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Abstract
Counterfactual reasoning is one of the fundamen-
tal facets of human cognition, involved in vari-
ous tasks such as explanation, credit assignment,
blame, and responsibility. It describes the queries
what would have happened had some interven-
tion been performed given that something else,
corresponding to Layer 3 of the Pearl Causal Hi-
erarchy. In this project, we examine specific types
of counterfactual quantities, called counterfactual
direct (Ctf-DE), indirect (Ctf-IE), and spurious
(Ctf-SE) effects for quantifying fairness in a se-
quential decision-making framework. Building on
these measures, we formulate an online causally-
fair learning problem with multiple long-term
constraints and study it in both non-parametric
contextual bandits and parametric logistic bandits
settings. We achieve sublinear regret and viola-
tions bounds for both bandits settings with round-
wise counterfactual fairness constraints (that are
a priori unknown) without Slater’s condition. For
logistic bandits, our method achieves a regret with
leading term matches that of the unconstrained
setting.

1. Introduction
Explainable artificial intelligence (XAI) (Lipton, 2018;
Miller, 2019; Longo et al., 2024) seeks to identify under-
lying mechanisms that govern a system’s behavior through
observations, interventions, and imaginations, which induce
the three layers in Pearl Causal Hierarchy (a.k.a. the Ladder
of Causation) (Pearl & Mackenzie, 2018; Bareinboim et al.,
2022). In particular, imaginations, namely counterfactuals,
entail thinking about alternative ways the world could be,
including ways that conflict with how the world currently is.
For instance, would the employer have taken the same action
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had the employee been of a different religion (age, national
origin, etc.) and everything else had been the same? For
answering this question, a wider variety of counterfactual
quantities including conditional average treatment effect
(CATE), direct effect (DE), indirect effect (IE), and path-
specific effect (PSE) have been used for measuring fairness
in the machine learning community (Kusner et al., 2017;
Zhang et al., 2017; Zhang & Bareinboim, 2018; Nabi & Sh-
pitser, 2018; Chiappa, 2019; Wu et al., 2019a;b; Mhasawade
& Chunara, 2021; Plečko & Bareinboim, 2024).

More recently, there has been growing interest in counter-
factual, causally grounded notions of fairness for sequential
decision-making under uncertainty, including in settings
such as multi-armed bandits (MABs) (Huang et al., 2022b)
and Markov decision processes (MDPs) (Hu & Zhang,
2022); (Hu et al., 2023). However, neither the conditional
average treatment effect (CATE) nor path-specific effects
(PSE), as commonly employed above, yields a quantitative
explanation of the total observed disparity into contributions
of underlying discriminatory mechanisms (Zhang & Barein-
boim, 2018; Plečko & Bareinboim, 2024). CATE conflates
all causal paths and might average out meaningful variations,
e.g., a positive effect along one path could be canceled by
a negative effect in another path (MacKinnon et al., 2000).
PSE, by construction, excludes the spurious associations
through the non-causal (backdoor/confounding) pathways.

In this paper, we use fine-grained counterfactual mea-
sures (Ctf-DE,Ctf-IE, and Ctf-SE) (Plečko & Barein-
boim, 2024) for attributing the total observed variations
into structural counterfactual mechanisms along direct, in-
direct, and spurious paths. In practice, this allows one to
explain the effect of a certain discriminatory mechanism in
terms of the observed disparity found in the data. We focus
on the challenge of learning the best policy in contextual
MABs subject to a set of counterfactual fairness constraints.
The contexts, decisions, and outcomes are generated by
a structural causal model (SCM) consistent with a causal
graph. More specifically, our contributions are as follows.

1. We formulate an online causally-fair learning
problem where the fairness is measured by the
underlying structural counterfactual mechanisms
(Ctf-DE,Ctf-IE,Ctf-SE) that are treated as multiple
long-term constraints. We study learning in both non-
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Table 1. Comparison of frequentist regret and constraint violations upper bounds for stochastic non-parametric contextual bandits and
parametric logistic bandits. Notations: dimension n; horizon T ; ρ is a parameter related with Slater’s constant; m is the number of
constraints; ω and T0 are the user-selected exploration parameters; γ1 and γ2 are the context coverage and covariate diversity parameters;
κ˚ and κ are the problem dependent constants where

a

1{κ˚ ď 1 ! κ. : Requires prior knowledge of a safe action or policy ( per-round
zero constraint violations with high probability). ; Considers a generalized linear model. ˚ Considers a (discrete) non-parametric
bandit setting with adversarially generated rewards and stochastic constraints, in the absence of contextual information. § Considers the
counterfactual constraints involving multiple contexts (factual and counterfactual contexts). N/A (not applicable) denotes the logistic
bandits setting without constraints. ¶ Considers one aggregate constraint (CATE) and assumes the cumulative factual and counterfactual
norms have the same order.

Setting Constraint Feedback Algorithm Regret Violation Cost Per-Round

Non-
Parametric

No § F-UCB (Huang et al., 2022b) Op
?
T q 0 : Op1q

Yes Alg.2 (Bernasconi et al., 2024) ˚ Op
?
T q Op

a

T logpmT 2qq Op1q

No § Algorithm 1 (Theorem 1) rOpTmaxt1{2,1´ωu
q rO

`

T
maxt

1`ω
2

,1´ωu
?

γ1

˘ Op1q

Logistic

No Safe UCB-GLM (Amani et al., 2020) ; rOpκn
?
T q 0 : Optq

N/A OFU-MLogB (Faury et al., 2022) rOpn
a

T {κ˚q N/A Oplogptqq

N/A Cor. 1 (Zhang & Sugiyama, 2023) rOpn
a

T {κ˚q N/A Op1q

N/A GLB-OMD (Zhang et al., 2025) ; rOpn
a

T {κ˚q N/A Op1q

No § CCLB (Chen et al., 2025) ¶ rOpnρ
?
T q rOpn

?
T ` n2κq Optq

No § Algorithm 2 (Theorem 2) rOpn
?
T ` T0q rOpT0 ` T

b

nκ
γ2T0

q Op1q

parametric contextual bandits and parametric logistic
bandits settings and establish sublinear regret and viola-
tions bounds for both bandits settings with (unknown)
roundwise counterfactual fairness constraints.

2. For handling constraints, we optimistically estimate
both factual and counterfactual mean rewards and
safety violations to select actions. Our method achieves
sublinear regret and violations bounds without Slater’s
condition and are independent of the number of con-
straints. For logistic bandits, the leading term of our
regret, rOpn

?
T q, matching that of the unconstrained

problem with Op1q per round time complexity.

1.1. Related Works

For non-parametric contextual bandits, the technical chal-
lenge is to ensure the learner have increasingly good esti-
mates of decisions’ empirical means under both the factual
(observed) and counterfactual contexts (Remark 1). (Huang
et al., 2022b) were the first to study multi-armed bandits
with counterfactual fairness constraints. They considered
the non-parametric setting with fairness defined using CATE.
They obtained sublinear regret with high probability guar-
antees of no constraint violations. However, their approach
involved conservatively estimating the feasible set which
can be challenging to ensure is non-empty when there is a
lack prior knowledge of the mean rewards.

For (parametric) logistic bandits, the main technical
challenge is to (1) construct an optimistic and con-
vex estimated feasible set without strong assumptions
(e.g., a known strictly feasible policy or Slater’s condi-
tion); and (2) ensure that the selected feature vectors

fpZX1,d1q, fpZX2,d2q, . . . , fpZXt,dtq collectively span Rn

well enough over time as accurate estimates of counterfac-
tual rewards are needed to estimate fairness, and counterfac-
tual feature vectors may be orthogonal to the putatively best
arms’ feature vectors.

The closest prior work is (Chen et al., 2025). The authors
studied counterfactual fairness in MAB problems with logis-
tic rewards. Counterfactual fairness was captured through
a single, long-term constraint on the CATE. Our work im-
proves it on three aspects. (1) We use fine-grained counter-
factual fairness metrics (Ctf-DE,Ctf-IE,Ctf-SE) that de-
compose the total variations. By contrast, (Chen et al., 2025)
operationalize fairness via CATE which is pathway-agnostic
and susceptible to mediation inconsistency for both linear
and non-linear causal mechanisms (VanderWeele, 2015).
(2) We generalize the setting from a single constraint to
multiple constraints. In our problem, each constraint must
account for a number of counterfactual contexts on the order
of the context space, while (Chen et al., 2025) only needs
to handle a single counterfactual context per round. (3) We
achieve a constant per-round time complexity.

Another work, Lear & Zhang (2025), were the first to apply
causal fairness decomposition in an online MDP setting.
They study long-term fairness and decompose total inter-
ventional disparity into three terms: the direct policy effect,
the indirect policy effect (mediated by environment dynam-
ics), and the spurious policy effect (disparity attributable
only to the environment). They report encouraging em-
pirical results but do not provide any theoretical analysis
(convergence or regret guarantees). See Appendix C for
more works.
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Preliminaries. We provide the basic notations used through-
out the paper. A structural causal model (SCM) (Pearl, 2009,
Ch. 7) M is a tuple xU, V,F ,Ppuqy, where U is a set of
exogenous (unobserved or latent) variables, V is a set of
endogenous (observed) variables, F is a set of structural
functions, and Ppuq is a distribution over the latent variables.
For the set of structural functions F , fi P F decides val-
ues of an endogenous variable i P V taking as argument a
combination of other variables. An intervention, denoted
by dopi “ cq (dopcq, for short) (Pearl, 2009), represents a
model manipulation where the values of a set of variables
i P V are set fixed to c regardless of how their values are
ordinarily determined by fi. For random variables such
as the outcome Y , we use the counterfactual distribution
P pYi“c “ yq to denote the causal effect of the intervention
dopi “ cq on the outcome Y , where the counterfactual vari-
able Yi“c (Yc, for short) denotes the potential response of
Y to intervention dopi “ cq. Ft´1 denotes the history avail-
able before round t, formally represented as a σ-algebra.

2. Problem Formulation
In this section, we formulate an online causal fair decision-
making problem, where the fairness is measured using coun-
terfactual structural mechanisms through direct, indirect,
and spurious pathways, which will be treated as (unknown)
constraints over the course of sequential learning.

2.1. Online Causal Fairness Decomposition

At each round t “ 1, . . . , T , the learner observes the con-
textual feature vector Xt that is drawn stochastically from
an underlying fixed distribution and then is presented a
set of decisions D. The learner chooses a decision (an
intervention) dt P D and receives an outcome reward yt.
The decision maker will seek to maximize (cumulative) re-
wards while limiting (cumulative) violations of fairness con-
straints. The decision-making process is characterized by
the extended Standard Fairness Model (SFM) with a causal
diagram shown in Figure 1 (Zhang & Bareinboim, 2018;
Plecko & Bareinboim, 2023; Plečko & Bareinboim, 2024;
Chen et al., 2025). The variable At represents the (binary)
protected attribute, Wt is a set of features (confounders), Mt

is a set of intermediate features, Dt represents the decision,
and Yt represents the outcome reward. For simplicity, we
write Xt “ tAt,Wt,Mtu. We denote by at and a1

t two
realizations (factual and counterfactual) of the sensitive at-
tribute At (e.g. two demographic groups), which we will
use to measure the changes of the outcome. We motivate our
online causal fairness analysis by the following example:

Example 1 (Online Recommendation System (Adapted
from (Li et al., 2010))). Consider an online job platform
that recommends a job opportunity Dt to each arriving in-
dividual using contextual information pAt,Wt,Mtq. The

customer’s religious belief is the protected attribute At (1 for
religious, 0 for non-religious); Mt and Wt represent user’s
intermediate features (e.g., application/job history) and con-
founded features (e.g., demographics, zip code). Once a job
recommendation pDtq is made, the platform observes user-
click feedback Yt (1 click, 0 no click). The platform seeks to
maximize expected user-click rewards from its recommen-
dations, subject to fairness constraints. Fairness concerns
arise since the recommendation determines which users are
exposed to valuable job opportunities; thus, discriminatory
recommendation rules may create unequal opportunities
across sensitive groups. See Appendix D for more details.

For quantifying fairness, one popular criterion is the demo-
graphic parity (Dwork et al., 2012), measured by the total
variation (Ashurst et al., 2022) (also called parity gap). For
our online setting, we write it as (adapted from (Zhang &
Bareinboim, 2018; Plečko & Bareinboim, 2024)):

Definition 1 (Total Variation (TV)). Under an intervention
dopDt “ dtq, the total variation of the event At “ a1

t on Yt

(with factual value at) is defined as:

TVat,a1
t
pdtq “ ErYdt

|At “ a1
ts ´ ErYdt

|At “ ats. (1)

Holding the recommendation fixed at dt, TVat,a1
t
pdtq mea-

sures the difference between the conditional distributions
of Yt when (passively) observing At changing from at
to a1

t over the entire population. Natural questions that
arise are (1) what are the structural mechanisms of the ob-
served disparity in the data and (2) what empirical measures
could identify and potentially control such mechanisms? In
this paper, we use a set of structural counterfactual mea-
sures (adapted from (Zhang & Bareinboim, 2018; Plečko &
Bareinboim, 2024)) that will allow for a more fine-grained
explanation of the observed disparity.

Definition 2 (Online Counterfactual Measures). Given a
SCM M˚, under an intervention dopDt “ dtq, the struc-
tural counterfactual direct effect (Ctf-DE), indirect ef-
fect (Ctf-IE), and the spurious effect (Ctf-SE)1 of event
At “ a1

t (with factual value at) on Yt are defined as:

Ctf-DEat,a1
t
pdtq “ ErYa1

t,dt,Mat
´ Yat,dt,Mat

|ats

Ctf-IEat,a1
t
pdtq “ ErYat,dt,Ma1

t
´ Yat,dt,Mat

|ats

Ctf-SEat,a1
t
pdtq “ ErYat,dt

|a1
ts ´ ErYdt

|ats.

The nested quantity above, e.g. ErYa1
t,dt,Mat

|ats
2, is

a more involved counterfactual quantity and is read
as “the expected outcome at time t under intervention

1The spurious effect (backdoor path) measures the average
difference in outcome Yt when observing that At “ at, compared
to setting At “ at by intervention but conditioned on a1

t.
2The expectation averages over the mediator, confounder, and

outcome randomness.
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Figure 1. Per-round extended Standard Fairness Model (SFM).

dopDt “ dtq had the attribute At been set to a1
t,while

Mt is kept at the same value that it would have attained
had At been at, given that At was actually equal to
at.” Despite the apparently non-trivial reading of such
nested counterfactuals, Ctf-DEat,a1

t
pdtq,Ctf-IEat,a1

t
pdtq,

and Ctf-SEat,a1
t
pdtq simply capture, mathematically, the

existence of disparate impact (Barocas & Selbst, 2016)
along the direct, indirect, and spurious pathways between
the protected attribute A and outcome reward Y in Fig-
ure 1. Additionally, these counterfactual measures provide a
quantitative explanation for the disparities (or lack thereof)
observed in TV as follows (Plečko & Bareinboim, 2024):
Proposition 1. Under an intervention dopDt “ dtq, the
total variation measure can be decomposed as3

TVat,a1
t
pdtq “ Ctf-DEat,a1

t
pdtq ´ Ctf-IEa1

t,at
pdtq

´ Ctf-SEa1
t,at

pdtq. (2)

TV could be large primarily due to spurious effects, which
in some settings might not lead to fairness concerns. TV
could also be small due to cancellations along pathways,
such as between direct and spurious effect, essentially mask-
ing fairness violations when only TV is measured.

2.2. Causally-Fair Constrained Learning

In the online recommendation system (Example 1), the ob-
jective for the decision-maker is to learn a policy maximiz-
ing the cumulative rewards over a horizon T while achieving
user-side fairness. Nominally, this can be formulated as a
constrained optimization problem:

max
πX1

,...,πXT

T
ÿ

t“1

Edt„πXt

“

YdtpXtq
‰

, subject to (3)

Edt„πXt

ˇ

ˇ∆
piq
dt

pXtq
ˇ

ˇ ď ci, i P t1, 2, 3u, t P rT s. (4)

where πXt
denotes a (possibly randomized) policy map-

ping contexts to a distribution over decisions and c1, c2,

3The transition runs from at to a1
t in TV and Ctf-DE, and in

the reverse direction in Ctf-IE and Ctf-SE.

and c3 are user-defined fairness thresholds. For simplicity,
here we denote the counterfactual measures at time t as:
∆

p1q

dt
pXtq “ Ctf-DEat,a

1
t
pdtq,∆

p2q

dt
pXtq “ Ctf-IEa1

t,at
pdtq,

and ∆
p3q

dt
pXtq “ Ctf-SEa1

t,at
pdtq.

Technically, the counterfactual fairness constraints in (4)
restrict the discrimination along the direct, indirect, and spu-
rious pathways. As for our problem, a disparity in average
rewards between two sensitive groups (e.g., believer or non-
believer of religion) may arise from: (i) direct discrimination
(Ctf-DE) based on individual’s religious belief, (ii) indirect
discrimination (Ctf-IE) through intermediate user features
(e.g., browsing history) which may be partly influenced by
the user’s beliefs, or (iii) spurious discrimination (Ctf-SE)
due to background factors (e.g., nationality) that are corre-
lated with user’s beliefs. In practice, this distinction aligns
with legal frameworks such as disparate impact (Barocas
& Selbst, 2016; Plečko & Bareinboim, 2024) recognized in
U.S. and EU anti-discrimination law.

To further analyze these fairness constraints in practice, we
need to express the nested counterfactuals as functions of the
observational data. Leveraging the assumptions implied by
the standard model (Pearl, 2009; Hernán & Robins, 2020),
we can identify the structural counterfactual measures as:
Proposition 2 ((Plečko & Bareinboim, 2024)). Under the
extended Standard Fairness Model (SFM) in Figure 1,
Ctf-DEat,a1

t
pdtq, Ctf-IEat,a1

t
pdtq, and Ctf-SEat,a1

t
pdtq

can be estimated, respectively, as
ÿ

m,w

`

ErYt|dt, a
1
t, w,ms ´ ErYt|dt, at, w,ms

˘

Ppm|at, wqPpw|atq,

ÿ

m,w

ErYt|dt, at, w,ms
`

Ppm|a1
t, wq ´ Ppm|at, wq

˘

Ppw|atq,

ÿ

m,w

ErYt|dt, at, w,msPpm|at, wq
`

Ppw|a1
tq ´ Ppw|atq

˘

.

However, in the online setting, it is unclear whether it is
possible to certify policies as fair (feasible) before collect-
ing data to estimate the structural counterfactual measures
so that we could guarantee that all decisions picked by the
learner satisfy the hard constraints in (4) with high probabil-
ity. In this paper, we do not assume a priori knowledge of
fair policies. Instead, we allow for instantaneous violations
but seek to bound the cumulative constraints violations. The
goals are then to maximize the cumulative rewards and to
minimize the maximum cumulative violations of the coun-
terfactual fairness constraints throughout the learning pro-
cess. We study this problem in Section 3 for non-parametric
distributions and in Section 4 for logistic rewards.

3. Non-parametric Contextual Bandits with
Counterfactual Fairness Constraints

In this section, we introduce the methods and analysis for
solving the causal fair constrained optimization problem
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(see Section 2.2) in the non-parametric contextual bandits
setting. We consider that the context set X is finite similar to
(Huang et al., 2022b; Varatharajah & Berry, 2022; Wang &
Tiwari, 2025). At every round t, the learner observes contex-
tual information Xt “ tat,mt, wtu, selects an action dt P

D, and receives a bandit reward feedback yt P r0, 1s with
mean ErYdt

pXtqs P r0, 1s. Let Π Ă R|D| be the set of dis-
crete probability distributions (simplex) over the set D, then
given a randomized strategy πt P Π, the expected reward
for policy πt is

ř

dPD ErYdpXtqsπtpdq “ xErYdpXtqs, πty.
Similarly, x|∆

piq
d pXtq|, πty “

ř

dPD |∆
piq
d pXtq|πtpdq de-

notes the expected counterfactual fairness effect for con-
straint i. Then, we define the pseudo cumulative regret and
expected cumulative constraint violations as:

R1pT q “

T
ÿ

t“1

”

max
πPΠf

Xt

xπ,ErYdpXtqsy ´ ErYdtpXtqs

ı

,

V1pT q “ max
iPt1,2,3u

E
”

T
ÿ

t“1

Ed„rπXt

ˇ

ˇ∆
piq
d pXtq

ˇ

ˇ ´ ci

ı

,

where Πf
Xt

“
Ş3

i“1tπ P Π : Ed„π

ˇ

ˇ∆
piq
d pXtq

ˇ

ˇ ď ciu is the
true feasible set of policies for context Xt and rπXt is the
learner’s chosen policy for round t.

Assumption 1. We assume the existence of feasible policies,
that is, Πf

Xt
‰ H, @t P rT s.

Assumption 1 is a weaker assumption than the Slater’s
condition assumed by primal-dual methods in which
x
ˇ

ˇ∆
piq
d pXtq

ˇ

ˇ, πo
Xt

y ď ci ´ c0, @i P t1, 2, 3u, @t P rT s,
where c0 is a strictly positive constant (Boyd & Vanden-
berghe, 2004; Efroni et al., 2020; Zhou & Ji, 2022).

Assumption 2 (Context Coverage). There exists a γ1 ą 0
such that for every pa,w,mq P pA,W,Mq,

P
“

pAt,Wt,Mtq “ pa,w,mq
ˇ

ˇFt´1s ě γ1, t P rT s. (5)

As for Assumption 2, it is natural to consider the stochas-
tic environment has certain properties, that is, every con-
text (including the counterfactual features) occur with non-
vanishing probability, i.e., uniformly over time. It is nec-
essary since the learner needs to collect observations for
both the factual contexts and their counterfactual counter-
parts to estimate the counterfactual effects as we make no
other assumptions about how their rewards are related. Our
guarantees in Proposition 4 and Theorem 1 are stated for
horizons T that are sufficiently large relative to γ1 (e.g.,
γ1T Á 1), so that for each context certain statistics (that
arise in the constraints) can be estimated sufficiently well.

Assumption 3 (Context Statistics). We assume the condi-
tional probabilities Ppm | a,wq and Ppw | aq are known to
the learner for all a P A, m P M, w P W .

This is a standard assumption in causal bandits with back-
ground knowledge (Lattimore et al., 2016; Lu et al., 2020;
Huang et al., 2022b), where these conditional distributions
can be obtained from domain expertise or offline data col-
lected from the environment. In contrast, we do not assume
the reward model is known and learn it online.

3.1. Online Learning Algorithm

In this section, we present the main components of our algo-
rithm. See Algorithm 1 for pseudocode. Let Nd,a,m,wptq :“
řt

τ“1 1tdτ “ d, aτ “ a,mτ “ m,wτ “ wu denote the
number of times that decision d has been played up to round
t under context X “ pa,m,wq and set nd,a,m,wptq :“
max

␣

1, Nd,a,m,wptq
(

. Let s :“ maxptu ă t : Xu “

Xtu Y t0uq be the previous round with the same context.

