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Abstract
Ill-conditioned kernel matrices can make first-
order methods for training neural networks con-
verge slowly. We establish non-asymptotic con-
vergence bounds for the Gauss–Newton method
in both under- and overparameterized regimes,
showing it avoids these conditioning bottlenecks.
In the underparameterized setting, Gauss–Newton
gradient flow in parameter space induces a Rie-
mannian gradient flow on a low-dimensional sub-
manifold of function space. Using tools from Rie-
mannian optimization, we show that, under an ap-
propriate output scaling, the loss satisfies geodesic
Polyak–Lojasiewicz and Lipschitz-smoothness
conditions, implying geometric convergence to
the optimal in-class predictor at an explicit rate
independent of Gram-matrix conditioning. In
the overparameterized setting, we identify adap-
tive, curvature-aware regularization schedules and
prove fast geometric convergence to a global opti-
mum for both Gauss–Newton gradient flow and
discrete-time Gauss–Newton iterates, with rates
independent of the minimum eigenvalue of the
neural tangent kernel. Overall, Gauss–Newton
can be provably faster in ill-conditioned regimes
where first-order methods slow down.

1. Introduction
First-order optimization methods can converge slowly in
neural network training, often due to ill-conditioned data
geometry and loss landscapes (Shalev-Shwartz et al., 2017).
This has motivated geometry-aware, preconditioned meth-
ods that aim to stabilize training and improve convergence.
Among them, the Gauss–Newton (GN) method has drawn
sustained practical and theoretical interest, driven by strong
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empirical performance at scale (Abreu et al., 2026; Liu et al.,
2025; Martens, 2020; Ren & Goldfarb, 2019; Botev et al.,
2017). Yet, the theoretical understanding of GN in deep
learning remains limited, particularly regarding nonasymp-
totic convergence and the role of preconditioning in under-
and overparameterized regimes.

1.1. Main Contributions

In this work, we investigate the convergence behavior of
the Gauss–Newton method for training neural networks,
where we establish a Riemannian geometric analysis in the
underparameterized regime and a curvature-aware damping
analysis in the overparameterized kernel regime.

• Overparameterized regime (adaptive damping). We
identify curvature-aware damping schedules for Gauss–
Newton that yield conditioning-robust geometric con-
vergence to a global optimum, for both the Gauss–
Newton gradient flow and discrete-time Gauss–Newton
iterates. In particular, the convergence rates of Gauss–
Newton are independent of the minimum eigenvalue
of the kernel matrix. Consequently, the convergence
rates of the Gauss–Newton method are robust to ill-
conditioned kernel matrices that can slow down stan-
dard first-order methods. (See Theorems 3.4, 3.8 and
Corollary. 3.6; extensions to deep networks are in
Section 3.2.)

• Underparameterized regime (Riemannian optimiza-
tion). We show that, in the underparameterized set-
ting, the Gauss–Newton gradient flow in parameter
space induces a Riemannian gradient flow on a low-
dimensional embedded submanifold of the predictor
space. Using tools from Riemannian optimization, we
establish geodesic Polyak–Lojasiewicz and geodesic
smoothness of the loss on a level set containing the opti-
mization trajectory under an appropriate output scaling,
which explicitly controls curvature. These regularity
properties imply last-iterate geometric convergence
to the optimal in-class predictor at an explicit rate in-
dependent of Gram-matrix conditioning, without any
explicit regularization. (See Theorems 4.10 and 4.14,
and Propositions 4.6 and 4.8.)
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1.2. Related Works

Analysis of the Gauss–Newton method. The
Gauss–Newton method has a long history in numeri-
cal linear algebra (Saad, 2003) and nonlinear least-squares
(Nocedal & Wright, 1999). It has recently attracted renewed
attention because of its success in deep learning (Abreu
et al., 2026; Liu et al., 2025; Korbit et al., 2025; Tan &
Lim, 2019; Botev et al., 2017) and scientific machine
learning (Rathore et al., 2024; Hao et al., 2024). Despite
its empirical success, its theoretical understanding in
modern deep learning remains limited. Its convergence
has been investigated in a number of recent works (Cai
et al., 2019b; Zhang et al., 2019; Arbel et al., 2023; Adeoye
et al., 2024; Zhao et al., 2024; Jia et al., 2024), which study
Gauss–Newton in overparameterized regimes. These prior
works largely focus on quadratic loss settings (Cai et al.,
2019b; Zhang et al., 2019) or mean-field limits (Arbel et al.,
2023). In this work, we show that curvature-aware damping
yields geometric convergence bounds whose rate does not
deteriorate with λmin(K0). We also provide finite-time and
finite-width guarantees in the underparameterized regime
via a novel Riemannian analysis of Gauss–Newton, which
is fundamentally different from existing approaches.

Optimization in the lazy training regime. The original
works in the lazy training regime analyze the convergence
of gradient descent for overparameterized neural networks
(Du et al., 2018; Jacot et al., 2018; Chizat et al., 2019). Our
analysis builds on the near-initialization analysis proposed
in (Chizat et al., 2019; Du et al., 2018), and extends it to
analyze the Gauss–Newton method for both over- and under-
parameterized neural networks. In the underparameterized
regime, deviating significantly from the existing works, we
integrate tools from the Riemannian optimization theory
to analyze the Gauss–Newton dynamics in training neural
networks. In a number of works (Ji & Telgarsky, 2020;
Cayci & Eryilmaz, 2025; Cai et al., 2019a), convergence of
first-order methods in the underparameterized regime was
investigated in the near-initialization regime. These results
establish near-optimality results for first-order methods (i)
under explicit regularization in the form of projection or
early stopping, (ii) for the average- or best-iterate, and (iii)
with convergence rates into a ball around the near-optimal
parameter at a slow subexponential rate. Chizat et al. (2019)
establishes the convergence of gradient flow in the under-
parameterized regime, but the rate is unspecified and has
a strong dependence on the spectrum of the Gramian at
initialization. On the other hand, we prove that Gauss–
Newton dynamics (i) achieves last-iterate convergence to
an in-class optimum predictor, (ii) without any realizability
assumptions, and (iii) at a fast geometric convergence rate
independent of the Gramian at initialization, emphasizing
the benefits of GN in the underparameterized regime.

1.3. Notation

For a differentiable curve γ : I ⊂ R+ → R, γ̇t and γ′(t)
denote its derivative at time t. Lipf denotes the modulus of
Lipschitz continuity of f . For a symmetric positive-definite
A ∈ Rn×n and v ∈ Rn, ∥x∥2A := x⊤Ax. For P ∈ Rn×n,
∥P ∥ denotes its operator norm and λmin(P ) denotes its
minimum eigenvalue.

Conflict of Interest Disclosure. The author declares no
financial conflicts of interest.

2. Problem Setting and the Gauss–Newton
Dynamics

2.1. Supervised Learning Setting

In this work, we consider a supervised learning problem
with a data set D = {(xj , yj)}nj=1, xj ∈ Rd, yj ∈ R.
Given a loss function ℓ : R× R → R+, the empirical risk
under the prediction ξ ∈ Rn is g(ξ) :=

∑n
j=1 ℓ(ξj , yj). We

define X := maxj∈[n] ∥xj∥22.

Deep fully-connected neural networks. We consider a
feedforward deep neural network of depth H ≥ 1 and width
m with a smooth (infinitely-differentiable) activation func-
tion σ : R → R. We assume ∥σ′∥∞ ≤ σ1 < ∞ and
∥σ′′∥∞ ≤ σ2 < ∞, which holds for activations such as
tanh, sigmoid and GELU. Let W (1) ∈ Rm×d and W (h) ∈
Rm×m for h = 2, 3, . . . ,H , and W := (W (1), . . . ,W (H)).
Then, given a training input xj ∈ Rd, the neural network is
defined recursively as

x
(h)
j (W ) =

√
aσ
m

· σ⃗
(
W (h)x

(h−1)
j (W )

)
, h ∈ [H],

φ(xj ;w) = c⊤x
(H)
j (W ),

where x
(0)
j (W ) = xj , aσ := (Ez∼N (0,1)[σ

2(z)])−1 is nor-
malization parameter, w = vec(W , c) is the parameter
vector, and σ⃗(z) = [σ(z1) . . . σ(zm)]⊤.

Random initialization. We adopt the standard NTK ini-
tialization w0 = (c0,W0) as in (Ji & Telgarsky, 2020; Du
et al., 2018): for each layer h ∈ [H],

[c0]i
iid∼ Rad and [W

(h)
0 ]ij

iid∼ N (0, 1). (1)

We denote the prediction function as

f(w) := [φ(x1;w) . . . φ(xn;w)]− b,

where b ∈ Rn is a fixed bias term. To ensure f(w0) = 0,
as in (Chizat et al., 2019), we set bj = φ(xj ;w0), j ∈ [n],
which simply re-centers the model in function space. Since b
is constant, all derivatives with respect to w are unchanged.
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Optimization in supervised learning. The objective in this
paper is empirical risk minimization:

min
w∈Rp

g(αf(w)), (2)

where α > 0 is an output scaling parameter, which plays a
key role in our convergence results. For convenience, we
define

R(w) := g(αf(w)), w ∈ Rp.

We assume g is ν-strongly convex and has µ-Lipschitz con-
tinuous gradients as a function of the prediction ξ ∈ Rn:

νI ≼ ∇2g(ξ) ≼ µI, ξ ∈ Rn. (3)

For quadratic loss g(ξ) = 1
2

∑n
j=1(ξj − yj)

2, we have
µ = ν = 1. Note that although ξ 7→ g(ξ) is strongly convex
in the prediction ξ ∈ Rn, w 7→ g(αf(w)) =: R(w) is
nonconvex as a function of the neural network parameters
w ∈ Rp, which is the main challenge in the empirical risk
minimization problem with neural networks. The number
of learnable parameters is p, i.e., w ∈ Rp. We call the
model underparameterized if p ≤ n, and overparameterized
otherwise. For each layer h ∈ [H], we denote the Jacobians
of f(w) with respect to W (h) and w, respectively, as

[Dhf(w)]j,: := ∇⊤vec(W (h))φ(xj ;w)

[Df(w)]j,: := ∇⊤wφ(xj ;w), j ∈ [n].

2.2. Gauss–Newton Gradient Flow

We consider the following preconditioned gradient flow to
solve (2):

ẇt = − 1

α

[
H(wt)

]−1
D⊤f(wt)∇g(αf(wt)), (4)

where α > 0 is the output scaling parameter, and H(w) ∈
Rp×p is the preconditioner. The generalized Gauss–Newton
(GGN) preconditioner is H = Hρ, where

Hρ(w) := (1− ρ(w))Γ(w) + ρ(w)I (5)

Γ(w) := D⊤f(w)∇2g(αf(w))Df(w)

with the damping (Levenberg–Marquardt regularization)
factor ρ : Rp → [0, 1]. We also study the (classical) Gauss–
Newton flow with H = HG

ρ , where

HG
ρ (w) := (1− ρ(w))ΓG(w) + ρ(w)I, (6)

ΓG(w) := D⊤f(w)Df(w).

The GGN preconditioner Hρ reduces to HG
ρ for quadratic

loss g(ξ) = 1
2

∑n
j=1(ξj−yj)2, since ∇2g ≡ I . We analyze

(4) with H = HG
ρ for general (possibly non-quadratic) g

satisfying (3) (cf. (Zhao et al., 2024)), and then quantify the
additional benefits of using Hρ when ∇2g(αf(wt)) varies
along the optimization trajectory.

3. Adaptive Damping and Convergence in the
Overparameterized Regime

We begin with the overparameterized regime p > n. Since
rank(Df(w)) ≤ n < p in this regime, the Gauss–Newton
matrix is rank-deficient, therefore we study the damped
Gauss–Newton flow with ρ > 0, i.e., Levenberg–Marquardt
dynamics. The choice of damping schedule ρ(·) is important
(Arbel et al., 2023). In this work, we identify damping
schedules that yield provably fast convergence rates that do
not depend on the minimum eigenvalue of the kernel matrix.

