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Abstract

Ill-conditioned kernel matrices can make first-
order methods for training neural networks con-
verge slowly. We establish non-asymptotic con-
vergence bounds for the Gauss—Newton method
in both under- and overparameterized regimes,
showing it avoids these conditioning bottlenecks.
In the underparameterized setting, Gauss—Newton
gradient flow in parameter space induces a Rie-
mannian gradient flow on a low-dimensional sub-
manifold of function space. Using tools from Rie-
mannian optimization, we show that, under an ap-
propriate output scaling, the loss satisfies geodesic
Polyak-Lojasiewicz and Lipschitz-smoothness
conditions, implying geometric convergence to
the optimal in-class predictor at an explicit rate
independent of Gram-matrix conditioning. In
the overparameterized setting, we identify adap-
tive, curvature-aware regularization schedules and
prove fast geometric convergence to a global opti-
mum for both Gauss—Newton gradient flow and
discrete-time Gauss—Newton iterates, with rates
independent of the minimum eigenvalue of the
neural tangent kernel. Overall, Gauss—Newton
can be provably faster in ill-conditioned regimes
where first-order methods slow down.

1. Introduction

First-order optimization methods can converge slowly in
neural network training, often due to ill-conditioned data
geometry and loss landscapes (Shalev-Shwartz et al., 2017).
This has motivated geometry-aware, preconditioned meth-
ods that aim to stabilize training and improve convergence.
Among them, the Gauss—Newton (GN) method has drawn
sustained practical and theoretical interest, driven by strong
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empirical performance at scale (Abreu et al., 2026; Liu et al.,
2025; Martens, 2020; Ren & Goldfarb, 2019; Botev et al.,
2017). Yet, the theoretical understanding of GN in deep
learning remains limited, particularly regarding nonasymp-
totic convergence and the role of preconditioning in under-
and overparameterized regimes.

1.1. Main Contributions

In this work, we investigate the convergence behavior of
the Gauss—Newton method for training neural networks,
where we establish a Riemannian geometric analysis in the
underparameterized regime and a curvature-aware damping
analysis in the overparameterized kernel regime.

¢ Overparameterized regime (adaptive damping). We
identify curvature-aware damping schedules for Gauss—
Newton that yield conditioning-robust geometric con-
vergence to a global optimum, for both the Gauss—
Newton gradient flow and discrete-time Gauss—Newton
iterates. In particular, the convergence rates of Gauss—
Newton are independent of the minimum eigenvalue
of the kernel matrix. Consequently, the convergence
rates of the Gauss—Newton method are robust to ill-
conditioned kernel matrices that can slow down stan-
dard first-order methods. (See Theorems 3.4, 3.8 and
Corollary. 3.6; extensions to deep networks are in
Section 3.2.)

¢ Underparameterized regime (Riemannian optimiza-
tion). We show that, in the underparameterized set-
ting, the Gauss—Newton gradient flow in parameter
space induces a Riemannian gradient flow on a low-
dimensional embedded submanifold of the predictor
space. Using tools from Riemannian optimization, we
establish geodesic Polyak—Lojasiewicz and geodesic
smoothness of the loss on a level set containing the opti-
mization trajectory under an appropriate output scaling,
which explicitly controls curvature. These regularity
properties imply last-iterate geometric convergence
to the optimal in-class predictor at an explicit rate in-
dependent of Gram-matrix conditioning, without any
explicit regularization. (See Theorems 4.10 and 4.14,
and Propositions 4.6 and 4.8.)
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1.2. Related Works

Analysis of the Gauss—Newton method. The
Gauss—Newton method has a long history in numeri-
cal linear algebra (Saad, 2003) and nonlinear least-squares
(Nocedal & Wright, 1999). It has recently attracted renewed
attention because of its success in deep learning (Abreu
et al., 2026; Liu et al., 2025; Korbit et al., 2025; Tan &
Lim, 2019; Botev et al., 2017) and scientific machine
learning (Rathore et al., 2024; Hao et al., 2024). Despite
its empirical success, its theoretical understanding in
modern deep learning remains limited. Its convergence
has been investigated in a number of recent works (Cai
et al., 2019b; Zhang et al., 2019; Arbel et al., 2023; Adeoye
et al., 2024; Zhao et al., 2024; Jia et al., 2024), which study
Gauss—Newton in overparameterized regimes. These prior
works largely focus on quadratic loss settings (Cai et al.,
2019b; Zhang et al., 2019) or mean-field limits (Arbel et al.,
2023). In this work, we show that curvature-aware damping
yields geometric convergence bounds whose rate does not
deteriorate with Apin(Ko). We also provide finite-time and
finite-width guarantees in the underparameterized regime
via a novel Riemannian analysis of Gauss—Newton, which
is fundamentally different from existing approaches.

Optimization in the lazy training regime. The original
works in the lazy training regime analyze the convergence
of gradient descent for overparameterized neural networks
(Du et al., 2018; Jacot et al., 2018; Chizat et al., 2019). Our
analysis builds on the near-initialization analysis proposed
in (Chizat et al., 2019; Du et al., 2018), and extends it to
analyze the Gauss—Newton method for both over- and under-
parameterized neural networks. In the underparameterized
regime, deviating significantly from the existing works, we
integrate tools from the Riemannian optimization theory
to analyze the Gauss—Newton dynamics in training neural
networks. In a number of works (Ji & Telgarsky, 2020;
Cayci & Eryilmaz, 2025; Cai et al., 2019a), convergence of
first-order methods in the underparameterized regime was
investigated in the near-initialization regime. These results
establish near-optimality results for first-order methods (i)
under explicit regularization in the form of projection or
early stopping, (ii) for the average- or best-iterate, and (iii)
with convergence rates into a ball around the near-optimal
parameter at a slow subexponential rate. Chizat et al. (2019)
establishes the convergence of gradient flow in the under-
parameterized regime, but the rate is unspecified and has
a strong dependence on the spectrum of the Gramian at
initialization. On the other hand, we prove that Gauss—
Newton dynamics (i) achieves last-iterate convergence to
an in-class optimum predictor, (ii) without any realizability
assumptions, and (iii) at a fast geometric convergence rate
independent of the Gramian at initialization, emphasizing
the benefits of GN in the underparameterized regime.

1.3. Notation

For a differentiable curve v : I C RT™ — R, 4, and +/(¢)
denote its derivative at time ¢. Lip; denotes the modulus of
Lipschitz continuity of f. For a symmetric positive-definite
A eR™ andv € R", ||z]|% := 2" Ax. For P € R™*",
|| P|| denotes its operator norm and A, (P) denotes its
minimum eigenvalue.
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2. Problem Setting and the Gauss—Newton
Dynamics

2.1. Supervised Learning Setting

In this work, we consider a supervised learning problem
with a data set D = {(z;,y;)}}—,, ; € R%y; € R.
Given a loss function £ : R x R — R, the empirical risk
under the prediction £ € R™ is g(§) := Z?=1 0(&5,y;). We
define X := max;ep [|z;|13-

Deep fully-connected neural networks. We consider a
feedforward deep neural network of depth H > 1 and width
m with a smooth (infinitely-differentiable) activation func-
tion o : R — R. We assume ||0'||c < 01 < o0 and
lo"”|oe < 02 < o0, which holds for activations such as
tanh, sigmoid and GELU. Let W@ e Rmxd gnd W) ¢
R™ ™ forh =2,3,..., H,and W := (W ... W),
Then, given a training input x; € R, the neural network is
defined recursively as

W Wy = %
2 (W) = /22

plzj;w) = Tzl (W),

.5(W<h>x§h‘1>(W)), h e [H],

0 1.
where :cg VW) =2, a, = (E.on0,1)[0?(2)]) "t is nor-
malization parameter, w = vec(W c) is the parameter
vector, and #(2) = [0(z1) ... o(zm)] .

Random initialization. We adopt the standard NTK ini-
tialization wg = (co, Wp) as in (Ji & Telgarsky, 2020; Du
etal., 2018): for each layer h € [H],

lco]s % Rad and [W"];; ¢ A(0,1). (1)
We denote the prediction function as

fw) = [p(z1;w) ... p(an;w)] =D,

where b € R" is a fixed bias term. To ensure f(wg) = 0,
as in (Chizat et al., 2019), we set b; = p(x;; wo), J € [n],
which simply re-centers the model in function space. Since b
is constant, all derivatives with respect to w are unchanged.
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Optimization in supervised learning. The objective in this
paper is empirical risk minimization:
i 2
min g(af(w)), )
where o > 0 is an output scaling parameter, which plays a
key role in our convergence results. For convenience, we
define
R(w) = glaf(w), weRP.

We assume ¢ is v-strongly convex and has p-Lipschitz con-
tinuous gradients as a function of the prediction £ € R™:

vI xV3g(&) s ul, £€R™ 3)

For quadratic loss g(§) = 3.7, (& — y;)°, we have
1 = v = 1. Note that although £ — g(€) is strongly convex
in the prediction £ € R", w — g(af(w)) = R(w) is
nonconvex as a function of the neural network parameters
w € RP, which is the main challenge in the empirical risk
minimization problem with neural networks. The number
of learnable parameters is p, i.e., w € RP. We call the
model underparameterized if p < n, and overparameterized
otherwise. For each layer h € [H], we denote the Jacobians
of f(w) with respect to W) and w, respectively, as

[Dnf(w)l;,: == Vl—ec(wwyp(xj; w)
[Df (w)]j: := Vapp(ajsw), j € [n].

