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Abstract

Sharpness-Aware Minimization (SAM) empiri-
cally boosts generalization by seeking parameters
that minimize the worst-case loss in a small neigh-
borhood, yet existing theory explains its behav-
ior under either Polyak-Lojasiewicz (PL) condi-
tion or upper bounded perturbation radius. We
revisit SAM through the bilevel minimax problem
ming maxa|<, [(0+A) and derive a (6, A) gra-
dient flow ODE whose equilibria coincide with
the problem’s optimality conditions. A Lyapunov
argument-free of convexity assumptions, quanti-
fies how the optimality gap depends on the ra-
dius p and local curvature. Discretizing the flow
yields a Multi-step SAM algorithm that recovers
classical SAM as p — 0. Moreover, our analysis
and the resulting algorithm remain valid even for
large p, providing guidance for aggressive neigh-
borhood exploration. Experiments on synthetic
objectives and CIFAR-10 validate the predicted
gains from multiple inner updates, bridging the
gap between SAM’s minimax intuition and its
practical implementation.

1. Introduction

Modern deep networks often generalize well despite be-
ing heavily over-parameterized, a behavior that has been
empirically tied to the flatness (low sharpness) of the loss
landscape at the learned parameters. Sharpness-Aware Min-
imization (SAM) turns this insight into practice by solving,
at each update, a min-max sub-problem that minimizes the
loss in the worst-case weight neighborhood (Foret et al.,
2021). Although SAM and its variants now underpin state-
of-the-art performance across vision, language and domain-
generalization tasks (Wang et al., 2023; Zhang et al., 2024),
their theoretical understanding remains highly unclear in
the nonconvex setting with large p. Existing convergence
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analyses to optimal solution either assume convexity of the
loss (Luong et al., 2024) or require that the perturbation
radius p be vanishingly small, so that the SAM step reduces
to first-order gradient descent (Andriushchenko & Flam-
marion, 2022; Shi et al., 2022). Otherwise even with PL
condition, p = O(1) does not fully converge to the mini-
mum (Oikonomou & Loizou, 2025; Dai et al., 2023) and
there is constant level optimization error. Consequently,
there is still no principled answer to a basic question, for a
general non-convex function, when p is not bounded, how
will SAM perform, and

How far is the practical SAM update away from
the ideal minimax objective that motivates it?

1.1. Motivation and Problem Formulation

While the theoretical link between flatness and generaliza-
tion remains a subject of active debate, complicated by
re-parameterization invariance and scale dependence (Dinh
et al., 2017; Andriushchenko et al., 2023), a substantial body
of empirical evidence suggests that, for practical neural ar-
chitectures, seeking regions of low curvature consistently
correlates with improved test performance (Keskar et al.,
2017; Foret et al., 2021). Normalization layers further com-
plicate this landscape by driving optimization to an ‘edge-
of-stability’ regime (Lyu et al., 2022), suggesting that the
interplay between sharpness and dynamics is more critical
than static geometric measures alone.

Sharpness-Aware Minimization (SAM) operationalizes
these insights by solving the local min-max problem.
Motivated by the original goal of SAM which mini-
mizes the loss function at the worst direction perturba-
tion, we focus on the specific bilevel-optimization problem
ming maxa|,<, L(€ + A), or more precisely,

min L(6) = 1(8 + A*(6)), (1a)
st A"(0) € arg max 1(0+A) (1b)

where 6 € R¢ represents the decision parameters and A €
R? is a perturbation bounded by the radius p. We treat the
adversarial perturbation A as a latent variable and analyze
the coupled dynamics of the outer learner 6 and the inner
adversary A.
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To capture the min-max objective, we focus exclusively on
the normalized formulation of SAM. Existing frameworks
for this variant typically require the perturbation radius p to
be either restricted (Oikonomou & Loizou, 2025) or vanish-
ingly small (Khanh et al., 2024). While these assumptions
simplify analysis by effectively linearizing the dynamics,
they fail to capture the distinct behavior of the practical
SAM, where p is often large, constant, and interacts non-
linearly with the landscape curvature.

Recent works have begun to address this gap by analyzing
SAM without the vanishing p assumption. Notably, Si et
al. (Si & Yun, 2023) establish that with a constant p, SAM
cannot converge to a stationary point of the base loss (),
but instead oscillates within an O(p) neighborhood . How-
ever, these results are framed primarily through a static error
analysis on the base loss /(6) and treat the oscillation essen-
tially as an irreducible optimization failure. By focusing
solely on the distance to the minimum, standard analyses
miss the dynamical stability inherent to the minimax ob-
jective L(#) and the constructive role of the coupled (6, A)
dynamics. In this work, we shift the analytical lens from
static convergence bounds to coupled dynamical stability.

Inspired by successes of dynamical systems perspective
on optimization (Su et al., 2014; Wibisono et al., 2016;
Sanz Serna & Zygalakis, 2021), we derive a coupled two-
timescale ODE that models the joint evolution of the learner
0 and the adversary A.

1.2. Contributions

1. Lyapunov-based ODE model. We show that the KKT
conditions of the SAM bilevel game arise as equilibria
of a two-timescale ordinary differential equation. A
novel Lyapunov function certifies global descent of this
ODE under a simple gradient-Hessian ratio condition
and without assuming convexity.

2. Uniform Error Bound for MSAM By discretizing
the ODE with separate step sizes, we obtain MSAM: a
variant that performs several inner maximization steps
before each outer update. We establish a uniform-
in-time error bound between the discrete iterates and
the continuous trajectory under standard Lipschitz and
bounded-curvature assumptions, recovering classical
SAM in the small-p limit.

3. Bridging intuition and practice. Our analysis quanti-
fies, for the first time, the gap between the ideal mini-
max formulation and the algorithmic SAM update as a
function of p and the loss curvature, thereby explaining
why SAM and its variant succeeds in large perturbation
and non-convex regimes.

4. Empirical validation. Experiments on synthetic func-
tions, matrix sensing, and CIFAR-10 confirm the pre-

dicted benefits of multiple inner steps and illustrate
how curvature and radius jointly control convergence
and generalization.

2. Related Works

Sharpness and Generalization. Large-batch training was
first shown to converge to sharp minima that hurt test ac-
curacy (Keskar et al., 2017), sparking interest in the link
between landscape geometry and generalization. Classical
Hessian sharpness is re-parameterization-sensitive; scale-
invariant alternatives correlate inconsistently with accuracy
and can even anti-correlate with Out-of-Distribution (OOD)
error (Andriushchenko et al., 2023). Normalization layers
mitigate sharpness by driving gradient descent to an edge-
of-stability regime (Lyu et al., 2022). SAM casts training as
a radius-p min-max problem and delivers strong empirical
gains (Foret et al., 2021); theory has begun to explain its im-
plicit bias in linear and nonlinear networks (Andriushchenko
& Flammarion, 2022; Chen et al., 2023). Extensions such
as WSAM add explicit sharpness penalties with PAC-Bayes
guarantees (Yue et al., 2023), and large-scale studies confirm
SAM’s competitiveness in zero-shot and domain-adaptation
settings (Schapiro & Zhao, 2024).

SAM Variants. Beyond the original algorithm (Foret et al.,
2021), recent work refines curvature regularization. To
achieve scale and re-parameterization invariance, ASAM uti-
lizes adaptive frameworks and Riemannian metrics (Kwon
et al., 2021), while Fisher SAM applies information ge-
ometry (Kim et al., 2022). Functional-SAM regularizes
curvature in function space for better NLP performance
(Singh et al., 2025). A Unified-SAM template yields conver-
gence under Polyak-t.ojasiewicz objectives (Oikonomou &
Loizou, 2025), addressing theoretical gaps alongside work
that rethinks SAM’s fundamental optimization formulation
(Xie et al., 2024). Efficiency is optimized by K-SAM and
Surrogate Gap Minimization, which reduce computational
overhead and refine the sharpness objective, respectively
(Ni et al., 2022; Zhuang et al., 2022). SAM alone improves
adversarial robustness (Zhang et al., 2024); Eigen-SAM fur-
ther aligns perturbations with the top Hessian eigenvector
(Luo et al., 2024). Sharpness-Aware Gradient Matching
adds a third term to close the gap between empirical and
perturbed losses, achieving SOTA domain-generalization
(Wang et al., 2023).