We first present the analysis in the case H = 1 with the out-
put layer c frozen at initialization, which isolates the main
ideas with sharp bounds and minimal notation (Chizat et al.,
2019; Du et al., 2018). In this setting, w = vec(W (1)) and
p = md. We then extend the arguments to deep networks
with trainable c in Corollary 3.11.

3.1. Gauss–Newton for Single-Hidden Layer Networks

In the overparameterized regime, the spectral properties of
the kernel matrix have a crucial impact on the convergence.
To that end, define K, K̄ ∈ Rn×n by

[K̄]ij := x⊤i xjEu0∼N (0,Id)[σ
′(u⊤0 xi)σ

′(u⊤0 xj)]a
2
σ,

K(w) := Df(w)D⊤f(w), w ∈ Rp.

Note that under the initialization (c0, w0), we have
E[K(w0)] = K̄. We make the following standard represen-
tational assumption on the neural tangent kernel matrix at
initialization (Chizat et al., 2019).

Assumption 3.1. Assume that K(w0) is strictly positive
definite with the minimum eigenvalue 4λ2 > 0.

Remark 3.2 (λmin(K(w0)) and data geometry). The geom-
etry of {xi ∈ Rd}ni=1 strongly influences λmin(K(w0)). If
no input pairs are parallel, then Assumption 3.1 automat-
ically holds (Du et al., 2018). λ can be upper bounded in
terms of δ′(D) := mini̸=j ∥xi − xj∥2 (Karhadkar et al.,
2024). Thus, K(w0) can be highly ill-conditioned (with
extremely small λ2) in practice, which motivates condition-
robust convergence rates.

For a single-hidden layer network, w 7→ f(w) has globally
L-Lipschitz gradients with L = σ2X

√
n
m . If

∥w − w0∥2 < r0 := λ/L, (7)

then Df(w)D⊤f(w) ≽ λ2I (Chizat et al., 2019). Define

T := inf{t > 0 : ∥wt − w0∥2 ≥ r0}

as the first-exit time. Also, let Kt := K(wt), t ∈ [0,∞)
be the kernel matrix, and λ2t := λmin(Kt). Then, we have

inf
t∈[0,T )

λ2t ≥ λ2. (8)
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3.1.1. GAUSS–NEWTON: CONDITIONING-ROBUST
GLOBAL CONVERGENCE RATES

We first analyze the convergence of (4) with the classical
Gauss–Newton preconditioner H = HG

ρ for any loss g
satisfying (3).

The evolution in function space under any damping scheme
{ρt ∈ (0, 1]}t≥0 are presented in the following lemma.

Lemma 3.3. Under the GN flow with any {ρt ∈ (0, 1]}t≥0,

dαf(wt)

dt
= −Σt(Kt)∇g(αf(wt)), (GF-O)

dg(αf(wt))

dt
≤ −λ2t
ρt + (1− ρt)λ2t

∥∇g(αf(wt))∥22, (EDI)

where Σt(K) := 1
ρt

(
K − 1−ρt

ρt
K

(
I + 1−ρt

ρt
K

)−1
K

)
for any t < T .

Consider the adaptive damping schedule

ρada(w) =
λmin(K(w))

1 + λmin(K(w))
. (9)

GN flow under this damping factor yields geometric conver-
gence at a fast rate that does not deteriorate as λmin(K0) ↓
0. Intuitively, this choice gives more weight to GN when
λmin(K(w)) is small and GF is slow (see (GF-O)).

Theorem 3.4 (Convergence of GN – adaptive damping).
Under Assumption 3.1, the Gauss–Newton flow (4) with
H = HG

ρ and the adaptive damping ρt = ρada(wt), t ≥ 0
yields T = ∞ (i.e., admits a global solution) for any output
scaling parameter α > 0 such that

α
√
m ≥ σ2µX

√
2nV0

ν3/2
·
1 + λLipf
λ2(1 + λ2)

.

Consequently, the following bounds hold for all t ≥ 0:

Vt ≤ V0 · exp
(
−ν(1 + λ2)t

)
,

∥αf(wt)− f⋆∥22 ≤ µ

ν
· ∥f⋆∥22 · exp

(
−ν(1 + λ2)t

)
,

(10)

where f⋆ ∈ arg min
ξ∈Rn

g(ξ) is the unique minimizer of g and

Vt := g(αf(wt))− g(f⋆), t ≥ 0

is the optimality gap.

The proof of Theorem 3.4 is given in Appendix A.
Remark 3.5. We have the following observations:

• GN with adaptive damping achieves

Vt ≤ V0e
−ν(1+λ2)t ≤ V0e

−νt, t ≥ 0,

so the decay rate is uniformly bounded below by ν > 0,
and does not deteriorate as λ2 = λmin(K0)/4 ↓ 0. In
contrast, gradient flow has a decay rate (ν/2)λmin(K0)
in the same setting (Chizat et al., 2019), which can be
arbitrarily slow when λmin(K0) ↓ 0. Note that GN has
a polynomial dependence of α

√
m on λ−1 similar to GF

(Chizat & Bach, 2018). Thus GN with adaptive damp-
ing mitigates the kernel-conditioning slowdown in the
convergence rate that hinders first-order optimization.

• α > 0 (output scaling) and the network width m are de-
sign parameters; our guarantees in the overparameterized
regime hold provided α

√
m is sufficiently large.

Computation of λmin(Kt) for the damping factor ρ(wt)
can be impractical. As such, a provably good time-constant
damping factor is desirable. The following corollary to
Theorem 3.4 identifies such a practical constant and data-
dependent damping factor with a similar bound.
Corollary 3.6 (Convergence of GN – constant damping).
The Gauss–Newton gradient flow (4) with a constant damp-
ing factor ρt = ρ ∈ (0, λ2

1+λ2 ], t ∈ [0,∞) yields

Vt ≤ V0 · exp
(
− 2νtλ2

ρ+ (1− ρ)λ2

)
,

under Assumption 3.1 when

α
√
m ≥ σ2µX

√
nV0

ν3/2
1

λ2
.

In particular, ρt = ρcon where

ρcon :=
λ2

1 + λ2
, (11)

yields
Vt ≤ V0e

−ν(1+λ2)t ≤ V0 e
−νt

for all t ≥ 0.

The proof of Corollary 3.6 is given in Appendix A.

We next show that the discrete-time Gauss–Newton method
with appropriately chosen step size and damping factor
achieves a geometric convergence rate independent of λ2.
Theorem 3.7 (Convergence of GN – discrete time). Let

hi(z) :=
z2(

(1− ρ)z2 + ρ
)i , i = 1, 2,

and α = 1. Consider the following discrete-time Gauss–
Newton method:

wk+1 = wk − η
[
HG

ρ (wk)
]−1

D⊤f(wk)∇g(f(wk)).

Under Assumption 3.1, the damping factor ρ ∈
(
0, λ2

1+λ2

]
and the constant step size η ≤ h1(λ)

6h2
1(Lipf )µ

yields

Vk ≤ V0 (1− ηνh1(λ))
k for any k ∈ N, (12)
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for any network width m ∈ N that satisfies

σ2X
√
n√

m
≤

√
ν

V0
min

{h1(Lipf )
h2(λ)µη

,
h21(Lipf )

h2(λ)
,
λνh1(λ)

2
√
2h2(λ)

}
.

Setting η = h1(λ)
6h2

1(Lipf )µ
and ρ = ρcon yields

Vk ≤ V0

(
1− 1

24
· ν
µ
· 1

h21(Lipf )

)k

.

The proof of Theorem 3.7 can be found in Appendix A.
For quadratic loss in the kernel regime, we characterize the
implicit bias of Gauss–Newton dynamics of the linearized
model in Appendix C.

3.1.2. GENERALIZED GAUSS–NEWTON: LEVERAGING
CURVATURE

The Gauss–Newton preconditioner HG
ρ avoids computing

∇2g and yields global geometric convergence with bounds
that are robust to ill-conditioned kernel matrices. In the fol-
lowing, we analyze the generalized Gauss–Newton precon-
ditioner Hρ, which incorporates the loss curvature through
∇2g, and establish a global convergence guarantee under a
curvature-aware damping schedule.

We define the following curvature-dependent damping
schedule:

ρglo(w) :=
λ2 · λmax

(
∇2g(αf(w))

)
1 + λ2 · λmax

(
∇2g(αf(w))

) . (13)

We next establish a global convergence guarantee for GGN
under the curvature-dependent damping ρglo.

Theorem 3.8 (Convergence of generalized GN). Consider
the preconditioned gradient flow (4) with H = Hρ and
α = 1. Under Assumption 3.1, suppose

√
m ≥ 3σ2√

ν

λ2 + ν−1

λ2 + µ−1
µ

λ2
X
√
n.

If ρt = ρglo(wt), then for all t ≥ 0,

Vt ≤ V0 exp
(
− νλ2t− ν

∫ t

0

λ−1max

(
∇2g(f(ws))

)
ds

)
Moreover, there exists w⋆ ∈ B(w0, r0) such that

lim
t→∞

wt = w⋆ and f(w⋆) ∈ arg min
ξ∈Rn

g(ξ). (14)

Remark 3.9. Theorem 3.8 can be read as a globalization
principle for Gauss–Newton. Classical Newton-type meth-
ods achieve fast convergence only locally, once the iterates
enter a neighborhood where the second-order model is accu-
rate and the Hessian is well-conditioned (Nocedal & Wright,

1999). Here, the loss-dependent damping ρglo acts as an
algorithmic regularizer that keeps the preconditioner glob-
ally well-behaved and guarantees global progress toward
an interpolating limit. If, additionally, w 7→ ∇2R(w) is
C-Lipschitz and ∇2R(w⋆) ≻ 0, which may hold if p = n,
after the trajectory enters a neighborhood of w⋆, switching
to a particular damping schedule makes Hρ(w) a controlled
perturbation of the Hessian ∇2R, thereby yielding conver-
gence rates independent of also ν by local Newton-type
arguments (Dennis & Moré, 1974). A discussion of this
phenomenon can be found in Appendix A.

3.2. Gauss–Newton for Deep Networks

We extend the overparameterized analysis to deep networks
where the output layer c is trained. The main technical chal-
lenge is that the map w 7→ f(w) is not globally Lipschitz-
smooth. We handle this by adapting the stability tools pro-
posed in (Du et al., 2019) with slightly sharper dependence
on the sample size n and confidence δ.

In this subsection (only), we also assume that xi ∈ Sd−1,
supz∈R |σ(z)| ≤ σ0 < ∞, which holds for tanh and sig-
moid. We also assume that the top-layer kernel satisfies
K(H)(w0) ⪰ 4λ2I for some λ > 0. By Lemma B.2 of (Du
et al., 2019), this condition holds for sufficiently large width
m whenever xi ∦ xj for all i ̸= j. Define

K(h)(w) := Dhf(w)D
⊤
h f(w)

and K(w) :=
∑H

h=1 K
(h)(w), so K(w) ⪰ K(H)(w) for

all w.

Lemma 3.10. Let C = 2σ0σ1aσ . For any δ ∈ (0, 1), let

m ≥ σ4
0a

2
σ

(
CH − 1

2(C − 1)

)2

log
(2Hn

δ

)
, (15)

and kw := 1 + 2
√

max {1, d/m}. Then, with probability
at least 1− δ − 2He−m/2 over the random initialization, if

∥w − w0∥2 ≤ R
√
m,

where R := k kx−1
kH
x −1

min
{
1, n−1λmin(K

(H)
0 )

}
for a uni-

versal constant k > 0, we have

λmin(K(w)) ≥ λmin(K
(H)(w)) ≥ λmin(K

(H)(w0))/4.

Lemma 3.10 refines Lemma B.4 in (Du et al., 2019) with
slightly improved dependencies on n and δ, and its proof
can be found in Appendix A. Using Lemma 3.10, we obtain
the following convergence result.