2.2. Gauss-Newton Gradient Flow

We consider the following preconditioned gradient flow to
solve (2):

i = - [H(w)] D7 ) Vglaf(w). @)

where « > 0 is the output scaling parameter, and H (w) €
RP*P is the preconditioner. The generalized Gauss—Newton
(GGN) preconditioner is H = H,, where

Hy(w) := (1 = p(w))F(w) + p(w) I ®)
L(w) := D' f(w)Vg(af(w))Df(w)
with the damping (Levenberg—Marquardt regularization)

factor p : RP — [0, 1]. We also study the (classical) Gauss—
Newton flow with H = H E, where

H (w) := (1 = p(w))T(w) + p(w)1, (©6)
I'S(w) =D f(w)Df(w).

The GGN preconditioner H, reduces to H E for quadratic
loss g(¢) = 1 Z;L=1(§j —y;)?, since Vg = I. We analyze
@) with H =H /(f for general (possibly non-quadratic) g
satisfying (3) (cf. (Zhao et al., 2024)), and then quantify the
additional benefits of using H, when V2g(af(w;)) varies
along the optimization trajectory.

3. Adaptive Damping and Convergence in the
Overparameterized Regime

We begin with the overparameterized regime p > n. Since
rank(D f(w)) < n < p in this regime, the Gauss—Newton
matrix is rank-deficient, therefore we study the damped
Gauss—Newton flow with p > 0, i.e., Levenberg—Marquardt
dynamics. The choice of damping schedule p(-) is important
(Arbel et al., 2023). In this work, we identify damping
schedules that yield provably fast convergence rates that do
not depend on the minimum eigenvalue of the kernel matrix.

We first present the analysis in the case [ = 1 with the out-
put layer c frozen at initialization, which isolates the main
ideas with sharp bounds and minimal notation (Chizat et al.,
2019; Du et al., 2018). In this setting, w = Vec(W(l)) and
p = md. We then extend the arguments to deep networks
with trainable c in Corollary 3.11.

3.1. Gauss—Newton for Single-Hidden Layer Networks

In the overparameterized regime, the spectral properties of
the kernel matrix have a crucial impact on the convergence.
To that end, define K, K € R"*" by

[K]ij = ] 2 Buganco.) 0" (ug 1)’ (ug 2;)]a,
K(w):=Df(w)D" f(w), w <R

Note that under the initialization (cg,wp), we have
E[K (wo)] = K. We make the following standard represen-
tational assumption on the neural tangent kernel matrix at
initialization (Chizat et al., 2019).

Assumption 3.1. Assume that K (wy) is strictly positive
definite with the minimum eigenvalue 4\? > 0.

Remark 3.2 (Amin (KX (wp)) and data geometry). The geom-
etry of {z; € R4}, strongly influences Apin (K (wp)). If
no input pairs are parallel, then Assumption 3.1 automat-
ically holds (Du et al., 2018). A can be upper bounded in
terms of ¢'(D) := min;», ||z; — x;||2 (Karhadkar et al.,
2024). Thus, K (wp) can be highly ill-conditioned (with
extremely small A\?) in practice, which motivates condition-
robust convergence rates.

For a single-hidden layer network, w — f(w) has globally
L-Lipschitz gradients with L = 02X /. If

||’UJ*’UJOH2<7’0 = )\/L, ©)
then Df (w)D " f(w) = A2I (Chizat et al., 2019). Define
T:= 1nf{t >0: ||wt - U)OHQ > To}

as the first-exit time. Also, let K; := K (w;), t € [0,00)
be the kernel matrix, and \? := A\,in (K;). Then, we have

inf A7 > \2 (8)
t€[0,T)
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3.1.1. GAUSS—-NEWTON: CONDITIONING-ROBUST
GLOBAL CONVERGENCE RATES

We first analyze the convergence of (4) with the classical
Gauss—Newton preconditioner H = HE for any loss g
satisfying (3).

The evolution in function space under any damping scheme
{pt € (0,1]}4>0 are presented in the following lemma.

Lemma 3.3. Under the GN flow with any {p; € (0,1]};>0,

%stt) = —Z(Ky)Vg(af(w)), (GF-0)
dg(af(w:)) —\2
T S el Vetes (wo)lz EDD

-1
where 5, (K) = L (K - S0 K (I+52K)  K)
foranyt < T.

Consider the adaptive damping schedule

ada(w) _ )‘miH(K(w))

Sl A (K (w)) ©

p
GN flow under this damping factor yields geometric conver-
gence at a fast rate that does not deteriorate as Apin (Ko) 4

0. Intuitively, this choice gives more weight to GN when
Amin (K (w)) is small and GF is slow (see (GF-0)).

Theorem 3.4 (Convergence of GN — adaptive damping).
Under Assumption 3.1, the Gauss—Newton flow (4) with
H = HE and the adaptive damping p; = p*3®(wy), t > 0
vields T' = oo (i.e., admits a global solution) for any output
scaling parameter o« > 0 such that

oo X~/2nVy

v3/2

1+ )\Lipf
21+ A%)

o/m >
Consequently, the following bounds hold for all t > 0:

Vi < Vo -exp (—v(1+ A*)t),

ot we) = 413 < 5 1713 - exp (—v(1+ A2))
(10)

where f* € arg 5m]%an g(&) is the unique minimizer of g and
E n

Vi = g(af(w)) — g(f*),

is the optimality gap.

t>0

The proof of Theorem 3.4 is given in Appendix A.
Remark 3.5. We have the following observations:

* GN with adaptive damping achieves

V, < Voe P < et 1 >0,

so the decay rate is uniformly bounded below by v > 0,
and does not deteriorate as A2 = A\y;n(Kp)/4 | 0. In
contrast, gradient flow has a decay rate (v/2)Amin(Ko)
in the same setting (Chizat et al., 2019), which can be
arbitrarily slow when Ap,in (Ko) | 0. Note that GN has
a polynomial dependence of ay/m on A~ ! similar to GF
(Chizat & Bach, 2018). Thus GN with adaptive damp-
ing mitigates the kernel-conditioning slowdown in the
convergence rate that hinders first-order optimization.

* a > 0 (output scaling) and the network width m are de-
sign parameters; our guarantees in the overparameterized
regime hold provided a/m is sufficiently large.

Computation of Ay, (K;) for the damping factor p(w;)
can be impractical. As such, a provably good time-constant
damping factor is desirable. The following corollary to
Theorem 3.4 identifies such a practical constant and data-
dependent damping factor with a similar bound.

Corollary 3.6 (Convergence of GN — constant damping).
The Gauss—Newton gradient flow (4) with a constant damp-
ing factor py = p € (0, %;]7 t € [0,00) yields

2UtN? >

< . =
f=h eXp( p+(L—p)?

under Assumption 3.1 when

i s CRXVATy L

v3/2 227
con

In particular, py = p°™ where

pCOI’I e )\72 (11)
1+ A%

yields
‘/t S ‘/'Oe—l/(1+)\2)t S %e—l/t

forallt > 0.

The proof of Corollary 3.6 is given in Appendix A.

We next show that the discrete-time Gauss—Newton method
with appropriately chosen step size and damping factor
achieves a geometric convergence rate independent of \2.

Theorem 3.7 (Convergence of GN — discrete time). Let

2
hi(z) = —————— i=1,2,

(A=p)z2+p)"

and o = 1. Consider the following discrete-time Gauss—
Newton method:

w1 = wy — 0 [HS (wy)] " DT fwi)Va(f (wy,))-

Under Assumption 3.1, the damping factor p € (07 11‘%]
hi(\)

3 < 1O /T . N\
and the constant step size n < 6h2 (Lip )i

vields

Vie < Vo (1 — qvhy(N\)F forany k € N, (12)
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for any network width m € N that satisfies

oo X\/n < ¥ in{hl(Lipf) h%(Lipf) Avhi(M) }
2
Vi S " U () 22
Setting n = M) g p = p°m yields

6h3 (Lip )

1 v 1 b
Vi<Wll-— — =] .
Fe ( 24 p h?(Lipf)>
The proof of Theorem 3.7 can be found in Appendix A.
For quadratic loss in the kernel regime, we characterize the
implicit bias of Gauss—Newton dynamics of the linearized
model in Appendix C.

3.1.2. GENERALIZED GAUSS—-NEWTON: LEVERAGING
CURVATURE

The Gauss—Newton preconditioner H E avoids computing
V?2g and yields global geometric convergence with bounds
that are robust to ill-conditioned kernel matrices. In the fol-
lowing, we analyze the generalized Gauss—Newton precon-
ditioner H ,, which incorporates the loss curvature through
V?2g, and establish a global convergence guarantee under a
curvature-aware damping schedule.

We define the following curvature-dependent damping
schedule:

pglo(w) — A% Amax (v2g(ozf(w))) .
14+ A2 Apax (V2g(af (w)))

13)

We next establish a global convergence guarantee for GGN
under the curvature-dependent damping p8'°.