Bilevel Optimization. Progress in bilevel and minimax op-
timization spans nonconvex, stochastic, and geometric set-
tings. Two-timescale GDA converges in nonconvex-concave
games and performs well in GANs (Lin et al., 2025). For
nonconvex-strongly-convex bilevel problems, AID and ITD
now enjoy finite-time guarantees (Ji et al., 2021a). Fully
first-order stochastic methods match or improve prior sam-
ple complexities (Kwon et al., 2023; Chen et al., 2022),
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while perturbed AID escapes saddle points with high proba-
bility (Huang et al., 2025). Optimality conditions have been
extended to constrained and Riemannian settings (Dai &
Zhang, 2020; Li & Ma, 2025), and control-theoretic “safe
gradient flows” enforce feasibility in a single loop (Sharifi
et al., 2025).

ODE and Lyapunov Analysis. Viewing optimization al-
gorithms as time-discretizations of ODEs has shed light
on many accelerated methods. The vanishing-step limit of
Nesterov’s scheme yields a second-order ODE (Su et al.,
2014); Bregman Lagrangians and high-resolution flows ex-
plain broader families and discretization artifacts (Wibisono
et al., 2016; Shi et al., 2022). Estimate sequences are equiv-
alent to Lyapunov functions in discrete and continuous time
(Wilson et al., 2021a;b), and LMI tools provide system-
atic certificates (Sanz Serna & Zygalakis, 2021; Dobson
et al., 2025). Weak discrete gradients unify discretizations
(Lu, 2021; Ushiyama et al., 2023); stochastic extensions
recover accelerated rates under noise (Laborde & Oberman,
2020; Moucer et al., 2023).This continuous-time perspec-
tive has recently been extended to define a universal class
of SAM algorithms, providing a unified framework for their
convergence and stability (Tahmasebi et al., 2024). No-
tably, trajectory analysis reveals that these algorithms do
not merely minimize sharpness, but achieve better gener-
alization through specific implicit biases inherent in their
dynamics (Wen et al., 2023). Recent work designs safe gra-
dient flows via control barrier functions (Allibhoy & Cortés,
2024) and shows that natural data variation can remove
spurious local trajectories (Fattahi et al., 2023). Lyapunov
learning has also improved Neural-ODE training and safety
certification (Rodriguez et al., 2022; Richards et al., 2018),
while differential-equation viewpoints continue to generate
new accelerated algorithms (Siegel, 2021).

3. Theoretical Analysis
3.1. Notations and Assumptions

We use || - ||2 to denote the ¢5 norm for vectors and Frobenius
norm for matrices, and || - ||,, to denote the operator norm
for matrices. I denotes the identity matrix. o;(-) denotes
the ¢-th largest singular value of a matrix. \;(-) denotes the
i-th largest eigenvalue of a symmetric matrix. For a twice-
differentiable f : R — R, let Vf(-) and V2 f(-) denote its
gradient and Hessian, respectively.

Assumption 3.1. The loss function I : R — R is twice
continuously differentiable.
3.2. KKT Conditions and Idealized Dynamics

In this section, we first derive the KKT conditions of the
inner maximization from defined in (1b), and derive the
idealized dynamics that would result from perfectly solving

the min-max game (1).

We begin by characterizing the geometry of the optimal
perturbation. While the inner maximization is generally non-
concave, the continuity assumption on / over the compact
feasibility set {A: ||All2 < p} guarantees the existence
of a global maximum. Furthermore, any local maximizer
must satisfy the following first-order necessary conditions
for A to be an optimal solution for problem (1b) given in
the following lemma.

Lemma 3.2. If A is a local maximizer of problem (1b), then
A must satisfy either of the following conditions:

VIi(0+A
A= p uGa A (22)
or  VIO+A)=0 (2b)

See Appendix A for the proof.

In the case where A is a local maximizer and condition (2b)
holds, 6 is forced to be a local maximizer of the prob-
lem (1a), which contradicts our minimization setting over 6.
Hence, we will focus on the former case of condition (2a),
which recovers the one-step update rule of the normalized
SAM algorithm.

Let A*(0) be an optimal solution implicitly defined by (2a).
By applying the chain rule, the time evolution of  is gov-
erned by the total derivative:

de

— = —VoL(0
— (I +VoA*(0)") VIO + A*(9))

where VgA*(0) is the Jacobian of the optimal perturba-
tion with respect to 6. While Eq. (3) explicitly includes
the Jacobian term VyA*(#) T VI*, this term vanishes un-
der the optimality condition of the inner maximization:
Vo A*TVI1* = 0. This result, known as Danskin’s Theorem,
implies that the gradient of the value function simplifies to
Vo L(0) = VI(6 + A*(0)). Thus, the dynamic is:

do .
= = VI +A%(0)) )

3.3. Two-timescale ODE

While Eq. (4) provides a useful baseline, it fails to cap-
ture the practical realities of the optimization landscape
for two reasons. Firstly, in non-convex deep learning land-
scapes, the optimal perturbation A*(#) is not guaranteed to
be unique or continuous. As the optimizer traverses regions
with multiple local maxima for the adversary, A*(6) may
jump discontinuously, rendering the vector field in Eq. (4)
non-differentiable and the dynamics ill-posed. Secondly,
practical implementations like SAM do not access the oracle
A*(0) instantaneously.
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Viewing the SAM inner update as the fixed point iteration
of solving the first-order necessary condition (2a) motivates
us to lift the analysis to the joint space (6, A). Let 6(t)
and A(t) represent the parameter and the perturbation as
a function of continuous time ¢. We use the coupled ODE
to model a continuous pursuit game: the parameter 6(t)
descends the loss landscape under current perturbation A(t),
while A(t) actively chases the moving target of the optimal
perturbation for the current 6(t).

Below we formalize our derivation: let A(¢) represent the
perturbation as a function of the continuous time ¢. Given

the fixed-point iteration A;q = p%,

duce a small time step h to derive an ODE approximation:

CVI6+A®)
O “”) ©

we intro-

A(t+h)—A(t) = h (p

As h — 0, the difference (A(t + h) — A(¢))/h can be

approximated by the derivative %. Thus, the continuous

flow for the fixed-point iteration can be written as:

dA VIO + A)
_ . e+ a) 6
at P VIe - A ©)

At the same time, we have an additional norm constraint
from (14d) on A(t), requiring A(¢) to have a fixed norm of
p, which is

A3 Td

7 =0 = A(@) F AW =0

Combining the iterative step in (2a) and the fixed norm

constraint from (14d), we make an additional step to project

% in (6) to the tangent space of the sphere |Al2 = p.

By defining Px = I — ﬁ, the flow of the system in
2

continuous time can be described by the following ODE:

a ). VIO + A) N

dt A VIO + A2
_,. VI+A)  pAATVI(H + A)
VIO + A2 [[AIZIVIO+ A)l2

®)

We now formulate the complete dynamics by combining
the projection-based ODE for A (derived in Eq. 8) with the
parameter dynamics. We introduce timescale parameters
«, 3 to control that the perturbation A evolves faster than 6:

{gg =—aVI(f+ A) ©
VI(O+A
= 8P4 (o roieas — )

The ODE given in (9) describes the continuous-time evolu-
tion of A toward the fixed points defined by the iterative (2a),
while 6(t) descends the loss surface evaluated at this worst-
case point. These are also equilibrium points of the ODE

(where dAdEt) = %(tt) = 0). As practical implementations

of SAM rely on a finite number of inner ascent steps M,
which in the continuous-time limit, translates to a finite ad-
versarial response speed 3, the coupled two-timescale ODE
(9) captures that the adversary is lagging behind. Also,
asymptotically, as 8/a — oo, (9) recovers the idealized
ODE (4). Below we provide the convergence theorem for
the two-timescale ODE (9).

Theorem 3.3. Consider the 0- and A-dynamics as defined
in (9) initialized with any feasible perturbation || Ag||2 < p.
The trajectory (0;, Ay) asymptotically converges to the set
Q c R4 defined by:

Q= {(6,4) : |[VIO+A) |5 < pmax{C, o1 (VH(O+A))}}
where C > 0 is a constant dominated by 3/ .

The theorem is proved based on a Lyapunov analysis. See
Appendix C for more details. Notice that the conver-
gence set ) is defined jointly by the perturbation drift
and the local curvature scale. In regions of low curvature
o1 (V20 + A)) < g, the convergence is limited by the
linear drift g p. While in regions of high curvature that
o1 (V20 + A)) > g, if the high curvature is local as that
around a sharp local minimum, the violation of the stabil-
ity condition ||VI(0 + A)|| < po1(V21(0 + A)) manifests
as transient instability forcing the trajectory out of high-
curvature regions. The adversarial pressure increases the
Lyapunov energy, effectively bounce the trajectory out of
the sharp region until it finds a basin flat enough to sustain
stable convergence.