The algorithm proceeds in two phases. (i) Optimistic feasi-
bility estimation. We form plug-in estimators p∆

piq
d pXtq of

the counterfactual fairness effects, and, together with an op-
timism bonus bpjq

t pπq, j P t1, 2, 3u we will later propose in
Proposition 3, we construct an estimated feasible set pΠf

Xt
“

Ş3
i“1

␣

π P Π : Ed„π|p∆
piq
d pXtq|´

ř

jPt1,2,3u b
pjq

t pπq ď ci
(

,

where p∆
piq
dt

pXtq, i “ t1, 2, 3u are:

ÿ

m,w

`

pya1
t,dt,m,w ´ pyat,dt,m,w

˘

Ppm|at, wqPpw|atq (6)

ÿ

m,w

pya1
t,dt,m,w

`

Ppm|at, wq ´ Ppm|a1
t, wq

˘

Ppw|atq (7)

ÿ

m,w

pya1
t,dt,m,w Ppm|a1

t, wq
`

Ppw|atq ´ Ppw|a1
tq
˘

. (8)

Here pyat,dt,m,w and pya1
t,dt,m,w denote the empirical mean

rewards for decision dt evaluated at round t for contexts
tat,m,wu and ta1

t,m,wu where m,w are the possible val-
ues in the support of M and W . (ii) Regret minimization
over pΠ f

Xt
. We perform one online mirror-descent step over

the simplex with step size β to obtain the unconstrained
OMD iterate pπXt

. We compute the Bregman minimization
onto the convex set pΠ f

Xt
and select the resulting projected

feasible policy rπXt
with an epsilon greedy exploration.

3.2. Regret and Constraint Violations Bounds

One of the main challenges for the analysis of Algorithm 1
is to design the optimistic bonus such that Πf

Xt
Ď pΠf

Xt

holds for all t P rT s with high probability while remaining
sufficiently tight to control constraint violations.

Proposition 3. Given a δ ą 0, define the probability
kernels Pp1q

at pm,wq “ Ppm|at, wqPpw|atq, Pp2q
at pm,wq “

Ppm|a1
t, wqPpw|atq, Pp3q

at pm,wq “ Ppm|a1
t, wqPpw|a1

tq

on M ˆ W w.r.t. the pair of factual and counterfac-
tual attribute realizations at and a1

t, respectively, at
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Algorithm 1 Epsilon-Greedy OMD for Contextual Bandits
with Counterfactual Fairness Constraints
Require: Decision set D, context set X , horizon T , learn-

ing rate β “
a

|X | logp2|D|q{T , fairness thresholds
c1, c2, c3, exploration rate ϵt, context statistics, failure
probability δ, uniform distribution π0.

1: for t “ 1, . . . , T do
2: Observe the context information Xt “ pat,mt, wtq.
3: Let s :“ max

`

tu ă t : Xu “ Xtu Y t0u
˘

be the
previous round with the context Xt with the conven-
tion πX0

:“ π0 and pΠf
X0

:“ Π.
4: Update the OMD iterate and select the policy:

rys,dpXtq“

$

’

&

’

%

1, if Nat,d,mt,wt psq“0,

min
␣

1, pys,dpXtq`

c

logp2{δq

2Nat,d,mt,wt
psq

(

,o/w
@dPD

pπXtpdq Ð πXspdqeβprys,dpXtq´1q, @d P D (9)
πXt Ð arg min

πPpΠf
Xs

BΨ pπ } pπXt
q (10)

rπXt
Ð p1 ´ ϵtqπXt

` ϵtπ0. (11)

5: Sample dt „ rπXt , receive yt, update empir. means.
6: Estimate feasible policy set: pΠf

Xt
“

Ş3
i“1

␣

π P Π :

Ed„π

ˇ

ˇ p∆
piq
d pXtq

ˇ

ˇ ´
ř

jPt1,2,3u b
pjq

t pπq ď ci
(

.
7: end for

round t. Let bpiq
t pπq “ E

pm,wq„Ppiq
at ,d„π

`

c

logp2{δq

2na1
t,d,m,wptq `

b

logp2{δq

2nat,d,m,wptq

˘

, then for all t P rT s, i P t1, 2, 3u, π P Π,

with probability at least 1 ´ T |X ||D|δ,

Ed„π

“

|∆
piq
d pXtq| ´ |p∆

piq
d pXtq|

‰

ď
ÿ

jPt1,2,3u

b
pjq

t pπq.

Then Πf
Xt

Ď pΠf
Xt

w.p. at least 1 ´ T |X ||D|δ,@t P rT s.

See Appendix E.2 for the proof. In contrast to existing
constrained (contextual) MABs, at every round, our prob-
lem setting only receives bandit feedback for the realized
contexts, while the constraints depend on both the realized
(factual) contexts and the alternative (counterfactual) con-
texts. From Proposition 2, the fairness of one action dt in
one context Xt depends on mean rewards across many other
contexts. In some of those other contexts, that decision
dt may have low rewards and even be unfair (in expecta-
tion and/or empirically). Nonetheless, we will need to have
played that action dt in those other contexts to estimate its
fairness (sufficiently well) in the current context Xt.

For Algorithm 1, in the unconstrained setting where only the
OMD update (9) is applied, the minimal probability for any
specific decision could decay exponentially in time. When
structural counterfactual fairness constraints are imposed,
under the combined OMD and Bregman projection updates

(Equations (9) and (10)), the minimal probability for the
output policy πXtpdq depends on the geometry of the con-
strained set pΠXt

on the face of the simplex, and could be
nearly 0. We incorporate an epsilon-greedy step (11).

Proposition 4. Given γ1 ą 0 and ϵt “ t´ω . Let D be finite
domain of decisions. Consider the decisions are draw from
policy rπXt

pXt “ pat, wt,mtqq output from Algorithm 1.
Under Assumptions 1, 2, and 3, for any a P A, d P D, w P

W,m P M, the following results hold for Algorithm 1:

E
”

T
ÿ

t“1

b

1{na,d,w,mptq
ı

ď 2
a

|D|{γ1T
1`ω
2 .

Then with Proposition 3 and 4, we obtain the main theoreti-
cal guarantees for Algorithm 1.

Theorem 1. Given δ ą 0, γ1 ą 0, ϵt “ t´ω. Let X
be a finite context set where X “ A ˆ M ˆ W , and
β “

a

|X | logp2|D|q{T . Under Assumptions 1, 2, and
3, Algorithm 1 has the following guarantees:

R1pT q “ rO
`

a

T |X ||D| logp1{δq logp2|D|{δq ` T 1´ω
˘

(12)

with probability at least 1 ´ 3T |X ||D|δ, and

V1pT q “ rO
`

|D|
a

|X |{γ1 T
1`ω
2 ` T 1´ω

˘

. (13)

Remark 1. Our proposed Algorithm 1 achieves re-
gret and cumulative constraint violation bounds of order
Tmaxt1{2,1´ωu and Tmaxt

1`ω
2 ,1´ωu, respectively, where ω

is the user-selected exploration parameter. To ensure sub-
linear regret and constraint violations, over time the learner
must have increasingly good estimates of decisions’ ex-
pected rewards under both the factual (observed) and coun-
terfactual contexts at each time t. Algorithm 1 has Op1q

computational complexity per round (with respect to t).

4. Logistic Bandits with Counterfactual
Fairness Constraints

The upper bounds in Theorem 1 (see Equations (12)
and (13)) exhibit a

a

|X | dependence in the nonparamet-
ric contextual bandits setting, which can be prohibitive
when the context space is large (e.g., exponential in the
feature dimension). In this section, we study problem set-
tings with additional structure, where rewards are linked
to low-dimensional context features to replace the

a

|X |

factor with dependence on the feature dimension appeared
in the regret and constraint violations upper bounds.

Consider at round t, the learner observes a context Xt “

tpat, wt,mtqu P X , selects an action dt P D, and then
observes a binary reward yt P t0, 1u. Denote Z :“ X ˆ D,
and let f : Z Ñ Rn be a known feature map (Lattimore
& Szepesvári, 2020; Chen et al., 2025) and σpxq “ p1 `

6
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e´xq´1 be the logistic function. Let fpZtq P Rn denote the
feature vector constructed from Xt and dt. In this section,
we assume that the outcome variable Y has a generalized
linear relationship (Filippi et al., 2010; Faury et al., 2020)
with its feature vector, specifically,

ErY |dt, at, wt,mts “ σpfpZtq
⊺θ˚q,

where θ˚ P Rn with }θ˚}2 ď S is an unknown reward
parameter in Rn and S is known to the learner (Lee et al.,
2024; Zhang et al., 2025). We denote the counterfactual
value of the specified attribute at as a1

t. Thus, the expected
reward for the counterfactual feature a1

t is represented as

ErY |a1
t, dt, wt,mts “ σpfpZ 1

tq
⊺θ˚q,

where fpZ 1
tq P Rn is the counterfactual feature vector con-

structed from tpa1
t, dt, wt,mtqu. We then define the cumu-

lative regret and cumulative constraint violations as:

R2pT q “

T
ÿ

t“1

“

max
πPΠ

f
t

xπ, σpfpZdq
⊺θ˚qy ´ σpfpZtq

⊺θ˚q
‰

V2pT q “ max
iPt1,2,3u

!

T
ÿ

t“1

Ed„πt

ˇ

ˇ∆
piq

d pθ˚q
ˇ

ˇ ´ ci
)

,

where πt (14) is the selected policy at step t from Algo-
rithm 2 and Πf

t “
Ş3

i“1

␣

π P Π : Ed„π|∆
piq
d pθ˚q| ď ci

(

is the (unknown) true feasible set at round t. The structure
counterfactual fairness measures ∆piq

d pθ˚q, i P t1, 2, 3u for
the logistic bandits setting are simplified to:
ÿ

m,w

`

σpfpZ 1
a1
t,dt,w,mq

⊺θ˚q ´ σpfpZat,dt,w,mq
⊺θ˚q

˘

Ppm,w|atq

ÿ

m,w

σpfpZ 1
a1
t,dt,w,mq⊺θ˚q

`

Ppm|at, wq ´ Ppm|a1
t, wq

˘

Ppw|atq

ÿ

m,w

σpfpZ 1
a1
t,dt,w,mq⊺θ˚qPpm|a1

t, wq
`

Ppw|atq ´ Ppw|a1
tq
˘

.

Here, fpZat,dt,w,mq P Rn and fpZ 1
a1
t,dt,w,mq P Rn are

feature vectors that are known to the learner constructed
from tat, dt, w,mu and ta1

t, dt, w,mu, respectively.

Assumption 4 (Covariate diversity (Li et al., 2017)). There
exists a constant γ2 ą 0, such that

λmin

´

EX„PX

” 1

|D|

ÿ

dPD
fpZX,dqfpZX,dqJ

ı¯

ě γ2.

This condition is analogous to the context coverage condi-
tion (Assumption 2) in the non-parametric setting that every
context has a positive support.

Without loss of generality, we make the following standard
assumption (Slivkins et al., 2019):

Assumption 5. The feature mapping function f : Z ÞÑ Rn

is bounded, i.e., }fpZq}2 ď 1, @ Z P Z .

Algorithm 2 A Doubly Optimistic Algorithm for Fair
Causal Logistic Bandits

Require: Confidence level α, learning rate η, fairness
threshold c1, c2, c3, regularization parameter λ, hori-
zon T , context statistics, parameter norm bound S.

1: Initialize H1 “ λIn and pθ1 “ 0n P Rn.
2: for t “ 1, . . . , T do
3: Observe the context Xt “ pat,mt, wtq.
4: if t ď T0 then randomly sample dt „ D, receive yt.
5: if t ą T0 then
6: Construct the confidence region: Ctpαq “ tθ P

Θ :
ˇ

ˇ

ˇ

ˇpθt ´ θ
ˇ

ˇ

ˇ

ˇ

Ht
ď γtpαqu.

7: Estimate the feasible policy set: pΠf
t “ tπ P Π :

Ed„πr|∆
piq
d pXt; pθtq| ´ ξtpdqs ď ci,@i P r3su.

8: Compute the optimistic reward and select a policy
from the estimated feasible set:

rytpdq Ð max
θPCtpαq

σpfpZat,d,mt,wt
q⊺θq, @d P D

πt Ð arg max
πPpΠf

t

@

π, ryt
D

, (14)

9: Sample decision dt „ πt and receive reward yt.
10: end if
11: Estimate the reward parameter using OMD:

pθt`1 Ð argmin
θPΘ

”

x∇Ltppθtq, θ ´ pθty `
1

2η
||θ ´ pθt||

2
Ht

`
1

2
||θ ´ pθt||

2
∇2Ltppθtq

ı

. (15)

12: Update the cumulative Hessian matrix: Ht`1 “

Ht ` 9σpfpZtq
⊺
pθt`1q fpZtqfpZtq

⊺.
13: end for

We next define a quantity that impacts learnability.
Definition 3 (Problem Dependent Constant).

κ “ max
ZPZ

max
θPΘ

1{ 9σpfpZq⊺θq,

where Θ “ tθ P Rn | }θ}2 ď Su. Briefly, κ measures the
level of non-linearity of the reward distribution, typically
around OpeSq, growing exponentially with the parameter-
norm bound S. We recall other problem dependent con-
stant discussed in Table 1: κ˚ “ 1{ 9σpfpZ˚q⊺θ˚q where
fpZ˚q “ argmaxZPZ σpfpZq⊺θ˚q and

a

1{κ˚ ă 1 ! κ.

4.1. Efficient Online Estimation

In this section, we describe the estimation method for para-
metric logistic bandits setting. Many prior works on logistic
bandits (Faury et al., 2020; Abeille et al., 2021; Chen et al.,
2025) rely on maximum-likelihood estimation (MLE) to
estimate the unknown reward parameter θ˚ and construct a
confidence set accordingly. However, a significant limitation

7
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of MLE estimation is Optq per round complexity. Inspired
by recent works on logistic bandits (Zhang & Sugiyama,
2023; Zhang et al., 2025), we adopt online mirror descent
(OMD) to estimate the reward parameter θ˚ (see (15)) and
construct a tight confidence set as follows:

Proposition 5 ((Zhang et al., 2025) Theorem 1). Let the
learning rate η “ 1 ` S and the regularization parameter
λ “ 2maxt7nη, 3ηS, 1u. For each t P rT s and any α P

p0, 1s, define the confidence set as

Ctpαq “

!

θ P Θ :
ˇ

ˇ

ˇ

ˇpθt ´ θ
ˇ

ˇ

ˇ

ˇ

Ht
ď γtpαq

)

, (16)

where Ht “ λIn `
řt´1

s“1 9σpfpZsq⊺pθs`1qfpZsqfpZsq⊺

is the cumulative Hessian and γtpαq “
b

4λS2 ` 2η lnp 1
α q ` 6nη2 ln

`

2 ` 2t
λ

˘

is the confidence

radius. Then, we have P
`

@t ě 1, θ˚ P Ctpαq
˘

ě 1 ´ α.

The confidence set Ctpαq is a convex ellipsoid centered at
pθt. This construction is both statistically and computation-
ally efficient compared with MLE estimator: (1) The OMD
estimator (15) involves a quadratic optimization over the
Euclidean ball. It can be solved with a computation cost
of Opn3q in the worst case, independent of time t; in con-
trast to refitting an MLE, whose per-round cost typically
increases with t due to repeated passes over past data. (2)
The confidence radius (16) satisfies γtpαq “ Op

?
n ln tq

matching the state of the art radius for the MLE estimator
(Lee et al., 2024) with respect to the dimension n and t.

4.2. Regret and Constraint Violations Bounds

In this section, we present theoretical analysis for con-
strained logistic bandits. Unlike Section 3, this (paramet-
ric) logistic setting requires constructing the optimistic es-
timated feasible set pΠf

t with a bonus that both guarantees
Πf

t Ď pΠf
t , @t P rT s with high probability and ensures pΠf

t
is convex in π. We define the bonus term as

ξtpdq “

´

E
pm,wq„Pp3q

at

}fpZ 1
a1
t,d,m,wq}

H´1
t

` E
pm,wq„Pp2q

at

}fpZ 1
a1
t,d,m,wq}

H´1
t

` E
pm,wq„Pp1q

at

}fpZ 1
a1
t,d,m,wq}

H´1
t

` E
pm,wq„Pp1q

at

}fpZat,d,m,wq}
H´1

t

¯

¨
γtpαq

4
.

This construction follows the optimistic feasible set prin-
ciple from constrained bandits, adapted to the counterfac-
tual constraints. The natural optimistic set

Ş3
i“1

␣

π P Π :

Dθ P Ctpαq, xπ, ∆
piq
d pXt; θqy ď c

(

is non-convex in π;
we therefore use a fixed, policy-independent bonus ξtpdq,
which makes the relaxed constraint linear in π while still
ensuring Πf

t Ď pΠf
t w.h.p. And we have,

Proposition 6. In the logistic bandits setting, for any α P

p0, 1s, with probability at least 1´α, it holds that Πf
t Ď pΠf

t

for all t P rT s.

The main challenge in the parametric logistic bandit setting
is to characterize the richness of the feature span available
for identifying the shared reward parameter θ˚, in order
to accurately estimate fairness (which per Proposition 2
depends on many contexts). Covariate diversity (Assump-
tion 4) guarantees feature diversity under uniformly random
decisions, but not necessarily under a context-dependent
policy (such as playing OFU while ignoring constraints).

To address this issue, analogous to Section 3, we incorporate
an exploration phase and obtain the following result:

Proposition 7. Let δ2 ą 0,with probability at least 1 ´ δ2,
for every a P A, d P D, m P M, and w P W ,

T
ÿ

t“1

›

›fpZa,d,m,wq
›

›

H´1
t

“ O
´

c

κ

γ2

´

a

T0 `
T

?
T0

¯¯

.

Then with Proposition 6 and 7, we obtain the main theoreti-
cal guarantees for Algorithm 2.

Theorem 2. Let η “ 1 ` S, and λ “ 2maxt7nη, 3ηS, 1u.
Under Assumptions 1, 3, 4 and 5, for any α P p0, 1s, δ1 P

p0, 1s, and δ2 P p0, 1s, Algorithm 2 achieves the following
bounds with probability at least 1 ´ α ´ δ1 ´ δ2, 4

R2pT q “ rO
´

nS
a

T ´ T0 ` κn2S2 ` T0

¯

V2pT q “ rO
´

S

c

nκ

γ2

T
?
T0

` T0

¯

.

For unconstrained logistic bandits, κ˚ is typical in the lead-
ing term. Because of the constraints in our setting, we have
different dependence on problem-dependent constants. This
manifests from our problem in bounding different terms
than standard (unconstrained) logistic bandits.

Remark 2. (i) The leading term of our regret rOpn
?
T q,

matches the best-known rates reported by (Faury et al., 2022;
Lee et al., 2024; Zhang et al., 2025) in the logarithmic de-
pendence on n and T . (ii) Our regret bound does not depend
on the Slater’s margin (the strict feasibility gap) which ap-
pears in (Chen et al., 2025). Consequently, when imposing
multiple counterfactual constraints (i.e., Ctf-DE, Ctf-IE,
and Ctf-SE), the effective margin may become very small,
leading to looser guarantees for (Chen et al., 2025). (iii) Our
method achieves Op1q time per round (with respect to t),
matching standard implementations for unconstrained logis-
tic bandits (Zhang & Sugiyama, 2023; Zhang et al., 2025).
By contrast, the constrained logistic bandits algorithm of
(Chen et al., 2025) incurs Optq time complexity per round.

4R2pT q hides dependencies on log 1
α

and logp 1
δ1

q. V2pT q

hides dependencies on log 1
α

and log 1
δ2

.
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(a) (b) (c)

Figure 2. Plots for different algorithms: Algorithm 2 (ours), GLB-OMD, CCLB, GLM-UCB on (a) cumulative penalized regret; (b)
cumulative rewards; (c) running time (for T “ 10,000 steps).

5. Numerical Experiments
We next empirically evaluate our proposed method for the
logistic setting on a synthetic data set. See Appendix I for
experimental details.

Data set description. We generated the synthetic dataset
from a structural causal model, i.e.,

F˚ :

$

’

’

’

’

’

’

&

’

’

’

’

’

’

%

At „ Uniformpt´1, 1uq,

Wt | At „ Bernoullipσp1.2Atqq,

Mt | At,Wt „ Bernoulli
`

σpAt ` 2Wt ´ 1q
˘

,

Dt Ð tDt,1, Dt,2, Dt,3, ..., Dt,10u,

Yt Ð Bernoulli
`

σpfpZAt,Wt,Mt,Dt
qJθ˚q

˘

, @Dt P Dt.

At every round, we generate a set of 10 feature vectors
trAt,Wt,Mt, Dt,isu

10
i“1 along with their corresponding

counterfactual feature vectors. We use rejection sampling
over the sets to make sure that at least one of the feature
vectors is feasible.

Algorithms. We evaluate four different algorithms: GLM-
UCB (Filippi et al., 2010) (unconstrained generalized linear
bandits), GLB-OMD (Zhang et al., 2025) (unconstrained
logistic bandits), CCLB (Chen et al., 2025) (causal logistic
bandits with CATE), and DO-LogB (our method; causal
logistic bandits with Ctf-DE, -IE, -SE; Algorithm 2)5.

Metrics. We evaluated the algorithms using a penalized
form of cumulative regret for different horizons along with
cumulative rewards, and running time. For the penalized
cumulative regret, when the action picked by the learner
violates the counterfactual fairness constraint, the learner
still observes the reward value (i.e. the learner can improve
the reward parameter estimate pθ), but we count the reward
earned as being 0.

Results. Beginning with penalized cumulative regret, where
rewards are only received for fair actions, there is a large gap

5The source code is available at https://github.com/
jchen-research/DO-LogB.git

between our method and the methods of GLM-UCB, GLM-
OMD, and CCLB, with the gap growing larger for longer
horizons (Figure 2a). This is expected since GLM-UCB and
GLB-OMD do not account for constraints. We observe that
the CCLB baseline exhibits even larger penalized cumula-
tive regret than both GLM-UCB and GLB-OMD, despite
CCLB being designed for a fairness constrained setting
(though for a different fairness metric). In Figure 2b, our
method attains cumulative rewards on the same order as
other algorithms and consistently dominates the Best-fair or-
acle. For running time, GLB-OMD performs slightly better
than our method (which seeks to satisfy the constraint) (Fig-
ure 2c). CCLB has the highest computational cost, taking
substantially longer than the other methods.

6. Conclusion
We study the problem of achieving fairness in a sequential
decision-making framework, where fairness is measured
using structural counterfactual mechanisms along the direct,
indirect and spurious pathways that are treated as multiple
long-term constraints for the learning process. A notable
challenge is that the fairness of one action in the current
context depends on expected rewards of that action across
many other contexts; in some of those other contexts, the
action may have low reward and/or even be unfair. One
interesting direction to explore for parametric rewards is
whether in some application settings common classes of
feature maps exhibit properties that could obviate the need
for the exploration phase. Another interesting direction is
to extend our framework to MDPs.
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efficient and optimal algorithms for logistic bandits. In
International Conference on Artificial Intelligence and
Statistics, pp. 546–580. PMLR, 2022.

Filippi, S., Cappe, O., Garivier, A., and Szepesvári, C. Para-
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Lattimore, T. and Szepesvári, C. Bandit Algorithms. Cam-
bridge University Press, 2020.

Lear, J. and Zhang, L. A causal lens for learning long-term
fair policies. In Yue, Y., Garg, A., Peng, N., Sha, F.,
and Yu, R. (eds.), International Conference on Learning
Representations, volume 2025, pp. 3344–3359, 2025.

Lee, J., Yun, S.-Y., and Jun, K.-S. Improved regret bounds
of (multinomial) logistic bandits via regret-to-confidence-
set conversion. In International Conference on Artificial
Intelligence and Statistics, pp. 4474–4482. PMLR, 2024.

Li, L., Chu, W., Langford, J., and Schapire, R. E. A
contextual-bandit approach to personalized news arti-
cle recommendation. In Proceedings of the 19th Inter-
national Conference on World Wide Web, pp. 661–670,
2010.

Li, L., Lu, Y., and Zhou, D. Provably optimal algorithms
for generalized linear contextual bandits. In Interna-
tional Conference on Machine Learning, pp. 2071–2080.
PMLR, 2017.