Theorem 3.8 (Convergence of generalized GN). Consider
the preconditioned gradient flow (4) with H = H, and
o = 1. Under Assumption 3.1, suppose

3o, N2 4+v7t g

>222 T8 _Poxn,
vmz e XV

If ps = p&°(wy), then for all t > 0,

Vi < Voexp (=A% —v / t Nk (V29 (f (,))) ds)
0

Moreover, there exists w* € B(wg, o) such that

(14)

lim w; = w*
t—o0

and  f(w*) € arg min 9(8).

Remark 3.9. Theorem 3.8 can be read as a globalization
principle for Gauss—Newton. Classical Newton-type meth-
ods achieve fast convergence only locally, once the iterates
enter a neighborhood where the second-order model is accu-
rate and the Hessian is well-conditioned (Nocedal & Wright,

1999). Here, the loss-dependent damping p®'® acts as an
algorithmic regularizer that keeps the preconditioner glob-
ally well-behaved and guarantees global progress toward
an interpolating limit. If, additionally, w +— V?R(w) is
C-Lipschitz and V2R (w*) = 0, which may hold if p = n,
after the trajectory enters a neighborhood of w*, switching
to a particular damping schedule makes H ,(w) a controlled
perturbation of the Hessian V2R, thereby yielding conver-
gence rates independent of also v by local Newton-type
arguments (Dennis & Moré, 1974). A discussion of this
phenomenon can be found in Appendix A.

3.2. Gauss—Newton for Deep Networks

We extend the overparameterized analysis to deep networks
where the output layer c is trained. The main technical chal-
lenge is that the map w — f(w) is not globally Lipschitz-
smooth. We handle this by adapting the stability tools pro-
posed in (Du et al., 2019) with slightly sharper dependence
on the sample size n and confidence 4.

In this subsection (only), we also assume that x; € S
sup,cg |0(2)| < 09 < oo, which holds for tanh and sig-
moid. We also assume that the top-layer kernel satisfies
K1) (wg) = 4X\2T for some A > 0. By Lemma B.2 of (Du
et al., 2019), this condition holds for sufficiently large width
m whenever x; Jf z; for all ¢ # j. Define

K" (w) := Dy, f(w) D}, f(w)

and K (w) := Zthl KM (w), so K(w) = K (w) for
all w.

Lemma 3.10. Let C = 20¢01a,. Forany § € (0, 1), let
> a2 CH—12b(ﬂM)
=%% \3ic—1)) “®\"5 )

and ky, =1+ 2 /max {1,d/m}. Then, with probability

at least 1 — § — 2He™™/2 over the random initialization, if
[w —woll2 < Rv/m,

where R := k,]:f,:ll min {Ln*l)\mm(K((]H))} for a uni-

versal constant k > 0, we have

15)

Amin (K (w)) > Amin(K(H)(w)) > /\min(K(H) (wo))/4.

Lemma 3.10 refines Lemma B.4 in (Du et al., 2019) with
slightly improved dependencies on n and d, and its proof
can be found in Appendix A. Using Lemma 3.10, we obtain
the following convergence result.

Corollary 3.11 (Convergence of GN — deep networks).
For any 6 € (0,1), if the neural network width m is cho-
sen sufficiently large such that (15) holds, then the Gauss—

2
Newton flow with a constant damping p € (0, @W] and
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ay/m > /’\‘R”jx(; yields

WAt
v £>0

WS%GXP(—W>7 >

with probability at least 1 — § — 2He~"™/2 over the random
initialization.

The constant step-size choice p®™ in (11) yields a A-
independent upper bound for the optimality gap similar
to Corollary 3.6.

4. Riemannian Geometry and Convergence in
the Underparameterized Regime

In this section, we consider the underparameterized regime
(p < n) for two-layer (H = 1) networks with smooth acti-
vations in a similar setting as Section 3.1. The kernel matrix
K; € R™ " is singular since rank(D f(w;)D T f(w;)) <
p < nforall t € Ri. As aresult, the analyses in the
preceding section, which relies on the non-singularity of
K, do not extend to this setting. To address this, we utilize
tools from optimization on Riemannian manifolds. In this
regime, it is natural to work with the (undamped) Gauss—
Newton preconditioner H (w) = D f(w) "D f(w), thus we
consider the Gauss—Newton flow (4). The non-singularity
of H (wp) under random initialization wq will be crucial in
establishing the Riemannian optimization framework in the
sequel.

Assumption 4.1. There exists A\g > 0 with H (wg) = 4A\31.

Let
B = {’UJ c RP: H’UJ —w0||2 < TO}a

. )\0 1 /\%V
— minq 22,2 . 16
"o mm{L’4 pLLip, (10)

The following result implies the non-degeneracy of the
Gram matrix H (w) on B.

where

Lemma 4.2 (w — «af (w) is an immersion on B). For any
w € B, we have

H(w) = DT f(w)Df(w) = M1,

which implies that rank(D f (w)) = p for all w € B. Thus,
af is an immersion on B.

The result follows from (Chizat et al., 2019), and we provide
the proof in Appendix B for completeness.

Let
T:=inf{t >0:w ¢ B}

be the first-exit time of B. Then, the Gauss—Newton gra-
dient flow is well-defined for ¢ < T since we have a non-
degenerate preconditioner with inf; <7 Apin (H (w;)) > A3
by Lemma 4.2.

We first characterize the evolution in function space and
the energy dissipation inequality in the underparameterized
regime.
Lemma 4.3. For any w € B, let
-1
P(af(w)) :=Df(w)[H(w)] D' f(w). (17

Then, forany t < T,

%&w) = —P(af(w))Vg(af(we)),  (GF-Ou)
w = —||P(af(we))Vg(af(we))|l3. (EDI-u)

Remark 4.4 (Why Riemannian optimization?). Fort < T,
P(af(w:)) is symmetric and idempotent, hence an orthogo-
nal projection, and rank (P (a f(w¢))) = p < n. As aresult,
(EDI-u) only implies that ¢ — g(a.f(w;)) is non-increasing,
which does not yield a convergence rate or characterize the
limiting predictor. This motivates us to cast the problem as
an optimization problem on a Riemannian manifold.

An immediate question in studying (GF-Ou) is the char-
acterization of the subspace that P(«f(w;)) projects the
Euclidean gradient Vg(o f(w;)) onto. This leads us to de-
part from Euclidean geometry and study «f (B) as a smooth
submanifold.

For any o > 0, let
M :=af(B) :={af(w): w e B}. (18)

Lemmad4.5. af|p : B — M is injective, and it is a smooth
embedding on B.

The following result shows that the function space M is a
smooth embedded submanifold of the Euclidean space R™.

Proposition 4.6. M is a p-dimensional smooth embedded
submanifold of R™ with boundary.

In the following, we show that (M, (-, -)*™) is a Riemannian
submanifold of the function space R" of predictors.

Lemma 4.7. For any w € B, let

TafuyM :={aDf(w)z : z € RF} = Im(D f(w)). (19)
Then, Ty f(w)M is the tangent space of o.f (w) € M. For
any w € B and u,v € To )M,

M - — T
(U V)3 f ) = (Wv) =u'v
is a Riemannian metric on M. Consequently, (M, (-, )M)
is a Riemannian submanifold of R™.

The following result shows that the Gauss—Newton dynam-
ics in the underparameterized regime corresponds to a Rie-
mannian gradient flow in the function space.
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Proposition 4.8 (GN as a Riemannian gradient flow). For
any af(w) € M, P(af(w)) is the projection operator
onto its tangent space T, s ()M, Le.,

P(af(w))z = argmin [y —z|*

YE€Taf(w)M

Furthermore,

gradyt () 9(af(w)) = Plaf(w)Vg(af(w)) (20)

is the Riemannian gradient of g at o f (w) € M. Conse-
quently, the GN gradient flow induces

%(twt) = —P(af(w,))Vg(af(w))
= —gradﬁ/}(wt) glaf(wy)),

corresponds to Riemannian gradient flow on (M, {-,-)M).

In Figure 1, we illustrate trajectories for a single-neuron
(i.e., m = 1) with tanh activation function in the function
and parameter spaces on a problem with n = 3 random data
points of dimension d = 2. The embedded submanifold
M = af(B) is the two-dimensional surface in the function
space R?, as illustrated in Figure 1.

—— Gauss-Newton
—— Gradient flow

afs(6)

afy(6)

Figure 1. Trajectories of Gauss—Newton and gradient flow in
function space for n = 3 and p = 2 in nonlinear regression.
Gauss—Newton induces Riemannian gradient flow on M.

Lemma 4.9. Any two points of M are joined by a length-
minimizing curve in M with respect to the intrinsic Rieman-
nian distance.

Lemma 4.9 implies that for any points o f (w), af(w’) €
M, there exists a length-minimizing curve ¢ : [0, 1] — M
such that ¢(0) = af (w) and ¢(1) = af (w'). The complete
proof can be found in Appendix B.

