]:

Lemma B.2. Fix some g € X, y € Y, and let x = Q(y). Then, for all y* € ), we have:

F(q.y") = F(q.y) + F(x,y") +{y" —y,x — q). (B.27)
Proof. By definition, we have:

F(q,y") = h(q) +h"(y") = y", q) (B.28a)
F(q,y) = h(q) +h"(y) — v, q) (B.28b)
F(x,y") = h(x) + k" (y") = (", x) (B.28¢)

Thus, subtracting (B.28b) and (B.28c) from (B.28a), and rearranging, we get
F(q,y") = F(q,y) + F(x,y") = h(x) = h*(y) + ", %) =" ~y, ) . (B.29)
Our assertion then follows by recalling that x = Q(y), so h(x) + A" (y) = (y, x). ]

The next result we present concerns the Fenchel coupling before and after a direct update step; similar results exist in the
literature, but we again provide a proof for completeness.

Lemma B.3. Fix some g € X and y,w € Y. Then, letting x = Q(y), y* =y +w, and x* = Q(y*) as per (B.24), we have:
F(q,y") = F(q.y) + (w,x" = q) = F(x", y) (B.30a)

1
< F(q,y)+<w,x—q>+ﬁllwllf. (B.30b)

Proof. By the three-point identity (B.27), we have

F(q.y) = F(q.y") + F(x",y) +y-y".x" - q) (B.31)
so our first claim is immediate. For our second claim, rearranging terms and employing the Fenchel-Young inequality gives

F(q.y") +(w,x" —q) - F(x", y)
=F(g,y) +(w,x - q) + (w,x" —x) - F(q,y)
1 » K 2

< F(q.y) + (. x = q) + e llwlle + S llx = qlI” - F(q.4) (B.32)

so our claim follows from Proposition B.2. ]

In particular, as a consequence of Lemma B.3 we obtain the Lipschitzness of the Fenchel coupling with respect to its second
variable:

Lemma B.4. Fix some q € X and suppose that the diameter | X || of X is finite. Then, for all y,y* € ),
IF(q.y") = F(q.p)| < I1XNllly" = yll.. (B.33)

Proof. Applying the first claim of Lemma B.3 to both couples (y, y*) and (y*, y) and using that F' > 0 (cf. Proposition B.2),
we readily get

~1XMlly = y* Il < =10 (y") —qllly" -yl < —(y" —y.0(y") — q)
< F(q,y) - F(q.y")
<w-v.0Ww-q) <110 -qllly-y*ll. < 1Xlllly - y*ll.. (B.34)

which proves the result. L]
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Finally, we present a refinement of Lemma B.3 that will be needed in the sequel to deal with heavy-tailed noise.

Lemma B.5. Fix some q € X and y,w € Y, and suppose that the diameter || X|| of X is finite. Then, letting x = Q(y),y* =
y+w, and x* = Q(y*), we have

[re

FHWHI (B.35)

F(q,y") < F(q.y) +(w,x — q) +
foreveryr e [1,2].

Proof. From the first claim of Lemma B.3 and the positiveness of the Fenchel coupling, we get
F(q,y") = F(q.y) + (w,x = q) + {w,x" ~x) = F(q,y) < F(q,y) +(w,x = ) + |wll.|Ix* — x]I. (B.36)
To continue, note that

[t

Krfl

Ix* = xllllwll. = Ix* = xIP" 12 (") = QW lwll« <

llwll%, (B.37)

where the inequality follows by the boundedness of X" and the fact that the mirror map Q is (1/K)-Lipschitz (cf. Proposi-
tion B.1). This therefore concludes the proof. ]

C A primer on Lévy processes

In this section, we review the necessary background on Lévy processes and stochastic analysis, with an emphasis on the
tools required for the convergence analysis developed in the main text. The material presented here is largely standard,
and we refer the interested reader to the monographs of Applebaum [5], Bertoin [15] and Sato [99] for comprehensive
introductions to the subject. Throughout this section, we assume a filtered probability space (Q, F, (F(?)):»0, P) satisfying
the usual conditions®.

C.1. Lévy processes. A Lévy process L = (L(?));>0 is a continuous-time stochastic process taking values in R" and
satisfying:

1. Imitial condition: L(0) =0 (a.s.)

2. Independent increments: For every O < 7] < --- < g, the increments L(#;41) — L(¢;) are independent.

3. Stationary increments: For every ¢, s > 0, The distribution of L(# + s) — L(z) is the same as L(s).

4. Stochastic continuity: For every £ > O and 7 > 0, limg_,0+ P(||L(¢ +s) — L(#)]| > &) = 0.

Under the standard assumptions made on the filtered space, one may always assume that L admits cadlag (i.e., right-
continuous with left limits) paths.

Lévy processes encompass many important continuous-time stochastic model; among the most prominent examples are the
following:

Example C.1 (Brownian motion). A Brownian motion W = (W (t));>0 is a Lévy process whose increments W (¢ +s) — W (¢)
are distributed as N (0, s1,,). In particular, Brownian motions are the only Lévy processes that admit continuous sample
paths, and they admit finite moments of any order.

Example C.2 (Poisson process). A Poisson process N = (N(t));>0 with intensity A > 0 is a nondecreasing, integer-valued
Lévy process whose increments N (¢ + s) — N(¢) are distributed as Poisson(As). In particular, it also admits moments of all
orders.

Example C.3 (Compound Poisson process). Let Z = (Z;);en be a sequence of independent and identically distributed
random variables, and let N be an independent Poisson process with intensity 4 > 0. Then the stochastic process
X(1) = Zf\g” Z; is called a compound Poisson process. In particular, X is a Lévy process. Moreover, a compound Poisson
process admits moments of order p if and only if the common distribution of the Z; admits moments of order p.

3That is, (a) the probability space (€, F,P) is complete, meaning that every subset of a P-null set is measurable; and (b) the filtration
(F(1))s>0 is right-continuous, i.e., F(t) = Nyt F(u).

20



Bregman meets Lévy: Stochastic mirror descent with heavy-tailed noise in continuous and discrete time

Example C.4 (Stable processes). A rotationally invariant stable process with stability index « € (0, 2] is a Lévy process
L such that _
E[eE" D] = ¢=" It forall u e R, > 0, (C.1)

where o > 0 is a scale factor. When a = 2, this definition recovers the Brownian motion. By contrast, when a < 2, an
a-stable process admits finite moments only of order p < @, making such processes particularly well suited for modeling
infinite-variance phenomena. More general definitions of stable processes without rotational invariance are available in
the literature, although their explicit characterization is substantially more involved. We refer the interested reader to the
monograph of Samoradnitsky & Taqqu [98] for further details.

C.2. Jump processes and Poisson random measures. As illustrated by the previous examples, Lévy processes are
typically discontinuous in nature, making it essential to characterize the behavior of their jumps (i.e., of their discontinuities)
in order to understand their long-term behavior.

Let AL(t) = L(r) — L(z—) denote the jump size at time z. We define a (random) measure N (dt, dz) on R* x (R" — {0}) by
counting the jumps:
N([s.1],B) =#{s <r <t:AL(r) € By = > 15(AL(r)) (C2)
s<r<t
for any Borel set B ¢ R" — {0}. Thus, N([s, ¢], B) counts the number of jumps of size in B occurring in the time interval
[s,2]. In particular, (N (t, B));>0 =(N([0,1], B))s>0 is a Poisson process with intensity v(B)z, where v is the measure on
R” — {0} defined by

v(B) =E[N(1,B)] =E| > 15(AL(1))|. (C.3)
0<r<1
This measure is known as the Lévy measure associated with L, and it also satisfies the integrability condition
[l A <o )
R —{0}

An important consequence of this condition is that v is finite on any Borel set that is bounded away from 0, which implies
that a Lévy process admits only finitely many large jumps on any finite time interval. In contrast, v may be infinite at 0,
allowing for infinitely many jumps of small size. Another useful relation links the moments of L to those of v [99, Theorem
25.3]:

E[||L(H)||P] <ooforallt >0 lIzI|”v(dz) < oo forall ¢ > 0. (C.5)

lzllze
This result illustrates that the tail behavior of a Lévy process—namely, whether it is heavy-tailed or light-tailed—is entirely
determined by the contribution of larges jumps, and not by the small jumps nor by the continuous component.

Example C.5 (Brownian motion, cont’d). A Brownian motion W has continuous sample paths and therefore admits no
jumps; consequently, its Lévy measure is identically zero.

Example C.6 (Poisson process, cont’d). All jumps of a Poisson process with intensity A are of size 1, and the expected
number of jumps occurring over the unit time interval [0, 1] is 2. Hence, its Lévy measure is given by v = 1§, where §;
denotes the Dirac measure at 1.

Example C.7 (Compound Poisson process, cont’d). If X is a compound Poisson process generated by a sequence of
independent random variables with common distribution z, then each jump of X is conditionally distributed according to
Uz, and the expected number of jumps up to time 1 is 4. As a result, the associated Lévy measure is v = Auz.

Example C.8 (Stable processes, cont’d). If L is a rotationally invariant a-stable process, then its Lévy measure takes the
form v(dz) = C/||z||'*® for some scaling constant C > 0. In contrast to compound Poisson processes, this Lévy measure
explodes at 0, implying that stable processes exhibit infinitely many jumps of small magnitude.

The random measure N (dt, dz) is commonly referred to as a Poisson random measure on R* x (R" — {0}) with intensity
v(dz)dt*. Associated to N(dt, dz), we also introduce the compensated Poisson random measure

N(dt,dz) = N(dt,dz) — v(dz)dt. (C.6)
“In this section we have introduced Poisson random measures only through the specific construction arising from Lévy processes.

More generally, Poisson random measures can be defined independently of Lévy processes and in much greater generality. We refer to [5]
and [43] for more comprehensive treatments of this topic.
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In contrast to N(dt, dz), the compensated measure enjoys the property that (N(z, B));s¢ is a martingale for every bounded
Borel set B ¢ R" — {0}. This property makes N (dt, dz) particularly well suited as an integrator for stochastic integrals, as
discussed in the next subsection.

C.3. Stochastic integration for jump processes. To define stochastic integration of a stochastic process (/(, z)):>0.zeB
with respect to the measures N (dt, dz) and N(dt, dz), it is standard to require that h(-, z) be predictable, meaning that
h(t, z) is determined by F(z—)>. In particular, this condition is satisfied whenever the mapping t > h(t, z) is left-continuous.
We then introduce the following class of stochastic processes:

HO(T,B;R") = {h: [0,T] x BxQ — R" : h(-,z) is predictable for all z € B

and E[/T/||h(s,z)||Pv(dz)ds] < oo}
0 B

1. Integration with respect to N(dt, dz): For integration against the raw measure N (dt, dz), the integral is a sum over the
jumps of the process. Specifically, if 4(-, z) is a predictable process, then

(C.7

for p € [1,2], T > 0, and any Borel set B ¢ R" — {0}.

/t/h(s,z)N(ds,dz)z Z h(s,AL(s)) 1g(AL(s)) foreveryt<T. (C.8)
o JB

0<s<t

2. Integration with respect to N (dt, dz): There are two standard approaches to defining stochastic integrals with respect
to the compensated measure N(dt,dz). First, if h € 7—[,1, (T, B;R™), one can leverage the integration with respect to
N(dt,dz) to get

M(t) :=£tAh(s,z)N(ds,dz)=‘/Ot‘/Bh(s,z)N(ds,dz)—/OZ/Bh(s,z)v(dz)ds foreveryt <T. (C.9)

This construction results to the process M(t) being a cadlag martingale [40, Chapter II, p.62]. Alternatively, if
h € H2(T, B; R"), then the stochastic integral M (¢) can be defined as the L-limit of simple functions using the isometry

t 2 t
o _ 2
/(; Lh(s,z)N(ds,dz) _]E[./o /B||h(s,z)|| v(dz)ds]. (C.10)

In this case, M (t) is a cadlag square-integrable martingale [5, Theorem 4.2.3].

E

Another class of stochastic processes that will be useful in the remainder of the paper is

t
H(T;R") = {g: [0,T] x Q — R" : g is predictable and IE[/ llg(s)||* ds
0

< oo}, T > 0. (C.11)

In particular, any g € H?(T; R") can be integrated against a n-dimensional Brownian motion W as the L-limit of simple
functions, using the standard Itd isometry formula

2

E H-/O g(s) dW(s)

= IE[ /0 t”g(s”lzds} (C.12)

As in the case of integration with respect to N(dt, dz), the resulting stochastic integral is a continuous square-integrable
martingale.

SRigorously, a stochastic process (h(1))s>0 is said to be predictable if it is measurable with respect to the smallest o--field generated
by all adapted, left-continuous stochastic processes (¥ (¢));>0
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C.4. The Lévy-It6 decomposition. Any Lévy process L can be uniquely represented as a sum of a continuous part and
independent jump components [5, Theorem 2.4.16]: for every constant ¢ > 0,

t t
L(1) :bct+ZW(t)+/ / zN(ds,dz)+/ / ZN(ds, dz), (C.13)
—— JO Jz]l<c 0 Jzllzc

Continuous part

Compensated small jumps Large jumps

where b, € R” is a deterministic drift, W is a d-dimensional Brownian motion independent of N, and £ € R™4 ig a
deterministic diffusion matrix. The constant c¢ acts as a cutoff separating between bounded and unbounded jumps, and may
be chosen arbitrarily. For example, if the jumps of L are uniformly bounded by some M > 0, one may take c = M + 1, in
which case the large-jump component vanishes.

It is important to note that the small jumps must be integrated against the compensated measure N(dt, dz), rather than the
raw measure N (dt, dz), to ensure that the stochastic integral is well defined even when /”Z”<C [|z]|v(dz) = oo.