Lipton, Z. C. The mythos of model interpretability. Com-
mun. ACM, 61(10):36–43, September 2018. ISSN 0001-
0782.

Liu, S., Ayoub, A., Sentenac, F., Tan, X., and Szepesvári,
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A Causal Decomposition Approach for Fair Contextual Multi-Armed Bandits

A. Table of Notation
We list the notations used in this paper in Table 2, for the convenience of reference.

Table 2. Notations used in the paper.

Symbol Description

At Sensitive attribute (protected feature).
Wt Confounding features (non-sensitive covariates).
Mt Intermediate (mediator) features.
Dt Decision variable.
Yt Reward (outcome) variable.
Xt Context at round t, including pAt,Wt,Mtq.
TVat,a1

t
pdtq Total variation.

Ctf-DEat,a1
t
pdtq Structural counterfactual direct effect.

Ctf-IEat,a1
t
pdtq Structural counterfactual indirect effect.

Ctf-SEat,a1
t
pdtq Structural counterfactual spurious effect.

β Learning rate for non-parametric setting.
ci User-defined fairness threshold for constraint i.
ω User-selected exploration parameter.
T Time horizon.
rπXt

Output policy in the non-parametric contextual bandit setting at context Xt.
∆

piq
dt

pXtq i-th structural counterfactual effect for decision dt under context Xt.
p∆

piq
dt

pXtq Estimate of the i-th structural counterfactual effect.
Πf

Xt
Set of true counterfactually fair policies of context Xt.

pΠf
Xt

Estimated set of counterfactually fair policies at context Xt.
γ1 Context-coverage probability.
nd,a,m,wptq Count of tuples pd, a,m,wq up to round t.
δ Failure probability level for the non-parametric bandit analysis.
fpZdt

q Feature vector constructed from pXt, dtq.
fpZ 1

dt
q Counterfactual feature vector constructed from pX 1

t, dtq.
n Dimension of the reward parameter.
S Known upper bound on }θ}2.
σp¨q Logistic (sigmoid) function.
θ˚ Unknown true reward parameter.
pθt Estimated reward parameter.
κ Problem-dependent constant.
α Failure probability level for parametric logistic bandits.
Lspθq Logistic loss function at round s.
Ctpαq Confidence set at round t with confidence level 1 ´ α.
γtpαq Confidence radius at round t with confidence level 1 ´ α.
Ht Cumulative Hessian matrix of the (regularized) logistic loss up to round t.
λ Regularization parameter.
b

piq
t pπq, i P t1, 2, 3u Fairness bonus term for non-parametric setting.
ξtpdq Fairness bonus term for parametric setting.
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B. Preliminaries
We provide additional notations and definitions used throughout the paper. Each SCM is associated with a directed acyclic
graph (DAG) G , called the causal diagram, where nodes correspond to endogenous variables i P V , solid arrows represent
arguments of each function fi. A bi-directed arrow between nodes i and j indicates an unobserved confounder affecting
both i and j, i.e., Ui X Uj ‰ H. We will use the graph-theoretic family abbreviations, e.g., PapV qG stand for the set of
parents of V in G. We omit the subscript G when it is obvious. A path from a node X to a node Y in G is a sequence of
edges which does not include a particular node more than once. For a twice-differentiable function σ, the notation 9σ and :σ
denote the first and second derivative of function σ respectively. For a random variable Z, let Z represent the domain of
Z and for discrete-valued Z let |Z| denote its cardinality. For two real-valued symmetric matrices A and B, the notation
A ľ B indicates that A ´ B is positive semi-definite, and when A is positive definite, we denote A-norm for a vector z as
}z}A “

?
z⊺Az. Finally, for two univariate real-valued functions f and g, we denote f “ rOpgq to indicate that g dominates

f up to logarithmic factors; and for an event E P Ω, we write 1tEu the indicator function of E.

Definition 4 (Conditional Average Treatment Effect (CATE)). Given a SCM M˚, under an intervention dopD “ dtq, the
conditional average treatment effect of event A “ a1

t (with factual value at) on Y conditioned on mt and wt is defined as:

CATEat,a1
t
pdt|mt, wtq “ ErYdt

|dopa1
tq, wt,mts ´ ErYdt

|dopatq, wt,mts. (17)

Definition 5 (Path-specific Effect (PSE)). Given a SCM M˚, suppose C0 describes a causal pathway from A to Y , under an
intervention dopD “ dtq, the path-specific effect of event A “ a1

t (with factual value at) on Y along path C0 is defined as:

PSEC0

at,a1
t
pYdt

q “ E
“

Ydt,pa1
tqC0 ,patqC0

‰

´ E
“

Ydt,at

‰

.

Where Ydt,pa1
tqC0 ,patqC0

denotes the path-specific potential outcome of Y under the edge intervention of dopA “ a1
tq along

edges in C0 and A “ at along the remaining outgoing edges from A to Y (those not in C0).

Definition 6 (Probability Coupling). Using the standard formalism of probability theory, let X1 and X2 be random variables
defined on probability spaces pΩ1,F1,P1q and pΩ2,F2,P2q, respectively. A coupling of X1 and X2 is a probability space
pΩ,F ,Pq together with random variables Y1, Y2 on pΩ,F ,Pq such that

Y1
d
“ X1 and Y2

d
“ X2.

Definition 7 (First-Order Stochastic Dominance). Let X and Y be real-valued random variables with cumulative distribution
functions FXpxq “ PpX ď xq and FY pxq “ PpY ď xq. We say that X first-order stochastically dominates Y if

FXpxq ď FY pxq for all x P R.
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C. Additional Related Works
Logistic bandits. The logistic bandit model represents a sequential decision-making framework in which the expected
reward is a logistic function of a low-dimensional context and can be viewed as a special case of generalized linear contextual
bandits. Early work on parametric and generalized linear bandits established Õp

?
dT q-type regret bounds for UCB-style

algorithms based on confidence sets around the maximum-likelihood estimator, and already covered logistic rewards as
a key binary-feedback instance (Li et al., 2010; Filippi et al., 2010; Li et al., 2017; Dong et al., 2019; Liu et al., 2024).
However, these analyses typically rely on a global linearization of the link function and lead to regret bounds that depend on
a non-linearity constant κ, which can be prohibitively large in adversarially chosen instances.

Focusing explicitly on logistic bandits, (Faury et al., 2020) proposed an optimistic algorithm (OFULog) based on a refined
self-concordant analysis of the logistic loss, showing that one can significantly improve the dependence on κ by exploiting
the curvature of the model instead of linearizing it. Building on this perspective, (Abeille et al., 2021) derived instance-wise
minimax lower bounds of order Ω

`

n
a

T {κ˚pT q
˘

together with matching algorithms, demonstrating that the non-linearity
of the logistic link can actually help exploration in the long run. More recently, (Faury et al., 2022) resolved the tension
between statistical and computational efficiency by introducing ECOLog-type algorithms and a new convex confidence set
while still attaining the instance-optimal regret rate of (Abeille et al., 2021). Additionally, another line of research studies
the multinomial logit (MNL) contextual bandit problem (Agrawal et al., 2017; Oh & Iyengar, 2019; Zhang & Sugiyama,
2023; Lee et al., 2024; Hwang et al., 2025), which generalizes the binary logistic bandit by allowing the learner to offer a
subset of items and observe a multiclass choice.

Causal Fairness. The body of research in fair machine learning is expanding and encompasses a variety of contexts. Within
this field, three distinct tasks can be identified: (1) the detection and quantification of biases in currently deployed policies;
(2) the development of fair predictive models for outcomes; and (3) the formulation of fair decision-making policies. Most
early work on algorithmic fairness addressed tasks (1) and (2) using purely statistical criteria such as demographic parity,
equalized odds, or calibration, which do not explicitly model the causal mechanisms that generate sensitive attributes,
mediators, and outcomes.

Our work falls under the setting of online outcome control (task (3)) that explores fairness through a causal lens (Zhang et al.,
2018; Huang et al., 2022a;b; Nilforoshan et al., 2022; Plecko & Bareinboim, 2023; 2024; Plečko & Bareinboim, 2025; Chen
et al., 2025). Unlike us, Plecko & Bareinboim (2023); Plečko & Bareinboim (2024) explored fairness through path-specific
counterfactual effects in an offline setting along with budget constraints, focusing on identifying policies that satisfy fairness
constraints given a fixed batch of data. As for the online setting, Huang et al. (2022b); Chen et al. (2025) and Hu & Zhang
(2022) studied achieving causal fairness on Multi-armed Bandits (MABs) and Markov Decision Process (MDP) frameworks.

Constrained MABs. There is a large body of work on bandits with different types of constraints, including knapsack
bandits (Wu et al., 2015; Agrawal & Devanur, 2016), submodular maximization (Krause & Guestrin, 2007; Niazadeh et al.,
2023; Nie et al., 2023), bandits with hard safety constraints (Amani et al., 2019; Pacchiano et al., 2021), and bandits with
cumulative long term constraints (Liu et al., 2021; Zhou & Ji, 2022; Bernasconi et al., 2024). These formulations capture a
variety of practically motivated restrictions: knapsack and budgeted bandits model global resource or capacity limits over
the horizon, submodular bandits address combinatorial decision sets with diminishing returns, and safe bandits impose
almost-sure or high-probability feasibility requirements at every round, often via confidence sets over an unknown safe
region. As for handling long-term constraints, Zhou & Ji (2022) considered a general unknown reward function and a
general unknown constraint function with constraint feedback. More broadly, this type of constrained problem has also
been studied in the reinforcement learning (RL) setting (Efroni et al., 2020; Ding et al., 2021), where constrained Markov
decision processes are handled by optimistic planning or primal–dual policy optimization, and constraints are again encoded
as long-term costs and managed through convex optimization methods. In contrast to these works, our constraints (without
direct feedback) arise from structural counterfactual fairness requirements, which couple the learner’s policy with a causal
model of the environment and lead to a different geometric and statistical structure.
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D. Proof for Section 2
In this section, we provide proofs and additional details for Section 2 for completeness.

Example 1 (Details). We compute different fairness measures for the following structural causal model. Here Dt is modeled
as a scalar-valued intervention level. The baseline Dt “ 0 corresponds to the null recommendation (“no item”), and the
term 0.1Dt specifies a linear effect of intervention intensity on Yt. W.l.o.g., at round t, let a1

t “ 1, at “ 0. The following
SCM M˚ describes the data-generating mechanisms (unknown to the decision-maker):

F , PpUq :

$

’

’

’

’

’

’

&

’

’

’

’

’

’

%

At Ð 1tUAt
ă 0.5u,

Wt Ð 1tUWt
ă 0.1 ` 0.7Atu,

Mt Ð 1tUMt ă 0.2 ` 0.7At ` 0.1Wtu,

Dt Ð fpAt,Wt,Mt, UDtq,

Yt Ð 1tUYt
ă 0.45 ` 0.05At ´ 0.4Wt ` 0.4Mt ` 0.1Dtu.

(18)

(a) (b)

Figure 3. (a). Per-round Extended standard fairness model; (b). Interventional causal diagram G
ĎD .

For the potential response Ydt
(intervention dopDt “ dtq) (see Figure 3b), the structural equation become

Ydt |pAt,Wt,Mtq „ Bernoullip0.45 ` 0.05At ´ 0.4Wt ` 0.4Mt ` 0.1dtq.

Then we could compute the value total variation pTVat,a1
t
pdtqq, conditional average effect pCATEat,a1

t
pdt|mt, wtqq, coun-

terfactual direct effect pCtf-DEat,a1
t
pdtqq, indirect effect pCtf-IEa1

t,at
pdtqq, and spurious effect pCtf-SEa1

t,at
pdtqq as

following:

TVat,a1
t
pdtq “ ErYdt

|At “ a1
ts ´ ErYdt

|At “ ats “ 0.078.

CATEat,a1
t
pdt|mt, wtq “ ErYdt

|dopa1
tq, wt,mts ´ ErYdt

|at, wt,mts “ 0.05

Ctf-DEat,a1
t
pdtq “

ÿ

w,m

”

ErYt|dt, a
1
t,m,ws ´ ErYt|dt, at,m,ws

ı

Ppm|w, atq Ppw|atq “ 0.05

Ctf-IEa1
t,at

pdtq “
ÿ

w,m

ErYt|dt, a
1
t,m,ws ¨

“

Ppm|w, atq ´ Ppm|w, a1
tq
‰

¨ Ppw|atq “ ´0.28

Ctf-SEa1
t,at

pdtq “
ÿ

w,m

ErYt|dt, a
1
t,m,ws ¨ Ppm|w, a1

tq ¨
“

Ppw|atq ´ Ppw|a1
tq
‰

“ 0.252.

Next, we provide the identification steps for expressing the nested counterfactuals into functions of observational data.

Proposition 2 ((Plečko & Bareinboim, 2024)). Under the extended Standard Fairness Model (SFM) in Figure 1,
Ctf-DEat,a1

t
pdtq, Ctf-IEat,a1

t
pdtq, and Ctf-SEat,a1

t
pdtq can be estimated, respectively, from the observational distribution

as

Ctf-DEat,a1
t
pdtq “

ÿ

m,w

`

ErYt|dt, a
1
t, w,ms ´ ErYt|dt, at, w,ms

˘

Ppm|at, wqPpw|atq,
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Ctf-IEat,a1
t
pdtq “

ÿ

m,w

ErYt|dt, at, w,ms
`

Ppm|a1
t, wq ´ Ppm|at, wq

˘

Ppw|atq,

Ctf-SEat,a1
t
pdtq “

ÿ

m,w

ErYt|dt, at, w,msPpm|at, wq
`

Ppw|a1
tq ´ Ppw|atq

˘

.

Proof. We firstly compute the counterfactual direct effect:

Ctf-DEat,a1
t
pdtq “ ErYa1

t,dt,Mat
´ Yat,dt,Mat

|ats (19)

As for ErYa1
t,dt,Mat

|ats, we have,

ErYa1
t,dt,Mat

|ats “
ÿ

w

ErYa1
t,dt,Mat

|w, ats Ppw|atq (20)

“
ÿ

w,m

ErYa1
t,dt,m|Mat

“ m,w, ats PpMat
“ m|w, atq Ppw|atq (21)

“
ÿ

w,m

ErYa1
t,dt,m|ws PpMat

“ m|w, atq Ppw|atq (22)

“
ÿ

w,m

ErYt|dt, a
1
t,m,ws Ppm|w, atq Ppw|atq. (23)

Where (20) follows by law of total expectation; (21) comes from the law of total expectation and consistency for nested
counterfactuals, i.e., on the event Mat

“ m, Ya1
t,dt,Mat

“ Ya1
t,dt,m; (22) follows by the cross-world independence

Ya1
t,dt,m KK Mat |Wt and sequential ignorability Ya1

t,dt,m KK At|Wt; and the last equality (23) holds because of consistency
for nested counterfactuals and no unmeasured confounding for Dt Ñ Yt given At,Mt,Wt.

Similarly, for ErYat,dt,Mat
|ats we have:

ErYat,dt,Mat
|ats “

ÿ

w,m

ErYt|dt, at,m,ws Ppm|w, atq Ppw|atq. (24)

Then by (20), (23), and (24), the counterfactual direct effect could be computed as:

Ctf-DEat,a1
t
pdtq “ ErYa1

t,dt,Mat
´ Yat,dt,Mat

|ats

“
ÿ

w,m

”

ErYt|dt, a
1
t,m,ws ´ ErYt|dt, at,m,ws

ı

Ppm|w, atq Ppw|atq (25)

Next, we compute the counterfactual indirect effect:

Ctf-IEat,a1
t
pdtq “ ErYat,dt,Ma1

t
|ats ´ ErYat,dt,Mat

|ats. (26)

As for ErYat,dt,Ma1
t
|ats, we have,

ErYat,dt,Ma1
t
|ats “

ÿ

w

ErYat,dt,Ma1
t
|w, ats Ppw|atq

“
ÿ

w,m

ErYat,dt,m|Ma1
t

“ m,w, ats PpMa1
t

“ m|w, atq Ppw|atq

“
ÿ

w,m

ErYat,dt,m|w, ats PpMa1
t

“ m|wq Ppw|atq (27)

“
ÿ

w,m

ErYt|dt, at,m,ws Ppm|w, a1
tq Ppw|atq. (28)

Where (27) follows by cross-world independence Yat,dt,m KK Ma1
t
|Wt and sequential ignorability Ma1

t
KK At|Wt.

Then by (24), (26), and (28) the counterfactual indirect effect could be computed as:

Ctf-IEat,a1
t
pdtq “ ErYat,dt,Ma1

t
|ats ´ ErYat,dt,Mat

|ats
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“
ÿ

w,m

ErYt|dt, at,m,ws ¨
“

Ppm|w, a1
tq ´ Ppm|w, atq

‰

¨ Ppw|atq. (29)

We finally compute the counterfactual spurious effect:

Ctf-SEat,a1
t
pdtq “ ErYat,dt,Mat

|a1
ts ´ ErYdt |ats. (30)

As for ErYat,dt,Mat
|a1

ts, we have,

ErYat,dt,Mat
|a1

ts “
ÿ

w

ErYat,dt,Mat
|a1

t, ws Ppw|a1
tq

“
ÿ

w,m

ErYat,dt,m|a1
t,Mat

“ m,ws PpMat
“ m|a1

t, wq Ppw|a1
tq

“
ÿ

w,m

ErYat,dt,m|ws PpMat
“ m|wq Ppw|a1

tq (31)

“
ÿ

w,m

ErYt|dt, at,m,ws Ppm|w, atq Ppw|a1
tq (32)

Where (31) follows by cross-world independence Yat,dt,m KK Mat |Wt and sequential ignorability Yat,dt,m KK

At|Wt, Mat KK At|Wt.

And for ErYdt |ats we have:

ErYdt
|ats “

ÿ

w,m

ErYt|dt, at,m,ws Ppm|w, atq Ppw|atq. (33)

Then by (30), (32), and (33) the indirect effect could be computed as:

Ctf-SEat,a1
t
pdtq “ ErYat,dt,Mat

|a1
ts ´ ErYdt |ats

“
ÿ

w,m

ErYt|dt, at,m,ws ¨ Ppm|w, atq ¨
“

Ppw|a1
tq ´ Ppw|atq

‰

. (34)

Which finishes the proof. ■

Proposition 1 ((Plečko & Bareinboim, 2024)). For every step t P rT s, under an intervention dopDt “ dtq, the total
variation measure can be decomposed as

TVat,a1
t
pdtq “ Ctf-DEat,a1

t
pdtq ´ Ctf-IEa1

t,at
pdtq ´ Ctf-SEa1

t,at
pdtq. (35)

Proof. For the left hand side, we have

TVat,a1
t
pdtq “ ErYdt

|a1
ts ´ ErYdt

|ats (36)

“
ÿ

w,m

ErYt|dt, a
1
t,m,wsPpm|w, a1

tqPpw|a1
tq ´

ÿ

w,m

ErYt|dt, at,m,wsPpm|w, atqPpw|atq. (37)

Where (36) follows by (1); (37) comes from no unmeasured confounding for Dt Ñ Yt given At,Mt,Wt.

For the right hand side, we have (Zhang & Bareinboim, 2018),

Ctf-DEat,a1
t
pdtq “

ÿ

w,m

”

ErYt|dt, a
1
t,m,ws ´ ErYt|dt, at,m,ws

ı

Ppm|w, atq Ppw|atq (38)

Ctf-IEa1
t,at

pdtq “
ÿ

w,m

ErYt|dt, a
1
t,m,ws ¨

“

Ppm|w, atq ´ Ppm|w, a1
tq
‰

¨ Ppw|atq (39)

Ctf-SEa1
t,at

pdtq “
ÿ

w,m

ErYt|dt, a
1
t,m,ws ¨ Ppm|w, a1

tq ¨
“

Ppw|atq ´ Ppw|a1
tq
‰

. (40)

Therefore, by Equations (38) to (40)

Ctf-DEat,a1
t
pdtq ´ Ctf-SEa1

t,at
pdtq ´ Ctf-IEa1

t,at
pdtq “ TVat,a1

t
pdtq.

Which finishes the proof. ■
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E. Proof for Section 3
In this section, we provide the proofs of the theoretical results for non-parametric contextual bandits setting in Section 3.

E.1. Regret Guarantee

Theorem 1 (Regret Upper Bound). Fix δ P p0, 1q, ω P p0, 1q, and let ϵt “ t´ω. Let X be a finite context set and the
learning rate β “

a

|X | logp2|D|q{T . Under Assumptions 1 and 2, Algorithm 1 guarantees that, with probability at least
1 ´ 3T |X ||D|δ,

T
ÿ

t“1

”

max
πPΠf

Xt

@

π,ErYdpXtqs
D

´ ErYdtpXtqs

ı

“ rO
´

a

T |X ||D| logp2{δq logp2|D|{δq ` T 1´ω
¯

.

Proof. The proof proceeds as follows. Part (i) describes the notation; Part (ii) establishes a online-mirror-descent (OMD)
bound for each fixed context; Part (iii) controls the estimation error of the estimated optimistic reward; Part (iv) controls the
error incurred by sampling decisions from the policy; Part (v) assembles all the results.

Part (i): Notations.

Throughout, µdpXq :“ ErYdpXqs denotes the mean reward of decision d in context X and the vector of expected rewards
µpXq :“ pµdpXqqdPD; for the realized pair pXt, dtq we write µdt

pXtq.

For t P t1, . . . , T u, d P D and a context X “ pa,m,wq define the count

NX,dptq :“
t
ÿ

τ“1

1tdτ “ d, aτ “ a, mτ “ m, wτ “ wu, nX,dptq :“ maxt1, NX,dptqu, (41)

also written Nd,a,m,wptq and nd,a,m,wptq where X “ pa,m,wq.Thus NX,dptq records all rounds up to and including t, and
is determined by the history through round t.

Define the confidence bonus6

bt,dpXq :“

d

logp2{δq

2nX,dptq
P
`

0, B
‰

, B :“

b

logp2{δq

2 , btpXq :“
`

bt,dpXq
˘

dPD. (42)

Since δ ă 1 we have logp2{δq ą log 2 and hence B ą

b

log 2
2 ą 1

2 .

For NX,dptq ě 1 let pyt,dpXq be the average of the NX,dptq rewards observed at the pair pX, dq in rounds τ ď t. By
Algorithm 1, the truncated optimistic estimate and the associated optimistic loss are

ryt,dpXq :“

#

1, NX,dptq “ 0,

min
␣

1, pyt,dpXq ` bt,dpXq
(

, NX,dptq ě 1,
rℓt,dpXq :“ 1 ´ ryt,dpXq, (43)

with rytpXq, rℓtpXq the corresponding vectors in R|D|; note rℓt,dpXq P r0, 1s.

Let s denote the previous occurrence of X before round t, as in line 4 of Algorithm 1. Because X does not occur strictly
between s and t, so

NX,dpt ´ 1q “ NX,dpsq, NX,dptq “ NX,dpsq ` 1tdt “ du. (44)

Algorithm 1 uses pys,dpXq: the empirical mean formed from all rounds up to and including s.

To formalize the ϵt-greedy step (11), let Zt be an exploration indicator drawn at round t after Xt is revealed, with
Zt „ Bernoullipϵtq independent of the pre-decision history. Define

Ft´1 :“ σ
`

X1, Z1, d1, Y1, . . . , Xt´1, Zt´1, dt´1, Yt´1, Xt

˘

,

6Not to be confused with the fairness slack terms bpjq

t pπq, j P t1, 2, 3u, in the definition of pΠf
Xt

.
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the history through round t ´ 1 together with the context revealed at round t; thus Zt is independent of Ft´1.