Corollary 3.11 (Convergence of GN – deep networks).
For any δ ∈ (0, 1), if the neural network width m is cho-
sen sufficiently large such that (15) holds, then the Gauss–
Newton flow with a constant damping ρ ∈ (0, λ2

1+λ2 ] and
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α
√
m ≥ µ

√
2V0

λRν3/2 yields

Vt ≤ V0 exp
(
− 2νλ2t

ρ+ (1− ρ)λ2

)
, t ≥ 0

with probability at least 1− δ− 2He−m/2 over the random
initialization.

The constant step-size choice ρcon in (11) yields a λ-
independent upper bound for the optimality gap similar
to Corollary 3.6.

4. Riemannian Geometry and Convergence in
the Underparameterized Regime

In this section, we consider the underparameterized regime
(p < n) for two-layer (H = 1) networks with smooth acti-
vations in a similar setting as Section 3.1. The kernel matrix
Kt ∈ Rn×n is singular since rank(Df(wt)D

⊤f(wt)) ≤
p < n for all t ∈ R+. As a result, the analyses in the
preceding section, which relies on the non-singularity of
Kt, do not extend to this setting. To address this, we utilize
tools from optimization on Riemannian manifolds. In this
regime, it is natural to work with the (undamped) Gauss–
Newton preconditioner H(w) = Df(w)⊤Df(w), thus we
consider the Gauss–Newton flow (4). The non-singularity
of H(w0) under random initialization w0 will be crucial in
establishing the Riemannian optimization framework in the
sequel.

Assumption 4.1. There exists λ0 > 0 with H(w0) ≽ 4λ20I .

Let
B :=

{
w ∈ Rp : ∥w − w0∥2 ≤ r0

}
,

where

r0 = min

{
λ0
L
,
1

4
· λ20ν

µLLipf

}
. (16)

The following result implies the non-degeneracy of the
Gram matrix H(w) on B.

Lemma 4.2 (w 7→ αf(w) is an immersion on B). For any
w ∈ B, we have

H(w) = D⊤f(w)Df(w) ≽ λ20I,

which implies that rank(Df(w)) = p for all w ∈ B. Thus,
αf is an immersion on B.

The result follows from (Chizat et al., 2019), and we provide
the proof in Appendix B for completeness.

Let
T := inf{t > 0 : wt /∈ B}

be the first-exit time of B. Then, the Gauss–Newton gra-
dient flow is well-defined for t < T since we have a non-
degenerate preconditioner with inft<T λmin(H(wt)) ≥ λ20
by Lemma 4.2.

We first characterize the evolution in function space and
the energy dissipation inequality in the underparameterized
regime.

Lemma 4.3. For any w ∈ B, let

P (αf(w)) := Df(w)
[
H(w)

]−1
D⊤f(w). (17)

Then, for any t < T ,

dαf(wt)

dt
= −P (αf(wt))∇g(αf(wt)), (GF-Ou)

dg(αf(wt))

dt
= −∥P (αf(wt))∇g(αf(wt))∥22. (EDI-u)

Remark 4.4 (Why Riemannian optimization?). For t < T ,
P (αf(wt)) is symmetric and idempotent, hence an orthogo-
nal projection, and rank(P (αf(wt))) = p < n. As a result,
(EDI-u) only implies that t 7→ g(αf(wt)) is non-increasing,
which does not yield a convergence rate or characterize the
limiting predictor. This motivates us to cast the problem as
an optimization problem on a Riemannian manifold.

An immediate question in studying (GF-Ou) is the char-
acterization of the subspace that P (αf(wt)) projects the
Euclidean gradient ∇g(αf(wt)) onto. This leads us to de-
part from Euclidean geometry and study αf(B) as a smooth
submanifold.

For any α > 0, let

M := αf(B) := {αf(w) : w ∈ B}. (18)

Lemma 4.5. αf |B : B → M is injective, and it is a smooth
embedding on B.

The following result shows that the function space M is a
smooth embedded submanifold of the Euclidean space Rn.

Proposition 4.6. M is a p-dimensional smooth embedded
submanifold of Rn with boundary.

In the following, we show that (M, ⟨·, ·⟩M) is a Riemannian
submanifold of the function space Rn of predictors.

Lemma 4.7. For any w ∈ B, let

Tαf(w)M := {αDf(w)z : z ∈ Rp} = Im(Df(w)). (19)

Then, Tαf(w)M is the tangent space of αf(w) ∈ M. For
any w ∈ B and u, v ∈ Tαf(w)M,

⟨u, v⟩Mαf(w) := ⟨u, v⟩ = u⊤v

is a Riemannian metric on M. Consequently,
(
M, ⟨·, ·⟩M

)
is a Riemannian submanifold of Rn.

The following result shows that the Gauss–Newton dynam-
ics in the underparameterized regime corresponds to a Rie-
mannian gradient flow in the function space.
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Proposition 4.8 (GN as a Riemannian gradient flow). For
any αf(w) ∈ M, P (αf(w)) is the projection operator
onto its tangent space Tαf(w)M, i.e.,

P (αf(w))z = argmin
y∈Tαf(w)M

∥y − z∥2.

Furthermore,

gradMαf(w)g(αf(w)) := P (αf(w))∇g(αf(w)) (20)

is the Riemannian gradient of g at αf(w) ∈ M. Conse-
quently, the GN gradient flow induces

dαf(wt)

dt
= −P (αf(wt))∇g(αf(wt))

= −gradMαf(wt) g(αf(wt)),

corresponds to Riemannian gradient flow on (M, ⟨·, ·⟩M).

In Figure 1, we illustrate trajectories for a single-neuron
(i.e., m = 1) with tanh activation function in the function
and parameter spaces on a problem with n = 3 random data
points of dimension d = 2. The embedded submanifold
M = αf(B) is the two-dimensional surface in the function
space R3, as illustrated in Figure 1.

Figure 1. Trajectories of Gauss–Newton and gradient flow in
function space for n = 3 and p = 2 in nonlinear regression.
Gauss–Newton induces Riemannian gradient flow on M.

Lemma 4.9. Any two points of M are joined by a length-
minimizing curve in M with respect to the intrinsic Rieman-
nian distance.

Lemma 4.9 implies that for any points αf(w), αf(w′) ∈
M, there exists a length-minimizing curve c : [0, 1] → M
such that c(0) = αf(w) and c(1) = αf(w′). The complete
proof can be found in Appendix B.

In the following, we establish key geodesic regularity prop-
erties for the loss function on the manifold M, which
constitute an essential part of the convergence analysis.
To that end, by the same argument as in Lemma 4.5,
Mϵ := αf(Bϵ) forBϵ := {w ∈ Rp : ∥w−w0∥2 < r0+ϵ}
is a smooth embedded manifold without boundary contain-
ing M for any ϵ ∈ (0, λ0/L). In the Riemannian arguments
below, geodesics, exponential maps, Riemannian Hessians
and parallel transports are taken on the boundaryless man-
ifold Mϵ ⊃ M. In order to use tools from Riemannian
optimization (Boumal, 2023), we impose the standing geo-
metric condition that M is geodesically convex in Mϵ for
an arbitrarily small ϵ ∈ (0, λ0/L).

Let
S := {y ∈ M : g(y) ≤ g(0)},

which is a nonempty set since g(αf(w0)) = g(0), thus
αf(w0) ∈ S. As a consequence of the energy dissipation
inequality (EDI-u), t 7→ g(αf(wt)) is a non-increasing
function on t < T , thus under Gauss–Newton dynamics,
the optimization trajectory lies in S:

{αf(wt) : t ∈ [0, T )} ⊂ S ⊂ M.

Theorem 4.10 (Geodesic regularity of g). For any

α ≥ 4Lµ

νλ20
max

{
∥f⋆∥,

√
2g(0)

ν

}
=: α0, (21)

the following results hold:

(a) The loss function g|M : M → R is geodesically
convex, i.e., for any z ∈ M, v ∈ TzM and c(t) =
Expz(vt), t ∈ [0, 1], we have

g(z) + t⟨gradMz g(z), v⟩Mz ≤ g(Expz(tv)),

for any t ∈ [0, 1].

(b) The sublevel set

S := {z ∈ M : g(z) ≤ g(0)}

is geodesically convex.

(c) g|S is a ν
2 -geodesically strongly convex function on S:

for any z ∈ S, v ∈ TzM and c(t) = Expz(vt) for
t ∈ [0, 1], we have

g(z)+t⟨gradMz g(z), v⟩Mz ≤ g(Expz(tv))−t2
ν

4
∥v∥2,

for any t ∈ [0, 1].

(d) g|S has geodesically 3µ
2 -Lipschitz continuous gradi-

ents: for any z ∈ S, v ∈ TzM and c(t) = Expz(vt)
for t ∈ [0, 1], we have

g(z)+t⟨gradMz g(z), v⟩Mz ≥ g(Expz(tv))−t2
3µ

4
∥v∥2z,

for any t ∈ [0, 1].
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The proof of Theorem 4.10, which is provided in Appendix
B, relies on establishing lower bounds on the minimum
singular value of the Riemannian Hessian of g on M and S .
Remark 4.11 (Controlling the curvature by α). A
key step in the proof of Theorem 4.10 is to bound∥∥ d
dt

[
P (αf(γt)

]∣∣
t=0

∥∥ where γt : [0, 1] → B is any smooth
curve such that γ0 = w ∈ B and

dαf(γt)

dt

∣∣∣
t=0

= u ∈ Tαf(w)M\{0},

which corresponds to the magnitude of the second funda-
mental form along the direction u, and thus quantifies cur-
vature. In order to establish the geodesic regularity of g, we
choose α sufficiently large to control the curvature of M.

Since M is a compact and smooth embedded Riemannian
manifold, there exists an in-class optimal predictor f⋆M such
that

g(f⋆M) = inf{g(z) : z ∈ M}.
We make the following representational assumption regard-
ing the existence of a critical point in the interior M.

Assumption 4.12. There exists w⋆
α ∈ int(B) such that

gradMαf(w⋆
α) g(αf(w

⋆
α)) = 0.

The next lemma establishes a Riemannian
Polyak–Lojasiewicz inequality for g on M, which
we will use to prove exponential decay of the optimality
gap Vt.

Lemma 4.13. For any α ≥ α0 where α0 is given in (21), for
all t ∈ [0, T ), there exists a tangent vector vt ∈ Tαf(w⋆

α)M
such that

ν

4
∥vt∥22 ≤ Vt ≤

1

ν
∥gradMαf(wt)g(αf(wt))∥22 (22)

∥gradMαf(wt)g(αf(wt))∥2 ≤ 3µ

2
∥vt∥2, (23)

where
Vt := g(αf(wt))− g(αf(w⋆

α))

for t ≥ 0.

Proof of Lemma 4.13 is given in Appendix B.

In the following, we present the main convergence and
optimality result for the Gauss–Newton gradient flow in the
underparameterized regime.

Theorem 4.14 (Convergence of GN – underparameterized).
For the scaling parameter

α = max

{
α0,

6µ
√
g(0)

λ0ν
3
2 r0

}
,

the Gauss–Newton flow achieves

Vt ≤ V0 exp(−νt) ≤ g(0) exp(−νt)

for any t ∈ [0,∞) under Assumptions 4.1-4.12. Further-
more,

∥wt − w0∥2 ≤ r0 and H(wt) ≽ λ20I (24)

for all t ∈ R+.

The proof of Theorem 4.14 is given in Appendix B.
Remark 4.15 (Benefits of preconditioning in the underpa-
rameterized regime). We have the following observations
on the superiority of the Gauss–Newton gradient flow in the
underparameterized regime compared to the gradient flow.

• Exponential convergence rate for the last-iterate.
The Gauss–Newton gradient flow achieves exponential
convergence rate exp(−Ω(t)) for the last-iterate in the
underparameterized regime. The convergence rate for
gradient descent in this regime is subexponential (Ji
& Telgarsky, 2020; Cayci & Eryilmaz, 2025) under
compatible assumptions.