In particular, if L is an integrable centered Lévy process, then it admits the decomposition

L(t)——(/ . ||z||v(dz))t+EW(t)+/ /I ZN(ds, dz)+/ ‘/||> zZN(ds, dz) (C.14)

_ZW(t)+/ /|Z||<c ZN(ds, dz)+/ /|Z||>C zN(ds, dz) (C.15)
=M)+S@)+U(t) (C.16)

where M (t) is a continuous square-integrable martingale, S(¢) is a purely discontinuous square-integrable martingale with
bounded jumps, and U(¢) is a purely discontinuous martingale with possibly unbounded jumps (see Appendix C.3).

With this decomposition in mind, the intensity of each component of L can then be quantified as follows:

(a) Diffusion intensity:

og =E[IM®)|*] = |IZ]I7 = «[2TZ]. (C.17)
(b) Short jump intensity:
Than =EISOP] = [ JalPr(dz). C.18)
llzll<e
(c) Long jump intensity:
Tiong = /HZHZL_||Z||”V(CI2) > C,E[lU®IP], p=0. (C.19)

Owing to the relation between L and its Lévy measure, the long jump intensity 0'1’; ng is finite if and only if L admits finite
moments of order p. Moreover, in general a'l’; ng does not coincide with E[||U(¢)||”] unless p = 2. We refer the interested
reader to [84] for a detailed discussion of this discrepancy and for estimates on the constant C), relating the two quantities.

C.5. Asymptotic behavior of discontinuous martingales. In this subsection, we present two classical results from
stochastic analysis—accordingly the law of large numbers and the law of iterated logarithm—adapted to the setting of
discontinuous martingales. Unlike the continuous case, these results are less widely known for processes with jumps.

We begin with a strong law of large numbers for stochastic integrals with respect to compensated Poisson random measures.
Throughout, we let N(dt, dz) denote the random Poisson measure associated with a Lévy process L having Lévy measure v
(see Appendix C.2).

Lemma C.1 (Strong law of large numbers). Fix some index p € [1,2] and let M(t) = fot fB H(s,z)N(ds,dz) with
H e HY(T, B;R") for all T > 0. If there is a predictable increasing process A such that lim A(t) = o (a.s.) and

|1H (s, 2)|1> AIH (s, 2) |7
/ / [T+ A v(dz)ds < o (a.s.), (C.20)

then M(t)/A(t) — 0 (a.s.).
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Proof. This is a consequence of [54, Lemma 3]. Indeed, M is a centered purely discontinuous martingale since H €
HP (T, B;R") and, following the notations from [54], we can introduce the auxiliary process W), given by

Wot)= S IAM(s)|? A AM ()] = fo /B 1H (s 2) [P A |H (s, 2) [P N (ds. d). (21

O<s<t

In particular, its integrand satisfies

JE[ A t fB ||H<s,z>||2A||H(s,z>||"v<dz>ds] <E A t /B IH (s, 2)IIPv(dz)ds| < oo c22)

since H € HY (T, B; R"), and thus

W, (1) =/0 /BIIH(s, DIP A IH (s, 2)1Pv(dz)ds (C.23)

is the compensator of W, i.e., the unique predictable cadlag process starting from 0 with finite variation over bounded

intervals and such that W, — W_,, is a (local) martingale. According to [54, Lemma 3], the strong law of large number
M (t)/A(t) — O therefore holds true whenever

T dWp(s) /"" 1H (s, 2) I A 1H (s, 2117
o0 > —_— = v(dz)ds, (C24)
/o +a0” o Js— O+AGP
which is exactly the condition stated in the lemma. ]

To state the law of iterated logarithm for discontinuous martingales, we first need to introduce another essential object from
stochastic analysis: the predictable quadratic variation. For any cadlag square-integrable local martingale M, its predictable
quadratic variation (also sometimes known as Meyer’s angle braket) is the unique increasing predictable process (M) such
that M2 — (M) is a local martingale. In particular, when M arises as a stochastic integral with respect to either a Brownian
motion or a compensated Poisson measure, the following identities hold:

</ g(s)TdW(s)>=/ lg()|I?ds, g€ H*(T;R"); (C.25)
0 0

! 7 _ ! 2 2 . DN
</0 /Bh(s,z)N(ds,dz)>—/0 /Bllh(s,z)ﬂ v(dz)ds, he H2(T,B;RY). (C.26)

We can now formulate the law of iterated logarithm, which characterizes the asymptotic fluctuations of a martingale in terms
of its predictable quadratic variation:

Lemma C.2 (Law of iterated logarithm, [55, Theorem 3]). Let M be a square-integrable local martingale and assume that
there exists a constant C > 0 such that |AM (t)| < C (a.s.) for every t > 0. Then, the trajectories of M satisfy

y |M(1)] _
1m su -
1= 2(M)(1) log log{M) (1)

(a.s.) (C.27)

on the event {lim;_,o.{M)(t) = oo}.

C.6. An Ito’s formula for smooth convex function. Analogous to the chain rule in classical differential calculus, It6’s
formula allows one to describe the evolution of a composition i o ¥, where Y is some n-dimensional stochastic process and
¥ : R" — Ris a deterministic function. Because of the way stochasticity is handled in integration with respect to martingales,
1td’s formula typically includes an additional second-order term—commonly referred to as /t0’s correction—which requires
¥ to be at least twice continuously differentiable for the formula to hold.

However, in many applications, such as the analysis of stochastic mirror flows, the function ¢ of interest does not satisfy
this regularity condition. The goal of this subsection is therefore to introduce a weak version of Itd’s formula that apply to a
more general class of functions: those that are only convex and L-smooth.

Recall that a function ¢ : R" — R is said to be L-smooth if it satisfies

Ve (y) = Ve @)l < Llly-y'll. forally,y” € R". (C.28)

In particular, L-smooth functions that are also convex enjoy the following property:
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Lemma C.3. Ify is an L-smooth convex function, then y is almost everywhere twice differentiable with Hessian V> and

0< V% < LI Lebesgue-a.e. (C.29)

Proof. The proof of this result is standard, see e.g., [70, Lemma C.3]. ]

A weak It6’s formula for smooth convex functions was previously established by Mertikopoulos & Staudigl [70] for 1td

diffusions, that is, for processes of the form Y (¢) = Y(0) + /Ot f(s)ds + fOt g(s)dW (s) where W is a standard Brownian
motion. In the following theorem, we extend their result to the broader class of Lévy-type processes, which are characterized
as follows:

Let L be a k-dimensional Lévy process with Lévy measure v, and let N(dt, dz) be the Poisson random measure controlling
its jumps. Then, a Lévy-type process Y is a n-dimensional cadlag stochastic process of the form

Y(t) =Y(0) + ‘/0’ f(s)ds+ /Ot g(s) dW (s) +‘/OI ‘/|z||*<c H(s,z)N(ds,dz) + ‘/0’ ‘/|z||*>c G(s,z)N(ds,dz) (C.30)

Continuous part Y (7) Discontinuous part Y4 (¢)

for some constant ¢ > 0, where Y (0) < oo (a.s.), W is a standard d-dimensional Brownian motion independent of N, and,
forevery T > 0,

1. f: R* xQ — R" is such that | f;|'/? € H*(T; R);

2. g: R* x Q — R™ is such that g; € H*(T;RY);

3. H: R x {||z]l+ < ¢} x Q — R" is such that H € H2(T, {||zll. < c};R");
4. G: R* x{||z]l+ = ¢} x Q — R" is predictable.

By virtue of the Lévy-Ité decomposition (cf. Appendix C.4), Lévy-type processes therefore provide a general and flexible
framework to construct stochastic integrals with respect to a Lévy process.

This general representation of Lévy-type processes sets the stage for extending 1t6’s formula: we can now formulate a weak
version of the formula that applies to convex L-smooth functions, encompassing both the continuous and discontinuous
components of Y:

Theorem C.1 (Weak It6’s formula for smooth convex functions). LetY be a n-dimensional Lévy-type process. If y : R* — R
is an L-smooth convex function, then

W) =w o) < [T, ares)
+/0 /”Z”*Q [Y(Y(s=)+H(s,z)) — (Y (s=))|N(ds, dz)

' /o AZII*Zc [ (¥ (s=) + G(s.2)) = ¥ (¥ (s-)IN(ds. d2)

+§(/ losPas+ [ [t iPvazsas), can
0 0 Jllzll.<c

where Y (s—) denotes the left limit of Y at s °.

We first prove this theorem under the assumption G = 0, that is, when the jumps of Y are of bounded magnitude. This
condition is convenient because, in this case, the discontinuous component of ¥ reduces to a square-integrable martingale,
which significantly simplifies the setting.

6As discussed in Appendix C.3, stochastic integrals with respect to a Poisson random measure require the integrands to be predictable.

Since Y is right-continuous, its left limit Y (#—) defines a left-continuous process which is predictable by definition, and thus all stochastic
integrals appearing in Theorem C.1 are well-defined in this setting.
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Proof of Theorem C.1 (case G = 0). Let p: R® — R be the unit mollifier given by

1
cexp|-———=| if|ju|] <1,
p(u) = p( 1- IIMIIZ) (C.32)
0 otherwise;

where c is a positive normalizing constant such that f p(u)du = 1. For every £ > 0, we also define

pe(w) =&"p(w/e) (C.33)

and

Vely) = (0 % po)(y) = / U (Y - w)pe (w)dw. (C.34)

From classical smoothing arguments, we note that . is twice continuously differentiable, and so we can apply the classical
Itd’s formula for Lévy-type stochastic integrals (cf. [5, Theorem 4.4.7]) to get

+‘/O’/”Z“*<C[QI/S(Y+H)—lllg(Y)]N(ds,dz) (C.35b)

+% /0 tr[ V2. (Y)gg" |ds (C.35¢)

+/ / [We(Y+H) -y (Y)— (Vi (Y), HY]v(dz)ds, (C.354)
0 Jlizll.<c

where we have suppressed the dependence on time for notational convenience. To bound Eq. (C.35¢), note that the definition
of . and Lemma C.3 can be used to obtain

tr[ V2o (y)zz"| = / tr[ Vi (w)zz" | pey — w)dw < Lijz|? (C.36)
]Rn
for every y, z € R”, which leads to
L t
(C.350) < 5 / llg(s)||*ds. (C.37)
0
Furthermore, by the classical descent lemma for L-smooth functions (see e.g., [79, Theorem 2.1.5]), we get
L.
Yy+h) —v(y) (V¥ (), h) < Ellhll (C.38)
for all y, h € R", so that
L t
(C.35d) < = / / |H (s, z)||*v(dz)ds, (C.39)
2 Jo Jizll.<c

where the right-hand side is almost-surely finite by assumption on H. We therefore obtain that
t -
UV 0) =0V O) < [T ar)

' /0 | /uzu*q[‘”g(“ H) -y o(Y)N(ds, dz)

L t t
+—(/ ||g||2ds+/ / |H|*v(dz)ds). (C.40)
2\Jo o Jzll<e

To prove the weak It6’s formula, it only remains to show that we can replace ¥ by ¥ when taking the almost-sure
limit as & — 0% on both sides of the inequality. For the sake of readibility, let us denote L(¥ ) the left-hand side of
Eq. (C.40) and R(¥ ) its right-hand side. We begin by establishing some groundwork that will become quite useful in the
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remaining of the proof. First, note that for every y, y’ € R" and every differentiable function ¢: R" — R, we can write
, 1 , , . . .
o(y)—o(y) = /0 (Vo(yr),y — y'Ydr where y, = y + r(y’ — y). Applying this equality to ¥ and ¢ ., we get

1
<ly-yIl /0 1V (0,) - Voru(yo)lldr. (CA1)

W (y) v (y) —ve(y) +ve(y)] = ‘/Ol(Vw(yr) = VWelyr),y -y dr
Now, by using the definition of .. and the L-smoothness of &, we can further derive
1900) =0l < [ 19000 =0t~ w)lpatwrdw < L [ flulle™p(w/e)du
=re [ o

< Le, (C.42)

where the second-to-last inequality comes from the substitution u = w/e and the fact that p(u) is zero outside of ||u|| < 1.
In particular, it means that Vi/ . converges uniformly to Vi on all R” and not only on compact subsets. Coming back to
Eq. (C.41), the previous estimate therefore yields

W (y) =y () —e(y) +¥e(y)] < Lelly - ¥l (C.43)

for every y,y’ € R". Applying this inequality to the left-hand side L, we then readily get
IL(¥) - L(y&)| < Lel|Y (1) = Y (O), (C.44)

which implies that L(y.) — L(¥) almost-surely as € — 0% since Y (¢) and Y (0) are both finite by assumption. Now, to
derive the limit of R(y ), we use the L'-norm and expend dY° to get

‘ /0 Vu(¥) - vwg<Y>,gdw>H

|

A E[vam—ws<Y)||2||g||2]ds}

E[IR(¥) - R(¥)l] S/O E[KVy(Y) = Vg (Y), f)llds + E

+E

/0/||| _[¢(Y+H)—W(Y)—¢8(Y+H)+;bg(Y)]1\7(ds,dz)

12

< / E[[[Vy (Y) = Vg (M)l fll1ds +
0

+

' 1/2
/0 A | ‘]E[|l/’(Y+H) -y(Y) -y (Y +H) +‘/’8(Y)|2]V(dz)ds] (C.45)

where the second inequality comes from Jensen’s inequality and It6’s isometry formula for stochastic integrals. Thanks to
the estimates Eqs. (C.41) and (C.42) that we have previously established, it follows that

t t t 1/2
2 2
]E[/O Il flds /0 E[llgl*]ds /0 /”Z||*<CIE[|H| ]v(dz)ds] ) (C.46)

where each integral is finite by assumption on the coefficients. We therefore get R(1/ ;) — R(y) in the L'-norm as & — 0%,
and thus there exists a subsequence (i) — 0 such that R(¢5;)) — R(¥) (a.s.). Along this subsequence we also get
LY ¢iy) — L(¥) (as.), which proves that L(y) < R(¥) (a.s.), hence finishing the proof. ]

1/2
+

E[IR(¥) - R(We)l] < Le

+

Having established Theorem C.1 for Lévy-type processes with bounded jumps, we now extend the result to the general
case, where jumps of unbounded magnitude may occur. A key property of Lévy processes—and their associated Lévy
measure—is that only finitely many large jumps can happen over any finite time interval. Exploiting this fact, we can apply
the previously proven case G = 0 on each subinterval between large jumps, and then account for the large jumps separately.