By construction, πXt
and rπXt

are Ft´1-measurable, while nXt,dptq, btpXtq, rytpXtq and rℓtpXtq depend on dt through (44)
and are only Ft-measurable. The decision satisfies Ppdt “ d | Ft´1, Ztq “ Ztπ0pdq ` p1 ´ ZtqπXt

pdq by Zt P t0, 1u.
Then we have,

P
`

dt “ d
ˇ

ˇ Ft´1

˘

“ ErZtπ0pdq ` p1 ´ ZtqπXt
pdqs “ p1 ´ ϵtqπXt

pdq ` ϵt π0pdq “ rπXt
pdq, d P D. (45)

Because the occurrence count TX of a context X is itself random and the Azuma–Hoeffding inequality (Lemma 2) is stated
for a fixed number of increments, instead we define the two martingale events, that is, for every round t P rT s,

ξt :“
@

rπXt
, bt´1pXtq

D

´ bt´1,dt
pXtq, St :“

@

rπXt
, µpXtq

D

´ µdt
pXtq, (46)

(46) will be used in parts (iii) and (iv).

Both sequences in (46) are martingale differences with respect to tFtu
T
t“1. Instead bt´1pXtq, µpXtq and rπXt

are Ft´1-
measurable, so the only randomness in ξt and St given Ft´1 is the draw of dt, and by (45)

E
“

bt´1,dt
pXtq

ˇ

ˇFt´1

‰

“
@

rπXt
, bt´1pXtq

D

, E
“

µdt
pXtq

ˇ

ˇFt´1

‰

“
@

rπXt
, µpXtq

D

. (47)

Then, by Equations (46) and (47), we have,

Erξt | Ft´1s “ ErSt | Ft´1s “ 0.

Also, we have,

|ξt| ď B, |St| ď 1, t P rT s. (48)

Regret decomposition. Fix a context X P X with occurrence times t1 ă ¨ ¨ ¨ ă tTX
, and let πX P

ŞTX

i“1
pΠf
Xti

be an
arbitrary comparator. For each i P rTX s, we have,

@

πX , µpXq
D

´ µdti
pXq “

@

πX , µpXq ´ rytipXq
D

looooooooooooomooooooooooooon

optimism

`
@

πXti
´ πX , rℓtipXq

D

loooooooooooomoooooooooooon

OMD

`

@

πXti
, rytipXq ´ µpXq

D

loooooooooooooomoooooooooooooon

estimation

`
@

πXti
, µpXq

D

´ µdti
pXq

loooooooooooooomoooooooooooooon

sampling

. (49)

Where (49) follows by xπX ´ πXti
, rytipXqy “ xπXti

´ πX , rℓtipXqy.

Part (ii): the OMD term.

We first show that the estimated fair policy set pΠf
Xt

is a convex set for any fixed context Xt “ X P X . Let TX “
řT

t“1 1tXt “ Xu. The simplex Π is the set of all probability distributions over decisions in D, i.e.,

Π “

!

π P R|D| : πpdq ě 0 @d,
ÿ

dPD
πpdq “ 1

)

,

therefore Π is a convex set by definition (closed under convex combinations) and each element inside it corresponds to a
probability distribution (policy). For the estimated fair policy set pΠf

Xt
, we have that:

pΠf
Xt

Ð

!

π P Π : xπ,
ˇ

ˇ

ÿ

m,w

ppya1
t,d,m,w ´ pyat,d,m,wqPpm|at, wqPpw|atq

ˇ

ˇy ´
ÿ

jPt1,2,3u

b
pjq

t pπq ď c1

)

č

!

π P Π : xπ,
ˇ

ˇ

ÿ

m,w

pya1
t,d,m,wpPpm|at, wq ´ Ppm|a1

t, wqqPpw|atq
ˇ

ˇy ´
ÿ

jPt1,2,3u

b
pjq

t pπq ď c2

)

č

␣

π P Π : xπ,
ˇ

ˇ

ÿ

m,w

pya1
t,d,m,w Ppm|at, wqpPpw|a1

tq ´ Ppw|atqq
ˇ

ˇy ´
ÿ

jPt1,2,3u

b
pjq

t pπq ď c3

)

,
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where pyat,d,m,w and pya1
t,d,m,w denote the empirical mean rewards for decision d P D evaluated for contexts tat,m,wu and

ta1
t,m,wu at round t. Since

ř

jPt1,2,3u b
pjq

t pπq is linear in π (see Proposition 3), therefore, the estimated feasible policy

space pΠf
Xt

Ď Π is a convex polytope cut out by three affine inequalities over probability distribution π. pΠf
Xt

is non-empty
by Assumption 1 and Proposition 3. Let us define the negative entropy (“mirror map”) (Bernasconi et al., 2024) for an
(unnormalized) probability distribution π P R|D|

ą0 as:

Ψpπq “
ÿ

dPD
πpdqplog πpdq ´ 1q. (50)

Since the above function Ψ is convex and differentiable over π, we define the Bregman divergence between two probability
distributions π1, π2 P R|D|

ą0

BΨpπ1||π2q “ Ψpπ1q ´

”

Ψpπ2q ` ∇Ψpπ2q⊺pπ1 ´ π2q

ı

. (51)

Geometrically, this is the gap between the value Ψpπ1q and the first-order approximation of Ψpπ1q around the point π2 (base
point). When taking the gradient with respect to the first argument, we have

r∇π1BΨpπ1 }π2qsd “ log π1pdq ´ log π2pdq “ log
π1pdq

π2pdq
, d P D. (52)

By (51), for any π1 P R|D|

ą0 and any π2, π3 P R|D|

ą0 (the latter two need not be normalized, since ∇Ψ is evaluated there), we
have the following property (Hazan, 2016),

BΨpπ1||π2q ` BΨpπ2||π3q ´ BΨpπ1||π3q “ pπ1 ´ π2q⊺p∇Ψpπ3q ´ ∇Ψpπ2qq. (53)

Moreover, for a given π̄ P R|D|

ą0 , define πmin “ argminπPpΠf
Xt

BΨpπ||π̄q. Then,

0 ď BΨpπ4||πminq ď BΨpπ4||πminq ` BΨpπmin||π̄q ď BΨpπ4||π̄q, @π4 P pΠf
Xt

. (54)

where (54) holds since BΨpπmin||π̄q ě 0 and

BΨpπ4||πminq ` BΨpπmin||π̄q ´ BΨpπ4||π̄q “ pπ4 ´ πminq⊺p∇Ψpπ̄q ´ ∇Ψpπminqq (55)
ď 0. (56)

Where (55) follows by (51); as for (56) since both pΠf
Xt

and Ψ are convex over policy vector, then the first order optimality
condition of the optimization problem πmin “ argminπPpΠf

Xt

BΨpπ||π̄q gives us that

x∇BΨpπmin||π̄q, π ´ πminy ě 0, @π P pΠf
Xt

.

and since ∇BΨpπmin||π̄q “ ∇Ψpπminq ´ ∇Ψpπ̄q, then we have

pπ ´ πminq⊺p∇Ψpπ̄q ´ ∇Ψpπminqq ď 0, @π P pΠf
Xt

.

because π4 P pΠf
Xt

by (54), then (56) holds.

For notational simplicity, we suppress time indices when they are clear from context. In particular, πXs denotes the policy
associated with context Xs at round s, and rℓspXq denotes the corresponding optimistic loss vector at round s.

For convenience, we work with losses rather than rewards. Define rℓtpXq “ 1 ´ rytpXq as the optimistic empirical expected
loss vector for all the decisions d P D and rℓt,dtpXq “ 1 ´ ryt,dtpXq is the optimistic empirical expected loss for the given
decision dt. For a given time step t, let s :“ maxptu ă t : Xu “ Xtu Y t0uq be the most recent round prior to time t at
which the same context Xt occurred, with the conventions πX0

“ π0 and pΠf
X0

“ Π at a first occurrence by Algorithm 1.
Here s is a random index. We have the following online mirror update:

pπXt Ð arg min
πPR|D|

ą0

”

β
A

rℓspXq, π
E

` BΨ pπ}πXs
q

ı

. (57)
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The gradient of the mirror map ∇πΨpπq “ ∇π

“
ř

dPD πpdqplog πpdq ´ 1q
‰

“ logpπq, which takes a natural log of each
coordinate of the discrete distribution π, i.e., plogpπpdqqq|dPD. We can find the closed-form solution of (57) and obtain the
following (by taking the derivative of (57)),

log pπXt
“ log πXs

´ βrℓspXq. (58)

Exponentiating (58), we then get the update (9) in Algorithm 1.

For each context X P X , we denote the round indices when Xt “ X as tt1, . . . , tTX
u.

Consider any πX P
ŞTX

i“1
pΠf
Xti

7. Then, by (58) and (53) with π1 “ πX , π2 “

πXs
poutput optimistically fair policy from (10)q, π3 “ pπXt

(output unnormalized policy from (9)), we have the
following:

BΨpπX ||πXs
q ` BΨpπXs

||pπXt
q ´ BΨpπX ||pπXt

q “ pπX ´ πXs
q⊺p∇ΨppπXt

q ´ ∇ΨpπXs
qq

“ β ¨ pπXs
´ πXq⊺rℓspXq. (59)

Next, we are going to establish an upper bound on βpπXs
´ πXq⊺rℓspXq in (59) over TX .

For notational convenience, in the rest of the proof of part (ii), let t1, t2, ..., tTX
be the times that context X has been

observed by the learner in T rounds. TX is the total number of occurrence of context X over T rounds. Define pπXtTX`1
as

the unprojected OMD iterate obtained after processing the last occurrence tTX
, namely,

pπXtTX`1
pdq “ πXtTX

pdq exp
´

´β rℓtTX
,dpXq

¯

, d P D.

Here, tTX`1 is a dummy index used only to label this final intermediate iterate; it is not an additional round or occurrence of
context X .

β
TX
ÿ

i“1

pπXti
´ πXq⊺ rℓtipXq

“

TX
ÿ

i“1

”

BΨpπX ||πXti
q ` BΨpπXti

||pπXti`1
q ´ BΨpπX ||pπXti`1

q

ı

(60)

“ BΨpπX ||πXt1
q ´ BΨpπX ||pπXtTX`1

q `

TX
ÿ

i“2

“

BΨpπX ||πXti
q ´ BΨpπX ||pπXti

q
‰

`

TX
ÿ

i“1

BΨpπXti
||pπXti`1

q (61)

ď BΨpπX ||πXt1
q `

TX
ÿ

i“1

BΨpπXti
||pπXti`1

q, (62)

where (60) follows by (59); (61) rewrites the technical terms; (62) holds since πX P
ŞTX

i“1
pΠf
Xti

and by (54), we have, for
every i ě 2,

BΨpπX ||πXti
q ď BΨpπX ||πXti

q ` BΨpπXti
||pπXti

q ď BΨpπX ||pπXti
q.

where πXti
“ argminπPpΠf

Xti´1

BΨpπ||pπXti
q from the Bregman projection step.

To bound βpπXs
´ πXq⊺rℓspXq in (59), we need to further analyze term BΨpπXti

||pπXti`1
q in (62),

BΨpπXti
||pπXti`1

q ď BΨpπXti
||pπXti`1

q ` BΨppπXti`1
||πXti

q (63)

“ xπXti
´ pπXti`1

, ∇ΨpπXti
q ´ ∇ΨppπXti`1

qy (64)

“ β ¨ xπXti
´ pπXti`1

, rℓtipXqy (65)

“ β
ÿ

dPD
πXti

pdq

´

1 ´ e´βrℓti,dpXq
¯

rℓti,dpXq (66)

7This is a nonempty set w.h.p. by Proposition 3.
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ď β2
ÿ

dPD
πXti

pdq rℓti,dpXq2 ď β2, (67)

where (63) follows by BΨppπXti`1
||πXti

q ě 0; (64) follows by the definition of Bregman divergence from (51); (65) is be-

cause ∇ΨpπXti
q´∇ΨppπXti`1

q “ logpπXti
q´ logppπXti`1

q “ βrℓtipXq; (66) substitutes pπXti`1
pdq “ πXti

pdqe´βrℓti,dpXq;

and (67) uses 1 ´ e´x ď x for x ě 0 (valid since rℓti,dpXq ě 0), followed by rℓti,dpXq ď 1 and
ř

d πXti
pdq “ 1.

For the first occurrence of context X we have s “ 0, so the conventions πX0
“ π0 and pΠf

X0
“ Π apply. Since no reward

has yet been observed at X , every count Nat1 ,d,mt1 ,wt1
p0q is zero and the optimistic estimate returns ry0,dpXq “ 1 for all

d P D, hence rℓ0pXq “ 0. The mirror step (9) therefore returns pπXt1
“ π0, and the Bregman projection (10) of π0 returns

π0 itself; both operations are the identity at t1, so πXt1
“ π0. Then, we have,

BΨ

`

πX } πXt1

˘

“ BΨ

`

πX } π0

˘

ď log |D|. (68)

Thus by (62), (67), and (68), we have

TX
ÿ

i“1

pπXti
´ πXq⊺ rℓtipXq ď

1

β
¨

”

BΨpπX ||πXt1
q `

TX
ÿ

i“1

BΨpπXti
||pπXti`1

q

ı

ď
1

β

”

logp|D|q ` TX β2
ı

“
logp|D|q

β
` β TX . (69)

Then, we have,

ÿ

XPX

„

log |D|

β
` β TX

ȷ

ď
|X | logp2|D|q

β
` β T,

Select β “
a

|X | logp2|D|q{T , then we have,

ÿ

XPX

TX
ÿ

i“1

pπXti
´ πXq⊺ rℓtipXq ď 2

a

T |X | logp2|D|q. (70)

Part (iii): concentration and the estimation term.

Fix X P X , d P D and a deterministic k P rT s, and let pyd,kpXq denote the average of the first k rewards collected at the pair
pX, dq; these are i.i.d. with mean µdpXq and range r0, 1s. Applying Lemma 1, we have

P
´

ˇ

ˇ

pyd,kpXq ´ µdpXq
ˇ

ˇ ě ϵ
¯

ď 2 exp
`

´ 2kϵ2
˘

(71)

“ δ. (72)

where (72) follows by ϵ “

b

logp2{δq

2k .

Applying a union bound over X P X , d P D and k P rT s, therefore, yields that with probability at least 1 ´ T |X ||D|δ,

ˇ

ˇ

pyd,kpXq ´ µdpXq
ˇ

ˇ ď

c

logp2{δq

2k
, @X P X , d P D, k P rT s. (73)

At round t the algorithm has the realized count k “ NX,dptq, and nX,dptq “ k whenever k ě 1; since (73) holds
simultaneously for all k, then

ryt,dpXq “ min
␣

1, pyt,dpXq ` bt,dpXq
(

(74)
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ě min
␣

1, µdpXq
(

“ µdpXq, (75)

and

ryt,dpXq ď pyt,dpXq ` bt,dpXq (76)
ď µdpXq ` 2 bt,dpXq, (77)

while for NX,dptq “ 0, where ryt,dpXq “ 1 and bt,dpXq “ B,

µdpXq ď 1 “ ryt,dpXq ď µdpXq ` 2B. (78)

In both cases,

µdpXq ď ryt,dpXq ď µdpXq ` 2 bt,dpXq, @ t P rT s, X P X , d P D. (79)

Here (75) follows by (73) together with µdpXq ď 1; (77) follows by (73); and the last inequality of (78) holds since 2B ą 1.

Define NX,d :“
řT

τ“1 1tXτ “ X, dτ “ du, so that
ř

dPD NX,d “ TX and
ř

XPX
ř

dPD NX,d “ T . If t denotes the k-th
round at which d is chosen at context X , where 1 ď k ď NX,d, then NX,dptq “ k and nX,dpt ´ 1q “ maxt1, k ´ 1u.

For every N ě 2,

N
ÿ

k“1

1
a

maxt1, k ´ 1u
“ 1 `

N´1
ÿ

j“1

1
?
j

(80)

ď 1 `
`

2
?
N ´ 1 ´ 1

˘

(81)

“ 2
?
N ´ 1 ď 2

?
N,

where (80) isolates the k “ 1 term and reindexes j “ k ´ 1, and (81) uses the bound
řJ

j“1 j
´1{2 ď 2

?
J ´ 1, which holds

for J ě 1 and therefore requires N ě 2.

For N “ 1 the left-hand side equals 1 ď 2 “ 2
?
N directly, and for N “ 0 it is an empty sum; hence in all cases

N
ÿ

k“1

1
a

maxt1, k ´ 1u
ď 2

?
N, N ě 0. (82)

Therefore

T
ÿ

t“1

bt´1,dt
pXtq “ B

ÿ

XPX

ÿ

dPD

NX,d
ÿ

k“1

1
a

maxt1, k ´ 1u
(83)

ď 2B
ÿ

XPX

ÿ

dPD

a

NX,d (84)

ď 2B

d

|X ||D|
ÿ

X,d

NX,d (85)

“ 2B
a

|X ||D|T , (86)

where (83) groups the rounds by context and decision and uses bt´1,dpXq “ B{
a

nX,dpt ´ 1q; (84) follows by (82); and
(85) is Cauchy–Schwarz inequality.

Now, we are going to bound policy-weighted estimation error. Set Rπ
estpXq :“

řTX

i“1

@

πXti
, rytipXq ´ µpXq

D

. Since
πXti

´ rπXti
“ ϵtipπXti

´ π0q by (11), we have,
@

πXti
´ rπXti

, bti´1pXq
D

“ ϵti
@

πXti
´ π0, bti´1pXq

D

(87)

ď ϵti
›

›πXti
´ π0

›

›

1

›

›bti´1pXq
›

›

8
(88)

ď 2ϵtiB. (89)
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Where (88) is Hölder’s inequality; (89) uses }πXti
´ π0}1 ď 2 and }bti´1pXq}8 ď B. Hence, we have,

Rπ
estpXq “

TX
ÿ

i“1

@

πXti
, rytipXq ´ µpXq

D

ď 2
TX
ÿ

i“1

@

πXti
, btipXq

D

(90)

ď 2
TX
ÿ

i“1

@

πXti
, bti´1pXq

D

(91)

ď 2
TX
ÿ

i“1

@

rπXti
, bti´1pXq

D

` 4B
TX
ÿ

i“1

ϵti (92)

“ 2
TX
ÿ

i“1

bti´1,dti
pXq ` 2

TX
ÿ

i“1

ξti ` 4B
TX
ÿ

i“1

ϵti . (93)

Where (90) follows by (79); (91) holds because the counts are nondecreasing, nX,dpti ´ 1q ď nX,dptiq, hence bti,dpXq ď

bti´1,dpXq, and bti´1pXq is Fti´1-measurable; (92) follows by (89); and (93) adds and subtracts the realized bonus
bti´1,dti

pXq, and recalling the definition (46) of ξt.

Part (iv): the sampling term.

Define RsampXq :“
řTX

i“1rxπXti
, µpXqy ´ µdti

pXqs and the definition (46) of St,
@

πXti
, µpXq

D

´ µdti
pXq “

@

πXti
´ rπXti

, µpXq
D

` Sti ď 2ϵti ` Sti ,

by the inequality (89) with }µpXq}8 ď 1. Hence

RsampXq ď

TX
ÿ

i“1

Sti ` 2
TX
ÿ

i“1

ϵti . (94)

Part (v): assembling the bound.

We first look at one context. Summing (49) over i P rTX s and by (79), (69), (93) and (94), we have,

TX
ÿ

i“1

”

@

πX , µpXq
D

´ µdti
pXq

ı

ď

„

log |D|

β
` β TX

ȷ

` 2
TX
ÿ

i“1

bti´1,dti
pXq

` 2
TX
ÿ

i“1

ξti `

TX
ÿ

i“1

Sti ` p4B ` 2q

TX
ÿ

i“1

ϵti , (95)

Then we sum over all the contexts. The occurrence times of distinct contexts partition rT s, so the per-context sums in (95)
reassemble into sums over t P rT s. Then by (70) and (86), we have,

T
ÿ

t“1

”

max
πPΠf

X

xπ, µpXtqy ´ µdt
pXtq

ı

ď 2
a

T |X | logp2|D|q ` 4B
a

|X ||D|T

` 2
T
ÿ

t“1

ξt `

T
ÿ

t“1

St ` p4B ` 2q

T
ÿ

t“1

ϵt. (96)

Where (96) follows by Πf
X Ď pΠf

Xt
in Proposition 3 w.p. at least 1 ´ T |X ||D|δ.

By (46) and (48), tξtu
T
t“1 and tStu

T
t“1 are martingale difference sequences with respect to tFtu

T
t“1 with |ξt| ď B and

|St| ď 1, over the horizon T . By Lemma 2, we have,

T
ÿ

t“1

ξt ď B
a

2T logp1{δq “
a

T logp1{δq logp2{δq, (97)
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T
ÿ

t“1

St ď
a

2T logp1{δq, (98)

holds with probability at least 1 ´ δ.

And also, we have,

T
ÿ

t“1

t´ω ď 1 ` T 1´ω{p1 ´ ωq. (99)

Then by Equations (96) to (99), with probability at least 1 ´ 3T |X ||D|δ, we have,

T
ÿ

t“1

”

@

π˚
Xt

, µpXtq
D

´ µdt
pXtq

ı

ď 10
a

T |X ||D| logp2{δq logp2|D|{δq ` 8B
´

1 ` T 1´ω

1´ω

¯

“ rO
´

a

T |X ||D| logp2{δq logp2|D|{δq ` T 1´ω
¯

. (100)

Which finishes the proof. ■

E.2. Constraint Violations Guarantee

In this section we next prove the upper bounds for the cumulative constraint violations. We begin with the proof of
Proposition 3 that the true feasible set remains within the estimated feasible set with high probability.

Proposition 3. Given a δ ą 0 and define probability kernels Pp1q
at pm,wq “ Ppm|at, wqPpw|atq, Pp2q

at pm,wq “

Ppm|a1
t, wqPpw|atq, Pp3q

at pm,wq “ Ppm|a1
t, wqPpw|a1

tq on M ˆ W w.r.t. the factual and counterfactual attribute at, a
1
t.

Let bpiq
t pπq “ E

pm,wq„Ppiq
at ,d„π

´

c

logp2{δq

2na1
t,d,m,wptq `

b

logp2{δq

2nat,d,m,wptq

¯

such that with probability at least 1´T |A||D||M||W|δ,

for all t P rT s, i P t1, 2, 3u, π P Π we have:

Ed„π

”

ˇ

ˇ p∆
piq
d pXtq

ˇ

ˇ ´
ˇ

ˇ∆
piq
d pXtq

ˇ

ˇ

ı

ď
ÿ

jPt1,2,3u

b
pjq

t pπq.

Then it holds Πf
Xt

Ď pΠf
Xt

with probability at least 1 ´ T |A||D||M||W|δ for all t P rT s.

Proof. We first observe that the probability kernels Pp2q
at are valid distributions on M ˆ W (Pp1q

at and Pp3q
at trivially is).