• Convergence without explicit regularization. The
convergence result in Theorem 4.14 holds without any
explicit regularization scheme, e.g., early stopping or
projection. The Gauss–Newton gradient flow con-
verges in the underparameterized setting as in (24).
In the underparameterized regime, the gradient descent
dynamics requires an explicit regularization scheme
to control the parameter movement ∥wt − w0∥, e.g.,
early stopping (Ji & Telgarsky, 2020; Cayci & Eryil-
maz, 2025) or projection (Cai et al., 2019a; Cayci et al.,
2023; Cayci & Eryilmaz, 2025).

• λ0-independent convergence rate. The convergence
rate in Theorem 4.14 is independent of the minimum
eigenvalue λ0 of the Gram matrix D⊤fDf , which in-
dicates that the performance of the Gauss–Newton dy-
namics is resilient against ill-conditioned Gram ma-
trices due to the geometry of the input data points
{xj}j=1,...,n ⊂ Rd.

5. Conclusions
In this work, we analyzed the Gauss–Newton dynamics for
underparameterized and overparameterized neural networks
in the near-initialization regime, and demonstrated that the
recent optimization tools developed for embedded subman-
ifolds can provide important insights into the training dy-
namics of neural networks. As a follow-up to this work, the
performance analysis of the Gauss–Newton method in the
mean-field regime (Chizat & Bach, 2018; Mei et al., 2019;
Sirignano & Spiliopoulos, 2020) is an interesting future
direction.
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Impact Statement
This paper presents work whose goal is to advance the field
of Machine Learning. There are many potential societal
consequences of our work, none which we feel must be
specifically highlighted here.
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Dennis, J. E. and Moré, J. J. A characterization of super-
linear convergence and its application to quasi-Newton
methods. Mathematics of Computation, 28(126):549–
560, 1974.

Du, S., Lee, J., Li, H., Wang, L., and Zhai, X. Gradient
descent finds global minima of deep neural networks.
In International Conference on Machine Learning, pp.
1675–1685. PMLR, 2019.

Du, S. S., Zhai, X., Poczos, B., and Singh, A. Gradient
descent provably optimizes over-parameterized neural
networks. arXiv preprint arXiv:1810.02054, 2018.

Hao, W., Hong, Q., and Jin, X. Gauss Newton method
for solving variational problems of PDEs with neural
network discretizaitons. Journal of Scientific Computing,
100(1):17, 2024.

Horn, R. A. and Johnson, C. R. Matrix Analysis. Cambridge
University Press, 2nd edition, 2012.

Jacot, A., Gabriel, F., and Hongler, C. Neural tangent ker-
nel: Convergence and generalization in neural networks.
Advances in Neural Information Processing Systems, 31,
2018.

Ji, Z. and Telgarsky, M. Polylogarithmic width suffices
for gradient descent to achieve arbitrarily small test error
with shallow relu networks. In International Conference
on Learning Representations, 2020. URL https://
openreview.net/forum?id=HygegyrYwH.

Jia, X., Feng, F., Meng, D., and Sun, D. Globally Q-linear
Gauss-Newton method for overparameterized non-convex
matrix sensing. Advances in Neural Information Process-
ing Systems, 37:20428–20459, 2024.

Karhadkar, K., Murray, M., and Montufar, G. F. Bounds for
the smallest eigenvalue of the NTK for arbitrary spherical
data of arbitrary dimension. Advances in Neural Informa-
tion Processing Systems, 37:138197–138249, 2024.

Korbit, M., Adeoye, A. D., Bemporad, A., and Zanon, M.
Exact Gauss-Newton optimization for training deep neu-
ral networks. Neurocomputing, 658:131738, December

9

https://openreview.net/forum?id=yxEop1S5le
https://openreview.net/forum?id=yxEop1S5le
https://openreview.net/forum?id=HygegyrYwH
https://openreview.net/forum?id=HygegyrYwH


Geometric Convergence of Gauss–Newton for Neural Networks

2025. ISSN 0925-2312. doi: 10.1016/j.neucom.2025.
131738. URL http://dx.doi.org/10.1016/j.
neucom.2025.131738.

Lee, J. M. Introduction to smooth manifolds, volume 218
of Graduate Texts in Mathematics. Springer, 2nd edition,
2012.

Lee, J. M. Introduction to Riemannian manifolds, volume
176 of Graduate Texts in Mathematics. Springer, 2nd
edition, 2018.

Liu, B., Bansal, R., Morwani, D., Vyas, N., Alvarez-Melis,
D., and Kakade, S. M. Adam or Gauss-Newton? a com-
parative study in terms of basis alignment and SGD noise.
arXiv preprint arXiv:2510.13680, 2025.

Martens, J. New insights and perspectives on the natural
gradient method. Journal of Machine Learning Research,
21(146):1–76, 2020.

Mei, S., Misiakiewicz, T., and Montanari, A. Mean-field
theory of two-layers neural networks: dimension-free
bounds and kernel limit. In Conference on Learning
Theory, pp. 2388–2464. PMLR, 2019.

Nocedal, J. and Wright, S. J. Numerical optimization.
Springer, 1999.

Pace, R. K. and Barry, R. Sparse spatial autoregressions.
Statistics & Probability Letters, 33(3):291–297, 1997.

Rathore, P., Lei, W., Frangella, Z., Lu, L., and Udell, M.
Challenges in training pinns: A loss landscape perspec-
tive. In International Conference on Machine Learning,
pp. 42159–42191. PMLR, 2024.

Ren, Y. and Goldfarb, D. Efficient subsampled Gauss-
Newton and natural gradient methods for training neural
networks. arXiv preprint arXiv:1906.02353, 2019.

Saad, Y. Iterative methods for sparse linear systems. SIAM,
2003.

Shalev-Shwartz, S., Shamir, O., and Shammah, S. Failures
of gradient-based deep learning. In International Con-
ference on Machine Learning, pp. 3067–3075. PMLR,
2017.

Sirignano, J. and Spiliopoulos, K. Mean field analysis of
neural networks: A law of large numbers. SIAM Journal
on Applied Mathematics, 80(2):725–752, 2020.

Stewart, Gilbert W. and Sun, J.-g. Matrix Perturbation
Theory. Computer Science and Scientific Computing.
Academic Press, Boston, 1990. ISBN 0126702306,
9780126702309.

Tan, H. H. and Lim, K. H. Review of second-order optimiza-
tion techniques in artificial neural networks backpropa-
gation. In IOP conference series: materials science and
engineering, volume 495, pp. 012003. IOP Publishing,
2019.

Terrell, W. J. Stability and Stabilization: An Introduction.
Princeton University Press, 2009.

Vershynin, R. High-Dimensional Probability: An Introduc-
tion with Applications in Data Science. Cambridge Series
in Statistical and Probabilistic Mathematics. Cambridge
University Press, 2018.

Zhang, G., Martens, J., and Grosse, R. B. Fast convergence
of natural gradient descent for over-parameterized neural
networks. In Advances in Neural Information Processing
Systems, volume 32, 2019.

Zhao, J., Singh, S. P., and Lucchi, A. Theoretical charac-
terisation of the Gauss-Newton conditioning in neural
networks. Advances in Neural Information Processing
Systems, 37:114965–115000, 2024.

10

http://dx.doi.org/10.1016/j.neucom.2025.131738
http://dx.doi.org/10.1016/j.neucom.2025.131738


Geometric Convergence of Gauss–Newton for Neural Networks

A. Omitted Proofs from Section 3
Proof of Lemma 3.3. By the chain rule, we obtain

dαf(wt)

dt
= αDf(wt)

dwt

dt

= −Df(wt)[H
G
ρ (wt)]

−1D⊤f(wt)∇g(αf(wt)).

Since t < T , the empirical kernel matrix Kt is non-singular. Thus, by applying the Sherman-Morrison-Woodbury matrix
identity (Horn & Johnson, 2012) to the above, we obtain

Df(wt)[H
G
ρ (wt)]

−1D⊤f(wt)

=
1

ρt
Df(wt)

[
I − 1− ρt

ρt
Df(wt)

[
I +

1− ρt
ρt

Df(wt)D
⊤f(wt)

]−1
Df(wt)

]
D⊤f(wt)

=
1

ρt

(
Kt −

1− ρt
ρt

Kt

(
I +

1− ρt
ρt

Kt

)−1
Kt

)
.

This gives the gradient flow in the output space (GF-O).

For the energy dissipation inequality (EDI), first note that we have

dg(αf(wt))

dt
=

dVt
dt

= ∇⊤g(αf(wt))
dαf(wt)

dt

= −∥∇g(αf(wt))∥2Df(wt)[HG
ρ (wt)]−1D⊤f(wt)

(25)

where the last identity comes from (GF-O). As such, we need to characterize the spectrum, particularly the minimum
singular value of Kt − 1−ρt

ρt
Kt

(
I + 1−ρt

ρt
Kt

)−1
Kt. To that end, let (γ, u) ∈ R× Rn be any eigenvalue-eigenvector pair

for the matrix Kt. Then,(
Kt −

1− ρt
ρt

Kt

(
I +

1− ρt
ρt

Kt

)−1
Kt

)
u = γu− 1− ρt

ρt

γ2

1 + 1−ρt

ρt
γ
u

=
γ ρt

1−ρt

ρt

1−ρt
+ γ

u,

which implies that ( γρt

(1−ρt)γ+ρt
, u) is an eigenpair for Kt − 1−ρt

ρt
Kt

(
I + 1−ρt

ρt
Kt

)−1
Kt, and therefore

Df(wt)[H
G
ρ (wt)]

−1D⊤f(wt) has a corresponding eigenpair
(

γ
(1−ρt)γ+ρt

, u
)

. Then, for any (ρt)t≥0 with inft≥0 ρt > 0:

∥∇g(αf(wt))∥2Df(wt)[HG
ρ (wt)]−1D⊤f(wt)

≥ ∥∇g(αf(wt))∥22 ·
λ2t

(1− ρt)λ2t + ρt
. (26)

Substituting (26) into (25) concludes the proof of Lemma 3.3.

Lemma A.1. Under a constant damping scheme ρt = ρ ∈ (0, 1], we have

Vt ≤ V0 exp

(
−2νλ2t

ρ+ (1− ρ)λ2

)
,

∥αf(wt)− f⋆∥22 ≤ 2V0
ν

exp

(
−2νtλ2

ρ+ (1− ρ)λ2

)
,

(27)

for any t ∈ [0, T ), where
Vt := g(αf(wt))− g(f⋆)

is the optimality gap, and f⋆ is the unique global minimizer of g in Rn.
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Proof of Lemma A.1. Note that dVt

dt = dg(αf(wt))
dt , thus (EDI) with ρt > 0 implies

dVt
dt

≤ − λ2t
(1− ρt)λ2t + ρt

∥∇g(αf(wt))∥22. (28)

Since ξ 7→ g(ξ) is ν-strongly convex, by Polyak-Lojasiewicz (PL) inequality (Bach, 2024), we have

∥∇g(αf(wt))∥22 ≥ 2νVt.

Substituting this outcome of the PL-inequality and (26) into (25), we obtain

dVt
dt

≤ − λ2t
(1− ρt)λ2t + ρt

· 2νVt, t ∈ [0, T ). (29)

Note that
g(f⋆) ≤ g(αf(wt))−

ν

2
∥αf(wt)− f⋆∥22, (30)

since f⋆ ∈ argmin
x∈Rn

g(x) is the unique minimizer of the strongly convex g : Rn → R+, which implies that ∇g(f⋆) = 0 by

the first-order condition for optimality (Boyd & Vandenberghe, 2004). Thus,

∥αf(wt)− f⋆∥22 ≤ 2Vt
ν

(31)

for any t < T .

1. Adaptive damping factor. Consider

ρt =
λ2t

1 + λ2t
, t < T.

Since λ2t ≥ λ2 > 0 for any t < T by (8), we have ρt > 0. Substituting ρt into (29), we obtain

V̇t ≤ −ν (1 + λ2t )Vt ≤ −ν (1 + λ2)Vt (32)

since λt ≥ λ for all t < T . By Grönwall’s lemma (Terrell, 2009), we obtain

Vt ≤ V0 exp(−ν(1 + λ2)t), t < T.