Proof of Theorem C.1 (general case). Let (T;);> denote the arrival times of the Poisson process (N (¢, {||z|l« = ¢}))o<i<T
controlling the size of large jumps of Y up to time 7. Since the intensity measure v is assumed to be a Lévy measure, it is in

particular finite on {||z||. > c} and so there is only a finite number of jumps occurring in the interval [0, 7']. Let N denotes
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this (random) number of jumps. We further define 7y = 0 and T4+ = T for notational convenience. Fix ¢ < T and let i be
the random integer such that ¢ € [T;, T;41]. At the time ¢, we can therefore write

Y(1) =Y (T;) + ‘/T't f(s)ds + ‘/T‘t g(s)dW (s) + ‘/T't - H(s,z)N(ds, dz), (C.47)

which falls into the setup of Theorem C.1 with G = 0 since there are no large jumps during this time interval, 7; < T < oo
by construction, and thanks to the independence of the Poisson process N (-, {||z|l« = ¢}) to N(-, {||z]|+ < c¢}) and W. It then
follows from the proof of case G = 0 that

WY () < w(Y(T)) + / (Vy(Y), dYe) + /T /| W) g 01V s d)

+—(/ ||g||2ds+/ /||| ||H||2v(dz)ds) (C.48)

On the other hand, if we define the Lévy process L(t) = /Hzl

|l«=>c

ZN(t,dz), we also have

y(Y(T) =y (Y (Ti-) + Ay (Y(T7)) = y (Y (T;-)) + [y (Y (Ti-) + G(T;;, AL(Ty)) — (Y (T;-)) ] (C.49)

Since t +— Y (Y (t—)) is left-continuous, applying the case G = 0 on each time interval [Ty, T1), . .., [T;-2, T;—1) therefore
yields

WY (D) < p(¥(Ty) + /T (Vu(¥).dYe) + /T /” [w(Y + H) - w(Y)]N(ds. dz) (C.50)

zll.<c

L t t
e5([rapass [* [ wepvaza)
T Ty Jllzll«<c

+ 2 W (Y (Tj-) + G(T;, AL(T))) =y (Y (T;-)) ]

j=1

(¥ (0)) + /0 (Vo(¥).dr<) + /O /” WO H) g )N s )

£ t 5 t 5 t ~
+ 2(‘/0 llgll ds+/0 /”Z||*<C||H|| v(dz)ds)+/0 /Z*<C[W(Y+H) Y(Y)IN(ds, dz) (C.51)

by definition of the stochastic integration with respect to a Poisson random measure (cf. Appendix C). This is exactly the
upper bound stated in Theorem C.1, thus concluding the proof. ]

D Results in continuous time: Omitted proofs from Section 3

In this section, we study the convergence properties of the Lévy mirror flow (LMF), defined as the system of stochastic
differential equations given by
dy (1) = =V f(X(t)) dt+ dL(t)

X(1) = Q(n(1)Y (1))

where L is a )-valued centered Lévy process with ]E[||L(t)||f] < oo for some p € (1,2], and n: [0,00) — (0,c0) is a
nonincreasing differentiable learning rate function.

(LMF)

To simplify notations, throughout this section we identify the dual space ) with R”, which allows us to define Lévy
processes, Brownian motions and Poisson random measures in the standard way presented in Appendix C. In particular, L
admits the Lévy-Itd decomposition

L(t) = —(/|Z||*>C zv(dz))t +ZW(t) +‘/0 /”Z”*q zN(ds, dz) +/0 AZ”*N zN(ds, dz), (D.1)

where ¢ € (0, ) is an arbitrary cutoff constant (cf. Appendix C.4). Under this decomposition, the quantities introduced in
the main text to quantify the noise intensity are given by:
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(a) Diffusion intensity:

of = ||IZ|I5 = [T (D.2)
(b) Short jump intensity:
Thort =/ llzlPv(dz). (D.3)
lzll<e
(c¢) Long jump intensity:
g = [ ellPviaa). D)
lzllze

Moreover, to highlight that 0'3 and o'szhOrt correspond to the components of L that admits moments of all orders, whereas

0'1’; ng CAPLUTES the intensity of the component that may exhibit infinite variance, we also set

2 _ 2 2
OTtame = T + T short

P __P
and Theavy = Tlong D.5)

for the tame and heavy part of the noise respectively.

D.1. Existence and uniqueness of solutions. We begin this section by addressing an important aspect that was largely
left implicit in the main text, namely the well-posedness of the system (LMF). Specifically, under which conditions (LMF)
admits a unique global solution for every initial condition.

In order to maintain a sufficiently general framework—one under which the various assumptions considered in the main text
can coexist—we study the existence and uniqueness of solutions to (LMF) under the following conditions on the objective
function f:

Assumption 1. Vf o Q is locally Lipschitz on }: for every r > 0, there exist a nonnegative constant L, > 0 such that

I(VfeoQ)(y) = (Vfo Q)W) < Lrlly = ll. forally,y’ € B,(0). (H1)

Assumption 2. Vf o Q satisfies a global growth condition on ): there exists M > 0 such that

(Ve @)Wl < M(1+]lyll.) forallye . (H2)

Assumption () guarantees local existence and uniqueness of solutions, while (#,) prevents finite-time explosion and thus
ensures global well-posedness. Together, these conditions yield the following result:

Proposition D.1 (Existence and uniqueness of solutions). Under assumptions (H,) and (H,), the stochastic differential
equation (LMF) admits a unique cadlag strong solution X staying in X at all times. Moreover, if h is steep, then X(t) € ri X
(a.s.) whenever X(0) € ri X.

Proof. Replacing X (¢) by Q(n(1)Y (¢t)), the system (LMF) can be written as the stochastic differential equation
dY(t) ==(VfoQ)(n(0)Y(¢))dt + dL(1) (D.6)

evolving in V. Letr > O and y, y’ € B, (0). For every ¢ > 0, we have 1(¢)y, n(t)y" € B,(;)(0) € 1B,,(0),(0) thanks to the
fact that n is a nonincreasing positive function. In particular, the local Lipschitzness () of V f o O yields

I(VfoQ)m()y) = (Vo Q)@Y )ls < Ly)rlln(®)(y = y)ll« < n(0)Lyoyrlly = 'l (D.7)

for all y, y’ € Bo(r) and every r > 0. Moreover, we also get

(Ve @)Dyl < M +[n()yll.) < M1 +n0)yll.) <max(1,7(0))M(1+lyll.) (D.8)

by the global growth condition (#5). Since the upper bounds of both Egs. (D.7) and (D.8) are uniform in ¢, we can therefore
use a standard existence theorem for solutions to SDEs driven by semimartingales (see e.g., [65, Theorem 1.3.4]) to obtain
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that (LMF) admits a unique strong solution ¥ having cadlag paths.” Since X (¢) = Q(1(¢)Y(t)) € X by definition of (LMF)
and of the mirror map Q, it follows that the primal trajectories are also cadlag and remain in A" at any times. Furthermore, if
h is steep, then im(Q) = ri X (cf. Proposition B.1), which immediately yields the second claim. ]

Remark D.1. It is worth noting that, by standard arguments, () follows directly from (7{;) if the local Lipschitz condition
on V f o Q is strengthened to a global Lipschitz condition. This specific kind of global condition was already employed in
the analysis of Mirror Langevin dynamics for sampling problems, cf. Zhang et al. [118].

In the next two lemmas, we discuss standard settings under which the objective function f satisfies the above assumptions
ensuring existence and uniqueness of solution.

Lemma D.1. IfVf is globally L-Lipschitz continuous, then both (H1) and (H,) hold true.

Proof. The mirror map Q is (1/K)-Lipschitz continuous since /4 is K-strongly convex (cf. Proposition B.1), and thus

I(VfeoQ) () = (Vo Q)W) < LIQ(y) - QW) < %Ily—y’ll*- (D.9)

This leads to V f o Q being globally Lipschitz continuous on ), which directly implies (#;) and (). ]

Remark D.2. The globally Lipschitz setting of Lemma D.1 coincide with the framework commonly adopted in prior analyses
of stochastic mirror flows—and, more specifically, of the stochastic mirror flow with diffusive noise (SMF); see for instance
[70, 91, 113]. By contrast, relaxing this requirement to (#;) and () allows the use of objective functions whose gradients
may blow up at the boundary of the state X', a feature that is essential when 4 is steep and f is strongly convex relative to A.

Lemma D.2. If h is steep and V f is locally Lipschitz on 1i X, then f satisfies (H).

Proof. Fix yo € V. Since h is steep, we know that xg := Q(yo) belongs to ri X. In particular, there exists a relatively compact
subset K C ri X such that xo € K. By the local Lipschitzness of V f, it follows that it is Lipschitz continuous on I with
some finite constant L(K) > 0. Now, due to Q being continuous on ), we can find a neighborhood U of yy such that
Q(y) € K whenever y € U. We then proceed to show that V f o Q is Lipschitz continuous on /. To do so, let y, iy’ € U. By
construction of U/, we have Q(y), Q(y’) € K, and thus

L(K)

-, D.10
X lly =l (D.10)

I(Vf o)) = (Ve )yl < LIK)Q(y) - Q) <

where we have used that Q is (1/K)-Lipschitz continuous on ) (see Proposition B.1). It follows that, for every yy € ),
V f o Q is Lipschitz continuous on a neighborhood of y, and thus V f o Q is locally Lipschitz on Y as needed. ]

Remark D.3. If h is not steep, the conclusion of Lemma D.2 remains valid provided that Vf is locally Lipschitz on
Xy = domdh.

Beyond providing existence and uniqueness of solutions to (LMF), assumptions (#) and () also allows us to obtain the
finiteness of the moments of Y () up to order p.

Lemma D.3 (Moments of the dual process). Under assumptions (H1) and (Hy), the solution Y (t) to (LMF) satisfies
E[sup,, [IY (s)IF] < oo for every t > 0.

Proof. Fix an horizon T > 0 and let 0 < ¢ < T. Applying the standard inequality (a + b + ¢)? < 37~!(aP? + b? + cP) to the
definition of (LMF), we obtain

t p
Iy ()ll2 S3p‘{I|Y(0)IIf+ ﬁ (VfoQ)(n(s)Y(s))ds +||L(t)llf}

7To be rigorous, the argument above only establishes existence and uniqueness for the SDE dY’ (¢) = —(V foQ) (n(t-)Y’ (¢=))dt+dL(¢),
where the left limit of the drift is taken. This is due to the fact that stochastic processes are required to be predictable—and therefore
almost left-continuous—for being used as integrands, see Appendix C.3. However, in our case, Y’ has cadlag paths and thus it can only
have at most countably many jumps. Consequently, Y’ (=) = Y’ (t) Lebesgue almost everywhere. Since 7 and V f o Q are continuous,
it follows that Ot(Vf o Q)(n(s—)Y'(s—))ds = /Ot(Vf o Q)(n(s)Y’(s))ds, which implies that Y’ is in fact also the unique solution to
(LMF).
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S3p_1{||y(o)”*p+tp—1/0 ||(VfoQ)(n(s)Y(s))||fds+sgr;llL(r)llf}

< 3P-1{||Y<0)||f esupllL )2+ [ M1 ||n<s)Y<S)>"*)pds}
r<T 0

<30 2 + supl L1 + 2~ e 20 et [Civtas)
r<T 0

t

< 3”“{||Y(0)||f +supl|L(r)||7 + 2P~ MPTP=! 2P~ MPp(0)PTP™! / ||Y(s)||fds}, (D.11)
r<T 0

where the second line comes from Holder’s inequality and the third one from the global growth condition (#,). For

notational convenience, let us define

Z(T) = 3P-1{||Y(0)||{3 + suI;||L(r)||f + 2P—1MPTP—1; and C(T) = 6P~ 'MPn(0)PTP~!. (D.12)
r<

Taking the supremum over s < ¢t therefore yields

t

supl[Y (s)[I7 < Z(T) + C(T) [ supllY (u)||¥ds. (D.13)

s<t 0 u<s
Given the particular form of the above inequality, one would be tempted to take the expectation and proceed by applying
Gronwall’s lemma. However, at this stage we do not know if the left-hand side of Eq. (D.13) admits a finite expectation
since this is the result we aim to prove, hence rendering the argument slightly more intricate. To proceed, we instead need to
localize our bound using the stopping times 7,, = {t > 0 : ||Y(¢)||. > n}. We first show that ]E[supsSTnA, lY (s) ||f] is finite.
Indeed, note that if s < 7, A ¢ then ||Y (s)||« < n by definition. On the other hand, for s = 7,, A t,

Y (7 A DL = 1Y (tn A=) + AY (70 A D)l = IY (70 A=) + AL(70 A1) ]|
<Y (za A=)l + IL(Tn A D + IL(T0 A1)
< n+2supl||L(r)l. (D.14)

r<T

But L(r) is a martingale with finite p-th moment, so Doob’s L”-maximal inequality (see e.g., Karatzas & Shreve [45]) can
be applied to the positive submartingale ||L(r)||. to obtain

p
E[sup||L(r)|?] < ( b ) E[IL(D)]7] < . (D.15)
r<T P - 1
Combined with Eq. (D.14), this yields
E[ sup [[Y(s)IIY] < 2”_1{n" +2IE[Sup||L(r)|If]} < o0, (D.16)
S<T At r<T

which proves that g, (1) :=E[sup,., A [IY(s) IZ] is a well-defined function on [0, T']. We can therefore apply Eq. (D.13)
with < 7, A t and take the expectation on both sides, leading to

gn(osIE[Z(T)HC(T)lE[ /O " sgpuY(u)ands]sE[Z(T>]+C(T) /0 gn(s)ds, (D.17)

where E[Z(T)] is finite thanks to Eq. (D.16). Invoking Gronwall’s lemma then provides the estimate
gn(t) < E[Z(T)]e€ D" < E[Z(T)]e€ T, (D.18)