In the following, we establish key geodesic regularity prop-
erties for the loss function on the manifold M, which
constitute an essential part of the convergence analysis.
To that end, by the same argument as in Lemma 4.5,
M. = af(B.)for B, := {w € R? : |lw—wql|2 < ro+€}
is a smooth embedded manifold without boundary contain-
ing M for any € € (0, A\o/L). In the Riemannian arguments
below, geodesics, exponential maps, Riemannian Hessians
and parallel transports are taken on the boundaryless man-
ifold M, D M. In order to use tools from Riemannian
optimization (Boumal, 2023), we impose the standing geo-
metric condition that M is geodesically convex in M, for
an arbitrarily small € € (0, Ag/L).
Let

={yeM:g(y) <g(0)},
which is a nonempty set since g(a.f(wp)) = ¢(0), thus
af(wy) € S. As a consequence of the energy dissipation
inequality (EDI-u), ¢t — g(af(w)) is a non-increasing
function on ¢ < T, thus under Gauss—Newton dynamics,
the optimization trajectory lies in S:

{af(w;):t€[0,T)} CSC M.
Theorem 4.10 (Geodesic regularity of g). For any

29(0)} —ao,  (2D)

v

4L
a> V;gmax{u*n,

the following results hold:

(a) The loss function glp @ M — R is geodesically
convex, ie., forany z € M,v € T,.M and c(t) =
Exp,(vt), t € [0,1], we have

9(2) + t{grad?g(2), v) " < g(Exp, (tv)),

foranyt € [0,1].
(b) The sublevel set

S:={zeM:g(z) <g(0)}

is geodesically convex.

(c) gls is a §-geodesically strongly convex function on S:
forany z € S,v € T,M and c(t) = Exp,(vt) for
t € [0, 1], we have

14
g(2)+t(grad2g(z), v)M" < 9(Exp, (tv))—t*—[|v]]%,

Sforanyt € [0,1].

(d) g|s has geodesically 37“-Lipschitz continuous gradi-
ents: forany z € S,v € T,M and c(t) = Exp,(vt)
fort €[0,1], we have

3p

9(2)+t(gradz"g(2), v)2" > g(Exp, (tv)) >~ [[v]2,

foranyt € 0,1].
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The proof of Theorem 4.10, which is provided in Appendix
B, relies on establishing lower bounds on the minimum
singular value of the Riemannian Hessian of g on M and S.
Remark 4.11 (Controlling the curvature by «). A
key step in the proof of Theorem 4.10 is to bound
| & [Plaf(v)]],_, || where v : [0,1] — B is any smooth
curve such that vo = w € B and

daf(v)

dt

which corresponds to the magnitude of the second funda-
mental form along the direction u, and thus quantifies cur-
vature. In order to establish the geodesic regularity of g, we
choose « sufficiently large to control the curvature of M.

=u € Tofw)yM\{0},

t=0

Since M is a compact and smooth embedded Riemannian
manifold, there exists an in-class optimal predictor f}, such
that

9(fi) = inf{g(z) : z € M}.
We make the following representational assumption regard-
ing the existence of a critical point in the interior M.
Assumption 4.12. There exists w}, € int(B) such that

grad) ;) g(af(w})) = 0.

The next Ilemma  establishes a  Riemannian
Polyak—Lojasiewicz inequality for g on M, which
we will use to prove exponential decay of the optimality
gap V;.

Lemma 4.13. Forany o > ag where «y is given in (21), for
all't € [0,T), there exists a tangent vector vy € Tof(ws) M
such that

v 1
Llel3 < Vi < Cllgradlf gl @) @2)
3
leradyf o g(af @)z < vl 23)
where
Vi = glaf(w)) - glaef (wi)
fort > 0.

Proof of Lemma 4.13 is given in Appendix B.

In the following, we present the main convergence and
optimality result for the Gauss—Newton gradient flow in the
underparameterized regime.

Theorem 4.14 (Convergence of GN — underparameterized).
For the scaling parameter

614/9(0
o = max ao,i'u 39( ) ,
AoV27rg
the Gauss—Newton flow achieves

Vi < Vpexp(—vt) < g(0) exp(—vt)

for any t € [0,00) under Assumptions 4.1-4.12. Further-
more,

llwe —wolla <ro and H(wy) = NI (24)

forallt € RT.

The proof of Theorem 4.14 is given in Appendix B.

Remark 4.15 (Benefits of preconditioning in the underpa-
rameterized regime). We have the following observations
on the superiority of the Gauss—Newton gradient flow in the
underparameterized regime compared to the gradient flow.

* Exponential convergence rate for the last-iterate.
The Gauss—Newton gradient flow achieves exponential
convergence rate exp(—€2(t)) for the last-iterate in the
underparameterized regime. The convergence rate for
gradient descent in this regime is subexponential (Ji
& Telgarsky, 2020; Cayci & Eryilmaz, 2025) under
compatible assumptions.

¢ Convergence without explicit regularization. The
convergence result in Theorem 4.14 holds without any
explicit regularization scheme, e.g., early stopping or
projection. The Gauss—Newton gradient flow con-
verges in the underparameterized setting as in (24).
In the underparameterized regime, the gradient descent
dynamics requires an explicit regularization scheme
to control the parameter movement ||w; — wy|, e.g.,
early stopping (Ji & Telgarsky, 2020; Cayci & Eryil-
maz, 2025) or projection (Cai et al., 2019a; Cayci et al.,
2023; Cayci & Eryilmaz, 2025).

¢ )\g-independent convergence rate. The convergence
rate in Theorem 4.14 is independent of the minimum
eigenvalue )\ of the Gram matrix DT fD f, which in-
dicates that the performance of the Gauss—Newton dy-
namics is resilient against ill-conditioned Gram ma-
trices due to the geometry of the input data points
{z;}j=1...0 CR™

5. Conclusions

In this work, we analyzed the Gauss—Newton dynamics for
underparameterized and overparameterized neural networks
in the near-initialization regime, and demonstrated that the
recent optimization tools developed for embedded subman-
ifolds can provide important insights into the training dy-
namics of neural networks. As a follow-up to this work, the
performance analysis of the Gauss—Newton method in the
mean-field regime (Chizat & Bach, 2018; Mei et al., 2019;
Sirignano & Spiliopoulos, 2020) is an interesting future
direction.
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Impact Statement

This paper presents work whose goal is to advance the field
of Machine Learning. There are many potential societal
consequences of our work, none which we feel must be
specifically highlighted here.
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A. Omitted Proofs from Section 3

Proof of Lemma 3.3. By the chain rule, we obtain

daf(w) dw,
—a an(wt)ﬁ

= =D f(we)[Hy (we)] "D f(wi)Vg(af(w)).

Since t < T, the empirical kernel matrix K is non-singular. Thus, by applying the Sherman-Morrison-Woodbury matrix
identity (Horn & Johnson, 2012) to the above, we obtain

Df (we)[Hg (we)] DT f(we)

-1
1 _ _
= LDf () [I = S PEDfwn) |14 2D (w)DT S| DS )| DT flue)
Pt Pt Pt
1 1-— 1- -1
_ —(Kt _ pth(I+ pth) Kt).
Pt Pt Pt
This gives the gradient flow in the output space (GF-O).
For the energy dissipation inequality (EDI), first note that we have
dg(af(w) _ dV;
dt dt
daf(w
= V7 glof () 221
= 7Hv9(af(wt))H2Df(wt)[H§’(wt)]*lDTf(wt) (25)

where the last identity comes from (GF-O). As such, we need to characterize the spectrum, particularly the minimum
singular value of K; — =2t K, (I + %K t) 71Kt. To that end, let (y,u) € R x R™ be any eigenvalue-eigenvector pair

Pt

for the matrix K;. Then,

1— 1-— 1 1— 2
(K — —P K, (IT+—"K) ' K)u=qu——2 Ty
Pt Pt Pt 1—&-%7
_ ,ylftpt
i

which implies that (%,u) is an eigenpair for K; — 1;’"Kt(I + 1;f“Kt)71Kt, and therefore

Df(w;)[HS (w;)]"*D" f(wy) has a corresponding eigenpair (m, u) Then, for any (p;):>0 with inf;>g p; > 0:

/\2
2 _ > R M— 26
IVg (et @@Dllb wtag o107 o 2 IVolef @z g— 55— (26)
Substituting (26) into (25) concludes the proof of Lemma 3.3. O
Lemma A.1. Under a constant damping scheme p; = p € (0, 1], we have
—2U\?t
VthOexp<y 2>,
p+(1—=p)A o7
2V —2Ut\?
_ 2 < 220 -
st = P18 < %o (270 ).

foranyt € [0,T), where
Vi = glaf(wi)) — g(f")

is the optimality gap, and [* is the unique global minimizer of g in R™.

11
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Proof of Lemma A.I. Note that % = W, thus (EDI) with p; > 0 implies

av; A2 )
R Y- — v .
dt — (1 . pt))\g +Pt H g(af(wt))HQ

Since £ — g(€&) is v-strongly convex, by Polyak-Lojasiewicz (PL) inequality (Bach, 2024), we have
IVg(af(w))lls > 20V;.
Substituting this outcome of the PL-inequality and (26) into (25), we obtain

v, A2
o N oy, te[0,7).
& ST PV 1elD)

Note that

9(F*) < glaf(we) = 5 llaf(w) = 13,

(28)

(29)

(30)

since f* € argmin g(z) is the unique minimizer of the strongly convex g : R” — R™T, which implies that Vg(f*) = 0 by

zeR™
the first-order condition for optimality (Boyd & Vandenberghe, 2004). Thus,

Joef(we) — 1413 < 22

foranyt < T.
1. Adaptive damping factor. Consider
AP

, t<T.
1+ A2

Pt =
Since A2 > A% > 0 for any t < T by (8), we have p; > 0. Substituting p; into (29), we obtain
Vi< v+ M)V, < —v(1+ )V,
since A\; > A forall t < T'. By Gronwall’s lemma (Terrell, 2009), we obtain
Vi < Vo exp(—v(1+M)t), t<T.