Using the above inequality in (31), we conclude that

∥αf(wt)− f⋆∥22 ≤ 2V0
ν

exp(−ν(1 + λ2)t), t < T.

2. Constant damping factor. Consider ρt = ρ ∈ (0, 1]. Since λ2t ≥ λ2 and z 7→ z
(1−ρ)z+ρ is a monotonically increasing

function for any ρ ≥ 0, (29) implies

V̇t ≤ − λ2

(1− ρ)λ2 + ρ
· 2νVt, t < T.

Thus, by Grönwall’s lemma (Terrell, 2009), we obtain

Vt ≤ V0 exp

(
− 2νλ2t

(1− ρ)λ2 + ρ

)
(33)

for any t ∈ [0, T ). Substituting (33) into (31) concludes the proof.
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Proof of Theorem 3.4. Note that the bound on the optimality gap Vt in Lemma A.1 holds for t < T . Hence, in order to
prove the convergence result, we will show that T = ∞. In the following, we will show that under the adaptive damping
choice ρt =

λ2
t

1+λ2
t

for t ≥ 0, if

α
√
m ≥ µσ2X

√
2V0n

ν3/2
·
1 + λLipf
λ2(1 + λ2)

,

then T = ∞.

Note that we have λ2s ≥ λ2 for any s ∈ [0, T ) by (8). Thus,

∥∇g(αf(ws))∥2Df(ws)[HG
ρ (αf(ws))]−2D⊤f(ws)

≤ λ2s
((1− ρs)λ2s + ρs)2

∥∇g(αf(ws))∥22

=
1

4
· (1 + λ2s)

2

λ2s
· ∥∇g(αf(ws))∥22

≤ 1

2
· (1 + λ2s)

2

λ2s
· µ2V0

ν
exp

(
−ν(1 + λ2)s

)
.

Hence, from (35), we have

∥wt − w0∥2 ≤ 1

2α

(
Lipf +

1

λ

)
µ

√
2V0
ν

∫ t

0

exp
(
−νs(1 + λ2)

)
ds

≤ 1

α
·
1 + λLipf
1 + λ2

· 1
λ
· µ ·

√
2V0
ν3

, (34)

where we used λ2 · I ≼ Kt ≼ Lip2f · I . Note that V0 ≤ g(0), where g(0) is independent of α, thus the upper bound in (34)
can be controlled by choosing α > 0 large. The choice of α given in the statement ensures that ∥wt − w0∥ ≤ r0. Thus, we
conclude that T = ∞.

Proof of Corollary 3.6. The bounds on the optimality gap Vt in Lemma A.1 holds for t < T . To prove convergence, we
need to show that T = ∞. Consider the Gauss–Newton dynamics with any constant damping scheme ρt = ρ ∈

(
0, λ2

1+λ2

]
for t ≥ 0. If α ≥ µL

√
2V0

ν3/2
1
λ2 , then T = ∞, as we will prove below.

By the triangle inequality, we have

∥wt − w0∥2 =

∥∥∥∥∫ t

0

ẇsds

∥∥∥∥
2

≤
∫ t

0

∥ẇs∥2ds

=
1

α

∫ t

0

∥∇g(αf(ws))∥Df(ws)[HG
ρ (αf(ws)]−2D⊤f(ws)ds. (35)

Using the Sherman-Morrison-Woodbury matrix identity (Horn & Johnson, 2012), we obtain

(1− ρ)2Df(wt)[H
G
ρ (wt)]

−2D⊤f(wt)

= ρ−20 Kt − 2ρ−30 Kt(I + ρ−10 Kt)
−1Kt + ρ−40 Kt(I + ρ−10 Kt)

−1Kt(I + ρ−10 Kt)
−1Kt, (36)

where ρ0 := ρ
1−ρ (Arbel et al., 2023). For any z1 ≥ z0 ≥ ρ0, we have

z1
((1− ρ)z1 + ρ)2

≤ z0
((1− ρ)z0 + ρ)2

. (37)

Then, if (γ, u) ∈ R × Rn is an eigenpair for Kt, then
(

γ
((1−ρ)γ+ρ)2 , u

)
is an eigenpair for the positive-definite matrix

Df(wt)[H
G
ρ (wt)]

−2D⊤f(wt). Furthermore, by (37) and (8), the maximum eigenvalue of Df(wt)[H
G
ρ (wt)]

−2D⊤f(wt)

is upper bounded by λ2

((1−ρ)λ2+ρ)2
. Thus, we have

∥∇g(αf(ws))∥2Df(ws)[HG
ρ (ws)]−2D⊤f(ws)

≤ λ2

((1− ρ)λ2 + ρ)2
∥∇g(αf(ws))∥22, (38)

13
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for s ≤ t < T , which is implied by ρ ≤ λ2

1+λ2 . Since s ≤ t < T , we have

∥∇g(αf(ws))∥2 = ∥∇g(αf(ws))−∇g(f⋆)∥2
≤ µ∥αf(ws)− f⋆∥ (39)

≤ µ

√
2V0
ν

exp
(
− νλ2s

ρ+ (1− ρ)λ2

)
,

where the first line follows from the global optimality of f⋆, the second line is due to µ-Lipschitz-continuous gradients of g,
and the last line follows from the bound on the optimality gap in (31). Thus,

∥∇g(αf(ws))∥Df(ws)[Hρ(αf(ws)]−2D⊤f(ws) ≤
µ
√

2V0

ν λ

(1− ρ)λ2 + ρ
exp

(
− νλ2s

ρ+ (1− ρ)λ2

)
for any s < T.

Substituting the above inequality into (35), we obtain

∥wt − w0∥2 ≤ 1

α

µ
√
2V0

ν3/2
1

λ
≤ r0 :=

λ

L

with the choice of α ≥ µL
√
2V0

ν3/2
1
λ2 . Recall that L = σ2X

√
n
m . Therefore, supt<T ∥wt − w0∥2 ≤ r0, where r0 is

independent of T , and hence T = ∞.

Proof of Theorem 3.7. The proof builds on the continuous time analysis of Theorem 3.4 and the discretization idea in (Du
et al., 2018). For notational simplicity, let Dk := Df(wk), Hk := Hρ(wk) for k ∈ N.

Recall that w 7→ Df(w) is L-Lipschitz with

L = Xσ2

√
n

m
.

Let N := inf{k ∈ N : ∥wk − w0∥2 > λ0

L } and consider k < N . Since g has µ-Lipschitz gradients, we have

g(f(wk+1)) ≤ g(f(wk)) +∇⊤g(f(wk))[f(wk+1)− f(wk)] +
µ

2
∥f(wk+1)− f(wk)∥22. (40)

Since w 7→ f(w) has L-Lipschitz gradients, we have

f(wk+1)− f(wk) = Dk(wk+1 − wk) + ϵk,

where the local linearization error is bounded as

∥ϵk∥2 ≤ L

2
∥wk+1 − wk∥22.

Define

hi(z) =
z2(

(1− ρ)z2 + ρ
)i

for i = 1, 2. (41)

Then, using (38), we have

∥wk+1 − wk∥2 = η2∇⊤g(f(wk))DkH
−2
k D⊤k ∇g(f(wk))

≤ η2h2(λ)∥∇g(f(wk))∥2 (42)

≤ 2η2h2(λ)
µ2

ν
Vk, (43)

since f 7→ ∇g(f) is µ-Lipschitz and ∥f(wk)− f⋆∥2 ≤ 2Vk

ν by (31). Therefore,

∥ϵk∥ ≤ 1

2
η2Lh2(λ)∥∇g(f(wk))∥2 ≤ η2h2(λ)

µ2

ν
LVk,

14
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and

∥f(wk+1)− f(wk)∥2 ≤ 2∥Dk(wk+1 − wk)∥2 + 2∥ϵk∥2

≤ 2η2∥DkH
−1
k D⊤k ∇g(f(wk))∥2 + η4L2Vkh

2
2(λ)

µ2

ν
∥∇g(f(wk))∥2. (44)

Since ∥wk − w0∥ ≤ λ
L , we have DkD

⊤
k ≼ Lip2fI , which implies that DkH

−1
k D⊤k ≼ h1(Lipf ). Thus,

∥f(wk+1)− f(wk)∥2 ≤
(
2η2h21(Lipf ) + η4L2Vkh

2
2(λ)

µ2

ν

)
∥∇g(f(wk))∥2. (45)

On the other hand,

∇⊤g(f(wk))
(
f(wk+1)− f(wk)

)
= ∇⊤g(f(wk))

(
Dk(wk+1 − wk) + ϵk

)
.

Note that

∇⊤g(f(wk))Dk(wk+1 − wk) = −η∇⊤g(f(wk))DkH
−1
k D⊤k ∇g(f(wk))

≤ −ηh1(λ)∥∇g(f(wk))∥2,

and

∇⊤g(f(wk))ϵk ≤ ∥∇g(f(wk))∥ · ∥ϵk∥

≤ η2
µ√
ν
L
√
Vkh2(λ)∥∇g(f(wk))∥22.

Therefore, we have

∇⊤g(f(wk))
(
f(wk+1)− f(wk)

)
≤

(
− ηh1(λ) + η2

µ√
ν
L
√
Vkh2(λ)

)
∥∇g(f(wk))∥2. (46)

Substituting (45) and (46) into (40), we obtain

Vk+1 ≤ Vk +
(
− ηh1(λ) + η2

µ√
ν
L
√
Vkh2(λ) + µη2h21(Lipf ) + η4L2Vkh

2
2(λ)

µ3

ν

)
∥∇g(f(wk))∥2.

Choose

η ≤ h1(λ)

6µh21(Lipf )
,

and the network width m sufficiently large such that L satisfies

L ≤
√

ν

V0
min

{
h1(Lipf )

h2(λ)µη
,
h21(Lipf )

h2(λ)

}
. (47)

Then, we have

Vk+1 ≤ Vk − ηh1(λ)

2
∥∇g(f(wk))∥2

and L
√
Vk ≤ L

√
V0 for all k ∈ N by induction. From Polyak-Lojasiewicz inequality, we have ∥∇g(f(wk))∥2 ≥ 2νVk.

Using this, we obtain

Vk+1 ≤
(
1− ηνh1(λ)

)
Vk, (48)

for any k < N . Hence, for any k ≤ N ,

Vk ≤ V0

(
1− ηνh1(λ)

)k

and ∥f(wk)− f⋆∥2 ≤ 2V0
ν

(
1− ηνh1(λ)

)k

. (49)
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Using these inequalities, we will now show that N = ∞ can be established by sufficiently large m ∈ N. First, recall that
∥wk+1 − wk∥2 ≤ η2h2(λ)∥∇g(f(wk))∥2. Then, for k < N ,

∥wk − w0∥2 ≤
∑
s<k

∥ws+1 − ws∥2 ≤ η
√
h2(λ)

∑
s<k

∥∇g(f(ws))∥2

≤ η
√
h2(λ)µ

∑
s<k

∥f(ws)− f⋆∥2 ≤ η
√
h2(λ)µ

∑
s<k

√
2V0
ν
qs/2

≤ η
√
h2(λ)µ

√
2V0
ν

1

1−√
q
≤ 2η

√
h2(λ)µ

√
2V0
ν

1

1− q

=
2
√
2h2(λ)

νh1(λ)

√
V0
ν
,

where q := 1− ηνh1(λ). We choose m sufficiently large such that

2
√
2h2(λ)

νh1(λ)

√
V0
ν

≤ λ

L
.

Hence, we can ensure from the above inequality that ∥wk − w0∥2 ≤ r0 for all k ∈ N, therefore N = ∞. Therefore,

Vk ≤ V0

(
1− ηνh1(λ)

)k

holds for any k ∈ N, where we choose m such that

L ≤
√

ν

V0
min

{
h1(Lipf )

h2(λ)µη
,
h21(Lipf )

h2(λ)
,
λνh1(λ)

2
√
2h2(λ)

}
. (50)

Choosing η = h1(λ)
6µh2

1(Lipf )
yields the convergence rate Vk ≤ V0

(
1− 1

6κ
h2
1(λ)

h2
1(Lipf )

)k

.