Note that this upper bound does not depend on n and that sup . ., [|Y (s) |2 increases to sup; ., [|Y (s)||¥ as n — oo, so the
monotone convergence theorem yields

E[sup|lY (s)]I] < E[Z(T)]e“ 7T < oo, (D.19)

s<t

hence concluding the proof. L]
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In particular, Lemma D.3 implies that the drift term of (LMF) admits finite moments of order p even when the gradient of
the objective function explodes at the boundary of X’

Corollary D.1. Under assumptions (H) and (H>),

E[/IHVf(X(s))Hfds < oo foreveryt > 0. (D.20)
0

Proof. Thanks to the growth condition (), we can write

t t t
JE[ /0 IIVf(X(S))IIi’ds] - E[ /0 I(VF 0 Q) (n(s)¥ () |17ds| < E /0 MP(1+ Iln(S)Y(S)II*)"dS]
< 2P—1MP(1 +1(0)? E[supuy(s)nf]) (D.21)
s<t
where the right-hand side is finite due to Lemma D.3, therefore proving the claim. ]

D.2. Convex setting. Inspired by the continuous-time analysis of Mertikopoulos & Staudigl [70], in this section we study
the convergence of (LMF) for convex functions by analyzing the behavior of the n-deflated Fenchel coupling

1
E(q.y;t) = mF(q,n(t)y), geX,ye)y (D.22)

along trajectories of (LMF). This analysis naturally calls for Itd’s formula, the stochastic counterpart of the standard chain
rule of differential calculus. Unfortunately, the classical version of Itd’s formula only applies to functions that are twice
continuously differentiable, which is generally not the case for y — E(q, y;t) unless  is steep. Nevertheless, as we show in
Appendix C.6, Itd’s formula can be extended to functions that that are merely L-smooth and convex. Since E satisfies these
conditions by Lemma B.1, we may apply Theorem C.1 to derive the following result:

Lemma D.4 (Stochastic descent lemma). For every fixed q € X, the process E(t) = E(q,Y (¢);t) satisfies
U N%me
dE < —=—(h(q) — h(X))dt — (X — ¢,V f(X))dt + Tdt +dl +dé+ de, (D.23)
n

where:

t l t
1. I(r) = —[F(g,nY - F(qg,nY dz)ds — X—-gq, dz)ds,
() /O/HZ”*M[ (.Y +72) — F(q.n¥)]v(d2)ds /O/”Z”*Zf ¢.2)v(d2)ds
2. &) = /0 (X q.Taw)+ /0 [ / ZM%[F(q,nYwZ)—F(q,nY)]N(ds,dz),
4 1 N
3 L0 = /O /” o @Y ne) ~ Flg.n 1. ).

Proof. First, let us define the auxiliary stochastic process Z(#) = n(¢)Y (#). Due to the integration by parts theorem for
semi-martingales and thanks to the fact that 7 is of finite variation, we get (cf. [44, Lemma 20.10])

dZ(t) =Y (1=)dn(t) +n(1-)dY (1)
=1(0)Y (1=)dt +n(1)dY (1)

= ﬁYdt—n[Vf(X)+A zv(dz)

z|l«=c

dt+nZdW+n/

llzlle<c

ZN(dt,dz) +n / ZN(dt, dz), (D.24)

lzllzc

where we have suppress the dependence on time in the last equality to lighten the notations. Note that Z(¢) is evidently
a Lévy-type process thanks to Lemma D.3 and Corollary D.1. Next, we consider the function ¥ (z) = F(q, z), which is
obviously convex as the sum of convex functions, and which satisfies Vi (z) = Vi*(2) — g = Q(z) — ¢ and thus is also
(1/K)-smooth by Proposition B.1. Consequently, we can again use the integration by parts formula in tandem with the
weak Itd’s formula of Theorem C.1 to obtain

dE = —%w(zm +Lawz)
n n
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. 1 2
< Ly (@ydr+ ~(Vy(2),dze) + a4y
n n 2K

+/”” l[tﬁ(Z+77z)_W(Z)]N(dt,dz)+/” l[W(Z+UZ)—$(Z)]N(dI,dZ), (D.25)

zll=c

where dZ¢ denotes the continuous part of Z. Note that by definition of (LMF), we have V¥/(Z) = Q(Z) — ¢ = X — q.
Moreover, by optimality of X, we also have h*(Z) = (X, Z) — h(X) and thus

—,%‘P(Z) = —%F(fl, Z) = —%(h(q) —h(X) +(X - q,2)). (D.26)
This leads to
n 1 en_ | 1 n
= W(Z2)dt + —(VY(Z),dZ) = | =S¢ (Z) + =(X = q,Y) |dt = (X = q,Vf(X))dt - (X - q, 2)v(dz)d1
g n U U el ze
+(X — q,ZdW)
= —%(h(q) — h(X))dt +(X - q.Vf(X))dt - /H | (X - q,2)v(dz)dt
+(X - gq,ZdW), (D.27)

which, when combined with Eq. (D.25) and after rearranging the terms, yields exactly the upper bound on dE stated in the
lemma. [

Remark D.4. When L is continuous—that is, when it reduces to a Brownian motion—both /(¢) and {(t) are identically
zero, and &(t) simplifies to fol (X — q,ZdW). In this case, the analysis is considerably simpler, since the noise process
affecting FE is just the scalar product between X (¢) — g (which is always bounded) and the Brownian motion XW () (which
has exponentially light tails). Moreover, it then also recovers the analogous result proved for (SMF) by Mertikopoulos &
Staudigl [70] under diffusion-like random perturbations.

In the next three lemmas, we analyze the long-run behavior of the stochastic processes I, & and {. We begin by showing that

I can be upper bounded in terms of the heavy noise intensity ofe avy and a specific integral involving the learning rate.
- X1 Oy
Lemma D.5 (Estimation of I). I(f) < K71 / n(s)P~"ds, where || X|| =max, - ||x" — x|| is the diameter of X.
0

Proof. To bound this quantity, we use Lemma B.5 to obtain
[|X]>~P
Kr-1

X|*r
- [ g L [ v, s
lzll.ze K lzll.>c

1Z +nz = Z|I7 |v(dz)

/| 1[F(q,Z+nz)—F(q,znvwz)s/”” % (Z4n2-2.0(Z) - q) +

zlleze 1

where the first term compensates the second term of /, thus finishing the proof. ]

Next, we use the stochastic integration tools introduced in Appendix C.3 to show that £ is a square-integrable martingale,
and to characterize its asymptotic long-run behavior via the law of iterated logarithm.
Lemma D.6 (Asymptotic growth of &). & is a square-integrable martingale satisfying &(t) = O(O’tame”X |[+/t log log t) with
probability 1.
Proof. First, note that

I=T(X = I < I1X = )IPIZIF < 1X]P0g (D29)
o} fot(X — g, ZW) is a square-integrable martingale. On the other hand, using Lemma B.4, we also get

' 1 ! 1
/ / = I|F(q,Z +12) = F(q, Z)Iv(dz)ds < IIXIIQ/ / S 1Z +nz = ZI3v(dz)ds = | X |P0out, (D-30)
0 Jlzlli<e N 0 Jlzlli<c 1
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2

where O ihort is finite since v is a Lévy measure. As a result,

1
G(t,z2) :=E[F(q,Z +nz) - F(q,2Z2)] € ’H%,(T, {llzll« < ¢};R) forevery T > 0, (D.31)

and thus fOt /||z||*<c G(s,2)N(ds, dz) is also a square-integrable martingale. It then immediately follows that & is itself a
square-integrable martingale. To obtain the asymptotic growth of &€, we use the law of iterated logarithm for square-integrable
martingales (cf. Lemma C.2). Using standard stochastic calculus rules and the previous computations, we obtain that the
predictable quadratic variation of & satisfies

d(¢) = |IZ7(X - g)|I*dt + /” ” n—IF(q,Z+n1) F(q,Z2)*v(dz)dt < opnellX]*dt. (D.32)
Z|[«<c

Moreover, the jumps of ¢ are bounded as |A¢é(¢)| < c||X|| (a.s.) thanks to Lemma B.4 and the fact that ||z||. < ¢. Assume
first that lim;_,,(£)(#) = co. Then, the law of iterated logarithm of Lemma C.2 applies to ¢ and yields

[4 £ 2(£) loglog(¢)
lim sup = limsu
t—o0 O'tame“X”‘\/l lOg logt t—>c>o 2<§> IOg 10g<§> O-tame”X” /t log log_t
€] 20'mme||X||vt10g10gt

< limsu (D.33)

t—00 \/2@:) loglog(¢) O’tame”X”thOglogt

where the second-to-last inequality holds thanks to Eq. (D.32) and the fact that ¢ can be taken as large as needed. It follows
that £(1) = O(O'tameHXII\/t log log r) on the event {lim,_,«(&)() = co}. On the other hand, when lim,_(¢) (1) < oo,
[55, Proposition 1] implies that £(¢) converges to an almost-surely finite random variable. For this reason, it holds that

&) = o(a'[amellXH\/tlog log t) on the event {lim,_,.,(£)(f) < oo}, and thus &(¢) = (’)(o-tamellXH\/tlog log t) (a.s.), which
[

concludes the proof.

Finally, we establish that £ is also a martingale using standard stochastic integration arguments. However, { is not square-
integrable in general, and we therefore rely on a refined version of the law of large numbers for discontinuous martingales to
control its growth rate.

Lemma D.7 (Asymptotic growth of {). ¢ is a martingale satisfying £ (t) = ( Y/ P) with probability 1. 8

Proof. Similarly to the proof of Lemma D.6, we have

! 1
/0/”” ElF(q,Z+nz)—F(6],Z)IV(dz)SI|X||(/”” ||z||*v(dz))t, (D.34)

where f”Z” . l1zll+v(dz) is finite since L is an integrable process. This means that
1
H(t,z) = E[F(q,Z +nz) — F(q,2)] € Hy(T, {llzll. > c};R) forall T >0, (D.35)

1
which immediately leads to £ being a martingale. Letting A(¢) = t7** for some & > 0, we also have that

p
|H(t,2)* A H(1,2)" Bl / (YL,
0= d Pv(dz) = —— D36
¢( ) AZ” >c (1 +A([))p ( ) - t1+£p ||Z||*2c||Z|| V( Z) +ep ( )

+&

for 7 big enough. It follows that ¢ is almost-surely integrable on [0, o), and thus £(t)/ t% — 0 (a.s.) for every € > 0 by
the strong law of large number (cf. Lemma C.1). It follows that (t) = ( it ), hence finishing the proof. ]

8Recall thatég(z) = O(t?) means that g(1) = Ot that is, g(t) = O(1(1)t?*) where [ is a function of subpolynomial growth
such that [(¢)/t° — 0 for all § > 0.
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With the preparatory estimates on the drift term / and the martingales &€ and £ in hand, we are now in a position to prove
Proposition 1 from the main text (restated below for convenience):
Proposition 1. Under (LMF), E(t) is bounded as
t
E(1) - E(0) < /O (Vf(X(9),q - X(s)) ds+&(1) + £ (1)

! t
+ Vt%ime‘/(; T](S) ds + Vk{:)avy‘/o' T](S)p_l ds

- [ 2 tha) - nixn as, a7

where || X|| =max v ||x" — x|| is the diameter of X, and &(t), {(t) are martingales (the former square-integrable).

Proof of Proposition 1. The result follows directly from Lemma D.4 by integrating over the interval [0, #] and invoking the
bound on / established in Lemma D.5. The martingale properties of £ and {—the former being square-integrable and the
latter integrable—is then a consequence of Lemmas D.6 and D.7. ]

On the other hand, the previous result also allows us to derive the following theorem, which will serve as a baseline for
many of the convergence rates established in the sequel.

Theorem D.1. For every fixed g € X, (LMF) enjoys the bounds

t
]E[/ (X(s) —q,Vf(X(s)))ds| < tRy(t) (D.37)
0
and, with probability one,
t
/ (X(5) - q, V(X (s)))ds < tRy(f) + @(r””) + o(mamenmh/r log logt), (D.38)
0
where
2-p P
Co-q.y0) . H | Opme /I 1™ Ty /t p-1
Ro(1) = ; + P—py + 2Kt )y n(s) ds + X1 A n(s)P~" ds (D.39)

and H '=max h — min h.

Proof. First, note that (X (s—) — g, Vf(X(s))) = (X(s) — ¢, Vf(X(s))) Lebesgue-a.e. since the jumps of L are countable,
and hence

t t
[ o= a.vrxemds = [ 00 -, 956 0)ds (@, (D.40)
Moreover, the monotony of 7 and the compactness of X’ allows us to write
. t .
n n H H
- —(h(g) — h(X))ds < H/ ——ds=—— - ——, (D.41)
/0 T RO RTO)

where we recall that H = max & — min 4. On the other hand, from the definition of E and by optimality of X(0) = xq, we

also get
E(0) = %F(m(owo) - ﬁ[h(m ~ h(xo) + (xo0 — 4. n(0)yo)] < n(—ﬁ(’)) + (¥ - 4 o) (D42)

Combining these estimates with those of Lemmas D.4-D.7, rearranging the terms, and using that E(¢) > 0 finally lead to
the upper bound (D.38). The in-expectation inequality (D.37) also immediately follows since E[£(7)] = E[{(7)] = 0 in
virtue of the fact that they are martingales starting from zero. ]

Remark D.5. Note that, compared to the definition of Ry () given in the main text, the version presented here includes the
additional term %()C() —¢,yo)- This accounts for the fact that (LMF) may be initialized at any point xo € X, rather than
only at the prox-center x. = arg min 4 of X', which was assumed in the main text for simplicity.
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With Theorem D.1 in hand, we can therefore establish Theorem 1 as a direct application of the convexity of f. The following
result presents a slightly more general version of Theorem 1, covering the case where (LMF) is not necessarily initialized at
the prox-center of A’

Theorem D.2 (Convergence rate for convex functions). Under (LMF), the time-averaged process X (t) = (1/1) fot X(s) ds
enjoys the bounds

E[f(X(1))] < min f + Ry(z) (D.43)
and, with probability 1,
_ _( _p-l loglogt
f(X(0) < min f + Ro(1) + Ofr 5 ) + O Giamell ¥l %) (D.44)
In particular, if (LMF) is run with learning rate n(t) = 1/t'/P, we have
-1 2-p P
(0= q.y0) | P Tome  KPTHAPIXIT oy, (p-1)/p
Ro(1) = e ETIT LT - O/t ). (D.45)
Proof. Since f is convex,
t t
[ = vrxsms = [ 10000 = £6)Mds = 1[0 = min 7], (D.46)
and the results therefore follow directly from Theorem D.1. ]
Remark D.6. By convexity, we also get
t t
[ - 9rxemds > [ 1K) - 70)ds > o] min, F(X(5) - min 7. (D.47)
0 0 <s<t

Consequently, the upper bounds of Theorem D.2 remain valid when f(X(¢)) is replaced by ming<s<; f(X(s)).
D.3. Strongly convex setting. We now specialize our results to functions that are strongly convex, either with respect to
the Euclidean norm ||-|| or relative to the regularizer h.