The 3/« ratio governs a trade-off between adversarial track-
ing fidelity and convergence precision. A large 3/« ensures
A(t) = A*(0(t)), providing an accurate estimate of the lo-
cal sharpness. However, its asymptotic convergence region
contains an O(p) term growing with 5/« from the residual
threshold in the Lyapunov characterization. This reveals a
trade-off: larger 3/« improves inner-tracking fidelity but
reduces convergence precision. Thus, increasing 5/« is not
guaranteed to improve final performance, despite improv-
ing approximation to the idealized ODE. On complex tasks
like CIFAR-100, where filtering sharp minima outweighs
the loss of optimization precision, running more iterations
of the inner loop can improve test accuracy (Foret et al.,
2021). For our synthetic experiments on spurious matrix
completion in Section 4.1.2, we observe that larger M does
not necessarily lead to better convergence.

Since the convergence set ) has a non-zero measure scaling
with p, Theorem 3.3 implies that for a fixed perturbation
radius p > 0, the system cannot asymptotically converge
to a singleton critical point (where | V|| = 0). Instead, the
coupled (6, A) dynamics are forced into a state of bounded
oscillation or a limit cycle within €2. This suggests that
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“convergence” in SAM is effectively a dynamic equilibrium
where the trajectory orbits the minimum, driven by the
persistent repulsive force of the adversarial perturbation.
To achieve true stationarity, an annealing schedule where
p — 0 is theoretically required.

3.4. Discrete Algorithm Error Bound

To theoretically quantify the deviation between our
continuous-time formulation defined in Eq. (3) and practical
implementations, we must analyze the discretization error.
Specifically, we aim to understand how the trajectory of the
standard SAM algorithm diverges from the ideal minimax
solution defined by the ODE.

To facilitate a rigorous comparison, we define the MSAM.
This formulation allows us to vary the timescale separation
explicitly via the number of inner steps M, with Standard
SAM emerging as the special case where M = 1.

Algorithm 1 Multiple-Step SAM (MSAM)

Require: learning rates 7, radius p, inner iterations M
Repeat until convergence:
for m = 1to M do

Update A: A <« pVI(0+ A)/|| VIO + A2
end for
Update 6:

AR AN

0 0—nViO+A)

With this definition, we can now state the main error bound
relating the discrete MSAM trajectory to the continuous
ODE. Below are the standard smoothness conditions re-
quired by our convergence analysis:

Assumption 3.4. The gradient of [, VI(-) and hessian of ,
V2[(-) are Lipschitz continuous, i.e.,

IVi(w) = Vi(w')]| < Lljw — '],
IV21(w) = V2U(w')]| < Llw —w'|

Assumption 3.5. The k-th order derivative of [, VFkL, is
norm bounded: ||V*I(w)|| < By, for k = 1,2 and w in the
region R.

Theorem 3.6 (Error Bound for Finite-Step MSAM). Let
0(t) be the solution to the ideal Reduced ODE % =
—VI(0 + A*(0)). Let {0y} be the sequence generated by
MSAM (Algorithm 1) with a fixed number of inner iterations
M > 1. Assume the inner fixed-point map Tp(A) is a con-
traction with rate k < 1 (i.e., local curvature condition).
Under Assumption 3.4 and 3.5, for a fixed time horizon T
(with Nn = T), the global error satisfies:

sup |0k —O0(t)|| < Ci-n+Cso- KM
0<k<N

where C1 and Cy are constants depending on the smooth-
ness properties of the loss and the time horizon T.

See Appendix D for the proof. Let ¢ = inf,cr [|VI(w)||
be the minimum gradient norm, x £ ”—f? is the contraction
ratio of the inner fixed-point map. When M = 1,p <
1,k < 1, Algorithm 1 reduces to the standard SAM, which

matches the O(1) convergence error under PL condition.

The above theorem validates that SAM’s empirical success
stems from approximating min-max stationary points while
neglecting higher-order terms. These bounds reveal critical
insights into the stability of MSAM:

» The Stability Threshold (x < 1): The analysis holds
only when pBy < c. This implies that the perturbation
radius p must be small relative to the “curvature-to-
gradient” ratio. Physically, the gradient must provide a
strong enough restoring force to overcome the destabi-
lizing effect of the Hessian.

¢ Singularity at High Curvature: As x — 1 (e.g.,
near sharp saddle points or if p is too large), the term
1 — x approaches zero, causing error bounds to diverge.
This causes the error constants C, Cs to diverge, re-
flecting the fact that the worst-case direction becomes
ill-defined or highly sensitive when the local curvature
dominates the gradient signal.

* Practical Trade-off: There is a tension between the ra-
dius p and the error bound. While a larger p is desired
for better generalization (sharper minima avoidance),
it linearly increases the condition number ﬁ, thereby
requiring a finer step size 17 and more inner steps M to
maintain the same approximation accuracy. M must
increase logarithmically for constant fixed-point error.
As discretization error scales with 1 — k, n must de-
crease proportionally.

To maintain a fixed approximation error level € (i.e., ensur-
ing CoxM = ¢), the number of required iterations scales
as M ~ % In terms of wall-clock time, MSAM’s
cost scales linearly with the inner loop depth M, making
the choice of M (and by extension p) a critical regulator
between computational efficiency and the fidelity of the

curvature approximation.

3.5. Connection to Penalized Gradient Norm

Despite the simplification provided by Danskin’s Theorem,
explicitly calculating VI(6 + A*) requires solving the inner
loop. To interpret the dynamics without solving the inner
loop, we analyze the first-order Taylor expansion of this gra-
dient term around 6. This reveals a structural equivalence to
Approximate Implicit Differentiation (AID) methods used
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in bilevel optimization:

VIO + A*) =~ VI(0) + VI(0)A*
Vl( )

INIOIB

_ P
= VI(0) + V3(0) (IIVZ( ol I> Vi)
\—/—/lnnerGrad

Effectlve Y
o

~ VI(0) + V2I(0)p

Cross—2DerivA

ry

(10)

In general bilevel problems min, F(x,y*(xz)) as in
(Ji et al., 2021b), the update direction is V, F —
vz, FIV2, F]~'V,F. As shown in Eq. (10), our expan-
sion recovers this form exactly. The scalar matrix ﬁ[
acts as the effective Inverse Hessian [Vf}yF ]~ for the con-
strained problem. This term arises from the KKT conditions
of the spherical constraint: the Lagrange multiplier scales as
A = ||Vi]|2/p, creating an isotropic stiffness that resists the
gradient force, resulting in an effective inverse curvature of
(M)~1. A detailed discussion can be found in Appendix B.

This interpretation suggests that SAM dynamics effectively
operate as if the update is preconditioned by (A — V2[)~!
in a proximal-like sense, yet it differs fundamentally from
standard preconditioning methods like Newton’s method
or RMSProp. Instead of accelerating along low-curvature
directions, this effective preconditioning suppresses updates
where the gradient is highly sensitive to perturbations (high
V2). Consequently, the trajectory is biased toward regions
where the landscape is locally flat, prioritizing stability over
the pure descent speed favored by second-order optimizers.

The explicit gradient derived in Eq. (10) not only unifies
bilevel optimization concepts but also provides a rigorous
theoretical foundation for heuristically proposed regulariza-
tion methods. Specifically, our derived update direction is
mathematically equivalent to the gradient of the Penalized
Gradient Norm (PGN) objective proposed by (Zhao et al.,
2022):

Lpan(0) =10) + p[VI(O)]]2
va@wvie) (1)

IVI(©)]]2

In practice, computing the explicit Hessian-vector product
is computationally expensive. Therefore, we approximate
the curvature term using a finite difference quotient. Sub-
stituting this approximation into the update direction yields
the practical update rule:

- VLpan = VIO)+p

VoL(0) = (1 —a)VoL(0) +aVyL (9 tr ||§Z§EZ;H )

This formulation reveals that the effective gradient is 51mp1y
a weighted average of the current gradient and the lookahead

gradient at the perturbed point, avoiding explicit second-
order computations while retaining curvature information.

Remark 3.7. Regarding division by ||VI()]l2 = 0, the
singularity is inherent to normalized SAM. As the pertur-
bation direction is normalized by a gradient norm, it can
arise near stationary points. In our notation, w = 6 + A.
Outside the convergence region (2, we have by definition
[VO(w)|| > max {Cp, po1(V3(w))} > Cp, so the
shifted gradient norm is uniformly bounded away from zero.
In practice, standard implementations use e-smoothing, re-
placing || V£(w)]| by ||V£(w)|| + € to avoid numerical issue.

