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Abstract

‘We show that Chain-of-Thought (CoT) expands
the expressiveness of Transformer in-context
learning (ICL). Specifically, we show CoT enable
efficient simulation of In-Context Gradient De-
scent (ICGD) for N-layer neural network. Differ-
ent from CoT, a Transformer with fixed depth and
hidden dimension has fixed ICL capacity in one
forward pass. Simulating larger models or more
optimization steps in-context requires deeper or
wider Transformers. CoT removes this limitation
by providing an expandable workspace via the se-
quence trajectory. This enables arbitrary-step and
arbitrary-capacity ICGD within a constant-depth
Transformer. Second, we provide a provable effi-
cient guarantee unique to CoT through dynamical
masking. The attention mechanism only process
the relevant tokens for the current update step.
This eliminates the redundant “process everything”
cost of single-pass deep models. Specifically, we
prove this CoT mechanism improves the compu-
tational cost of the prior best in-context result
[Wu et al., ICML 2025] by O(N). Numerical
validations support our theory.

1 Introduction

We show that frozen transformer with CoT simulates train-
ing dynamic of neural network in-context. Specifically, we
prove that single-layer transformer with CoT simulates arbi-
trary steps of gradient descent for /V-layer neural network.
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Our construction uses dynamic masking to enforce local
access to the trajectory, so each step reads only the relevant
tokens for current forward/backward update. This eliminate
the redundancy that arises when all model parameters and
intermediate states are processed at every step. As a re-
sult, we obtain O(N') computation improvement over prior
deep-transformer ICGD constructions (Wu et al., 2025).

A growing line of work explains in-context learning through
in-context gradient descent (ICGD). Given in-context exam-
ples, a frozen transformer simulates the multi-step gradient
descent of machine learning models (Akytirek et al., 2023;
Dai et al., 2023; Cheng et al., 2024; Von Oswald et al., 2023;
Bai et al., 2023; Wang et al., 2024; Wu et al., 2025). This
theoretical result is also backed up by empirical analysis
(Garg et al., 2022). However, existing ICGD constructions
face a structural bottleneck when the target model is large
(e.g., an N-layer network). Since the only place to store the
simulated model’s parameters is the input, prior works pack
all network weights and intermediate state into each token
embedding (Wu et al., 2025; Wang et al., 2024). This forces
the embedding dimension to scale with /N and induces re-
dundant computation. Each transformer layer must process
the entire embedding even when the current computation
depends only on a small slice of the state (see Figure 1).
Furthermore, simulating larger models or more ICGD steps
requires increasing the hidden dimension or stacking addi-
tional transformer layers.

CoT changes this computational regime. It changes the
location of the simulated state. Single-pass deep models
compress the entire state into the hidden dimension. In
contrast, CoT writes intermediate computations of ICGD
as discrete tokens across an expanding sequence trajectory.
This externalization provides an expandable workspace. A
constant-depth transformer uses this workspace to execute
arbitrary step of ICGD for models of arbitrary capacity. This
provide theoretical guarantee of CoT mechanism. Further-
more, we establish an efficiency guarantee unique to the
CoT setting. The externalized state allows the model to
selectively access its history. We formalize this capability
through dynamic masking. Dynamic masking restricts the
model to process only the relevant tokens for the current
update. This mechanism eliminates the redundant “pro-
cess everything” cost of single-pass deep models. Recent
work addresses CoT efficiency through a reduction rule
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Figure 1. Comparison of Computational Cost. We demonstrate the concept on one-step backpropogation on ¢-th layer of neural network.
Left: Wu et al. (2025) stack all weights vec(W1.n) vertically into a single high-dimensional input vector, forcing the transformer to
process the full stack every step. Right: Our approach keeps weights in separate tokens (F, B). Dynamic Masking (Green Arrows)
retrieves only the relevant tokens (F;, B;11), keeping the computation constant O(1). We omit the whole CoT trajectory for simplicity.

that deletes irrelevant tokens (Yang et al., 2025). Our dy-
namic masking emphasizes selective state exposure rather
than permanent token deletion. See Section 5 for detailed
discussion.

In Section 3, we demonstrate the intuition of dynamic mask-
ing in a simpler optimization settings (e.g., GLMs, ridge,
lasso). We show that bounded context access suffices for
multi-step approximation with a constant depth transformer
and controls per-step computation. In Section 4, we show
the same mechanism scales to the training dynamics of deep
networks, enabling a single transformer block to simulate
the forward/backpropagation update across N layers with
improved complexity.

Contributions. We summarize our contributions as fol-
low:

¢ CoT-Driven Simulation of Deep-Network Training.
We give an explicit construction showing that a single
transformer block, run autoregressively over a struc-
tured CoT trace, simulate L steps of gradient descent
for training an N-layer neural network (Section 4).

¢ Dynamic Masking as a Selective Exposure Mecha-
nism. We identify redundancy as the core bottleneck
in prior ICGD simulations of deep networks. Dynamic
masking removes this bottleneck and yields an O(N)
computation improvement over Wu et al. (2025).

Extensions to Fundamental Statistical Models. We
establish approximation guarantees for multi-step op-
timization on generalized linear models, ridge regres-
sion, and lasso regression using constant depth softmax

attention/transformer modules with CoT and bounded-
context access (Section 3).

Related Work and Organization. We defer detailed re-
lated work to Appendix B. Section 2 introduces the CoT
setting and notation. Section 3 shows CoT with dynamic
masking in a simplest setting; sliding window on basic sta-
tistical models. Section 4 presents our main theorem and
construction for deep networks. Proofs are in Appendix C,
and numerical experiments are in Appendix E.

2 Preliminaries and Problem Setup

In this section, we establish the formal setup of the Chain-of-
Thought In-Context Gradient Descent (CoT-ICGD) frame-
work we analyze in this paper. To provide enough back-
ground, We introduce the concepts of (i) in-context learning,
(ii) in-context gradient descent, (iii) CoT-ICGD setup, and
finally (iv) gradient-descent computations for deep neural
networks.

In-Context Learning. We follow the notation from Wu
et al. (2025) in this section. Consider a dataset D,, =
{(2i, i) }iepn) drawn iid. from a distribution P, where
{itiem S R? is the input of f and {yitie) € Riis
the function output. Importantly, each in-context example
(Dr, n+1) comes from a different distribution P;, such
as a different ground truth linear model or neural network
parametrized by w} € R?. The in-context learning ability
refers to a pretrained transformer that predict the output
corresponding to a test input z,,41 based on the in-context
examples D,, without parameter updates across many P;.
Formally, we encode the context and test input (D,,, Z,11)
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as a prompt Z € RP*(n+1)

Ty T2 ot Ty Tptl
Z=|y1 y2 - yn O | eRPXUHD
b1 D2 Pn Pn+1

where each vector p; € R holds any necessary auxiliary
information such as positional encoding.

In-Context Gradient Descent. To define what we mean
by a transformer implementing in-context gradient descent,
we consider a parametric model f(w,-) : RP» — R, we
define the empirical risk on the in-context examples D,, =

{(xmyl)}?ZI as
i=1

We say the transformer TF(-) implements in-context gradi-
ent descent if, given the current token representation

1 _
2" = [ws; yis 0Y; pi,
passing it through the transformer updates it to
TF(") = 2™ = [y @ pil,
by approximating one gradient descent step

w(H‘l) — 0 — ng(l) + 5(l)7

o_ L N
g Bl D Ve f(w, i), 40),

1€B;

where ¢(!) denotes the approximation error at step {. Here
B; C {1,...,n} is the set of sample indices used to com-
pute the gradient at step [. Taking B; = {1, ..., n} recovers
gradient descent, while any |B;| = m < n yields stochastic
gradient descent (in our NN setting in Section 4 we take
m = 1).

Then we move to the core setting of this work. To imple-
ment multiple gradient-descent steps within a fixed-size
transformer, we introduce the Chain-of-Thought In-Context
Gradient Descent Setup.

Definition 2.1 (Chain-of-Thought In-Context Gradient De-
scent Setup). The transformer maintains a structured CoT
format. At each generation step t, the prompt Z; equals

Z, =[G Gs Gy] € R,

Here, each block G; € R*™ contains the information
necessary to perform the next step in the CoT gradient-
descent procedure. Depending on the scenario, this may
include the current parameter update, data samples, inter-
mediate activations (in forward propagation), gradients (in
backward propagation), and other auxiliary information.
At iteration t, given the current input Z;, the transformer

TF : R4¥t" 5 RIX" generate the next block Gy 1
Gip1 = TF(Zy).
The prompt then grows autoregressively as
Zii1 = [Ze Giga] € RPXEFID,

Remark 2.1 (Multiple-Token Prediction). Our transformer
generates an n-token block per step, following the multi-
token-prediction strategy common in modern LLM architec-
tures (Gloeckle et al., 2024, Liu et al., 2024).

Remark 2.2 (Explicit Form of G;.). For statistical model
(Section 3), we use subscript | instead of t to to indicate
it contains the l-th gradient update. Each block G stores
[z y5; w D 1ie[n). For deep networks, blocks alternate
between forward-pass block F; and backward-pass states
B, fori € [N], see Section 4 for the details.

Finally, to prepare for subsequent theoretical analysis (Sec-
tion 4), we recall the standard definitions of forward and
backward computations for gradient descent in multi-layer
neural networks.

N-Layer Neural Network Gradient Descent. We define
the forward computation in Definition 2.2 and backpropaga-
tion in Definition 2.3. Later in Section 4, we replicate the
forward and backward computations from (2)—(4) through a
CoT mechanism.

Definition 2.2 (N-Layer Feed-Forward Layer). Let z € R¢
be the input, and let W; € R denote the weights of the
i-th layer for i € [N]. Denote the activation function as
o(+). Define pre-activation z; and activation o; as

Zi = WiOifl, 0; = O(Zi),

where we set input og = x, and note that oy is the output
of FFN.

Definition 2.3 (Backpropagation of Gradient Update for
N-layer FFN). Given target label y, denote the loss func-
tion as ¢ .= {(on,y). The backpropagation computes the
gradient in a recursive manner as follows. First, compute
the error at the output layer:

§NZVON€®U;V(ZN). )

Second, compute dn_1,--- ,01 by propogating the error
backwards. Fori = N — 1, N — 2,... 1, propagate the
error backwards:

i = Wil16i1 @0i(z). 3)
——— N——
dx1 dx1

Third, compute gradients with respect to weights:

oY

i = 0i01 )
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Notations. We use lower case letters denote (column) vec-
tors and upper case letters denote matrices. let n denote
the number of in-context examples and d the feature di-
mension. For an N-layer feed-forward network, we let
Wi, ..., Wy, each in R?*?, denote the layer weights. For
statistical model, we denote w®) € R? after the I-th gradi-
ent update, where [ = 1, ..., L and L is the total number of
ICGD updates. We use 04 € R? to denote the zero column
vector and use 1, € R? to to denote the one column vector.
We also use egd) € R? to denote one-hot vector whose i-th
is the only non-zero entry and is equal to 1.

Attention. Lastly, we define the Softmax attention layer
considered in this work.

Definition 2.4 (Attention). Let H denotes the number of
heads. For input sequence X € R4*", we define the multi-
head attention layer as

Attny, (X)

H
— Z W‘(/h)X Softmaux((VVI((h)X)TVVgL)X)VV<()h)7
h=1

where Wl((h), ng) € Rinxd W‘(,h) € Rdoxd Wéh) S
R™*" for h € [H|. We use Attn, fo denote single-head
attention.

Following Hu et al. (2025; 2026), we pick non-identical hid-
den dimensions for Wy, Wg, Wy, W for the generality
of the analysis.

3 CoT Enables Single-Layer ICGD of
Statistical Models

In this section, we demonstrate a series of theoretical approx-
imations power of CoT prompting in the ICGD fashion. We
prove that by only single-layer attention (Theorem 3.1 and
Theorem C.2) or single-transformer block (Theorem 3.2),
equipped with CoT prompt, the model learn multiple fun-
damental statistical models through in-context gradient de-
scent. This improve prior works (Bai et al., 2023) by O(L)
memory consumption, and improve the unrealistic ReLU at-
tention to softmax attention. The statistical model includes
generalize linear model, ridge regression, and lasso regres-
sion.

Each proof in this section reuses the same prompt format
defined below.

Definition 3.1 (CoT Prompt Format for Statistical Model).
At iteration | € [L], the model sees Z; € RZ4T2XI jn the

form of
Z =[G - G

Tq Tp T In

N I O
P E) N ¢)) wd wd |

1 T - 1 ... 1

where each block G| with n columns stores one gradient-
descent update.