ÿ

pm,wqPM,W

Pp2q
at

pm,wq “
ÿ

pm,wqPM,W

Ppm|a1
t, wqPpw|atq

“
ÿ

wPW
Ppw|atq

ÿ

mPM
Ppm|a1

t, wq

“
ÿ

wPW
Ppw|atq “ 1

For any π P Π, we then rewrite the constraints as:

Ed„π

ˇ

ˇ

ˇ
∆

p1q

d pXtq

ˇ

ˇ

ˇ
´ c1 “ Ed„π

ˇ

ˇ

ˇ

ÿ

m,w

`

ErYt|a
1
t, d,m,ws ´ ErYt|at, d,m,ws

˘

Ppm|at, wqPpw|atq
ˇ

ˇ

ˇ
´ c1

“ Ed„π

ˇ

ˇ

ˇ
Epm,wq„P1

at

”

ErYt|a
1
t, d,m,ws ´ ErYt|at, d,m,ws

ı
ˇ

ˇ

ˇ
´ c1 (101)

Ed„π

ˇ

ˇ

ˇ
∆

p2q

d pXtq

ˇ

ˇ

ˇ
´ c2 “ Ed„π

ˇ

ˇ

ˇ

ÿ

m,w

ErYt|a
1
t, d,m,ws

`

Ppm|at, wq ´ Ppm|a1
t, wq

˘

Ppw|atq
ˇ

ˇ

ˇ
´ c2

“ Ed„π

ˇ

ˇ

ˇ
Epm,wq„P1

at
ErYt|a

1
t, d,m,ws ´ Epm,wq„P2

at
ErYt|a

1
t, d,m,ws

ˇ

ˇ

ˇ
´ c2 (102)
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Ed„π

ˇ

ˇ

ˇ
∆

p3q

d pXtq

ˇ

ˇ

ˇ
´ c3 “ Ed„π

ˇ

ˇ

ˇ

ÿ

m,w

ErYt|a
1
t, d,m,ws Ppm|a1

t, wq
`

Ppw|atq ´ Ppw|a1
tq
˘

ˇ

ˇ

ˇ
´ c3

“ Ed„π

ˇ

ˇ

ˇ
Epm,wq„P3

at
ErYt|a

1
t, d,m,ws ´ Epm,wq„P2

at
ErYt|a

1
t, d,m,ws

ˇ

ˇ

ˇ
´ c3. (103)

Here ErYt|a
1
t, d,m,ws and ErYt|at, d,m,ws denote the true mean rewards for decision d P D with contexts ta1

t,m,wu and
tat,m,wu respectively; we also recall that the counterfactual fairness thresholds are bounded ci P r0, 1s, i P t1, 2, 3u so for
each difference Ed„π

ˇ

ˇ

ˇ
∆

piq
d pXtq

ˇ

ˇ

ˇ
´ ci P r´1, 1s.

The true feasible policy set Πf
Xt

is:

Πf
Xt

“

!

π P Π : Ed„π

ˇ

ˇ

ˇ
∆

p1q

d pXtq

ˇ

ˇ

ˇ
ď c1

)

č

!

π P Π : Ed„π

ˇ

ˇ

ˇ
∆

p2q

d pXtq

ˇ

ˇ

ˇ
ď c2

)

č

!

π P Π : Ed„π

ˇ

ˇ

ˇ
∆

p3q

d pXtq

ˇ

ˇ

ˇ
ď c3

)

. (104)

The optimistic estimated feasible policy set pΠf
Xt

is:

pΠf
Xt

“

!

π P Π : Ed„π

ˇ

ˇ

ˇ

p∆
p1q

d pXtq

ˇ

ˇ

ˇ
´

ÿ

jPt1,2,3u

b
pjq

t pπq ď c1

)

č

!

π P Π : Ed„π

ˇ

ˇ

ˇ

p∆
p2q

d pXtq

ˇ

ˇ

ˇ
´

ÿ

jPt1,2,3u

b
pjq

t pπq ď c2

)

č

!

π P Π : Ed„π

ˇ

ˇ

ˇ

p∆
p3q

d pXtq

ˇ

ˇ

ˇ
´

ÿ

jPt1,2,3u

b
pjq

t pπq ď c3

)

.

We first show that Ed„π

“

|p∆
piq
d pXtq| ´ |∆

piq
d pXtq|

‰

ď
ř

jPt1,2,3u b
pjq

t pπq for all t P rT s, i P t1, 2, 3u, π P Π; then we show
that all fair policies are in the optimistic estimated feasible policy set with probability at least 1 ´ T |A||D||M||W|δ as
promised.

For any t P rT s and context Xt P X , consider any fair policy π P Πf
Xt

. For each i P t1, 2, 3u, consider the estimated
counterfactual fairness:

Ed„π

ˇ

ˇ p∆
piq
d pXtq

ˇ

ˇ “ Ed„π

ˇ

ˇ p∆
piq
d pXtq

ˇ

ˇ ´ Ed„π

ˇ

ˇ∆
piq
d pXtq

ˇ

ˇ ` Ed„π

ˇ

ˇ∆
piq
d pXtq

ˇ

ˇ (105)

ď Ed„π

ˇ

ˇ p∆
piq
d pXtq

ˇ

ˇ ´ Ed„π

ˇ

ˇ∆
piq
d pXtq

ˇ

ˇ ` ci (106)

“ Ed„π

”

ˇ

ˇ p∆
piq
d pXtq

ˇ

ˇ ´
ˇ

ˇ∆
piq
d pXtq

ˇ

ˇ

ı

` ci, (107)

where (105) adds and subtracts the expected value and (106) follows by (104), i.e., Ed„π

ˇ

ˇ∆
piq
d pXtq

ˇ

ˇ ď ci. Now, we are
going to analyze Ed„π

“

|p∆
piq
d pXtq| ´ |∆

piq
d pXtq|

‰

.

Case i “ 1, Ctf-DE : We have

Ed„π

”

ˇ

ˇ p∆
p1q

d pXtq
ˇ

ˇ ´
ˇ

ˇ∆
p1q

d pXtq
ˇ

ˇ

ı

“ Ed„π

ˇ

ˇ

ˇ

ÿ

pm,wqPpM,Wq

`

pya1
t,d,w,m ´ pyat,d,w,m

˘

Ppm|at, wqPpw|atq
ˇ

ˇ

ˇ

´ Ed„π

ˇ

ˇ

ˇ

ÿ

pm,wqPpM,Wq

`

ErYt|a
1
t, d, w,ms ´ ErYt|at, d, w,ms

˘

Ppm|at, wqPpw|atq
ˇ

ˇ

ˇ
(108)

ď Ed„π

ˇ

ˇ

ˇ

ÿ

pm,wqPpM,Wq

`

ErYt|a
1
t, d, w,ms ´ ErYt|at, d, w,ms

˘

Ppm|at, wqPpw|atq

´
ÿ

pm,wqPpM,Wq

`

pya1
t,d,w,m ´ pyat,d,w,m

˘

Ppm|at, wqPpw|atq
ˇ

ˇ

ˇ
(109)

ď E
pm,wq„Pp1q

at

Ed„π

ˇ

ˇ

ˇ
ErYt|a

1
t, d, w,ms ´ ErYt|at, d, w,ms ´ pya1

t,d,w,m ` pyat,d,w,m

ˇ

ˇ

ˇ
(110)

ď E
pm,wq„Pp1q

at

Ed„π

”
ˇ

ˇ

ˇ
pyat,d,w,m ´ ErYt|at, d, w,ms

ˇ

ˇ

ˇ
`

ˇ

ˇ

ˇ
ErYt|a

1
t, d, w,ms ´ pya1

t,d,w,m

ˇ

ˇ

ˇ

ı

(111)
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ď E
pm,wq„Pp1q

at

Ed„π

´

d

logp2{δq

2na1
t,d,m,wptq

`

d

logp2{δq

2nat,d,m,wptq

¯

(112)

ď b
p1q

t pπq, (113)

where (108) follows by Equations (6) and (101); (109) is by the triangle inequality, i.e., |x| ´ |y| ď |x ´ y|, @x, y P R;
(110) uses the probability kernel Pp1q

at pm,wq “ Ppm|at, wqPpw|atq and moves the expectation outside of absolute value;
(111) rearranges and uses the triangle inequality; (112) is the bound on the estimation error follows by Hoeffding’s inequality
of Lemma 1, in which it is which holds with probability at least 1 ´ T |X ||D|δ; and (113) holds by the definition of
b

piq
t pπq, i P t1, 2, 3u.

Case i “ 2, Ctf-IE: We have

Ed„π

”

ˇ

ˇ p∆
p2q

d pXtq
ˇ

ˇ ´
ˇ

ˇ∆
p2q

d pXtq
ˇ

ˇ

ı

“ Ed„π

ˇ

ˇ

ˇ

ÿ

pm,wqPpM,Wq

pya1
t,d,w,m

`

Ppm|at, wq ´ Ppm|a1
t, wq

˘

Ppw|atq
ˇ

ˇ

ˇ
´

Ed„π

ˇ

ˇ

ˇ

ÿ

pm,wqPpM,Wq

ErYt|a
1
t, d, w,ms

`

Ppm|at, wq ´ Ppm|a1
t, wq

˘

Ppw|atq
ˇ

ˇ

ˇ
(114)

ď Ed„π

ˇ

ˇ

ˇ

ÿ

pm,wqPpM,Wq

ErYt|a
1
t, d, w,ms

`

Ppm|at, wq ´ Ppm|a1
t, wq

˘

Ppw|atq ´

ÿ

pm,wqPpM,Wq

pya1
t,d,w,m

`

Ppm|at, wq ´ Ppm|a1
t, wq

˘

Ppw|atq
ˇ

ˇ

ˇ
(115)

ď E
pm,wq„Pp2q

at

Ed„π

ˇ

ˇ

ˇ
ErYt|a

1
t, d, w,ms ´ pya1

t,d,w,m

ˇ

ˇ

ˇ
` E

pm,wq„Pp1q
at

Ed„π

ˇ

ˇ

ˇ
ErYt|a

1
t, d, w,ms ´ pya1

t,d,w,m

ˇ

ˇ

ˇ
(116)

ď E
pm,wq„Pp2q

at

Ed„π

d

logp2{δq

2na1
t,d,m,wptq

` E
pm,wq„Pp1q

at

Ed„π

d

logp2{δq

2na1
t,d,m,wptq

(117)

ď
ÿ

jPt1,2u

b
pjq

t pπq. (118)

Where (114) follows by Equations (7) and (102); (115) is by the triangle inequality; (116) is to rewrite the technical terms in
expectation using probability kernel Pp2q

at pm,wq “ Ppm|a1
t, wqPpw|atq and move the expectation outside of absolute value;

(117) comes from Lemma 1, and holds with probability at least 1 ´ T |A||D||M||W|δ.

Case i “ 3, Ctf-SE: We have

Ed„π

”

ˇ

ˇ p∆
p3q

d pXtq
ˇ

ˇ ´
ˇ

ˇ∆
p3q

d pXtq
ˇ

ˇ

ı

“ Ed„π

ˇ

ˇ

ˇ

ÿ

pm,wqPpM,Wq

pya1
t,d,w,m Ppm|a1

t, wq
`

Ppw|atq ´ Ppw|a1
tq
˘

ˇ

ˇ

ˇ
´

Ed„π

ˇ

ˇ

ˇ

ÿ

pm,wqPpM,Wq

ErYt|a
1
t, d, w,msPpm|a1

t, wq
`

Ppw|atq ´ Ppw|a1
tq
˘

ˇ

ˇ

ˇ
(119)

ď Ed„π

ˇ

ˇ

ˇ

ÿ

pm,wqPpM,Wq

ErYt|a
1
t, d, w,ms Ppm|a1

t, wq
`

Ppw|atq ´ Ppw|a1
tq
˘

´
ÿ

pm,wqPpM,Wq

pya1
t,d,w,m Ppm|a1

t, wq
`

Ppw|atq ´ Ppw|a1
tq
˘

ˇ

ˇ

ˇ
(120)

ď E
pm,wq„Pp3q

at

Ed„π

ˇ

ˇ

ˇ
ErYt|a

1
t, d, w,ms ´ pya1

t,d,w,m

ˇ

ˇ

ˇ
` E

pm,wq„Pp2q
at

Ed„π

ˇ

ˇ

ˇ
ErYt|a

1
t, d, w,ms ´ pya1

t,d,w,m

ˇ

ˇ

ˇ
(121)
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ď E
pm,wq„Pp3q

at

Ed„π

d

logp2{δq

2na1
t,d,m,wptq

` E
pm,wq„Pp2q

at

Ed„π

d

logp2{δq

2na1
t,d,m,wptq

(122)

ď
ÿ

jPt2,3u

b
pjq

t pπq. (123)

Where (119) follows by Equations (8) and (103); (120) is by the triangle inequality; (121) is to rewrite the technical terms in
expectation using probability kernel Pp3q

at pm,wq “ Ppm|a1
t, wqPpw|a1

tq and move the expectation outside of absolute value;
(122) comes from Lemma 1, and holds with probability at least 1 ´ T |A||D||M||W|δ.

Therefore, by Equations (107), (113), (118) and (123), we have

Ed„π

ˇ

ˇ p∆
piq
d pXtq

ˇ

ˇ ď Ed„π

”

ˇ

ˇ p∆
piq
d pXtq

ˇ

ˇ ´
ˇ

ˇ∆
piq
d pXtq

ˇ

ˇ

ı

` ci

ď
ÿ

jPt1,2,3u

b
pjq

t pπq ` ci,

holds @i P t1, 2, 3u, in which, by construction of the estimated feasible policy set: pΠf
Xt

“
Ş3

i“1

␣

π P Π : Ed„π

ˇ

ˇ p∆
piq
d pXtq

ˇ

ˇ´
ř

jPt1,2,3u b
pjq

t pπqy ď ci
(

, proves that π P pΠf
Xt

, thus Πf
Xt

Ď pΠf
Xt

holds with probability at least 1 ´ T |A||D||M||W|δ for
all t P rT s. ■

Proposition 4. Select ϵt “ t´ω. Let D be finite domain of decisions. Consider the decisions are draw from policy
rπXt pXt “ pat, wt,mtqq output from Algorithm 1, define the number of counts:

Nd,a,m,wptq “

t
ÿ

s“1

1tpDs, As,Ms,Wsq “ pd, a,m,wqu, nd,a,m,wptq “ max
␣

1, Nd,a,m,wptq
(

. (124)

Under Assumption 2, for any a P A, d P D, w P W,m P M, the following results hold for Algorithm 1:

E
”

T
ÿ

t“1

d

1

na,d,w,mptq

ı

ď 2
?
2

d

|D|

γ1
T

1`ω
2 .

Proof. By the context coverage from Assumption 2, we know that every context in the context space shows up with
probability at least γ1 ą 0 for each round, that is,

P
“

pAt,Wt,Mtq “ pa,w,mq
ˇ

ˇFt´1s ě γ1, @pa,w,mq P pA,W,Mq, @t P rT s. (125)

Next we need to figure out how probable each decision d will be selected under context pa,w,mq. By Algorithm 1, the
decisions are draw from the output policy rπXt

pXt “ pa,w,mqq, and we have:

P
“

Dt “ d
ˇ

ˇAt “ a,Wt “ w,Mt “ m,Ft´1s “ rπXt
pdq

“ p1 ´ ϵtqπXt
pdq ` ϵtπ0pdq (126)

ě
ϵt

|D|
, (127)

where (126) follows by (11). Then by (125) and (127), @pd, a, w,mq P pD,A,W,Mq, @t P rT s, we have

P
“

pDt, At,Wt,Mtq “ pd, a, w,mq
ˇ

ˇFt´1s “ P
“

pAt,Wt,Mtq “ pa,w,mq
ˇ

ˇFt´1s ¨ P
“

Dt “ d
ˇ

ˇAt,Wt,Mt,Ft´1s

ě
γ1ϵt
|D|

, (128)

which implies any context-action pair (including the counterfactual one) is visited by the learner with probability at least
γ1ϵt
|D|

for Algorithm 1.

Fix any tuple pd, a,m,wq P D ˆ A ˆ M ˆ W . Recall that

nd,a,m,wptq “ max
!

1,
t
ÿ

s“1

1tpDs, As,Ms,Wsq “ pd, a,m,wqu

)

.
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By (128) and ϵs “ s´ω , we have

P
`

pDs, As,Ms,Wsq “ pd, a,m,wq | Fs´1

˘

ě
γ1ϵs
|D|

ě
γ1

|D|Tω
, @s P rT s.

Define

p :“
γ1

|D|Tω
, qs :“ P

`

pDs, As,Ms,Wsq “ pd, a,m,wq | Fs´1

˘

.

Then qs ě p almost surely for all s P rT s. We then use a standard coupling construction (see Definition 6) as a proof device.
By the randomization lemma for Bernoulli variables (Lemma 8), we may work on an enlarged probability space on which
there exist i.i.d. random variables

Z1, . . . , ZT „ Unifr0, 1s,

independent of the past filtration, such that

1tpDs, As,Ms,Wsq “ pd, a,m,wqu “ 1tZs ď qsu, s P rT s, almost surely.

Further define

Vs :“ 1tZs ď pu, s P rT s.

Then pVsqTs“1 are i.i.d. Bernoulli variables with probability p. Moreover, since qs ě p, we have

tZs ď pu Ď tZs ď qsu,

and hence distribution 1tpDs, As,Ms,Wsq “ pd, a,m,wqu stochastically dominates distribution Vs, i.e.,

Vs ď 1tpDs, As,Ms,Wsq “ pd, a,m,wqu, @s P rT s, almost surely.

Let St :“
řt

s“1 Vs, then St „ Binpt, pq and

St “

t
ÿ

s“1

Vs ď

t
ÿ

s“1

1tpDs, As,Ms,Wsq “ pd, a,m,wqu, @t P rT s, almost surely.

Therefore,

nd,a,m,wptq ě maxt1, Stu ě
1 ` St

2
, @t P rT s, almost surely, (129)

where the first inequality uses
ř

sďt 1t¨u ě St, and the second holds because maxt1, xu ě p1 ` xq{2 for every integer
x ě 0 (with equality at x “ 1).

Now, we can bound our results:

E

«

T
ÿ

t“1

d

1

nd,a,m,wptq

ff

ď
?
2

T
ÿ

t“1

E
„

c

1

1 ` St

ȷ

(130)

ď
?
2

T
ÿ

t“1

d

E
„

1

1 ` St

ȷ

(131)

“
?
2

T
ÿ

t“1

d

1 ´ p1 ´ pqt`1

ppt ` 1q
(132)

ď
?
2

T
ÿ

t“1

d

1

ppt ` 1q

ď
2
?
2T

?
p

(133)
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“ 2
?
2

d

|D|

γ1
T

1`ω
2 . (134)

Where (130) follows by (129); (131) holds because Jensen’s inequality and the square-root function is concave; (132)
follows since St „ Binpt, pq and

E
„

1

1 ` St

ȷ

“

t
ÿ

k“0

1

1 ` k

ˆ

t

k

˙

pkp1 ´ pqt´k

“

t
ÿ

k“0

1

ppt ` 1q

ˆ

t ` 1

k ` 1

˙

pk`1p1 ´ pqt´k

“
1

ppt ` 1q

t
ÿ

k“0

ˆ

t ` 1

k ` 1

˙

pk`1p1 ´ pqt´k

“
1

ppt ` 1q

t`1
ÿ

j“1

ˆ

t ` 1

j

˙

pjp1 ´ pqt`1´j

“
1

ppt ` 1q

«

t`1
ÿ

j“0

ˆ

t ` 1

j

˙

pjp1 ´ pqt`1´j ´ p1 ´ pqt`1

ff

“
1 ´ p1 ´ pqt`1

ppt ` 1q
;

(133) holds by
řT

t“1
1?
t`1

ď
řT

t“1
1?
t

ď 2
?
T ; and (134) is because p :“ γ1

|D|Tω . ■

Theorem 1 (Constraint Violations Upper Bound). Select ϵt “ t´ω .Let A,M,W,D be finite domain of protected attribute,
intermediate features, confounded features, and decisions. Under Assumptions 1 and 2, Algorithm 1 holds that:

V1pT q “ rO
´

|D|

d

|A| |M| |W|

γ1
T

1`ω
2 ` T 1´ω

¯

. (135)

Proof. We recall the cumulative constraints violations V1pT q:

V1pT q “ max
iPt1,2,3u

E
„ T
ÿ

t“1

Ed„rπXt

ˇ

ˇ∆
piq
d pXtq

ˇ

ˇ ´ ci

ȷ

. (136)

On the high-probability event in Proposition 3, for all t P rT s, i P t1, 2, 3u, and all policies π P Π, we could show the
following results as we did in Appendix E.2:

Ed„π

”

ˇ

ˇ∆
piq
d pXtq

ˇ

ˇ ´
ˇ

ˇ p∆
piq
d pXtq

ˇ

ˇ

ı

ď

3
ÿ

j“1

b
pjq

t pπq. (137)

For any i P t1, 2, 3u,

V
piq
1 pT q “ E

„ T
ÿ

t“1

”

Ed„rπXt

ˇ

ˇ∆
piq
d pXtq

ˇ

ˇ ´ ci

ı

ȷ

“ E
„ T
ÿ

t“1

Ed„rπXt

”

ˇ

ˇ∆
piq
d pXtq

ˇ

ˇ ´
ˇ

ˇ p∆
piq
d pXtq

ˇ

ˇ

ı

`

T
ÿ

t“1

”

Ed„rπXt

ˇ

ˇ p∆
piq
d pXtq

ˇ

ˇ ´ ci

ı

ȷ

(138)

Define the good event:

E “

"

@t P rT s, @a P A, d P D, m P M, w P W : |pya,d,m,wptq ´ E rYt | At “ a, Dt “ d, Mt “ m, Wt “ ws|
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ď

d

logp2{δq

2na,d,m,wptq

*

.

Then, by a union bound over all t, a, d,m,w (see Proposition 3), this event holds with probability at least

PpEq ě 1 ´ T |A||D||M||W|δ.

And the bad event is denoted as Ē . Then

E
„ T
ÿ

t“1

Ed„rπXt

”

ˇ

ˇ∆
piq
d pXtq

ˇ

ˇ ´
ˇ

ˇ p∆
piq
d pXtq

ˇ

ˇ

ı

ȷ

“ E
„ T
ÿ

t“1

Ed„rπXt

”

ˇ

ˇ∆
piq
d pXtq

ˇ

ˇ ´
ˇ

ˇ p∆
piq
d pXtq

ˇ

ˇ

ı
ˇ

ˇ

ˇ
E
ȷ

¨ PpEq ` E
„ T
ÿ

t“1

Ed„rπXt

”

ˇ

ˇ∆
piq
d pXtq

ˇ

ˇ ´
ˇ

ˇ p∆
piq
d pXtq

ˇ

ˇ

ı
ˇ

ˇ

ˇ
Ē
ȷ

¨ PpĒq (139)

ď E
„ T
ÿ

t“1

3
ÿ

j“1

b
pjq

t prπXtq

ˇ

ˇ

ˇ
E
ȷ

¨ PpEq ` E
„ T
ÿ

t“1

Ed„rπXt

”

ˇ

ˇ∆
piq
d pXtq

ˇ

ˇ ´
ˇ

ˇ p∆
piq
d pXtq

ˇ

ˇ

ı
ˇ

ˇ

ˇ
Ē
ȷ

¨ PpĒq (140)

ď E
„ T
ÿ

t“1

3
ÿ

j“1

b
pjq

t prπXt
q

ȷ

`

T
ÿ

t“1

PpĒq (141)

ď E
„ T
ÿ

t“1

3
ÿ

j“1

b
pjq

t prπXt
q

ȷ

` T 2|A||D||M||W|δ (142)

“ E
„ T
ÿ

t“1

3
ÿ

j“1

b
pjq

t prπXtq

ȷ

` 1, (143)

where (139) is from law of total expectation; (140) follows by (137) when the good event happens; (141) is because
PpEq ď 1,

ˇ

ˇ∆
piq
d pXtq

ˇ

ˇ ď 1,
ˇ

ˇ p∆
piq
d pXtq

ˇ

ˇ ď 1, @i P t1, 2, 3u; (142) follows by PpĒq ď T |A||D||M||W|δ; (143) comes
from δ “ 1

T 2|A||D||M||W|
.