4. Empirical Evaluation

4.1. Synthetic Data

4.1.1. VISUALIZATION OF OPTIMIZATION
TRAJECTORIES ON A NON-CONVEX LANDSCAPE

We consider a synthetic two-dimensional loss function with
multiple minima, defined as

1.0

Loss Iandscape and opt|m|zer traJectorles

0.8

o
[=4]
Loss value

o
s

0.2

—6 T T T T T

x 0.0

Figure 1. Loss landscape and optimizer trajectories

n 2 2
(@ —cio)” + (y = Ciy)
= Z —A;exp {— 557 ,
i=1 i

(13)
where (¢; 4, ¢i,,y) are the centers of the minima, A; are their
amplitudes (depths), and o; are the curvatures. This function
creates a landscape with minima of different depth and
sharpness, allowing us to study the convergence behavior of
various optimization algorithms.

We evaluate three optimization algorithms: standard gradi-
ent descent (GD), Sharpness-Aware Minimization (SAM),
and multi-step SAM (MSAM). All algorithms are initialized
from the same starting point xo = (—0.2,—1) and use a
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Loss over iterations

Loss value
N
o
S

o 250 500 750 1000 1250 1500 1750 2000
Iteration

Figure 2. Loss over iterations

fixed learning rate of 0.1. Both SAM and MSAM use a
perturbation magnitude p = 1, while MSAM performs 10
inner steps per iteration to better approximate the adversarial
gradient.

Figure 1 shows the loss landscape and the optimizer trajec-
tories. We observe that: GD quickly converges to a local
minimum near the starting point, failing to reach the global
minimum. SAM oscillates and does not converge to any
minimum due to large sharpness-aware perturbations. While
at the same time, MSAM successfully navigates the land-
scape and converges to the global minimum, benefiting from
the multi-step adversarial gradient to escape local minima.

Figure 2 plots the loss values over iterations, which quanti-
tatively confirms the convergence behaviors observed in the
trajectories. MSAM achieves the global minima, while GD
is trapped in a suboptimal local minimum and SAM exhibits
oscillatory behavior. As discussed in (Kim et al., 2023),
SAM fails to escape saddle in non-convex landscapes with
large p, highlighting the misalignment of minimax goal and
SAM update. Instead, by carefully choosing M and 7, large
p becomes a practical choice.

Moreover, we re-run the experiment with p = 0.6 and
increase M. The results reveal a clear phase transition:
when M = 1, the trajectory sticks at a saddle point. When
M = 2,3, it escapes the saddle but converges to a sub-
optimal local minimum (like GD). When M > 4, it suc-
cessfully navigates the complex landscape to the true global
minimum. We exhibit such a regime where insufficient in-
ner accuracy leads to wrong local approximation, and where
increasing M beyond a threshold recovers the intended min-
imax dynamics and reaches the optimal solution, validating
Theorem 3.6. Note that larger M is not universally better.
Additional discussions are provided in Appendix F.5.

4.1.2. SPURIOUS MATRIX COMPLETION PROBLEM

We also use matrix completion problems to test the con-
vergence behaviors of SAM and MSAM in large-p regime

and the performance of SAM and MSAM in escaping local
minima in a spurious optimization landscape. Consider the
matrix completion problem
min f(x;¢) = || (ox” = M(e))allr,

where M* € R™"*" is a rank-1 matrix generated by M* =
x*x*T for x* € R™. Then M(e)* = (x* + €)(x* + €)',
where ¢ € R”™ is a small perturbation. Additionally, 2
denotes the set of indices of observed entries, and F' denotes
the Frobenius norm of a matrix. We generate x* in a similar
way as Examples 1 and 2 given in (Yal¢im et al., 2022).
Then these matrix completion problems are particularly
hard because of the existence of exponentially many local
minima.

Example 1 We take x* € R" such that x; = 1 for even
values of ¢, and x; = 0 for odd values of i. The set of
observed entries is Q = {(4,7) : |i — j| < 1,4,j € [n]}.
We solve the matrix optimization problem with the standard
gradient descent, SAM, and MSAM for M € {5,10}. For
SAM and MSAM, we take p € {0.1,0.2,0.3,0.35,0.4}.
All experiments are run for n € {10,100, 1000}, learning
rate 0.01, and 2000 iterations. Each entry in the small per-
turbation e is sampled from the standard normal distribution
and then rescaled to the desired noise level. The noise level
is set to 0.005. The optimized loss results are summarized
in Tables 1, 2, 3, 4.

Table 1. Loss for GD, SAM n = 100

P, GD SAM
020 6.9556e-06 2.9435¢-05
030 6.9556e-06  0.0006
040 1.0479e-05  1.5027

Table 2. Loss for GD, MSAM, n = 100

P GD MSAM (M=5) MSAM (M=10)
020 6.9556e-06  2.2058¢-05 1.5192¢-05
030 6.9556e-06  1.3513¢-05 0.00025
040 1.0479¢-05  7.5121e-05 0.00056

Table 3. Loss for GD, SAM, n = 1000

P, GD SAM
030 12474e-05 1.2932¢-05
035 1.2474e-05  0.0006
040 1.1989%-05  0.0006

Table 4. Loss for GD, MSAM, n = 1000

P GD MSAM (M=5) MSAM (M=10)
030 1.2474e-05  8.9293¢-05 8.8327¢-05
035 1.2474e-05 0.0001 6.9054¢-05
0.40 1.1989¢-05 0.0001 9.0831e-05
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Table 5. Loss, Distance from x* 4+ € for GD, SAM, n = 10,
e=0.5

GD SAM
0.2485,3.4448  2.5127,2.1884
0.2485, 3.4448  2.5120, 2.1879
0.2485, 3.4448  2.5112,2.1937

p
0.20
0.40
0.50

Table 6. Loss, Distance from x* + € for MSAM, n = 10, ¢ = 0.5

p MSAM (M=5) MSAM (M=10)

0.20 2.2726,2.0294  0.2487, 3.4613
0.40 2.5128,2.1816  0.0549, 2.1761
0.50 2.5129,2.1937 0.0576,2.1716

These results show that under an appropriate choice of M,
MSAM converges to at least the same order as GD and SAM.
Also, notice that in the large p regime, when SAM does not
converge to any minimum, MSAM still converges to at least
a local minimum and matches up with the performance of
GD. When the problem scale goes from 100 to 1000, and
p from 0.3 to 0.4, we observe that larger M is needed for
the algorithm to even converge. This validates theorem 3.6
that we need more iterations, i.e. larger M, to reduce the
fixed point iteration error £, where  scales linearly with
p. Another remarkable phenomenon is that for the moderate
scale problem n = 100, running MSAM with M = 5 out-
performs that with M = 10, this validates the effectiveness
of the stability condition ||VI(€ + A)||2 > (8/a)p in theo-
rem 3.3. Larger M corresponds to larger 5/ a, implying that
the adversary catches up the motion of parameters faster,
making the exact convergence to the optimal parameters
harder.

Example 2 We take x* € R" such that x; = 1 for ¢
odd, and x; = O for ¢ even. The set of observed entries is
O = {(4,9), (i, 2k), (2k,3) : Vi € [n], ke [[n/2]]}. The
results of (Yalcin et al., 2022) indicate that x* 4 € is a unique
global minimum up to a sign flip for the perturbed problem.
Therefore, in addition to the optimized loss, we also report
lx — x*||2, where x is the output vector.

We solve the matrix optimization problem with the standard
gradient descent, SAM, and MSAM for m € {5,10}. All
experiments are run for n = 10, learning rate 0.01, and 2000
iterations. Each entry in the small perturbation € is sampled
from the standard normal distribution and then rescaled
to the desired noise level. The noise level is set to 0.5
respectively. The results are summarized in Tables 5 and 6.
The results show that when p is large, MSAM outperforms
both GD and SAM in the sense that besides substantially
reducing the loss function, MSAM also converges closer to
the global minima.

4.2. Experiments on CIFAR-10 and CIFAR-100

We would like to refer to Appendix in (Foret et al., 2021),
where statistically significant improvement of MSAM of
over is provided. Here we would like to elaborate more on
its effect for different p, and M. Additional experiments are
provided in Appendix F.6.

Experimental Setup: We evaluate Multi-step
Sharpness-Aware Minimization (MSAM) on CIFAR
dataset (Krizhevsky, 2009) using ResNet20, ResNet56, and
Wide ResNet28-2 architectures. All models are trained
for 200 epochs with cosine annealing learning rate (initial
LR=0.1), batch size 128, momentum=0.9, and weight
decay=5e-4. We compare Stochastic Gradient Descent
(SGD) baseline, standard SAM (M = 1), and MSAM
variants (M € {3,5,10}) across neighborhood sizes
p € {0.025,0.05,0.10}. Deeper architectures (ResNet56
and WRN28-2) are evaluated with p € {0.05,0.10} to
assess generalization across network depths.