Using the above inequality in (31), we conclude that

2V
lofu) = 1B < 22 exp(—w(1+ X)), t<T.

2. Constant damping factor. Consider p; = p € (0, 1]. Since A? > A\? and 2 ((E=DET
function for any p > 0, (29) implies

) A2
VW< ——7-— -2V, t<T.
TN T
Thus, by Gronwall’s lemma (Terrell, 2009), we obtain
202t
Vi<VWoexp| ———+—7—
e p< (1—p)A2+p>

for any ¢ € [0, 7). Substituting (33) into (31) concludes the proof.

12
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(32)

is a monotonically increasing

(33)
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Proof of Theorem 3.4. Note that the bound on the optimality gap V; in Lemma A.1 holds for ¢ < T'. Hence, in order to
prove the convergence result, we will show that T' = co. In the following, we will show that under the adaptive damping

choice p; = 1+)\2 fort > 0, if
1 i
then T' = oo.
Note that we have A2 > A2 for any s € [0,7) by (8). Thus,
A2

HVQ(O‘f(wS))H%f(ws)[HE(af(ws))]*2DTf(w5) = (L= )2+ po)? s Vglaf(ws)l3

(
2

E.Q%§L¢N¢MWQW§

1

2

1 2\2
JEX)T /f% exp (—v(1 4 A%)s).

Hence, from (35), we have

lwe — woll2 < 5=

2
5 ) iy 0/exp —vs(1+A?))ds
1 1+)\L1pf 1
P i .,/7 4
=0 1A M v3’ 4

where we used A2 - I < K, < Lip? - I. Note that V < g(0), where g(0) is independent of «, thus the upper bound in (34)
can be controlled by choosmg a > 0 large. The choice of « given in the statement ensures that ||w; — wg|| < ro. Thus, we
conclude that T' = oo. O

A
/N
£
T
-~
+

Proof of Corollary 3.6. The bounds on the optimality gap V; in Lemma A.1 holds for ¢ < T'. To prove convergence, we
2
need to show that 7" = oco. Consider the Gauss—Newton dynamics with any constant damping scheme p; = p € (O7 IJ’:T]

fort > 0. If @ > £Ly2lo XZ , then T' = oo, as we will prove below.

372
/n%mm

=3 ||V9(Oéf(ws))||Df(wb [HS (af(w,)] 2D f(w,)ds- (35)

By the triangle inequality, we have

lwe — woll2 = H/ wsds

Using the Sherman-Morrison-Woodbury matrix identity (Horn & Johnson, 2012), we obtain
(1= p)?Df (we)[Hy (w,)]"*D T f(wr)
= p Ko = 20, Ko + py " Ko) T K + g Ko (I + py ' K) T KG (T + g ' KG) TR, (36)
where pg 1= ﬁ (Arbel et al., 2023). For any z; > 2y > pg, we have

zZ1 20

=patr? = (A=pwt?

(37)

Then, if (y,u) € R x R™ is an eigenpair for K, then (m, u) is an eigenpair for the positive-definite matrix
Df(wt)[HE(wt)]’2DTf(wt). Furthermore, by (37) and (8), the maximum eigenvalue of Df(wt)[HS (w)] 72D T f(wy)

is upper bounded by @ pAz

=pr2tp)? Thus, we have

2
Hv.g(af(ws))||2Df(ws)[HE(ws)]*zDTf(ws) S m”vﬂaﬂ%))ﬂgv (38)

13
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for s <t < T, which is implied by p < ﬁ% Since s < t < T, we have

IVg(af(w))llz = [[Vg(af (ws)) = Vg(f)l2
< pllacf (ws) = £l (39)

< /% (7 vAZs )
_:u‘ v eXp p+(1_p))\2 )

where the first line follows from the global optimality of f*, the second line is due to u-Lipschitz-continuous gradients of g,
and the last line follows from the bound on the optimality gap in (31). Thus,

HA/ %A vA%s

Vg(af(ws w. af(w)]- w) L ————F—e€x (—7>foran s<T.
IVg(ef (Ws))lIpgw.)H, (o f(w)]=2DT f(w,) TET Y A A FN (e y

Substituting the above inequality into (35), we obtain

B WA R S

Hwt —w0||2 = E 372 X = To = i3
with the choice of ov > “Ly Y /22V° % Recall that L = 02X /7-. Therefore, sup, 7 ||w; — wol2 < 70, Where 7 is
independent of 7', and hence T' = oo. O

Proof of Theorem 3.7. The proof builds on the continuous time analysis of Theorem 3.4 and the discretization idea in (Du
et al., 2018). For notational simplicity, let Dy, := D f(wy), Hy, := H,(wy,) for k € N.

L=Xog 2.
m

Let N := inf{k € N : |wy — wo|]2 > 42} and consider k < N. Since g has y-Lipschitz gradients, we have

Recall that w — D f(w) is L-Lipschitz with

9(f(wir1)) < g(F(wr)) + V7 g(f (wi))[f (wis1) = fwr)] + %Ilf(wkﬂ) — J(wi)3- (40)
Since w — f(w) has L-Lipschitz gradients, we have

J(wig1) — f(wr) = Dy (wig1 — wy) + €,

where the local linearization error is bounded as
L
lexllz < 5 llwers — w3

Define

22

hi(z) = - fori=1,2. 41
((1 —p)2?+ p)

Then, using (38), we have

w1 — wil® =0V T g(f (i) D Hy >D{ Vg (f(wi))
<P ha(N)[[Vg(f (wi) 2 42)

12
< 2°he(N)7 Vi (43)
since f — Vg(f) is p-Lipschitz and || f (wy,) — f*||? < 2% by (31). Therefore,
<12 2 o2 u
lexll < 50 Lha(WIVg(F@e)> < wPhoh) LV,

14
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and
1f (i) = flwi)|? < 20| Di(wisr — wi) |* + 2llex)?

2
< 20| DL H; DI V(w2 + 0 LEViRE ) V(£ (i) (@4

Since ||wr — wpl| < A we have D;CD,;r < LipfcI, which implies that D;CHk_lD,;r < hl(Lipf). Thus,

1) = £ < (20203 Ling) + 1 L2V ) [V (i) 45)
On the other hand,
VT g(f (we)) (f(wesr) = Fwn)) = VT g(f(w0) (Diwess = we) + €.
Note that
VT g(f (wi) Di(wir = w) = =0V "g(f (wi)) DeHy ' Dy Vg (f ()
< =il (V) [V (f (we) %
and

VT g(f(wr))er < [Va(f(w)ll - el
<7 fL\/thz MIIVa(f (wi))I3.

Therefore, we have

Vg ) (£ ) = ) < (= ) 7 T L/ Taha ) ) IV (wr))I (46)

Substituting (45) and (46) into (40), we obtain

3

Virr < Vi + ( —nhi(\) + 772\%1/\/ Viha(X) 4 pn?h3 (Lip ;) + 774L2th§()\)%) IVg(f (wi))II.
Choose
hi(N)
= 6phi(Lipy)’

and the network width m sufficiently large such that L satisfies

hy (Li h2(Li

L< Y min i lpf), i lpf) . 47)
Vo ha(Mpn " ha(X)

Then, we have

h

Ven <V = 102

and L\/V;, < L\/V; for all k € N by induction. From Polyak-Lojasiewicz inequality, we have ||[Vg(f(w))|? > 2vV4.
Using this, we obtain

Vier < (1= b () Vi, (48)
for any k < N. Hence, for any k£ < N,

2Vo (

k k
Vi < Vo(1=mpha(V) and || f(we) = £ < =0 (1= (V) (49)
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Using these inequalities, we will now show that N = oo can be established by sufficiently large m € N. First, recall that
lwnsr — wel2 < o (NI Vg(f (wy))]]%. Then, for k < N,

lwi = wolla < wsyr —wslla < nv/ha(X) D IVa(f(ws)) ]l

s<k s<k
* 2% 3/2

<Vha WY I F(ws) = F¥ll2 < nv/ha(MNp )

s<k s<k

2V 1 2V 1
</ ha Ny =2 < 2/ ha (N puy| =2 —
20y [V
 vhi(\) v’

where ¢ := 1 — nvhq(X). We choose m sufficiently large such that

24/2ha(N)
vhi(\) v = L’
Hence, we can ensure from the above inequality that ||wy — wg|l2 < 7o for all k& € N, therefore N = oco. Therefore,

k
Vi <V (1 —nvhy ()\)) holds for any k& € N, where we choose m such that

hq(Li h2(Li
L< /% min 1( 1pf)7 i ( lpf)’ Avhi(A) . (50)
Vo ho(Mpn ™ ha(X) " 24/2ha(N)
k
Choosing n = #@W yields the convergence rate Vi, < Vj (1 — GL hfh(L(;;)f)) . O

Proof of Theorem 3.8. Let G(w) := V3g(af(w)).