Proof of Theorem 3.8. Let G(w) := ∇2g(αf(w)).

Using similar steps as Theorem 3.4 with Sherman-Morrison-Woodbury formula, the evolution in the function space can be
written as

df(wt)

dt
= −Σt(Kt)∇g(f(wt)),

where Σt(K) := 1
ρt

(
K − ρ̄−1t K

(
G−1(wt) + ρ̄−1t K

)−1
K

)
with ρ̄t = ρt/(1 − ρt) for any symmetric positive semi-

definite matrix K ∈ Rn×n. The transform K 7→ Σt(K) is monotonically increasing with respect to the Löwner order.
Since t < T , we have Kt ⪰ λ2I , therefore Σt(Kt) ⪰ Σt(λ

2I). Denote the eigenpairs of G(wt) as (ut,i, γt,i) where
γt,i ≤ γt,i+1 for all i = 1, 2, . . . , n− 1. Then, for any i ∈ [n], (ui, γ̃t,i) is an eigenpair for Σt(λ

2I) where

γ̃t,i =
λ2

ρt + (1− ρt)λ2γt,i
.

Using this, since γt,n := λmax(G(wt)), we conclude that

dg(f(wt))

dt
≤ − λ2

ρt + (1− ρt)λ2γt,n
∥∇g(f(wt))∥2

= −1

2

(
λ2 +

1

γt,n

)
∥∇g(f(wt))∥2,

≤ −ν(λ2 + γ−1t,n)(g(f(wt))− g(f⋆)) =: −ν(λ2 + γ−1t,n)Vt,

where the second line follows from the particular choice of ρt. Using Grönwall inequality, we obtain

Vt ≤ V0 exp

(
−λ2νt− ν

∫ t

0

1

γs,n
ds

)
,

∥f(wt)− f⋆∥ ≤
√

2V0
ν

exp(−1

2
λ2νt− 1

2

ν

µ
t),
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for any t < T. Using ∥wt − w0∥ ≤
∫ t

0
∥ẇs∥ds similar to Theorem 3.4, we conclude that∫ ∞

0

∥ẇs∥ds ≤ Lc⋆,

for some constant c⋆ = c⋆(D, µ, ν). Thus, if m is sufficiently large as specified in the theorem statement, then

Lc⋆ =
σ2X

√
n√

m
c⋆ ≤ r0,

which implies that T = ∞. Note that
∫∞
0

∥ẇs∥ds < ∞ implies that {wt : t ≥ 0} is a Cauchy system in Rp, thus
wt → w⋆ as t → ∞ for some w⋆ ∈ B(w0, r0). Since f(wt) →

t→∞
f⋆, the limit point should be an interpolant such that

f(w⋆) = f⋆.

The following result, based on standard local Newton-type arguments (Dennis & Moré, 1974; Nocedal & Wright, 1999) and
a damping schedule that does not require knowledge of ∥w − w⋆∥2, shows that the generalized Gauss–Newton achieves
fast convergence rate locally around w⋆. However, this result requires ∇2R(w⋆) ≻ 0, which can hold in the border case
p = n. Without loss of generality, we normalize the minimum value to zero by replacing g with g(·) − g(f⋆), so that
g(f⋆) = minξ g(ξ) = 0.

Proposition A.2. Let Tr := inf{t > 0 : ∥wt−w⋆∥2 ≤ r} for r > 0. Assume w 7→ ∇2R(w) is C-Lipschitz continuous and
∇2R(w⋆) ≻ 0. Then, there exists r⋆ := r⋆(C,∇2R(w⋆)) such that if we set ρt = ρloc(wt) for t ≥ Tr⋆ , the generalized
Gauss–Newton flow with ρt = ρloc(wt) for the damping choice

ρloc(w) :=

√
R(w)

Lipf
√
µ/2 +

√
R(w)

satisfies

∥wt − w⋆∥22 ≤ ∥wTr⋆
− w⋆∥22 e

−
(
t−Tr⋆

)
for all t ≥ Tr⋆ .

Proof. We first make the following decomposition:

Hρ(w)−∇2R(w⋆) = (1− ρ(w))
[
D⊤f(w)G(w)Df(w)−∇2R(w)︸ ︷︷ ︸

(a)

]
+ (1− ρ(w))

[
∇2R(w)−∇2R(w⋆)︸ ︷︷ ︸

(b)

]
+ ρ(w)

[
I −∇2R(w⋆)

]
.

(51)

For (a), we have the following identity:

∇2R(w)−D⊤f(w)G(w)Df(w) =

n∑
j=1

[∇g(f(w))]j∇2φ(xj ;w).

Since ∥∇2φ(xj ;w)∥ ≤ σ2∥xj∥2/
√
m ≤ σ2X/

√
m and L = Xσ2

√
n/m, Cauchy–Schwarz inequality yields

∥∇2R(w)−D⊤f(w)G(w)Df(w)∥ ≤ µ · L · Lipf · ∥w − w⋆∥. (52)

For (b), C-Lipschitz continuity of ∇2R(w) implies

∥∇2R(w)−∇2R(w⋆)∥ ≤ C∥w − w⋆∥.
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Also, g(f(w)) ≤ µ
2 ∥f(w)− f(w⋆)∥2 ≤ µ

2Lip
2
f∥w − w⋆∥2, hence

√
R(w) ≤ Lipf

√
µ/2∥wt − w⋆∥, and√

R(w)

Lipf
√
µ/2 +

√
R(w)

≤ ∥w − w⋆∥
1 + ∥w − w⋆∥

≤ ∥w − w⋆∥.

Using these, we obtain the following bound:

∥Hρ(w)−∇2R(w⋆)∥ ≤
(
µ · L · Lipf + C + 1 + ∥∇2R(w⋆)∥

)
∥w − w⋆∥ =: C ′∥w − w⋆∥. (53)

By Weyl’s inequality (Horn & Johnson, 2012), we conclude that

∥w − w⋆∥ ≤ 1

2C ′
λmin(∇2R(w⋆)) =⇒ λmin(Hρ(w)) ≥

1

2
λmin(∇2R(w⋆)). (54)

For any w ∈ Rp, let

e(w) := w − w⋆, and ψ(w) := ∇R(w)−∇2R(w⋆)e(w).

Using C-Lipschitz continuity of ∇2R(w),

∥ψ(w)∥ ≤ 1

2
C∥e(w)∥2.

Then, letting et := e(wt), we obtain

ėt = ẇt = −H−1ρ (wt)∇wR(wt)

= −H−1ρ (wt)∇2R(w⋆)et −H−1ρ (wt)ψ(wt)

= −et +
(
[∇2R(w⋆)]−1 −H−1ρ (wt)

)
∇2R(w⋆)et −H−1ρ (wt)ψ(wt).

We use the Lyapunov function Ψ(w) := 1
2∥e(w)∥

2
2. Then, we have

dΨ(wt)

dt
= e⊤t ėt

≤ −∥et∥2 + ∥[∇2R(w⋆)]−1 −H−1ρ (wt)∥ · λmax(∇2R(w⋆))∥et∥2 +
C

λmin(∇2R(w⋆))
∥et∥3.

Using ∥A−1 −B−1∥ ≤ ∥A−B∥
λmin(A)λmin(B) , if ∥wt − w⋆∥ ≤ 1

2C′λmin(∇2(R(w⋆)), we obtain

∥[∇2R(w⋆)]−1 −H−1ρ (wt)∥ ≤ 2C ′

λ2min(∇2R(w⋆))
∥et∥.

Hence, with C ′′ := 2C′λmax(∇2R(w⋆))
λ2
min(∇2R(w⋆))

+ C
λmin(∇2R(w⋆)) , we have

dΨ(wt)

dt
≤ −2Ψ(wt) + C ′′[Ψ(wt)]

3/2.

If

∥wt − w⋆∥ ≤ min

{√
2

C ′′
,

1

2C ′
λmin(∇2R(w⋆))

}
=: r⋆, (55)

then C ′′[Ψ(wt)]
1/2 ≤ 1, and thus

dΨ(wt)

dt
≤ −Ψ(wt), t ≥ T (r⋆).

We conclude the proof by using Grönwall’s lemma.
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Proof of Lemma 3.10. The proof builds on and refines Lemma B.4 in (Du et al., 2019) with a slightly improved dependence
on n and δ for smooth and bounded activations. Let Fh = σ(W

(1)
0 , . . . ,W

(h)
0 ) for any h ∈ [H]. For notational simplicity,

we denote x
(h)
j (W0) as x(h)

j throughout the proof. For any data point j ∈ [n],

∥x(h)
j ∥22 =

aσ
m

m∑
i=1

σ2
(
⟨W (h)

0,i ,x
(h−1)
j ⟩

)
,

where W (h)
0,i is the i-th row of W (h)

0 . Then, x(h)
j (W0) is Fh-measurable, each summand in the above display is bounded by

aσσ
2
0 almost surely, and

E[∥x(h)
j ∥22|Fh−1] = aσE[σ2(⟨W (h)

0,1 ,x
(h−1)
j ⟩)|Fh−1].

Thus, by Hoeffding’s inequality, conditioned on Fh−1, we have

max
j=1,2,...,n

∣∣∣∥x(h)
j ∥22 − aσE

[
σ2

(〈
W

(h)
0,1 ,x

(h−1)
j

〉)∣∣Fh−1
]∣∣∣ ≤ aσσ

2
0

√
log(2n/δ)

2m
, (56)

with probability at least 1− δ. Since Eu0∼N (0,I)[σ
2(u⊤0 x)] = Ez∼N (0,1)[σ

2(z∥x∥2)], we have

E
[
σ2

(〈
W

(h)
0,1 ,x

(h−1)
j

〉)∣∣Fh−1
]
= Ez∼N (0,1)

[
σ2

(
z · ∥x(h−1)

j ∥2
)∣∣Fh−1

]
. (57)

Using σ0-boundedness and σ1-Lipschitz continuity of σ, for any x ∈ Rm,∣∣∣E[σ2(z)]− E[σ2(z · ∥x∥2)]
∣∣∣ ≤ 2σ0σ1

∣∣∣1− ∥x∥2
∣∣∣.

Hence, dividing both sides by aσ , we obtain∣∣∣1− aσE[σ2(z · ∥x(h−1)
j ∥2)]

∣∣∣ ≤ C
∣∣∣1− ∥x(h−1)

j ∥2
∣∣∣. (58)

Using (56), (57) and (58), we obtain

∣∣∣1− ∥x(h)
j ∥2

∣∣∣ ≤ ∣∣∣1− ∥x(h)
j ∥22

∣∣∣ ≤ C
∣∣∣1− ∥x(h−1)

j ∥2
∣∣∣+ aσσ

2
0

√
log(2n/δ)

2m
.

With the choice

m ≥ a2σσ
4
0C

2 log(2nH/δ)

2k2
,

the last term above is bounded by k
C and we obtain the recursion∣∣∣1− ∥x(h)

j ∥2
∣∣∣ ≤ C

∣∣∣1− ∥x(h−1)
j ∥2

∣∣∣+ k

C
,

for all j ∈ [n] and h ∈ [H] with probability at least 1− δ. With the choice k = C(C−1)
2(CH−1) , this implies

1

2
≤ ∥x(h)

j ∥2 ≤ 3

2
, ∀j ∈ [n], ∀h ∈ [H], (59)

with probability at least 1− δ at initialization. The bound on maxh∈[H] ∥W
(h)
0 ∥2 follows from sub-Gaussian random matrix

inequality (Theorem 4.4.3) in (Vershynin, 2018). Since ∥c0∥2 ≤
√
m and ∥c0∥4 ≤ m1/4 almost surely at initialization, the

result follows from substituting these inequalities into Lemma B.4 in (Du et al., 2019).