Results and Discussion: Tables 7, 8, 9 present test accuracy
across configurations. One can see that SAM and MSAM
consistently outperform SGD across all architectures, with
accuracy gains of +0.2-0.6% for ResNet20 and +0.2-0.4%
for deeper networks. Moreover, in small p settings, MSAM
achieves comparable performance to SAM, and in moderate
p setting, there exists larger improvement, validating the
multi-step approximation’s effectiveness. Notably, under
CIFAR-100 like MSAM (M=5) even surpasses SAM on
ResNet56 at p = 0.10 (74.8% vs 74.2%).

Theoretical Interpretation: These results strongly sup-
port our min-max framework. The statistically sig-
nificant superiority of SAM/MSAM over SGD aligns
with their convergence to min-max stationary points of
ming maxa| <, L(6 + A). MSAM’s performance parity
with SAM confirms our theoretical insight that multiple
fixed-point iteration steps preserve the stationary point ap-
proximation. The problem specific p and M sensitivity
reflect our theoretical prediction: complex tasks (CIFAR-
100) benefit more from MSAM where strong non-convexity
dominates, while easier tasks (CIFAR-10) operate in flat-
ter regions where small p and M suffice. This validates
our explanation that SAM’s success stems from min-max
optimization rather than specific implementation choices.

Table 7. Test Accuracy on CIFAR-10 Comparing MSAM and SGD

ResNet20 SGD M=3 M=5 M=10
p=0.025 932 934 93,6 933
p=005 932 933 934 934
p=010 932 937 937 936
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Table 8. Test Accuracy on CIFAR-10 of Wide ResNet28 and ResNet56

WRN28-2 SGD Standard SAM M=5
p=0.05 954 95.8 95.8
p=0.10 954 95.6 95.8
ResNet56 SGD  Standard SAM  M=5
p=0.05 950 95.3 95.2
p=0.10 950 95.2 954

Table 9. Test Accuracy of CIFAR-100

CIFAR-100 SGD Standard SAM  M=5
p = 0.05, ResNet20  70.1 70.7 70.8
p = 0.10, ResNet20 71.2 71.3 71.4
p = 0.05, ResNet56  75.2 75.2 75.2
p = 0.10, ResNet56  74.4 74.2 74.8

Table 10. Performance and timing comparison of Standard SAM versus Periodic MSAM on ResNet-20.

Method Inner Steps (M) p (Last 20% Epochs) Test Accuracy Total Time
Standard SAM 1 0.05 (All epochs) 69.32% 22m 5s
Periodic MSAM 5 0.2 69.76% 27m 42s
Periodic MSAM 10 0.1 70.01% 31m41s
Periodic MSAM 10 0.2 70.32% 28m 1s
4.3. Periodic MSAM network with standard SAM for the first 80% of training,

To address the computational overhead while preserving the
theoretical benefits of multiple inner steps, we implemented
a Periodic MSAM strategy. Recognizing that standard SAM
is sufficient for the simpler, early stages of optimization,
we train ResNet-20 using standard SAM (p = 0.05) for
the first 80% of the training epochs. During the final 20%
of the epochs (epochs 160-200), where the landscape be-
comes highly non-convex and the optimizer is more likely
to encounter spurious local minima, we dynamically switch
to MSAM with a larger perturbation radius (p = 0.2) and
multiple inner steps (/) to accurately resolve the worst-
case landscape. We also include a specific ablation using
p = 0.1 for M = 10 during this final phase. As shown in
Table 10, Periodic MSAM consistently improves test accu-
racy while keeping the additional wall-clock training time
highly manageable.

Crucially, these results empirically validate our theoretical
claims: employing a larger p directly benefits final test ac-
curacy by enforcing a wider flatness penalty. Furthermore,
increasing M provides distinct benefits when p is large; rais-
ing M from 5 to 10 under p = 0.2 further boosts accuracy
from 69.76% to 70.32%, confirming that sufficient inner
steps are necessary to unlock the generalization benefits of
a large perturbation radius.

Regarding the scalability of this approach, we evaluated the
proposed Periodic MSAM against a standard SAM base-
line using a ResNet-50 model on the Imagenette2 (Howard,
2019) dataset. Both models were trained from scratch for 90
epochs using a batch size of 256, a base learning rate of 0.1
with a cosine annealing schedule, momentum of 0.9, and
weight decay of le-4. While the baseline SAM (p = 0.1)
achieved a final Top-1 validation accuracy of 75.01%, our
Periodic MSAM strategy achieved 76.87%. This signifi-
cant +1.86% improvement was realized by conditioning the

followed by a dynamic transition to a multi-step MSAM
exploration phase (p = 0.2, M = 5) for the final 20%.
These results empirically validate that engaging a heavier,
multi-step exploration phase in the late stages of training
successfully navigates complex loss landscapes and prevents
suboptimal convergence in larger-scale vision tasks.

5. Conclusion

We showed that SAM can be viewed as solving a minimax
game and built a short, two-step mathematical model that
explains how it works without assuming the loss is favorably
curved or the perturbation is sufficiently small. We validate
our theoretical intuition through Multi-step SAM, which
maintains SAM’s speed but has better stability for large
p. Our theory pinpoints how the perturbation size and the
number of inner steps control both training cost and the
flatness of the final solution, and the experiments support
our findings. Our analysis could help the user finetune
SAM automatically, combine it with adaptive optimizers,
and handle data-dependent perturbations in large-scale deep
learning.
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A. Proof of Lemma 3.2

Proof. Since the Mangasarian-Fromovitz constraint qualification (MFCQ) satisfied at any point in the feasible set of
problem 1b, there exists a slack variable 1 € R such that any local maximizer point A of problem 1b has to satisfy the
KKT conditions:

Vi@ + A) —2uA =0, (14a)
1A < %, (14b)
w0, (14c)
n(IAl = p?) = 0. (14d)
The solution is either p = 0 or
Vi6+ A
VIO + D)o )
2[| Al
By taking the solution of 4 into (14a), we will conclude the necessary conditions 2. O

B. Derivation of the Effective Inverse Hessian via KKT Conditions

In this section, we provide a rigorous derivation of the effective inverse Hessian term used in our bilevel update rule. We
show that the term ﬁ[ arises naturally from differentiating the KKT conditions of the inner constrained maximization
problem under the assumption that the constraint curvature dominates the loss landscape curvature.

B.1. Problem Setup and KKT Conditions

Consider the inner maximization problem with respect to the perturbation A:

mAaXl(G +A) st ||Al = p? (16)
We define the Lagrangian £(A, ) for the equivalent minimization problem of —1(6 + A):
A
LX) ==10+4) + 5 (A3 - p?) (17)

where )\ is the Lagrange multiplier associated with the spherical constraint. The first-order Karush-Kuhn-Tucker (KKT)
conditions for optimality are:

VAL =-VI(H+A)+IA =0 (18a)
1
VaL = S(IA]5 = p*) =0 (18b)

From the stationarity condition (18a), we have AA = VI(6 + A). Taking the norm of both sides and using ||Alj2 = p, we

find the value of the Lagrange multiplier:
N A E

p

(19)

B.2. Implicit Differentiation of the KKT System

To find the sensitivity of the optimal perturbation A* with respect to the model parameters 6, we apply the Implicit Function
Theorem by taking the total differential of the KKT conditions with respect to 6, A, and A.