Since rπXt is a mixture distribution, i.e., rπXt “ p1 ´ ϵtqπXt ` ϵtπ0. Then,

Ed„rπXt

ˇ

ˇ

ˇ

p∆
piq
d pXtq

ˇ

ˇ

ˇ
´ ci “ p1 ´ ϵtq

”

Ed„πXt

ˇ

ˇ

ˇ

p∆
piq
d pXtq

ˇ

ˇ

ˇ
´ ci

ı

` ϵt

”

Ed„π0

ˇ

ˇ

ˇ

p∆
piq
d pXtq

ˇ

ˇ

ˇ
´ ci

ı

.

ď

3
ÿ

j“1

b
pjq

t prπXt
q ` ϵt

”

Ed„π0

ˇ

ˇ

ˇ

p∆
piq
d pXtq

ˇ

ˇ

ˇ
´ ci

ı

(144)

ď

3
ÿ

j“1

b
pjq

t prπXtq ` ϵt, (145)

where (144) is by the definition of pΠf
Xt

.

Combining Equations (138), (143) and (145), we obtain

V
piq
1 pT q ď E

„

2
T
ÿ

t“1

3
ÿ

j“1

b
pjq

t prπXt
q `

T
ÿ

t“1

ϵt

ȷ

` 1

“ E
„

2
T
ÿ

t“1

3
ÿ

j“1

E
pm,wq„Ppjq

at , d„rπXt

”

d

logp2{δq

2na1
t,d,m,wptq

`

d

logp2{δq

2nat,d,m,wptq

ı

`

T
ÿ

t“1

ϵt

ȷ

` 1 (146)

To further bound the constraint violations, we need to analyze
řT

t“1 Epm,wq„Ppjq
at , d„rπXt

“

c

logp2{δq

2na1
t,d,m,wptq `

b

logp2{δq

2nat,d,m,wptq

‰

.

Taking
c

logp2{δq

2na1
t,d,m,wptq as a start, for each j P t1, 2, 3u,

E
„ T
ÿ

t“1

E
pm,wq„Ppjq

at , d„rπXt

d

1

na1
t,d,m,wptq

ȷ
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“ E
„ T
ÿ

t“1

ÿ

dPD

ÿ

mPM

ÿ

wPW
rπXtpdqPpjq

at
pm,wq

d

1

na1
t,d,m,wptq

ȷ

ď E
„ T
ÿ

t“1

d

ÿ

dPD

ÿ

mPM

ÿ

wPW
rπXt

pdqPpjq
at pm,wq

d

ÿ

dPD

ÿ

mPM

ÿ

wPW
rπXt

pdqPpjq
at pm,wq

1

na1
t,d,m,wptq

ȷ

(147)

“ E
„ T
ÿ

t“1

d

ÿ

dPD

ÿ

mPM

ÿ

wPW
rπXt

pdqPpjq
at pm,wq

1

na1
t,d,m,wptq

ȷ

(148)

“ E
„ T
ÿ

t“1

d

E
pm,wq„Ppjq

at , d„rπXt

1

na1
t,d,m,wptq

ȷ

ď E
„

g

f

f

eT
T
ÿ

t“1

E
pm,wq„Ppjq

at , d„rπXt

1

na1
t,d,m,wptq

ȷ

(149)

ď

g

f

f

eT E
”

T
ÿ

t“1

E
pm,wq„Ppjq

at , d„rπXt

1

na1
t,d,m,wptq

ı

(150)

ď

g

f

f

eT
ÿ

a,d,w,m

E
”

T
ÿ

t“1

1

na,d,m,wptq

ı

(151)

ď

g

f

f

eT |A||D||W||M|

T
ÿ

t“1

|D|Tω

γ1pt ` 1q
(152)

“ rO
´

|D|

d

|A| |M| |W|

γ1
T

1`ω
2

¯

, (153)

where (147) is by Cauchy-Schwarz inequality; (148) holds by
ř

dPD
ř

mPM
ř

wPW rπXt
pdqPpjq

at pm,wq “ 1; (149) comes
from Cauchy-Schwarz inequality across time; (150) follows by Jensen’s inequality and square root is concave; (151) is

by E
pm,wq„Ppjq

at , d„rπXt

„

1
na1

t,d,m,wptq

ȷ

“
ř

dPD
ř

mPM
ř

wPW rπXt
pdqPpjq

at pm,wq 1
na1

t,d,m,wptq ; (152) is from the coupling in

Proposition 4 (see (129)). The same steps apply for term
b

logp2{δq

2nat,d,m,wptq .

Since
řT

t“1 ϵt “ OpT 1´ωq, therefore, by Equations (136), (146) and (153), we have

V1pT q “ rO
´

|D|

d

|A| |M| |W|

γ1
T

1`ω
2 ` T 1´ω

¯

,

which finishes the proof. ■

F. Proof for Section 4
In this section, we provide the proofs of the theoretical results for logistic bandits setting in Section 4. We prove the
confidence set for logistic bandits for completeness.

F.1. Regret Guarantee

Proposition 5 ((Zhang et al., 2025) Theorem 1). Let the learning rate η “ 1 ` S and the regularization parameter
λ “ 2maxt7nη, 3ηS, 1u. For each t P rT s and any α P p0, 1s, define the confidence set as

Ctpαq “

!

θ P Θ :
ˇ

ˇ

ˇ

ˇpθt ´ θ
ˇ

ˇ

ˇ

ˇ

Ht
ď γtpαq

)

.

35



A Causal Decomposition Approach for Fair Contextual Multi-Armed Bandits

Where the radius is given by γtpαq “

b

4λS2 ` 2η lnp 1
α q ` 6nη2 ln

`

2 ` 2t
λ

˘

. Then, we have P
`

@t ě 1, θ˚ P Ctpαq
˘

ě

1 ´ α.

Proof. We include the proof for completeness and to illustrate how the confidence set is constructed and later used in our
analysis.

To prove the above results, it suffices to show that the estimation error of OMD estimator }pθt`1 ´ θ˚}Ht
is bounded. First,

by Lemma 4 and Lemma 5, when setting η “ 1 ` S, we can upper bound the estimation error of the online estimator:

}pθt`1 ´ θ˚}2Ht
ď 2η

˜

t
ÿ

s“1

Lspθ˚q ´

t
ÿ

s“1

Lsppθs`1q

¸

` 4λS2 ` 2ηS
t
ÿ

s“1

}pθs ´ pθs`1}22

´

t
ÿ

s“1

}pθs ´ pθs`1}2Hs
, (154)

where Ls is logistic loss function. The above inequality has been shown in the logistic bandits literature (Zhang & Sugiyama,
2023).

Next, we are going to upper bound
řt

s“1 Lspθ˚q ´
řt

s“1 Lsppθs`1q. It is inspired and shares close connections with the
work of (Jézéquel et al., 2020; Faury et al., 2022; Zhang & Sugiyama, 2023). To bound (154), we can decompose it into

t
ÿ

s“1

Lspθ˚q ´

t
ÿ

s“1

Lsppθs`1q “

t
ÿ

s“1

Lspθ˚q ´

t
ÿ

s“1

mspPsq `

t
ÿ

s“1

mspPsq ´

t
ÿ

s“1

Lsppθs`1q, (155)

where in (155), we define Ps “ N ppθs, hH
´1
s q as an n-variate Gaussian distribution with mean pθs P Rn and covariance

matrix hH´1
s P Rnˆn, where h ą 0 is a constant to be specified, and we define ms : PpRnq Ñ R to be

mspPsq “ ´ log pEθ„Ps
rexpt´Lspθqusq .

Then we are going to bound
řt

s“1 Lspθ˚q ´
řt

s“1 mspPsq. Since Ps is a Gaussian distribution with mean pθs and covariance
hH´1

s , it is Fs-measurable (σ-algebra generated by everything that has happened so far tXτ , dτ , yτu
s´1
τ“1). By Lemma 6,

we have that for any α P p0, 1s, with probability at least 1 ´ α,

t
ÿ

s“1

Lspθ˚q ´

t
ÿ

s“1

mspPsq “

t
ÿ

s“1

”

Lspθ˚q ` log pEθ„Ps
rexpt´Lspθqusq

ı

ď log
´

1
α

¯

. (156)

Next, we proceed to analyze
řt

s“1 mspPsq ´
řt

s“1 Lsppθs`1q. Under the condition that

λ ě maxt14nη, 2u,

by Lemma 7 with h “ 3
2η,

t
ÿ

s“1

mspPsq ´

t
ÿ

s“1

Lsppθs`1q ď
1

3η

t
ÿ

s“1

}pθs`1 ´ pθs}2Hs
` 3nη ln

´

2 `
2t

λ

¯

. (157)

Finally, by (154), (155), (156), and (157), we obtain

}pθt`1 ´ θ˚}2Ht
ď 4λS2 ` 2η log

´

1
α

¯

` 6nη2 ln
´

2 ` 2t
λ

¯

` 2ηS
t
ÿ

s“1

}pθs ´ pθs`1}22

´
1

3

t
ÿ

s“1

}pθs ´ pθs`1}2Hs

ď 4λS2 ` 2η log
´

1
α

¯

` 6nη2 ln
´

2 ` 2t
λ

¯

. (158)

Where (158) follows by λ ě 6ηS. ■
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Theorem 2 (Regret Upper Bound). Let η “ 1 ` S and λ “ 2maxt7nη, 3ηS, 1u. Under Assumptions 1 and 5, Algorithm 2
achieves the following bound with probability at least 1 ´ α ´ δ1 for any α P p0, 1s and δ1 P p0, 1s,

R2pT q “ O
´

nS
a

S ` logpT q
a

pT ´ T0q logpT q ` κn2S2 log2pT q `
a

pT ´ T0q logp1{δ1q ` T0

¯

.

Proof. In this section, we prove the sublinear upper bound for regret, we first show the proofs for upper bounding errors in
mean rewards between θ˚ and rθt for logistic bandits. Here, we denote rθt “ argmaxθPCtpαq σpfpZdtq⊺θq as the optimistic
parameter for the decision dt for context Xt.

R1
log :“

T
ÿ

t“1

σpfpZdtq⊺rθtq ´ σpfpZdtq⊺θ˚q (159)

“

T
ÿ

t“1

9σpfpZdt
q⊺θ˚qfpZdt

q⊺prθt ´ θ˚q `

T
ÿ

t“1

ż fpZdt q
⊺
rθt

fpZdt q⊺θ˚

:σpuqpfpZdt
q⊺rθt ´ uqdu (160)

“
ÿ

tPI

9σpfpZdt
q⊺θ˚qfpZdt

q⊺prθt ´ θ˚q

looooooooooooooooooooomooooooooooooooooooooon

term (1)

`
ÿ

tPrT s{I

9σpfpZdt
q⊺θ˚qfpZdt

q⊺prθt ´ θ˚q

loooooooooooooooooooooooomoooooooooooooooooooooooon

term (2)

`

T
ÿ

t“1

ż fpZdt q
⊺
rθt

fpZdt q⊺θ˚

:σpuqpfpZdt
q⊺rθt ´ uqdu

loooooooooooooooooooooooomoooooooooooooooooooooooon

term (3)

, (161)

where (160) follows by the Taylor series expansion of σpfpZdt
q⊺rθtq on σpfpZdt

q⊺θ˚q with a first order integral remainder.
As for (161), we divide the horizon into two parts I “ tt P rT s : 9σpfpZdt

q⊺θ˚q ě 9σpfpZdt
q⊺pθt`1qu and rT s{I .

Analysis for term (1). For the first term, we have:

term (1) “
ÿ

tPI

9σpfpZdt
q⊺θ˚qfpZdt

q⊺prθt ´ θ˚q

“
ÿ

tPI

”

9σpfpZdtq⊺pθt`1q ` :σpζtqfpZdtq⊺pθ˚ ´ pθt`1q

ı

fpZdt
q⊺prθt ´ θ˚q (162)

ď
ÿ

tPI

9σpfpZdt
q⊺pθt`1qfpZdt

q⊺prθt ´ θ˚q

looooooooooooooooooooooomooooooooooooooooooooooon

term (1-1)

`
ÿ

tPI

ˇ

ˇfpZdt
q⊺pθ˚ ´ pθt`1qfpZdt

q⊺prθt ´ θ˚q
ˇ

ˇ

loooooooooooooooooooooooooomoooooooooooooooooooooooooon

term (1-2)

, (163)

where (162) follows by mean value theorem and ζt is the (unknown) point between fpZdt
q⊺θ˚ and fpZdt

q⊺pθt`1 for which
the mean value theorem holds; and (163) is because |:σpζtq| ď 1.

We then prove the upper bound for term (1-1):

term (1-1) “
ÿ

tPI

9σpfpZdtq⊺pθt`1qfpZdtq⊺prθt ´ θ˚q

ď
ÿ

tPI

9σpfpZdt
q⊺pθt`1q

ˇ

ˇ

ˇ

ˇfpZdt
q
ˇ

ˇ

ˇ

ˇ

H´1
t

ˇ

ˇ

ˇ

ˇrθt ´ θ˚

ˇ

ˇ

ˇ

ˇ

Ht
(164)

ď
ÿ

tPI

9σpfpZdt
q⊺pθt`1q

ˇ

ˇ

ˇ

ˇfpZdt
q
ˇ

ˇ

ˇ

ˇ

H´1
t

p
ˇ

ˇ

ˇ

ˇrθt ´ pθt
ˇ

ˇ

ˇ

ˇ

Ht
`
ˇ

ˇ

ˇ

ˇpθt ´ θ˚

ˇ

ˇ

ˇ

ˇ

Ht
q (165)

ď 2γT pαq
ÿ

tPI

9σpfpZdtq⊺pθt`1q
ˇ

ˇ

ˇ

ˇfpZdtq
ˇ

ˇ

ˇ

ˇ

H´1
t

(166)

ď 2γT pαq

d

ÿ

tPI

9σpfpZdtq⊺pθt`1q

d

ÿ

tPI

9σpfpZdtq⊺pθt`1q
ˇ

ˇ

ˇ

ˇfpZdtq
ˇ

ˇ

ˇ

ˇ

2

H´1
t

(167)

“ 2γT pαq

d

ÿ

tPI

9σpfpZdtq⊺pθt`1q

d

ÿ

tPI

ˇ

ˇ

ˇ

ˇ

b

9σpfpZdtq⊺pθt`1qfpZdtq
ˇ

ˇ

ˇ

ˇ

2

H´1
t
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ď 4γT pαq

c

n log
`

λ `
T

n

˘

d

ÿ

tPI

9σpfpZdtq⊺pθt`1q (168)

ď 4γT pαq

c

n log
`

λ `
T

n

˘

d

ÿ

tPI

9σpfpZdtq⊺θ˚q, (169)

where (164) is by the Cauchy–Schwarz inequality; (165) comes from the triangle inequality; (166) follows by the confidence
set in Proposition 5 where γT pαq “ maxtPrT s γtpαq; (167) is by the Cauchy–Schwarz inequality; (168) holds because of
Lemma 3; and (169) follows by 9σpfpZdtq⊺θ˚q ě 9σpfpZdtq⊺pθt`1q.

In order to bound term (1-1), we need to further upper bound
a

ř

tPI 9σpfpZdt
q⊺θ˚q.

T
ÿ

t“1

9σpfpZdtq⊺θ˚q

“

T
ÿ

t“1

9σpfpZdt
q⊺rθtq `

T
ÿ

t“1

ż fpZdt q
⊺θ˚

fpZdt q⊺ rθt

:σpuq du (170)

“

T
ÿ

t“1

9σpfpZdt
q⊺rθtq `

T
ÿ

t“1

”

ż 1

v“0

:σ
´

fpZdt
q⊺rθt ` vfpZdt

q⊺pθ˚ ´ rθtq
¯

dv
ı

fpZdt
q⊺pθ˚ ´ rθtq (171)

ď

T
ÿ

t“1

9σpfpZdtq⊺rθtq `

T
ÿ

t“1

”

ż 1

v“0

9σ
´

fpZdtq⊺rθt ` vfpZdtq⊺pθ˚ ´ rθtq
¯

dv
ı

fpZdtq⊺prθt ´ θ˚q (172)

ď

T
ÿ

t“1

9σpfpZdt
q⊺rθtq `

T
ÿ

t“1

”

σ
´

fpZdt
q⊺rθt

¯

´ σ
´

fpZdt
q⊺θ˚

¯ı

(173)

“

T
ÿ

t“1

9σpfpZdt
q⊺rθtq ` R1

log (174)

ď T ` R1
log, (175)

where (170) comes from Taylor expansion with an integral remainder; (171) follows by changing variables; and (172) holds
since 9σ ě ´:σ and σpfpZdt

q⊺rθtq ě σpfpZdt
q⊺θ˚q w.h.p.; (173) follows by the mean-value theorem on (172); (174) is from

(159); and (175) is because 9σpfpZdtq⊺rθtq ď 1.

Therefore, we could bound term (1-1) as follows:

term (1-1) ď 4γT pαq

c

n log
`

λ `
T

n

˘

d

ÿ

tPI

9σpfpZdt
q⊺θ˚q

ď 4γT pαq

c

n log
`

λ `
T

n

˘

d

ÿ

tPrT s

9σpfpZdt
q⊺θ˚q

ď 4γT pαq

c

n log
`

λ `
T

n

˘

¨

b

R1
log ` T , (176)

where (176) follows by (169) and (175).

Next, we are going to bound term (1-2):

term (1-2) “
ÿ

tPI

ˇ

ˇfpZdtq⊺pθ˚ ´ pθt`1qfpZdtq⊺prθt ´ θ˚q
ˇ

ˇ

ď
ÿ

tPI

ˇ

ˇ

ˇ

ˇfpZdt
q
ˇ

ˇ

ˇ

ˇ

H´1
t`1

ˇ

ˇ

ˇ

ˇθ˚ ´ pθt`1

ˇ

ˇ

ˇ

ˇ

Ht`1

ˇ

ˇ

ˇ

ˇfpZdt
q
ˇ

ˇ

ˇ

ˇ

H´1
t

ˇ

ˇ

ˇ

ˇrθt ´ θ˚

ˇ

ˇ

ˇ

ˇ

Ht
(177)

ď
ÿ

tPI

ˇ

ˇ

ˇ

ˇfpZdtq
ˇ

ˇ

ˇ

ˇ

2

H´1
t

ˇ

ˇ

ˇ

ˇθ˚ ´ pθt`1

ˇ

ˇ

ˇ

ˇ

Ht`1

ˇ

ˇ

ˇ

ˇrθt ´ θ˚

ˇ

ˇ

ˇ

ˇ

Ht
(178)
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ď 2γ2
T pαq

ÿ

tPI

ˇ

ˇ

ˇ

ˇfpZdt
q
ˇ

ˇ

ˇ

ˇ

2

H´1
t

(179)

ď 4γ2
T pαq κn log

`

λ `
T

n

˘

, (180)

where (177) is by Cauchy–Schwarz inequality; (178) holds since Ht`1 ě Ht then H´1
t`1 ď H´1

t ; (179) follows by the
confidence set in Proposition 5 and the triangle inequality; and (180) comes from Lemma 3 and the following relationship:

Ht “

t´1
ÿ

s“1

9σ
´

fpZsq⊺pθs`1

¯

fpZsq fpZsq⊺ ` λIn (181)

ľ
1

κ

”

t´1
ÿ

s“1

fpZsq fpZsq⊺ ` λIn

ı

, (182)

where (181) follows by the definition of cumulative Hessian matrix Ht and (182) is by the definition of κ “

maxZPZ maxθPΘ
1

9σpfpZq⊺θq
, thus we have H´1

t ĺ κ
“
řt´1

s“1 fpZsq fpZsq⊺ ` λIn
‰´1

.

Therefore, by (176) and (180), we have:

term (1) ď 4γ2
T pαq κn log

`

λ `
T

n

˘

` 4γT pαq

c

n log
`

λ `
T

n

˘

¨

b

R1
log ` T . (183)

Analysis for term (2). For the second term, we have:

term (2) “
ÿ

tPrT s{I

9σpfpZdt
q⊺θ˚qfpZdt

q⊺prθt ´ θ˚q

ď
ÿ

tPrT s{I

9σpfpZdt
q⊺θ˚q

ˇ

ˇ

ˇ

ˇfpZdt
q⊺
ˇ

ˇ

ˇ

ˇ

H´1
t

ˇ

ˇ

ˇ

ˇrθt ´ θ˚

ˇ

ˇ

ˇ

ˇ

Ht
(184)

ď 2γT pαq

d

ÿ

tPrT s{I

9σpfpZdtq⊺θ˚q

d

ÿ

tPrT s{I

9σpfpZdtq⊺θ˚q
ˇ

ˇ

ˇ

ˇfpZdtq
ˇ

ˇ

ˇ

ˇ

2

H´1
t

(185)

ď 2γT pαq

d

ÿ

tPrT s{I

9σpfpZdt
q⊺θ˚q

d

ÿ

tPrT s{I

9σpfpZdt
q⊺pθt`1q

ˇ

ˇ

ˇ

ˇfpZdt
q
ˇ

ˇ

ˇ

ˇ

2

H´1
t

(186)

“ 2γT pαq

d

ÿ

tPrT s{I

9σpfpZdt
q⊺θ˚q

g

f

f

e

ÿ

tPrT s{I

ˇ

ˇ

ˇ

ˇ

b

9σpfpZdt
q⊺pθt`1qfpZdt

q
ˇ

ˇ

ˇ

ˇ

2

H´1
t

ď 4γT pαq

c

n log
`

λ `
T

n

˘

¨

b

R1
log ` T . (187)

Where (184) is by Cauchy–Schwarz inequality; (185) follows by Proposition 5 and the triangle inequality; (186) holds since
9σpfpZdtq⊺θ˚q ď 9σpfpZdtq⊺pθt`1q; and (187) comes from (176) and Lemma 3.

Analysis for term (3). For the third term, we have:

term (3) “

T
ÿ

t“1

ż fpZdt q
⊺
rθt

fpZdt q⊺θ˚

:σpuqpfpZdtq⊺rθt ´ uqdu

“

T
ÿ

t“1

”

ż 1

v“0

p1 ´ vq:σ
`

fpZdt
q⊺θ˚ ` vfpZdt

q⊺prθt ´ θ˚q
˘

dv
ı

`

fpZdt
q⊺prθt ´ θ˚q

˘2
(188)

ď

T
ÿ

t“1

`

fpZdt
q⊺prθt ´ θ˚q

˘2
(189)

ď

T
ÿ

t“1

ˇ

ˇ

ˇ

ˇfpZdtq
ˇ

ˇ

ˇ

ˇ

2

H´1
t

ˇ

ˇ

ˇ

ˇrθt ´ θ˚

ˇ

ˇ

ˇ

ˇ

2

Ht
(190)
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ď 2γ2
T pαq

T
ÿ

t“1

ˇ

ˇ

ˇ

ˇfpZdtq
ˇ

ˇ

ˇ

ˇ

2

H´1
t

(191)

ď 4γ2
T pαq κn log

`

λ `
T

n

˘

, (192)

where (188) follows by changing variables; (189) holds because of :σ ď 1; (190) follows by Cauchy-Schwarz inequality;
(191) is from Proposition 5 and the triangle inequality; and (192) is by (180).

Analysis for R1
log. Together with all the results above, we could bound the errors in mean reward.

R1
log ď 8γT pαq

c

n log
`

λ `
T

n

˘

¨

b

R1
log ` T ` 8γ2

T pαq κn log
`

λ `
T

n

˘

(193)

ď 8γT pαq

c

n log
`

λ `
T

n

˘

¨ p

b

R1
log `

?
T q ` 8γ2

T pαq κn log
`

λ `
T

n

˘

.