Using Lemma 3.10, the proof of Corollary 3.11 follows from identical steps as Corollary 3.6.
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B. Omitted Proofs from Section 4
Proof of Lemma 4.2. We provide the proof for completeness. Note that λmin(D

⊤f(w)Df(w)) = minv∈Sp−1 ∥Df(w)v∥22.
Fix v ∈ Sp−1. Then,

∥Df(w)v∥2 ≥ ∥Df(w0)v∥2 − ∥(Df(w0)−Df(w))v∥2
≥ ∥Df(w0)v∥2 − ∥Df(w0)−Df(w)∥
≥ ∥Df(w0)v∥2 − L∥w0 − w∥2,

where the last inequality follows from the L-Lipschitz continuity of w 7→ Df(w). Taking minimum over v ∈ Sp−1 on both
sides, we conclude that √

λmin(D⊤f(w)Df(w)) ≥
√
λmin(D⊤f(w0)Df(w0))− L∥w − w0∥2.

If ∥w − w0∥2 ≤ λ0/L, then λmin(D
⊤f(w)Df(w)) ≥ λ20.

Proof of Lemma 4.5. Consider two arbitrary points w,w′ ∈ B, and let

γ(t) := tw + (1− t)w′, t ∈ [0, 1].

Then, we have df(γ(t))
dt = Df(γ(t))(w − w′) for any t ∈ [0, 1], which implies that

f(w)− f(w′) =

∫ 1

0

Df(γ(s))(w − w′)ds

= Df(w0)(w − w′) +

∫ 1

0

(Df(γ(s))−Df(w0)) (w − w′)ds.

First, note that

∥Df(w0)(w − w′)∥2 =
√
(w − w′)D⊤f(w0)Df(w0)(w − w′) ≥ 2λ0∥w − w′∥2, (60)

by Assumption 4.1. Then, for any s ∈ [0, 1], L-Lipschitz continuity of w 7→ Df(w) (where L = σ2X
√
n/m) implies

∥(Df(γ(s))−Df(w0))(w − w′)∥2 ≤ L∥γ(s)− w0∥2∥w − w′∥2
≤ L(s∥w − w0∥2 + (1− s)∥w′ − w0∥2)∥w − w′∥2
≤ Lr0∥w − w′∥2
≤ λ0∥w − w′∥2, (61)

since w′, w ∈ B. Using (60) and (61), we obtain

∥f(w)− f(w′)∥2 ≥ ∥Df(w0)(w − w′)∥2 −
∫ 1

0

∥(Df(γ(s))−Df(w0)) (w − w′)∥2 ds

≥ λ0∥w − w′∥2. (62)

Hence, if w ̸= w′, then f(w) ̸= f(w′), which implies that w 7→ f(w) is injective on B. Since α > 0, injectivity of f on
B implies injectivity of αf on B. Recall that αf |B is a smooth immersion on B by Lemma 4.2. Note that B ⊂ Rp is a
closed ball in Rp, which implies that it is a compact smooth manifold with boundary. Since αf |B is an injective smooth
immersion and B is a compact smooth manifold with boundary, Proposition 4.22 in (Lee, 2012) implies that αf |B is a
smooth embedding.

The following lemma, which characterizes the magnitude of the second fundamental form and quantifies curvature, will be
fundamental throughout the analysis.
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Lemma B.1 (Curvature bounds). Take an arbitrary αf(w) ∈ M and u ∈ Tαf(w)M\{0}. Let β : [0, 1] → M be any
smooth curve such that β0 = αf(w) and dβt

dt

∣∣
t=0

= u. Since αf is a smooth embedding and an injective immersion, we

have a smooth curve γ : [0, 1] → B such that βt := αf(γt) ∈ M with γ0 = w and dαf(γt)
dt

∣∣
t=0

= u. Then, we have∥∥∥ d

dt

[
P (αf(γt))

]∣∣∣
t=0

∥∥∥ ≤ 2L∥u∥2
αλ20

. (63)

Proof of Lemma B.1. In the following, we will establish an upper bound on
∥∥[ d

dtP (αf(γt))
]∣∣

t=0
∥. The first inequality

follows from a classical result in perturbation theory.

Claim. (Theorem 3.9 in (Stewart & Sun, 1990)) Let Ji ∈ Rn×p, i = 1, 2, be two matrices such that

min{λmin(J
⊤
1 J1), λmin(J

⊤
2 J2)} ≥ λ2.

Let Pi = Ji[J
⊤
i Ji]

−1J⊤i , i = 1, 2. Then, we have

∥P1 − P2∥ ≤ 2

λ
∥J1 − J2∥. (64)

Recall the definition P (αf(w)) := Df(w)
[
D⊤f(w)Df(w)

]−1
D⊤f(w). For any t ∈ [0, 1], we have γt ∈ B, thus

λmin

(
D⊤f(γt)Df(γt)

)
≥ λ20 by Lemma 4.2. Thus, for any t ∈ [0, 1], we have

∥P (αf(γt))− P (αf(γ0))∥ ≤ 2

λ0
∥Df(γt)−Df(γ0)∥.

Recall that w 7→ Df(w) is globally L-Lipschitz where L = σ2X
√
n/m. Therefore,

∥P (αf(γt))− P (αf(γ0))∥ ≤ 2L

λ0
∥γt − γ0∥. (65)

By using the lower bound in (62), we have

∥γt − γ0∥2 ≤ 1

αλ0
∥αf(γt)− αf(γ0)∥.

Substituting this into (65), we obtain

∥P (αf(γt))− P (αf(γ0))∥ ≤ 2L

αλ20
∥αf(γt)− αf(γ0)∥.

Therefore, we have ∥∥∥ d

dt

[
P (αf(γt))

]∣∣∣
t=0

∥∥∥ ≤ 2L

αλ20
·
∥∥∥dαf(γt)

dt

∣∣∣
t=0

∥∥∥
2
=

2L∥u∥2
αλ20

(66)

since dαf(γt)
dt

∣∣
t=0

= u.

Proof of Lemma 4.9. Note that B ⊂ Rr is compact and αf |B is continuous, therefore M is compact. Hence, together with
the Riemannian distance dM, (M, dM) is a complete and locally compact length space. Since B is path connected and
αf |B is smooth, M is path connected, hence there exists a curve of finite length connecting any two points in M. Therefore,
by Theorem 2.5.23 in Burago et al. (2001), any two points αf(w), αf(w′) ∈ M are joined by a minimizing geodesic in
M.

Proof of Theorem 4.10. (a) Fix αf(w) ∈ M and u ∈ Tαf(w)M\{0}. Let β : [0, 1] → M be any smooth curve such that
β0 = αf(w) and dβt

dt

∣∣
t=0

= u. Since αf is a smooth embedding by Lemma 4.5, it is a diffeomorphism onto its image
M with smooth inverse. Thus, we have a smooth curve γ : [0, 1] → B such that βt := αf(γt) ∈ M with γ0 = w and
dαf(γt)

dt

∣∣
t=0

= u. Then, the quadratic form for the Riemannian Hessian is

⟨u,Hess g(αf(w))[u]⟩Mαf(w) = u⊤ lim
t→0

P (αf(w))
[
gradMαf(γt)g(αf(γt))− gradMαf(w)g(αf(w))

]
t

(67)
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by (5.19) in (Boumal, 2023). Recall that

gradMαf(γt)g(αf(γt)) = P (αf(γt))∇g(αf(γt)).

Thus, we can make the following decomposition for any t ∈ [0, 1]:

u⊤P (αf(w))
[
gradMαf(γt)g(αf(γt))− gradMαf(w)g(αf(w))

]
= u⊤P (αf(w))

[
∇g(αf(γt))−∇g(αf(w))

]
+ u⊤

[
P (αf(γt))− P (αf(w))

]
∇g(αf(γt)).

(68)

The first term can be lower bounded as

u⊤ lim
t↓0

P (αf(w))
[
∇g(αf(γt))−∇g(αf(w))

]
t

= u⊤ lim
t↓0

∇g(αf(γt))−∇g(αf(γ0))
t

= u⊤∇2g(αf(γ0))
dαf(γt)

dt

∣∣∣
t=0

≥ ν∥u∥22 = ν(∥u∥Mαf(w))
2, (69)

since h 7→ g(h) is (Euclidean) ν-strongly convex, thus ∇2g(h) ⪰ νI for all h ∈ Rn, and u ∈ Tαf(w)M, thus
P (αf(w))u = u, and P (αf(w)) is symmetric.

For the second term, let
LipCg := sup

z∈C
∥∇g(z)∥,

for any C ⊂ Rn. Then, since αf(γt) ∈ M for all t ∈ [0, 1], we have

u⊤ lim
t↓0

[P (αf(γt))− P (αf(w))]∇g(αf(γt))
t

≥ −LipMg · ∥u∥2 · lim
t↓0

∥P (αf(γt))− P (αf(w))∥
t

= −LipMg · ∥u∥2 ·
∥∥∥ d

dt

[
P (αf(γt))

]∣∣∣
t=0

∥∥∥. (70)

In order to bound the last term above, we use Lemma B.1. Substituting (66) into (70), we obtain

u⊤ lim
t↓0

[P (αf(γt))− P (αf(w))]∇g(αf(γt))
t

≥ −
2L · LipMg

αλ20
· ∥u∥22. (71)

Substituting (69) and (71) into (67) by using the decomposition (68), we conclude that

⟨u,Hess g(αf(w))[u]⟩Mαf(w) ≥ ν∥u∥22 −
2L · LipMg

αλ20
· ∥u∥22. (72)

Finally, for any w ∈ B, we have

∥∇g(αf(w))∥2 = ∥∇g(αf(w))−∇g(f⋆)∥2
≤ µα∥f(w)− f(w0)∥2 + µ∥f⋆∥2

≤ µαLipf∥w − w0∥2 + µ∥f⋆∥2 ≤ µ
(
αLipfr0 + ∥f⋆∥2

)
,

which follows from µ-Lipschitz continuity of ∇g, ∇g(f⋆) = 0, and f(w0) = 0. Hence, we have

LipMg ≤ µ
(
αLipfr0 + ∥f⋆∥

)
. (73)

By choosing α as stated in the theorem, we ensure that 2Lµ∥f⋆∥
αλ2

0
≤ ν

2 . Since r0 ≤ νλ2
0

4µLLipf
, we also have 2LµLipfr0

λ2
0

≤ ν
2 .

Using these two results, (72) implies the positive semi-definiteness of the Riemannian Hessian on M, which implies
geodesic convexity of g|M since M is a geodesically convex set.
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(b) g|M : M → R is a geodesically convex function, and S := {z ∈ M : g(z) ≤ g(0)} is a sublevel set for g. Then, S is
geodesically convex by Proposition 11.8 in (Boumal, 2023).

(c) Fix αf(w) ∈ S and u ∈ Tαf(w)M\{0}. Let β : [0, 1] → S be any smooth curve such that β0 = αf(w) and
dβt

dt

∣∣
t=0

= u, and let γ : [0, 1] → B such that βt := αf(γt) ∈ S with γ0 = w and dαf(γt)
dt

∣∣
t=0

= u. The proof of geodesic
strong convexity of g in S follows identical steps as (a) until (72), where LipSg replaces LipMg since αf(γt) ∈ S for all
t ∈ [0, 1]. Now, note that

∥∇g(αf(w))∥ ≤ µ∥αf(w)− f⋆∥ ≤ µ

√
2(g(αf(w))− g(f⋆))

ν

≤ µ

√
2g(0)

ν

for any αf(w) ∈ S (i.e., g(αf(w)) ≤ g(0)). This implies that LipSg ≤ µ
√

2g(0)
ν .