Using similar steps as Theorem 3.4 with Sherman-Morrison-Woodbury formula, the evolution in the function space can be

written as
df (wt)
dt

= —Et(Kt)Vg(f(wt))a

where 3, (K) := p% (K - ﬁ;1K<G7 (we) + Py K) K) with g, = p;/(1 — p;) for any symmetric positive semi-
definite matrix K € R™*". The transform K +— 3,(K) is monotonically increasing with respect to the Lowner order.
Since t < T, we have K; = A\?I, therefore 3,(K;) = 3,;(\*I). Denote the eigenpairs of G/(w;) as (uyi,:.;) where
Yi.i < rip1 foralli=1,2,...,n — 1. Then, for any i € [n], (u;,7:,;) is an eigenpair for 3;(\*I) where

)\2
pr+ (1= pe) N2y
Using this, since ¢, = Amax(G(w¢)), we conclude that

dg(f (1)) 2 2
dt < _Pt +(1— Pt))\z ||V9(f(wt))||

=—*(A2+7)”V9“ we))|%,

v gD (g (w) — 9(F) = (X 3 Vi,

where the second line follows from the particular choice of p;. Using Gronwall inequality, we obtain

t
1
Vi < Vhexp (—/\21/t — V/ ds) ,
0 Vsn

) = 171 < 20 expl(—g A%t - 3 2),

16
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for any ¢ < T Using ||lw; — wpl| < j(f |ls]|ds similar to Theorem 3.4, we conclude that

o0
/ sl ds < Le*,
0
for some constant ¢* = ¢*(D, , v). Thus, if m is sufficiently large as specified in the theorem statement, then

o2 X\/n
LC*:JC* <o,
m

which implies that T = co. Note that [;* [|is||ds < oo implies that {w; : t > 0} is a Cauchy system in R?, thus

wy — w* as t — oo for some w* € B(wg, o). Since f(wy) T f7*, the limit point should be an interpolant such that
— 00

flw*) = f*. O

The following result, based on standard local Newton-type arguments (Dennis & Moré, 1974; Nocedal & Wright, 1999) and
a damping schedule that does not require knowledge of ||w — w*||2, shows that the generalized Gauss—Newton achieves
fast convergence rate locally around w*. However, this result requires V2R (w*) = 0, which can hold in the border case
p = n. Without loss of generality, we normalize the minimum value to zero by replacing g with g(-) — g(f*), so that
9(f*) = ming g(£) = 0.

Proposition A.2. Let T, := inf{t > 0 : ||w; —w*||2 < r} forr > 0. Assume w — V>R(w) is C-Lipschitz continuous and
V2R(w*) = 0. Then, there exists r* := r*(C, V>*R(w*)) such that if we set p; = p'°°(w;) for t > T, the generalized
Gauss—Newton flow with p; = p'°°(w;) for the damping choice

)= Lip;/11/2 + /R(w)

loc(

P

satisfies
e — w2 < wr,. — w2 e (t=T)

forallt > T«.

Proof. We first make the following decomposition:

H,(w) - V2R (w") = (1 = p(w))[ DT f()G(w)Df(w) = V*R(w) ]
(a)
+(1— p(w)) [VQR(w) - VQR(w*)} (51)
(b)
+ p(w) [I - V2R(w*)} .

For (a), we have the following identity:
V*R(w) = DT f(w)G(w)Df(w) = Y _[Vg(f(w))];Ve(ws;w).
j=1

Since | V2p(z;;w)| < o2llz;]|2/v/m < 02 X//m and L = X 72+/n/m, Cauchy—Schwarz inequality yields
IV*R(w) = DT f(w)G(w)Df (w)|| < pu- L - Lip; - [|w — w*|]. (52)
For (b), C-Lipschitz continuity of V2R (w) implies
V2R (w) = VER(w*)|| < Cllw — w].

17
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Also, g(f(w)) < 511 f(w) — f(w*)[|* < §Lip}|lw — w*|*, hence \/R(w) < Lip+/p/2]w; — w*|, and

R(w) < Hw_w*H Hw w ”
Lip;v/p/2+ /R 1w —w*]| =
Using these, we obtain the following bound:
|H(w) = V2R(@)| < (- L Tipy +C+ 1+ [ V2R ) = w*| = C'lw — w”]]. (53)

By Weyl’s inequality (Horn & Johnson, 2012), we conclude that

V2R(w*)) = Amin (H,(w)) > = Amin (VZR(w*)). (54)

lw —w

|~

< 20, Amin (
For any w € RP, let

e(w) :=w—w*, and P(w):= VR(w) — V2R(w*)e(w).
Using C-Lipschitz continuity of V2R (w),
()l < 5Clle(uw)|”

Then, letting e; := e(w;), we obtain

= —H; ' (w) VPR (w*)e; — H, ™ (wi)(wy)

p
= —er + ([V2R(w*)] ™! — Hp_l(wt))V2R(w*)et — H, (w)d(wy).
We use the Lyapunov function ¥ (w) := 1||e(w)||3. Then, we have
dqfézﬂt) _ etTét
< —lleel? + [I[V*R(w*)] " - H,;l(wt)H Amax (VER(w*)) |lec||* + Amin(ng(w*))llet?

Using |[A~! — B~} < %, if [wy — w*|| < 557 Amin (V2 (R(w*)), we obtain

IR = B, (0l < 5oz 1
Hence, with C"' := 2¢ :::?’észz(f;))) + Am;n(VgR(w*))’ we have

T < 2w + O

If

lws — w*|| < min {g/ﬁu ;OAmin(VQR(w*))} =:7*, (55)
then C”'[¥ (w;)]'/? < 1, and thus

P < w270,

We conclude the proof by using Gronwall’s lemma. O

18
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Proof of Lemma 3.10. The proof builds on and refines Lemma B.4 in (Du et al., 2019) with a slightly improved dependence

on n and J for smooth and bounded activations. Let Fj, = U(Wél), RN éh)) for any h € [H]. For notational simplicity,

we denote a:i.h) (Wh) as mgh) throughout the proof. For any data point j € [n],
h G h) (h—1
a3 = 22 Do (Wi 2 )),
i=1

where WO(Z) is the ¢-th row of Wéh). Then, :c;h) (W) is Fp-measurable, each summand in the above display is bounded by
aaog almost surely, and

h h h—
Bl |31 1) = a Blo> (WS, 2" V)| F .

Thus, by Hoeffding’s inequality, conditioned on F},_1, we have

- log(2n/d
[ = a Bl (W 50 [P | < gy B2, 6

with probability at least 1 — &. Since E,,, 0,1 [02(ug )] = E.pnr(0,1)[0%(2]|z]]2)], we have
E[o? (W08 )) [ Fict] = Euton 02z - 2 1) Fici]. o
Using gg-boundedness and o1 -Lipschitz continuity of o, for any z € R™,
[Elo®(2)] ~ Elo* (= - 2]l2)]| < 20001 [1 = [lala]
Hence, dividing both sides by a,, we obtain
1= aoBlo®(= - 2"~ 2)]| < C[1 = 2"V, (58)

Using (56), (57) and (58), we obtain

h h h—1 log(2n/6)
1= 10l < |1~ 18] < O]t — [ le] + ey E

aotC?log(2nH/6)
2k2 ’

With the choice

m 2>

the last term above is bounded by g and we obtain the recursion

h h— k
1= 12" l| < CJt = 2" V| + 5,

for all j € [n] and h € [H| with probability at least 1 — ¢. With the choice k = % this implies
., Vj€[n],Vhe[H], (59)

with probability at least 1 — ¢ at initialization. The bound on maxy,¢ HWO(h) |2 follows from sub-Gaussian random matrix

inequality (Theorem 4.4.3) in (Vershynin, 2018). Since ||co||2 < /m and ||cols < m!/* almost surely at initialization, the
result follows from substituting these inequalities into Lemma B.4 in (Du et al., 2019). O]

Using Lemma 3.10, the proof of Corollary 3.11 follows from identical steps as Corollary 3.6.
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B. Omitted Proofs from Section 4

Proof of Lemma 4.2. We provide the proof for completeness. Note that Ayin (DT f(w)D f(w)) = min,egr—1 || D f (w)v]|3.
Fix v € SP~1. Then,

IDf(w)vll2 > [Df(wo)vll2 — [[(Df(wo) — Df(w))v|2
> D f(wo)vllz — IDf(wo) — Df(w)|
> [[Df(wo)vll2 — Lllwo — wll2,

where the last inequality follows from the L-Lipschitz continuity of w + D f(w). Taking minimum over v € SP~! on both
sides, we conclude that

VAmin(DT F@)DS (1)) > \/Aumin (D f (100)Df (w0)) — Lw — o]l

If Hw — w0||2 < )\O/L, then )\mm(DTf(w)Df(w)) > )\% O

Proof of Lemma 4.5. Consider two arbitrary points w,w’ € B, and let
y(t) :==tw+ (1 —t)w', t €]0,1].

Then, we have w =Df(v(t))(w — w') for any ¢ € [0, 1], which implies that
1

ﬂw—fmvz/lwmwa—me

0

=D f(wo)(w —w') + /0 (Df(7(s)) = Df (wo)) (w — w')ds.

