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Abstract

Counterfactual reasoning is one of the fundamen-
tal facets of human cognition, involved in vari-
ous tasks such as explanation, credit assignment,
blame, and responsibility. It describes the queries
what would have happened had some interven-
tion been performed given that something else,
corresponding to Layer 3 of the Pearl Causal Hi-
erarchy. In this project, we examine specific types
of counterfactual quantities, called counterfactual
direct (Ctf-DE), indirect (Ctf-IE), and spurious
(Ctf-SE) effects for quantifying fairness in a se-
quential decision-making framework. Building on
these measures, we formulate an online causally-
fair learning problem with multiple long-term
constraints and study it in both non-parametric
contextual bandits and parametric logistic bandits
settings. We achieve sublinear regret and viola-
tions bounds for both bandits settings with round-
wise counterfactual fairness constraints (that are
a priori unknown) without Slater’s condition. For
logistic bandits, our method achieves a regret with
leading term matches that of the unconstrained
setting.

1. Introduction

Explainable artificial intelligence (XAI) (Lipton, 2018;
Miller, 2019; Longo et al., 2024) seeks to identify under-
lying mechanisms that govern a system’s behavior through
observations, interventions, and imaginations, which induce
the three layers in Pearl Causal Hierarchy (a.k.a. the Ladder
of Causation) (Pearl & Mackenzie, 2018; Bareinboim et al.,
2022). In particular, imaginations, namely counterfactuals,
entail thinking about alternative ways the world could be,
including ways that conflict with how the world currently is.
For instance, would the employer have taken the same action
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had the employee been of a different religion (age, national
origin, etc.) and everything else had been the same? For
answering this question, a wider variety of counterfactual
quantities including conditional average treatment effect
(CATE), direct effect (DE), indirect effect (IE), and path-
specific effect (PSE) have been used for measuring fairness
in the machine learning community (Kusner et al., 2017;
Zhang et al., 2017; Zhang & Bareinboim, 2018; Nabi & Sh-
pitser, 2018; Chiappa, 2019; Wu et al., 2019a;b; Mhasawade
& Chunara, 2021; Plecko & Bareinboim, 2024).

More recently, there has been growing interest in counter-
factual, causally grounded notions of fairness for sequential
decision-making under uncertainty, including in settings
such as multi-armed bandits (MABs) (Huang et al., 2022b)
and Markov decision processes (MDPs) (Hu & Zhang,
2022); (Hu et al., 2023). However, neither the conditional
average treatment effect (CATE) nor path-specific effects
(PSE), as commonly employed above, yields a quantitative
explanation of the total observed disparity into contributions
of underlying discriminatory mechanisms (Zhang & Barein-
boim, 2018; Plecko & Bareinboim, 2024). CATE conflates
all causal paths and might average out meaningful variations,
e.g., a positive effect along one path could be canceled by
a negative effect in another path (MacKinnon et al., 2000).
PSE, by construction, excludes the spurious associations
through the non-causal (backdoor/confounding) pathways.

In this paper, we use fine-grained counterfactual mea-
sures (Ctf-DE, Ctf-IE, and Ctf-SE) (Plecko & Barein-
boim, 2024) for attributing the total observed variations
into structural counterfactual mechanisms along direct, in-
direct, and spurious paths. In practice, this allows one to
explain the effect of a certain discriminatory mechanism in
terms of the observed disparity found in the data. We focus
on the challenge of learning the best policy in contextual
MABsS subject to a set of counterfactual fairness constraints.
The contexts, decisions, and outcomes are generated by
a structural causal model (SCM) consistent with a causal
graph. More specifically, our contributions are as follows.

1. We formulate an online causally-fair learning
problem where the fairness is measured by the
underlying structural counterfactual mechanisms
(Ctf-DE, Ctf-IE, Ctf-SE) that are treated as multiple
long-term constraints. We study learning in both non-
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Table 1. Comparison of frequentist regret and constraint violations upper bounds for stochastic non-parametric contextual bandits and
parametric logistic bandits. Notations: dimension n; horizon T'; p is a parameter related with Slater’s constant; m is the number of
constraints; w and T are the user-selected exploration parameters; y; and -y are the context coverage and covariate diversity parameters;
K+ and k are the problem dependent constants where 4/1/k4 < 1 « k. T Requires prior knowledge of a safe action or policy ( per-round
zero constraint violations with high probability). { Considers a generalized linear model. * Considers a (discrete) non-parametric
bandit setting with adversarially generated rewards and stochastic constraints, in the absence of contextual information. § Considers the
counterfactual constraints involving multiple contexts (factual and counterfactual contexts). N/A (not applicable) denotes the logistic
bandits setting without constraints. § Considers one aggregate constraint (CATE) and assumes the cumulative factual and counterfactual

norms have the same order.

Setting Constraint Feedback Algorithm Regret Violation Cost Per-Round
No- No § F-UCB (Huang et al., 2022b) OWT) 0f 0(1)
Parametric Yes Alg.2 (Bernasconi et al., 2024) . OWT) O( Tl?§£mT2)) o(1)
No § Algorithm 1 (Theorem 1) O(rmaxli/2iwly o(rm s 17 o(1)
No Safe UCB-GLM (Amani et al., 2020) { O(knV/T) 0f o(t)

N/A OFU-MLogB (Faury et al., 2022) O(nA/T/k4) N/A O(log(t))

Logistic N/A Cor. 1 (Zhang & Sugiyama, 2023) O(n+/T/k+) N/A o(1)
N/A GLB-OMD (Zhang et al., 2025) } O(nr/T k) N/A o(1)
No § CCLB (Chen et al., 2025) q O(npVT) O(nVT + n’k) O(t)
No § Algorithm 2 (Theorem 2) O(VT +To)  O(To + T /-2%) o(1)

parametric contextual bandits and parametric logistic
bandits settings and establish sublinear regret and viola-
tions bounds for both bandits settings with (unknown)
roundwise counterfactual fairness constraints.

2. For handling constraints, we optimistically estimate
both factual and counterfactual mean rewards and
safety violations to select actions. Our method achieves
sublinear regret and violations bounds without Slater’s
condition and are independent of the number of con-
straints.NFor logistic bandits, the leading term of our
regret, O(n+/T), matching that of the unconstrained
problem with O(1) per round time complexity.

1.1. Related Works

For non-parametric contextual bandits, the technical chal-
lenge is to ensure the learner have increasingly good esti-
mates of decisions’ empirical means under both the factual
(observed) and counterfactual contexts (Remark 1). (Huang
et al., 2022b) were the first to study multi-armed bandits
with counterfactual fairness constraints. They considered
the non-parametric setting with fairness defined using CATE.
They obtained sublinear regret with high probability guar-
antees of no constraint violations. However, their approach
involved conservatively estimating the feasible set which
can be challenging to ensure is non-empty when there is a
lack prior knowledge of the mean rewards.

For (parametric) logistic bandits, the main technical
challenge is to (1) construct an optimistic and con-
vex estimated feasible set without strong assumptions
(e.g., a known strictly feasible policy or Slater’s condi-
tion); and (2) ensure that the selected feature vectors

F(Zxy,a0), f(Zx5.d5)s- -5 f(Zx,.q4,) collectively span R™
well enough over time as accurate estimates of counterfac-
tual rewards are needed to estimate fairness, and counterfac-
tual feature vectors may be orthogonal to the putatively best
arms’ feature vectors.

The closest prior work is (Chen et al., 2025). The authors
studied counterfactual fairness in MAB problems with logis-
tic rewards. Counterfactual fairness was captured through
a single, long-term constraint on the CATE. Our work im-
proves it on three aspects. (1) We use fine-grained counter-
factual fairness metrics (Ctf-DE, Ctf-IE, Ctf-SE) that de-
compose the total variations. By contrast, (Chen et al., 2025)
operationalize fairness via CATE which is pathway-agnostic
and susceptible to mediation inconsistency for both linear
and non-linear causal mechanisms (VanderWeele, 2015).
(2) We generalize the setting from a single constraint to
multiple constraints. In our problem, each constraint must
account for a number of counterfactual contexts on the order
of the context space, while (Chen et al., 2025) only needs
to handle a single counterfactual context per round. (3) We
achieve a constant per-round time complexity.

Another work, Lear & Zhang (2025), were the first to apply
causal fairness decomposition in an online MDP setting.
They study long-term fairness and decompose total inter-
ventional disparity into three terms: the direct policy effect,
the indirect policy effect (mediated by environment dynam-
ics), and the spurious policy effect (disparity attributable
only to the environment). They report encouraging em-
pirical results but do not provide any theoretical analysis
(convergence or regret guarantees). See Appendix C for
more works.
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Preliminaries. We provide the basic notations used through-
out the paper. A structural causal model (SCM) (Pearl, 2009,
Ch. 7) M is a tuple (U, V, F,P(u)), where U is a set of
exogenous (unobserved or latent) variables, V' is a set of
endogenous (observed) variables, F is a set of structural
functions, and P(u) is a distribution over the latent variables.
For the set of structural functions F, f; € F decides val-
ues of an endogenous variable i € V' taking as argument a
combination of other variables. An intervention, denoted
by do(i = ¢) (do(c), for short) (Pearl, 2009), represents a
model manipulation where the values of a set of variables
1 € V are set fixed to c regardless of how their values are
ordinarily determined by f;. For random variables such
as the outcome Y, we use the counterfactual distribution
P(Y;—. = y) to denote the causal effect of the intervention
do(i = ¢) on the outcome Y, where the counterfactual vari-
able Y;_. (Y., for short) denotes the potential response of
Y to intervention do(i = ¢). F;_1 denotes the history avail-
able before round ¢, formally represented as a o-algebra.

2. Problem Formulation

In this section, we formulate an online causal fair decision-
making problem, where the fairness is measured using coun-
terfactual structural mechanisms through direct, indirect,
and spurious pathways, which will be treated as (unknown)
constraints over the course of sequential learning.

2.1. Online Causal Fairness Decomposition

Ateachround t = 1,...,T, the learner observes the con-
textual feature vector X that is drawn stochastically from
an underlying fixed distribution and then is presented a
set of decisions D. The learner chooses a decision (an
intervention) d; € D and receives an outcome reward y;.
The decision maker will seek to maximize (cumulative) re-
wards while limiting (cumulative) violations of fairness con-
straints. The decision-making process is characterized by
the extended Standard Fairness Model (SFM) with a causal
diagram shown in Figure | (Zhang & Bareinboim, 2018;
Plecko & Bareinboim, 2023; Ple¢ko & Bareinboim, 2024,
Chen et al., 2025). The variable A; represents the (binary)
protected attribute, W is a set of features (confounders), M;
is a set of intermediate features, D represents the decision,
and Y; represents the outcome reward. For simplicity, we
write X; = {A;, Wy, M;}. We denote by a; and a; two
realizations (factual and counterfactual) of the sensitive at-
tribute A; (e.g. two demographic groups), which we will
use to measure the changes of the outcome. We motivate our
online causal fairness analysis by the following example:

Example 1 (Online Recommendation System (Adapted
from (Li et al., 2010))). Consider an online job platform
that recommends a job opportunity D; to each arriving in-
dividual using contextual information (Az, Wy, M;). The

customer’s religious belief is the protected attribute A; (1 for
religious, 0 for non-religious); M, and W, represent user’s
intermediate features (e.g., application/job history) and con-
founded features (e.g., demographics, zip code). Once a job
recommendation (D;) is made, the platform observes user-
click feedback Y; (1 click, 0 no click). The platform seeks to
maximize expected user-click rewards from its recommen-
dations, subject to fairness constraints. Fairness concerns
arise since the recommendation determines which users are
exposed to valuable job opportunities; thus, discriminatory
recommendation rules may create unequal opportunities
across sensitive groups. See Appendix D for more details.

For quantifying fairness, one popular criterion is the demo-
graphic parity (Dwork et al., 2012), measured by the total
variation (Ashurst et al., 2022) (also called parity gap). For
our online setting, we write it as (adapted from (Zhang &
Bareinboim, 2018; Plecko & Bareinboim, 2024)):

Definition 1 (Total Variation (TV)). Under an intervention
do(D; = d;), the total variation of the event A; = a} on Y;
(with factual value a;) is defined as:

TV, (di) = E[Yq,|Ar = ai] — E[Yg,|Ar = ai]. (D)

Holding the recommendation fixed at d¢, T'Vy, o (dt) mea-
sures the difference between the conditional distributions
of Y; when (passively) observing A; changing from a,
to a, over the entire population. Natural questions that
arise are (1) what are the structural mechanisms of the ob-
served disparity in the data and (2) what empirical measures
could identify and potentially control such mechanisms? In
this paper, we use a set of structural counterfactual mea-
sures (adapted from (Zhang & Bareinboim, 2018; Ple¢ko &
Bareinboim, 2024)) that will allow for a more fine-grained
explanation of the observed disparity.

Definition 2 (Online Counterfactual Measures). Given a
SCM M*, under an intervention do(D; = d;), the struc-
tural counterfactual direct effect (Ctf-DE), indirect ef-
fect (Ctf-IE), and the spurious effect (Ctf-SE)' of event
A; = a} (with factual value a;) on Y; are defined as:

Ctf-DEq, o (dt) = E[Ya; 4,01,
Ctf-1Eq, o, (de) = E[Ya, 4.1,
Ctf-SE,, o/ (dy)

— Yo, di, M., |at]
- Yat,dt,Ma,t |at:|

E[Yamdt |a:£] - E[Ydt |a’t]'

The nested quantity above, e.g. E[Ya;,d“M%\at]z, is
a more involved counterfactual quantity and is read
as “the expected outcome at time ¢ under intervention

IThe spurious effect (backdoor path) measures the average
difference in outcome Y; when observing that A; = a:, compared
to setting A; = a: by intervention but conditioned on a.

’The expectation averages over the mediator, confounder, and
outcome randomness.
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Figure 1. Per-round extended Standard Fairness Model (SFM).

do(D; = d;) had the attribute A; been set to a;,while
M, is kept at the same value that it would have attained
had A; been a;, given that A; was actually equal to
a:.” Despite the apparently non-trivial reading of such
nested counterfactuals, Ctf-DE,, o (di), Ctf-IEq, o (dt),
and Ctf-SE,, o/ (d;) simply capture, mathematically, the
existence of disparate impact (Barocas & Selbst, 2016)
along the direct, indirect, and spurious pathways between
the protected attribute A and outcome reward Y in Fig-
ure 1. Additionally, these counterfactual measures provide a
quantitative explanation for the disparities (or lack thereof)
observed in TV as follows (PleCko & Bareinboim, 2024):

Proposition 1. Under an intervention do(D,; = dy), the
total variation measure can be decomposed as’

TV%a; (df) = th—DEa“a;(dt) — th—IEa;7at(dt)
— CHE-SE ., (dy). @)

TV could be large primarily due to spurious effects, which
in some settings might not lead to fairness concerns. TV
could also be small due to cancellations along pathways,
such as between direct and spurious effect, essentially mask-
ing fairness violations when only TV is measured.

2.2. Causally-Fair Constrained Learning

In the online recommendation system (Example 1), the ob-
jective for the decision-maker is to learn a policy maximiz-
ing the cumulative rewards over a horizon 7" while achieving
user-side fairness. Nominally, this can be formulated as a
constrained optimization problem:

T
max > Ea,uny, [Ya,(X1)], subjectto  (3)
ﬂ'Xl,...,ﬂ'xT =1 ’

Egoony, |[AY (X)) <cy i€{1,2,3}, te[T]. @)

where mx, denotes a (possibly randomized) policy map-
ping contexts to a distribution over decisions and c;, ca,

3The transition runs from a; to a, in TV and Ctf-DE, and in
the reverse direction in Ctf-IE and Ctf-SE.

and c3 are user-defined fairness thresholds. For simplicity,
here we denote the counterfactual measures at time ¢ as:
AP (X1) = CH-DE,, 4 (de), AP (Xe) = CH-IE, 4, (do),
and A (X,) = Ctf-SE,; ,, (dy).

Technically, the counterfactual fairness constraints in (4)
restrict the discrimination along the direct, indirect, and spu-
rious pathways. As for our problem, a disparity in average
rewards between two sensitive groups (e.g., believer or non-
believer of religion) may arise from: (i) direct discrimination
(Ctf-DE) based on individual’s religious belief, (ii) indirect
discrimination (Ctf-IE) through intermediate user features
(e.g., browsing history) which may be partly influenced by
the user’s beliefs, or (iii) spurious discrimination (Ctf-SE)
due to background factors (e.g., nationality) that are corre-
lated with user’s beliefs. In practice, this distinction aligns
with legal frameworks such as disparate impact (Barocas
& Selbst, 2016; Plecko & Bareinboim, 2024) recognized in
U.S. and EU anti-discrimination law.

To further analyze these fairness constraints in practice, we
need to express the nested counterfactuals as functions of the
observational data. Leveraging the assumptions implied by
the standard model (Pearl, 2009; Hernan & Robins, 2020),
we can identify the structural counterfactual measures as:

Proposition 2 ((Plecko & Bareinboim, 2024)). Under the
extended Standard Fairness Model (SFM) in Figure I,
th-DEat’a;(dt), th—IEat’aé(dt), and th—SEat’aé(dt)

can be estimated, respectively, as

Z (E[Y;f|dtv aév w, m] - E[Y:f|div ag, W, m])]P)(m‘atv w)]P)(w|a’t)a

> E[Yi|di, ar, w, m] (P(mlat, w) — P(mlar, w))P(w|ar),
Z ]E[Yt|dt,at,w,m]P(m|at,w)(]P’(w|a2) — ]P’(w|at)).