Differentiating the stationarity condition (18a):
—V21(0 + A)(dO + dA) + dAA + XdA =0 (20)
Rearranging to group the unknowns dA and d\ on the left-hand side:

(M — V210 + A))dA + Ad) = V(0 + A)db 1)

13
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Differentiating the feasibility condition (18b):
ATdA =0 (22)

We can write equations (21) and (22) as a block matrix linear system, often referred to as the KKT Matrix system:
M —V2 Al [dA _ V2
AT O|[dx| | O

K

} do (23)

B.3. The Stiff Constraint Assumption

Solving (23) exactly yields the precise sensitivity %—?. However, to derive the interpretable form used in our algorithm, we
introduce the Stiff Constraint Assumption. We assume that the curvature induced by the spherical constraint dominates
the local curvature of the loss function:

M > V20 + A) (24)

Physically, this implies that the “force” keeping the perturbation on the sphere is much stronger than the Hessian of the loss.
Under this assumption, we approximate the top-left block of the KKT matrix:

M — V20 + A) = A (25)

2
2 3J[8]-[7]

The simplified KKT system becomes:

B.4. Solving via Block Matrix Inversion

;‘r ﬁ} where A = Al and B = A. Using the

formula for block matrix inversion, the top-left block of the inverse K1_11 is given by:

We solve for dA by computing the inverse of the block matrix K ~ {

Kl=A"1-A"'B(BTA™'B)"'BTA™! (27)
Substituting A~! = 11
11 1 |
K = T-3A (ATAIA) ATX (28)
1 AAT
=3 (I B m) @9

Using the Jacobian relation dA = K ;' (V?21)d6 derived from (26), we obtain the sensitivity:

oA 1 ; AAT
90~ )

t V200 + A 30
An%) O+2) (0

B.5. Recovering the Effective Inverse Hessian

Finally, we substitute the physical values from the stationarity condition back into the equation. Recall from Eq. (19) that
A= @, and that the optimal perturbation is aligned with the gradient, A = p%. Substituting these into the sensitivity
formula:

oA p ( \Av/Al

L — _—— V2l9+A 31
o0~ TVI0 + M) ||v1|%> O+2) GD

Scalar Stiffness H;flf Projection Pg;

This derivation confirms that the term ﬁ] acts as the effective inverse Hessian in the bilevel update rule. It represents

the inverse of the constraint’s curvature, projected onto the tangent space of the sphere.

14
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B.6. Optimal Gradient VyA*(6)
Lemma B.1. For every (0, A) € R, it holds that

P&V P
VoA*(6) = (1 vi ) VI g2 (32)
V]| v
Proof. Define the Jacobian matrix Vo A*(6) to be
an A10) - G5 AL()
VoA*(0) = e . (33)
DALO) - A0)
By the chain rule, it follows that
VoL(0) = (I + VoA*(6))" VI (8 + A*(6)) (34)
Based on the optimality condition 2a: A*(6) = %, we could implicitly derive the derivative for the the
optimal A*(0), 1(0 + A*(0)) = L(0) is abbreviated by I* for simplicity.
_ vz*vz;
VoA*(0) = p WV%* (I + VoA*(6)) (35)
(I— vzvz'zr )VQI
Since I — p% is invertible in R, we could have the following formula
P&.VH "' P
VoA*(0) = <1 —p ) VI 21" = (I — pH*) ' pH* (36)
V]| TV
pL « pLl . N * *T .
where H is defined as H = vallﬂvzl Pé-l =71 - V‘lvv”lp ,and H* = vVlQ” AVETAS Pé-l* =171 - %. 10+ A)is
abbreviated by [ for simplicity. O

C. Proof of Theorem 3.3

Proof. We analyze the stability of the coupled dynamical system defined in Eq. (9). We define the domain of interest R as
the region where the curvature is bounded relative to the gradient magnitude:

R={(0.8)] p-or(V2U(O + A)) < VIO +A)ll2}
Consider the following Lyapunov function candidate, which combines the loss value with the distance of the current

perturbation A from its ideal direction:

1 2

2

VIO + A)

V(0,A) =1(0+A) + PIvi6+ D)

HA - (37)

2
For brevity, let g = VI(0 + A), H = V?[(0 + A), and let £ represent the perturbation error vector:

9

E=A—
"loll2

Differentiation of V' with respect to time ¢ yields:

av 49 dA d g
=Vi+A — T—(A-p—2L—
- Ve )<m+m)+5w< pmm)

(%A e [ds B de dA
=g’ dt ' dt dt ||g||2 dt

15
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where P;- = I — 4% is the projection onto the tangent space of the gradient.

We regroup the terms by the time derivatives Zf and dA
dv - - d9 - P} dA
—— =19 —»r prinal U g —p H|| — (38)
dt H |I2 lgll2 dt
Term A Term B

Substituting the system dynamics from Eq. (9), specifically % = —ag and % = BPx (pm — A) = —Px &, we obtain:

dv T_ o Big
—=—alg —pf — g—~8
dt l ||g||

(B
g +&T 1~ PT H||Pie (39)
2

We simplify the terms individually. For the first term (associated with «):
<99 =lgl3.

L
H g remains.

¢ The cross term involves PJ-g = 0, so the term pET Hgll

For the second term (associated with /3):

* Note that £ = A — pﬁ. Since A is on the sphere (or converges to it), Px A = 0. Thus, P& = Pi(—p Hgﬂh ).

£—g " Pxg. Since Px is positive semi-definite, this contribution is non-

¢ The term gTPALS = —pgTPAL—”ggH2 = —Tol2

positive.

Substituting these simplifications back, we derive an upper bound for & d .- We use the spectral norm o (H) for the cross
terms. For the third term, we utilize the geometric property that g " PA & = Hg\|2 | Px g3, which allows us to bound its

magnitude by Sp||g||2-

dVv PJ_ PJ_
E:faHgHngapgT Hgg”QHg*Bg 5 55TP 5+ﬂp5T || 7| HP E
Bpll€
< —allgl3 + apllEll201(H) + Bpllgll2 + ”|” 13 o1 (H)

To guarantee stability (% < 0), we group the terms scaling with ||g||2. We require the negative gradient descent term
—al|g]|3 to dominate the destabilizing terms:

W IEll20 () BpllEll3 )
— < —|lg allgll2 — Bp —ap N o1(H
& < ~lla (lle ol Tl

Thus, a sufficient condition for stability is that the term in the parentheses remains positive. We simplify this condition
by applying the triangle inequality bound on the error vector, ||£]|2 < [|All2 + p = 2p. Substituting ||€]|2 < 2p into the
expression:

2 4
ﬂp+pal(H>< Ay sk ><allg||2 (40)
llgl> " lglI3
Dividing by a and rearranging to isolate the gradient magnitude:
H
P )(1+25”)<||g||2 41)
g1l a|lgll2
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£
Recall that H = %"”VQZ, the inequality can be further simplified as:

B 2 PQ B 2 P3
llglla > —p +20:(V71) +4=01(V7I) 42)
a g3 "« llgll3

This yields a clear interpretable condition: stability is guaranteed as long as the gradient ||g||2 is not vanishingly small
relative to the perturbation radius p and curvature o1 (V21) of each current position of the trajectory. Specifically, for a fixed
ratio 3/, the condition holds whenever ||g||2 > O(p).

Finally, 2V = 0 implies ||g||> = O (stationary point) and ||€[|> = 0 (optimal perturbation), which corresponds to the unique
minimax equilibrium:

0+ A
VIOHD)

D. Proof of Theorem 3.6

Proof. We analyze the MSAM update with finite M as a perturbed Forward Euler discretization of the ideal ODE. We
utilize Assumption 3.4 (Lipschitz continuity) to bound the error propagation and Assumption 3.5 (Bounded Derivatives) to
bound the truncation error.

Let F'(8) = —VI(0 + A*(6)) be the ideal vector field where A*(9) is the exact fixed point. The ideal Euler step is:
Orr1 = Ox +1F (0r) (43)
The actual MSAM update uses an approximation Ay, obtained after M fixed-point iterations:
Ok+1 = Ok — VIO + Arr(0k)) (44)

We can rewrite the actual update as a perturbed Euler step:
b1 = O+ (F(01) +Efy)) (45)

where 6}’;) = VI(0 + A*) — VI(0 + Apy) represents the Fixed-Point Approximation Error vector at step k.

First, we bound the error in the perturbation A. Since the inner map Ty (A) is a contraction with rate x < 1 (implied by the
curvature bound relative to the gradient in the region R), the distance to the fixed point shrinks by x at every inner iteration:

1A = A% < &M[|Ag — A% < kM (2p)
Since V1 is Lipschitz continuous with constant L (Assumption 3.4):
€51 = 11VU6k + A%) = VIO + Aur)| < LIA" = A < 2pLi

Thus, the vector field perturbation is uniformly bounded by By, = 2pLr™.

We define the global error at step k as e, = || — 0(tx)||. To derive the recurrence for e 1, we explicitly compare the
discrete update rule with the Taylor expansion of the continuous solution.