First, assume that f is u-strongly convex in the usual sense, that is,
FO) 2 )+ (VF (0 =)+ Sl = x]? (D48)

for all x, x” € X'. Applying the convergence guarantees of Theorem D.1 under this strong convexity assumption then yields
the following rate of convergence of the time-averages toward the minimum of f:

Theorem D.3 (Convergence rate for strongly convex functions). If f is u-strongly convex with minimum x* € X, then the
time-averaged process X (t) of (LMF) enjoys the convergence rates

_ . 2
E[IX(r) - x*|*] < LR (D.49)
and, with probability 1,
_ By 2 ~f —r-L loglog ¢
1X(0) = < 2 Ro(0) + O(s~7 )+0(mame||xn =X ) (D.50)
In particular, if (LMF) is run with learning rate n(t) = 1/t'/P, we have
p-1 2-p P
Ro() = 079800 P e G i S O(1/1P-11p) (D.51)
0= 1 p—12Kil/p Kp—11(0=1)/p - : :

and X (t) — x* both in mean square and with probability 1 as t — oo.
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Proof. By strong convexity of f,

t t
[ @ =xvrxem = [ [rx) -min g+ 51xe) -x12as
t
* [ *
> 8 [Nixe - xlPas = Bixo - <1, (D52)
2 Jo 2
and Theorem D.1 therefore yields the desired upper bounds. ]

Remark D.7. Similarly to the convex case, Theorem D.3 also yields the following complexity estimate: for any precision
1 —

& > 0, choosing a constant learning rate = O((s/é’)l’f‘) ensures that ]E[||X(t) —x*||2] < ¢ for every times t =

Q(é’ = & o1 ) .

As in the main text, we now estimate the amount of time that X (¢) spends in a neighborhood of arg min f. The following
theorem serves as an extension of Theorem 2 to the setting where (LMF) is initialized at an arbitrary point of A, rather than
at its prox-center.

Theorem D.4 (Concentration around global minimum). Assume that f is u-strongly convex with minimum x*, and let

iU = 7 / L{X(s) € Us} ds (D.53)
0

be the fraction of time that X (t) spends inUs = {x € X : ||[x —x"|| < 6} up to time t. If (LMF) is run with constant learning

rate n(t) = n, we have
E[u:(Us)] = 1 - B () (D.54a)

and, with probability 1,

p-1

Us) 2 1= B, (8)+ 07 ) + O(mamcuxn

loglog ¢ (D.54b)
; .

where 1 , »
_ 2(xo — x", yo) 2H Tlﬂ'éme 2nP= |l po—heavy
uot nué?t  ukKs? ukr-152

(D.55)

Proof. Since 1{||X(t) — x*|| > 6} < 67 2||X (1) — x*||?, the occupation measure u;, satisfies

1 4 ) 1 4 2 4 )
X\ Us) = 1 /0 L{IX() -l > 63ds < = /0 IX(5) - s = /O (X(s) —x" VF(X(5)))ds, (D.56)

and Theorem D.4 therefore follows from Theorem D.1. |

Remark D.8. If the stochastic process X is positive recurrent on ri X¥—that is, if any relatively compact subset of ri X
is reached by X in finite expected time—then the occupation measure y, converges to the so-called invariant measure u
of X. This means that y is the unique probability measure such that X(¢) ~ u whenever X(0) ~ u. Under ergodicity of
the dynamics, u is also the measure towards which the law of X (¢) converges from any initial condition. In this regards,
Theorem D.4 therefore provides a non-asymptotic estimate on the concentration of the law of X (¢) around neighborhoods of
the objective’s minimum x*. For the stochastic mirror flow (SMF) with constant learning rate, Mertikopoulos & Staudigl
[70] showed that the primal trajectories are indeed positive recurrent—and hence admit a unique probability invariant
measure—under Brownian-like perturbations. Extending this result to (LMD) is, however, substantially more challenging:
Lévy-driven SDEs exhibit more intricate dynamical properties, and establishing positive recurrence in this setting thus
requires additional care. We therefore leave this question open for future works.

As illustrated in Remark D.7, Theorem D.3 provides a lower bound on the time beyond which the ergodic averages remain
within at most £ of the objective’s minimum in the mean square norm. The following theorem complements this result by
giving an estimate on the average time required for the last iterate itself to reach a §-neighborhood of the minimum.
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Theorem D.5 (Hitting time estimate). Assume that f is u-strongly convex with minimum x* € X, and let
s =inf{t > 0: || X(¢) —x"|| < 6} D.57)

denote the first time that X (t) gets within & of x* for some precision 6 > 0. If (LMF) is run with constant learning rate

1

K K p-1 )
n < min| £28? [P0 57T |, (D.58)
Otame 4K p”)(” pa-hcavy

then the averaged value of T is bounded as

2KF(x*,nyo)

E[7s] < (D.59)
pKN6? =P = 20P K2 PN\ X2 Pol
Proof. Since the learning 7(¢) is assumed to be constant, Lemmas D.4-D.7 yield
t p-1 2-p
. n n? Xl
E(t) < E(0) — /0 (X = x*,Vf(X))ds + ﬁoﬁmet + To{;avyt +&(1) (D.60)

where &£() :=&(t) + £(t) is a martingale. Moreover, f is assumed to be u-strongly convex and so (X —x*,Vf (X)) >
"—2‘||X — x*||?. In particular, for any fixed t > 0, we get

2K0-tame T heavy ]E[Té /\[], (D61)

O0<E[E(ts A1)] < E(0) — %]E[/ TdMHX(s—) — x*||2ds
0

r=1|x2-p
+(n 2 X

where we have used that £ is a martingale starting from 0 and that 75 A ¢ is a bounded stopping time to get E[£(7s A 1)] = 0.
Now, note that by definition of 75, we have || X(s—) — x*||> > 62 for every s < 75 A t due to X having cadlag paths. It

follows that 1 5 »
nP XN P oy,
0<E(0) - (552 — Lo+ ey

58" = 5 Tame = E[rs A t]. (D.62)

Now, under the assumption Eq. (D.58) made on the size of 7, it is clear that the factor in front of [E[7s A f] is strictly positive,
which leads after rearranging the terms to

2KE(0)

HK&? = oy, = 2nP 1K P | X2 Pay

E[rs Af] < (D.63)

Since the function 7 — [E[7s A t] is nondecreasing and since the right-hand side of Eq. (D.63) is uniform on #, the monotone
convergence theorem can be then invoked to prove the upper bound claimed in the theorem. ]

In particular, for a sufficiently small target radius ¢, the hitting time estimate of Theorem D.5 can be optimized by an
appropriate choice of learning rate n, making its dependence on ¢ explicit. This leads to Theorem 3, whose statement is
here split in two parts into order to provide precise conditions on the target 6 depending on the nature of the noise. We first
consider the case p < 2, for which the upper bound is determined solely by the heavy-tailed intensity of the noise.

Corollary D.2 (Hitting time estimate, case p < 2). Under the same assumptions as in Theorem D.5, further assume that
Yo =0and p < 2. Then, for every precision 6 > 0 satisfying

1

202 me I [ 2heany | 77
2 tame y
0° < 5 , (D.64)
IJ o—tame
running (LMF) with constant learning rate
1l
_ KK e
T3k X el ) " e
heavy
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yields the hitting-time bound

E[ ]<4H
75] < ——
ol =7k

1
I X|1> Pl NPT,
B (D.66)
M

Proof. For simplicity, let us define a = 02, b = 2K*"P||X||>"Po? and ¢ = uK. In particular, the expression of the

heavy
learning rate n7 can be written as
1

7= (%)1’-'5,,%, (D.67)

and the condition of Eq. (D.64) on the size of ¢ implies that

C\p-T _2 €\
)T < (52)8% D.68
(Zb) e\ (D-68)
We therefore obtain the upper bound
1 C 2 C 2
=S (%)5 <22 (0.69)

where we have used that p € (1,2) to get 2!/(P=1) > 2. As a result, the denominator of Eq. (D.59) satisfies

1 1
n(c62 —an - bnp‘l) > (i) e (c62 el bi(sz) . (i) =8 (D.70)

4b 4a 4b 2\4p

Moreover, we also get F(x*,nyy) = h(x*) — h(xp) < H since yy = 0. The hitting time estimate of Theorem D.5 therefore
yields

E[7s] <

1
AKH (4b\7T _ >
( )' 5o, (D.71)

c C

which recovers our claim when substituting a, b and ¢ with their respective values. ]

On the other hand, when the noise is tame—that is, when p = 2—we obtain the following optimized upper bound:

Corollary D.3 (Hitting time estimate, case p = 2). Under the same assumptions as in Theorem D.5, further assume that
yo = 0 and p = 2. Then, for every precision 6 > 0, running (LMF) with constant learning rate

= 8§ D.72
n 202, (D.72)
vields the hitting-time bound
802 H
E[rs] < —2-574, D.73
[7s] 2K (D.73)

where 02, = 020 + 20}%%lvy is the total intensity of the noise.

Proof. The upper bound is obtained directly when replacing 7 by its value in Theorem D.5 and by bounding the numerator
as in the proof of Corollary D.2. ]

We now strengthen our assumptions by considering objectives f that are u-strongly convex relative to h, that is, functions
satisfying
J(&X) > f(x) +(Vf(x),x" =x) + uD(x’, x) (D.74)

for all x € X), and all x” € X. This sharper condition allows us to refine the convergence analysis of (LMF) to obtain
stronger bounds on the last iterate rather than just on ergodic averages. We begin by establishing the first part of Theorem 9,
which corresponds to the case where (LMF) is run with a constant learning rate:
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Theorem D.6 (Convergence rate for relatively strongly convex functions, constant learning rate). Let h be a steep regularizer.
If f is u-strongly convex relative to h with minimum x* € X and if n(t) = n > 0 is constant, then

> x|rel D ("

(o , _

]E[HX(I) _X*HZ] < tdmen_'_ heavynp_l + (x xO)e /177t.
pK? uKP K

(D.75)

Before proving Theorem D.6, we first establish a preliminary technical lemma that will allows us to rigorously differentiate
the map [E[E(t)] with respect to ¢.

Lemma D.8. Ler F: [0, ) — R be a function such that

t
F(t) - F(s) < / g(r)dr foreveryt > s >0, (D.76)
S
where g: [0,00) — R is a locally integrable function. Then F is almost everywhere differentiable with F'(t) < g(t).

Proof. Let G(t) = fot g(r)dr and H = F — G. Then Eq. (D.76) implies that H(¢t) < H(s) forallt > s > 0, and thus H is a
nonincreasing function. In virtue of Lebesgue differentiation theorem, H is therefore almost everywhere differentiable (on
open intervals) and satisfies H’(t) < 0. Since F = G + H is the sum of two almost everwhere differentiable function, it
implies in turn that F is also as such and that F’(¢) = G’ (¢) + H’ (t) < ¢(¢), which concludes the proof. [

Proof of Theorem D.6. Starting from Lemma D.4 and the estimates of Lemmas D.5-D.7, and noting that D (x*, X (1)) =
F(x*,nY (1)) since X(t) € ri X for all times (consequence of & being steep, cf. Proposition B.2), we get

%IE[D(x*,X(t))] = E[E(1)]

! . I N Lo 2 R
<E[E(s)] —]E[‘/Y (X —=x*,Vf(X))dr +§O-tame/s dr+Ta'heavy/S dr

1 g 20 X
< SEIDG X)) - [ {JE[f(X)—f(x*)wD(x*,X)]— T y)}dr
t 2 p-1 X 2-p P
s%IE[D(x*,X(s))]—/ {y]E[D(x*,X)]— 1% 17 1] Uheavy)}dr, (D.77)

2K Kpr-1

where the second inequality comes from the relative strong convexity of f, and the last inequality is due to x* being the
minimum of f. Since the above inequality holds true for every ¢ > s > 0, it follows from Lemma D.8 that the function
¢(t) =E[D(x*, X(t))] is almost-everywhere differentiable and that it satisfies

¢’ (t) < —pume(t) + cin* + can®, (D.78)
2-p
where we have set ¢| = 5 (02,) and ¢3 = %Oﬁ avy- I particular, we can therefore use Gronwall’s lemma to obtain

E[D (e, X(1)] = o(t) < g(0)e—knt + L4 (4 oy

pn
2 | xX|*-Pol
Oy,
fame heavy P~ + D(x*, xg)e M, (D.79)

+
S 2kuTT T ke

and the result then follows thanks to the inequality || X () — x*||> < %D(x*, X (1)) (cf. Proposition B.2). ]

Remark D.9. A result analogous to Theorem D.6 for Brownian-type stochastic perturbations was established by Tzen et al.
[107] for the mirror Langevin dynamics, a special case of (SMF) with constant learning rate in which the diffusion coefficient
is proportional to the Hessian of the regularizer. Their result arises as a byproduct of an interpretation of continuous-time
mirror descents methods through the lens of inverse optimal control.
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Finally, we now establish the second part of Theorem 9, concerning the convergence rates of the last iterate when the
learning rate is decreasing.