However, in the online setting, it is unclear whether it is
possible to certify policies as fair (feasible) before collect-
ing data to estimate the structural counterfactual measures
so that we could guarantee that all decisions picked by the
learner satisfy the hard constraints in (4) with high probabil-
ity. In this paper, we do not assume a priori knowledge of
fair policies. Instead, we allow for instantaneous violations
but seek to bound the cumulative constraints violations. The
goals are then to maximize the cumulative rewards and to
minimize the maximum cumulative violations of the coun-
terfactual fairness constraints throughout the learning pro-
cess. We study this problem in Section 3 for non-parametric
distributions and in Section 4 for logistic rewards.

3. Non-parametric Contextual Bandits with
Counterfactual Fairness Constraints

In this section, we introduce the methods and analysis for
solving the causal fair constrained optimization problem
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(see Section 2.2) in the non-parametric contextual bandits
setting. We consider that the context set X’ is finite similar to
(Huang et al., 2022b; Varatharajah & Berry, 2022; Wang &
Tiwari, 2025). At every round ¢, the learner observes contex-
tual information X; = {a;, my, w;}, selects an action d; €
D, and receives a bandit reward feedback y; € [0, 1] with
mean E[Yy, (X;)] € [0,1]. Let IT = RI?! be the set of dis-
crete probability distributions (simplex) over the set D, then
given a randomized strategy m; € 11, the expected reward
for policy ; is Zdep [Ya(X:)]me(d) = <E[Yd(Xt)], ).
Similarly, (A (X)), m) = X pep |AY (X0)|mi(d) de-
notes the expected counterfactual fairness effect for con-
straint ¢. Then, we define the pseudo cumulative regret and
expected cumulative constraint violations as:

= i [Wr?r?x (m, B[Yy(Xe)]) — E[Yg, (Xt)]]

Vi(T) =
1(T) i€{1,2,3}

max E[ Z Eqix, 1AD (X,)] - c]

t=1
where IT,, = (V°_ {r e IT: Equr|AY (X,)] < i} is the
true feasible set of policies for context X; and 7, is the
learner’s chosen policy for round ¢.

Assumption 1. We assume the existence of feasible policies,
that is, [T, # &, Vt € [T].

Assumption 1 is a weaker assumption than the Slater’s
condition assumed by primal-dual methods in which
(AP (X)), 7%, < e — o, Vi € {1,2,3}, Vi € [T,
where ¢ is a strictly positive constant (Boyd & Vanden-
berghe, 2004; Efroni et al., 2020; Zhou & Ji, 2022).

Assumption 2 (Context Coverage). There exists a~y; > 0
such that for every (a,w,m) € (A, W, M),
P[(Ata Wt7 Mt) =

(a7w,m)|}}_1] =y, te[T]. (5

As for Assumption 2, it is natural to consider the stochas-
tic environment has certain properties, that is, every con-
text (including the counterfactual features) occur with non-
vanishing probability, i.e., uniformly over time. It is nec-
essary since the learner needs to collect observations for
both the factual contexts and their counterfactual counter-
parts to estimate the counterfactual effects as we make no
other assumptions about how their rewards are related. Our
guarantees in Proposition 4 and Theorem 1 are stated for
horizons T that are sufficiently large relative to v, (e.g.,
1T =z 1), so that for each context certain statistics (that
arise in the constraints) can be estimated sufficiently well.

Assumption 3 (Context Statistics). We assume the condi-
tional probabilities P(m | a, w) and P(w | a) are known to
the learner for alla € A, m € M, w e W.

This is a standard assumption in causal bandits with back-
ground knowledge (Lattimore et al., 2016; Lu et al., 2020;
Huang et al., 2022b), where these conditional distributions
can be obtained from domain expertise or offline data col-
lected from the environment. In contrast, we do not assume
the reward model is known and learn it online.

3.1. Online Learning Algorithm

In this section, we present the main components of our algo-
rithm. See Algorithm 1 for pseudocode. Let N gm0 (t) =
Zj—:l 1{d, = d,a; = a,m, = m,w, = w} denote the
number of times that decision d has been played up to round
t under context X = (a,m,w) and set ng g m(t) =
max {1, Ngqmw(t)}. Lets = max({u < ¢t : X, =
X} v {0}) be the previous round with the same context.

The algorithm proceeds in two phases. (i) Optimistic feasi-
bility estimation. We form plug-in estimators ﬁg) (X¢) of
the counterfactual fairness effects, and, together with an op-
timism bonus b,gj) (m),j € {1,2,3} we will later propose in
Proposition 3, we construct an estimated feasible set ﬁ&t =
Mo {m € T B A0 (X0 = Sy 2y b (1) < e}
where AS} (Xy), i ={1,2,3} are:

Z (/y\a’t de,m,w :'/J\af,,df,,m,w) ]P(m|at; w)P(w‘at) (6)

Z yaf d¢,m w
Z ya;,dt,m,w (m|a;7w) (P(w|at) -

m,w

P(mla;, w) — P(mlaj, w))P(wlar) (7)

P(wlay)).  (8)

Here Ja, d,,m,w a0d Ja! d, m,» denote the empirical mean
rewards for decision d; evaluated at round ¢ for contexts
{at, m,w} and {a}, m,w} where m, w are the possible val-
ues in the support of M and W. (ii) Regret minimization
over H ,- We perform one online mirror-descent step over
the simplex with step size § to obtain the unconstrained
OMD iterate 7 x,. We compute the Bregman minimization
onto the convex set 11 )’;t and select the resulting projected
feasible policy 7 x, with an epsilon greedy exploration.

3.2. Regret and Constraint Violations Bounds

One of the main challenges for the analysis of Algorlthm 1
is to design the optimistic bonus such that H c Hﬁ(t
holds for all ¢ € [T'] with high probability Whlle remaining
sufficiently tight to control constraint violations.

Proposition 3. Given a 6 > 0, define the probability
kernels IP’((zlt) (m,w) = P(m|a, w)P(w|at), IP’((ZQt) (m,w) =
B(m|a;, w)P(wlar), P (m,w) = P(mlaj, w)P(w|a;)
on M x W w.rt. the pair of factual and counterfac-
tual attribute realizations a; and a,, respectively, at
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Algorithm 1 Epsilon-Greedy OMD for Contextual Bandits
with Counterfactual Fairness Constraints

Require: Decision set D, context set X', horizon T, learn-
ing rate 8 = +/|X|log(2|D|)/T, fairness thresholds
c1, c2, c3, exploration rate €;, context statistics, failure
probability §, uniform distribution 7.

1: fort=1,...,Tdo

2:  Observe the context information X; = (a;, my, wy).

3 Lets:=max ({u<t: X, =X} u{0}) be the
previous round with the context X with the conven-
tion mx, = mo and HQO =1L

4:  Update the OMD iterate and select the policy:

R 1, if Nay d,my,we (8)=0
ys,d(Xt)=

min {17 Us,a(Xe)+ MLW(S)},O/W

at,d,my,wg

7x, (d) « nx, (d)ePTaXD)=D " yge D 9)

mx, < arg min By (7| 7x,) (10)
71'€H§(3

Tx, < (1 —e&)mx, + &mo. (11)

5:  Sample d; ~ Tx,, receive y;, update empir. means.
Estimate feasible policy set: I/ .= ﬂg’:l {77 ell:

]Ed'vﬂ"Ag) (Xt)| - Zj€{1,2,3} bgj)(ﬂ') < C'L}«
7: end for

VdeD

) log(2/9)
(m,w)~IP’fft)7d~7r( I, o T

at,d,vn,w

round t. Let bEi) (m)=E

log(2/9)
2Nay,d,m,w(t)

with probability at least 1 — T|X||D

), then for all t € [T),i € {1,2,3},7 € II,
5,

Ear[|AY (X0 - AP X0 < D) 0 ().
7€{1,2,3}

Then Hﬁ;t c ﬁ;‘(t w.p. at least 1 — T|X||D|o, Vt € [T].

See Appendix E.2 for the proof. In contrast to existing
constrained (contextual) MABSs, at every round, our prob-
lem setting only receives bandit feedback for the realized
contexts, while the constraints depend on both the realized
(factual) contexts and the alternative (counterfactual) con-
texts. From Proposition 2, the fairness of one action d; in
one context X, depends on mean rewards across many other
contexts. In some of those other contexts, that decision
d; may have low rewards and even be unfair (in expecta-
tion and/or empirically). Nonetheless, we will need to have
played that action d; in those other contexts to estimate its
fairness (sufficiently well) in the current context X.

For Algorithm 1, in the unconstrained setting where only the
OMD update (9) is applied, the minimal probability for any
specific decision could decay exponentially in time. When
structural counterfactual fairness constraints are imposed,
under the combined OMD and Bregman projection updates

(Equations (9) and (10)), the minimal probability for the
output policy 7x, (d) depends on the geometry of the con-
strained set 11 x, on the face of the simplex, and could be
nearly 0. We incorporate an epsilon-greedy step (11).

Proposition 4. Given v, > 0 and ¢; = t=*. Let D be finite
domain of decisions. Consider the decisions are draw from
policy Tx, (Xt = (as, w, me)) output from Algorithm 1.
Under Assumptions 1, 2, and 3, for any a € A,d € D,w €
W, m e M, the following results hold for Algorithm 1:

gl

Then with Proposition 3 and 4, we obtain the main theoreti-
cal guarantees for Algorithm 1.

=

1/na,d7w,m(t)] < /[Pl T e

t

1

Theorem 1. Given 6 > 0, 74 > 0, ¢ = t™“. Let X
be a finite context set where X = A x M x W, and

|X|log(2|D))/T. Under Assumptions 1, 2, and
3, Algorithm I has the following guarantees:

Ri(T) = O(\/T|X|[D|log(1/6) log(2|D|/3) + T"~*) (12)

with probability at least 1 — 3T|X||D|J, and

Vi(T) = O(IDIV|X|/m T + T%). (13)

Remark 1. Our proposed Algorithm [ achieves re-
gret and cumulative constraint violation bounds of order
Tmax{1/2,1-w} gnq max{5 1-w} respectively, where w
is the user-selected exploration parameter. To ensure sub-
linear regret and constraint violations, over time the learner
must have increasingly good estimates of decisions’ ex-
pected rewards under both the factual (observed) and coun-
terfactual contexts at each time ¢. Algorithm 1 has O(1)
computational complexity per round (with respect to ).

4. Logistic Bandits with Counterfactual
Fairness Constraints

The upper bounds in Theorem 1 (see Equations (12)
and (13)) exhibit a \/m dependence in the nonparamet-
ric contextual bandits setting, which can be prohibitive
when the context space is large (e.g., exponential in the
feature dimension). In this section, we study problem set-
tings with additional structure, where rewards are linked
to low-dimensional context features to replace the \/W
factor with dependence on the feature dimension appeared
in the regret and constraint violations upper bounds.

Consider at round ¢, the learner observes a context X; =
{(at, ws,my)} € X, selects an action d; € D, and then
observes a binary reward y; € {0, 1}. Denote Z := X x D,
and let f : Z — R"™ be a known feature map (Lattimore
& Szepesvari, 2020; Chen et al., 2025) and o(z) = (1 +
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e~%)~! be the logistic function. Let f(Z;) € R™ denote the
feature vector constructed from X; and d;. In this section,
we assume that the outcome variable Y has a generalized
linear relationship (Filippi et al., 2010; Faury et al., 2020)
with its feature vector, specifically,

o(f(Z)70x),

where 6, € R™ with |02 < S is an unknown reward
parameter in R™ and S is known to the learner (Lee et al.,
2024; Zhang et al., 2025). We denote the counterfactual
value of the specified attribute a; as a;. Thus, the expected
reward for the counterfactual feature aj is represented as

E[Y|dt,at,wt,mt] =

E[Y|a2?dt7wt7mt] = U(f(Zé)Te*)a

where f(Z]) € R™ is the counterfactual feature vector con-
structed from {(a}, d;, wy, m¢)}. We then define the cumu-
lative regret and cumulative constraint violations as:

Ro(T) = ] [ max{, o (£(Za)70x)) —

t=1 eIl
*)‘ _Ci},

where 7; (14) is the selected policy at step ¢ from Algo-

rithm 2 and T = (2, {m € 1 : Bger|AY (0,)] < ¢}
is the (unknown) true feasible set at round t. The structure
counterfactual fairness measures A (9*) i€ {1,2,3} for
the logistic bandits setting are 51mp11ﬁed to:

Z ( (f(Za' dy,w, 'm) 0*) - U(f(Zat,dt¢U’ym)T0*))P(m7w|at)

o (f(Z:)70x)]

VQ( = zEI{I}aQXS} { ZI EdNﬂ-t |A

2 0 (Zg ) T0x) (B(mag, w) — B(mla}, w))P(w]a)
> (2l 4y 0.m) T05)B(mlay, w) (Blwlar) — P(wlai)).
Here, f(Z4, d, w.m) € R™ and f(Z! o s wm) € R are

feature vectors that are known to the learner constructed
from {a;, d¢, w, m} and {a}, d;, w, m}, respectively.

Assumption 4 (Covariate diversity (Li et al., 2017)). There
exists a constant yo > 0, such that

Amin (EX~]P’X[ Z f(Zx.a)f Zx,d)TD = 72.

Dl 4

This condition is analogous to the context coverage condi-
tion (Assumption 2) in the non-parametric setting that every
context has a positive support.

Without loss of generality, we make the following standard
assumption (Slivkins et al., 2019):

Assumption 5. The feature mapping function f : Z — R"
is bounded, i.e., |f(Z)|2 <1,V Z € Z.

Algorithm 2 A Doubly Optimistic Algorithm for Fair
Causal Logistic Bandits

Require: Confidence level «, learning rate 7, fairness
threshold ¢y, co, c3, regularization parameter A, hori-
zon T, context statistics, parameter norm bound S.

I: Initialize H, = AI,, and 6, = 0,, € R™.

2: fort=1,...,T do

3 Observe the context X; = (ag, My, wy).

4:  if t < T} then randomly sample d; ~ D, receive y;.
5 if t > T, then

6 Construct the confidence region: C;(a) = {0 €

0 :[|6; — 0]| , < vela)}.

7: Estimate the feasible policy set: Htf ={mell:
Egvnl|AY) (X53 6| — & ()] < e, Vi € [3]).

8: Compute the optimistic reward and select a policy
from the estimated feasible set:
Ti(d) « errcla(x) 0(f(Zaydmew,)70), ¥YdeD

Ty < arg max <7r, ﬂt>, (14)
‘n'EH'tf
9: Sample decision d; ~ m; and receive reward y;.

10:  end if
11:  Estimate the reward parameter using OMD:

~ ) ~ ~ 1 ~
Ous1 —argmin | (VL(8,), 0 — 01+ 2110 =il

*\|9 01| (15)

v2L,(0y) ]

12:  Update the cumulative Hessian matrix: H;11 =

Hy + 6(f(Z)T0r41) F(Z0) f(Z0)T
13: end for

We next define a quantity that impacts learnability.

Definition 3 (Problem Dependent Constant).

= 5 T
k= max max 1/5(f(2)70),

where © = {# € R" | |0|> < S}. Briefly, x measures the
level of non-linearity of the reward distribution, typically
around O(e”), growing exponentially with the parameter-
norm bound S. We recall other problem dependent con-
stant discussed in Table 1: k, = 1/6(f(Z4)70,) where
f(Zy) = argmaxzez o(f(Z)70,) and \/1/ky < 1 < K.

4.1. Efficient Online Estimation

In this section, we describe the estimation method for para-
metric logistic bandits setting. Many prior works on logistic
bandits (Faury et al., 2020; Abeille et al., 2021; Chen et al.,
2025) rely on maximum-likelihood estimation (MLE) to
estimate the unknown reward parameter 6, and construct a
confidence set accordingly. However, a significant limitation
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of MLE estimation is O(t) per round complexity. Inspired
by recent works on logistic bandits (Zhang & Sugiyama,
2023; Zhang et al., 2025), we adopt online mirror descent
(OMD) to estimate the reward parameter 6, (see (15)) and
construct a tight confidence set as follows:

Proposition 5 ((Zhang et al., 2025) Theorem 1). Let the
learning rate n = 1 + S and the regularization parameter
A = 2max{7nn,3nS,1}. Foreacht € [T] and any o €
(0, 1], define the confidence set as

Ci(a) = {96@: ||§t—0HHt S’y,:(oz)}, (16)

where Hy = A, +Zs 10( ( S)T§s+1)f(Zs)f(Zs)T
is the cumulative Hessian and (@) =

\/4)\52 +2nIn(L) + 6nn?In (2 + 2L) is the confidence
radius. Then, we have P(Vt > 1,0, € Ci(a)) = 1 —a.

The confidence set C;(«x) is a convex ellipsoid centered at
§t. This construction is both statistically and computation-
ally efficient compared with MLE estimator: (1) The OMD
estimator (15) involves a quadratic optimization over the
Euclidean ball. It can be solved with a computation cost
of O(n?) in the worst case, independent of time ¢; in con-
trast to refitting an MLE, whose per-round cost typically
increases with ¢ due to repeated passes over past data. (2)
The confidence radius (16) satisfies v;(«) = O(v/nlInt)
matching the state of the art radius for the MLE estimator
(Lee et al., 2024) with respect to the dimension n and .