First, note that

ID £ (wo) (w — w) |2 = \/(w — w")DT f(wo)D f (wo) (w — ) > 2hgl|w — w2 (60)
by Assumption 4.1. Then, for any s € [0, 1], L-Lipschitz continuity of w — D f(w) (where L = 02X /n/m) implies

[(Df(v(s)) = Df(wo))(w —w')[l2 < Lllv(s) — woll2[lw — w'[|2
< L(sllw —woll2 + (1 = s)[[w" = wol[2)[[w — w'||2
< Lro|lw—w'||2
< Xoljw —w'|la, (61)

since w’, w € B. Using (60) and (61), we obtain

1
1f(w) = f(w)][2 = [Df (wo)(w — w')|l2 — /0 (Df(~(s)) — Df(wo)) (w — w')||,ds
Z )\0”11)—10/”2. (62)

Hence, if w # W', then f(w) # f(w'), which implies that w — f(w) is injective on B. Since « > 0, injectivity of f on
B implies injectivity of a.f on B. Recall that o f| 5 is a smooth immersion on B by Lemma 4.2. Note that B C RP is a
closed ball in RP, which implies that it is a compact smooth manifold with boundary. Since «f| 5 is an injective smooth
immersion and B is a compact smooth manifold with boundary, Proposition 4.22 in (Lee, 2012) implies that af|p is a
smooth embedding. O

The following lemma, which characterizes the magnitude of the second fundamental form and quantifies curvature, will be
fundamental throughout the analysis.
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Lemma B.1 (Curvature bounds). Take an arbitrary of (w) € M and u € Tof(u)M\{0}. Let 3 : [0,1] — M be any

smooth curve such that 5y = af (w) and dﬁ ! = u. Since a.f is a smooth embedding and an injective immersion, we

Flimo =

have a smooth curve v : [0,1] — B such that Bt = af (1) € M with vy = w and daf('w) | — w. Then, we have
2LJull2
< .
H ar { (af (%))H :oH = Tan? (63)

Proof of Lemma B.1. In the following, we will establish an upper bound on ||[$; P(a.f(71))]|,_, |- The first inequality
follows from a classical result in perturbation theory.

Claim. (Theorem 3.9 in (Stewart & Sun, 1990)) Let J; € R™"*P, 4 = 1, 2, be two matrices such that
min{ Amin (1 J1); Amin (3 J2)} > A2
Let P, = J;[J;" J;)71J;", i = 1,2. Then, we have

2
[P1 — Pl < XHJl —Ja. (64)

~1
Recall the definition P(af(w)) := Df(w) [DTf(w)Df(w)} D' f(w). For any t € [0,1], we have v, € B, thus
Amin (D7 f(7:)Df(72)) = A3 by Lemma 4.2. Thus, for any ¢ € [0, 1], we have

2
1P (ef () = Plaf(yo))ll < 51D () = Df (o)l
Recall that w — D f(w) is globally L-Lipschitz where L = 03X \/n/m. Therefore,
2L
1P (ocf (1)) = Plef (o)l < 5=l =0l (65)
By using the lower bound in (62), we have

e = ollz < a%onafm —af()l.

Substituting this into (65), we obtain

IP(af(w)) — Plaf(o)ll < 2

ozl 00 s GOl

Therefore, we have

2L Hdaf(%)‘t OH _ 2L[Jul2 (66)

Hdt[ O‘f(%))} LZOH ol ar

since do‘f ('Y*) | u. O

Proof of Lemma 4.9. Note that B C R" is compact and « f| g is continuous, therefore M is compact. Hence, together with
the Riemannian distance d ¢, (M, d ) is a complete and locally compact length space. Since B is path connected and
af|p is smooth, M is path connected, hence there exists a curve of finite length connecting any two points in M. Therefore,
by Theorem 2.5.23 in Burago et al. (2001), any two points o f (w), af (w’) € M are joined by a minimizing geodesic in
M. O

Proof of Theorem 4.10. (a) Fix af (w) € M and u € T (u)M\{0}. Let 3 : [0,1] — M be any smooth curve such that
Bo = af(w) and dﬁt ]t o = u. Since af is a smooth embedding by Lemma 4.5, it is a diffeomorphism onto its image
M with smooth i 1nverse Thus, we have a smooth curve v : [0,1] — B such that 5; := af(y:) € M with vy = w and

do‘f %) ‘ +—o = u. Then, the quadratic form for the Riemannian Hessian is

P(af(w))|grad)},, 9(af (1) — grad)} o g(of (w))

<’U,7 Hess g(af(w))[ubﬁ/fl(w) = U‘T }1_% t (67)
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by (5.19) in (Boumal, 2023). Recall that
grady}(,, g(af (1)) = Paf (1)) Va(af ().

Thus, we can make the following decomposition for any ¢ € [0, 1]:

TP(af(w) [gradf ., g(af (1)) - graddf gl f (w)]

(68)
= u" P(af(w) [Vg(af(n) - Volaf(w)] +u” [Plaf()) = Plafw))| Volaf(n)).
The first term can be lower bounded as
. POF@)[Volaf(n) - Volafw)] | ytas() - Vatas (o)
t10 t tl0 t
=T V2o (o)) 0|
> vlull§ = v(lulXfw)* (69)

since h +— g(h) is (Euclidean) v-strongly convex, thus V2g(h) = vI for all h € R™, and u € Ty M, thus
P(af(w))u = u, and P(af(w)) is symmetric.

For the second term, let
Lip§ := sup [|Vg(2)[],
zeC
for any C C R™. Then, since of () € M forall ¢t € [0, 1], we have

[P(af (7)) = Plaf(w)Vg(af(y)) [P (af () = Plaf(w))]

T e > _TipM. BT
u ltlﬁ)l ” > —Lipy" - [Jull2 11151 ;
= —LipM - JJull> - H = [ af(%))} t:oH' (70)
In order to bound the last term above, we use Lemma B.1. Substituting (66) into (70), we obtain
P -P 2L - Lip™
t10 t aXg
Substituting (69) and (71) into (67) by using the decomposition (68), we conclude that
2L - LipM
(u, Hess glaf (w) [u) Xy = vlulf — =% - lull. (72)
0
Finally, for any w € B, we have
IVg(af(w))llz = [IVg(af(w)) = Vg(fo)ll2
< pallf(w) = flwo)llz + pllf*ll2
< paLip g w = wolls + ull£*l2 < p(aLipgro + |12,
which follows from p-Lipschitz continuity of Vg, Vg(f*) = 0, and f(wp) = 0. Hence, we have
.M . *
Lipg" < pu(aLipsro + [11°1]). 73)

oL . A2 2LuLip,r
Nl\l{ Il S Y Since 70 S 4;1,1271‘(;pf’ we also have % < V'

Using these two results, (72) implies the positive semi- deﬁmteness of the Riemannian Hessian on M, Wthh implies
geodesic convexity of g| ¢ since M is a geodesically convex set.

By choosing « as stated in the theorem, we ensure that
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(b) glm : M — Ris a geodesically convex function, and S := {z € M : g(z) < g(0)} is a sublevel set for g. Then, S is
geodesically convex by Proposition 11.8 in (Boumal, 2023).

(¢) Fix af(w) € Sand u € Topu)yM\{0}. Let 5 : [0,1] — S be any smooth curve such that fy = af(w) and
dﬁt ’t o = u,andlety : [0,1] — B such that 8; := af(y:) € S withyo = w and daf(%) ‘t 0 = u. The proof of geodesic

strong convexity of g in S follows identical steps as (a) until (72), where Lip‘g9 replaces LipM 5 since af () € S for all
t € [0, 1]. Now, note that

IVg(af ()l < pllaf(w) =l < p

2g(0)

v

\/Q(Q(Qf(w)) —9(/*))

<u

for any af (w) € S (i.e., g(af(w)) < g(0)). This implies that Llpg <u 2“7(0

(d) Similar to the proof of (c), fix af(w) € S and u € Ty f(w)M\{0}. Let 5 : [0,1] — S be any smooth curve such that

Bo = af(w)and 4t t|,_, = w.andlety : [0,1] — B such that 3, := af (v;) € S with yp = w and dof '”) |,_, = u. We
aim to find an upper bound for the quadratic form in (67) using the decomposition in (68). Similar to (69) we have

P(af(w))|[Vo(af(w)) - Vg(af ()]

: daf ()
T _ T2
v : B A
=u' Vig(af(w))u
< pilJull3, (74)
where the second line holds since do‘f (7’5 ] 1o = wand the inequality is due to sup,cgn [[V2g(h)| < from the Lipschitz

continuity of Vg. We also have

[P(af (i) = Plaf(w)]Vg(af(y)) [P(ecf (1) = Plaf(w))]

T . < TLinS . 1
u ltlf(I)l " < Lipy - ||lull2 ltlfél ;
.S d
= LipS - ull2 - | T [P@sea))]| || 75)
Substituting (66) into the above inequality, we obtain
_[P(af() = Plaf(w)]Vg(af(y)) _ 2L-Livg v
u' lim : “ < o llull3 < 5 llull3
10 t DY 2
< Sluli3, (76)

where the last inequality holds since vI < V2g(h) < uI for all h € R™. From (74) and (76), the decomposition in (68)
implies
3p
(u, Hess g(af (w))[u])3f(w) < SRS

which concludes the proof.