Considering the model already finish [-th update, every
proof in this section follows two steps.

1. Select the most recent block G; € R4*™ by a n length
context windows.

2. Produce next gradient update (G; with one multi-head
attention layer plus a token-wise linear map. we extend
the (Hu et al., 2025, Theorem 4.1, In-Context Gradient
Descent) to the CoT setting. According to the uni-
versal approximation power of softmax attention, we
approximate gradient V,,£(w) for any C* loss.

Softmax Attention ICGD Approximation. Before diving
into specific statistical models, we state a foundational result
that a single-layer softmax attention equipped with CoT is
a universal approximator for gradient descent updates. We
state the ICGD theorem in the CoT setting as follows.

Lemma 3.1 (In-Context Gradient Descent, Theorem 4.1 of
(Hu et al., 2025)). Let £ : R x R — R be any C' loss
function defined on (w " z;,y;). With input X, in the form

of

1 T2 e Tn
it Y2 o v Yn
X= | 0 L0 MOIE

when X is bounded, there exists a multi-head self-attention
Attny, with skip connections and each attached with a lin-
ear layer A, such that for any € > 0, irrelevant of X, we
have:

T1:n
IAttn, 0 AX) = |y _ O 7| e <€
(w' — nvwﬁ(w( )))ln
L
where 1., = [T1, .., Tn), Y1:n = [Y1, .-y Yn), 1 denotes
the learning rate and L(w) = Y1 l(w'z;,y;) is an

empirical loss upon the given input-output pairs.

Remark 3.1. Lemma 3.1 comes from (Hu et al., 2025)[Theo-
rem 4.1]. It establishes that a single-layer softmax attention
approximate one-step gradient descent update for any C!
loss.

We now demonstrate how to leverage this single-step ap-
proximation capability within our CoT framework (Defini-
tion 2.1) to perform multi-step ICGD for specific statistical
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models. We begin with Generalized Linear Models, a broad
and fundamental class of models whose learning often in-
volves minimizing such C'! loss functions.

3.1 Generalized Linear Model

Consider data {(z;,y;)}", with 2; € R? and y; € R.
Define the GLM estimator wgr, v as

wgryM = argmin Lapm (w)
weRY

PRI
= argmin(— Z Lot (waiy ¥i)),
weRd ni:l

with laLm(s,y) = —ys + [, g(t) dt, where the link func-
tion g : R — R is continuous. Then we define a ball in
f5-norm for later use.

Definition 3.2. Let BY(R) denote a ball containing all
points in R¥ whose (y-norm is at most R.

Then we have the following theorem.

Standing Convention for Section 3. Throughout Sec-
tion 3, the data lie in a fixed compact set:

max |lzilloo < Ba, m:fu]clyz'\ < B,.

i E[n i€[n

When a CoT prompt Z; = [Gy,...,G)] enters an update
map, the map reads the most recent block G; through the
length-n context window in Definition 3.1. We keep the

notation Attn,, o A(Z;) for this windowed application.

Theorem 3.1 (CoT ICGD Approximation of Generalized
Linear Model). Under the GLM setup above, assume that

L is a-strongly convex and -smooth on B$(B,,), and

that |lwgrml|l2 < Buw/2. Initialize wgJO)T = 04 and set

1 =1/B. Forany ¢ > 0 and any L < B,,/(2¢), there exist
a fixed multi-head attention layer Attn,, and a fixed linear

map A such that, whenever the latest block stores wng,

T1:n

Yi:n
Attn,,, o A(Z;) — oo
“ A7 e~ w9 Lty | !
171,

<

SIh

Consequently, with k = 3/«

e - worsile < 2e+ exp( 52 ) 5.
Proof Sketch. We first use continuity of 9s¢(s,y) = —y +
g(s) and Lemma 3.1 to show that, a single-layer multi-
head attention block with context windows of size n ap-
proximates a gradient descent step within error €. Reusing
the above attention blocks generate the next predictions

in the sense of Definition 2.1, and we use Lemma A.2 to
accumulate the each step error to Le. Finally, by classi-
cal result the gradient descent has exponential convergence
rate toward wgr,v under strong convexity and smoothness
(Lemma A.1). Combine the both error term through the
triangle inequality yields the final result. See Appendix C.1
for a detailed proof. O

Remark 3.2. For simplicity, we drop the final in-context
prediction x,,1. This prediction is trivial by adding a 2-
head attention layer constructed in (Bai et al., 2023).

We also provide the same multi-step ICGD result on ridge
regression. See Appendix C.2. It is a statistical model to
prevent overfitting and a standard benchmark in studies of
in-context learning (Akyiirek et al., 2023; Bai et al., 2023).
The proof follows the same logic as Theorem 3.1.

The previous two statistical models focus on smooth loss
functions. To demonstrate a broader applicability of our
single-layer CoT-ICGD setting, we next extend the result to
lasso regression, which contains non-smooth ¢; regulariza-
tion.

3.2 Lasso Regression

We consider approximating proximal gradient descent for
lasso regression. Specifically, the lasso minimizer and loss
is defined as

Wiasso ‘= argmin Lyasso (W)

weR?
1 n
= argmin(— Z(le‘i — )2+ Mw|).
weRY n

i=1

The classical method for minimizing losses with a non-
smooth regularizer (such as ¢; norm) is Proximal Gradient
Descent (PGD). The single-step PGD updates parameters
via standard gradient steps followed by a proximal operator

ProX,

wf;&lD = PTOXnR(waGD - UV£9L(wf>GD))7

where £9(w) == &= 3" (w2 — ;)%

2n
Now we state the ICGD result on lasso regression.

Theorem 3.2 (Chain-of-Thought Proximal ICGD Approxi-
mation of Lasso Regression). Assume that R > 2||wyassol|2-
Let (3 be a smoothness constant of L2 on BS(R). Initialize

wg)gT = 04 and setn = 1/0. Let
Co := [ VL3(0a)]2-

Forany € > 0 and any L < R/(2¢), there exist a fixed multi-
head attention module Attn,,, a fixed linear map A, and a
fixed feed-forward network FEN .o« such that, whenever
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the latest CoT block stores wgc),T

IFFNprox © Attn, o A(Z;)

T1:n
Y1i:n ” < €
- 1 1 S —.
Prox, ., (Wi —TWff%(wéiT)) | " Va
1

n

Consequently,

Elasso(w(CLo)T) — Llasso (wlasso)

2
< (Co+ BR+ Wd)Le + g(LEF + 58%.

Proof Sketch. The proof consist of two steps. First we ap-
proximate the standard gradient descent step of least square
loss, and second the the proximal operator. We approximate
the gradient descent step by multihead attention according
to Lemma 3.1. For the proximal operator, we rely on (Bai
et al., 2023, Proposition C.1) that the proximal operator for
the ¢;-norm regularizer is exactly approximable by FFN
layer. See Appendix C.3 for a detailed proof. O

Remark 3.3. Bai et al. (2023) use the ReLU attention,
hence exactly construct the gradient of least-square loss
0sl(s,t) = Osb(wlms, y;) = 85%(wai—yi)2 = (wlx;—
Yi)Ti. Replacing the ReLU attention with softmax atten-
tion inevitably introduces an approximation error € at each
PGD step. With sufficiently large attention width so that
€ = O(1/L?), we recover the standard convergence rate

O(1/L) of proximal gradient descent.

4 CoT Gradient Descent Simulation of
N-Layer Neural Network

In this section, we show CoT is capable of simulating more
complex model in-context, the multi-step gradient descent
of N-Layer Neural Network (Definition 2.2). We achieve
this by a single-layer transformer equipped with a dynamic
masking scheme. Importantly, the dynamic masking en-
sures the transformer attends only to the minimal, necessary
information from the CoT history at each step. The proofing
idea is to replicate the forward and backward computations
(Definition 2.3) through attention and feed-forward layer.
We provide explicit construction in Theorem 4.1 and Theo-
rem 4.2. The final result shows that CoT reasoning handle
non-convex optimisation of deep networks in context with
lower resource requirements.

4.1 Simulating Forward and Backpropagation via
CoT

We construct the L-step ICGD simulation of N-layer neural
network as a CoT sequence of 2L N blocks. To begin with,
we define some terminology for later proof.

Definition 4.1. For any W € R**4, define vec(-) such that

(vec(X))(j—1) kti = Wij,

foralli € [k],j € [d]. Thatis, vec(W) stacks the d columns
of W, each of length k, into a single kd-dimensional column
vector.

vec(X) € RM,

Definition 4.2 (Rounds, Phases). Our in-context training
process of N-layer feed-forward network consists of [ re-
peated rounds, each round consisiting of 2 phases—the
forward propagation phase and the backward propagation
phase. Every 2N time steps consists a round, where the first
N steps belongs to forward propagation and last N steps
belong to backward propagation.

We now define key block types used to store the state of
gradient descent of the i-th layer of /N-layer neural network
as follow.

Definition 4.3 (Form of Inputs and Outputs). Let [ denote
the current round. Denote W; as the weight of the i-th layer
of the target N -layer FFN in the last round. The initial data
blocks are in the form of

xp - lixa Y- Lixa
X = |03d+a2yxa| » Y= |0@at+az)xd| »
2- 11><d 21><d

foralll € [L)"2. The transformer generates the forward
block F; and backward block B; defined as

0; * l1xa
0i—1 - l1xa
o'(z) - lixa |,

vec(W;) - lixa
lixa

(143d+d2) xd
i - Lixd
W; 6 lixa
(vec(W;) — nvec(8;0])) - 11xa
O(a+1)xd-

(14+3d+d2)xd

'We note that the bottom row are tags to help identify the input.
It let the update block in Proposition 4.3 distinguish the four routed
input, and then apply the correct sub computation.

’In Section 3, we use n to denote the number of in-context
examples because each update is taken with respect to the empirical
loss over all n examples. In Section 4, by contrast, each round
uses a single data pair (z;, ), so we index the data blocks by the
round index [ and write X7, Y.
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In the first round | = 1, the B; has the special form

02dxd
VeC(Wi) . 11><d
O(a+1)xd

Bi =

(143d+d2)xd

Next we introduce the design of the dynamic masking. Ac-
cording to Definition 2.2, to generate forward block F; we
need to retrieve F;_; and B;. For generating B;, according
to Definition 2.3 we need to retrieve B; 1, and F;. Hence,
we design the dynamic masking as follows.

Definition 4.4 (Dynamic Masking). Let t be the global
generation step of the CoT sequence in Definition 2.1 af-
ter the initial prompt. The initialization steps are handled
separately by Propositions 4.1 and 4.2. The first forward
sweep using the initially supplied BZ@ blocks is described
in Appendix D. To generate the t-th block in the recurrent
trajectory, the dynamic masking retrieves the pair of blocks

Mt)=(t-1,t=2((t—1) mod N) — 1)

After retrieval, the two selected blocks are concatenated and
fed to the corresponding one-step update block.

Remark 4.1 (Provably Resource Efficiency). Instead of pro-
cessing all {W;}1<,<n in every transformer block (Wang
etal., 2024; Wu et al., 2025), dynamic masking only propa-
gates 2 weight matrix to the downstream transformer layer.
Specifically, in the proof of Wu et al. (2025), they flatten
all the weight matrices {W;}1<;<n and encode onto each
token. Hence, in the attention mechanism, the weight matrix
multiplication is in the scale of O(N). We instead only
process 2 weight matrices at a time. This results in O(N)
computation saving.

We now move to the construction transformer layer, imple-
menting the forward and backpropagation.

Theorem 4.1 (In-Context Calculation of Forward Propaga-
tion). With the input it receives from the dynamic masking
mechanism, for any € > 0, there exists a single-layer trans-
former network Fiorward With positional encoding such that

Fi1 _
||]:f0rward(|: Bz :|) - F’LHOO S €,
where F; and B; are the forward and backpropagation
blocks defined in Definition 4.3.

Proof Sketch. First, use a linear transformation to extract
the needed information 0,1 and vec(W;), and construct
a single attention to approximate o;. Then construct the
second attention to approximate o’ (z;). See Appendix C.4
for a detailed proof. O

Theorem 4.2 (In-Context Calculation of Backward Propa-
gation). With the input it receives from the dynamic masking
mechanism, For any € > 0, there exists a single-layer trans-
Sformer network Fyackprop With positional encoding such
that

||.Fbackprop( |:B}1;;1:| ) - Bz”oo < €,

where F; and B; are defined in Definition 4.3.