4.2. Regret and Constraint Violations Bounds

In this section, we present theoretical analysis for con-
strained logistic bandits. Unlike Section 3, this (paramet-
ric) logistic setting requires constructing the optimistic es-

timated feasible set ﬁ[ with a bonus that both guarantees

I/ < 11/, Vt € [T] with high probability and ensures IT{
is convex in 7. We define the bonus term as

6(d) = (B, oy o 1F(Zlg i) g + B
Hf(Z(lz;,d,m,w)HH;l + E( c(th) Hf(Ztll

(2)
Py

;,d,m,w) HH;I

7t (e) )

B, e lf Zaram)l) - 25

m,w)~P

This construction follows the optimistic feasible set prin-
ciple from constrained bandits, adapted to the counterfac-
tual constraints. The natural optimistic set ﬂ?zl {rell:
30 € Ci(a), (m, AV (X,:0)) < c} is non-convex in m;
we therefore use a fixed, policy-independent bonus &;(d),
which makes the relaxed constraint linear in 7 while still
ensuring Hf c ﬁf w.h.p. And we have,

Proposition 6. In the logistic bandits setting, for any o e
(0, 1], with probability at least 1 — «, it holds that Hf c H
forallt e [T].

The main challenge in the parametric logistic bandit setting
is to characterize the richness of the feature span available
for identifying the shared reward parameter 6, in order
to accurately estimate fairness (which per Proposition 2
depends on many contexts). Covariate diversity (Assump-
tion 4) guarantees feature diversity under uniformly random
decisions, but not necessarily under a context-dependent
policy (such as playing OFU while ignoring constraints).

To address this issue, analogous to Section 3, we incorporate
an exploration phase and obtain the following result:

Proposition 7. Let 65 > 0,with probability at least 1 — 05,
foreveryae A, de D, me M, andw e W,

N aamale =045 (Vi + 7))

Then with Proposition 6 and 7, we obtain the main theoreti-
cal guarantees for Algorithm 2.

Theorem 2. Letnn = 1+ S, and A = 2max{7nn, 3nS, 1}.
Under Assumptions 1, 3, 4 and 5, for any o € (0,1], 61 €
(0,1], and 02 € (0, 1], Algorithm 2 achieves the following
bounds with probability at least 1 — o — 61 — o, *

Ry(T) = (’N)(nS\/T—TO+/ﬁnQS2 +T0)

nk T
(S ’72\/TO )

Qe

Vo(T) =

For unconstrained logistic bandits, . is typical in the lead-
ing term. Because of the constraints in our setting, we have
different dependence on problem-dependent constants. This
manifests from our problem in bounding different terms
than standard (unconstrained) logistic bandits.

Remark 2. (i) The leading term of our regret O(nv/T),
matches the best-known rates reported by (Faury et al., 2022;
Lee et al., 2024; Zhang et al., 2025) in the logarithmic de-
pendence on n and 7. (ii) Our regret bound does not depend
on the Slater’s margin (the strict feasibility gap) which ap-
pears in (Chen et al., 2025). Consequently, when imposing
multiple counterfactual constraints (i.e., Ctf-DE, Ctf-1E,
and Ctf-SE), the effective margin may become very small,
leading to looser guarantees for (Chen et al., 2025). (iii) Our
method achieves O(1) time per round (with respect to ¢),
matching standard implementations for unconstrained logis-
tic bandits (Zhang & Sugiyama, 2023; Zhang et al., 2025).
By contrast, the constrained logistic bandits algorithm of

(Chen et al., 2025) incurs O(t) time complexity per round.
*R2(T) hides dependencies on log & and log(5-). Va(T)

hides dependencies on log 1 and log é.
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Figure 2. Plots for different algorithms: Algorithm 2 (ours), GLB-O
cumulative rewards; (c) running time (for 7" = 10,000 steps).

5. Numerical Experiments

We next empirically evaluate our proposed method for the
logistic setting on a synthetic data set. See Appendix I for
experimental details.

Data set description. We generated the synthetic dataset
from a structural causal model, i.e.,

A; ~ Uniform({-1,1}),

Wy | A ~ Bernoulli(o(1.24;)),

My | Ay, Wy ~ Bernoulli(o(At +2W; — 1)),

Dy {Dt,laDt,27Dt,37 'naDt,l(]}a

Y; < Bernoulli(o(f(Za, w,,m,,0,) " 0%)), VD¢ € Dy.

F*.

At every round, we generate a set of 10 feature vectors
{[As, Wy, My, D; ;]}12, along with their corresponding
counterfactual feature vectors. We use rejection sampling
over the sets to make sure that at least one of the feature
vectors is feasible.

Algorithms. We evaluate four different algorithms: GLM-
UCB (Filippi et al., 2010) (unconstrained generalized linear
bandits), GLB-OMD (Zhang et al., 2025) (unconstrained
logistic bandits), CCLB (Chen et al., 2025) (causal logistic
bandits with CATE), and DO-LogB (our method; causal
logistic bandits with Ctf-DE, -IE, -SE; Algorithm 2).

Metrics. We evaluated the algorithms using a penalized
form of cumulative regret for different horizons along with
cumulative rewards, and running time. For the penalized
cumulative regret, when the action picked by the learner
violates the counterfactual fairness constraint, the learner
still observes the reward value (i.e. the learner can improve
the reward parameter estimate §), but we count the reward
earned as being 0.

Results. Beginning with penalized cumulative regret, where
rewards are only received for fair actions, there is a large gap

SThe source code is available at https://github.com/
jchen-research/DO-LogB.git

MD, CCLB, GLM-UCB on (a) cumulative penalized regret; (b)

between our method and the methods of GLM-UCB, GLM-
OMD, and CCLB, with the gap growing larger for longer
horizons (Figure 2a). This is expected since GLM-UCB and
GLB-OMD do not account for constraints. We observe that
the CCLB baseline exhibits even larger penalized cumula-
tive regret than both GLM-UCB and GLB-OMD, despite
CCLB being designed for a fairness constrained setting
(though for a different fairness metric). In Figure 2b, our
method attains cumulative rewards on the same order as
other algorithms and consistently dominates the Best-fair or-
acle. For running time, GLB-OMD performs slightly better
than our method (which seeks to satisfy the constraint) (Fig-
ure 2c). CCLB has the highest computational cost, taking
substantially longer than the other methods.

6. Conclusion

We study the problem of achieving fairness in a sequential
decision-making framework, where fairness is measured
using structural counterfactual mechanisms along the direct,
indirect and spurious pathways that are treated as multiple
long-term constraints for the learning process. A notable
challenge is that the fairness of one action in the current
context depends on expected rewards of that action across
many other contexts; in some of those other contexts, the
action may have low reward and/or even be unfair. One
interesting direction to explore for parametric rewards is
whether in some application settings common classes of
feature maps exhibit properties that could obviate the need
for the exploration phase. Another interesting direction is
to extend our framework to MDPs.
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A Causal Decomposition Approach for Fair Contextual Multi-Armed Bandits

A. Table of Notation

We list the notations used in this paper in Table 2, for the convenience of reference.

Table 2. Notations used in the paper.

Symbol Description

Ay Sensitive attribute (protected feature).

W, Confounding features (non-sensitive covariates).
M, Intermediate (mediator) features.

Dy Decision variable.

Y; Reward (outcome) variable.

X, Context at round ¢, including (A, Wy, My).

TV, a1 (dt)
Ctf-DE,, o (d;)
CHf-IE,, o (d;)
Ctf-SEq, o (ds)

L(0)

Ci(a)

Ve ()

H;

A

b (r), i e {1,2,3}
&(d)

Total variation.

Structural counterfactual direct effect.

Structural counterfactual indirect effect.

Structural counterfactual spurious effect.

Learning rate for non-parametric setting.

User-defined fairness threshold for constraint 7.

User-selected exploration parameter.

Time horizon.

Output policy in the non-parametric contextual bandit setting at context X;.

i-th structural counterfactual effect for decision d; under context X;.
Estimate of the ¢-th structural counterfactual effect.
Set of true counterfactually fair policies of context X.

Estimated set of counterfactually fair policies at context Xj.
Context-coverage probability.

Count of tuples (d, a, m,w) up to round ¢.

Failure probability level for the non-parametric bandit analysis.
Feature vector constructed from (X, d;).

Counterfactual feature vector constructed from (X7, d).
Dimension of the reward parameter.

Known upper bound on || 5.

Logistic (sigmoid) function.

Unknown true reward parameter.

Estimated reward parameter.

Problem-dependent constant.

Failure probability level for parametric logistic bandits.
Logistic loss function at round s.

Confidence set at round ¢ with confidence level 1 — a.
Confidence radius at round ¢ with confidence level 1 — a.
Cumulative Hessian matrix of the (regularized) logistic loss up to round ¢.
Regularization parameter.

Fairness bonus term for non-parametric setting.
Fairness bonus term for parametric setting.
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B. Preliminaries

We provide additional notations and definitions used throughout the paper. Each SCM is associated with a directed acyclic
graph (DAG) G , called the causal diagram, where nodes correspond to endogenous variables ¢ € V, solid arrows represent
arguments of each function f;. A bi-directed arrow between nodes ¢ and j indicates an unobserved confounder affecting
both 7 and j, i.e., U; n U; # . We will use the graph-theoretic family abbreviations, e.g., Pa(V)¢ stand for the set of
parents of V in G. We omit the subscript G when it is obvious. A path from a node X to anode Y in G is a sequence of
edges which does not include a particular node more than once. For a twice-differentiable function o, the notation ¢ and &
denote the first and second derivative of function o respectively. For a random variable Z, let Z represent the domain of
Z and for discrete-valued Z let | Z| denote its cardinality. For two real-valued symmetric matrices A and B, the notation
A > B indicates that A — B is positive semi-definite, and when A is positive definite, we genote A-norm for a vector z as
|z].4 = V2T Az. Finally, for two univariate real-valued functions f and g, we denote f = O(g) to indicate that g dominates
f up to logarithmic factors; and for an event E € 2, we write 1{ E'} the indicator function of E.

Definition 4 (Conditional Average Treatment Effect (CATE)). Given a SCM M*, under an intervention do(D = d;), the
conditional average treatment effect of event A = aj (with factual value a;) on Y conditioned on m; and w; is defined as:

CATEq,, o (de|me, wy) = E[Yg,|do(a}), we, mi] — E[Yy,|do(ar), we, my]. (17

Definition 5 (Path-specific Effect (PSE)). Given a SCM M*, suppose Cy describes a causal pathway from A to Y, under an
intervention do(D = d), the path-specific effect of event A = a (with factual value a;) on Y along path C; is defined as:

PSE® (Yy,) = E[Ydt,(a;)%,(at@] — E[Y4, a,]-

’
t, 0y

Where Y, ()60 ,(a1)%0 denotes the path-specific potential outcome of Y under the edge intervention of do(A = a}) along
ts( Ay s\t
edges in Cyp and A = a, along the remaining outgoing edges from A to Y (those not in Cy).

Definition 6 (Probability Coupling). Using the standard formalism of probability theory, let X'; and X5 be random variables
defined on probability spaces (€2, F1,P1) and (2, F2, Ps), respectively. A coupling of X, and X5, is a probability space
(Q, F,P) together with random variables Y7, Y> on (2, F, P) such that

Vi 2 X, and Yy Z Xo.

Definition 7 (First-Order Stochastic Dominance). Let X and Y be real-valued random variables with cumulative distribution
functions Fx (z) = P(X < ) and Fy (x) = P(Y < x). We say that X first-order stochastically dominates Y if

Fx(z) < Fy(z) for all z € R.
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C. Additional Related Works

Logistic bandits. The logistic bandit model represents a sequential decision-making framework in which the expected
reward is a logistic function of a low-dimensional context and can be viewed as a special case of generalized linear contextual
bandits. Early work on parametric and generalized linear bandits established O( \/LTT) -type regret bounds for UCB-style
algorithms based on confidence sets around the maximum-likelihood estimator, and already covered logistic rewards as
a key binary-feedback instance (Li et al., 2010; Filippi et al., 2010; Li et al., 2017; Dong et al., 2019; Liu et al., 2024).
However, these analyses typically rely on a global linearization of the link function and lead to regret bounds that depend on
a non-linearity constant «, which can be prohibitively large in adversarially chosen instances.

Focusing explicitly on logistic bandits, (Faury et al., 2020) proposed an optimistic algorithm (OFULog) based on a refined
self-concordant analysis of the logistic loss, showing that one can significantly improve the dependence on k by exploiting
the curvature of the model instead of linearizing it. Building on this perspective, (Abeille et al., 2021) derived instance-wise
minimax lower bounds of order {2 (774 /T /Ky (T)) together with matching algorithms, demonstrating that the non-linearity
of the logistic link can actually help exploration in the long run. More recently, (Faury et al., 2022) resolved the tension
between statistical and computational efficiency by introducing ECOLog-type algorithms and a new convex confidence set
while still attaining the instance-optimal regret rate of (Abeille et al., 2021). Additionally, another line of research studies
the multinomial logit (MNL) contextual bandit problem (Agrawal et al., 2017; Oh & Iyengar, 2019; Zhang & Sugiyama,
2023; Lee et al., 2024; Hwang et al., 2025), which generalizes the binary logistic bandit by allowing the learner to offer a
subset of items and observe a multiclass choice.

Causal Fairness. The body of research in fair machine learning is expanding and encompasses a variety of contexts. Within
this field, three distinct tasks can be identified: (1) the detection and quantification of biases in currently deployed policies;
(2) the development of fair predictive models for outcomes; and (3) the formulation of fair decision-making policies. Most
early work on algorithmic fairness addressed tasks (1) and (2) using purely statistical criteria such as demographic parity,
equalized odds, or calibration, which do not explicitly model the causal mechanisms that generate sensitive attributes,
mediators, and outcomes.

Our work falls under the setting of online outcome control (task (3)) that explores fairness through a causal lens (Zhang et al.,
2018; Huang et al., 2022a;b; Nilforoshan et al., 2022; Plecko & Bareinboim, 2023; 2024; Plecko & Bareinboim, 2025; Chen
et al., 2025). Unlike us, Plecko & Bareinboim (2023); Plecko & Bareinboim (2024) explored fairness through path-specific
counterfactual effects in an offline setting along with budget constraints, focusing on identifying policies that satisfy fairness
constraints given a fixed batch of data. As for the online setting, Huang et al. (2022b); Chen et al. (2025) and Hu & Zhang
(2022) studied achieving causal fairness on Multi-armed Bandits (MABs) and Markov Decision Process (MDP) frameworks.

Constrained MABs. There is a large body of work on bandits with different types of constraints, including knapsack
bandits (Wu et al., 2015; Agrawal & Devanur, 2016), submodular maximization (Krause & Guestrin, 2007; Niazadeh et al.,
2023; Nie et al., 2023), bandits with hard safety constraints (Amani et al., 2019; Pacchiano et al., 2021), and bandits with
cumulative long term constraints (Liu et al., 2021; Zhou & Ji, 2022; Bernasconi et al., 2024). These formulations capture a
variety of practically motivated restrictions: knapsack and budgeted bandits model global resource or capacity limits over
the horizon, submodular bandits address combinatorial decision sets with diminishing returns, and safe bandits impose
almost-sure or high-probability feasibility requirements at every round, often via confidence sets over an unknown safe
region. As for handling long-term constraints, Zhou & Ji (2022) considered a general unknown reward function and a
general unknown constraint function with constraint feedback. More broadly, this type of constrained problem has also
been studied in the reinforcement learning (RL) setting (Efroni et al., 2020; Ding et al., 2021), where constrained Markov
decision processes are handled by optimistic planning or primal-dual policy optimization, and constraints are again encoded
as long-term costs and managed through convex optimization methods. In contrast to these works, our constraints (without
direct feedback) arise from structural counterfactual fairness requirements, which couple the learner’s policy with a causal
model of the environment and lead to a different geometric and statistical structure.
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D. Proof for Section 2

In this section, we provide proofs and additional details for Section 2 for completeness.

Example 1 (Details). We compute different fairness measures for the following structural causal model. Here D, is modeled
as a scalar-valued intervention level. The baseline D; = 0 corresponds to the null recommendation (“no item”), and the
term 0.1D; specifies a linear effect of intervention intensity on Y;. W.l.o.g., at round ¢, let a; = 1, a; = 0. The following
SCM M* describes the data-generating mechanisms (unknown to the decision-maker):

A, “— ]l{UAt < 0.5},
W,  « 1{Uw, < 0.1+ 0.74;},

— 1{Up, <0.2+0.74; + 0.1W,}, (18)
Dy - f(AtaWhMtyUDt):

— ]l{Uyt < 0.45+ 0.06A4; — 0.4W,; + 0.4M; + O.IDt}.

(@ (b)

Figure 3. (a). Per-round Extended standard fairness model; (b). Interventional causal diagram Gz.

For the potential response Yy, (intervention do(D; = d)) (see Figure 3b), the structural equation become
Ya,|(As, Wy, M) ~ Bernoulli(0.45 + 0.05A4; — 0.4W; + 0.4M; + 0.1d;).

Then we could compute the value total variation (7'V,, 4/ (d;)), conditional average effect (CATE,, o/ (d¢|my, w¢)), coun-
terfactual direct effect (Ctf-DE,, . (d;)), indirect effect (Ctf-IE,; 4, (d:)), and spurious effect (Ctf-SE,; 4,(d;)) as
following:
TV, o (di) = E[Yy,|A; = a}] — E[Yg|A; = a;] = 0.078.
CATE,, o (di|m,wy) = E[Yq,|do(ay), ws, mi] — E[Ya,|ar, wi, m] = 0.05
th'DEat,a; (dt) = Z [E[Y’Hdta a;ﬁa m, w] - E[th‘dtv Qt, M, ’U}:|:| ]P(m|w7 at) ]P)(w|at) =0.05

Ctf-IE,; o, (di) = Z E[Y;|ds, aj, m, w] - [P(m|w, a;) — P(m|w, a})] - P(w]a;) = —0.28

w,m

Ctf-SEq; 4, (di) = Z E[Y;|dy, a}, m, w] - P(m|w, a}) - [P(w]a;) — P(wla})] = 0.252.

w,m

Next, we provide the identification steps for expressing the nested counterfactuals into functions of observational data.