(d) Similar to the proof of (c), fix αf(w) ∈ S and u ∈ Tαf(w)M\{0}. Let β : [0, 1] → S be any smooth curve such that
β0 = αf(w) and dβt

dt

∣∣
t=0

= u, and let γ : [0, 1] → B such that βt := αf(γt) ∈ S with γ0 = w and dαf(γt)
dt

∣∣
t=0

= u. We
aim to find an upper bound for the quadratic form in (67) using the decomposition in (68). Similar to (69), we have

u⊤ lim
t↓0

P (αf(w))
[
∇g(αf(γt))−∇g(αf(w))

]
t

= u⊤∇2g(αf(w))
dαf(γt)

dt

∣∣∣
t=0

= u⊤∇2g(αf(w))u

≤ µ∥u∥22, (74)

where the second line holds since dαf(γt)
dt

∣∣
t=0

= u and the inequality is due to suph∈Rn ∥∇2g(h)∥ ≤ µ from the Lipschitz
continuity of ∇g. We also have

u⊤ lim
t↓0

[P (αf(γt))− P (αf(w))]∇g(αf(γt))
t

≤ LipSg · ∥u∥2 · lim
t↓0

∥P (αf(γt))− P (αf(w))∥
t

= LipSg · ∥u∥2 ·
∥∥∥ d

dt

[
P (αf(γt))

]∣∣∣
t=0

∥∥∥. (75)

Substituting (66) into the above inequality, we obtain

u⊤ lim
t↓0

[P (αf(γt))− P (αf(w))]∇g(αf(γt))
t

≤
2L · LipSg
αλ20

· ∥u∥22 ≤ ν

2
∥u∥22

≤ µ

2
∥u∥22, (76)

where the last inequality holds since νI ≼ ∇2g(h) ≼ µI for all h ∈ Rn. From (74) and (76), the decomposition in (68)
implies

⟨u,Hess g(αf(w))[u]⟩Mαf(w) ≤
3µ

2
∥u∥22,

which concludes the proof.

Proof of Lemma 4.13. Let w⋆ := w⋆
α for notational simplicity. Since αf(w⋆), αf(wt) ∈ S for t < T and S is geodesically

convex, there exists vt ∈ Tαf(w⋆)M such that Expαf(w⋆)(vt) = αf(wt) and the geodesic c(ξ) = Expαf(w⋆)(ξvt) lies in
S. In particular, c(0) = αf(w⋆), c(1) = αf(wt). For any (αf(w), u) in the tangent bundle, let γ(ξ) := Expαf(w)(ξu)

be corresponding geodesic. Then, let Pξu := PTγ
ξ←0 be the parallel transport from αf(w) to Expαf(w)(ξu) along γ. In

particular, along c(ξ) = Expαf(w⋆)(ξvt), let Pvt := PTc
1←0. P−1vt is an isometry (Lee, 2018). Since g|S has geodesically

3µ
2 -Lipschitz continuous gradients by Theorem 4.10(d), we have

∥P−1vt gradMαf(wt)g(αf(wt))− gradMαf(w⋆)g(αf(w
⋆))∥ ≤ 3µ

2
∥vt∥
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by Prop. 10.53 in (Boumal, 2023). Since gradMαf(w⋆)g(αf(w
⋆)) = 0 and P−1vt is an isometry, we have

∥gradMαf(wt)g(αf(wt))∥ ≤ 3µ

2
∥vt∥.

Theorem 4.10 implies that g|S is ν
2 -geodesically strongly convex, therefore

ν

4
∥vt∥2 ≤ g(αf(wt))− g(αf(w⋆))

≤ 1

ν
∥gradMαf(wt)g(αf(wt))∥2αf(wt)

.

where the second inequality follows from the Riemannian Polyak-Lojasiewicz inequality (Boumal, 2023).

Proof of Theorem 4.14. From Lemma 4.3, recall that we have

dVt
dt

= −∥gradMαf(wt)g(αf(wt))∥22 for any t ∈ (0, T ).

For α ≥ α0, g|S is ν/2 geodesically strong convex by Theorem 4.10. Hence, the Riemannian Polyak-Lojasiewicz inequality
in Lemma 4.13 implies that

V̇t ≤ −νVt.
Thus, Grönwall’s lemma implies

Vt ≤ V0 exp(−νt) for any t ∈ [0, T ). (77)

To show that T = ∞, take t ∈ [0, T ). Then,

∥wt − w0∥2 ≤
∫ t

0

∥ẇs∥ds

=
1

α

∫ t

0

∥∇g(αf(ws))∥Asds, (78)

where
As := Df(ws)H

−2(ws)D
⊤f(ws) for s < T.

Since s < t < T , we have ws ∈ B, thus H(ws) ≽ λ20I . This implies that

∥∇g(αf(ws))∥2As
≤ 1

λ20
∥∇g(αf(ws))∥2P (αf(ws))

=
1

λ20
∥P (αf(ws))∇g(αf(ws))∥22

=
1

λ20
∥gradMαf(ws)g(αf(ws))∥22. (79)

By using (22) in Lemma 4.13, we have

∥gradMαf(ws)g(αf(ws))∥2αf(ws)
≤ 9µ2

4
∥vs∥22 ≤ 9µ2

ν
Vs.

Using the error bound (77), we obtain

∥gradMαf(ws)g(αf(ws))∥αf(ws) ≤
3µ

√
Vs√
ν

≤ 3µ
√
V0√
ν

e−νs/2 ≤
3µ

√
g(0)√
ν

e−νs/2 for any s < T. (80)

Substituting (79) and (80) into (78), we obtain

∥wt − w0∥ ≤
3µ

√
g(0)

αλ0
√
ν

∫ t

0

exp(−νs/2)ds ≤
6µ

√
g(0)

αλ0
√
ν3

.

Hence, α ≥ 6µ
√

g(0)

λ0r0ν
3
2

yields ∥wt − w0∥ ≤ r0 and D⊤f(wt)Df(wt) ≽ λ20I . Hence, T = ∞.
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C. Implicit Bias of Gauss–Newton for Quadratic Loss
We characterize the implicit bias of the linearized (lazy) model trained under the Gauss–Newton dynamics. In the quadratic
loss setting, the induced flow converges to the minimum-norm interpolant in the metric defined by the Gauss–Newton
preconditioner, i.e., the solution of a constrained least-norm problem with norm ∥ · ∥Hρ(w0). This is the natural analogue
of the classical “minimum Euclidean norm” bias of gradient flow for linear regression, extended here to a nontrivial
preconditioning geometry. Our result builds on the implicit bias argument for linear least squares (Bach, 2024) and connects
to the lazy-training/linearization perspective of overparameterized networks (Chizat et al., 2019).

Proposition C.1 (Implicit bias of Gauss–Newton for quadratic loss). Under Assumption 3.1, for any u ∈ Rp, let

f̄0(u) = Df(w0)(u− w0)

and consider

u̇t = −[Hρ(w0)]
−1D⊤f(w0)(f̄0(ut)− y), t ≥ 0,

with u0 = w0 for ρ ∈ (0, λ2

1+λ2 ]. Then, ut → u⋆ as t→ ∞, where u⋆ is the solution of

min
u∈Rp

∥u− w0∥2Hρ(w0)
s.t. f̄0(u) = y.

Proof of Proposition C.1. Under Assumption 3.1, we have Df(w0)H
−1
ρ (w0)D

⊤f(w0) ≻ 0, thus limt→∞ f̄0(ut) = y
using the same Grönwall argument as Theorem 3.4. Let

βt = −
∫ t

0

(y − f̄0(us))ds, t ≥ 0.

Then, ut − w0 = [Hρ(w0)]
−1D⊤f(w0)βt, t ≥ 0. Since f̄0(ut) → y as t→ ∞,

lim
t→∞

Df(w0)[Hρ(w0)]
−1D⊤f(w0)βt = y ⇒ lim

t→∞
βt = (Df(w0)[Hρ(w0)]

−1D⊤f(w0))
−1y.

Therefore,

lim
t→∞

{ut − w0} = H−1ρ (w0)D
⊤f(w0)

(
Df(w0)H

−1
ρ (w0)D

⊤f(w0)
)−1

y.

By Karush-Kuhn-Tucker (KKT) conditions (Bach, 2024; Boyd & Vandenberghe, 2004), the limit yields u⋆ − w0 with
minimum Hρ(w0)-norm subject to the affine constraints Df(w0)(u− w0) = y.

D. Numerical Experiments
This appendix reports small-scale experiments on the empirical risk under Gauss—Newton dynamics in both over- and
underparameterized regression settings with gradient flow as a baseline. In both regimes, we use the loss function
g(ψ) = 1

2∥ψ − y∥22 where y = [y1, y2, . . . , yn]
⊤ ∈ Rn.

Single index model. We consider a single-index model with a training set D = {(xj , yj) ∈ Rd × R : j = 1, 2, . . . , n}
where the input is xj ∼iid Unif(Sd−1) and the label is

yj = ReLU(u⊤xj) + ϵj , (81)

where ReLU(z) = max{0, z}, u ∈ Rd is the fixed target direction and ϵj ∼ N (0, 1) is the noise for j = 1, 2, . . . , n. This
input distribution leads to small λmin(K0) (Karhadkar et al., 2024).

California Housing dataset. In the second set of experiments, we consider the California Housing dataset D := {(xj , yj) ∈
Rd × R : j = 1, 2, . . . , n} (Pace & Barry, 1997), where each feature vector xj ∈ Rd with d = 8 represents normalized
housing-related attributes, and yj ∈ R represents median house value for j = 1, 2, . . . , n. We form a training set by
uniformly subsampling n examples at random.
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(a) Single-index model

0 200 400 600 800 1000
time (t)

10 23

10 19

10 15

10 11

10 7

10 3

101

Em
pi

ric
al

 ri
sk

Gauss-Newton (adaptive)
Gauss-Newton =0.0004
Gauss-Newton =0.1000
Gauss-Newton =0.5000
Gradient flow

(b) California Housing

Figure 2. 1
n
g(·) in the overparameterized regime under the Gauss–Newton dynamics with various regularization schemes ρ = (ρt)t≥0.

Gradient flow (ρt = 1) suffers from slow convergence due to the ill-conditioned neural tangent kernel, while the Gauss–Newton with
appropriate constant or adaptive damping schedules achieve fast exponential convergence rates.

D.1. Overparameterized regime

We consider an overparameterized problem with p≫ n under ρada and various constant ρcon damping schedules in Figure 2.
For the single-index model, we use a dataset of n = 800 samples of ambient dimension d = 16 and a tanh neural network
with p = 9600 parameters. For the California Housing dataset, we randomly subsample a training set of size n = 800, and
use a tanh neural network with p = 6400 parameters. The parameters are trained by using the Gauss–Newton method with
various regularization choices: (i) adaptive damping ρt =

1
4λ

2
t

1+ 1
4λ

2
t

, and (ii) constant data-based damping with ρt = λ2

λ2+1

where λmin(K0) = 4λ2. Note that ρt = 1.0 corresponds to the (non-preconditioned) gradient flow. The continuous-time
dynamics are simulated by using Euler’s method. ρt =

aλ2
t

1+aλ2
t

in Lemma 3.3 for a > 0 yields Vt ≤ V0 exp
(
−2ν 1+aλ2

1+a t
)

.

In these examples, λmin(K0) ≈ 1.4× 10−2 and λmin(K0) ≈ 1.6× 10−3, respectively, thus the gradient flow suffers from
slow convergence, while Gauss–Newton achieves faster convergence. In particular, the adaptive and the constant damping
factors lead to fast exponential convergence in empirical risk (linear on a log-scale), in line with the theoretical results in
Theorem 3.4. Note that in the kernel regime with large α

√
m that we consider, we have λ2t/(1 + λ2t ) close to λ2/(1 + λ2),

thus adaptive and data-dependent constant damping choices yield very similar empirical risk performance as predicted.

D.2. Underparameterized Regime

We investigate the performance of (undamped) Gauss–Newton dynamics and gradient flow in the underparameterized
regression problems for the single-index model (81) with g(ψ) = 1

2∥ψ − y∥22 and n = 800 randomly-chosen samples and
p = 256 parameters. We demonstrate the impact of different α > 0 and the impact of Gauss–Newton preconditioning in
Figure 3. A larger scaling factor α keeps the trajectory closer to w0, thereby shrinking the admissible parameter set and
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Figure 3. Empirical risk g(·)/n in the underparameterized regime under the Gauss–Newton and gradient flow dynamics for various α.

changing the best achievable in-class predictor in the underparameterized setting. This trend is consistent with Figure 3:
smaller α allows a larger effective search region and typically achieves a lower in-class optimal risk.
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