We expand the true solution 6(t) around ¢ using Taylor’s Theorem with Lagrange remainder. Noting that t511 =ty + 7,
we have:

do n? d%0
Otkr1) =0(tk) +1— | + 555
dt|, "2 ap

=0(ty) + nF(0(ty)) + Ry

ke

17
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where & € [tg,tr+1]. The Local Truncation Error is Ry, = %9(&) To bound this, we expand 6(t) = 4F0() =
VF(0) - F(0). Using Assumption 3.5, the derivatives VI and V2] are bounded by B; and By. By the Implicit Function
Theorem, VA*(0) is bounded. Therefore, ||0(¢)]| is bounded by a constant M,4. depending on By, Bo:

1
Rkl < 5‘7chle7}2

Subtracting the continuous expansion from the discrete update:
Orsr = O(tk11) = [0+ nF(8k) +nEf | = 10(tk) + nF (8(tx)) + Ri]
= (0 — 0(tx)) + 0(F(0r) — F(O(t))) +nELy — Ry,
Taking the Euclidean norm and applying the triangle inequality:
exrr < 10k — ORI + 0l F(6k) = FOE)I| +nllEf,) | + R
Since V21 is bounded (Assumption 3.5), the vector field F() is Lipschitz continuous with constant L . Thus:

1E(Or) = F@OER)) < Lrll6x — 0(tx) || = Lrex

Substituting the bounds:

1
err1 < (1+nLlp)ex + 51\40de772 + 1By (46)
AR ——

. LY Fixed-Point Error
Discretization Error

Iterating this recurrence yields:

M N-1
en < ( o +Bf,,> > (L +nLpy
7=0

N
J r—1
Summlng the geometrlc series E -0 T‘ = 53

Moe N _
( dﬂ+2L )(1+77LF) 1
2 nLp

IA

EN

Using the bound (1 + 2)"V < eV* and substituting N = T

Moden eLFT -1
< 2pL
= ( 2 > nLr
Simplifying the expression to separate the terms:
Mode  1pr 2pL L7 M
< | =——(e""" -1 — (et —1)-
en < SRS T =0 n [FneeT - 1]
C1 CQ

Canceling 7 in the second term ensures the fixed-point error depends only on M:
sup |0k — 0(t)|| < Cin+ Cor™
0<k<N
O
The constants Lz and M,4. governing the error bounds in Theorem 3.6 are not arbitrary; they are determined by the local

geometry of the loss landscape. Under Assumption 3.5, and letting ¢ = inf e g ||VI(w)|| be the minimum gradient norm,
explicit upper bounds are given by:

LF S 1& Mode S 1B1B2
— — K

where x £ @ is the contraction ratio of the inner fixed-point map.

(47)
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D.1. Derivation of Stability Constants

In this part, we derive the explicit upper bounds for the Lipschitz constant L and the trajectory acceleration bound M.
These bounds rely on the implicit sensitivity of the worst-case perturbation.

D.1.1. SENSITIVITY OF THE OPTIMAL PERTURBATION

Recall that the optimal perturbation A*(0) is the fixed point of the mapping T'(, A) = p%. Letu =6 + A. The
Jacobian of the map 7" with respect to w is given by:
IVURL - vV P&
Jr(u) = Val(u) =p Vel(u)
v Il

Using Assumption 3.5, we bound the spectral norm of this Jacobian:

pBQ A
C

14 2
J < — Ve <
[ Jr(u)ll2 < V] [ | <

K
By the Implicit Function Theorem, differentiating the fixed-point equation A*(0) = T'(, A*(6)) with respect to 6 yields:
VoA* = VT + VAT (VyA¥)

Since T" depends on the sum 6 + A, we have VT = VAT = Jp. Thus:
(I — Jr)VeA* = Jp = VeA* = (I — Jr) " 'Jr
Taking norms and using the contraction property ||Jr| < k < 1:

Vel s

VoA < 48
D.1.2. LIPSCHITZ CONSTANT OF THE VECTOR FIELD (Lp)
The effective vector field is F'(§) = —VI(0 + A*(09)). Differentiating with respect to 0:
VoF(0) = —V21(0 + A*)(I + VoA*)
Taking the spectral norm:
K 1
IVoF @I < 192010+ 190871 < B2 (14 5 ) = Ba (12
— K 1-&
Thus, we establish the bound:
B
Lp < — (49)
1-kK

D.1.3. TRAJECTORY ACCELERATION BOUND (M,4.)
The acceleration of the continuous trajectory is given by the total derivative of the velocity field:

. d df
0(t) = — F(6(t)) = VoI (0) - — = VoI (0) - F(6)
dt dt
We apply the Cauchy-Schwarz inequality and substitute the previous bounds. We use the gradient bound ||F ()| =
V(0 + A%)|| < By:

) Bo
IF0 < INaF@FO] < (122 ) By
Thus, the trajectory smoothness constant is bounded by:

BB
Modeg 12
11—k

(50)
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E. Linear Stability of the Unprojected Flow

Without projecting the inner maximiser onto the p-sphere, the continuous-time dynamics is

A VL(0+d)
at P VL + D).

o dA +
=+ 2 VL0 +4)

i lo]7[o]

The Jacobian J is derived by differentiating the ODEs with respect to A and 6, at x = 6 + A:

A 0A
J= [aA. ae],

06 90
oA 00
. 0A
Term 1: 3% . .
0A p { VL(z)VL(x) ] 9
92 _ I- V2L(z) — I
A [|[VL(z)]| IVL(z)]I3
Term 2: %
A L(z)VL(z)"
90 ||[VL(z)|2 VL(x)I3
Term 3: g—g and g—z
I— VLVL;
Define A = %V2L, we could write the following first order approximation:

_ dA
Pan

VL —(I+pA)V3L

d (db dA 2
a (dt) ~ S VL~ (T4 pA) (I + pA)VL

A
~ —p(I+ pA)j—AVL — (2pA+1)V?L

)
dA _ VPIVIVL'V’L = VL - %v%
dA IvL|? VL3 IVL]

Hence, the first order approximation is

p _ VL(@)VL(z)" 2 . p _ VL(x)VL(z)" 2
I~ | TVT@T [I NZGIE }V L(z)—1 uvuw)nzl] VL@ }V L(z)
—pAVL — (I +pA) V3L —pLVL — (2pA+1)V?L

For the unperturbed system (p = 0), the Jacobian matrix simplifies to:

-1 0
n=25
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For the —1I block: y = —1 (with multiplicity equal to the dimension of A). For the —H block: y = —\;, where A; > 0 are
eigenvalues of H. All eigenvalues have negative real parts; the equilibrium is locally asymptotically stable.

For the perturbed system (p < 1), the Jacobian becomes J = Jy + pJ1 + O(p?), where:

1 VLVL" 1 VLVL"
J, = |9 -S| H o |1 - e H
—42VL — AV?L —4AVL - 2AV?L

When it comes to the leading-order eigenvalue perturbations, for small p, eigenvalues p of J are perturbed from their p = 0
values. Using first-order perturbation theory:

= po + ppr + O(p?),

.

where p are eigenvalues of Jy, and iy = Vf,(){]llll:o , with ug, v being the right/left eigenvectors of Jy. For each eigenvalue
o . . a . . . . . a

o = —1 (from —1I): its right eigenvector is uy = {O} , where a is arbitrary, and its left eigenvector is vy = {O} . For

eigenvalues g = —A\; (from —H), its right eigenvector is uy = 0 }, where b; is the eigenvector of H, and its left

b;

. . 0
eigenvector 1S vg = [b]
2

For the first-order corrections, we could have:

Case 1: Perturbations to pg = —1

. a . .
For eigenvectors uy = [ } , the perturbation term p; is:

0

T 1 VLVL"

T a I — Ha

_voJiug (HVL||2 [ IVLI3 } )

M1 = T - T .
Vo Ug a a

VLVL"
IVLI3

a projection matrix are 0 and 1, y; is upper bounded by the norm of H :

The projection operator P = [I — } projects vectors onto the subspace orthogonal to V L. Since the eigenvalues of

< 1 a'Ha < Amax (H)
M=IVE, "aTa — VL[

The term pq reduces the negativity of u, but stability persists if:

)\max(H)

p-lmai ) <.
VL2

Case 2: Perturbations to g = —\;

. 0 . .
For eigenvectors ug = b’ the perturbation term (4 is:
7

T
~ Vo Jlllo dA 2
=——=A —VL+2AV-L
M1 VJUO max(dA + )
Hence, eigenvalues near y9p = —1 remain y ~ —1 + p - Aﬂ‘%ﬂi) + O(p?). Eigenvalues near yp = —\; remain

= —\; + pjiin + O(p?). Those eigenvalues remain negative provided p Amax(H) < ||[VL||2.

The spectrum of Jy shows that the unperturbed flow is a strict contraction in both (A, #) directions. Adding the SAM
perturbation introduces off-diagonal couplings of size p; eigenvalues move toward the imaginary axis but remain in the
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left half-plane as long as p is smaller than the gradient-to-curvature ratio, which is exactly the same condition guarantees
contraction of the fixed-point map used in the main text. Practically, this explains why SAM is stable for moderate radius
yet may diverge if p is chosen too large relative to the local Hessian. The analysis also highlights that extra inner steps-our
MSAM scheme, reduce the effective p seen by the outer update, enlarging the stable range without sacrificing robustness.