Proposition 2 ((Plecko & Bareinboim, 2024)). Under the extended Standard Fairness Model (SFM) in Figure I,
Ctf-DE,, o, (dt), Ctf-1Eq, o (di), and Ctf-SE,, o (di) can be estimated, respectively, from the observational distribution
as

th'DEa,,,a;(dt) = 2 (E[Y—t|dt7angvm] _E[K|dt;at;wvm])P(m|atvw)]P(w|at)v

m,w

18
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Ctf-IE,, o/ (di) = Z E[Yi|de, ar, w, m](P(m|a}, w) — P(m|as, w))P(w|a;),

m,w

Ctf-SEq, a; (di) = Z E[Y;|dy, ay, w, m]P(m|a;, w) (P(w|a}) — P(wla)).

m,w
Proof. We firstly compute the counterfactual direct effect:

Ctf-DEq, o (d) = E[Yer a0 01, — Yar.a,a, ae]

at

As for E[Yq; 4, w1, |at], we have,

E[Ya; d,,01,, la] = ZE[Ya’t,dt,MO,Jwaat] P(w|at)

= Z E[Yar dpm|Ma, = m,w,at] P(Ma, = mlw, a;) P(wlat)

w,m
= Z E[Yar g, m|w] P(Ma, = m|w, a;) P(w|a;)
= ) E[Yildy, af, m, w] P(m|w, a;) P(wlay).

19)

(20)

2

(22)

(23)

Where (20) follows by law of total expectation; (21) comes from the law of total expectation and consistency for nested
counterfactuals, i.e., on the event My, = m, Yo a, m,, = Ya; d,,m> (22) follows by the cross-world independence

at

Yar dym AL Mo, |W; and sequential ignorability Yoy dpm L A |W;; and the last equality (23) holds because of consistency

for nested counterfactuals and no unmeasured confounding for D; — Y; given Ay, M;, W,.

Similarly, for E[Yy, 4,0, |a:] we have:

E[Ya,d, 1., lae] = ) E[Yaldy, ar, m, w] P(m|w, a;) P(wlay).

Then by (20), (23), and (24), the counterfactual direct effect could be computed as:

Ctf-DE,, o (di) = E[Yay a, M., — Ya,,di, M., lat]

= Z [E[Yt|dt7ag7m,w] — E[Y}|dy, ag, m, w]] P(m|w, a;) P(w|a;)

w,m
Next, we compute the counterfactual indirect effect:

th—IEama't (dt) = E[Yamdea/t |at:| - E[Yat,dt,Ma,t |at]'

As for E[Yy, 4, 0, |a¢], we have,
t

E[Yat,dt,Ma? ‘at] EE[Yat7dt7Maé |U}, a’t] P(wlat)
w

w,m
2 By, mlw, ai] P(My; = m|w) P(wlay)

= 2 E[Yi|de, a, m, w] P(m|w, ay) P(w|ar).

w,m

Where (27) follows by cross-world independence Y, 4, m AL Ma; |W} and sequential ignorability Ma; A AWy

Then by (24), (26), and (28) the counterfactual indirect effect could be computed as:

th—IEat,a; (dt> = E[Yat,dt,Mai ‘a’t] - E[YatydtyMu.t |a’t]

19
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= Y E[Yilde, ar,m,w] - [P(mlw, a}) — P(m|w, a;)] - P(wlay).

We finally compute the counterfactual spurious effect:
th—SEat,a; (dt) = E[YatydtyMat |a;] - E[Ydt |at]'

As for E[Yy, 4, 0,,|a;], we have,

EYa, a0, lat] = D E[Ya, q,.01,, |af, w] P(w|at)

Z ]E[Yat7dt7m|a:57 Mat = m7w] P(Mat = m|a’;7w) ]P(’LU|G;)

= D EYayd,mlw] B(Mq, = m|w) P(wlat)
= Z E[Y;|dys, ar, m, w] P(m|w, a;) P(wl|a})
w,m

(29)

(30)

€1y

(32)

Where (31) follows by cross-world independence Yg, 4,m AL M,,|W; and sequential ignorability Yy, 4, m AL

At‘Wt, Mat ain Af|Wf
And for E[Yy,|a;] we have:

E[Yy, |a:] = 2 E[Y:|dt, as, m, w] P(m|w, a;) P(w|ay).

w,m
Then by (30), (32), and (33) the indirect effect could be computed as:
th—SE(ltJIIt (di) = E[Yat,dt,M% |a;] — E[Yy, |a]
= Z E[Yt|dta Qt, M, ’UJ] ’ IP)(’rn|U‘)7 a’t) : [P(w|a;> - P(w|at)]

w,m

Which finishes the proof.

(33)

(34)

Proposition 1 ((Ple¢ko & Bareinboim, 2024)). For every step t € [T, under an intervention do(D; = di), the total

variation measure can be decomposed as

TV, 0, (di) = Ctf-DEg, o (di) — Ctf-IEy o,(dr) — Ctf-SEy 4, (dy).

Proof. For the left hand side, we have

TVaya(di) = E[Ya,|at] — E[Ya, ]

= Y E[Yilds, af, m, w]P(m|w, a))P(w]a;) — . E[Vi|ds, az, m, w]P(m|w, ar)P(wlay).

Where (36) follows by (1); (37) comes from no unmeasured confounding for D, — Y; given Ay, M, Wy.
For the right hand side, we have (Zhang & Bareinboim, 2018),

th—DEat,a’t (dt) = Z I:E[Y:f‘dtva‘;vm7w:| - ]E[)/t|dt7at7maw]:| P(m‘wvat) P(w|at)

th'IEa’t,af, (dt) = Z E[YHdta a;amaw] ’ []P(m|wv at) - ]P)<m|wa a;)] ']P(w|at)
Ctf-SEq; q, (di) = Z E[Y;|dy, aj, m, w] - P(m|w, a}) - [P(w]a;) — P(wlay)].

Therefore, by Equations (38) to (40)
Ctf-DEqg, o (d¢) — Ctf-SEq; q, (dy) — Ctf-1Eq; q, (dy) = TVq, a (d¢).
Which finishes the proof.

20
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E. Proof for Section 3

In this section, we provide the proofs of the theoretical results for non-parametric contextual bandits setting in Section 3.

E.1. Regret Guarantee

Theorem 1 (Regret Upper Bound). Fix ¢ € (0,1), w € (0,1), and let e, = t~%. Let X be a finite context set and the
learning rate 8 = +/|X|1og(2|D|)/T. Under Assumptions I and 2, Algorithm I guarantees that, with probability at least
1—3T|X||DJs,

> | max (r EDG(X0]) ~ ElYa, (X0)]| = O(V/TIX[[Dllog(2/0) 10g(2[DI/6) + T'~).
t=1

TI'EHXt

Proof. The proof proceeds as follows. Part (i) describes the notation; Part (ii) establishes a online-mirror-descent (OMD)
bound for each fixed context; Part (iii) controls the estimation error of the estimated optimistic reward; Part (iv) controls the
error incurred by sampling decisions from the policy; Part (v) assembles all the results.

Part (i): Notations.

Throughout, pq(X) := E[Y;(X)] denotes the mean reward of decision d in context X and the vector of expected rewards
w(X) = (uq(X))aep; for the realized pair (X;, d;) we write pg, (X;).

Forte {l,...,T},d € D and a context X = (a, m,w) define the count

t

Nxa(t) == Y, Udr =d, ar = a, m, =m, w, =w},  nxa(t) = max{l, Nxa(t)}, (41)

T=1

also written Ny g m.w(t) and ng g m  (t) where X = (a, m, w).Thus Nx q(t) records all rounds up to and including ¢, and
is determined by the history through round ¢.

Define the confidence bonus®

b a(X) == M% e (0, B], B =20 py(X) = (bea(X)),ep (42)

Since § < 1 we have log(2/6) > log 2 and hence B > 4/'%82 > 1.

For Nx 4(t) = 1 let 5 4(X) be the average of the Nx 4(¢) rewards observed at the pair (X, d) in rounds 7 < ¢. By
Algorithm 1, the truncated optimistic estimate and the associated optimistic loss are

1, Nx q(t)

=0 ~
o Y LX) = 1 (X)), 43)
min {1, §r.a(X) + br.a(X)}, Nxa(t) =1, ! !

Ur.a(X) = {

with 7;(X), /(X the corresponding vectors in RI?!; note ZM(X) € [0,1].

Let s denote the previous occurrence of X before round ¢, as in line 4 of Algorithm 1. Because X does not occur strictly
between s and ¢, so

NX’d<t — 1) = ‘ZVX’d(S>7 NX’d(t> = NX}d(s) + 1{dt = d} (44)

Algorithm 1 uses §s 4(X): the empirical mean formed from all rounds up to and including s.

To formalize the e;-greedy step (11), let Z; be an exploration indicator drawn at round ¢ after X; is revealed, with
Z; ~ Bernoulli(¢;) independent of the pre-decision history. Define

Fior = o(X0, Zy,dy, Y, oo Xoo1, Zooy,di1, Yo, Xy),

SNot to be confused with the fairness slack terms b\’ (7), 7 € {1, 2, 3}, in the definition of ﬁth
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the history through round ¢ — 1 together with the context revealed at round ¢; thus Z; is independent of F;_.

By construction, 7y, and 7, are F;_;-measurable, while nx, 4(t), b,(X}), 7:(X;) and 0;(X;) depend on d; through (44)
and are only F;-measurable. The decision satisfies P(d, = d | Fi—1, Z;) = Zymo(d) + (1 — Z)7x,(d) by Z, € {0,1}.
Then we have,

P(dt = d ‘ -Ft—l) = ]E[Zt’ﬂ'()(d) + (]. — Zt)ﬂ-Xt (d)] = (1 — Gt) ’/TXt (d) + € Wo(d) = ’?T"Xt (d), d € D (45)

Because the occurrence count T'x of a context X is itself random and the Azuma—Hoeffding inequality (Lemma 2) is stated
for a fixed number of increments, instead we define the two martingale events, that is, for every round ¢ € [T7],

= (Fx,, bi—1(X¢)) — bi—1,4,(Xy), Sy = (x,y (Xe)) — pa, (X), (46)

(46) will be used in parts (iii) and (iv).

Both sequences in (46) are martingale differences with respect to {F;}7_;. Instead b;_1(X;), u(X;) and Tx, are F;_1-
measurable, so the only randomness in & and S; given J;_; is the draw of d;, and by (45)

E[bi—1,4,(Xe) | Fe1] = (Fxpy i1 (Xe)), B[ pa, (Xo) [ Fomr] = (T (X)) (47)
Then, by Equations (46) and (47), we have,
E[& | Fi—1] = E[S: | Fi-1] = 0.
Also, we have,

& < B, IS < 1, te[T). (48)

Regret decomposition. Fix a context X € X with occurrence times {; < --- < t7,, and let mx € ﬂTX Hf be an
arbitrary comparator. For each i € [T'x], we have,

<7TX7M(X)>_Mdti (X) = §7TX, :LL(X) _gtz(X)> + <7TXH —TX, th(X)> +

optimism OMD
(., B, (X) = (X)) + (mx,,, n(X)) = pay, (X)) (49)
estimation sampling

Where (49) follows by (1x — mx, , ¥t (X)) = (1x,, — 7x, b, (X)).

Part (ii): the OMD term.

We first show that the estimated fair policy set ﬁ&f is a convex set for any fixed context X; = X € X. Let Ty =
Zle 1{X; = X}. The simplex II is the set of all probability distributions over decisions in D, i.e.,

= {weR‘D‘: (d) > 0 vd, d;)ﬂ(d) - 1},

therefore 11 is a convex set by definition (closed under convex comblnatlons) and each element inside it corresponds to a
probability distribution (policy). For the estimated fair policy set fif %,» We have that:

ﬁ;(t - {ﬂ- ell: <7Ta ‘ Z (gai,d,m7w - Z/J\at,d,m,w)ﬁp(m‘ata w)P(w|at)}> - Z bij) (77) < Cl}

m,w je{1,2,3}
ﬂ {w ell:(m, | 2 Ya, d.m,w(P(mlag, w) — P(m|a27w))]P’(w|at)‘> - Z bﬁj)(w) < 02}
m,w je{1,2,3}
N e, [ Y Gugamw Plmlas,w)(Pula) = Plwla))p— Y, o(m) <es ),
m,w je{1,2,3}
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where Ja, dm.w ad Ya: d,m . denote the empirical mean rewards for decision d € D evaluated for contexts {a;, m,w} and
{at, m,w} atround ¢. Since 3}, ; 5 5 bfﬂ ) () is linear in 7 (see Proposition 3), therefore, the estimated feasible policy

space ﬁg(f c Il is a convex polytope cut out by three affine inequalities over probability distribution 7. ﬁg(f is non-empty

by Assumption | and Proposition 3. Let us define the negative entropy (“mirror map”) (Bernasconi et al., 2024) for an

(unnormalized) probability distribution 7 € Rlﬂ as:

U(r) = Y w(d)(logm(d) - 1). (50)

deD

Since the above function W is convex and differentiable over 7, we define the Bregman divergence between two probability
distributions 7y, 7o € ]RLDOl

By (mi||m2) = ¥(m) — [xp(m) + VU (12) T (1 — 772)]. (51)

Geometrically, this is the gap between the value W (7 ) and the first-order approximation of W (7r;) around the point 75 (base
point). When taking the gradient with respect to the first argument, we have

[V, By(m | 72)], = logmi(d) — log ma(d) = log deD. (52)

By (51), for any m; € RL | and any 7o, T3 € R (the latter two need not be normalized, since VV is evaluated there), we
have the following property (Hazan, 2016),

By(m|m2) + By(m2||m3) — By (mil|m3) = (w1 — m2)T(VV¥(73) — V¥(72)). (53)
|D|

Moreover, for a given 7 € R,

define myi, = argmin__gs By (w|[7). Then,
Xt

0 < By (mal|mmin) < By (mal|mmin) + By (Twin||7) < By (ma||7), Vmge % . (54)

where (54) holds since By (7min||7) = 0 and
By (m4]|Tmin) + Bw (Tmin||T) — Bw (ma]|T) = (74 — Tnin) (VY (T) — V¥ (Trmin)) (55)
< 0. (56)

Where (55) follows by (51); as for (56) since both ﬁﬁ;t and U are convex over policy vector, then the first order optimality
condition of the optimization problem 7y, = argmin__ps By (7[|7) gives us that
Xt
<VB\II(7TminH7_T)7 ™= 7Tmin> = Oa Vme ﬁg(,
and since V By (min||7) = VU (7min) — VU(7), then we have
(7 = Tanin) (VO (T) — V(Tmin)) < 0, Ve T,

because w4 € ﬁg(f by (54), then (56) holds.

For notational simplicity, we suppress time indices when they are clear from context. In particular, 7x_ denotes the policy
associated with context X at round s, and /(X ) denotes the corresponding optimistic loss vector at round s.

For convenience, we work with losses rather than rewards. Define E(X ) =1 — §:(X) as the optimistic empirical expected
loss vector for all the decisions d € D and ¢; 4, (X) = 1 — ¥4, (X) is the optimistic empirical expected loss for the given
decision d;. For a given time step ¢, let s := max({u <¢: X, = X;} v {0}) be the most recent round prior to time ¢ at

which the same context X; occurred, with the conventions 7x, = 7y and I/ %, = 1l ata first occurrence by Algorithm 1.
Here s is a random index. We have the following online mirror update:

Rx, « arg min [ﬁ <£ >+ By (WHWXS)]. (57)

TreR
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The gradient of the mirror map V,¥(w) = V[ Y ,.p 7(d)(logw(d) — 1)] = log(w), which takes a natural log of each
coordinate of the discrete distribution 7, i.e., (log(m(d)))|4ep. We can find the closed-form solution of (57) and obtain the
following (by taking the derivative of (57)),

log7x, = logmx, — Bls(X). (58)

Exponentiating (58), we then get the update (9) in Algorithm 1.

For each context X € X, we denote the round indices when X; = X as {t1,...,tr }.

Consider any 7x € ﬂ;‘lxl ﬁﬁ(tj. Then, by (58) and (53) with m = T, T2 =
7x. (output optimistically fair policy from (10)), w3 = 7y, (output unnormalized policy from (9)), we have the
following:

By(rx||mx,) + By (mx ||7x,) — Bu(rx||7x,) = (7x —7x,)"(V¥(7x,) — V¥(rx,))
= B-(mx, — 7x)Tls(X). (59)

Next, we are going to establish an upper bound on B(mx. — mx)Tls(X) in (59) over Tx.

For notational convenience, in the rest of the proof of part (ii), let ¢1, 2, ..., {7, be the times that context X has been
observed by the learner in 7" rounds. T'x is the total number of occurrence of context X over 7" rounds. Define 7 Xip, ., a8
X

the unprojected OMD iterate obtained after processing the last occurrence 7, , namely,

oy () = 7x,,(d)exp (—5 Tin, ,d(X)) . deD.

Here, t7, +; is a dummy index used only to label this final intermediate iterate; it is not an additional round or occurrence of
context X.