Proof Sketch. First, a linear transformation to extract the
needed information from the concatenated input B, of F;.
Then we construct a FFN; to compute
T
Wii10it1 © 0'(2) Lixa.

04

Third, by constructing a multihead attention layer, we use
part of the heads to multiply above d; with 0;_1, we get
vec(8;0,_1) - 11xa. Then construct another linear transform
to subtract vec(W;) from this output. Finally, use another
branch of multihead attention to calculate W;"§; and out-
put it as the final output gives us the desired result. See
Appendix C.5 for a detailed proof. O

We now construct a single layer transformer to initialize
the first Forward Block as the base case of the recursive
construction.

Proposition 4.1 (Initialization of the First Forward Block).
Fixl € [L]?, and let X;, B and F" be the blocks defined
in Definition 4.3. Then for any € > 0, there exists a single
Transformer block (with residual/skip connections) F, such
that, for the input obtained by concatenating the two blocks,

B0
z = |B
[Xl]’

the output F,.(Z) approximates the desired forward block
Fl(l) such that

l
|Fo(2) - FP|_ <e.
Proof. See Appendix C.6 for detailed proof. O

After completing the full forward computation, we con-
struct a corresponding block to initialize the first backward-
propogation.

Proposition 4.2 (Initialization the Backward Block). Fix
l € [L], and let FJ(\;), Y, and BJ(\Z,H) be the blocks defined

in Definition 4.3. Then for any € > 0, there exists a single
Transformer block (with residual/skip connections) F, such
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that, for the input obtained by concatenating the two blocks,

F
Y;

7 =

b

the output F,(Z) approximates the desired backward block
BZ(\I,H) such that

17,(2) = By Ve < e
Proof. See Appendix C.7 for detailed proof. O

To avoid manually switching between different block up-
dates, we next show that a single Transformer block can
automatically implement the correct one step updated for
any valid input.

Proposition 4.3 (Universal One-Step Update Block). Fix
€ > 0. There exists a single-layer Transformer block TF :
RPxd 5 RPXA yith the following property.

Let Z denote the set of valid routed inputs Z € RP*? that
arise from the block formats in Definition 4.3, i.e., Z is
exactly one of the four types: forward-type, backward-type,
x-type, or y-type. Let M > 0 be any constant such that
1 Z]|oe < M/2forall Z € Z.

Then for every Z € Z,
ITF(Z) = T(Z)]c <,

where T' is the corresponding target one-step update map:

T:(Z), Z is forward-type,
T(Z) = Tw(Z), Z is backward-type,
Tz(Z)ﬂ Zis z-type,
Ty(Z), Zisy-type.
Proof. See Appendix C.8 for detailed proof. O

Until now we equip ourself all the building blocks to sim-
ulate gradient descent of N-layer neural network. Now
we formally state the input format and, how to combine
those blocks into single transformer and generate the ICGD
trajectory of neural network.

Full Input Format. Represent the prompt as a token ma-
trix Z € RP*dR2L+N)  The initial context is the block
concatenation

70 =[x, v - X, vp BY ... BY],
where X, Y, ,and B%l), e BJ(\}) € RP*4gare defined ion
Definition 4.3. We start the CoT generation after this in-

put format. We use [ to index the generated block. See

Appendix D for an example of a generated CoT ICGD tra-
jectory.

The following proposition states the approximation error of
gradient update’s final trajectory.

Proposition 4.4 (In-context GD State Trajectory via Single
Transformer Block). Fix integers N > 1and L > 1, and a
labeled sequence (xy, yl){;l with input formatting as above.
Let €c1,€4.1,€02,€4.2 > 0 be the accuracy parameters
Jfrom Proposition 4.1, Theorem 4.1, Proposition 4.2, and
Theorem 4.2, and let ec3 > 0 be the routing accuracy
parameter from Proposition 4.3. Define

€round ‘= €c1+(N—1)es1+eco+(N—1)es2+(2N+1)ecs.

Assume that the exact round update map is K-Lipschitz in
I - lloo,max- Then there exists a single-layer Transformer
block TF defined in Proposition 4.3, such that it produces

state blocks {EZ-(Z) iLerlv] |1 satisfying E;l) = BZ-(I) and,
Soreveryl € [L],

-1
ma [ B = B € rona YK
t=0

1€[N]
In particular,
L—1
S(L+1 L+1
max HBZ( + BZ-( * )HOO < Eround ZKt.
t=0

1€[N]

Proof Sketch. See Appendix C.9 for a detailed proof. [

Remark 4.2. The dynamic masking mechanism (Defini-
tion 4.4) ensures that at each of these 2L N steps, the fixed-
depth transformer only processes a small and constant num-
ber of relevant prior blocks. This methodology prevent the
need to carry all information through every layer of a deep
transformer and the input-scaling issue in prior ICL works
when simulating the training of complex model in-context.

5 Discussion and Conclusion

We demonstrate a one-layer transformer, with CoT and dy-
namic masking, simulates multi-step gradient descent in-
context in a more efficient way compared to prior work
(Section 4). With the CoT nature of recursive generation,
we demonstrate its memory saving through the application
of ICGD on the statistical model (Section 3). Combined
with dynamic masking, the model only needs to process the
necessary information from the CoT sequence, and leads
to O(N) computational savings compared to prior results
on simulating the training of a deep network in-context. In
summary, we provide theoretical guarantee on the effective-
ness and efficiency of CoT with dynamic masking. This
paves the way for enabling transformers to perform com-
plex, multi-step learning algorithms in context with better
resource utilization.
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Connecting to Practice. The idea of generating very long
CoT but tackling the computation issue (quadratic cost of
attention) has raised the notice of the community (Yang
et al., 2025). To produce an infinite-length CoT process
to mimic an infinite thinking process, we must find some
way to keep only the necessary information to produce the
next token. The dynamic masking implements this spirit.
Recently, Yang et al. (2025) approach the same intuition
as us to solve this problem, but with different method and
aspect of theoretical analysis. Specifically, they introduce
a reduction rule that deletes token spans once they become
irrelevant, and empirically show that a limited-size and con-
text window transformer solves challenging tasks, such as
Einstein’s puzzle, given a long thinking time. This result
backs up the usefulness of our dynamic masking intuition.
In contrast to (Yang et al., 2025), our dynamic masking
keeps the token in the input sequence, but only lets the at-
tention layer see the necessary tokens. Hence our method
doesn’t have the risk of deleting information later might be
useful, but still eliminates the growth of computation cost
along with longer CoT. The theoretical axis we investigate
is also different. They prove that a fixed-size and context
window transformer generates a token trace that encodes
the Turing machine. Complementary to the Turing machine,
we show the strength of this architecture from the in-context
learning perspective with an optimization objective in deep
learning and machine learning models. Our theoretical anal-
ysis tackles this by proving CoT simulating training deep
networks and statistical models, and gives an explicit con-
struction of such transformer and provable approximation
error.

Limitations and Future Work. Our guarantees rest on
several idealized conditions. First, dynamic masking is
treated as cost-free and omniscient. Ee ignore the overhead
of computing masks and the latency of repeatedly scanning
an ever-growing prompt. Second, the claimed O(NN') FLOP
saving is asymptotic—the constant factors introduced by
serial reuse of the single block and by prompt growth remain
unquantified. Lastly, our proofs target ReLU feed-forward
networks and convex statistical objectives. Extending the
framework to convolutional, residual, or attention-based
settings and to adaptive or second-order optimizers is left
for future work.
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A Supplementary Theoretical Backgrounds
Here we introduce some axillary lemmas and definitions for later convenience.

Lemma A.1 (Proposition A.2 of (Bai et al., 2023), Gradient Descent for Smooth and Strongly Convex Functions). Let L

be a-strongly convex and -smooth function. Then the gradient descent wéle = whp — nVL(wkp) with learning rate

1 = 1/ satisfies the following two exponential convergence rates

t
b — 0l < exp(~2) - fubo — w3

* B t *
L(U’ED) = L(w*) < Eexp ) ||w2;D —w ||§a

where k = 8/« is the condition number and w* is the minimizer of L.
Definition A.1 (B5(R)). Let BY(R) denote a ball containing all points in R¥ whose ly-norm is at most R.

Lemma A.2 (Lemma 14 of (Bai et al., 2023), Composition of Error for Approximating Convex Gradient Descent). Suppose
[ : RlarrowR is a convex function. Define optimal solution w* = argmin,,cga f(w), R > 2||w*||2, and assume that f is
B-smooth on BY(R). We define sequences {@w'};>0 € R%, with {wkp }i>0 € R? as follow:

{@lﬂ:@l—nvﬂ@l)ﬂﬁ €z == foran 120

I+1 _ 1
wgp = wep — 1V f(wgp)s

where € is the I-th iteration approximation error and is bounded by €. Then as long as learning rate n < 2/, for any
iteration L < R/(2¢) we have:

1% — wépll2 < Le,

this means that the approximation error is linear with the number of iterations. We also have:

N R
||wL||2 < 3 + Le < R.

L

This ensures the norm of approximation solution W~ remain bounded by R.

Lemma A.3 (Proposition A.3 of (Bai et al., 2023), Proximal gradient Descent for Convex Function). Let L = f + h :

11
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R? — R, where f is convex and [3-smooth for some 3 > 0, and h is a convex function. Then the proximal gradient descent

wgg;lD = Proxnn(waGD - UVL(U){DGD))

with n = 1/ satisfies the following three for t > 1:
e The sequence { L(whqp)} is decreasing.

o For any minimizer w* € argmin, cga L(w),

L(wdp) = L(w") <

o™

(lwpap — w3 = llwpgp — w*3),
and since L(whty) > L(w*) we have

lwpap — w*ll2 < llwpap — w*l2-

e Fork >1,t > 0, we have
L(wpdp) — L(w*) < o [wpgp — w*|3-

Lemma A.4 (Lemma C.1 of (Bai et al., 2023), Composition of error for approximating convex PGD). Suppose f :
RearrowR is a convex function and R is a convex regularizer. Define optimal solution w* = argmin,,cga f(w) +
R(w), R > 2||w*||2, and assume that f is 3-smooth on BY(R). We define the sequences transformer approximated weights
update as {@'};>o € R? and the standard gradient descent as {whqp }1>0 € R%:

{@ZH:proxmwl—nw(wl)wel, Iz <€ o 150

wld% = prOXnR(le.D) - an(leD),

where €' is the I-th iteration approximation error and is bounded by . Then as long as learning rate n < 2/, for any
iteration L < R/(2¢) we have

15" — wép 2 < Le.

This means the approximation error is linear with the number of iterations. We also have

N R
oL, < 5 HLe <R

L

This ensures the norm of approximation solution W" remain bounded by R.

Lemma A.5 (Theorem 3.1 of Hu et al. (2025), Attention Approximates Truncated Linear Models In-Context). Fix real
numbers a < b. Let the input be

xl x2 e xn
X=lw w --- w ER(QdJFl)Xn’
ty oty oot

where {w, Ii}z‘e[n] are bounded. For a precision parameter p > n, there exists a single-layer, single-head self-attention
Attn with a linear transformation A : RG4+Dxn _y RQRd+do+2)xp gyeh that Attn o A : R4¥™ — R X" satisfies, for any
i€ n),
|[Attn o A(X).; — Rangey, ;) (w] z; + ti)e;;i Iloo
b—a

< max{lal, [b[} - €0 +
—_———

finite-3 softmax error ) -
interpolation error

12
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Here e is a one-hot vector with a value of 1 at the ky-th index and 0 elsewhere, €0 = O(e™"?), and ki € [do] is

k; = argmin (—QxiTwi — 2t + Lo + Ek) -k,
ke{0,1,--- ,p—1}
ki = G(ky).

Here G : [p] — [d,] denotes any set-to-set function sending each selected interpolation index k; into an appropriate integer
k; € [do] fori € [n).

Remark A.1. Lemma A.5 prove attention mechanism approximation ReLU activation in-context. Hence by multi-head
attention, we add up each head’s output to approximate the computation of N-layer ReLU neural network.