O

Proof of Lemma 4.13. Let w* := w}, for notational simplicity. Since o f (w*), af(w;) € S fort < T and S is geodesically
convex, there exists vy € T\ f(u+) M such that Exp, s, (v:) = o f(w;) and the geodesic ¢(§) = Exp, (,,+) (§vt) lies in
S. In particular, ¢(0) = af(w*),c(1) = af(w;). For any (af(w),u) in the tangent bundle, let v(§) := Exp,, ¢(,)(§u)
be corresponding geodesic. Then, let P, := PTzH) be the parallel transport from avf (w) to Exp,, ¢(,)(§u) along . In
particular, along c(§) = Exp,, (,+)(§vt), let P,, := PT{_,. P, ! is an isometry (Lee, 2018). Since g|s has geodesically
37"—Lipschitz continuous gradients by Theorem 4.10(d), we have

_ N 3
1Py, grady G, 9(arf (wr)) — gradgfi,eyg(af (w)| < - |ludl
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by Prop. 10.53 in (Boumal, 2023). Since gradaMf(w*)g(af(w*)) = 0and P,;! is an isometry, we have

larad 2 gtaf e < 2o
Theorem 4.10 implies that g|s is §-geodesically strongly convex, therefore
levt\l2 < g(af(wi)) — glaf (w*))
< gradh (0 (w2 g
where the second inequality follows from the Riemannian Polyak-Lojasiewicz inequality (Boumal, 2023).

Proof of Theorem 4.14. From Lemma 4.3, recall that we have

dVi

S = —llgrad ¥t 9(af (w)| for any ¢ € (0,7).

For @ > v, gls is /2 geodesically strong convex by Theorem 4.10. Hence, the Riemannian Polyak-Lojasiewicz inequality

in Lemma 4.13 implies that .
Vi< —vWi.

Thus, Gronwall’s lemma implies
Vi < Vpexp(—vt) forany ¢ € [0, 7).

To show that T' = oo, take ¢ € [0, 7). Then,
¢
= wolla < [ s
0

t
- é / IVg(af(w,))]a,ds,

where
A, =D f(ws)H % (ws)D' f(ws) fors < T.

Since s < t < T, we have w, € B, thus H (w;) = A3I. This implies that
1
IVg(ouf (ws))l%, < p||V9(Oéf(ws))||?a(af(ws))
0
1
= p||P(Oéf(ws))Vg(Oéf(ws))||§
0

1
= F||gradﬁ/}(ws)g(ozf(ws))IIE.
0
By using (22) in Lemma 4.13, we have

9u

lvs|3 <

9u?
lerad:¥h 90 (w0) 2 ) < AG

Using the error bound (77), we obtain

3M\ﬁ 3/ Vo —vs/2 < 3#\/

||grada (ws )g(af(wS))Haf(wq) =" NG, e/ for any s <T.

Substituting (79) and (80) into (78), we obtain

3u4/g(0) 64/9(0)
oz)\\f exp us/2)ds§m.

V90 yields lws —wol| < roand DT f(w)Df(wy) = A2I. Hence, T = oc.

)\07‘01/2

[[ws = wol| <

Hence, o >
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C. Implicit Bias of Gauss—Newton for Quadratic Loss

We characterize the implicit bias of the linearized (lazy) model trained under the Gauss—Newton dynamics. In the quadratic
loss setting, the induced flow converges to the minimum-norm interpolant in the metric defined by the Gauss—Newton
preconditioner, i.e., the solution of a constrained least-norm problem with norm || - || g7, (w,)- This is the natural analogue
of the classical “minimum Euclidean norm” bias of gradient flow for linear regression, extended here to a nontrivial
preconditioning geometry. Our result builds on the implicit bias argument for linear least squares (Bach, 2024) and connects
to the lazy-training/linearization perspective of overparameterized networks (Chizat et al., 2019).

Proposition C.1 (Implicit bias of Gauss—Newton for quadratic loss). Under Assumption 3.1, for any u € RP, let
fo(u) = D f(wo)(u — wo)
and consider

iy = —[H,(wo)] T'D f(wo) (fo(ur) =), >0,

2
with ug = wy for p € (0, #] Then, uy — u* as t — oo, where u* is the solution of

. 2 ra _
l?é%’ Hu - wOHHp(uJO) s.L. fo(u) =Y.

Proof of Proposition C.1. Under Assumption 3.1, we have Df(wO)Hp’l(wO)DTf(wo) = 0, thus limy 00 fo(us) = y
using the same Gronwall argument as Theorem 3.4. Let

t
B =— /0 (v — folus))ds, > 0.

Then, u; — wo = [H,(wo)]"'DT f(wo)B:, t > 0. Since fo(us) — yast — oo,
Jim Df (wo)[Hy(wo)]~'D f(wo)Br =y = lim B, = (Df (wo)[Hp(wo)] "' D' f(wo))~"y.

Therefore,
Jim u — wo} = H; (wo)D £ o) (D f (o) B (wo)DT fwe)) .

By Karush-Kuhn-Tucker (KKT) conditions (Bach, 2024; Boyd & Vandenberghe, 2004), the limit yields ©* — wq with
minimum H ,(wo)-norm subject to the affine constraints D f(wo)(u — wo) = y. O

D. Numerical Experiments

This appendix reports small-scale experiments on the empirical risk under Gauss—Newton dynamics in both over- and

underparameterized regression settings with gradient flow as a baseline. In both regimes, we use the loss function

g(¥) = L||v — y||3 where y = [y1,52,...,yn] T €R™.

Single index model. We consider a single-index model with a training set D = {(z;,y;) € R xR : j =1,2,...,n}
where the input is ; ~iq Unif (S?=1) and the label is

y; = ReLU(u' ;) +¢;, (81)
where ReLU(2) = max{0, z}, u € R% is the fixed target direction and ¢; ~ A(0, 1) is the noise for j = 1,2,...,n. This
input distribution leads to small Ay, (Ko) (Karhadkar et al., 2024).

California Housing dataset. In the second set of experiments, we consider the California Housing dataset D := {(z;,y,) €
R xR:j=1,2,...,n} (Pace & Barry, 1997), where each feature vector T € R? with d = 8 represents normalized
housing-related attributes, and y; € R represents median house value for j = 1,2,...,n. We form a training set by
uniformly subsampling n examples at random.
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Figure 2. % g() in the overparameterized regime under the Gauss—Newton dynamics with various regularization schemes p = (p¢)¢>o.
Gradient flow (p: = 1) suffers from slow convergence due to the ill-conditioned neural tangent kernel, while the Gauss—Newton with
appropriate constant or adaptive damping schedules achieve fast exponential convergence rates.

D.1. Overparameterized regime

We consider an overparameterized problem with p > n under p*3® and various constant p°°® damping schedules in Figure 2.
For the single-index model, we use a dataset of n = 800 samples of ambient dimension d = 16 and a tanh neural network
with p = 9600 parameters. For the California Housing dataset, we randomly subsample a training set of size n = 800, and

use a tanh neural network with p = 6400 parameters. The parameters are trained by using the Gauss—Newton method with
2

1
various regularization choices: (i) adaptive damping p; = H%\t)\z, and (ii) constant data-based damping with p; = /\;\—jrl
47t
where Apin (Ko) = 4)\2. Note that pt = 1.0 corresponds to the (non-preconditioned) gradient flow. The continuous-time
2
dynamics are simulated by using Euler’s method. p; = % in Lemma 3.3 for a > 0 yields V; < Vj exp (—21/111%227?).
In these examples, Amin (Ko) &~ 1.4 x 1072 and Apmin (Ko) & 1.6 x 1073, respectively, thus the gradient flow suffers from
slow convergence, while Gauss—Newton achieves faster convergence. In particular, the adaptive and the constant damping
factors lead to fast exponential convergence in empirical risk (linear on a log-scale), in line with the theoretical results in
Theorem 3.4. Note that in the kernel regime with large o/ that we consider, we have A\? /(1 + A\?) close to A2/(1 + \?),

thus adaptive and data-dependent constant damping choices yield very similar empirical risk performance as predicted.

D.2. Underparameterized Regime

We investigate the performance of (undamped) Gauss—Newton dynamics and gradient flow in the underparameterized
regression problems for the single-index model (81) with g(1/) = £||¢ — y||3 and n = 800 randomly-chosen samples and
p = 256 parameters. We demonstrate the impact of different o > 0 and the impact of Gauss—Newton preconditioning in

Figure 3. A larger scaling factor o keeps the trajectory closer to wy, thereby shrinking the admissible parameter set and

—e— =32.0, Gauss-Newton
—e- a=32.0, Gradient flow

—=— «=128.0, Gauss-Newton
—=- a=128.0, Gradient flow

Empirical risk

Figure 3. Empirical risk g(-)/n in the underparameterized regime under the Gauss—Newton and gradient flow dynamics for various a.

changing the best achievable in-class predictor in the underparameterized setting. This trend is consistent with Figure 3:
smaller « allows a larger effective search region and typically achieves a lower in-class optimal risk.
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