8 Y(nx,, - mx)7 G (X)

i=1

Tx
= [B\II(WXHWXti) + Bu(mx,, I7x,,,,) — B\IJ(WX||7ATXti+1)] (60)
i=1
Tx Tx
= Buy(rx|lmx,,) = Bu(nxl|l7x, )+ > [Be(rxlinx,,) = Be(rxllFx, )] + X Bu(nx, lIFx,,,) (6D
= i-1
Tx
< Bu(rxllmx,) + D) Bu(rx, |[Fx,,,,); (62)

i=1
where (60) follows by (59); (61) rewrites the technical terms; (62) holds since mx € ﬂile ﬁ&t and by (54), we have, for
every i = 2, '

By(rx|Inx,,) < Bu(nx||rx,,) + Bu(nx, |I7x,,) < Bu(nx||7x,,).

where Tx, = argmin By (7||7x, ) from the Bregman projection step.

7T€fo
ti—1

To bound B(mx. — mx )Tl (X) in (59), we need to further analyze term By (mx,, [|Tx,,, ) in (62),

By(rx,,|7x,,,,) < Bu(rx, [|7x,, )+ Be(Tx,,  ll7x,,) (63)
= <7TXti - 7Arxti+1, V\IJ(WXH) — V\II(%X”H» (64)
= Blrx,, —#x, s b (X)) (65)
= B Y mx,, (@)1= e P @) B () (66)

deD

"This is a nonempty set w.h.p. by Proposition 3.
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< B Y mx, (@ Ba(X)P < 52 (67)

where (63) follows by By (7 Xiii || Xti) > 0; (64) follows by the definition of Bregman divergence from (51); (65) is be-
cause V\I/(ﬂ'Xti ) _v\Ij(%Xtt+1) = 1og(7rXti ) —log(%xtﬂl) = ,Béwti (X); (66) substitutes %le (d) = X, (d)e_ﬁzti’d(x);
and (67) uses 1 — e~* < x for » > 0 (valid since £, 4(X) = 0), followed by £, 4(X) < 1and Y, 7, (d) = 1.

For the first occurrence of context X we have s = 0, so the conventions 7x, = 7y and ﬁ% = IT apply. Since no reward
has yet been observed at X, every count Ny, d.m,, w,, (0) is zero and the optimistic estimate returns o 4(X) = 1 for all

d € D, hence zo(X ) = 0. The mirror step (9) therefore returns 7 Xy, = 0, and the Bregman projection (10) of my returns
m itself; both operations are the identity at t1, so 7 X, = To. Then, we have,

By(rx | 7x,,) = Bu(nx | m) < log|D|. (68)
Thus by (62), (67), and (68), we have

Tx

Tx
(= m)T B (X) < 5 [Bulaxlimx,) + ), Barx, 7., )]
i=1 i=1
1
< 5| toa(1P) + T 7]
] .

Then, we have,

> [0l o] < o)
XeX

Select = 4/|X|1log(2|D|)/T, then we have,
Tx N
> D rx,, =7 x) Tl (X) < 2¢/T[X[log(2[D)). (70)

XeXi=1

Part (iii): concentration and the estimation term.

Fix X € X, d € D and a deterministic k € [T], and let 34, (X) denote the average of the first k rewards collected at the pair
(X, d); these are i.i.d. with mean p4(X) and range [0, 1]. Applying Lemma 1, we have

P(@dyk(X)—Md(X)’ > 6) < 2exp (— 2ke?) 71
= 4. (72)

log(2/6
where (72) follows by € = 4/ %.

Applying a union bound over X € X, d € D and k € [T'], therefore, yields that with probability at least 1 — T'|X||D|0,
A log(2/56
90k (X) — pa(X)| < %k/), VXeX, deD, kelT). (73)

At round ¢ the algorithm has the realized count k& = Nx 4(t), and nx 4(t) = k whenever k > 1; since (73) holds
simultaneously for all &, then

Ur,a(X) = min {1, Gpa(X) + bya(X)} (74)
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> min {1, pa(X)} = pa(X), (75)

and
gt,d(X) < Z/J\t,d(X)+bt7d(X) (76)
< pa(X) + 204 a(X), )

while for Nx 4(t) = 0, where §; ¢(X) = 1 and b; 4(X) = B,
pa(X) < 1 = Gra(X) < pa(X)+2B. (78)
In both cases,
pa(X) < a(X) < pa(X) +2ba(X), Vte[T], XeX, deD. (79)

Here (75) follows by (73) together with p4(X) < 1; (77) follows by (73); and the last inequality of (78) holds since 2B > 1.

N

Define Nx 4 := ZZ=1 X, =X,d;, =d},sothat 3, ., Nx.a = Tx and Xy v Xyep Nx,a = T. If t denotes the k-th
round at which d is chosen at context X, where 1 < k < Nx 4, then Nx 4(t) = kand nx 4(t — 1) = max{1, k — 1}.

For every N > 2

N N—-1 1
M—Y———— =1+, — (80)
P «/max{l k—1} s RV

<1+(2VN-1-1) (81)

= 2¢V/N—-1 < 2VN,
where (80) isolates the £ = 1 term and reindexes j = k£ — 1, and (81) uses the bound Z;jzl j~Y2 < 24/J — 1, which holds
for J > 1 and therefore requires N > 2.

For NV = 1 the left-hand side equals 1 < 2 = 24/ N directly, and for N = 0 it is an empty sum; hence in all cases

N
Z— < 2VN, N > 0. (82)
o vmax{l,k—1}

Therefore

Nx.,a

T
1
LX) = B3 3 3 e

XeX deD k=1

< 2B ) > +/Nxa (84)

XeX deD

2B [|X||D| Y] Nx.a (85)
X.d

2B+/|X||D|T, (86)

where (83) groups the rounds by context and decision and uses b,_1 q(X) = B/+/nx q(t — 1); (84) follows by (82); and
(85) is Cauchy—Schwarz inequality.

(83)

N

Now, we are going to bound policy-weighted estimation error. Set R7,(X) = ZZT:Xl <7T-Xti , U2, (X) — w(X)). Since
FXti _ﬂ—Xti i(ﬂ'Xti 7T()) by(]]) we have

(mx, —7x,, b,1(X)) = &, {(nx, —m0, by,—1(X)) 87
< - 70“1 Hbti—l(X)Hoo (88)
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Where (88) is Holder’s inequality; (89) uses |7x, — mof1 < 2and [|b;,—1(X)[e < B. Hence, we have,

Tx
Rin(X) = > {mx, (X)) — p(X))
1=1
Tx
< 2 {mx,, b (X)) (90)
1=1
Tx
< 2> {mx,,, b—1(X)) 91)
i=1
Tx TX
< 2> (Gx,,, b1(X)) + 4B ) e, (92)
i=1 =1
Tx Tx Tx
=23 by 14, (X) + 2> &, + 4B &, (93)
=1 i=1 i=1

Where (90) follows by (79); (91) holds because the counts are nondecreasing, nx 4(t; — 1) < nx q(t;), hence by, 4(X) <
bi,—1,4(X), and b, _1(X) is Fy,_1-measurable; (92) follows by (89); and (93) adds and subtracts the realized bonus
bt,—1,d,, (X), and recalling the definition (46) of &;.

Fart (iv): the sampling term.

Define Rsam (X) = ZiT:Xl [{mx,, s (X)) — pta,, (X)] and the definition (46) of S,

<7TXti ’ M<X>> - Mdt,i (X) = <7TXti - %Xti ) ,U/(X)> + St-; < Qeti + Stm
by the inequality (89) with |1(X )| < 1. Hence

Tx Tx
Rsam(X) < ZSti + 22%. (94)
i=1 i=1

Part (v): assembling the bound.
We first look at one context. Summing (49) over ¢ € [T'x | and by (79), (69), (93) and (94), we have,

S log |D| S
32 [0y s, ()] < | PEP 7| 4 23, ()
1=1 =1
Tx Tx Tx
+2) & + DS, + (4B+2) ) e, (95)
1=1 1=1 1=1

Then we sum over all the contexts. The occurrence times of distinct contexts partition [T'], so the per-context sums in (95)
reassemble into sums over ¢ € [T']. Then by (70) and (86), we have,

T

> [ ma(r (X)) = pua, (X0)| < 20/TIX Iog2[D]) + 4B+/[X[DIT

iz el

T T T
+2) 6+ DS + (4B+2)) e (96)
t=1 t=1 t=1

Where (96) follows by IT%, < ﬁg(t in Proposition 3 w.p. at least 1 — T'|X||D|0.

By (46) and (48), {&;}1_, and {S;}I_, are martingale difference sequences with respect to {F;}~_; with |&| < B and
|S¢| < 1, over the horizon T'. By Lemma 2, we have,

T
Y& < B\2Tlog(1/5) = +/Tlog(1/5)log(2/5), 97)
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T
DS < /2T log(1/6), (98)
t=1

holds with probability at least 1 — 6.

And also, we have,

T
DIt <1+ T/ -w) (99)
t=1
Then by Equations (96) to (99), with probability at least 1 — 3T'|X'||D|d, we have,
d E3 Tlfu.'
> | m(X0) = pa, (X0)| < 103/TIX[D]10g(2/0) 10g 2IDI/3) + 8B(1+ 1)
t=1
- @(\/T|X|\D| log(2/6) log(2|D]/8) + THJ). (100)
Which finishes the proof. ]

E.2. Constraint Violations Guarantee

In this section we next prove the upper bounds for the cumulative constraint violations. We begin with the proof of
Proposition 3 that the true feasible set remains within the estimated feasible set with high probability.

Proposition 3. Given a 6 > 0 and define probability kernels P,(ﬁ) (myw) = P(m|as, w)P(w|at), ]P’((ft) (myw) =
P(m|a}, w)P(wla), IF’,(E,:) (m,w) = P(m|a}, w)P(w|a,) on M x W w.rt. the factual and counterfactual attribute ay, a}.

Let b (x) = E 1110y <52 dom ( log(2/8) o+ /QHjTjgd(,?n/,ii))(t)) such that with probability at least 1 — T|A||D||M||W)|é,

2”u2,d,7n,w

forallt e [T], i € {1,2,3}, m € Il we have:

Eaur|[AY (X0 - [AP (X0 < Y ().

Je{1,2,3}

Then it holds H.{Q - ﬁgﬁ with probability at least 1 — T | A||D||M||W)|é for all t € [T].

Proof. We first observe that the probability kernels ng) are valid distributions on M x W (Pgl,,) and Pg) trivially is).

PR (mw) = > P(mlay, w)P(w|a,)
(m,w)eM,W (m,w)eM W
= >, P(wlay) ), P(mla,w)
wewW meM
= > Pwla) =1
wewW

For any 7 € II, we then rewrite the constraints as:

Egor Afil)(Xt)‘ —c1 = Egur Z (E[Y3|a}, d, m,w] — E[Yt|at,d,m,w])]P’(m|at,w)IP’(w\at)’ —c

— Egor E(ym’w)wpét [E[th;, d,m, w] — E[Y;|az,d,m, w]” —a (101)
Egr A((f) (X¢)|—ca = Egur Z E[Y;|a}, d,m, w](P(m|as, w) — P(ml|a;, w))P(w|a)| — c2

= Egor E(Vm,w)wpétﬁ[ma;, d.m,w] — g uypz, E[Vilaj, d.m, w]) . (102)
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Eaer|AJ (X0)| = 5 = Eava| Y] ElYila}, d,m,w] P(mlaj, w) (Pwla) — Plwla}))| - ey
= Ean|Eqnu)~rs, E[Vila), d.m, w] — By u)~ps E[Yi]a,d,m, w]) — s (103)

Here E[Y;|a}, d, m, w] and E[Y;|at, d, m, w] denote the true mean rewards for decision d € D with contexts {a}, m,w} and
{as, m,w} respectively; we also recall that the counterfactual fairness thresholds are bounded ¢; € [0, 1], ¢ € {1, 2, 3} so for

each difference E; Ag) (Xt)‘ —c e [-1,1].

The true feasible policy set Hﬁc{t is:
Hg(t = {7‘( ell: Edfvn"A,(il)(Xt)‘ < cl} ﬂ {7‘(’ ell: Ed~7r‘A,(12)(Xt)‘ < 02}

ﬂ{ﬂeﬂz E,..

The optimistic estimated feasible policy set ﬁﬁc{t is:

Aff)(Xt)‘ < 03}. (104)

il - {7761_[: By

&E{U(Xt)‘ _ Z bgj)(ﬂ-) < Cl} ﬂ {we II: Ed~ﬂ‘£l(12)(Xt)‘ - Z bgj)(ﬂ') < 62}

je{1,2,3} je{1,2,3}
N {w €ll: Egor Aﬁf’)(xt)‘ - Y W< 03}.

je{1,2,3}

We first show that Ed~ﬁ[|£l(ii)(Xt)| - \AS) (Xy)l] < Dije(1,2,3) bﬁ”(w) forallt € [T1], i € {1,2,3}, 7 € II; then we show
that all fair policies are in the optimistic estimated feasible policy set with probability at least 1 — T'|.A||D||M||W]é as
promised.

For any ¢ € [T] and context X; € X, consider any fair policy 7 € HﬁQ. For each i € {1, 2,3}, consider the estimated
counterfactual fairness:

Eaur| AP (X0)| = Eanr| AP (X0)| = Baarn | A (X0)| + Eanr |AP (X)) (105)
< Bar AP (X0)| = Banr|AD (X)) + ¢ (106)
= Eawr| [AY (X0)| - A9 (X0)]] + €, (107)

where (105) adds and subtracts the expected value and (106) follows by (104), i.e., Ed~,r|Ag) (Xt)| < ¢;. Now, we are
going to analyze ]Edw,r[\AS) (Xy)| - |AE;)(Xt)|].
Case i = 1, Ctf-DE : We have

Eavn |[A (X0)] = A5 (X0)]|

= Baer| Y (Gt — Gandowm) POmlar, w)P(wlar)
(m,w)e(M,W)
— Egen > (E[Y:|a}, d,w, m] — E[Y;|a¢, d, w,m])P(m|ag, w)P(w|a;) (108)
(m,w)e(M,W)
< Bar| Y (EDlaldw,m] — E[Yilar, d,w,m])P(mla, w)P(ula)
(m,w)e(M,W)
= Y (Gt — ordanm) Pmlar, w)P(wla) (109)
(m,w)e(M,W)
< ]E(m,w)~P((llt> Ed~ﬂ"ED/t‘aga d,w, m] - E[}/t‘ata d,w, m] - @\a’t,d,w,m + :’/J\at,d,w,m‘ (110)
< By, ypt Bavr | [facdanm — ENlar, dyw,m]| + [E[Yilaf, d, w,m] = G, q.m] (111)
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log(2/6) log(2/5)
< E HEgx 112
(”7l7w)"‘Pt(1t> d (\/2na’t,d,m,w(t) + 2nat,d’m’w(t)) ( )

< oY (m), (113)

where (108) follows by Equations (6) and (101); (109) is by the triangle inequality, i.e., |z| — |y| < |z — y|, Vz, y € R;
(110) uses the probability kernel IP’((llt) (m,w) = P(m|a;, w)P(w|a;) and moves the expectation outside of absolute value;

(111) rearranges and uses the triangle inequality; (112) is the bound on the estimation error follows by Hoeffding’s inequality
of Lemma 1, in which it is which holds with probability at least 1 — T'|X'||D|d; and (113) holds by the definition of

b (1), i e {1,2,3}.
Case i = 2, Ctf-IE: We have

Eaer[[AP (X0)] - |62 (x|

= Eaer| Y, Gepdam (POmla,w) — P(mla,w))P(w]a,)| -
(m,w)e(M,W)
Egr 2 E[Y;|a;, d, w,m](P(m|a;, w) — P(m|a;, w))P(w|a) (114)
(m,w)e(M, W)
< Egor Z E[Y|ay, d, w, m] (P(m|at,w) — ]P’(m|a2,w))1?(w|at) —
(m,w)e(M,W)
Z :/y\a;,d,w,m (P(m|atvw) _P(m|a:§7w))ﬂb(w|at) (115)
(m,w)e(M,W)
< E(m,w)~ﬂ’fz2t) Ed'vw E[}/t|a;7 d7 w, m] - ?,J\a’t,d,w,m‘ + ]E(m,'w)~IP’glt>]Ed"7r
‘]E[Y;f|a:5’dawam] - ga;,d,w,m‘ (116)
log(2/0) log(2/6)
<E Egurr | —————— + E Eguont | ——m———— 117
(m,w)Nszt) d 2na't,d,’m,’w (t) + (m’w)NP‘(llt) ¢ 2na;,d,m,w (t) ( )
< 3 (). (118)
Jje{1,2}

Where (114) follows by Equations (7) and (102); (115) is by the triangle inequality; (116) is to rewrite the technical terms in

expectation using probability kernel }P’g) (m,w) = P(m|a}, w)P(w|a;) and move the expectation outside of absolute value;
(117) comes from Lemma 1, and holds with probability at least 1 — T'|.A||D||M||W)]d.

Case i = 3, Ctf-SE: We have

= Eiva| Y, Gapudawan Pmlaj w) (B(wlar) - Plula))| -

(m,w)e(M,W)
Eowr| Y, ElYila},dow,m]P(mla;, w)(P(w]ar) — P(wla}))| (119)
(m,w)e(M,W)
<Biwr| Y, E[Yilajdw,m] B(mlaj, w) (Pwla) —Bwla) — )
(m,w)e(M,W) (m,w)e(M,W)
G e Pmla, w) (P(w]ar) = Plulap))| (120
< E(m,w)N]pS;) Egr E[)/tm;a d,w, m] - ?J\a%,d,w,m + ]E(m,w)~IP’fl2t) Egr
E[Y;f‘a;ﬁ’daw7m] _:{Ja;,d,uhm‘ (121)
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log(2/9) log(2/9)
By, |—220 | g By, | —200) 122
(m,w)~]P’ELst) d 2na’t,d,m,w (t) + (’rrL,uJ)~IP’512t) d 2na’t,d,m,w(t) ( )
< ) b ). (123)
je(2,3)

Where (119) follows by Equations (8) and (103); (120) is by the triangle inequality; (121) is to rewrite the technical terms in

expectation using probability kernel IP’((Z?:) (m,w) = P(m|a}, w)P(w|a;) and move the expectation outside of absolute value;
(122) comes from Lemma 1, and holds with probability at least 1 — T'|.A||D||M||W]d.