13
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B Related Work

Theoretical Analysis of Chain-of-Thought. Feng et al. (2023) use circuit complexity theory to prove that when solving
basic arithmetic problems, a depth-limited transformer need super-polynomially growing model size with respect to input
length, while an autoregressive Transformer of constant size solves the tasks by generating CoT in a formal math language.
Li et al. (2023) prove transformer in-context learns a L-layer FFN’s output with arbitrary error when incorporating the
intermediate output of multiple layer FFN into the prompt, which they call CoT prompt. Specifically, they formulate
multilayer FFN as a compositional function f := fr o --- f;. With input x;, denote intermediate output of each layer as
sk = fi(s71), the CoT prompt with n sample is in the form (21, s}, -+, s¥;--- , @, sk, -+ ; s&). By leveraging a filtering
mechanism to isolate the tokens relevant to each layer, the transformer decouples the task into simpler linear regression
subproblems for each f;. Kim & Suzuki (2025) prove when training a one-layer transformer with ground-truth intermediate
steps, it solve the hard k-parity problem in single gradient update. Huang et al. (2025) show that the global minimizer of
one-layer linear transformer trained on CoT-style loss for linear regression performs multi-step gradient descent. Unlike
this work, we focus on a problem different from the training dynamic when equipped transformer with CoT objectives: a
theoretical proof of a softmax transformer with CoT input simulates multi-step gradient descent on various statistical model
losses, and how dynamic-masking further improves the efficiency of inference time CoT. Prystawski et al. (2023) study
CoT from a probabilistic perspective. They formulate the reasoning process of CoT as a sequential process of estimating
conditional probabilities of intermediate variables. When the training data reveals local structure, they show CoT performs
better than direct inference. Cui et al. (2024) study CoT by comparing it to In-context learning. Their results show that
under assumptions on model parameters, CoT achieves lower error compared to ICL. Further, they also show that CoT is
more sensitive to noise being introduced to intermediate steps compared to ICL. Li et al. (2024); Merrill & Sabharwal (2024)
both study CoT from the perspective of circuit complexity. Merrill & Sabharwal (2023) show that the expressive power of
constant-depth transformers is bounded, and CoT provides higher expressiveness by breaking the limitation of constant
depth.

In-Context Gradient Descent of Neural Network. Despite (Wu et al., 2025), several other works investigate the
transformer’s ability to simulate gradient descent training of neural networks through in-context. Early studies focused on
simple models. For example, Akyiirek et al. (2023) demonstrate a transformer is capable of performing gradient updates for
linear regression in an implicit fashion. Similarly, Dai et al. (2023) argue GPT-style models function as meta-optimizers
performing gradient descent. Subsequent works further extend these insights. Von Oswald et al. (2023) provide a constructive
proof that a transformer is capable of carrying out multiple steps of gradient descent internally. Bai et al. (2023) further show
that transformers can even select among different learning algorithms in context (hence earning the moniker “transformers
as statisticians”), provably adapting to the best solver for a given task. Importantly, Bai et al. (2023) also show that a frozen
transformer imitates gradient descent for two-layer networks, but their technique does not extend to deeper models because
it avoids explicit backpropagation. In contrast, we prove this in a CoT manner that the one-layer transformer simulates L
GD steps on N-layer network. This is the first formal evidence that the “thinking steps” written in a CoT prompt implement
back-propagation. By establishing this result, we clarify how LLMs might learn complex learning algorithms by CoT
prompting. Giannou et al. (2023) treat transformer as a looped computer and proves by recursively using 13 transformer
layers, it simulates training of N-layer sigmoid neural network. In contrast, our paper uses only one-layer transformer block
to approximate training of N-layer ReLU neural network, which is also more practical in real-world use of neural network
activation (Glorot et al., 2011; Maas et al., 2013; Ramachandran et al., 2018). Also, the input sequence length for the
looped transformer in Giannou et al. (2023) increase with the number of network layers V. This is because executing more
sequential operations (more forward and backward steps for deeper networks during gradient descent) requires an increased
number of “instruction” in the input sequence by their design. Gatmiry et al. (2024) further study the training dynamic of
linear looped transformer, showing that the global minimizer on the empirical risk implements multi-step preconditioned
gradient descent on the linear regression instance. In contrast, we study constructive expressivity of a practical softmax
Transformer. We show that a fixed Transformer, run autoregressively with CoT traces, implements multi-step ICGD for
multiple statistical objectives (GLM, ridge, lasso) and simulates full forward—backpropagation for N-layer neural network.

CoT with Dynamic Masking: Efficiency over (Wu et al., 2025). Wu et al. (2025) show transformers can simulate
the training of an IN-layer neural network in-context. Their method needs a gigantic prompt, encoding all weights and
activations at every layer. This causes redundant computation because all information moves through each layer. Input
length also grows with the simulated model size. This limits the complexity of models learned in-context with fixed input
size. We address these issues by using chain-of-thought (CoT) prompting with dynamic masking. Instead of stacking many
transformer layers, we reuse one transformer block across L gradient descent steps. At each step, we mask the transformer’s

14
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attention. Each attention head only sees tokens needed for the current update. This prevents unnecessary information from
moving forward. Our method reduces computation by O(N') compared to (Wu et al., 2025). It simulates training an N-layer
network with constant transformer depth (i.e., O(1) depth in a loop and reused repeatedly), not depth O(N). This also
removes the fixed-input-size limitation. The prompt can grow with CoT, enabling more complex models and longer training.
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C Proofs of Main Text
C.1 Proof of Theorem 3.1
Consider data {(z;,y;)}?_, with 7; € R? and y; € R. Define the empirical loss
1 n ) s
Larm(w) = > laum(w i, yi), with  Lapu(s,y) = —ys +/ g(t)dt,
i=1 0
where the link function g : R — R is continuous.

Define the input as:

l‘l :L‘2 DY xn

(0) (0 (0
X = |Wcor Woor 7 Weor

Y1 Y2 T Yn

where w(co O)T = 04 € R? is the initialization of the generalized linear model. We set Z; = X.

Theorem C.1 (Restated of Theorem 3.1, Chain-of-Thought Gradient Descent Approximation of GLM.). Under the GLM

setup above, assume that Lay is a-strongly convex and 3-smooth on B$(B,,), and that |l warm|l2 < Buw /2. Initialize

w(COgT = 04 and setn = 1/p. For any € > 0 and any L < B,,/(2¢), there exist a fixed multi-head attention layer Attn,y,

and a fixed linear map A such that, whenever the latest block stores wng

T1:n
Yi:n
Attn,,, 0 A(Z}) —
At o A= iy Loy | 1
1,
< £
Consequently, with k = 3/«
(L) L\ B,
lweer — warmllz < Le + eXP(—Qﬂ> 5

Proof. Our proof consists eight conceptual steps.

Step 1: Choose the Attention Accuracy. Let

€
€Eatt +— ﬁ

This choice turns a weight-block £, error into an £5 weight error of size at most €.

Step 2: Match the Loss Format in Lemma 3.1. Define

~ 1
éGLM(Say) = EEGLM(S»ZJ)

Then

Z Carm(w ' i, yi) = Larm(w).

=1

Since g is continuous, ZGLM is C'! in its first argument. Hence Lemma 3.1 applies to Lgry on the compact domain fixed in
Appendix E.
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Step 3: Approximate One GD Step. By Lemma 3.1, there exist a fixed multi-head attention layer Attn,, and a fixed
linear map A such that, for every w € B$(B,,),

T1:n T1:n
Attn OA Yi:n o Yi:n
I m wl,) (w —nVLem(w))1] oo
1y 1y
< €att- (By Lemma 3.1)

The module is fixed after we choose (B, By, By, €att)- It does not depend on the CoT step [.

Step 4: Insert the Module into the CoT Window. At step [, the latest block G stores w(clc))T By the Appendix E standing
convention, the update map reads G; from Z; through the length-n context window. Hence

T1:n

Yi:n
AttanA Zl — 1 ! 0o
N [ i
17’L

< €att- (By Step 3)

Step 5: Convert Block Error to Weight Error. Extract wgg}l) from any column of the generated weight block. Then
there exists e; € R? such that

wg:%) = wg?)T - WVEGLM(W&))T) +er.
Moreover,

ledlz < Vlerl|so
< Vdeass

— . (By the choice of r’;m)

Step 6: Compare CoT with Exact GD. Define exact gradient descent by

wih = 04,
wip? = wip — NVLeia(wip).

Since L1 is a-strongly convex, it is convex. Also,n =1/8 <2/8and L < B,,/(2¢). Thus Lemma A.2 gives
||wé:Lo)T - w(GLD)H2 < Le, (By Lemma A.2)

and keeps the CoT iterates in B (B,,). Therefore Step 3 applies at every CoT step.

Step 7: Use Exact GD Convergence. Since 7 = 1/, Lemma A.1 gives

L L
Julf - wernle < exp( 5 ) lwcuale
L\B
S exp<—2ﬁ>2w (Sil]CCHU'(;L\[ ‘2 SBH/Z)
Step 8: Combine the Two Errors. Finally,
lwiEe = warmllz < JwiEy = w2 + 1wl — warmll2 (By triangle inequality)
L\B
< Le + exp (21%) Qw . (By Steps 6 and 7)

17
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This completes the proof.
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C.2 Chain-of-Thought ICGD Approximation of Ridge Regression

We state the ridge regression as follows. Consider the ridge regression estimators w?

ridge Over the in-context examples in D
with regularization A > 0 :

n

. o1 A
Widge = ArgMin Lriage(W) = argmin{ o > " ((w, z;) — ) + 7 w3}
weERE weERd 2n i1 2

We state the CoT ICGD on ridge regression empirical risk by single attention layer.

Theorem C.2 (Chain-of-Thought ICGD Approximation of Ridge Regression.). Fix A > 0 and assume ||w?idgc ll2 < By/2.
Let n < 2/B and choose the CoT length L < B /(2¢). Then there exists a multi-head attention layer with a linear map
such that the CoT iterates satisfy

(L)

B
|weer — wﬁ\idge\b < Le+e L/GR =2

2

Proof. The Hessian of ridge regression is

1
H=-—XX"+ M,
N + Alg

The ridge regression loss is known to be a-strongly convex and and 5-smooth with

Oé:)\min(H)a ﬂ:)\max(H)v 7H:ﬁ/04.

Since 9(s,y)/ds = s —y is continuous for least square loss, and /> penalty contribute Aw to the gradient is also C'!. Hence
by Lemma 3.1, for every e > 0 there exists a single-layer multi-head attention with a linear projection denoted as Attn,, - A
such that

X1 - In
Y1 e Yn
[Attn,, 0 AGY) — [wl) = NV Liage(D 1) 0wl = 1V Luiage(w) | oo < € )
l+1 . [+1
1 - 1

with learning-rate n < 2/0.

Next we bound the error composition along CoT by Lemma A.2. We write the single-step CoT gradient descent approxima-
tion as

wiar) = wiyr — 1V Lriage(weyr) +0,
where ||e(V||o, < € according to (5). We convert the /., error into /5 and absorb the v/2d + 3 into € to have |||, < €.
By the Lemma A.2 and choose
L < By/(2¢), Bu 2 2[wiagel2:

we have

L L L
lwisy —wSBlle < Le,  wiihlls < Bu. (©6)

Because Lyigge 1S a-strongly convex and 3-smooth, Lemma A.1 gives exponential convergence of standard gradient descent

L _
lwip — whagellz < e/ w2 %)

19
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Combining (6) and (7) we have
g = whagellz < Le + e/ o

This completes the proof.
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C.3 Proof of Theorem 3.2

We consider approximating proximal gradient descent for lasso regression. Specifically, the lasso loss is defined as follows

n

1 T 2
Elasso = % Zl(w T; — yz) + )‘”WHl

The classical method for minimizing losses with a non-smooth regularizer (such as ¢; norm) is Proximal Gradient Descent
(PGD). The single-step PGD updates parameters via stardard gradient steps followed by a proximal operator prox, z

whtl = proan(wéGD — VLY (whap)), where L0 (w):=1/2n Z(w—'—ycz — ). (8)
1=1

Theorem C.3 (Restated of Theorem 3.2, Chain-of-Thought Proximal ICGD Approximation of Lasso Regression). Assume
that R > 2||wiasso||2- Let B be a smoothness constant of L2 on B3(R). Initialize wgnT = 04 and set) = 1/p. Let

Co := VL, (04)l2-

For any € > 0 and any L < R/(2¢), there exist a fixed multi-head attention module Attn,,, a fixed linear map A, and a

fixed feed-forward network FENp,.x such that, whenever the latest CoT block stores wg())T,

IFFNprox © Attn, o A(Z;)

T1:n
- o 0 loo < —=
Prox, ., (Weor —TWCQ(wcoT))ll >~ =V
Consequently,
Elasso(wggf) — Llasso (wlasso)
R2
< (Co+ BR+ A\d)Le + g(Le)Q + —ZL .
Proof. Let

flw) := Ly (w),
h(w) := AJwl|1,
Spa(u) 1= prox,, (u) = prox, ., (v).
Step 1: Choose the Error Budget. Let

€
€att +— ﬁ

This choice turns a weight-block £, error into an £5 weight error of size at most €.