Theorem D.7 (Convergence rate for relatively strongly convex functions, decreasing learning rate). Let h be a steep
regularizer. If f is p-strongly convex relative to h with minimum x* € X and ifn(t) = (1 +1)~'/7, then

2 2=pgP X

O2me —1 2 [IXI7Po, H\ et 2D =)

BLIX (1) - x'|) < Tomep 200 Ty H) e ADOC0) L BP_ (5 1) 80y
uk uK Kp-1 p K p-1

In particular, X (t) — x* in mean square as t — co.

Proof. Following the same arguments as in the proof of Theorem D.6 but with a non-constant learning rate, we obtain that
the function ¢ (1) = ﬁ E[D(x*, X(¢))] is almost-everywhere differentiable and that it satisfies

(1)

0/0) < -uEIDG 01+ () + can(0) ™! = L EIhG) = h0)]
< (W) + en(e) + cn(H)P~" = %ﬂ, D81

Tiame x> _p : -1/
where we recall that ¢ = T and ¢, = Wo—heavy' Letting n7(z) = (1 +¢)~'/P, we therefore get
’ C1 c2 H
W) < ——F—un+ _ o+ — (D.82)
(I+n)r (I+0? (A+n7  p(l+t)r

and Gronwall’s lemma can then be invoked to derive

(1) Sl//(O)exp(—u/t;lds)+/t( a8 )exp(—u/[;ldr)ds, (D.83)
0 (1+s5)7 0\NA+s)P (1+s)7? s (1+r)r

where we have set c3 = ¢ + %. To estimate the integral appearing in the right-hand side of (D.83), we need the following
intermediate lemma:

Lemma D.9. For every constants a,b > 0, ¢ > 0, and all exponents p € (1,2],

t t 2-p
I(1) :=/ ( a =+ b = )exp(—c/ ;ldr)ds < l(a+b(1+t)7). (D.84)
0 \(1+s)? (Q+s)7P s (1+r)p ¢

Proof. To begin with, note that

d 1 pot p-t
[ (Hr)l/pdr:pfl[(lﬂ) 5~ (1+5)7 ] (D.85)

so I(t) can be written as

1

1) = exp(—iu +z)”:?') /t(a(l +5)77 +b(1 +s)“’T?) exp(i(l +s)pf'_l)ds. (D.86)
p-1 0 p-1

r-1
Using the substitution r < (1 +5) 7, we further get

p-1

_ (141) P .

I(t):exp(——Cp (1+t)”pl)—p / (a+bri’1)exp( cp r)dr. (D.87)
p-1 p-1J p-1
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: - =l 2-p 2-p
Now, since H >0and0<r <(1+¢) »,wealsohave rp-T < (1+¢) 7 and thus

p-1
e (14t) P
P 1(a+b(1+1‘)7‘)‘/ Lexp( cp r)dr
1

n—1
I(t) < exp(—i(l +t)lﬂ)
p-1 p-1 p-1

= E(a+b(1 +1) P )[1 —exp(p%pl(l -(1 +t)pP ))]
1 2-p
< —(a +b(1+1) PP), (D.88)
c
which concludes the proof. L]

Proof of Theorem D.7 (cont’d). Using Lemma D.9 in Eq. (D.83) and replacing the function (f) by its expression, we
readily get

E[(1+0"PD(x*, X(1))] < D(x*,x0) exp(—ﬂ(u w0 - 1)) + l(cl +es(1 +z)2%>”) (D.89)
p-1 H

which, after dividing both sides by (1 +7)!/? and using using the inequality || X (1) — x*||> < %D(x*, X(1)), yields

2 2 -1 2D (x* -1
E[IX() -x"I?] < 214077 + —=(1+0)"7 + (7 X0) =P ((1+t)"T - 1) . (D.90)
Ku Ku K p-1
The final result is then obtained when replacing ¢ and c¢3 with their respective values. ]

Remark D.10. For a learning rate i o ~'/P Theorem D.7 implies that for any & > 0, the accuracy IE[lIX(t) - x* ||2] <egis
reached for times ¢ > (’)(s_l%'). Unlike the complexity bound for constant learning rates, this rate is of the same order as

those for convex or strongly convex functions, and therefore does not even attain the optimal O(1/&) complexity for p = 2.
As we discuss further in the discrete-time section, this limitation arises because a positive term proportional to —7/n> always
appears in the computations. This is a consequence of the learning rate acting on the aggregated gradient steps rather than
on individual steps, which prevents the use of a 1/¢-type learning rate to achieve sharper convergence rates, as is standard in
the analysis of stochastic gradient methods.

E Results in discrete time: Omitted proofs from Section 4

In this section, we draw inspiration from the continuous-time analysis of (LMF) to study the convergence properties of the
Stochastic Dual Averaging (SDA) algorithm given by

Y+1 =Yt — Gt

(SDA)
Xe+1 = Q(Mr+1Yr+1)

where n; > 0 is a nonincreasing learning rate sequence and g, is a stochastic gradient of the form g, = Vf(x;) + U; with
gradient noise term U, = U(x;; w,) satisfying the following assumptions:

(a) Unbiasedness: E[U(x;w)] =0 for all x € domd f.
(b) Bounded p-th central moments: E[||U(x;w)||’] < oP for some p € (1,2] and all x € dom d f.

Throughout this section, we further assume that f is L-smooth relative to h, that is,

F(xX) < f(x) +(Vh(x),x' —x)+ LD(x',x) forallx € Xj,x" € X .. (E.1)

E.1. Convex setting. We begin by exploring the case where f is a convex function. As in the continuous-time analysis,
our approach is based on tracking the evolution of the n-deflated Fenchel coupling

1
E:(q,y) = n—F(q,my) geX,ye) (E.2)
t
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along the iterates of (SDA). In contrast to (LMF), however, the discrete-time nature of (SDA) allows us to derive the
evolution of E; without needing a weak stochastic chain rule (It6’s formula), which considerably simplifies the analysis.
This leads to the following result, which can be viewed as a discrete-time analogue of the classical three-point identity
(Lemma B.2) for the n-deflated Fenchel coupling.

Lemma E.1 (Three-point identity for n-deflated Fenchel coupling). For every q € X, the process E; .= E;(q,y,;) along
trajectories of (SDA) satisfies
1 1

Nt+1 un

1
Ein—E = ( )(h(CI) = h(xr41)) + X = @ Yra1 = Yp) + Xre1 — Xea Yrel — Yp) — U_F(XHI, N1Yr)- (E.3)
t

Proof. First, note that
F(xXt41, 1Y) = F(q,m:y:) = h(xe41) — h(q) — 10 Xes1 — 45 Y1) (E4)

and, by optimality of x;,, we also have

F(q,M+1Yr1) = h(q) + B (re1Yr41) = Ne414G5 Yra1)
= h(q) + 01X 415 Y1) — h(Xe41) = 70414G5 Yr41)
= h(q) — h(xp41) + N1 {Xeat — @5 Yrs1)- (E.5)

This leads to

1 1
F(q,nr1Yee1) + n_(F(x’”’ neye) — F(q,m0y:))
t

t+1

1
Eiy—E + TI_F(XHI,Th!/t) =
t

B (’71‘1+1 N l)(h(q) = h(xr41)) + Xea1 = G- Yre1 = Yr)

t

1 1
= ( - _)(h(CI) = h(xex1)) + X = G Yret = Ye) + KXol = X3 Yre1 = Ye)s (E.6)
N+l 1t
which concludes the proof after rearranging the terms. ]

We now invoke the relative smoothness of the objective together with the bounded p-th central moment assumption on the
gradient noise to obtain the following estimate:

Lemma E.2 (Heavy-tailed noise estimate). If f is relatively L-smooth and 1, < ’%L then the iterates of (SDA) satisfy

2P x| p

-1
o1 U (E.7)

1
(Xral = Xt Yrel — Y1) — U_F(xt+1»77tyt) < flx) = f(xe) +
t

Proof. Since y;+1 —y; = —g; = —(Vf(x;) + Uy) and p € (1,2], we can decompose the left-hand side of Eq. (E.7) as
1 1
(Xra1 = X, Yre1 = Yr) = U—F(Xm,ﬂt!/r) =(Vf(xs), % — Xp41) — EF(Xm,Uzyz) (E.8)
t t
p—1
+ (Ut Xt — Xp41) = ——F (Xe41, M1 Ys ) (E.9)
Pt
Focusing first on bounding (E.8), the relative smoothness of f yields
1
(E.8) < f(x;) = f(xss1) + LD (Xp41, %) — EF(xm,myz)
t
1
< f(xt) = f(xeg1) + LF(xt+1,T]tyt) - EF(leﬂhyt)
t
L1
= f(x) = fw1) = — | — =m0 | F o1, 10y1)
ne\pL
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< f(xe) = f(xie1)s (E.10)

where the second inequality comes from D(x, Q(y’)) < F(x,y’) (cf. Proposition B.2) and the last inequality from the
assumption that 5, < 1/(pL). On the other hand, for (E.9), we use the Cauchy-Schwarz inequality and the fact that
F(x,y) = §||x — Q(y)||? (see Proposition B.2) to get

-1K
(E.9) < U llullxesr = x|l = E= 2 g — 01 (E.11)
P 2

Since the diameter || X'|| of X is assumed to be finite, we know that ||x;+; — x;|| < ||X]|| and therefore

[l2¢41 —xt”2 = “X” ”X”” 1||xt+1 —xt”2 > || X" P- 1||xt+1 —xt”” 1||xt+1 —xt”2 = ||X|| =) “xt+1 —xt”” . (E.12)

Putting this estimate back into Eq. (E.11) then yields

2-p
—LK|X| P
(E.9) < |Us[lu]lxear — x|l - == -

uh

1 -
wr-

1741 —xt”” < rLlaX(HU,H*w - pTC , (E.13)

2—
where we have defined C = % [|X ”—,%] for conciseness. The maximization problem is achieved by w = (]|U,]|./C)P~!
and thus

(A AR p=1) . Pl
(E9) < IIUzII*( C ) - TC( C ) = (1 - T)C PUUNL = Wﬂf) U7 (E.14)
Combining the upper bounds for (E.8) and (E.9) therefore yields the desired result. ]

We can now combine the first two lemmas to obtain the following theorem, which—similarly to its continuous-time
analogue—serves as the baseline for most of our subsequent results.

Theorem E.1. If f is relatively L-smooth, then for every q € X and every nonincreasing learning rate sequence with
m < pLL, the iterates of (SDA) satisfy

r N B ] .1 G g
E| D> (¢ =g, VA | < (o1 = gop1) + f(x1) —min f + 1 2 (E.15)
=1 ’7T+1 pKP~ =1
Proof. Summing the equality of Lemma E.1 over = 1, ..., T and using the upper bound of Lemma E.2, we get

0 <E[E7] < E; +Z( T]lt)]E[h(Q) h(xe1)] - Z(xt 4. Vf(x)) |+ f(x1) = ELf (xr41)]

N+l
T 2=l x|12-r T
CSVE[y - g U + ” i > Ellw?] (E.16)

t=1 =1

Note that since 7, is a nonincreasing sequence and since / is continuous on the compact set X',

T T
1 1 1 1 H H
Z( ——)E[h(Q)—h(Xm)] sz( ——)H= - = (E17)
=1 \Tle+1 Tt =i \lt+1 Tt nr+1 M
Moreover, by optimality of x1,
1 1 H
Ey=—F(q,my1) = —(h(q) = h(x1) = (myi,q —x1)) < — —{q —x1,41). (E.18)
m m m
Now, by the blanket assumptions made on the noise term U, and by definition of the filtration F;, we have
E[IUI7] = E[E[IVUGs o)l [ F]] < o (E.19)
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and
E[{(x; = q,Ur)] = E[E[{x; — ¢, U(xs; w1)) | Fr]] = E[{xr — ¢, E[U(xs; w¢) | F£])] = 0. (E.20)
All of these estimates finally lead to
T ) H Zp—l X 2-p T _
E| D100 -0, VA | < - o)+ £ o) - min f o+ — 22 NEE o Spet, (E21)
=1 nT+1 pk» t=1
hence concluding the proof. ]

Specializing Theorem E.9 to convex objectives yields the following result, which generalizes Theorem 5 from the main text
to arbitrary learning rates and arbitrary initial conditions.

Theorem E.2 (Convergence rate of (SDA) for convex functions). If f is convex and relatively L-smooth, then for every
nonincreasing stepsize sequence with yy < pLL and for every x* € argmin f, the iterates of (SDA) satisfy

. _ _ -1
E[f(¥r) — min f] < o —aty) #fln) —ming | _H 27 XU 2y 1 (E.22)
! - T Tnrii pkr-! r - '
where X1 = % Zthl x;. In particular, the choice n, = Bt="1P with B < pLL yields
— x* — mi p-1gp-1 2-pgp _
ELf(ir) - min f] < SL72000 +Tf(’“) min/ % 28 Kﬂf” v (E23)
Proof. Due to f being convex,
T . T .
D =2V () 2 21 () = f(x)] 2 T[f(%(1)) — min f], (E.24)
t=1 t=1

and the convergence rate for general learning rates is therefore an immediate consequence of Theorem E.1. The specialized
-1

bound for 57, = B¢~'/7 is then established by using the upper bound ZtT:I < pT'/P obtained with a standard integral

estimation. [

Remark E.1. For any precision € > 0, running (SDA) with learning rate n = O((s/a'p)ﬁ) yields E[ f (x7) —min f] < &

forevery T > O ((o- /€) = ), thus matching the complexity obtained in the continuous-time setting, cf. Remark 4.