Therefore, by Equations (107), (113), (118) and (123), we have
Eaur AP (X0)] < Baer [[AP (X0)] - [AF (X0)]] +

< 3 Wm+e,

je{1,2,3}

holds Vi € {1, 2, 3}, in which, by construction of the estimated feasible policy set: jich .= ﬂ?zl {rell: Ed~ﬁ|ﬁg)(Xt)‘f

2ije(1,2,3} bgj) (m)) < ¢}, proves that 7 € ﬁg{w thus H;Q c ﬁg(t holds with probability at least 1 — T'|.A||D||M||W)]é for
all t € [T). n

Proposition 4. Select ¢, = t7“. Let D be finite domain of decisions. Consider the decisions are draw from policy

Tx, (Xt = (ag, wg, my)) output from Algorithm 1, define the number of counts:

t
Nd,a,nb,w(t) = Z ]1{(DS7A87MS) Wa) = (d,a,m,w)}, nd,a,m,w(t) = max{l, Nd,a,'m,w(t)}- (124)
s=1

Under Assumption 2, for any a € A,d € D,w € W, m € M, the following results hold for Algorithm 1:

E[i ¥] < ova, | Plpse.

Na,d,w,m (t) Y1

Proof. By the context coverage from Assumption 2, we know that every context in the context space shows up with
probability at least y; > 0 for each round, that is,

P[(As, Wy, My) = (a,w,m)|F—1] = 7, VY(a,w,m)e (AW, M), Vte[T]. (125)

Next we need to figure out how probable each decision d will be selected under context (a,w, m). By Algorithm 1, the
decisions are draw from the output policy 7x, (X; = (a,w,m)), and we have:

P[Dt = d’At = (I7Wt = U},Mt = m,}—t,l] = %Xt(d)

= (1 —€)mx,(d) + emo(d) (126)
> %', (127

where (126) follows by (11). Then by (125) and (127), ¥(d, a, w,m) € (D, A,W, M), Vt € [T], we have
P[(DtaAt7Wt7Mt) = (d,aﬂU,m)!]:t—l] = P[(AnWt,Mt) = (avwam)"Ft—l] 'P[Dt = d|At, Wi, My, Fi 1]

V1€t
ne (128)
D

=

which implies any context-action pair (including the counterfactual one) is visited by the learner with probability at least

"Yg‘* for Algorithm 1.

Fix any tuple (d,a,m,w) € D x A x M x W. Recall that
t
Paamn(t) = max {1, 3 1{(Dy, Ay, My, W,) = (d, a,m, w)} .
s=1
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By (128) and €, = s, we have

Y1€s 71
P (DS7AS7MS7WS) = (d,a,m,w) ‘Fs—l = = 5 Vse [T]
( )=o) Z o

Define

71
e Py s =P DS7A87MS7WS = (d,a,m, s—1)-

Then g; > p almost surely for all s € [T']. We then use a standard coupling construction (see Definition 6) as a proof device.
By the randomization lemma for Bernoulli variables (Lemma 8), we may work on an enlarged probability space on which
there exist i.i.d. random variables

Zl, ey ZT ~ Umf[O, 1]7

independent of the past filtration, such that
{(Ds, As, Ms, W) = (d,a,m,w)} = L{Z, < qs}, s€[T], almost surely.
Further define
Vs := 1{Zs < p}, se[T].
Then (V;)T_, are i.i.d. Bernoulli variables with probability p. Moreover, since gs > p, we have
{Zs <p} = {Zs < s},
and hence distribution 1{(D;, As, Mg, W) = (d, a, m,w)} stochastically dominates distribution V5, i.e.,

Vs < 1{(Ds, As, M5, W) = (d,a,m,w)}, Vs € [T], almost surely.
Let S; := Y'_, Vi, then S; ~ Bin(t,p) and
t t
Sy = Z Vs < Z 1{(Ds, As, Ms,Ws) = (d,a,m,w)}, Vt € [T], almost surely.
s=1 s=1

Therefore,

1+ .5,
2 b

Nd,amw(t) = max{l, S} > Vt e [T], almost surely, (129)

where the first inequality uses >, _, 1{-} > S}, and the second holds because max{1,z} > (1 + x)/2 for every integer
z > 0 (with equality at x = 1).

Now, we can bound our results:

1 T 1
EL; rm(t)} = ﬁ;E[\/E] (130)
I 1
< ﬁ; E[lJrSJ (131)
el 1—(1—p)t+t
=V e (132
ey -
< 2
< t; p(t+1)
< 2\\/? (133)
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= 2¢/2 |D| ) (134)

a!

Where (130) follows by (129); (131) holds because Jensen’s inequality and the square-root function is concave; (132)
follows since S; ~ Bin(t, p) and

1
2| i)

e
Il
o

Il
D~
—_
+\H
o~
7N
S
TN ——
i~}
B
—~
—
|
=
=
|
ES

Il
0~
e
~
+ =
—
~—

>
Il
o
s |

(133) holds by ZZ 1 W < Zt 1 \[ < 2V/T; and (134) is because p := |D|Tw' |

Theorem 1 (Constraint Violations Upper Bound). Select €; = t=“.Let A, M, W, D be finite domain of protected attribute,
intermediate features, confounded features, and decisions. Under Assumptions 1 and 2, Algorithm 1 holds that:

Vi(T) = (’3(\D|4/7|A| MV + T W) (135)

Proof. We recall the cumulative constraints violations V4 (T'):

T
Vi(T) = max E[Z B, |[AY (X,)] - Ci]. (136)
i€{1,2,3} | /4

On the high-probability event in Proposition 3, for all ¢ € [T], i € {1, 2,3}, and all policies 7 € II, we could show the
following results as we did in Appendix E.2:

. ~ 3 .
Eavr |88 (X)) = AP (X0)]] < 30 (). (137)

Jj=1

For any ¢ € {1, 2, 3},

=

V(1) = E[ B, |45 ()] = e }

t=1
T T

_ E[Z Egsy, [‘A D0x,)| - |AY (x,)] ] + ) [EdN%Xt|ggli>(Xt)\ _ci” (138)
t=1 t=1

Define the good event:
&= {Vte [T]v VQGA, dED, mEM, wewW: |ga,d,m,w(t)_E[}/;§ | At = a, Dt :da Mt =m, Wt :U)]|
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log(2/0) }

2na,d.mw(t)
Then, by a union bound over all ¢, a, d, m, w (see Proposition 3), this event holds with probability at least
P(E) > 1 — T|A|[D||M||WS.
And the bad event is denoted as £. Then

E[ S Egry, [‘AS)<X75)| - |A(dZ)(Xt)|]]

t=

Eyory, [|A§;')(Xt)\ _ |A§;’>(Xt)|] ‘5] P(E) + ]E[ i Eaiy, [|Afj>(Xt)| _ \Afﬁ(xt)ﬂ ‘5] P(E) (139)

I
=

B - )
D1~

t=1 t=1
T 3 T
< E| ) Zbi”ﬁxﬂf] -P<€>+E[2Ed~%xt |12 (x| - [AP(x3) ]\5] P(E) (140)
t=1j=1 t=1
r T 3 B T
<E| Y Do @x,) | + DI PE) (141)
Lt=15=1 4 t=1
— T 3 ) —_
<E| Y Do (wx,) | + T2 A|ID||M|W]S (142)
Li=14=1 .
— T 3 -
=E| Y Yo (x| + 1, (143)

r
-
Il
—
<.
Il
-

where (139) is from law of total_ expectation; (140) follows by (137) when the good event happens; (141) is because

PE) < 1, |AY(X)| < 1, [AY (X)) < 1, Vi € {1,2,3}; (142) follows by P(€) < T|A||D||M||W)|5; (143) comes
_ 1

from 0 = FramB AW -

Since Tx, is a mixture distribution, i.e., Tx, = (1 — €;)7mx, + €mo. Then,

Eavrs, AP (X0] = e = (1= ) [, [AP (X0)| = ] + €1 [Eaery |AP (X0)] 1]
3
< 2100 (Fx) + € [Banmy [AS (X0)| — 1] (144)
3
< Yo (Fx,) + e, (145)
j=1

where (144) is by the definition of ﬁﬁ;t
Combining Equations (138), (143) and (145), we obtain

[ ;gbgﬁ 7x,) +Zet]+1
[ ii mmpwmxt[\/ log(2/9) +\/ log(2/9) ] i ]+1 146)

Qna;,d,m,w (t) Qnahd m, w

To further bound the constraint violations, we need to analyze Z ;-1 E () B D, i, /2n log(2/9) 2nlogd 2/6) (t)]
~ ~ / ,d,m, w at m,w

MILM)Q as a start, for each j € {1,2,3},

Taking

al,d,m,w

= 1
ZE(m w) ~]P’Sff), d~?rxt

t=1 na’t’d,m,w(t)
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T
1
[ 5 3w |
t=1deD meM weW Na! d,m,w (t)
T
1
<E Z 2D D x INOID IO Pfi)mm(t)] (147)
t=1 \| deD meM weW deD meM weW Na},dm,w
< 1
=E Z 22 2 TP (m W)t] (148)
t=1 \ deD meM weWw na;,d,m,w( )
— T 1
~E E I
1521\/ (m,w)~]P’(at>,d~7rXt nag,d,m,w(t)]
_ T )
<E T E = (149)
L t:Zl (mw)~PP), d~Fx, na;,d,m,w(t)]
d 1
< no oo (1) 150
[; (m,w)~Pg,, d~Fx, Nl dm w(t)] ( )
d 1
sy T E[ ] (151)
a dZw,m 2;1 Na,d m,w(t)
|D|T
sy T P (1) 152
|Al[D|WI]|M] Z G+ (152)
!

where (147) is by Cauchy-Schwarz inequality; (148) holds by > ,cp > amt Doweny T, (d) P (m, w) = 1; (149) comes
from Cauchy-Schwarz inequality across time; (150) follows by Jensen’s inequality and square root is concave; (151) is
bYE (. )b dmz ﬁ = D eD Domem Dwew Tx, (d) IP’((LZ) (m,w) ﬁ; (152) is from the coupling in

ay deﬂ—Xt al d,m,w na;,d,7rl,w
log(2/6)
2n

ap,d,mw ()

Proposition 4 (see (129)). The same steps apply for term

Since Zthl et = O(T'~¥), therefore, by Equations (136), (146) and (153), we have

(i, /ALY MDY e,

which finishes the proof. ]

F. Proof for Section 4

In this section, we provide the proofs of the theoretical results for logistic bandits setting in Section 4. We prove the
confidence set for logistic bandits for completeness.

F.1. Regret Guarantee

Proposition 5 ((Zhang et al., 2025) Theorem 1). Let the learning rate n = 1 + S and the regularization parameter
A = 2max{7nn, 3nS, 1}. For eacht € [T and any « € (0, 1], define the confidence set as

Cila) = {00+ 18—l 5, < wle)}.
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Where the radius is given by v;(« \/4/\52 +2nIn(L) + 6nn?In (2 + 3L). Then, we have P(Vt > 1,0, € Ci(a)) >
1—oa.

Proof. We include the proof for completeness and to illustrate how the confidence set is constructed and later used in our
analysis.

To prove the above results, it suffices to show that the estimation error of OMD estimator H§t+1 — 04| 1, is bounded. First,
by Lemma 4 and Lemma 5, when setting 7 = 1 + .S, we can upper bound the estimation error of the online estimator:

t t t
H9t+1 - 9*“%& < 277( 2 ES(Q*) - Z 65(95+1)> + 4NS? + 2775 E Hes - 95+1”§
s=1

s=1

t
= 0105 = Oasa 3. (154)
s=1
where L, is logistic loss function. The above inequality has been shown in the logistic bandits literature (Zhang & Sugiyama,
2023).

Next, we are going to upper bound Y.°_| £, (6x) — S0 _, £4(0 f,.1). It is inspired and shares close connections with the
work of (Jézéquel et al., 2020; Faury et al., 2022; Zhang & Sugiyama, 2023). To bound (154), we can decompose it into

P La(00) = D) La(Oss1) = D) Ls(0x) = 3 ma(Pe) + 3 ma(Pe) = 3. La(0s11), (155)
s=1 s=1 s=1 s=1

s=1

where in (155), we define Py = N (53, hH;l) as an n-variate Gaussian distribution with mean és € R"™ and covariance
matrix hH; ' € R"*", where h > 0 is a constant to be specified, and we define m : P(R") — R to be

ms(Ps) = —log (Eg~p, [exp{—Ls(0)}]) -

Then we are going to bound 3" o1 Ls(0s) — N <—1 Ms(Ps). Since Py is a Gaussian distribution with mean 5 and covariance
hH;1, itis Fs-measurable (o-algebra generated by everything that has happened so far {X,, d., y, }°_ ) By Lemma 6,
we have that for any « € (0, 1], with probability at least 1 — «,

D L(0) = D ma(P) = 3 | £0(0) + Tog (Eowp, [exp{~Lo(0)}]) | <log (L). (156)

Next, we proceed to analyze Zi=1 mg(Ps) — 22:1 L’S(§S+1). Under the condition that
A = max{14nn, 2},

by Lemma 7 with h = %77

t

t t
g g (o) < N ffss1 — 8], + 3nnn (2+2;) (157)

377 s=1
Finally, by (154), (155), (156), and (157), we obtain
t
[0i11 = 0x]F, < 4XS? + 2nlog (é) +6nn* In (2 + %) +218 " [0y — Oura 3
s=1
1, ~ o~
- g Z Hes -0
s=1

< 4AS? 4 2nlog (é) + 601 In (2 + %) (158)

Where (158) follows by A > 67.S. |
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Theorem 2 (Regret Upper Bound). Letp = 1 + S and A = 2max{7nn, 3nS, 1}. Under Assumptions 1 and 5, Algorithm 2
achieves the following bound with probability at least 1 — o — 81 for any « € (0,1] and é; € (0,1],

Ry(T) = O(nS\/S + log(T)\/(T — Tp) log(T) + wkn*S%1log*(T) + /(T — Tp) log(1/6) + TO).

Proof. In this section, we prove the sublinear upper bound for regret, we first show the proofs for upper bounding errors in
mean rewards between 6, and Gt for logistic bandits. Here, we denote Gt = arg maXgec, (o) o (f(Za,)70) as the optimistic
parameter for the decision d; for context X;.

T
R = >, 0(f(Z4,)70:) — o(f(Za,)70) (159)
t=1
T T f(Zdt)Tet
= X A Za)0) S Za G 00) + ) f 5 (u)(f (Z4,)"0r — w)du (160)
t=17f Zdt)Tf?*
= Z F(Za,)70:) (Za,)T (0 — 0x) + F(Za)T0:) f(Za,)T (B, — 04)
tel te[T]/I
term (1) term (2)
T (Za)T 9t
Zf 5 (u)(f(Za,)0; — w)du, (161)
t=1 f(Zdt)TG*
term (3)

where (160) follows by the Taylor series expansion of o (f(Za,)T6;) on o (f(Za,)T65) with a first order integral remainder.
As for (161), we divide the horizon into two parts [ = {t € [T : ¢(f(Z4,)70+) = 6(f(Za,)T0+41)} and [T]/1.

Analysis for term (1). For the first term, we have:

term (1) = Y\ 6(f(Za,)70:)f(Za,)T (0, — 0)

tel

= 3 [0 (Za) i) + 3G F(Za)T (0 — @H)]f(Zd,,)T(ét —0,) (162)
tel

<Y 0(F(Za)0rs) F(Za,)T O — 0) + ) |F(Za)T (O — Oei1) f(Za,)T (0 — 05)],  (163)
tel tel

term (1-1) term (1-2)

where (162) follows by mean value theorem and (; is the (unknown) point between f(Z4,)70, and f(Zy, )T§t+1 for which
the mean value theorem holds; and (163) is because |5((;)| < 1.

We then prove the upper bound for term (1-1):

term (1-1) = 3 6(f(Z4,) 0r11) f(Za,)T (0 — 0:)

tel
< 25 6 (Za) 0 )| £ (Za)|| g 1118 = 0|, (164)
tel
< Z d(f(Zdt>T§t+1)||f(Zdt)HHt—1 (Hgt - ngHt + ||§t - 9*||Ht> (165)
tel
< 292(a) 5 6(f(Za) 0 )||f (Za,) | (166)
tel )
< 290(0), D) 6(f(Za,)T00s1), D) o Zdt)T§t+1)||f(Zdt)HiI;1 (167)
tel tel
= 2yr(a Z F(Za,)T0041) Z IV (f(Za,)T001) f(Za,) HH 1
tel tel
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< dyp(a)y/nlog ( /\+ ) [ 0(f(Za, )T0p41) (168)

tel
< dyp(a)y/nlog ( /\+ ) 25 0(f(Za,)T05), (169)
tel

where (164) is by the Cauchy—Schwarz inequality; (165) comes from the triangle inequality; (166) follows by the confidence
set in Proposition 5 where yr(a) = maxyer) ¢ (); (167) is by the Cauchy—Schwarz inequality; (168) holds because of

Lemma 3; and (169) follows by & (f(Zg4,)T0x) = d(f(Zdt)TétH).