Step 2: Match the Smooth Loss to Lemma 3.1. Define

Then
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Also,

0sl(s,y) = %(8 —y).

Thus £ is C* in its first argument. Hence Lemma 3.1 applies to £ on the compact domain fixed in Appendix E.

Step 3: Approximate the Gradient Step. For any w € B4(R), define

T1:n

Gw) = | 4

L

By Lemma 3.1, there exist a fixed multi-head attention module Attn,, and a fixed linear map A such that, for every
w € BY(R),

T1:n
_ Yi:n
|Attn,, o A(G(w)) (w B UV£9L(U)))1I Iloo
lT
< €att- (By Lemma 3.1)

After we choose (R, \, 7, €att ), this module is fixed. It does not depend on [ or on the current weight w.

Step 4: Apply the Proximal Map. By Bai et al. (2023, Proposition C.1), a ReLLU FFN exactly implements the soft-
thresholding map S;,,. We embed this FEN into the weight rows and copy the other rows. The copy operation uses the
identity

z = ReLU(z) — ReLU(—2).

Thus there exists a fixed token-wise FFN FFN.., that maps the weight rows through S;» and leaves the other rows
unchanged.

The soft-thresholding map is 1-Lipschitz in £:
1A (w) = Spa(0) oo < flu = vlloc-

Therefore Step 3 gives, for every w € BS(R),

T1n
FFN A A _ Yi:n
[FFNprox 0 Attn 0 AG() = g yvzaupy | I
1
< €att- (By Step 3 and nonexpansiveness of Sy )

Step 5: Insert the Module into the CoT Window. At step /, the latest block stores w((jlc))T By the Appendix E standing
convention, the update map reads the latest length-n block from Z;. Hence

T1:n
Yi:n
IFFNprox © Attn,, o A(Z;) — ! ! [loo
P Sya (w(cc))T - nVTE%(wélT)) N
ln
< €att- (By Step 4)
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Step 6: Convert Block Error to Weight Error. Extract wéoT) from any column of the generated weight block. Then
there exists ¢; € R? such that

1+1
w((joT) = Sya (“’((joT WVCO( )) + e
Moreover,
ledllz < Vlled|o
< Ve
— ¢ (By the choice of €att)

Step 7: Compare CoT and Exact PGD. Define the exact PGD sequence by
wl(DO();D = 0a,
wgérlla) = S (wl(F’GD nVLy, (wPGD))
Since f = L9 is convex and B-smooth on B§(R),n = 1/8 < 2/83,and L < R/(2¢), Lemma A.4 gives
||wg;)T — wl()%?DHg < Le. (By Lemma A.4)

Lemma A.4 also keeps the CoT iterates in BY(R). Therefore Steps 3—5 apply at every CoT step.

Step 8: Bound the Exact PGD Loss. Since 7 = 1/, Lemma A.3 gives
p

Liasso (w;LG)D) - £lasso(wlasso) < ﬁ”wl(no()}]j - wlasso”%

= ﬁ”wlab‘w“%
5R2

<o (Since R > 2||wiassol|2)

Also, Lemma A.3 gives
0
||prD wlassoHQ < ||w1(3();,D - wlasso”Q-

Thus

L
Hw1(3c§13||2 < HwPGD wlassoHQ + leasso”2

S 2||w1assol|2
<R.

Step 9: Transfer the Loss Bound to CoT. Let
L L
A= wéo)T wl()CzD
By Step 7,
[A]l2 < Le.

Since LY is 3-smooth on BY(R),

L L L B

£5,(wegr) = £0.(wpip) < VL (wpclp) TA + SIA

< HVEH(U)%L(;D)HQHAHQ + gHAH% (By Cauchy-Schwarz)
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The gradient term satisfies

VL% (whdp)llz < VL5 (0a)[l2 + I VL (whddp) = VLS (0a) |2

<Co+ 5HU’PGD||2

< Cy+ BR.
Therefore
B
c, (wCoT) L) (w PGD) (Co + BR)Le + 5([/6)2-
For the regularizer,
L L
Mw&elh = Mwbdpl < AlA
< AWdA|A[

< M\WdLe.

Combining the smooth loss and regularizer gives

B

ElaSSO(w(CLo)T) ‘Classo(wl(DGD) (Co + BR+ )\\f)LE + = (Le)

Step 10: Combine the Bounds. Finally,

Classo(wélé)'r) - L:lasso (wlasso)
= (‘Classo (wg(;)T) - ‘Classo(w}(DL(;?,D)) + (‘Classo(wlgg]:)) — Liasso (wlasso))

2
< (Co+ BR+ \Wd)Le + é(Le)z + %.

2
This completes the proof.

24
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C.4 Proof of Theorem 4.1

Theorem C.4 (In-context Calculation of Forward Propagation). Let | denote the current round. When t mod 2N € [N],
the network performs forward propagation for the N-layer feed-forward network. The input it receives from the dynamic
masking mechanism is

0i—1 - l1xa
0i—2 - l1xa
0'(zi—1) - Lixa
VeC(Wi) . ]-1><d
11><d
{fgl] = 5i'11xd
(W76 Lixa
(vec(Wil_l) —nvec(8;0] ) - 11xa
vec(W})
VeC(Wi_l) . 11><d
O(d+1)xda

For any € > 0, there exists a single-layer transformer network Fiorwara With positional encoding such that

F;_
||./—"f0rward(|: Bz1:|) - Fz”oo S €,

where

0; - l1xd
0i—1lixa
Fi=| o'(z) lixa
VGC(WZ') . ]-1><d
11><d

The guarantee holds except for an arbitrarily small region in the input space.

Proof. Our goal is to explicitly construct a single layer transformer block that maps the input |~ ‘1} to (an approximation

B;
of) F;. Essentially, the construction is organized to mirror the forward update we aim to simulate. We will do this in the
following manner:

1. extract from the input the two quantities needed to form the pre-activation z;;

2. use d attention heads to compute (approximately) the broadcasted pre-activation z; - 11xq;

3. use a token-wise FFN* to produce the two nonlinear rows o(2;) - 11xq and 0’(2;) - 11«4 from this approximation;
4.

route the remaining (linear) rows to the output via skip connections, and then bound the total £, error.

Step 1: Extract the needed rows by a token wise linear map. We first apply a token wise linear transformation that
extracts the rows containing 0,1 and vec(W;).

Fi 1|y _ | 0i-1-11xa (d+d?)xd
A([ B, }) = [vec(m) ~ 1MJ ek ' ®

One explicit choice is the block matrix

[I; 0 0 0
A‘[o 0 Ip 0]’

where 0 denotes zero blocks of the appropriate dimensions.

“We note that the ReLU activation assumption is not essential.
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Step 2: Use attention to compute z; - 1,,4. Our next goal is to produce the pre activation z; - 114, since then the
transformer FFN can apply o(+) entrywise to obtain o; - 11xq = 0(2;) - L1xq-

Fix h € [d]. To apply Lemma A.5 we need a length-d vector derived from W;. Let S}, € R4¥4” be a fixed selection matrix
such that

Spvec(W;) = w;p € RY, (10
where w; j, satisfies
(2i)n = W, ,0i1. (11)

(Equivalently, w; p, is the appropriate row/column slice of W; consistent with the definition of z;.) Since S}, is linear, we may
absorb it into the head’s linear () /K /V projections by composition; thus the resulting module is still a valid attention head.

By Lemma A.5, for any €; > 0 there exists an attention head Attngll) (with positional encodings) such that

(1) 0i-1 - 11xq (a0, @) <
||Attnh ({Vec(Wi) ) 11><d]) (Zz)heh 1ixdlloo < €7.

That is, head h approximates the h-th coordinate block (zi)heéd) (across all tokens). Summing these d heads reconstructs
the full vector z; (across all tokens):

d - -
M| oi—1-Lixa |y
” ;Attnh ( [vec(W;) - 11x4] )=z Lixallo

d -
1 0;—1 " 1 d d
= ZAttng )( vec(V;/i) .11Xl><d ) — (Zi)heé) “Lixdlloo
h=1 - g

M=

h

1

d -
0;—1-1 . . .
< }; ||Attn§11)( _VeCL(V%/i) ‘1£<1d><d_ ) - (Zi)hel(ld) : 11><dHoo < de;. (By triangle 111equzlllty)

For convenience, we name the aggregated attention output (for this specific input) as
d F,
1 i—1
Zoty = h§ 1Atm;> oA({ IS }), (12)

where A is the linear transformation from Step 1, Zatt = 2; - Lixg and || Zast — 2i - Lixdlloo < deq.

Step 3: Use a token-wise FFN to produce o(z;) and o/(z;). Given Zuy & 2; - 11«4, we next produce
0i - Lixa =0(z) - 1ixa and  o'(z) - 1ixa,
by applying suitable token-wise feed-forward maps to Z,q;.

We first construct a token-wise feed-forward network FFN; dedicated to approximating o’ (+):

1

FFNi(Z) = 5

(0(Z) — 0(Z — 011axa)), (13)

where §; > 0 is chosen according to the required precision, Z is a generic input to the FFN, and o (-) is applied entrywise.
Equivalently, for each (r, ¢), (here r indexes feature coordinates and ¢ indexes token positions.)

17 Zr,c > 517
(FFNl(Z))T,C = Zr,c/(slv 0< Zr,c < 51»
0, Zre < 0.
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In particular, whenever Z, . ¢ (0,d1] we have (FFNy(Z)),. = ¢'(Z, ). Thus, since the attention module produces
Zate & z; - 11xq, we obtain

FEN1(Zaw) = 0'(2i) - Lixa,
except on the usual small region where some coordinate lies in (0, d;].
Next, we put the two nonlinear rows inside the same FFN sublayer output via a block stacking FFN:
o(Z)
Odxd
FFNy(Z) := |FFNy(2) | , (14)

042 % d
llxd

where the last row 1, .4 is produced by biases (with zero input weights). FFN,, is still an FFN because FFNs are closed
under parallelization and post composition with affine maps.

Step 4: Route the remaining rows via a skip connection. The remaining rows 0;_1 - 11«4 and vec(W;) - 114 are
provided by a skip connection from A(-) using a token wise linear map A; that places these blocks into the correct output
TOWS:

Odxd Ogxaz

I;  Ogxae
Al(Z) = | Ogxd  Ogxaz | Z.
O0g2xd 142

O1xd 01><d2

Step 5: Assemble the transformer block and bound the error. Combining the skip connected linear part and the FFN
output from the attention result, the overall single-layer transformer block can be written as

d
Fromward(Z) = A1 0 A(Z) + FFNo (>~ Attnf!) 0 A(2)). (15)
h=1
Therefore, on the input [ lBl} the output equals (approximately)
0i - lixa
0i—1 - lixa
o'(zi)  Lixa | » where 0; = o(z;),
VeC(Wi) . 11><d
11xd

except on an arbitrarily small region induced by the approximation in (13).

We now bound the [, error. Since the other rows are matched exactly by A; o A(-) and biases, the [, error reduces to the
maximum of the only two nontrivial rows:

Fi_
||.Fforward(|: Bl:|) - Fz”oo = HlaX{HO'(Zatt) — 0 * 11><d||007 HFFNl(Zatt) - O'I(Z,L-) . 11><d||oo}

= max{||0(Zatt) — 0(2i - 11xd)|loos |FFN1(Zatt) — O'I(zi) 11xdlloo} (By Definition 2.2)
< max{|| Zatt — 2 - Lixdlloos [FFN1(Zawt) — 0'(23) - 11xdlloo }

where the inequality uses the elementary fact that for ReLU, |o(a) — o(b)| < |a — b| holds entrywise.

By the construction of the d attention heads (Lemma 4.1 applied per head with accuracy €;), we have

A= || Zate — 2i - Lixdlloo < dey. (16)
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Controlling the FFN; term via a bad region. Define the bad region
Fi 1
B:={ B | Ir € [d] s.t. (z:)r € (A, &1 + A]}. (17)

We claim that for every input outside 5,
FEN1(Zatt) = 0’ (2:) - 11xa, and hence IFEN1(Zatt) — 0’ (2i) - 1ixdlloo = 0. (18)

To prove the claim, fix an input outside 5 and any entry (r, ¢) € [d] x [d]. Since the input is outside B, either (z;), < —A
or (), > 61 + A. In the first case, using (16) we have (Zagt)rc < (2:)r + A < 0, and by the definition of FFN; in (13),
(FFN1(Zatt))r.e = 0 = 0’((#i)r). In the second case, again by (16) we have (Zag)rc > (2;)r — A > 6§71, and by (13),
(FEN1(Zatt))re = 1 = 0’ ((2i)r)-

Since this holds for every (r, ¢), we conclude (18).