Where (193) follows by (161), (183), (187), and (192). And by (Abeille et al., 2021, Proposition 7), we have,

R1
log ď

´

8γT pαq

c

n log
`

λ `
T

n

˘

`

d

8γT pαq

c

nT log
`

λ `
T

n

˘

` 8γ2
T pαq κn log

`

λ `
T

n

˘

¯2

ď 128nγ2
T pαq log

`

λ `
T

n

˘

` 16γT pαq

c

nT log
`

λ `
T

n

˘

` 16γ2
T pαq κn log

`

λ `
T

n

˘

. (194)

Where (194) holds because of pa ` bq2 ď 2a2 ` 2b2 for a ą 0, b ą 0.

By the confidence set in Proposition 5, we have γtpαq “

b

4λS2 ` 2η lnp 1
α q ` 6nη2 ln

`

2 ` 2t
λ

˘

“ O
`

S
a

npS ` logptqq
˘

,
thus

R1
log “ O

´

nS
a

S ` logpT q
a

T logpT q ` κn2S2 log2pT q

¯

. (195)

Bound for logistic regret. Above all, we could upper bound the logistic regret as follows:

R2pT q “

T
ÿ

t“1

”

max
πPΠf

t

xπ, σpfpZdq⊺θ˚qy ´ σpfpZdtq⊺θ˚q

ı

“

T0
ÿ

t“1

”

max
πPΠf

t

xπ, σpfpZdq⊺θ˚qy ´ σpfpZdtq⊺θ˚q

ı

`

T
ÿ

t“T0`1

”

max
πPΠf

t

xπ, σpfpZdq⊺θ˚qy ´ σpfpZdtq⊺θ˚q

ı

(196)

ď T0 `

T
ÿ

t“T0`1

”

max
πPΠf

t

xπ, σpfpZdq⊺θ˚qy ´ σpfpZdt
q⊺θ˚q

ı

(197)

ď T0 `

T
ÿ

t“T0`1

”

max
πPΠf

t

xπ, ryty ´ σpfpZdt
q⊺θ˚q

ı

(198)

ď T0 `

T
ÿ

t“T0`1

”

max
πPpΠf

t

xπ, ryty ´ σpfpZdt
q⊺θ˚q

ı

(199)

“ T0 `

T
ÿ

t“T0`1

”

xπt, ryty ´ σpfpZdtq⊺θ˚q

ı

(200)

“ T0 `

T
ÿ

t“T0`1

”

xπt, ryty ´ rytpdtq ` rytpdtq ´ σpfpZdtq⊺θ˚q

ı

(201)

ď T0 `

T
ÿ

t“T0`1

rxπt, ryty ´ rytpdtqs ` R1
log (202)

40



A Causal Decomposition Approach for Fair Contextual Multi-Armed Bandits

ď T0 ` R1
log `

c

2T ln
2

δ1
(203)

“ O
´

nS
a

S ` logpT q
a

pT ´ T0q logpT q ` κn2S2 log2pT q `
a

pT ´ T0q logp1{δ1q ` T0

¯

,

where (196) is by splitting the sum; (197) holds since the rewards is bounded in r0, 1s; (198) comes from the optimistic
reward, i.e., rytpdq “ maxθPCtpαq σpfpZdq⊺θq,@d P D; (199) is from Proposition 6; (200) follows by the OFU principle
in (14); (201) is by adding technical terms; (202) follows by (159) with rytpdtq “ σpfpZdt

q⊺rθtq; and as for (203), let
Gt´1 “ σpFt´1, Xtq be the sigma-field before sampling dt. Since πt and ryt are Gt´1-measurable and dt „ πt conditional
on Gt´1, the sequence

Mt “ xπt, ryty ´ rytpdtq

is a martingale difference sequence with |Mt| ď 1. By the Azuma–Hoeffding inequality (Lemma 2), with probability at
least 1 ´ δ1,

T
ÿ

t“1

Mt ď

c

2T ln
´ 2

δ1

¯

.

Combining this with the confidence-set event (which holds with probability at least 1 ´ α and taking a union bound yields
overall probability at least 1 ´ α ´ δ1. ■

F.2. Constraint Violations Guarantee

Proposition 6. In the logistic bandits setting, with probability at least 1 ´ α, it holds that Πf
t Ď pΠf

t for all t P rT s.

Proof. Firstly, we recall the structural counterfactual measures as following:

Ed„π

ˇ

ˇ

ˇ
∆

p1q

d pθ˚q

ˇ

ˇ

ˇ
“ Ed„π

ˇ

ˇ

ˇ
E

pm,wq„Pp1q
at

”

σ
`

fpZ 1
a1
t,d,m,wq⊺θ˚

˘

´ σ
`

fpZat,d,m,wq⊺θ˚

˘

ıˇ

ˇ

ˇ
(204)

Ed„π

ˇ

ˇ

ˇ
∆

p2q

d pθ˚q

ˇ

ˇ

ˇ
“ Ed„π

ˇ

ˇ

ˇ
E

pm,wq„Pp2q
at

σ
`

fpZ 1
a1
t,d,m,wq⊺θ˚

˘

´ E
pm,wq„Pp1q

at

σ
`

fpZ 1
a1
t,d,m,wq⊺θ˚

˘

ˇ

ˇ

ˇ
(205)

Ed„π

ˇ

ˇ

ˇ
∆

p3q

d pθ˚q

ˇ

ˇ

ˇ
“ Ed„π

ˇ

ˇ

ˇ
E

pm,wq„Pp3q
at

σ
`

fpZ 1
a1
t,d,m,wq⊺θ˚

˘

´ E
pm,wq„Pp2q

at

σ
`

fpZ 1
a1
t,d,m,wq⊺θ˚

˘

ˇ

ˇ

ˇ
. (206)

Where Pp1q
at pm,wq “ Ppm|at, wqPpw|atq, Pp2q

at pm,wq “ Ppm|a1
t, wqPpw|atq, Pp3q

at pm,wq “ Ppm|a1
t, wqPpw|a1

tq.

By definition of the true feasible region Πf
t and the optimistic estimated feasible region pΠf

t , we have

Πf
t “

!

π P Π : Ed„π|∆
piq
d pθ˚q| ď ci, @i P t1, 2, 3u

)

(207)

pΠf
t “

!

π P Π : Ed„π

“

|∆
piq
d ppθtq| ´ ξtpdq

‰

ď ci, @i P t1, 2, 3u

)

. (208)

We first look at i “ 1:
ˇ

ˇ

ˇ
∆

p1q

d ppθtq ´ ∆
p1q

d pθ˚q

ˇ

ˇ

ˇ
“

ˇ

ˇ

ˇ
E

pm,wq„Pp1q
at

”

σ
`

fpZ 1
a1
t,d,m,wqJ

pθt
˘

´ σ
`

fpZat,d,m,wqJ
pθt
˘

ı

´ E
pm,wq„Pp1q

at

”

σ
`

fpZ 1
a1
t,d,m,wqJθ˚

˘

´ σ
`

fpZat,d,m,wqJθ˚

˘

ı
ˇ

ˇ

ˇ

ď E
pm,wq„Pp1q

at

ˇ

ˇ

ˇ
σ
`

fpZ 1
a1
t,d,m,wqJ

pθt
˘

´ σ
`

fpZ 1
a1
t,d,m,wqJθ˚

˘

´ σ
`

fpZat,d,m,wqJ
pθt
˘

` σ
`

fpZat,d,m,wqJθ˚

˘

ˇ

ˇ

ˇ
(209)

ď E
pm,wq„Pp1q

at

”
ˇ

ˇ

ˇ
σ
`

fpZ 1
a1
t,d,m,wqJ

pθt
˘

´ σ
`

fpZ 1
a1
t,d,m,wqJθ˚

˘

ˇ

ˇ

ˇ
`

ˇ

ˇ

ˇ
σ
`

fpZat,d,m,wqJ
pθt
˘

´ σ
`

fpZat,d,m,wqJθ˚

˘

ˇ

ˇ

ˇ

ı

(210)

ď
1

4
E

pm,wq„Pp1q
at

”
ˇ

ˇ

ˇ
fpZ 1

a1
t,d,m,wqJppθt ´ θ˚q

ˇ

ˇ

ˇ
`

ˇ

ˇ

ˇ
fpZat,d,m,wqJppθt ´ θ˚q

ˇ

ˇ

ˇ

ı

(211)
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ď
1

4
E

pm,wq„Pp1q
at

”

}fpZ 1
a1
t,d,m,wq}H´1

t
}pθt ´ θ˚}Ht

` }fpZat,d,m,wq}H´1
t

}pθt ´ θ˚}Ht

ı

(212)

ď
1

4
γtpαqE

pm,wq„Pp1q
at

”

}fpZ 1
a1
t,d,m,wq}H´1

t
` }fpZat,d,m,wq}H´1

t

ı

. (213)

Where (209) follows by Jensen’s inequality; (210) comes from the triangle inequality; (211) holds since |σpuq ´ σpvq| ď
1
4 |u ´ v|,@u, v P R; (212) follows by Cauchy–Schwarz inequality; and (213) comes from Proposition 5.

Similarly, for i “ 2 and i “ 3, we have:
ˇ

ˇ

ˇ
∆

p2q

d ppθtq ´ ∆
p2q

d pθ˚q

ˇ

ˇ

ˇ
“

ˇ

ˇ

ˇ
E

pm,wq„Pp2q
at

σ
`

fpZ 1
a1
t,d,m,wq⊺pθt

˘

´ E
pm,wq„Pp1q

at

σ
`

fpZ 1
a1
t,d,m,wq⊺pθt

˘

´

E
pm,wq„Pp2q

at

σ
`

fpZ 1
a1
t,d,m,wq⊺θ˚

˘

` E
pm,wq„Pp1q

at

σ
`

fpZ 1
a1
t,d,m,wq⊺θ˚

˘

ˇ

ˇ

ˇ

ď
1

4
γtpαq

´

E
pm,wq„Pp2q

at

||fpZ 1
a1
t,d,m,wq||H´1

t
` E

pm,wq„Pp1q
at

||fpZ 1
a1
t,d,m,wq||H´1

t

¯

ˇ

ˇ

ˇ
∆

p3q

d ppθtq ´ ∆
p3q

d pθ˚q

ˇ

ˇ

ˇ
“

ˇ

ˇ

ˇ
E

pm,wq„Pp3q
at

σ
`

fpZ 1
a1
t,d,m,wq⊺pθt

˘

´ E
pm,wq„Pp2q

at

σ
`

fpZ 1
a1
t,d,m,wq⊺pθt

˘

´

E
pm,wq„Pp3q

at

σ
`

fpZ 1
a1
t,d,m,wq⊺θ˚

˘

` E
pm,wq„Pp2q

at

σ
`

fpZ 1
a1
t,d,m,wq⊺θ˚

˘

ˇ

ˇ

ˇ

ď
1

4
γtpαq

´

E
pm,wq„Pp3q

at

||fpZ 1
a1
t,d,m,wq||H´1

t
` E

pm,wq„Pp2q
at

||fpZ 1
a1
t,d,m,wq||H´1

t

¯

.

Since

ξtpdq “
1

4
γtpαq

´

E
pm,wq„Pp3q

at

||fpZ 1
a1
t,d,M,W q||H´1

t
` E

pm,wq„Pp2q
at

||fpZ 1
a1
t,d,M,W q||H´1

t
` E

pm,wq„Pp1q
at

||fpZ 1
a1
t,d,M,W q||H´1

t

` E
pm,wq„Pp1q

at

||fpZat,d,M,W q||H´1
t

¯

,

for any π P Πf
t , we obtain for every i P t1, 2, 3u:

Ed„π

ˇ

ˇ∆
piq
d ppθtq

ˇ

ˇ ´ Ed„π

ˇ

ˇ∆
piq
d pθ˚q

ˇ

ˇ ď Ed„π

”

ˇ

ˇ∆
piq
d ppθtq ´ ∆

piq
d pθ˚q

ˇ

ˇ

ı

ď Ed„π ξtpdq.

Therefore,

Ed„π

“

|∆
piq
d ppθtq| ´ ξtpdq

‰

ď ci,

which implies π P pΠf
t . Hence Πf

t Ď pΠf
t . ■

Proposition 7. With probability at least 1 ´ δ2, simultaneously for every a P A, d P D, m P M, and w P W ,

T
ÿ

t“1

›

›fpZa,d,m,wq
›

›

H´1
t

“ O
ˆ
c

κ

γ2

ˆ

a

T0 `
T

?
T0

˙˙

.

Proof. For any positive definite matrix Ht “ λIn `
řt´1

s“1 9σpfpZas,ds,ms,ws
q⊺pθs`1qfpZas,ds,ms,ws

qfpZas,ds,ms,ws
q⊺ and

any vector fpZa,d,m,wq, by standard eigenvalue inequality, we have

}fpZa,d,m,wq}H´1
t

“

b

fpZa,d,m,wqJH´1
t fpZa,d,m,wq ď }fpZa,d,m,wq}2

b

λmaxpH´1
t q.

Since λmax

`

H´1
t

˘

“ 1
λminpHtq

and }fpZa,d,m,wq}2 ď 1 (Assumption 5), the following holds

}fpZa,d,m,wq}H´1
t

ď
1

a

λminpHtq
. (214)

The next is to bound λminpHtq, which is a property of Ht alone. Hence the final bound is uniform over a P A, d P D,
m P M, and w P W .
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For s ď T0, the played decision is ds „ UnifpDq and Xs “ pas,ms, wsq „ PX , both ds and Xs are i.i.d.. Define the
following matrix

Vs “ fpZas,ds,ms,wsqfpZas,ds,ms,wsqJ.

By the definition of κ “ maxZPZ maxθPΘ
1

9σpfpZq⊺θq
, we have 9σpfpZqqVs ľ 1

κVs, @Z P Z . Therefore,

Ht “ λIn `

t´1
ÿ

s“1

9σpfpZas,ds,ms,wsq⊺pθs`1qfpZas,ds,ms,wsqfpZas,ds,ms,wsq⊺ ľ λIn `
1

κ

t´1
ÿ

s“1

Vs, t ď T0.

By Assumption 5, we have 0 ĺ Vs ĺ In, then Ht ľ λIn. And for Vs, we have

ErVss “ E
“

fpZXs,dsqfpZXs,dsqJ
‰

“ EXs

” 1

|D|

ÿ

dPD
fpZXs,dqfpZXs,dqJ

ı

(215)

ľ γ2In. (216)

Where (215) holds since ds is sampled uniformly from D when s ď T0; and (216) comes from Assumption 4. Therefore,

λmin

˜

t´1
ÿ

s“1

ErVss

¸

ě pt ´ 1qγ2. (217)

By the matrix Chernoff lower-tail bound (Lemma 9), we have, for ϵ P r0, 1q,

P
!

λmin

´

t´1
ÿ

s“1

Vs

¯

ď p1 ´ ϵqpt ´ 1qγ2

)

ď n
” e´ϵ

p1 ´ ϵq1´ϵ

ıpt´1qγ2

(218)

ď n exp
´

´
ϵ2pt ´ 1qγ2

2

¯

, (219)

where (218) follows by (259); and (219) is because e´ϵ

p1´ϵq1´ϵ ď exp
´

´ ϵ2

2

¯

.

Select ϵ “ 1{2, we have,

P
”

λmin

´

t´1
ÿ

s“1

Vs

¯

ď
1

2
pt ´ 1qγ2

ı

ď n exp
´

´
pt ´ 1qγ2

8

¯

.

Define tmin :“ 1 ` 8
γ2

log n
δ2

. For every t ě tmin we have pt ´ 1qγ2{8 ě logpn{δ2q, hence n exp
`

´ pt ´ 1qγ2{8
˘

ď δ2,

so that λmin

`
řt´1

s“1 Vs

˘

ě 1
2 pt ´ 1qγ2 fails with probability at most δ2.

Define a good event as follows:

E :“
!

@t P rtmin, T0s : λmin

˜

t´1
ÿ

s“1

Vs

¸

ě
1

2
pt ´ 1qγ2

)

.

Thus, for tmin ď t ď T0, on the event E which occurs with probability at least 1 ´ δ2, we have,

λminpHtq ě λmin

´

λIn `
1

κ

t´1
ÿ

s“1

Vs

¯

ě λ `
pt ´ 1qγ2

2κ
ě

pt ´ 1qγ2
2κ

. (220)

Then for t ě T0 ` 1, on the event E we have,

λminpHtq ě λminpHT0`1q ě λminpHT0
q ě

pT0 ´ 1qγ2
2κ

. (221)

Where (221) holds since Ht ľ HT0`1 ľ HT0 when t ě T0 ` 1.
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Then, for the pure exploration phase t P r1, T0s,

T0
ÿ

t“1

1
a

λminpHtq
“

tmin
ÿ

t“1

1
a

λminpHtq
`

T0
ÿ

t“tmin`1

1
a

λminpHtq
(222)

ď
tmin
?
λ

`

c

2κ

γ2

T0
ÿ

t“tmin`1

1
?
t ´ 1

(223)

ď
tmin
?
λ

` 4

d

κT0

γ2
(224)

“ O
´ logpn{δ2q

γ2
?
λ

`

d

κT0

γ2

¯

, (225)

where (222) follows by splitting the sum; (223) follows by (220) and λminpHtq ě λ for every t; (224) comes from
řT0

t“tmin`1pt ´ 1q´1{2 ď
řT0´1

j“1 j´1{2 ď 2
?
T0; and (225) is because tmin :“ 1 ` 8

γ2
log n

δ2
.

And for the pure exploitation phase t P rT0 ` 1, T s,

T
ÿ

t“T0`1

1
a

λminpHtq
ď pT ´ T0q

d

2κ

γ2pT0 ´ 1q
(226)

“ O
´

c

κ

γ2

T
?
T0

¯

, (227)

where (226) follows by (221); and (227) is because T0 ď T .

Combining the above, we have

T
ÿ

t“1

}fpZa,d,m,wq}H´1
t

ď

T
ÿ

t“1

1
a

λminpHtq
(228)

“

T0
ÿ

t“1

1
a

λminpHtq
`

T
ÿ

t“T0`1

1
a

λminpHtq
(229)

“ O
´ logpn{δ2q

γ2
?
λ

`

d

κT0

γ2
`

c

κ

γ2

T
?
T0

¯

(230)

“ O
ˆ
c

κ

γ2

ˆ

a

T0 `
T

?
T0

˙˙

.

Where (228) follows by (214); (229) is by splitting the sum; and (230) comes from Equations (225) and (227). ■

Theorem 2 (Constraint Violations Upper Bound). Under Assumptions 1, 4, and 5, Algorithm 2 achieves the following
bound with probability at least 1 ´ α ´ δ2 for any α P p0, 1s, δ2 P p0, 1s,

V2pT q “ rO
ˆ

S

c

nκ

γ2

T
?
T0

` T0

˙

.

Proof. We prove the cumulative constraint violations for logistic bandits in this section. To bound the constraint violations,
we look at the Lipschitz form of the three counterfactual fairness constraints.

By construction, the estimated fair policy set at round t is pΠf
t “

Ş

iPr3s

!

π P Π : Ed„π

“

|∆
piq
d ppθtq| ´ ξtpdq

‰

ď ci

)

, since

πt P pΠf
t when t ą T0, we then have the following when t ą T0,

Ed„πt

“

|∆
piq
d ppθtq| ´ ξtpdq

‰

ď ci, @i P r3s. (231)
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Throughout the proof we compare θ˚ against pθt.

Case 1: when i “ 1, we have

Ed„π

ˇ

ˇ∆
p1q

d pθ˚q
ˇ

ˇ ´ Ed„π

ˇ

ˇ∆
p1q

d ppθtq
ˇ

ˇ

“ Ed„π

”

ˇ

ˇ∆
p1q

d pθ˚q
ˇ

ˇ ´
ˇ

ˇ∆
p1q

d ppθtq
ˇ

ˇ

ı

“ Ed„π

”
ˇ

ˇ

ˇ
E

pm,wq„Pp1q
at

”

σ
`

fpZ 1
a1
t,d,m,wq⊺θ˚

˘

´ σ
`

fpZat,d,m,wq⊺θ˚

˘

ı
ˇ

ˇ

ˇ
´

ˇ

ˇ

ˇ
E

pm,wq„Pp1q
at

”

σ
`

fpZ 1
a1
t,d,m,wq⊺pθt

˘

´ σ
`

fpZat,d,m,wq⊺pθt
˘

ı
ˇ

ˇ

ˇ

ı

(232)

ď Ed„π

”
ˇ

ˇ

ˇ
E

pm,wq„Pp1q
at

”

σ
`

fpZ 1
a1
t,d,m,wq⊺θ˚

˘

´ σ
`

fpZat,d,m,wq⊺θ˚

˘

ı

´ E
pm,wq„Pp1q

at
”

σ
`

fpZ 1
a1
t,d,m,wq⊺pθt

˘

´ σ
`

fpZat,d,m,wq⊺pθt
˘

ı
ˇ

ˇ

ˇ

ı

(233)

ď Ed„π E
pm,wq„Pp1q

at

ˇ

ˇ

ˇ
σ
`

fpZ 1
a1
t,d,m,wq⊺θ˚

˘

´ σ
`

fpZat,d,m,wq⊺θ˚

˘

´ σ
`

fpZ 1
a1
t,d,m,wq⊺pθt

˘

` σ
`

fpZat,d,m,wq⊺pθt
˘

ˇ

ˇ

ˇ
(234)

“ Ed„π E
pm,wq„Pp1q

at

ˇ

ˇ

ˇ
σ
`

fpZat,d,m,wq⊺pθt
˘

´ σ
`

fpZat,d,m,wq⊺θ˚

˘

` σ
`

fpZ 1
a1
t,d,m,wq⊺θ˚

˘

´ σ
`

fpZ 1
a1
t,d,m,wq⊺pθt

˘

ˇ

ˇ

ˇ

ď Ed„π E
pm,wq„Pp1q

at

”
ˇ

ˇ

ˇ
σ
`

fpZat,d,m,wq⊺pθt
˘

´ σ
`

fpZat,d,m,wq⊺θ˚

˘

ˇ

ˇ

ˇ
`

ˇ

ˇ

ˇ
σ
`

fpZ 1
a1
t,d,m,wq⊺θ˚

˘

´ σ
`

fpZ 1
a1
t,d,m,wq⊺pθt

˘

ˇ

ˇ

ˇ

ı

(235)

Where (232) comes from (204); (233) and (235) holds from the triangle inequality, i.e., |a| ´ |b| ď |a ´ b| and |a ` b| ď

|a| ` |b|, @a, b P R; (234) follows by the Jensen’s inequality where | ¨ | is a convex function;

Case 2: when i “ 2, we have

Ed„π

ˇ

ˇ∆
p2q

d pθ˚q
ˇ

ˇ ´ Ed„π

ˇ

ˇ∆
p2q

d ppθtq
ˇ

ˇ

“ Ed„π

”

ˇ

ˇ∆
p2q

d pθ˚q
ˇ

ˇ ´
ˇ

ˇ∆
p2q

d ppθtq
ˇ

ˇ

ı

“ Ed„π

”
ˇ

ˇ

ˇ
E

pm,wq„Pp2q
at

σ
`

fpZ 1
a1
t,d,m,wq⊺θ˚

˘

´ E
pm,wq„Pp1q

at

σ
`

fpZ 1
a1
t,d,m,wq⊺θ˚

˘

ˇ

ˇ

ˇ
´

ˇ

ˇ

ˇ
E

pm,wq„Pp2q
at

σ
`

fpZ 1
a1
t,d,m,wq⊺pθt

˘

´ E
pm,wq„Pp1q

at

σ
`

fpZ 1
a1
t,d,m,wq⊺pθt

˘

ˇ

ˇ

ˇ

ı

(236)

ď Ed„π

”
ˇ

ˇ

ˇ
E

pm,wq„Pp2q
at

σ
`

fpZ 1
a1
t,d,m,wq⊺θ˚

˘

´ E
pm,wq„Pp1q

at

σ
`

fpZ 1
a1
t,d,m,wq⊺θ˚

˘

´

E
pm,wq„Pp2q

at

σ
`

fpZ 1
a1
t,d,m,wq⊺pθt

˘

` E
pm,wq„Pp1q

at

σ
`

fpZ 1
a1
t,d,m,wq⊺pθt

˘

ˇ

ˇ

ˇ

ı

(237)

“ Ed„π

”
ˇ

ˇ

ˇ
E

pm,wq„Pp2q
at

σ
`

fpZ 1
a1
t,d,m,wq⊺θ˚

˘

´ E
pm,wq„Pp2q

at

σ
`

fpZ 1
a1
t,d,m,wq⊺pθt

˘

`

E
pm,wq„Pp1q

at

σ
`

fpZ 1
a1
t,d,m,wq⊺pθt

˘

´ E
pm,wq„Pp1q

at

σ
`

fpZ 1
a1
t,d,m,wq⊺θ˚

˘

ˇ

ˇ

ˇ

ı

ď Ed„π

”

E
pm,wq„Pp2q

at

ˇ

ˇ

ˇ
σ
`

fpZ 1
a1
t,d,m,wq⊺θ˚

˘

´ σ
`

fpZ 1
a1
t,d,m,wq⊺pθt

˘

ˇ

ˇ

ˇ
` E

pm,wq„Pp1q
at

ˇ

ˇ

ˇ
σ
`

fpZ 1
a1
t,d,m,wq⊺θ˚

˘

´ σ
`

fpZ 1
a1
t,d,m,wq⊺pθt

˘

ˇ

ˇ

ˇ

ı

. (238)

Where (236) come from (205); (237) follows by the triangle inequality; (238) holds because of Jensen’s inequality and
triangle inequality.