In order to bound term (1-1), we need to further upper bound \/.,.; &(f(Za,)T0x).

1=

d(f(Zdt)Te*)
t=1
T - T f(Za, )T 04
= TH
; &(f(Za,)70:) +t; L(Zdt)wt () du (170)
T 1
= 20+ Y [ [ #1202 0= 80) o] 12070~ ) a7
t—Tl t—; X N X X
< N otrzayi+ Y [ | o(Za)TO + 0f (Za)T 6= 0)) o f(Z0) B~ 00) (72
t=1 t=1 v=
T T
<X 6Za) 0 + Y [o(£(Za)0) = o (£(Za)70s )| (173)
t=1 t=1
T
= ) 6(f(Za,)70,) + Ri (174)
t=1
< T+ R (175)

3
0

where (170) comes from Taylor expansion with an integral remainder; (171) follows by changing variables; and (172) holds
since & = —d and o (f(Z4,)70:) = o(f(Z4,)T05) wh.p.; (173) follows by the mean-value theorem on (172); (174) is from
(159); and (175) is because 5 (f(Z4,)70:) < 1.

Therefore, we could bound term (1-1) as follows:

term (1-1) < 47 (a)y/nlog ( /\+ ) [> 6(f(Za,)T0x)

tel
< 4yr(a)y[nlog ( )\+ Z f[(Za,)704)
te[T]

T
< 4dyr(a)y/nlog (A + 5) A/ Riog + T, (176)

where (176) follows by (169) and (175).

Next, we are going to bound term (1-2):

term (1-2) = 37 [£(Za)T (O — 1) (Za,)T(0r — 63|

tel
< 2 1FZa) |y 165 =Bl y, 117 (Za)] 1116 — B, (177)
tel

S Z ||f(Zdt)Hi{;1H9* B §t+1||Ht+1||§t - 9*||Ht (178)
tel
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179)

< 23(0) Y 1725
tel
< 4v7(a) knlog (A + E), (180)
H;t; (179) follows by the

> H,; then HH_1 <

where (177) is by Cauchy—Schwarz inequality; (178) holds since H;,
confidence set in Proposition 5 and the triangle inequality; and (180) comes from Lemma 3 and the following relationship
(181)

t—1
Ht = z_ll J(f(Zs)Té\erl)f(Zs) f(Zs)T + )\In
(182)

t—1

DI CANCAESYA]

2

s=1
where (181) follows by the definition of cumulative Hessian matrix H; and (182) is by the definition of
-1

k[ 2020 f(Zs) F(Zs)T + AL

maxzez MaXpeo gryrzywg): thus we have H

Therefore, by (176) and (180), we have:
T T
term (1) < 477 () knlog (A + ﬁ) + 4yr(a)y/nlog (A + E) A/ Biog + (183)

Analysis for term (2). For the second term, we have

term () = 7 6(f(Za,)"0:)f(Za,)T (0 — 0x)
te[T']/I
< 2 6(f(Za,)70s)[f(Za.) HH Hgf—e*HH,, (184)
te[T)/1
< 2r(a Z F(Za)T02) | S0 6(f(Za,) 00| (Za) 3y (185)
/1 te[T]/1 ¢
< 2yr(e Z F(Za)10:) | Y 6(f(Za) 0uen)||F(Za) |3 (186)
/1 te[T]/I ¢
= 2yr(a) Z o (f(Za,)70x) Z o (f(Za,) T9t+1 f(Za,) HH—l
te[T]/1 te[T]/1
(187)

4y ()A /nlog )\ -I— log

Where (184) is by Cauchy—Schwarz inequality; (185) follows by Proposition 5 and the triangle inequality; (186) holds since

N

(f(Zdt)TétH)' and (187) comes from (176) and Lemma 3

Analysis for term (3). For the third term, we have

Sl Z4)T0; — u)d
3) = & :—
term (3) ; L(Zdt)w* (u)(f(Z4,) u)du
1
(1= )6 (f(Za,) 0 + 0 (Za)T (B0 = 02))dv | (£(Za,)7 @ - ) (188)

-3 a-vetrzare.
< X (f(Za)7 (0 — 65))° (189)
(190)

< 2N a2 16 = 0],
1
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T
o) 3 1F(Za) (191)
t=1
9 T
< 4v7(a) knlog (X + E)’ (192)

where (188) follows by changing variables; (189) holds because of ¢ < 1; (190) follows by Cauchy-Schwarz inequality;
(191) is from Proposition 5 and the triangle inequality; and (192) is by (180).

Analysis for R{Og. Together with all the results above, we could bound the errors in mean reward.

/ T T
R}y < 8yr(a)y/nlog (A + E) A/ Rlog + T + 877 () knlog (A + 5) (193)

oo+ T) g + VTt 04T,

Where (193) follows by (161), (183), (187), and (192). And by (Abeille et al., 2021, Proposition 7), we have,

/ / 2
1og 8'yT n log )\ —|— \/S*yT nT log )x + + 82 () knlog ()\ + ))

< 128ny7.(a) log (A + )+167T( )A/nT log (A + )+167T( ) knlog (>\+T) (194)

Where (194) holds because of (a + b)? < 2a? + 2b* fora > 0, b > 0.

By the confidence set in Proposition 5, we have v; (« \/4)\52 +2nIn(L) + 6nn?In (2 4 3L) = O(S4/n(S +log(t))),
thus
log = O(nS\/S + log(T)A/T log(T) + xn>S? log2(T)). (195)

Bound for logistic regret. Above all, we could upper bound the logistic regret as follows:

Ro(T) = 3 [ max m, 0 (F(Z0)760,)) = o(f(Za)00) |

TrEH

t=1
To T
= 3 [ max (m o (f(Z0)70.)) = 0(£(Za)700)| + Y | max (r.0(F(Z0)7T0.)) = o(f(Za)705)] (196)
=1 7'r€1_[£c t=To+1 WEH{
T
< To+ Y, | max (mo(f(Z0)70.) — o(f(Za,)T6) | (197)
t=To+1 e
T -
< Ty+ Y | max (m i) - o(f(Za)705)] (198)
t=To+1 "Il
T -
< T+ Y [ max (g —o(f(Za)76.)] (199)
t=To+1 -ﬂ"EHt
T
= To+ Y B — o(f(Za)76s)] (200)
t=To+1
T -
= Tt Y, [ = Glde) + Gild) = 0(£(Za,)76) 01
t=To+1 ~
T
< To+ Y, [, By — Belde)] + Riog (202)
t=Tp+1
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< To + Ry +4/2TIn a (203)

— O(nS/S +log(T)\/(T — T) 1og(T) + kn*S*log*(T) + /(T — Ty) 1og(1/61) + Ty ).

where (196) is by splitting the sum; (197) holds since the rewards is bounded in [0, 1]; (198) comes from the optimistic
reward, i.e., J:(d) = maxgec, (o) 0(f(Za)T0),Vd € D; (199) is from Proposition 6; (200) follows by the OFU principle

in (14); (201) is by adding technical terms; (202) follows by (159) with g;(d;) = o(f (Zdt)TGt) and as for (203), let
Gi—1 = o(Fi—1, X;) be the sigma-field before sampling d;. Since 7 and ¥; are G,_;-measurable and d; ~ m; conditional
on G;_1, the sequence

M, = <7Tta§t> - gt(dt)

is a martingale difference sequence with |M;| < 1. By the Azuma—Hoeffding inequality (Lemma 2), with probability at
least 1 — 6,

L 2
;Mt < 4/2TIn (67)

Combining this with the confidence-set event (which holds with probability at least 1 — « and taking a union bound yields
overall probability at least 1 — o — 0. |

F.2. Constraint Violations Guarantee

Proposition 6. In the logistic bandits setting, with probability at least 1 — «, it holds that H{ c ﬁ{ forallt e [T].

Proof. Firstly, we recall the structural counterfactual measures as following:

Eg~r A&l)(G*) = Egur E(m_w)~P“) [J(f(Za/ dm w)T0s) — J(f(Zat’d,myw)TQ*)” (204)
]EdNTV AEI2) (9*) = Ed*” (m,w)~ ]P(Q)O-(f al,d,m,w 9*) - E(m,w)NPglt)U(f(Za;,d m,w)Te*) (205)
Eiur|[ A (04)| = Baur|E,,, a0y b3 (D 4 ) 08) = E ) 500 (F(Zig ) T0) | (206)
Where Py, (m, w) = P(mla;, w)P(wlar), P (m,w) = P(mlaj, w)P(wla), Py (m,w) = P(m|aj, w)P(wlay).
By definition of the true feasible region H{ and the optimistic estimated feasible region ﬁ{ , we have
i = {7r e1l: Eger| AV (0,) < i, Vie {1,2,3}} (207)
i/ = {Tr €11 Equr[|[AY(0)] - &(d)] < i, Vi e {1,2,3}}. (208)
We first look at 7 = 1:
Afil)(é\t) - A(l ‘E(m w) szlt) [U(f(Za’ d,m w)Té\t) - O—(f(Zat,d,m,w)Té\t)] - E(m,w)««]P’,(llf) [
(f(Za't,d m, w)Ta*) - O'(f(Zaf,,dWL,w)Ta*):H
< E(m,w)’vpglt) U(f(Zaltvd m;w)—ret) - O-(f(Ztlz ,d,m, w) 9*) - O-(f(Zatq,dm"L,w)Tet)
+ 0(f(Zay,dym,w) " 0) (209)
E(m,w)N]P’glt) [‘U(f(Za’ d,m w)Tat) - U(f(Z(/Lt d,m w) 0*) + ‘U(f(Zflt,,dymﬂv)Tat)
— 0 (f(Zarsamw) 0x) ] (210)
4E(m w)~IP(1) Hf al, d,m,w)T(gt - (Zat,d,m,w)T(gt - 9*) ] (211)

41



A Causal Decomposition Approach for Fair Contextual Multi-Armed Bandits

1 ~ ~
< ZE(m)w)Npglt) [Hf(Zc/L’t,d,m,w)HHgl Het — 04 HHt + Hf(Zat,d,m,w)HH;1 Het — 04 ||Ht:| (212)
1
< 11(@E 4y 50 |1l gl + 1 Zaraman) g | 213)

Where (209) follows by Jensen’s inequality; (210) comes from the triangle inequality; (211) holds since |o(u) — o (v)| <
%|u — |, Yu, v € R; (212) follows by Cauchy—Schwarz inequality; and (213) comes from Proposition 5.

Similarly, for ¢ = 2 and ¢ = 3, we have:

AP0 - AP (0.)

NIP(z)U(f(Za’ d,m w)Té\t) - E(myw)~[Pglt>o-(f(Za’ d,m w)Té\t)_

]E(m,w)~IP>((12t)Cr(f(Zaf5 d,m, w) 0*) + E(m,w)~P(alt)O-(f(Za’ d,m, w)TQ*)

1
< Z’yt(a)(E(m7w)~Pfﬁ)Hf(Zz/z’t,d,m,w)HH;l + E(m7w)wpglt)||f(Z(/zft,d,m,w)||Ht_l)

A(B)(G ) — A(g)(ﬁ*

= ‘E P(3>U(f(Z(;;,d,m,w)T§t) - E(m7w)wpg‘;)a(f(za;,d m,w)Té\t)_

E(m,w)NPéi)J(f(Za;,d m, w) 9*) + ]E(m’w)Nﬂl’((ft)U(f<Zz/z’t,d,m,w)T9*)

1
< 790 (B ) w0 1 (Zlg a1+ B gy o 1 (Zg i)l )-

Since

1
&) = 790(0) (B, ) 0 I Zhg ant s + i ) 0 1 (o anr )l + B ) 00 1 (Zog anran )l

+E w)p) ] If(Zat,d,M,W)HH;l),
for any 7 € I/, we obtain for every i € {1,2, 3}:
Eaer AP 00)] = Banr|AY 02)] < Eana| [AT @) = AL (04)]] < B €1(0).
Therefore,
Ea-r[|85) (0]~ &(d)] < i

which implies 7 € ﬁ{ . Hence H,{ c ﬁ,{ . |

Proposition 7. With probability at least 1 — &5, simultaneously for every a € A, d € D, me M, andw e W,

é|f<za,d,m,w>},{t—l =0 <\/Z ( To+ v%)) '

Proof. For any positive definite matrix H; = \I,, + ZS 10(f (Zas’ds’ms,ws)T§S+1)f(ZaS’ds’ms,ws)f(ZaS}ds’mS’ws)T and
any vector f(Z, d4,m,w). by standard eigenvalue inequality, we have

”f(Za,d,m,w)”H;l = \/f(Za,d,m,w)THt_lf(Za,d,m,w) < Hf(Za,d,m,w)H2 )‘maX(Ht_l)~
Since Amax (Ht_l) = ﬁ and | f(Za,d,m,w)|2 < 1 (Assumption 5), the following holds

1
Hf(Za,d,m.,w)”H;l < )\7(]{) (214)
min t

The next is to bound A, (H¢), which is a property of H; alone. Hence the final bound is uniform over a € A, d € D,
me M,and we W.
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For s < Ty, the played decision is ds ~ Unif(D) and X5 = (as, ms, ws) ~ Px, both ds and X are i.i.d.. Define the
following matrix
Vi = f(Zasvdsﬂnsvws)f(Zasydsva7U)s)T'

By the definition of £ = max ez maxgeo m, we have 6(f(Z))V, = 1V, VZ € Z. Therefore,

R =
H =)\In ) Za, ,m.w.TGS Za, Mg, We Zav »mvw,TZ/\In - V97 th
¢ +Za(f( wdosmews) 0s41) f(Zaydgsmew ) f(Zag,domy,w,) +H§1 0
By Assumption 5, we have 0 < V < I, then H; > AI,. And for V;, we have
E[Vi] = E[f(ZXb7d ) f(Zx..a.)"]
: Z FZx.)f(Zx.)"] @15)
deD

> ’Ygln. (216)

Where (215) holds since dy is sampled uniformly from D when s < Tp; and (216) comes from Assumption 4. Therefore,

Amin (Z E[V. > (t— 1), 217)

By the matrix Chernoff lower-tail bound (Lemma 9), we have, for € € [0, 1),

{ mm( Z V) (1—e)(t— 1)72} < n[(l_ee;_e](t_% (218)

et — 1)
< nexp - . ). (219)

where (218) follows by (259); and (219) is because (= < exp (fg)

Select € = 1/2, we have,

#lran(5}1) < -] <o (- 0),

Define ¢, 1= 1 + % log %. For every t = t,in we have (t — 1)72/8 = log(n/d2), hence n exp ( —(t— 1)72/8) < 0o,
so that \;, ( 22;11 VS) > %(t — 1)~y fails with probability at most ds.

Define a good event as follows:

&= {Vt € [tmin, T0] : Amin (Z V) % t— 1)72}.

Thus, for t,;, <t < T, on the event £ which occurs with probability at least 1 — d5, we have,

1G (t=1)y2 _ (t=1D)y
Amin () = Amin ()Jn - V) >\ > : 220
( t) + K ;1 * 2K 2K (220)
Then for t > Ty + 1, on the event £ we have,
To—1
)\min(Ht) = )\min(HTo+1) = )\min(HTg) = % (221)

Where (221) holds since Hy > Hr,4+1 > Hr, whent > Ty + 1.
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Then, for the pure exploration phase ¢ € [1, Tp],

= ) (222)

To
tmi 2 1
< Y (223)
V2 it t—1

x \/X
tmin K:TO

< + 44— (224)
VA V2

log(n/d2) kT
o) 2 225
( Y2V A " V2 ) ’ (229)

where (222) follows by splitting the sum; (223) follows by (220) and /\mm(Ht) > ) for every t; (224) comes from
(= 1) T2 <3 2 < 24/Ty; and (225) s because i, 1= 1 + - log .

And for the pure exploitation phase ¢ € [Ty + 1, 7T,

(T — To)y | — (226)
t— TZO+1 \/ IIlll’l 72 0 - 1

_ (227)
( Y2 v/ To)
where (226) follows by (221); and (227) is because Ty < T'.
Combining the above, we have
T T 1
Zadmuw)lg—r < ), —F—m= (228)
; He ;[ )\min(Ht)
To
= + (229)
; \/ min Ht t TZ+1 V Amln(}lt)
1 d2) T
_ (9 og Tl/ 2 kio (230)
V2 Y2 vTo
- 0(\/ ( T v))
V2 ‘ To
Where (228) follows by (214); (229) is by splitting the sum; and (230) comes from Equations (225) and (227). |

Theorem 2 (Constraint Violations Upper Bound). Under Assumptions 1, 4, and 5, Algorithm 2 achieves the following
bound with probability at least 1 — o« — 5 for any o € (0, 1], 62 € (0, 1],

Va(T) = 6(5 W\/TOJrTo).

Proof. We prove the cumulative constraint violations for logistic bandits in this section. To bound the constraint violations,
we look at the Lipschitz form of the three counterfactual fairness constraints.

By construction, the estimated fair policy set at round ¢ is ﬁ{ = ﬂiem {w ell: Egur [|A£li)(§t)| —&(d)] < Ci}, since

T € ﬁf when ¢ > Tp, we then have the following when ¢ > Tp,
Eaor, [|AY(0))] - &(d)] < iy Vi€ [3]. (231)
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Throughout the proof we compare 6, against ét.