E.2. Strongly convex setting. We now turn to the convergence analysis of (SDA) for strongly convex objectives.
Leveraging the upper bound in Theorem E.9, we first obtain a convergence guarantee for the ergodic averages that holds for
any strongly convex objective, independently of the choice of regularizer.

Theorem E.3 (Convergence rate of (SDA) for strongly convex functions). If f is u-strongly convex with minimum x* € X
and relatively L-smooth, then for every nonincreasing stepsize sequence with y; < ﬁ, the iterates of (SDA) satisfy

. -1
i =xty) + ) —ming o 2H 2P|\ X2 PP 0!

Elllxr — x* 2 <?2 E.25
[IlEr — x*|I] s o T ke 7 (E.25)
In particular, the choice n, = Bt="/P with B < pLL yields
—x* — mi r-1pp-1 2=pgp -
E[ll¥r - x*|I*] < pnx ,y1)+7]f(x1) minf , 2 %+ 2B Kﬂ/‘i” T\ (E.26)
H K B
Proof. By strong convexity of f,
T T
* * T = *
D00 =X VF) 2 5 S =1 2 Bl -2, (E27)
=1 215 2
which directly yields the results by Theorem E.1. ]
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Remark E.2. Similarly to Remark E.1, we get that for every & > 0, the learning rate = (9((8 [oP) %) achieves the accuracy

]E[||)ET - x*||2] < ¢ for all horizon T > (9((0'/5)%).

We now proceed by estimating the fraction of time that (SDA) spends away from arg min f, and the time that it takes to
get close to it for the first time. These results specialize to Theorems 7 and 8 from the main text when the algorithms are
initialized to the prox-center x. = argmin i of X.

Theorem E.4 (Concentration around global minimum). Assume that f is u-strongly convex with minimum x* and L-
relatively smooth. Let

| I
ur(Us) = T > 1{x, € Us} (E.28)
=1

be the fraction of time that x; spends inUs = {x € X : ||x —x*|| < 6} up to time T. If (SDA) is run with constant learning
rate n; = n, we have

2w —xty)  20fG)-minf)  2H  2rprT | X|PPo”

Elur(Us)] > 1
i (Us)] ST 52T 72T LpKP—162

(E.29)

Proof. Markov’s inequality together with the strong convexity of f yield

12 * & E[l -] 2
Bl \Us)] = & 3Bl x> 0) < £ 3 5 ]Sﬂ(szT]E
t=1

t=1

T
2 =2V (x:))l, (E.30)

1=1
and the concentration bound therefore follows directly from Theorem E.1. ]

Theorem E.5 (Hitting time estimate). Assume that f is u-strongly convex with minimum x* € X and relatively L-smooth.
Let
75 = inf{t € N : ||x; — x| < 6} (E.31)

denote the first time x; gets within 6 of x* for some precision 6§ > 0. If (SDA) is run with constant learning rate

upK P2
2PK2-P||X||2-PoP o771, (E.32)

then the average value of s is bounded as

. 2
2pKF(x*,ny1) +2pK (f(x1) — min f + £5)p
upKé>n —2PK2~P|| X ||>~PoPyP

E[7s] < (E.33)

In particular, running (SDA) with y; = 0 and

1

_ ﬂK p-1 %
n= (ZPKZ_PHXHQ‘PO'P) or-1 (E.34)

yields the hitting-time estimate

E[ts] <

2—- ﬁ 2p - i
» {z_H(zpnxn "cr") 5-,,1+M5—2+1}, (E£35)

p—1|uK H H

Remark E.3. Since y; = 0, the quantity f(x;) — min f in Eq. (E.35) is in fact equal to f(argmin &) — f(x*), that is, to the
value difference between the prox-center x. = arg min h and the minimizer x* of f.

Proof. Since the learning rate 7 is supposed constant, summing the equality of Lemma E.1 over t = 1, ..., T and invoking

the upper bound of Lemma E.2 yields

27X PPy
pKP-!

T T T
0% Er < By = 30—, V) + (1) —min f — 30— x°, Up) + SUUIE. E36)
t=1 t=1 t=1
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By analogy with the arguments used to prove the hitting time estimate for continuous (LMF) dynamics (cf. Theorem D.5),
we then apply the above inequality to the bounded stopping times 7 «— 75 A T and take the expectation on both sides, which
leads to

TsAT

20 =XV () | +

t=1

TsAT

E| > 1Y
=1

Before proceeding further, recall that F; is the filtration generated by xg, 1 < s < ¢, and that U, is a martingale difference
sequence. In particular, U, is F;;1-measurable and E[U, | F;] = 0. By the tower property of conditional expectations, we
can therefore write

TsAT

271 x| 2 Pyr!
pkpr-1

O0<E +f(x;)—minf-E

—X*,Ut>

TsAT

E Z (xp —=x*,Uy)
=1

E[E[1{rs > t}{x; —x",U;) | F1]]

M=

T
= ZE[]].{T& > [}(-xt _X*’ Ul)] =
t=1

~
Il

E[1{rs > t}(x; —x", E[U | F¢])]

M=

1=1
=0, (E.37)
where we have used that both x, and 1{7s > t} are F;-measurable. Indeed, to prove the latter, one notes that
-1
{rs = 1} = ({lxs —x*ll > 6} € F, (E.38)
s=1

since all events {||xs —x*|| > 6}, 1 < s <1—1, belong to ;. Similarly, the bounded p-th central moment condition satisfied
by U; yields

TsAT

E| > IUAY
t=1

Moreover, by strong convexity of f and definition of 75, we also get

T T TsAT
= > E[1{rs 2 t}|UI7] = D E[1{rs 2 } E[IIUIIV | F]] < oP E| 3] 1] =P E[rs AT]. (E.39)

t=1 t=1 =1

TsAT TsAT TsAT—1 TsAT—1

Z<xt X Vf<xt)>>—2||xt X2 = “ Z e = x*]2 > ” Z 62——(T5AT—1) (E.40)

The previous computations lead to

2P X PPyl oP
pKr-!

#52 ps? 2PN X|PPoPyP!
2 pKr-!

. us?
0< E1+f(x1)—m1nf——(IE[‘r§/\T] -+

E[rs AT] (E.41)

=E;+ f(x;) —min f + —

) E[rs A T], (E.42)

where the multiplicative coefficient in front of E[75 A T] is (strictly) positive whenever the learning rate n satisfies

1

upK P2
= (2n1<2—p||)(||2—pcrp) ort. (E43)

Rearranging the terms therefore yields the upper bound

. 2 N . 2
Ei+ f(x;) —min f + % B 2pKF (x*,ny1) + 2pK(f(x1) — min f + %)n

,,Téz _ M B upKs2n — 2P K2-P|| X |2-PoPyP
p

]E[T§ /\T] <

, (E.44)

which proves Eq. (E.33) when taking the monotone limit as T — oo. Now let us assume y; = 0 so that F(x*,ny;) =
h(x*) — h(x1) < H, and choose

1
K P
n= £ ) 57

2pK2—p||X||2—po—p p-l (E.45)
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which is the learning rate maximizing the denominator of Eq. (E.33). For notational convenience, we also define
2

0
c1 =2pKH, ¢, =2pK(f(x;)—minf+ 'uT), c3 = upKs®, ¢4 =2PK>7P||X|*PoP. (E.46)

In particular = [c3/(pcs)]"P~1) and we therefore obtain from Eq. (E.33) that

1

] -
+ p-1 p-1
Elrg] < 1T _ C3(C_s) _ 64(6_3)

c3n + cqn? pea

1
Cp -1 1 )1—1
= (—3 (1--) cl+cz(c—3)l
Cq p pca
1 1
p 4 p-1 c3 -1
=— =7 c1+ce| —
p—1\ ¢ pca
1
_ b ], o) e
p-1 ! c? c3
1 . 2
Py e (P2PEEPNXIP P\ 2pK(f () — min £+ )
p-1 P uP pPKp§2r upKo?
1
2H (2P| X||>PoP\PT _20  2(f(x1) — min
S _( [l i ) 5t 2 mminf) o L (E.47)
p—1|u H H
hence concluding the proof. u

We next consider objectives whose convexity is adapted to the geometry induced by the regularizer, namely objectives that
are strongly convex relative to h. Specifically, we assume that

JO&) 2 f() +(Vf(x),x" = x) + uD(x", x) (E.48)

forall x € A), and all x” € X.

We begin by establishing a convergence guarantee for constant learning rates, yielding a discrete-time analogue of Theo-
rem D.6. The result also slightly refines Theorem 6 from the main text, as it no longer requires (SDA) to be initialized at the
prox-center of X.

Theorem E.6 (Convergence rate of (SDA) for relatively strongly convex functions, constant learning rate). Let h be a steep
regularizer. If f is relatively L-smooth and relatively pi-strongly convex with minimum x* € X, then running (SDA) with a
constant learning rate n < pLL achieves

-1 2- *
2P, 2D )

* (12
B[ - 7] < 2120 a

(1=nu)". (E.49)

Proof. Starting from Lemmas E.1 and E.2 with ¢ = x* and then using the relative strong convexity of f, we readily get

2P

O—P
pkr-!

E[Ei1] < B[E ] + E[(" —x;, Vf(x )] + E[f (x0) = f(xe41)] +

22 NxXPr

R oP. (E.50)

SE[EJ+E[f(x") = f(x)] = pB[D (" x)] + E[f (x,) = f(xr41)] +
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But since 4 is steep, we have E,; = F(x*,ny,;) = D(x*, x;) for all times ¢ > 1, and thus

_1 2—
20N XIPP

P
pkr-! 7

E[D(x", xs1)] < (1 =nqu) E[D(x*, x)] +n E[f(x") = f(xea1)] +

-1 2—
27X,

< (1= E[D(x",x,)] + pKp-1

a?, (E.51)

where we have used in the second inequality that x* is the minimum of f. Note in particular that nu < 1 due to the
assumption that 5 < 1/(pL) and the fact that u < L (cf. [64, Proposition 1.1] ). By recurrence, we therefore get

27X PP e

BID(Cx)] < (1= )™ D) + =20,

oP, (E.52)

and it only remains to use the lower bound ||x — x’||? < %D(x,x’) of Proposition B.2 to obtain the claimed inequality. m

Remark E.4. Due to Theorem E.6, we note that the learning n = (’)((s JoP )%) for any accuracy € > 0 achieves the last

P __1 . . .
iterate estimate ]E[||x, - x* ||2] < ¢ for all times ¢ > Q(o- p-Tg™p-Tlog(1l/ s)). This complexity rate is better than the one

obtained for convex or strongly convex functions, and, as mentioned in the continuous-time section, this also recovers the
optimal rate known for first-order stochastic methods when p = 2.

Finally, when the learning rate sequence is proportional to #~!/P we leverage relative strong convexity together with a
discrete-time Gronwall inequality to obtain the following convergence guarantee:

Theorem E.7 (Convergence rate of (SDA) for relatively strongly convex functions, decreasing learning rate). Let h be a
steep regularizer. If f is relatively L-smooth and relative u-strongly convex with minimum x* € X, then running (SDA) with
learning rate n, = Bt~"'P where B < pLL achieves

E[llx - x*|IP] <

2 (H 2p-ige-lx)2-p _pt 2D(x* 1
H B | X A (x ,xl)t ;,exp
uKp\ B Kp-1 K

—%(t% - 1)] (E.53)

In particular, x;, — x* in mean square as t — 0.

Proof. Following the same idea as in the proof of Theorem E.6 but with learning rate 17, = 8¢~'/7, we obtain

1 \ - hxgr
E[Eq] < E[E] +(— - — |H - u E[D(", )] + — 1 pp~lg
M+l M pKP-
H 2rtjx|>-r
— _ l/p _ A/p\2L = NI~ p-1
=1 M,)JE[E,]+((;+1) Py P)ﬂ e (E.54)
Let ¢ (x) = x!/P. Then, by the mean value theorem, there exists & € (¢, + 1) such that
1/p _ 1/ / 1,2t 1 &t L p
(+ )P =P =g+ 1) =g (1) <Y () =—& 7 < —1 7 =———=n, (E.55)
p p pBP~
This yields
L(H 27X PP
E[E;] < (1 - puny) E[E;] + o\pr T ke )T (E.56)
Letting C be the constant in front of 1" ~!and iterating the inequality for all = 1,...,T — 1 then leads to
T-1 -1 Tl
E[Er] < E\ [ [(1 =) +C 3 0!~ [] (1= puno)=EiSi,r+CSar. (E.57)
t=1 t=1 s=t+1

To estimate S; 7, we use the classic inequality 1 —x < e and an integral bound to obtain

T-1 T-1 T-1 T UBp (.p-
Sir < I—[ e M =exp|-u Z = exp|—Bu Z 7P| < exp(—ﬁ,u/ tl/”dt) = exp(——l(T P - 1)) (E.58)
= 1 pP—

t=1 t= t=1
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On the other hand, note that "~ b= nffzn, < 77‘;721], foreveryt =1,...,7 — 1 due to p < 2 and the fact that iy, is a
nonincreasing sequence. This allows us to write
,# 2711 T-1
Sor <" an I—[ (I—png) = —— > (L+pun, = 1) [ ] (1—puny)
s=t+1 H o= s=t+1
,ﬁ—z T-1{T-1 T
= (1_/”75)_1—[(1_/”73‘)
Ho 2 \s=re1 s=t
p-2 T-1
n
= T—(l -T1a /ms))
H s=1
p-2
<M (E.59)
u
Injecting the bounds for S1 7 and S, r back into Eq. (E.57) and replacing E7 by its expression, it follows that
. D(x*, X, 1 (H 2r7lpgp -l x| _pt
E[D(x, X,)] = n E[E,] < 2% o ”’8” (t . 1) f (2B ) s (B 6o
1'/p -1 up\ B Kp-1
and the claim is therefore proved by using the inequality [|x* — X, ||> < 2D (x*, X,). [ ]

Remark E.5. Analogous to its associated continuous-time result (Theorem D.7), Theorem E.7 only implies that (SDA)
achieves a complexity rate of order ¢ = Q(E_P[j) for learning rates 7(¢) o t~'/7, which thus does not reach the optimal

lower bound even for the tame regime p = 2.