Therefore, for inputs outside B,

F;_
P | 52 ) = Pl < max(lo(Zus) = - 1) .0}

<[ Zatt — 2i - Lixadlloo = A < dey.

Choosing ¢; = ¢/d yields the desired bound < ¢ outside the bad region B. Moreover, recalling A := || Zatt — 2 - Lixd|oo <
de1, the definition (17) shows that BB consists exactly of inputs for which some coordinate (z;), lies in the margin interval
(—A, 61 + A}, whose width is ; + 2A. Hence, as 67 — 0 and e; — 0 (so A — 0), this excluded region shrinks to the
threshold sets {(z;), = 0} and {(z;), = é1} in the z; coordinates. O

Remark C.1 (Activation in the Constructed Transformer FFEN). Our construction uses ReLU FFNs to implement the
local nonlinear maps needed for the simulated ReLU network, including the activation, its derivative, and the gating
operations in backpropagation and routing. This is a proof convenience rather than an architectural restriction. Since the
proof only evaluates these submodules on bounded domain, standard universal approximation results imply that FFNs
with non-polynomial activations, such as GeLU or SwiGLU, approximate these maps to error €. (Leshno et al., 1993).
This replacement adds at most Ce et to the one-step approximation error, which is absorbed into the final error bound in
Proposition 4.4.
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C.5 Proof of Theorem 4.2

Theorem C.5 (Restated of Theorem 4.2, In-context Calculation of Backward Propagation). Let [ denote the current round.
When t mod 2N € {N + 1,--- ,2N}, the network performs backward propagation for the N -layer feed-forward network.
The input it receives from the dynamic masking mechanism is

i dit1 - lixd 1
W¢115i+1 “lixa
(vec(Wiy1) — nvec(di41041)) - Tixa

0
B, (d4+1)xd
[ FH] = 0; lixa )
! 0i—1 - lixd

0'(z) - lixa
VeC(Wi) . 11><d
11><d

For any € > 0, there exists a single-layer transformer network Fyackprop With positional encoding such that

B;
||]:backprop(|: Z?:l:l) — Bz”oo S €,

where The guarantee holds except for an arbitrarily small region in the input space.

0i * Lixd
Wi—r(si : 11><d
(vec(W;) — nvec(8;0, ) - 11xa
O(a+1)xd

B; =

The guarantee holds except for an arbitrarily small region in the input space.

Bt

Proof. Roadmap. Starting from the masked input [ r

} , we proceed in six steps:

—_—

. Extract the specific slots needed for the i-th backprop update.

Compute the backprop signal §; = (W} 16;11) ® o’ (2;) via a token-wise FFN.

Construct the vectorized gradient vec(8;0,_,) via d attention heads.

Update vec(W;) by summing a skip branch and a scaled attention branch (implementing gradient descent).

Compute W,' §; via another attention branch.

S L kWD

Assemble all outputs into B; and bound the total error.

Step 1: Isolating the terms needed for the i-th backward step: We first apply a token-wise linear map A* that extracts
(and broadcasts across columns) the entries we will use in the subsequent computation:

Ji+1 - Lixd
W, 611

. B, i+1Y%+1 1xd
A ([ gl}) = | 0i-1-lixa

o'(zi) - lixa
VeC(Wi) . ]-1><d

One explicit construction is the following matrix:

I Odxd Odx (d2+2d+1) Odx (2d+a2)
AY(Z) = Odxd Iy Odx (d242d+1) Odx (2d+a2) | Z-
Odrazyxd  O@d+rd2)xd  O@d+d?)x(d2+2d+1)  l2d+az
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Step 2: Computing the ReLU backprop term §;: We now construct a token-wise feed-forward network that computes
8 =1(W, 1 6i117) @ 0’ (2;) € RY

and broadcasts it as d; - 11 x4. Outside an arbitrarily small region of the input space where some coordinate of z; lies in the
transition interval of o/, we have o’ (z;) € {0, 1}%. Fix any constant

By = UW, 161417 -

For each coordinate index r € [d], we aim to output

(6i)r = Z(Wi115i+lr)r : U/(Zi)r-

Define the token wise FEN FFN; : R(4d+d*)xd _ Rdxd py
FFN3(Z) := 0([04xa Ia Oaxa 2Bilq Oaxaz] Z — Bi-laxa) — Bi- [Oaxa Odaxd Oaxa Ia Oaxa2] Z,

where o(-) is ReLU applied entrywise.

Since each extracted vector is broadcast across columns, the output of FFN3 o A*(+) has identical columns. Substituting the
output of A* gives

FFNj3 o A (|: F+1:|) = (U(Wi116i+1 + 2310/(27;) — By - 1d) — Blal(zi)) - lixa-

Fix r € [d]. Since By > [|[W;18;41]|oc, we have L(W,] 8, 117), € [=By, By]. For o’(z;), € {0,1},

0((Wi:—16i+1)r + Bl) - Bl = (Wi115i+1)r7 U/(Zi)r = 1;

o(Wil18i41 +2B10' (2) — B1 - 1a) — B10'(2)] =
[( +1%+1 1 ( ) 1 d) 1 ( )] {0((Wi115i+1)r31)0_07 O'/(Zi)r:(),

which equals Z(Willéiﬂ ), - 0'(2;), in both cases. Therefore,

FFN;3 o A*([ 11;1]) = (Wi} 10i41) ©@ 0" (2i)r) - 11xa = 6i - Lixa

Step 3: Building the gradient block vec(d;0," ;): We next construct vec(5;0,_;) - 11xq from &; - 114 and 0;_1 - 1154
Fix any €2 > 0. By Lemma A.5, for each h € [d] there exists a multi-head attention module Attny, such that

0
51 (h+1)dxd
L ])— (0i—1)n0i - lixd | [|oo < €.

||Attnh({
O((d=h+1)d+1)xd

0i—1+lixa
Summing over h and using the triangle inequality yields

d 51
" L1xd
[ ;Attnh( |:01'—1 _

lixa Z (Oz 1h5 “lixd HOOSdEQ
X

} d O(h+1)dxd
h=1 | O((d—n+1)d+1)xd

To identify the deterministic sum with vec(d;0; ), recall the column-stacking convention
vec(M) := (My1,...,Mg1,Mya,...,Mgo,...,Myag,...,Mgaq)", M e R¥4,
Since
0i0{_y = [(0i-1)10;, ..., (05-1)adi],
the h-th length-d block of vec(8;0, ;) equals (0;—1)50;. Hence,
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O(ht1)dxd 02dxd

> | (0im1)nbi - ixa | = |vee(di0] 1) - 1ixal

h=1 [ O((d—h+1)d+1)xd O(d+1)xd

and therefore
: i lixa OQTdXd
i X . . . <
I ZAttnh(LH ) hxd}) vec(6;0; 1) - 1ixa| lloo < deo.
h=1 O(a+1)xd

Step 4: Implement the gradient descent update on vec(1¥;): A transformer block outputs the sum of its branches, and
token-wise linear maps can scale their outputs arbitrarily. Thus we implement the update in the vec(;)-slot by summing:

(i) a token-wise skip branch that places vec(W;) - 114 into the vec(W;) rows, and (ii) the attention branch 22:1 Attng(+)
from Step 3, scaled by —n. This yields (in the intended rows)

vec(W;) - 1ixq 4 L(=nvec(8;0; 1)7) - 11xa = (vec(W;) — nvec(8;0;_ 1)) - 11xa.
Note that we realize the factor —7 by absorbing it into the attention head’s value, since Attn(Q, K, cV') = cAttn(Q, K, V).

Step 5: Compute W, §; for the next backward signal: Fix any €3 > 0. By Lemma A.5, for each h € [d] there exists a
multi-head attention module Attn;, such that

0i - lixa

1A stn [Vec((Wi)h,:) “lixa

2
}) — W)k e 1) < €30

Summing over h places V[/'iT 0; - 11«4 into the designated coordinates (with total [, error at most de3).

Step 6: Assemble a single transformer block and bound: We now combine (a) the gradient term from Step 3 (scaled by
—1), (b) the dot-product term from Step 5, and (c) a skip/placement branch that carries §; and vec(W;). Define

d *
Foackprop(Z) 1= =13 At ( [Fm;il 0 (A% )(Z)] )
h=1

d
AP, ] :
+) 7 Att . + FFN; + A,) 0 A*(2), 19

hz:; nh({ EnA*(Z) ) (0(2d+d2+1)><d 3 s) o A(2) (19)

where the token-wise selectors are

E:=[Ii Ogx(a2+4a)| - En = [Oux(ht3)a Ld Odx(a—nyd] -

informing and the skip/placement map is

02dx4d O2dxq2
AS(Z) = Od2><4d Id2 Z.
O(at+1)xdd  Ogag1)xaz

Define token-wise linear padding maps Pyopu == ﬁﬂ and Pyt v 1= {2} , so that Py, (FEN3(A*(Z))) 4+ Poot (EA*(2)) =

FFN3(A*(Z))
T
be absorbed into standard token wise projections. Now, for attention, replace Wq, Wy, Wy, by W T, Wg T, Wy T'; for
an FFN FFN(Z) = Wao(W1Z), replace W, by W, T. Hence the terms EA*(Z) and E, A*(Z) in (19) are realized by
standard attention/FFN layers with modified projections, and P;op, Phot, A5 are standard token-wise padding/skip maps,
so (19) uses only standard Transformer components.

] . All maps A*, E, By, As, Piop, Poot are fixed token-wise linear maps (Z +— T'Z). Such that any 7" can
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Finally, the constructions in Steps 2-5 show that each required block of B; is produced (in the appropriate slots) up to errors
deo and des coming from Lemma A.5. Thus, for any target accuracy € > 0, choosing e2 < £/(2nd) and €5 < €/(2d) gives

B;
.Fbackprop(|: FJ:1:|) — Bz”oo < g,

except for an arbitrarily small input region corresponding to the transition interval of ¢’. Since ¢ > 0 is arbitrary, this
completes the proof. O
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C.6  Proof of Proposition 4.1

For the special occasion when X; and Y; for [ € [L] are given in the input, we also devise the following proposition to
calculate the forward/ backward step for this input.

Proposition C.1 (Proposition 4.1 Restated: Initialization of the First Forward Block). Fix [ € [L] and let X, By), and

F l(l) be the blocks defined in Definition 4.3. Then for any € > 0, there exists a single Transformer block (with residual/skip
connections) F, such that, for the input obtained by concatenating the two blocks,

l
z-[B
X, |

the output F,(Z) approximates the desired forward block Fl(l) such that

Fo(Z) = F7| o < e.

Proof. Let A3 be

0 2 I 0 2 }Z
A(Z) = [ dxt1+3d+d ) d dx (2d+d2+1) } .
3( ) |: O0g2x2a 1Ig2 Odzx(dJrl)} 7

This outputs
BW zy - lixa
143([ 1})2[ N :
Xl VeC(Wl ) . 11><d
Now according to Lemma A.5, for every h € [d], there is a multi-head attention Attnf) such that

d
“Llixa l
E Attn'? [ i x } O o < €
|| —~ h ( VeC(Wl(l))'llxd ) 1 || > €4

for any €4 > 0. This output then goes through a ReLU function and goes into the final output.

Then use a FFNy constructed as FFN; in Appendix C.4 satisfying

FFN4(2\Y) = o/ (2.

Append FFNy to the output of 22:1 Attnf) outputs o’ (z%l))ll <d-

Concatenating the outputs of 22:1 Attnf) and FFN4 with ;11«4 and vec(Wl(l)) - 11 g4 in the input yields

d (2) xy - 11><d
Att
(2= Attny, <[vec(W1(l)) : 11><d] )

xy - lixa
o' (24") lixa
vec(Wl(l)) “11xa
11><da

That’s closer to Fl(l) by €4 in infinite norm. O

C.7  Proof of Proposition 4.2
Proposition C.2 (Proposition 4.2 Restated: Initialization of the Backward Block). Fix! € [L], and let FJ(\P, Y, and B](\Z,H)
be the blocks defined in Definition 4.3. Then for any € > 0, there exists a single Transformer block (with residual/skip
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connections) Fy such that, for the input obtained by concatenating the two blocks,

Fy
Y

7 =

Y

the output F,(Z) approximates the desired backward block B](\Z,H) such that

l
1F,(2) = BY ™V |loo < e

Proof. First we use a token-wise linear transformation A, to extract the needed rows from the input.

oM .1
F(l) N 1xd
A4({{/\—lf})5— Y- lixa
vec(WJ(\P) “lixg

Then, there exists a feed-forward network FFN5 such that
FFN; (o)) = o’(0}) = o’ (=)
except for an arbitrarily small region.