Case 1: when ¢ = 1, we have

~

Ed~7r|A (04) |_Ed~w|A(1)( Bl
Eaer |28 (04)] - |2 (@)

= Baor | [Epyop [0 it am) 02) = 0 (F Zarsamn)00) || = [y osr

[ T (F(Zy gm)T0:) — o (f( at,dmw)Tat):H] (232)
< Eiur | [Eq,, w)N]p(l)[ (f(Zig i) 02) = 0 (F Zarstiman) 0| = By ) 0

[ (F(Zy gm)T0:) — o (f( a,,dmw)Tét)]H (233)
< Ean By 00 [0 (Zly ain ) 0%) = 0 (F(Zavama) 05) = 0(F(Zly .m.0)700)

+ 0(f(Zavsdmw)T0:) (234)
= Eier By, o) [0( (Zaridino)T0) = 0 (f (Zaramw)0x) + 0 (f(Zig gm0) 0)

— 0 (F(Zig )70
< Baor By ot | |0 Zarstin) 80) = 0 (FZagiam,a)T0x) | + |0 (f (Zig ) 0s)

— 0 (F(Zhy g T0) ] (235)

Where (232) comes from (204); (233) and (235) holds from the triangle inequality, i.e., |a| — |b| < |a — b| and |a + b| <
la| + |b], Ya,b € R; (234) follows by the Jensen’s inequality where | - | is a convex function;

Case 2: when i = 2, we have
Ear|Ay” (0)] — Eanr|A77 (6]
= Euer |5 (6:)] - A5 @)
= Egur [ E(m’w)N]P:é?)O-(f(Z(/zi,d,m,w)Te*) - E(m’w)wpmU(f(Z[z;,d,m,w)T@*)
‘E(mw o2 (P2l ) 00) = By ) 200 (F(Zy ) T00) ] (236)
Eir [ (B er@0 (/(Zhg ) 00) = By 500 (F(Zhy ) 6) —
E 20 Zptmi)00) + By 00 (F(Zly 4 m,w)mt)‘ ] (237)
= Egor [ E(myw)Nsz)O—(f(Za' domw) %) — E(mﬁw)wpgf)a(f(za/ dom) T01) +
E g2 (£l )00 = By ) 500 (F (2l a.0)T6)] |
Eqr []E(m,w% o (F(Zay amw)0) — 0 (f(Z4y 4, m,w)Tet)‘ t B )~
0 (F(Zhy ) TO) = 7 (£ Zig ) 00)| | (238)

Where (236) come from (205); (237) follows by the triangle inequality; (238) holds because of Jensen’s inequality and
triangle inequality.

N

N

2
P

Case 3: similarly, when ¢ = 3 one could show that:
Eior|AD (04)] — Eaer| AP (1)
= Eawr [[A800)] - [2P @)
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= Bivr | [Bp ) 200 (2o man)00) = By 5207 i ) T00)
By Zp i) 0) = By ) 500 (F(Ziy 4,00 | (239)
< Egor [E(mw)wg) 0 (F( 2y gm) 0x) = (2 dm) ét)‘ + By yop®
(g i) T0) = 0 (Pl ) T00)] - (240)

Where (239) come from (206).

Bound for logistic cumulative constraint violations. The cumulative constraint violation V2 (7') over the horizon T is defined
as

) = g, 2 (B 22700)] e
t=1
< (i) C (i)
1 1
= A 2 [Benlal @0 —a] v 3 [Eanlaln)] -]} a4
s 161{1%2}7(3} { t ;HEdNM}A((;) (9*)| B Ci} +To. (242)

Where (241) follows by splitting the sum; (242) is because ]EdN,rt‘Aff) (0*)‘ —¢; < 1. Since m; € ﬁ{’ we have
Ed~r, UA & (0)] — &(d )] ¢;, and hence

T T

D [Banla @0l —c] < X [Bann AP 0)] - Bacr, (187 0)] - ()] (243)
t=To+1 t=To+1
T .
= ) Ean [18P0)] - 18P @] + Z Eior, &(d (244)
t=To+1 t=To+1

Here (243) uses 7, € ﬁ{ and the LCB form of the feasibility constraint (231). We bound the two terms in (244) separately.

Estimation-error term ZtT=1 Egr, [|A¢(1i) (0:)] — |A((;) (00)]].
(1). When 7 = 1, by the reverse triangle inequality and (235),

T
Y} Baem [[A0700)] - 188 @]

t=To+1

T
< Z EdN”tE(m,w)qP’glr) I:‘U(f(Zat,d,TiL,w>T0t) - O'(f(Zat,d,m,w)Ta*)
t=To+1 )

’ (F(Zay am,) 0x) = 0 (F(Zay gm)T @)H. (245)

First, we look at the factual case (with attribute value a;), that is

Z Ed~m E(m,w)~IPfllt) U(f(Zat,d,m,w)Tat) - O—(f(Zat,d,m,w)Te*) ‘

t=To+1
T
< Y Eaen By | [ Zaniaman) (0 = 8] | (246)
t=To+1
T ~
2 Eaon By | 1ot )| 16— el | 47)
t=To+1
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T

< Y @) B By 00 |1 Zactiman) g | (248)
t=To+1
T
<@ Y Baew By o0 [[1fZanama)|l g | (249)

t=To+1

Where (246) is because of the mean value theorem, i.e., for any scalars z, 2/,

‘0‘(2) —a(Z)

)

< sup ’d(()‘ ’z -2
¢

where ( is between z and 2z’ and |5(¢)| < 1; (247) come from the Cauchy-Schwarz inequality; and the last inequality (248)
9* — GtHHt < %(a).
Then, by Proposition 7 with probability at least 1 — §5, we have,

follows by Proposition 5 and the triangle inequality, i.e.,

T
~ [ K T
t:TZ(H—l EdNWtE(m,w)~IP’glt) U(f(Zat,d,m,w)Tet) — U(f(Zat,d,m,w)Tg*) = O ('YT % (\/Ti(] + m)) . (250)

Similarly, as for the counterfactual case, we have

T
, ~ , [ K — T
t_TZ IEdN‘ﬂ'tIE(?n,u))~1P>,(,,1t) O-(f(Za/t,d,m7w)T€t) - U(f< a’t7d7m,w)T9*) = O(,YT %( To + \/TO)) ' 251
=To+1
Then by Equations (245), (250) and (251), we have,

S Baen, [AP0)] - AP @] =0<7T\/Z(\/To+ V%)) (252)

t=To+1

(2). When i = 2, we have,

Y} Eawr, 100 - 18P @]

t=To+1
T ~
< Y B | By s [0(F( 2l ann)0x) = 0 (F(Zlg 0 00) | + By 0
t=To+1

o Ztg o) 0) = 0 ((Zig 1,0 700)]| | (253)

- O('YT\/Z( To + %)) (254)

Where (253) comes from (238); (254) follows by (251).

(3). When ¢ = 3, similarly, we have,

T
Y} Eaer, 18700 — 185 @)]

t=To+1
T
< Z EdNﬂ't [E(m,w)~P((i) U(f(Zé;,d,w,m)Tg*) - U(f( ;;,d,w,m)TQt)‘ + E(m,w)~P$)
t=To+1
0 (F(Zhy ) 05) = 0 (F(Zi a0 00| | (255)

- O(WT\/Z< Ty + V%)) (256)
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Where (255) comes from (240); similarly, (256) follows by (251).
As for Zle Eg~r, &(d), we have
1z

T
Z IEd~7rt gt(d) = 4 Z ’Yt(a)Ed’\/ﬂ't <E(m,w)~]P’(<13t) ||f(Z¢;;,d,w,m)||H:1 + E(m,w)~IP’512t) ||f(Z¢/1ﬂ£,d,w,m)||H;1+
t=To+1 t=To+1

!

+ E(m’w)N]Pglt) Hf( a’t,d7w,m)||Ht—1 + E(mw)qu}t)||f(Zat,d7m,w)||H;1)

— O<7T\/Z( Ty + \%)) (257)

Therefore, by Equations (242), (244), (252), (254), (256) and (257), we obtain the following bound on the cumulative

constraint violations:
Vo(T) = O =( T+i)+T
2 T - 0 \/TO 0
~ nk T
= 0O|S,|——=+1Tp ). 258
( % VT °> 9
Where (258) follows by v, () = O(S+/n(S + log(t))). [ ]

G. Technical Lemmas

Lemma 1 (Hoeffding’s Inequality). Let X1, ..., X,, be independent random variables on R such that X; is bounded in the
interval [a;,b;]. Let S, = Y., X;. Then for all t > 0,
—2t2

Z?:l(bi - ai)Q)

oy
P(S, - BIS,] < ) <exp (g o).

Lemma 2 (Azuma-Hoeffding Inequality). Let X, X1, ..., X,, be a martingale sequence of random variables such that for
all i, there exists a constant c; such that | X; — X;_1| < ¢;, then

P(S, —E[Sa] > t) <exp(

—t2
P(X,—Xo>t) < exp(5m—s)
( 0>1) < exp 230, ¢

—¢2

Lemma 3 (Elliptical Potential Lemma). Let {us}>X; be a sequence in R™ such that ||us|| < B for all s € N. Further let

{As}2, be an non-decreasing sequence in RY s.t. Ay = 1. Fort > 1 define V; = 22;11 usul + M\1,,. Then:

T 2

TB
S Jluell?1 < 2n(1 + B?) log ()\T+ )
t=1

Lemma 4 ((Zhang et al., 2025) Lemma 1). Let f : © — R be a convex function on a convex set © and A € R™"*" be a
symmetric positive definite matrix. Then, the update

~ . 1 -
Orp1 = arggélgf(&) + %HH — 0.

satisfies
[6s61 —ulh < 20(V f(Brs1),u = Oria) + |0s — uls — 0: — Op4a [, Vue O,
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l2 < S, and settingn = 1 + S, then for any X > 0,
the online estimator returned by (15) satisfies

t t

1041 — 0x1%,., < (2+25) (Z $(05) — Z . s+1))) + 4\S?

t
(2 + 25 Z ”95 - 95-&-1“% - Z Has — 0.
s=1

s=1
Furthermore, if A\ = 6nS, we can further have
t

~ 9t L A
10141 — Ox)Fs,,, < (2+25) <2£ (64) — Z s(0si1 )—3;05—05+1||?{S+4)\S2.

Lemma 6 (Zhang et al., 2025) Lemma 5). Let {F;}{°, be a filtration defined by F; = o ({(f(Za,),ys)}:Z}). Let {P}7,
be a stochastic process such that the random variable Pt is a distribution over R™ and is F;-measurable. Moreover, assume
that the loss function

Li(0) = =[ (1 —ys)log (1 =0 (f(Z:)70)) + ysloga(f(Z:)T0) |.

is Fiy1-measurable. For any t > 1, define

Li(04) = Z Ls(04) and  Fy=— Zt: In (E9~P3 [e—Ls(é’)]).
s=1

s=1

Then, for any « € (0, 1], we have

Pr [Vt >1,Li(04) < Fy + log <1>] =>1-o.
«

Lemma 7 ((Zhang et al., 2025) Lemma 6). Under Assumption 5 and |04||2 < S, let Py = N (95, aH ') be a Gaussian
distribution with mean 0 and covariance oH L where

s—1

H, =\, + Z \V& L( r+1) and « > 0 is any constant.

We denote by @s the model returned by (15). Then, setting

A= max{%, 2},

we have

t

t
g Z s s+1 +2i2”85+1—8 HH +2na1n(2+2/\t)

s=1 s=1

where the mix loss is defined as
m(P) = —In (Byop, [exp{-L.(0)}]).

Lemma 8 (Randomization lemma for Bernoulli variables). Let (2, F,P) be a probability space and H = F a sub-o-field.
Let g : Q — [0, 1] be H-measurable. Then there exists an extension of (2, F,P) and random variables Z ~ Unif[0, 1]
(independent of H) and U such that

U=1{Z<q} and P(U=1|H)=q as.

The above result specializes Kallenberg (2021, Lemma 4.22) to a Bernoulli kernel.
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Lemma 9 (Matrix Chernoff (Tropp, 2015, Theorem 5.1.1)). Consider a finite sequence {Zy} of independent, random,
Hermitian matrices with common dimension n. Assume that

0< )\min(Zk) and Amax(zk) <L

for each index k.

Introduce the random matrix Y = Y., Z,. Define the minimum eigenvalue \yin, and maximum eigenvalue Ao of the
expectation E[Y]:

Amin = Amln(E[Y]) = Amin (ZE[Zk]> s Amax = )\max(]E[Y]) = Amax <ZE[ZI€]> .
k k

Then, forr > 0,

1—e™" 1 "—1 1
}E[Amin(y)] = 76)\min - 7L10g n, E[)\max(y)] < 67)\111&)( + 7L10gn~
r r r T
Furthermore,
6_5 Amin/L
P{)\mln(y) < (1 — E)Amin} <n |:(1_€)1€:| s fOVE € [O, 1), (259)
ee >\max/L
P{Amax(Y) = (1 4+ €)Amax} <71 [(1—%&:)”5] ) Jore = 0. (260)

H. Additional Discussions

In this section, we list below several discussion points that may be of interest.

Discussion 1 (Aggregate Causal Effects). An “indirect effect” is itself an aggregate over the mediated pathways included in
its definition; in multiple-mediator settings, specific indirect effects may have opposing signs and partially cancel, yielding a
small aggregate indirect effect despite strong pathway-level effects (MacKinnon et al., 2000; 2007).

Discussion 2 (Extension to other GLMs). In the parametric bandits setting, we consider logistic bandits, which naturally
model binary outcomes via a logistic link applied to an inner product. While our approach extends directly to the linear case,
extending to other Generalized Linear Models (GLMs) (e.g., Poisson) may require additional assumptions to control link
curvature and tail behavior of rewards.

Discussion 3. Some readers maybe wonder if the total variation is small (or even zero) but Ctf-DE, Ctf-IE, and Ctf-SE
are non-zero, why isn’t it enough to declare fairness if the unfairness along different paths (some positive, some negative)
cancel out? This ultimately depends on the notion of fairness of interest. If one only cares about outcome parity measured by
total variation (TV), then TV is small would be fair. However, even when TV=0, direct, indirect, and spurious discrimination
may still persist: pathway-specific effects can be nonzero with opposite signs (e.g., a penalty along one path offset by a boost
along another). Notice that for Example 1, although |T'V;, o (Ya, )| and |CATE,, o (Ya, | m4, w;)| are relatively small, the
pathway-specific terms |Ctf-IE, 4, (Ya,)| and [Ctf-SEqs 4, (Y, )| are large in magnitude.

It can be meaningful to constrain the spurious effect under some fairness goals since the spurious effect is coming from
the sensitive attribute through the (unobserved) confounding paths. TV is an aggregate that collapses all mechanisms into
a single number but our fairness notion is defined in mechanism-level. Therefore, to achieve the goal of fairness for our
problem, we should constrain the mechanism-specific effects, i.e., Ctf-DE, Ctf-IE, and Ctf-SE. The spurious effect are
those correlations that are not supported by causal links, typically, coming from the environment, for instance, background
socioeconomic factors. However, the discrimination carried over spurious effect could be amplified by the policy for some
applications, therefore, it would be meaningful to bound it as well.

I. Experimental Details

In this section, we present the experimental details for parametric logistic bandits setting. For the non-parametric contextual
bandit setting, we report only theoretical results for our method, since implementations of two closely related baselines
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(Huang et al., 2022b; Bernasconi et al., 2024) (see Table 1) were not publicly available at the time of writing, moreover,
Bernasconi et al. (2024) is primarily theoretical and does not report empirical experiments. We note that (Bernasconi et al.,
2024) is designed for general constraints and subsequently requires constraint violation feedback, which is not available for
this setting.

All experiments are run on a high-performance computing cluster. For each horizon 7', we launch 16 independent replications
in parallel; each job is allocated one compute node with 8 CPU cores (Intel Xeon Platinum 8358), 64 GB of memory. Across
the 16 replications we report the empirical mean together with standard deviation.

The decision set D is fixed across rounds. We take the feature map f to be the identity, so that the factual feature vector is

f(ZAquMth) = [Ata Wta Mtv Dt]—r7

and its counterfactual counterpart under an intervention on the sensitive attribute A; — A} is
T
f(Zaswom,.p,) = [ AL, Wi, My, Dy .

The fairness thresholds are set to ¢; = ¢ = ¢3 = 0.157; the true parameter is 0, = (\/g , 0,0, \/E)T, with norm bound

S = 1 and link-function constant x ~ €3, the exploration period is Ty = /T

As for evaluation in our experiments, the penalized cumulative regret, camulative regret, camulative constraint violation,
and cumulative reward are all computed at the level of individual actions rather than policies.

1%}
...... .. C n
" 0 "'\7; . £ 2500{ —*- Ours 7%
£ -250 Tsgmo——o——0 2 000l ™ CCLB s
g 500 Al TN > —&- GLB-OMD /{ e
v - ~a S < —_—- - i’
% 750 —e - Ours ;:\ N*\\\ ‘© 1500 *- GLM-UCB i o
—_ . ~ s 5.3 -
E --m- CCLB RS i 21000 it
£ -1000{ —&- GLB-OMD N g [P R —
© -+~ GLM-UCB N £ 201 _#%
-1250 3 o e
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Figure 4. Plots for different algorithms: : Algorithm 2 (ours), GLB-OMD, CCLB, GLM-UCB on (a) cumulative regret; (b) cumulative
constraint violations.

In Figure 4a, the instantaneous regret at round ¢ is computed against the best fair action, i.e. the action attaining the highest
expected reward within the fair action set. In Figure 2c, the running time is reported for 7" = 10,000 steps.
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