E.3. Extension: Lazy Mirror Descent (LMD) under heavy-tailed noise. In this section, we extend our previous results
to the stochastic mirror descent with lazy updates, described by the system

Yt+1 = Yt = YtGr

(LMD)
X4l = Q(Yre1)

Following the discussion in the main text, the key difference between (LMD) and (SDA) is that, in (LMD), gradient steps
are pre-multiplied by a stepsize y,, whereas in (SDA) they are multiplied by a learning rate 7, after aggregation.

As will become clear in the proofs, the convergence results for (LMD) under heavy-tailed noise rely on the same arguments
as those used for (SDA) with a constant learning rate. In particular, we no longer need to introduce the n-deflated Fenchel
coupling and can instead directly analyze the evolution of the Fenchel coupling along the iterates of (LMD):

Lemma E.3 (Three-point identity). For every q € X, the iterates of (LMD) satisfy

F(q,yr1) = F(q, Y1) = Xt = @ Yre1 — Yr) + Xt — Xe Yre1 — Yr) — F (i1, Y1) (E.61)

Proof. On one hand, we have

F(xes1,Y0) = F(q, yr) = h(xp41) = h(y) = {Xee1 — 4, X1), (E.62)

and, on the other one, using the optimality of x;, 1,

F(q,ye+1) = h(q) + B (Yr+1) — (@, Yrs1) = h(y) — B(Xps1) + (Xpa1 — 5 Ye1)- (E.63)
Combining both of these equalities therefore yield
F(q, Y1) + F(Xix1,41) = F(q, Y1) = (Xew1 = @ Y1 = Yr) = Xt = @ Yoot = Yo) + Xeel = Xps Yoad = Yo )s (E.64)

hence proving the claim. L]
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Analogously to (SDA), leveraging the relative smoothness of the objective and the moment bounds on the gradient noise
leads to the following essential estimate:

Lemma E.4 (Heavy-tailed noise estimate). If f is relatively L-smooth and y, < pLL, then trajectories of (LMD) satisfy

2P| PPP

(Xr41 — Xty Yr+1 — yt> - F(xt+1’xt) <Vt [f(xt) - f(xt+1)] pr_

YO IUAL. (E.65)

Proof. Since y;41 — yr = —v:9: = —¥:(Vf(x;) + U;), we have
1 1

— [t =X Yret = Yr) = F(Xpa1,40)] = AV F(x0), x5 = Xp41) = — F (X111, Ur)

Vi Pyt

-1
F(-xt+l9yl)9 (E66)

t

+ <Ut,xt _xt+l> _L

and the rest of the proof can therefore be carried on by invoking the same computations as in Lemma E.2. ]

From the two lemmas above, we obtain the following theorem, providing the analogue of Theorem E.9 for (LMD)

Theorem E.8. If f is relative L-smooth, then for every q € X and every nonincreasing stepsize sequence with y\ < —r, the
iterates of (LMD) satisfy

2P~ 1II/YII2 PoP &

> (E.67)

t=1

T
E| > vi¢x — ¢, V()| < F(g, 1) +y1[f (x1) — min f] +
t=1

Proof. After rearranging the terms, Lemmas E.3 and E.4 yield

2P| X2
Yelxe = g, 90) < F(q,4) = F(q, Y1) + e [f (X0 = xp01] + kT v UL (E.68)
Summing over t = 1, ..., T and taking the overall expectation, we therefore get
T T p_1||X||2_pO'p T
E Z)’t(xt_q,vf(xt» < F(q,y1) - F(q,yr+1) +E Z?’t[f(xt)_f(xtﬂ)] +T )’tp, (E.69)
t=1 t=1 t=1

where we have used the blanket assumptions on U, as in the proof of Theorem E.1. Now, note that we can write

T

Z [f(xe) = fOae)] = Z Yesr f (Xea1) = Z Yef (ent) = yif(x1) = yrf(xra) + Z(?’Hl =) f(xee1),  (ET0)

=1 t=0 t=1

but x;+1 — x; < 0 by assumption and f(x,+;) = min f, so

T T-1
D vilf ) = D)) < vif () = yrf (xran) + D (yesr = yo) min f
=1 t=1

Y1[f(x1) —min f] + yz[min f — f(x741)]
< y1[f(x1) — min f]. (E.71)

Moreover, F(q, y;+1) = 0 by Proposition B.2, and thus

T ] Zp_l||X||2_pO'p T »
E[> v —q. Vi) | < F(q,y1)+71[f(x1)—mlnf]+T Yi s (E.72)
t=1 t=1
which concludes the proof. ]

As a first consequence, we obtain a convergence guarantee of (LMD) for convex objectives that are smooth relative to h:
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Theorem E.9 (Convergence rate of (LMD) for convex functions). If f is convex and relative L-smooth, then for every
nonincreasing stepsize sequence with y, < pl—L the iterates of (LMD) satisfy

F(argmin f,y1) +y1[f (o) —minf] 20X P Po? B, vy

E[f(%7) —min f] < , (E.73)
Zle Vi pr_l ZITZI Vi
where X1 = Z,T:] y,x,/Z; ¥:. In particular, the choice y; = Bt=Y/P with B < pl—L vields
1 1 ap-lgp=l1yx|12-P P 1
E[f(X7) — min f] < EF(argmin f>y1) + f(x1) — min f)T_pP + B [(”pflu g (logT)T_PT. (E.74)
p

Proof. Let g = x* € argmin f satisfying F(x*, y;) = F(argmin f, y;). Then, invoking the convexity of f yields

Z,ll Y f (xe) _

T T T T
2yl =X V() = Dyl f () = f(x9)] = T min f| >3y = [f(Fr) —min f]1 3 v, (E75)

=1 =1 Z;:] Vi t=1 =1
and it only remains to apply Theorem E.1 and divide both sides by Zthl 7v: to obtain the result. ]

Remark E.6. Theorem E.9 also recovers exactly the convergence rates established by Nemirovski & Yudin [77, p. 190]
and Vural et al. [108, Theorem 6] for optimizing convex function with (SMD). Two points are worth emphasizing: (a) our
result remains valid when f is only relatively smooth with respect to the regularizer, whereas both of the cited works assume
smoothness relative to the standard Euclidean norm, thus making our setting more flexible—especially when # is steep;
and (b) their convergence rates also hold for regularizers that are not strongly convex but merely (1, p/(p — 1))-uniformly
convex, that is, if

p-1

D(x',x) = h(x") — h(x) = (Vh(x),x" —x) > llx — x'||ﬁ for all x,x” € Xj. (E.76)
Importantly, Lemma E.2 and, by extension, Lemma E.4, can be easily extended to this setting, since we then directly obtain

_ P .. . . . .
F(x,y') = pTl lx = Q(y")|IP-T by Proposition B.2. Hence, all of our results remain valid when strong convexity is relaxed
to uniform convexity of the regularizer.

Analogously to stochastic dual averaging, we can then derive convergence rates for the last iterate of (LMD) under relative
strong convexity. For a constant stepsize schedule, this gives the following bound, which coincides with that of (SDA).

Theorem E.10 (Convergence rate of (LMD) for relatively strongly convex functions, constant stepsize). Let h be a steep
regularizer. If f is relatively L-smooth and relatively u-strongly convex with minimum x* € X, then running (LMD) with
constant stepsizes y < pLL achieves

zp_l”X”z_pa_p p—1+ ZD(X*7xl)

2
Bl -] < 212 :

(1—yw)' . (E.77)

Proof. Since the stepsizes are constant, this result follows from the exact same arguments and computations used to prove
Theorem E.6 for (SMD) with constant learning rate. ]

On the other hand, for a variable stepsize of order 1/¢!/P we obtain the following convergence guarantee, which requires a
slightly more refined non-asymptotic version of Chung’s lemma in order to be derived.

Theorem E.11 (Convergence rate of (LMD) for relatively strongly convex functions, decreasing stepsize). Let h be a steep
regularizer. If f is relatively L-smooth and relative u-strongly convex with minimum x* € X, then running (LMD) with
stepsizes y; = Bt~ P where B < pLL achieves the convergence rate

E[lle —x*[I%] <

p+lgp-1 2-pyP o * -
TP XNT PP et 2D () ( U ‘) (E78)

__t r
ukK K 2

P

2(p-1) | P-T . .
L] . In particular, x; — x* in mean square as t — oo.

j >
for every times t > [ i
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Proof. Following the same arguments as in the proof of Theorem E.7 but starting from Lemmas E.3 and E.4 instead, we get

i . . 2P=1 X2~ PP
E[D(",x121)] < E[D(,x)] = iy E[D(x",x0)] + Il "0

pkr=t
. 2N X|PPe
= (1 - puy) E[D(x", x/)] + ke N (E.79)
In particular, letting v, = 8t~'/7, we obtain
N Hp . 2PN X|PPoPpP 1
E[D(x", x141)] < (1 - W)E[D(x X))+ DKP1 T (E.80)

Defining ¢ = yB and d = iK]’Pllelz’pO'Pﬁp, we can then use a non-asymptotic version of Chung’s lemma (cf. [41,

p/(p=1)
Theorem 24]) to get that, for every ¢ > ty > [Z(i:l)] )

IA

2 -
E[D(x", x)] —d(t+t0)"Tl +D(x*,x1)exp(—c—t)
C

(t+10)t/P

2d __p_ ct

< =T+ DG, —_—

st (x xl)exp( 2 1/p)
2d _p-t -1

=45 +D(x*,x1)exp(—§tlp ) (E81)
c

and it only remains to use the upper bound ||x; — x*||> < %D(x*,xt) to prove the claimed convergence rate. [ ]

We conclude this section by proving Theorem 9, restated here for completeness, which provides refined convergence rates
for (LMD) under the standard stepsize y; o 1/t.

Theorem 9 (LMD, variable y). Suppose that f is u-strongly convex and L-smooth, both relative to h, with h steep. If
(LMD) is run with step-size y; = B/t, B < 1/(pL), then

O(1/tP71) if p < 1+pu,
E[llx, - x*||I*] ={O(logt/tP~Y)  ifp=1+pp, (42)
O(1/iPr) if p>1+ppu

Proof. Coming back to Eq. (E.79) and putting y, = 8¢t~', we obtain
d
E[D(x*, x41)] < (1 - 'L%)]E[D(x*,xt)] + (E.82)

and the asymptotic convergence rates are therefore direct consequences of Chung’s lemma (see e.g., [89, Lemma 4,
p-45)). ]

Remark E.7. Non-asymptotic convergence rates could also be obtained through the use of non-asymptotic Chung-type
estimates, such as those in [41, Theorem 24], but we restrict our presentation here to asymptotic bounds for simplicity.

Remark E.8. Analogous to the convergence rates, we obtain that for every target £ > 0, the stepsize sequence y, = B/t
achieves the accuracy ]E[||x, —x* ||2] < & for every times

Q(s‘ﬁ) ifp <1+Bu
- Q([glog(g)]) ifp=1+pu (E.83)
Q(s_l%ﬂ) if p > 1+ Bu.

In particular, the first two regimes—that is, when p < 1 + Su—matches the complexity rate obtained with a optimally tuned
constant stepsize. By contrast, when p > 1 + Su, the resulting complexity is always worse than that of the constant stepsize
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rule, although it remains sharper than the convex case as long as p < 1 + % This gap with the optimal lower bounds

stems from our use of relative smoothness. Indeed, if one could take 8 = 1/u, the complexity would become Q(g~!/(P~1))
for all p € (1,2], thereby recovering the optimal lower bound for p = 2 and matching the constant-stepsize complexity
when p < 2. However, the argument used in Lemma E.4 additionally requires the condition 8 < 1/(pL), preventing this
optimal stepsize choice. That said, we believe this limitation is methodological rather than fundamental. For instance, Lu
[63] obtained the optimal complexity bound Q(1/¢) for (SMD) with stepsize y; « 1/¢, under the relative boundedness

condition

D(q,x)
llg — x|
on the stochastic oracle, showing that optimal rates are achievable in stochastic mirror descent under refined assumptions.
Extending this approach to heavy-tailed noise is, however, nontrivial. In particular, we conjecture that matching the optimal
convergence rate O(t‘z(p -D/p ) requires working with the p/2-th power of the Bregman divergence, as was done by

Fatkhullin et al. [32] for projected SGD (where the Bregman divergence reduces to the Euclidean distance). We therefore
leave this question open for future work.

]E[||G(x;w)||f] <M? for every x,q € X (E.84)

54



	1 Introduction
	2 Setup and preliminaries
	2.1 Notation and terminology
	2.2 Problem setup
	2.3 Stochastic gradients
	2.4 Mirror descent and its friends

	3 Analysis and results in continuous time
	3.1 The Lévy mirror flow
	3.2 Analysis and results
	3.3 Finer results under (relative) strong convexity

	4 Analysis and results in discrete time
	5 Concluding remarks
	A Related works
	B Basic properties of Bregman methods
	B.1 Refresher
	B.2 Update lemmas

	C A primer on Lévy processes
	C.1 Lévy processes
	C.2 Jump processes and Poisson random measures
	C.3 Stochastic integration for jump processes
	C.4 The Lévy-Itô decomposition
	C.5 Asymptotic behavior of discontinuous martingales
	C.6 An Itô's formula for smooth convex function

	D Results in continuous time: Omitted proofs from sec:continuous
	D.1 Existence and uniqueness of solutions
	D.2 Convex setting
	D.3 Strongly convex setting

	E Results in discrete time: Omitted proofs from sec:discrete
	E.1 Convex setting
	E.2 Strongly convex setting
	E.3 Extension: Lazy Mirror Descent (LMD) under heavy-tailed noise