Same as in Appendix C.5 by Lemma A.5, there is a set of d multi-head attention, whose sum we note by a larger multi-head
attention Attn{!) that satisfies
0]
OoN lixa
JAtnlD (| oy Lixa |) = vee(@T (0))T) - Lialle < 5

vec(W](\f)) 11w
for any €5 > 0.

Finally, upon the output of FFNj5, and choosing the loss to be squared loss, there is an FFNjy that calculates

2y — o) @ o (20).

5D

Concatenating the above result with token-wise linear transformations yields

[ 51(\lf+1) : 11><d 1
(WA TR ™ - Lixa
OS\l/) “1ixa
vee(Wy') — nAttn(l) ( Y- lixa lixa) |
Vec(W](\P) ~1ixa
L O(a+1)xd i
whose difference with Bj(\l,H) is bounded by ¢5. O
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C.8 Proof of Proposition 4.3

Proposition C.3 (Proposition 4.3 Restated: Universal One-Step Update Block). Fix ¢ > 0. There exists a single-layer
Transformer block TF : RP*4 — RP > yith the following property.

Let Z denote the set of valid routed inputs Z € RP*? that arise from the block formats in Definition 4.3, i.e., Z is exactly
one of the four types: forward-type, backward-type, z-type, or y-type. Let M > 0 be any constant such that || Z || < M/2
forall Z € Z.

Then for every Z € Z,
ITF(Z) = T(Z)]c <,

where T' is the corresponding target one-step update map:

T:(Z), Z is forward-type,
T(Z) = Tw(Z), Z is backward-type,

1.(Z), Zisz-type,

T,(Z), Zisy-type.

Proof. Goal. Construct a single Transformer block that, on any valid routed input block Z, selects the correct sub-
computation (forward, backward, x update, or y update) and returns the corresponding next block.

Roadmap. Step I: Build the exact type selectors from two designated routing rows. Step 2: Execute the four branch
computations in parallel inside one enlarged attention/FFN block. Step 3: Gate the four candidate outputs and sum; since
exactly one selector is active, the sum equals the one step update that we want.

Step 1: Exact selectors from routing rows. Let Z € RP*? be a valid routed input block, and let
ru=d?>+3d+1, Ty = 2d? + 6d + 2,
with row extractors

w(Z) = Z,,. R w(Z):=2Z,, . eR*%

By the block design of F;, B;, X, Yy, every Z satisfies exactly one of the tag identities (entrywise across the d columns):

(forward-type)  u(Z) —v(Z) = 1l1xa,
(backward-type) —u(Z) —v(Z) 4 1ixq = 0,

(z-type) —u(Z) +v(Z) = lixaq,
(y-type) w(Z) +v(Z) = 31ixa.
Define the affine tests
af(Z) :=u(Z) —v(Z) — 1ixa,
ap(Z) = —u(Z) —v(Z) + 1l1xa,
a(Z) = —u(Z) +v(Z) — 11xa,
ay(Z) :=u(Z) +v(Z) — 3Ll1xq-

By the block design in Definition 4.3, these tests separate the four valid routed input types: for the unique matching type, the
corresponding test equals 0, while the other three are bounded away from 0. Since each a is affine, we may scale them by a
fixed constant so that for every valid routed input, the non-matching tests satisfy

a(Z)] = T1xa

entrywise across the d columns.
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Now define the selector function
x(w) := ReLU(w + 1) — 2ReLU(w) + ReLU(w — 1),
applied entrywise. This satisfies
x(0) =1, x(w) =0 forall |w| > 1.
Set
V1(Z) = x(ap(2)),  w(Z) :=x(a(2)), 72(2) :=x(a:(2)), W(Z) :=x(ay(Z))-

Hence, for every Z € Z, exactly one of the four selector rows equals 114 and the other three equal 01y 4.

Step 2: Parallel candidate updates inside one block. Fix ¢ > 0. Let
]:fwda JT"dea ]::m ]:y

denote the single-block constructions from Theorem 4.1, Theorem 4.2, Proposition 4.1, and Proposition 4.2, respectively,
each chosen to e-approximate its corresponding target map in || - || -

Each of these four constructions consists of: (i) a finite family of attention heads, (ii) a token-wise FFN, and (iii) token-wise
linear skip/placement maps. By block-diagonalizing the () /K /V projections and concatenating all heads, we may execute
the four attention families in parallel inside one attention sublayer, writing their outputs into disjoint coordinate slices of
a widened hidden state. Likewise, by closure of token-wise FFNs under parallelization and affine postcomposition, one
widened FFN can simultaneously realize the four branch-specific post-processing maps in disjoint slices.

Thus, after one attention sublayer followed by one widened FFN, we obtain four candidate outputs
Ty(2). T2, T2, T,(2)eR”
such that, outside the corresponding bad regions,

IT1(2) =Ty D)oo <&, 1 T6(2) = Th(Z) ] <&,

ITo(Z) = To(Z) | <& 1Ty(Z) = Ty(2)]lo <&

Step 3: Gate and aggregate the candidates. Since each target output is itself a valid block, its entries are bounded. Fix
M > 0 so that

M
T3 (Z)lloos 1T6(Z)lloos 1 Te(Z)lloos 1Ty(2)]loc < = forall Z € 2,

and enlarge M if we need to such that
1T (Z)lloos 1 T6(Z)lloos [1T2(Z)llocs 1Ty(Z)lloe < M

on the valid region.

For a bounded block Y € RP*4 and a selector row v € {0, 1}1*¢, define the broadcast gate
G(Y,v) :=ReLU(Y — M(1pxq — 1px17v)) — ReLU(=Y — M(1pxa — 1px17)),
applied entrywise. If ||V ||co < M, then
G(Y,lixa) =Y,  G(Y,01x4) = Opxa-

Therefore the same widened FFN may output

TF(Z) := G(T1(Z),v4(2)) + G(To(Z),w(Z)) + G(To(2),72(2)) + G(Ty(Z), 7,(2)).
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Now fix any valid routed input Z € Z. By definition of the target map,

Ty(Z), Z isforward-type,
T(Z) = Ty(Z), Z is backward-type,

T.(Z), Zisz-type,

T,(Z), Zisy-type.

Since exactly one selector is active, the gated sum defining TF(Z) reduces to the candidate output associated with the type
of Z. Thus,

Tf(Z ), 7 is forward-type,
TF(Z) = T,(Z), Z is backward-type,
) T.(2), Zis a-type,
v(Z), Zisy-type.

Let B denote the union of the bad regions associated with the four branch constructions. Then for every Z € Z \ B,
ITF(Z) = T(Z)]c <.
For example, if Z is forward type, then
ITE(Z) = T(Z)|loc = IT4(2) = Tf(Z)llc <&,
and the backward, x, and y type cases are identical.

Finally, the construction above uses exactly one attention sublayer (all branch heads in parallel) and one token wise FFN
(branch specific post processing, selector construction, gating, and aggregation), together with standard token-wise linear
skip/placement maps. Therefore TF is a single-layer Transformer block, as claimed. O
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C.9 Proof of Proposition 4.4

Proposition C.4 (In-context GD State Trajectory via Single Transformer Block). Fix integers N > 1 and L > 1, and a
labeled sequence (z;, yl)lel with input formatting as above. Let £c1,€4.1,€C2,€4.2 > 0 be the accuracy parameters from
Proposition 4.1, Theorem 4.1, Proposition 4.2, and Theorem 4.2, and let ecs > 0 be the routing accuracy parameter from
Proposition 4.3. Define

Eround = €c1 + (N —1)eq1 +ec2 + (N — 1)egn + (2N + 1)ecs.

Assume that the exact round update map is K -Lipschitz in || - ||oo,max. Then there exists a single-layer Transformer block TF

defined in Proposition 4.3, such that it produces state blocks {Ei(l) fgﬁv] 1, Satisfying §§1) = Bgl) and, for everyl € [L],

-1
max | B = B < erguna Y K

i€[N] =0
In particular,
L-1
S(L+1 L+1
Iél[{?\}[(] ||Bz( + )—B,L( + )”oogeroundZKt'
v t=0

Proof. Proof outline. We prove the claimed L-round state error bound in three steps: (i) show that, for a fixed round [, one
full forward—backward sweep implemented by TF incurs at most €,oung additional || - || error in the resulting state blocks;
(i) formalize the stability of the update map (iii) combine (i)—(ii) to obtain the recursion E;;1 < Ej + €0und and unroll it.

Step 0 (norm and notation). For a stack of state blocks B(") := [Bgl) e B%)], define

1B e mae = max [ B oo, By = [ B — BO g mma.
i€[N]

By exact initialization, F; = 0.
Step 1 (one-round approximation error is < €,,,n4). Fix an arbitrary round ! € [L]. Let U, denote the exact round-I
update map [By), Cey Bj(\l,)] — [B;Hl), cey B](\I,H)}, and let U; be the corresponding map implemented by TF with routing.

By Proposition C.3, each invocation of TF on an input executes the intended sub computation (Prop. C.1 / Thm. 4.1 /
Prop. C.2 / Thm. 4.2) with an additional || - ||o error at most £c3. Combining this routing error with the approximation
errors €01, €4.1, €C2, €4.2 accrued across the N forward steps and N backward steps yields the per-round bound

||Z;[\I(B(l)) - UI(B(I))”oo,max < Eround;

where

Eround = €c1 + (N — 1)ea1 +eca + (N — 1)eas + (2N + 1)ecs.

Step 2 (stability of the exact update map). Assume there exists a constant & > 0 such that for every [ € [L] and any two
admissible state stacks B, B’,

24:(B) — Up(B")]lo0,max < KB = B'[loc,max-

Step 3 (one-step recursion). Now, notice that
El+1 = ||§(l+1) - B(Hl)”oo,max
= ||Z:{\l(§(l)) - ul(B(l)) ||oo,max
IE6(B®) = Us(BD) oo max + [U(BD) = U(BY)||oomax  (triangle inequality)

< €round T+ Kstab”B(l) - B(l) ||oo,rnax (Step 1+ Step 2)
= €round + K L.

IN
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Unrolling this recursion using E; = 0 yields

-1
Ei1 < Grouna K" foralll € [L].
t=0
Taking [ = L gives
L-1
EL+1 S Eround Z Kt-
t=0
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D Initialization and Dynamic Masking

In this appendix, we explain how the initialization cases fit together with the dynamic masking rule in Definition 4.4. Recall
that the initial input format is

ZW = (Xy,Y4,..., X, v, BV, .. BY).

Here Z(1) denotes the initial prompt before CoT generation begins. The generation index ¢ counts only blocks generated
after this initial prompt; thus £ = 1 is the first generated CoT block.

There are three kinds of steps.

Forward Initialization Step. At the start of round /, the first forward block is generated by Proposition 4.1:
Fl(e) arrow[B%Z), Xy
This starts the forward sweep for the data point (z¢, yy).

Backward Initialization Step. After the forward sweep reaches F’ 2

tion 4.2:

, the top backward block is generated by Proposi-

B%H)armw[ﬂ(f), Yol

This starts the backward sweep.

Interior Recurrent Steps. All remaining forward and backward blocks are generated by the dynamic masking rule from
Definition 4.4:

M(t)=(t—1,t—2((t — 1) mod N) — 1).
This rule retrieves the previous generated block and the matching block from the opposite sweep.

For a forward interior step, this gives

Fi(g)arrow[Fi(f)l, Bi(e)L 1=2,...,N.
For a backward interior step, this gives
Bl-(gﬂ)arrow[Bg_ﬁl)7 Fi(z)]7 i=N-1,...,1.
The only special case is the first forward sweep. In this case, Bél), ce B](\}) have not been generated by the CoT trajectory;

they are already supplied in the initial prompt. Therefore, in the first round we explicitly use
FarrowF",BY],  i=2,...,N.

This corresponds to the branch

which is only needed to begin the first forward sweep.