F. Additional Experiments
F.1. Matrix Sensing Problem

Experimental Setup and Results: We perform the overparametrized matrix sensing problem using the objective function
and test error proposed in (Li et al., 2018) to compare the generalization performance of SAM and MSAM on synthetic
data. We generate the true matrix X* = U*(U*)T by sampling each entry of U* € R"*? from a normal distribution
and normalize each column of U* to have unit norm. Then we independently sample each entry of the sensing matrix
A; € R¥™4 for i = 1,..,m from a normal distribution. We use learning rate 0.0025 for GD, SAM and MSAM (M = 3)
and neighborhood sizes p = {0.001,0.01,0.1}, m = 5dr, d = 100, r = 5.

Results and Discussion: Table 11 and Table 12 show the results of the matrix sensing problem and the MSAM results are
comparable to the GD and SAM results when p = 0.001, 0.01. When p = 0.1, the larger error of MSAM may be due to the
choice of always keeping || A|| = p in solving the inner optimization problem while the true optimal A may have norm less
than p. Similar phenomenon appears in Table 13 where MSAM shifts a distance of p from the global optimum.

Table 11. Objective Function Value

p GD SAM  MSAM (M=3)

0.001 0.5142 0.4976 0.4976
0.01 0.5142 0.4990 0.499
0.05 0.5142 0.5055 0.5056

0.1 05142 0.5142 0.5145

Table 12. Test Error

p GD SAM  MSAM (M=3)
0.001 3.1493 3.0922 3.0923
0.01 3.1493 3.0973 3.0973
0.05 3.1493 3.1201 3.1202
0.1 3.1493  3.1493 3.1492

F.2. Non-convex Function

Experimental Setup: We first verify the convergence of Multi-step Sharpness-Aware Minimization (MSAM) to local
stationary points in optimizing the non-convex polynomial function f;(6) = 62 — %93 + (0 — 1)*. The three local stationary
points occur at ; = 0.5245, 5 = 0.8859, and 63 = 2.1521. The global minimum is 3, and 65 is a local maximum.
We compare GD baseline with SAM (M = 1) and MSAM (M = 3) with learning rate 0.05 and neighborhood sizes
p € {0.01,0.02,0.05,0.1}. All algorithms are initialized at # = —1, and A = 0 for MSAM.

Results and Discussion Table 13 presents the solution each algorithm outputs. In this simple synthetic experiment, we
observe that when the learning rate is small such that the naive gradient descent is trapped in the local minimum, the
increment in the neighborhood size p helps SAM and MSAM escape the local minima.

Table 13. Comparing SAM and MSAM Convergence across p for f

p GD Standard SAM  MSAM (M=3)

0.01 0.5252 0.5242 0.5152
0.02 0.5252 0.8844 2.1820
0.05 0.5252 2.1338 2.2020
0.10 0.5252 2.1060 2.2520
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F.3. Spurious Matrix Sensing Partial Results

Table 14. Loss for GD, SAM, n = 10

P, GD SAM
0.10 1.0765¢-05 1.5702e-05
0.20 1.0765¢-05  0.50179
030 1.0765¢-05  2.4993

Table 15. Loss for GD, MSAM, n = 10

P GD MSAM (M=5) MSAM (M=10)
0.10 1.0765¢-05  2.2311e-05 3.1253¢-05
020 1.0765¢-05  1.2377¢-05 0.0002
0.30 1.0765¢-05 2.4993 0.00026

F.4. Convex function

Experimental Setup and Results: We also verify the convergence of MSAM (M = 5, M = 10) compared to SAM and
Gradient Descent (GD) using f; (01, 62) = 0.25(0% + 63) — 0.56; + 0.250. The analytical global minima of this function
is (1, —0.5). Initialization is (—1,0) and learning rate is 0.05 for all algorithms. Table 17 shows that MSAM converges to a
neighborhood around the global minima, and, in general, solving the inner optimization for more iterations helps MSAM to
converge closer to the global optima.

Table 16. GD and SAM Convergence across p for f1

p GD Standard SAM
0.01 (0.9962,-0.4991)  (1.000, -0.5000)
0.05 (0.9962, -0.4991) (0.9994, -0.4998)
0.10  (0.9962, -0.4991) (0.9988, -0.4997)

Table 17. MSAM Convergence across p for fi

p  MSAM (M=5)  MSAM (M=10)
0.01 (0.9954, -0.4953) (0.9987, -0.4987)
0.05 (0.9963,-0.4963) (1.0044, -0.5054)
0.10 (1.0340,-0.5340)  (0.9665, -0.4664)

F.5. Matrix Completion: Regime-Dependent Tradeoffs

To further investigate the interplay between p and M, we evaluate MSAM in a controlled matrix completion setting (n = 10,
e = 0.005). Tables 18 and 19 summarize the final loss achieved across different hyperparameters.

As shown in Table 18, when using a smaller perturbation radius (p = 0.05), the effect of increasing M is not universally
monotone. Moderate inner-loop counts (M € {3,4}) improve the final loss, but excessive inner steps (M = 5) begin to
weaken convergence accuracy. Conversely, as shown in Table 19, when the perturbation radius is increased to p = 0.06,
larger inner-loop counts become generally more favorable. This empirically supports the regime-dependent tradeoff discussed
in our theoretical analysis: larger p values require larger M values to accurately resolve the worst-case perturbation and
maintain stable convergence.

F.6. Image Classification

We conducted experiments on the CIFAR-100 dataset using the ResNet-20 architecture. All models were trained using a
standard hyperparameter configuration: a fixed batch size of 128, a base learning rate of 0.1, a momentum of 0.9, and a
weight decay of 5 x 10~%. To account for the stochastic nature of network initialization and mini-batch sampling, each
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Table 18. Matrix Completion Results (p = 0.05). At this smaller radius, moderate inner-loop counts improve final loss, while excessive
inner steps can weaken convergence accuracy.

n o € Method p M  Final Loss

10 0.005 GD - - 7.8730 x 10~°
10 0005 SAM 005 1 99114x10°°
10 0.005 MSAM 0.05 2 8.4769 x 1076
10 0.005 MSAM 005 3 6.8657 x 1076
10 0.005 MSAM 0.05 4 7.0932 x 1076
10 0.005 MSAM 0.05 5 1.0412 x 1075

Table 19. Matrix Completion Results (p = 0.06). At a larger radius, higher inner-loop counts are required to accurately resolve the
worst-case perturbation and achieve favorable convergence.

n € Method p M  Final Loss

10 0.005 GD - - 1.0581x 1077
10 0.005 SAM 006 1  1.7514x107°
10 0.005 MSAM 006 2  9.5396 x 106
10 0.005 MSAM 0.06 3 1.1870 x 107°
10 0.005 MSAM 006 4  9.7472 x 1076
10 0.005 MSAM 006 5  1.0459 x 10~°

configuration was executed across five independent runs using distinct random seeds. The final performance metrics
are reported as the mean Top-1 validation accuracy alongside the standard deviation across these five runs, providing a
statistically robust comparison between standard SGD, SAM, and our MSAM approach.

Table 20. Experimental Results on CIFAR-100. The reported accuracy represents the Mean + Standard Deviation across 5 random seeds.

Architecture Optimizer Perturbation Radius (p) M Steps Top-1 Accuracy (%)

ResNet-20 SGD 0.00 0 68.65 + 0.41
ResNet-20 SAM 0.05 0 69.46 £ 0.32
ResNet-20 MSAM 0.10 5 70.01 £0.29

Furthermore, to provide additional empirical context from foundational literature, we will explicitly point to Appendix C.6
of the original SAM paper (Foret et al., 2021). Their ablation study (p = 0.05 for both SAM and MSAM) independently
validates the benefits of taking multiple projected gradient steps for the inner maximization.

Specifically, evaluating a WideResNet architecture on the CIFAR-100 dataset, they demonstrated that increasing the inner
steps (M) uncovers a significantly larger worst-case perturbation (captured by the “Estimated sharpness” metric), which
forces the outer optimizer to penalize sharpness more rigorously and subsequently yields higher generalization accuracy.
This historical empirical evidence aligns perfectly with our theoretical framework (Theorem 3.6): taking multiple inner
steps (M > 1) reduces the truncation error of the worst-case perturbation. By more accurately resolving the true adversarial
direction, MSAM enforces a stricter flatness penalty, allowing it to bypass suboptimal local minima and achieve superior
test accuracy compared to standard 1-step SAM.
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