Example: N = 3. For N = 3, the initial input is

ZW = [x1,v4,...,X., v, B B BWY).
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The generated trajectory begins as follows:

t | generated block | retrieved pair case

1 Fl(l) [351)7)(1] Proposition 4.1

2 F2(1) [Fl(l), Bél)} first forward sweep
3 Fs(l) [Fz(l), B:gl)] first forward sweep
4 B [F{",v1] | Proposition 4.2

5 B B, F{Y) mod rule

6 B® B, Y] mod rule

7 F® B, X,] | Proposition 4.1

8 F2(2) [Fl(z), Bém} mod rule

9 F? [F$?, B mod rule

10 B§3) [Féz), Y] Proposition 4.2

For example, att = 8,
M(@B)=(8-1,8—2((8—1) mod 3) — 1) = (7,5).
The seventh generated block is FfQ), and the fifth generated block is Béz). Hence the retrieved pair is
2 2
7, B,
which is exactly the input needed to generate FQ(Q).

This also explains why the first forward sweep is separated. At ¢ = 2, the mod rule would give
M(2) = (1,-1),

which is not a valid generated-block index. The missing block is Bél), which belongs to the initial prompt rather than
the generated trajectory. Therefore the first forward sweep is handled explicitly, while the mod rule governs the recurrent
interior trajectory.
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E Experimental Studies

Objectives. We provide three proof of concept numerical experiments to support our theoretical results.

« Statistical Model in Section 3. The first experiment studies the statistical models in Section 3. Its goal is to verify that
a single shared transformer learn the exact one-step optimization update for generalized linear models, ridge regression,
and lasso regression.

* Forward (Theorem 4.1) and Backward (Theorem 4.2) Transformer Blocks. The second experiment studies the
operator level construction in Section 4. Its goal is to verify that the forward and backward transformer blocks learn the
local update rules induced by dynamic masking when they are trained separately.

* End-to-End Training for ICGD of Feed-Forward Networks. The third experiment studied end-to-end ICGD for
feed-forward networks. Its goal is to verify that one shared transformer autoregressively generate the full one round
CoT trajectory, so that the forward and backward updates are learned jointly rather than by two separate models. We
further test whether the same trained transformer can be reused across multiple rounds, where the rollout error exhibits
the accumulation behavior proposed by Proposition 4.4

E.1 ICGD of Statistical Models

Model Architecture. For each statistical-model family in Section 3 (GLM, Ridge, and Lasso) we train a separate decoder-
only transformer with the same architecture. For each example, the prompt contains the observed dataset together with an
initialization w(!) € R?, and the model autoregressively predicts the two-token trajectory

(g(l)7 w(Q)),

where g(!) is the exact one-step gradient token and w(?) is the exact parameter after one optimization step.

Data Generation. We follow the setups in Section 3 for GLM, ridge, and lasso. In all three cases, we sample a teacher
parameter w* € R? and an independent initialization w(?) € R¢ from a Gaussian distribution, and sample covariates
;K Unif (-1, 1)9).

For GLM, we generate responses as

Yi = U((UJ*)T%‘),
and compute the exact one-step gradient-descent update using the GLM objective from Section 3 with step size n = 0.1.

For ridge and lasso, we generate
yi = (w*) "z + €, g R N(0,02), o = 0.05.

We then compute the exact one-step update using the ridge objective from Section 3 with A;igge = 0.1 and n = 0.1, and the
lasso proximal-gradient update from Section 3 with A\, = 0.08 and n = 0.1.

Thus, in each setting, the target trajectory is
(9(1)7 w(2))7

where ¢g(!) is the exact gradient token at w(), and w(® is obtained by one exact gradient step for GLM and ridge, and by
one exact proximal-gradient step for lasso.

Training Objective. For each statistical-model setting, we train the transformer autoregressively on the exact two-token
trajectory. If

(g\(l)7 @(2))
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denotes the model prediction from the prompt (X, y, w(l)), then the training loss is
Lirag = 15V = gV 3 + 22 — w3
Evaluation and Metrics. For each setting, we evaluate the trained model in two autoregressive modes. In teacher-forced

evaluation, the second prediction is conditioned on the true first token ¢(!). In free-running evaluation, the second prediction
is conditioned on the model’s own first prediction g(*).

We report the trajectory MSE in both settings:

~ ~(2
(Hg(l) - g(l)Hg + Hw’(l“e)acherForced - ’LU(2)H§> ’

DN =

MSETeacherForced =

and

L/ia (2
MSEFreeRunning = 5 (Hg(l) - g(l)H% + le(?rzeeRunning - w(Q)H%) .

All values are averaged over 10 random seeds; in the figure, black markers and error bars denote the sample mean and
standard deviation.

Results. Across GLM, ridge, and lasso, the free-running MSE remains close to the teacher-forced MSE. This shows that

the autoregressive transformer accurately learns the corresponding one-step optimization map in each statistical-model
setting.

Teacher-forced vs. free-running prediction error

Teacher-forced
Free-running
0.010 A
T T
0.008 ~ T
TN
) o ]
= ® ® [ ]
0.006 A
1
o
0.004 ~
L L
GLM Ridge Lasso

Statistical model

Figure 2. ICGD of Statistical Models. We consider three one-step settings: GLM, ridge, and lasso. In each case, we sample a teacher
parameter w* € R? and a separate student initialization w:. For GLM, we sample 2 from Uniform[—1, 1] and set y = o(z Tw*). For
ridge and lasso, we sample X from Uniform[—1, 1] and set y = = ' w* + ¢ with € ~ N (0, o*I). The transformer input is [X, Y, w1].
The target trajectory is (VL (w"), w™*Y), where V.L(w V) is the exact one-step gradient at w?, and w 1) is the parameter obtained
after one exact update step from w™; for GLM and ridge this is one gradient-descent step, while for lasso it is one proximal-gradient
step. Teacher-forced uses the true previous token to predict the next token. Free-running uses the model’s own previous output. The
figure reports the resulting MSE over 10 seeds; black markers and bars denote the mean and standard deviation. In all three settings,
free-running remains close to teacher-forced, showing that one shared transformer learns the one-step statistical-model update jointly.
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E.2 Learning Separate Forward and Backward ICGD Operators

Objectives. The goal of the experiment section is to demonstrate single single-layer decoder-only transformer can simulate
multi-step ICGD process for N-layer neural networks by generating CoT sequence.

We aim to train a single-layer autoregressive decoder-only transformer, augmented with the proposed dynamic masking, to
generate the CoT sequence that simulates the multi-step ICGD process for a variety of /V-layer neural network.

In first step we train the forward operator and backward operator seperatly. For forward operator, the input data is in the
form of Theorem 4.1. Formally, the training dataset for forward transformer block Fto warq for k-th teacher neural network
is Ak forward . ¢ ykforward fy/kforwardy | \where each data pairs is

k
Xik,forward _ |:F“é}1:| 7 Yvik,forward _ Ek
We hope by this training data, once the forward transformer block Fio,wara See the input selected by dynamic masking, it
output the desired next-step forward blocks. In our theory, the transformer blocks can perform the same forward calculation
no matter which neural network we want to simulate its forward calculation path. Hence in the training data, we also create
K different neural networks training data. That is Aforvard — {x k’forward}lgkg K-

Similarly, for backward operator, we form the training dataset as in Theorem 4.2 and the above logic to train a backward
operator transformer blocks Fiyaciprop. X FPackprop .— [ xbackprop ybackpropy, o where each datapoint is

k
k,backprop Bi+1 k,backprop k
X! = [ AR = B

K2

For simplicity, we set d = 5, start from N = 3, and set total GD updates step to be L = 20.

Model Architecture. We use a one-layer transformer block, containing one multi-head attention and one FFN layer. We
set the output dimension of the FFN layer to match the dimension of column vector in F;. The number of head we test
starting from h = 8.

Data Generation. We set the hidden dimension of the simulated neural network with d € {10, 20}, and the number of
layer N € {3,6,9}.

Training Objective. During training we sample mini batches that mix all teachers’ neural networks k € [K], GD rounds
¢ € [L], and hidden layers i € [N]. Given a batch of B pairs (Xj,Y), where each X; € R¥F and Y}, € R™>F (with
R =1+ 3d + d?), we minimise the mean squared Frobenius error

B
1
£forward = E E ||]:forward (leorward) - Yberward”%.
b=1

We use the same train loss for the backward operator. Thus, every parameter update encourages the model to reproduce all
entries of the next block, and the random batching forces the transformers to generalize across different layers ¢, optimization
steps ¢, and teacher networks k.

Evaluation and Metrics. We evaluate whether the trained single-layer transformer blocks (Ftorward and Fpackprop) Simulate
a full 2N L-step ICGD trajectory. Specifically, we initialize with the input-output pair (X, Y5), and then repeatedly apply
these two learned operators (by using dynamic masking to select appropriate prior blocks, [F;_1, B;] for foward, [B; 1, F;]
for backward) to generate forward and backward blocks, forming a complete chain-of-thought sequence of length 2N L. At
each backward block B; (particularly at steps 2N, 4N, 6N, ..., 2N L), we extract the flattened weight matrix W' (rows
2d+1 to 2d+d? of B;) from the generated block and measure the squared Frobenius norm of deviation from the ground-truth
teacher weights

l l
HWCOT - WtrueH%"

Result. We repeated the experiment for 5 rounds (each round with a different set of training and validation data) and in
each of them we observed that in just 20 epochs of training, the network has successfully learned how to accomplish the
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Figure 3. The result of our experiment, four lines denote training loss and validation loss for simulated forward propagation and backward
propagation.

forward propagation and the backward propagation. We show the result of our training in Figure 3. The minimal validation
losses for forward and backward processes are 3.00 and 0.139.

E.3 End-to-End Training of ICGD for FFN

Model Architecture. For each random seed, we train one decoder-only transformer to autoregressively predict the full
one-round ICGD trajectory of a 3-layer FFN. The prompt consists of (x, y) together with the initial student layer states. The
target continuation is

1 1 1 1 1 1
(FD, FM, EM, B, B, BY),

so a single model learns the forward and backward computations jointly.

Data Generation. For each seed, we sample a teacher 3-layer FFN whose weight entries satisfy
1
(Wi)ab ~ N 07 E ;

together with an independent student initialization. For each input z ~ N(0, I), we generate y = ficacher (7). and then
compute the exact one-round Section 4 trajectory from the student initialization and the pair (x,y). Thus each training
example consists of a prompt together with its exact six-block continuation.

Training Objective. We train autoregressively on the exact continuation using masked MSE over the trajectory blocks
FV M EM, B, B BY.

Equivalently, the loss is computed only on the forward/backward trajectory tokens, not on the prompt tokens.

Evaluation and Metrics. We evaluate in two modes. In teacher-forced evaluation, each block is predicted conditioned on
the true previous blocks. In free-running evaluation, after the prompt the model conditions on its own generated blocks. For
each block

FO; Flv F27 B27 B17 BOa

we report its token MSE, and we also report the overall MSE averaged across all six blocks. All values are averaged over 10
random seeds.
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Teacher-forced vs Free-running MSE by Block
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Figure 4. End-to-End Training of ICGD of FFN. We sample a 3-layer teacher FFN and a separate student FFN for initialization.
For each input z € R% ~ N (0, I), we generate y from a teacher FEN. The transformer receives the input [z, y, initial layer states] and
trained to autoregressively predicts the full trajectory (Fo, Fi1, F2, B2, B1, Bo). Teacher-forced uses the true previous tokens to make
a prediction. Free-running MSE uses the model’s own previous outputs to predict the next token. The figure reports per-block MSE
averaged over 10 seeds; the overall means are 0.155 and 0.191, respectively. The small gap shows that one shared transformer learns the
forward and backward updates jointly.

Results. Across 10 seeds, the overall teacher-forced MSE is 0.155, while the overall free-running MSE is 0.191. The gap
remains small across both forward and backward blocks. This shows that one shared transformer learns the full one-round
ICGD trajectory jointly, rather than relying on separate forward and backward models.

Finally, we test whether the same trained transformer can be reused recursively beyond the single-round setting. We perform
a 10-round rollout and track the resulting student-weight recovery error. As shown in Figure 4, the error grows gradually
under repeated reuse, similar to our theoretical results from Proposition 4.4, although remaining milder than the worst-case
accumulation bound.
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10-round rollout of the learned one-step end-to-end FFN operator
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Figure 5. 10-Round Rollout of ICGD of FFN. For each of 10 random seeds, we first train the one-step end-to-end transformer in
Figure 4 . We then reuse the same transformer for 10 rounds on fresh (x;, y;) pairs. At the beginning of each round, the input is rebuilt
from the current (z;, y;) and the predicted updated weights from the previous round. The transformer then autoregressively predicts the
local trajectory (Fo, F1, F2, Ba, B1, Bo) for that round. The figure reports the weight recovery error at each round, averaged over seeds;
the black curve is the mean and the shaded region is 1 standard deviation. The error increases under repeated reuse, consistent with
Proposition 4.4, although not the worst-case linear trend.
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