Case 3: similarly, when i “ 3 one could show that:

Ed„π

ˇ

ˇ∆
p3q

d pθ˚q
ˇ

ˇ ´ Ed„π

ˇ

ˇ∆
p3q

d ppθtq
ˇ

ˇ

“ Ed„π

”

ˇ

ˇ∆
p3q

d pθ˚q
ˇ

ˇ ´
ˇ

ˇ∆
p3q

d ppθtq
ˇ

ˇ

ı
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“ Ed„π

”
ˇ

ˇ

ˇ
E

pm,wq„Pp3q
at

σ
`

fpZ 1
a1
t,d,m,wq⊺θ˚

˘

´ E
pm,wq„Pp2q

at

σ
`

fpZ 1
a1
t,d,m,wq⊺θ˚

˘

ˇ

ˇ

ˇ
´

ˇ

ˇ

ˇ
E

pm,wq„Pp3q
at

σ
`

fpZ 1
a1
t,d,m,wq⊺pθt

˘

´ E
pm,wq„Pp2q

at

σ
`

fpZ 1
a1
t,d,m,wq⊺pθt

˘

ˇ

ˇ

ˇ

ı

(239)

ď Ed„π

”

E
pm,wq„Pp3q

at

ˇ

ˇ

ˇ
σ
`

fpZ 1
a1
t,d,m,wq⊺θ˚

˘

´ σ
`

fpZ 1
a1
t,d,m,wq⊺pθt

˘

ˇ

ˇ

ˇ
` E

pm,wq„Pp2q
at

ˇ

ˇ

ˇ
σ
`

fpZ 1
a1
t,d,m,wq⊺θ˚

˘

´ σ
`

fpZ 1
a1
t,d,m,wq⊺pθt

˘

ˇ

ˇ

ˇ

ı

. (240)

Where (239) come from (206).

Bound for logistic cumulative constraint violations. The cumulative constraint violation V2pT q over the horizon T is defined
as

V2pT q “ max
iPt1,2,3u

!

T
ÿ

t“1

”

Ed„πt

ˇ

ˇ∆
piq
d pθ˚q

ˇ

ˇ ´ ci

ı)

.

“ max
iPt1,2,3u

!

T0
ÿ

t“1

”

Ed„πt

ˇ

ˇ∆
piq
d pθ˚q

ˇ

ˇ ´ ci

ı

`

T
ÿ

t“T0`1

”

Ed„πt

ˇ

ˇ∆
piq
d pθ˚q

ˇ

ˇ ´ ci

ı)

(241)

ď max
iPt1,2,3u

!

T
ÿ

t“T0`1

Ed„πt

ˇ

ˇ∆
piq
d pθ˚q

ˇ

ˇ ´ ci

)

` T0. (242)

Where (241) follows by splitting the sum; (242) is because Ed„πt

ˇ

ˇ∆
piq
d pθ˚q

ˇ

ˇ ´ ci ď 1. Since πt P pΠf
t , we have

Ed„πt

“

|∆
piq
d pθ̄tq| ´ ξtpdq

‰

ď ci, and hence

T
ÿ

t“T0`1

”

Ed„πt
|∆

piq
d pθ˚q| ´ ci

ı

ď

T
ÿ

t“T0`1

”

Ed„πt
|∆

piq
d pθ˚q| ´ Ed„πt

`

|∆
piq
d ppθtq| ´ ξtpdq

˘

ı

(243)

“

T
ÿ

t“T0`1

Ed„πt

”

|∆
piq
d pθ˚q| ´ |∆

piq
d ppθtq|

ı

`

T
ÿ

t“T0`1

Ed„πt
ξtpdq. (244)

Here (243) uses πt P pΠf
t and the LCB form of the feasibility constraint (231). We bound the two terms in (244) separately.

Estimation-error term
řT

t“1 Ed„πt

“

|∆
piq
d pθ˚q| ´ |∆

piq
d pθ̄tq|

‰

.

(1). When i “ 1, by the reverse triangle inequality and (235),

T
ÿ

t“T0`1

Ed„πt

”

|∆
p1q

d pθ˚q| ´ |∆
p1q

d ppθtq|

ı

ď

T
ÿ

t“T0`1

Ed„πtEpm,wq„Pp1q
at

”
ˇ

ˇ

ˇ
σ
`

fpZat,d,m,wq⊺pθt
˘

´ σ
`

fpZat,d,m,wq⊺θ˚

˘

ˇ

ˇ

ˇ

`

ˇ

ˇ

ˇ
σ
`

fpZ 1
a1
t,d,m,wq⊺θ˚

˘

´ σ
`

fpZ 1
a1
t,d,m,wq⊺pθt

˘

ˇ

ˇ

ˇ

ı

. (245)

First, we look at the factual case (with attribute value at), that is

T
ÿ

t“T0`1

Ed„πt Epm,wq„Pp1q
at

ˇ

ˇ

ˇ
σ
`

fpZat,d,m,wq⊺pθt
˘

´ σ
`

fpZat,d,m,wq⊺θ˚

˘

ˇ

ˇ

ˇ

ď

T
ÿ

t“T0`1

Ed„πt
E

pm,wq„Pp1q
at

”
ˇ

ˇ

ˇ
fpZat,d,m,wq⊺pθ˚ ´ pθtq

ˇ

ˇ

ˇ

ı

(246)

ď

T
ÿ

t“T0`1

Ed„πt
E

pm,wq„Pp1q
at

”

ˇ

ˇ

ˇ

ˇfpZat,d,m,wq
ˇ

ˇ

ˇ

ˇ

H´1
t

ˇ

ˇ

ˇ

ˇθ˚ ´ pθt
ˇ

ˇ

ˇ

ˇ

Ht

ı

(247)
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ď

T
ÿ

t“T0`1

γtpαq ¨ Ed„πt Epm,wq„Pp1q
at

”

ˇ

ˇ

ˇ

ˇfpZat,d,m,wq
ˇ

ˇ

ˇ

ˇ

H´1
t

ı

(248)

ď γT pαq ¨

T
ÿ

t“T0`1

Ed„πt
E

pm,wq„Pp1q
at

”

ˇ

ˇ

ˇ

ˇfpZat,d,m,wq
ˇ

ˇ

ˇ

ˇ

H´1
t

ı

. (249)

Where (246) is because of the mean value theorem, i.e., for any scalars z, z1,
ˇ

ˇ

ˇ
σpzq ´ σpz1q

ˇ

ˇ

ˇ
ď sup

ζ

ˇ

ˇ

ˇ
9σpζq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
z ´ z1

ˇ

ˇ

ˇ
,

where ζ is between z and z1 and | 9σpζq| ď 1; (247) come from the Cauchy-Schwarz inequality; and the last inequality (248)
follows by Proposition 5 and the triangle inequality, i.e.,

ˇ

ˇ

ˇ

ˇθ˚ ´ pθt
ˇ

ˇ

ˇ

ˇ

Ht
ď γtpαq.

Then, by Proposition 7 with probability at least 1 ´ δ2, we have,

T
ÿ

t“T0`1

Ed„πt
E

pm,wq„Pp1q
at

ˇ

ˇ

ˇ
σ
`

fpZat,d,m,wq⊺pθt
˘

´ σ
`

fpZat,d,m,wq⊺θ˚

˘

ˇ

ˇ

ˇ
“ O

ˆ

γT

c

κ

γ2

´

a

T0 `
T

?
T0

¯

˙

. (250)

Similarly, as for the counterfactual case, we have

T
ÿ

t“T0`1

Ed„πt
E

pm,wq„Pp1q
at

ˇ

ˇ

ˇ
σ
`

fpZ 1
a1
t,d,m,wq⊺pθt

˘

´ σ
`

fpZ 1
a1
t,d,m,wq⊺θ˚

˘

ˇ

ˇ

ˇ
“ O

ˆ

γT

c

κ

γ2

´

a

T0 `
T

?
T0

¯

˙

. (251)

Then by Equations (245), (250) and (251), we have,

T
ÿ

t“T0`1

Ed„πt

”

|∆
p1q

d pθ˚q| ´ |∆
p1q

d ppθtq|

ı

“ O
ˆ

γT

c

κ

γ2

´

a

T0 `
T

?
T0

¯

˙

. (252)

(2). When i “ 2, we have,

T
ÿ

t“T0`1

Ed„πt

”

|∆
p2q

d pθ˚q| ´ |∆
p2q

d ppθtq|

ı

ď

T
ÿ

t“T0`1

Ed„π

”

E
pm,wq„Pp2q

at

ˇ

ˇ

ˇ
σ
`

fpZ 1
a1
t,d,w,mq⊺θ˚

˘

´ σ
`

fpZ 1
a1
t,d,w,mq⊺pθt

˘

ˇ

ˇ

ˇ
` E

pm,wq„Pp1q
at

ˇ

ˇ

ˇ
σ
`

fpZ 1
a1
t,d,w,mq⊺θ˚

˘

´ σ
`

fpZ 1
a1
t,d,w,mq⊺pθt

˘

ˇ

ˇ

ˇ

ı

. (253)

“ O
ˆ

γT

c

κ

γ2

´

a

T0 `
T

?
T0

¯

˙

. (254)

Where (253) comes from (238); (254) follows by (251).

(3). When i “ 3, similarly, we have,

T
ÿ

t“T0`1

Ed„πt

”

|∆
p3q

d pθ˚q| ´ |∆
p3q

d ppθtq|

ı

ď

T
ÿ

t“T0`1

Ed„πt

”

E
pm,wq„Pp3q

at

ˇ

ˇ

ˇ
σ
`

fpZ 1
a1
t,d,w,mq⊺θ˚

˘

´ σ
`

fpZ 1
a1
t,d,w,mq⊺pθt

˘

ˇ

ˇ

ˇ
` E

pm,wq„Pp2q
at

ˇ

ˇ

ˇ
σ
`

fpZ 1
a1
t,d,w,mq⊺θ˚

˘

´ σ
`

fpZ 1
a1
t,d,w,mq⊺pθt

˘

ˇ

ˇ

ˇ

ı

(255)

“ O
ˆ

γT

c

κ

γ2

´

a

T0 `
T

?
T0

¯

˙

. (256)
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Where (255) comes from (240); similarly, (256) follows by (251).

As for
řT

t“1 Ed„πt
ξtpdq, we have

T
ÿ

t“T0`1

Ed„πt
ξtpdq “

1

4

T
ÿ

t“T0`1

γtpαqEd„πt

´

E
pm,wq„Pp3q

at

||fpZ 1
a1
t,d,w,mq||H´1

t
` E

pm,wq„Pp2q
at

||fpZ 1
a1
t,d,w,mq||H´1

t
`

` E
pm,wq„Pp1q

at

||fpZ 1
a1
t,d,w,mq||H´1

t
` E

pm,wq„Pp1q
at

||fpZat,d,m,wq||H´1
t

¯

“ O
ˆ

γT

c

κ

γ2

´

a

T0 `
T

?
T0

¯

˙

. (257)

Therefore, by Equations (242), (244), (252), (254), (256) and (257), we obtain the following bound on the cumulative
constraint violations:

V2pT q “ O
ˆ

γT

c

κ

γ2

´

a

T0 `
T

?
T0

¯

` T0

˙

“ rO
ˆ

S

c

nκ

γ2

T
?
T0

` T0

˙

. (258)

Where (258) follows by γtpαq “ O
`

S
a

npS ` logptqq
˘

. ■

G. Technical Lemmas
Lemma 1 (Hoeffding’s Inequality). Let X1, ..., Xn be independent random variables on R such that Xi is bounded in the
interval rai, bis. Let Sn “

řn
i“1 Xi. Then for all t ą 0,

P
´

Sn ´ ErSns ě t
¯

ď exp
` ´2t2
řn

i“1pbi ´ aiq2
˘

P
´

Sn ´ ErSns ď ´t
¯

ď exp
` ´2t2
řn

i“1pbi ´ aiq2
˘

.

Lemma 2 (Azuma-Hoeffding Inequality). Let X0, X1, . . . , Xn be a martingale sequence of random variables such that for
all i, there exists a constant ci such that |Xi ´ Xi´1| ă ci, then

P
`

Xn ´ X0 ě t
˘

ď exp
´

´t2

2
řn

i“1 c
2
i

¯

P
`

Xn ´ X0 ď ´t
˘

ď exp
´

´t2

2
řn

i“1 c
2
i

¯

.

Lemma 3 (Elliptical Potential Lemma). Let tusu8
“1 be a sequence in Rn such that ||us|| ď B for all s P N. Further let

tλsu8
s“1 be an non-decreasing sequence in R` s.t. λ1 “ 1. For t ě 1 define Vt “

řt´1
s“1 usu

⊺
s ` λtIn. Then:

T
ÿ

t“1

||ut||
2
V´1

t
ď 2np1 ` B2q log

´

λT `
TB2

n

¯

.

Lemma 4 ((Zhang et al., 2025) Lemma 1). Let f : Θ Ñ R be a convex function on a convex set Θ and A P Rnˆn be a
symmetric positive definite matrix. Then, the update

pθt`1 “ argmin
θPΘ

fpθq `
1

2η
}θ ´ pθt}

2
A.

satisfies

}pθt`1 ´ u}2A ď 2ηx∇fppθt`1q, u ´ pθt`1y ` }pθt ´ u}2A ´ }pθt ´ pθt`1}2A, @u P Θ.

48



A Causal Decomposition Approach for Fair Contextual Multi-Armed Bandits

Lemma 5 ((Zhang et al., 2025) Lemma 4). Under Assumption 5, }θ˚}2 ď S, and setting η “ 1 ` S, then for any λ ą 0,
the online estimator returned by (15) satisfies

}pθt`1 ´ θ˚}2Ht`1
ď p2 ` 2Sq

˜

t
ÿ

s“1

Lspθ˚q ´

t
ÿ

s“1

Lsppθs`1qq

¸

` 4λS2

` p2 ` 2Sq

t
ÿ

s“1

}pθs ´ pθs`1}22 ´

t
ÿ

s“1

}pθs ´ pθs`1}2Hs
.

Furthermore, if λ ě 6ηS, we can further have

}pθt`1 ´ θ˚}2Ht`1
ď p2 ` 2Sq

˜

t
ÿ

s“1

Lspθ˚q ´

t
ÿ

s“1

Lsppθs`1qq

¸

´
2

3

t
ÿ

s“1

}pθs ´ pθs`1}2Hs
` 4λS2.

Lemma 6 ((Zhang et al., 2025) Lemma 5). Let tFtu
8
t“1 be a filtration defined by Ft “ σ

`

tpfpZds
q, ysqu

t´1
s“1

˘

. Let tPtu
8
t“1

be a stochastic process such that the random variable Pt is a distribution over Rn and is Ft-measurable. Moreover, assume
that the loss function

Lspθq “ ´
“

p1 ´ ysq log
`

1 ´ σpfpZsq⊺θq
˘

` ys log σpfpZsq⊺θq
‰

.

is Ft`1-measurable. For any t ě 1, define

Ltpθ˚q “

t
ÿ

s“1

Lspθ˚q and Ft “ ´

t
ÿ

s“1

ln
´

Eθ„Ps

“

e´Lspθq
‰

¯

.

Then, for any α P p0, 1s, we have

Pr

„

@ t ě 1, Ltpθ˚q ď Ft ` log

ˆ

1

α

˙ȷ

ě 1 ´ α.

Lemma 7 ((Zhang et al., 2025) Lemma 6). Under Assumption 5 and }θ˚}2 ď S, let Ps “ N ppθs, αH
´1
s q be a Gaussian

distribution with mean pθs and covariance αH´1
s , where

Hs “ λIn `

s´1
ÿ

τ“1

∇2Lτ ppθτ`1q and α ą 0 is any constant.

We denote by pθs the model returned by (15). Then, setting

λ ě max
!

64nα
7 , 2

)

,

we have

t
ÿ

s“1

mspPsq ď

t
ÿ

s“1

Lsppθs`1q `
1

2α

t
ÿ

s“1

}pθs`1 ´ pθs}2Hs
` 2nα ln

ˆ

2 `
2t

λ

˙

,

where the mix loss is defined as
mspPsq “ ´ ln

´

Eθ„Ps

“

expt´Lspθqu
‰

¯

.

Lemma 8 (Randomization lemma for Bernoulli variables). Let pΩ,F ,Pq be a probability space and H Ď F a sub-σ-field.
Let q : Ω Ñ r0, 1s be H-measurable. Then there exists an extension of pΩ,F ,Pq and random variables Z „ Unifr0, 1s

(independent of H) and U such that

U “ 1tZ ď qu and PpU “ 1 | Hq “ q a.s.

The above result specializes Kallenberg (2021, Lemma 4.22) to a Bernoulli kernel.
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Lemma 9 (Matrix Chernoff (Tropp, 2015, Theorem 5.1.1)). Consider a finite sequence tZku of independent, random,
Hermitian matrices with common dimension n. Assume that

0 ď λminpZkq and λmaxpZkq ď L

for each index k.

Introduce the random matrix Y “
ř

k Zk. Define the minimum eigenvalue λmin and maximum eigenvalue λmax of the
expectation ErY s:

λmin “ λminpErY sq “ λmin

˜

ÿ

k

ErZks

¸

, λmax “ λmaxpErY sq “ λmax

˜

ÿ

k

ErZks

¸

.

Then, for r ą 0,

ErλminpY qs ě
1 ´ e´r

r
λmin ´

1

r
L logn, ErλmaxpY qs ď

er ´ 1

r
λmax `

1

r
L logn.

Furthermore,

P tλminpY q ď p1 ´ εqλminu ď n

„

e´ε

p1 ´ εq1´ε

ȷλmin{L

, for ε P r0, 1q, (259)

P tλmaxpY q ě p1 ` εqλmaxu ď n

„

eε

p1 ` εq1`ε

ȷλmax{L

, for ε ě 0. (260)

H. Additional Discussions
In this section, we list below several discussion points that may be of interest.

Discussion 1 (Aggregate Causal Effects). An “indirect effect” is itself an aggregate over the mediated pathways included in
its definition; in multiple-mediator settings, specific indirect effects may have opposing signs and partially cancel, yielding a
small aggregate indirect effect despite strong pathway-level effects (MacKinnon et al., 2000; 2007).

Discussion 2 (Extension to other GLMs). In the parametric bandits setting, we consider logistic bandits, which naturally
model binary outcomes via a logistic link applied to an inner product. While our approach extends directly to the linear case,
extending to other Generalized Linear Models (GLMs) (e.g., Poisson) may require additional assumptions to control link
curvature and tail behavior of rewards.

Discussion 3. Some readers maybe wonder if the total variation is small (or even zero) but Ctf-DE, Ctf-IE, and Ctf-SE
are non-zero, why isn’t it enough to declare fairness if the unfairness along different paths (some positive, some negative)
cancel out? This ultimately depends on the notion of fairness of interest. If one only cares about outcome parity measured by
total variation (TV), then TV is small would be fair. However, even when TV=0, direct, indirect, and spurious discrimination
may still persist: pathway-specific effects can be nonzero with opposite signs (e.g., a penalty along one path offset by a boost
along another). Notice that for Example 1, although |TVat,a1

t
pYdtq| and |CATEat,a1

t
pYdt | mt, wtq| are relatively small, the

pathway-specific terms |Ctf-IEa1
t,at

pYdtq| and |Ctf-SEa1
t,at

pYdtq| are large in magnitude.

It can be meaningful to constrain the spurious effect under some fairness goals since the spurious effect is coming from
the sensitive attribute through the (unobserved) confounding paths. TV is an aggregate that collapses all mechanisms into
a single number but our fairness notion is defined in mechanism-level. Therefore, to achieve the goal of fairness for our
problem, we should constrain the mechanism-specific effects, i.e., Ctf-DE, Ctf-IE, and Ctf-SE. The spurious effect are
those correlations that are not supported by causal links, typically, coming from the environment, for instance, background
socioeconomic factors. However, the discrimination carried over spurious effect could be amplified by the policy for some
applications, therefore, it would be meaningful to bound it as well.

I. Experimental Details
In this section, we present the experimental details for parametric logistic bandits setting. For the non-parametric contextual
bandit setting, we report only theoretical results for our method, since implementations of two closely related baselines
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(Huang et al., 2022b; Bernasconi et al., 2024) (see Table 1) were not publicly available at the time of writing, moreover,
Bernasconi et al. (2024) is primarily theoretical and does not report empirical experiments. We note that (Bernasconi et al.,
2024) is designed for general constraints and subsequently requires constraint violation feedback, which is not available for
this setting.

All experiments are run on a high-performance computing cluster. For each horizon T , we launch 16 independent replications
in parallel; each job is allocated one compute node with 8 CPU cores (Intel Xeon Platinum 8358), 64 GB of memory. Across
the 16 replications we report the empirical mean together with standard deviation.

The decision set D is fixed across rounds. We take the feature map f to be the identity, so that the factual feature vector is

f pZAt,Wt,Mt,Dt
q “

“

At, Wt, Mt, Dt

‰J
,

and its counterfactual counterpart under an intervention on the sensitive attribute At ÞÑ A1
t is

f
`

ZA1
t,Wt,Mt,Dt

˘

“
“

A1
t, Wt, Mt, Dt

‰J
.

The fairness thresholds are set to c1 “ c2 “ c3 “ 0.157; the true parameter is θ̊ “
`

b

1
2 , 0, 0,

b

1
2

˘J
, with norm bound

S “ 1 and link-function constant κ « e3, the exploration period is T0 “
?
T .

As for evaluation in our experiments, the penalized cumulative regret, cumulative regret, cumulative constraint violation,
and cumulative reward are all computed at the level of individual actions rather than policies.

(a) (b)

Figure 4. Plots for different algorithms: : Algorithm 2 (ours), GLB-OMD, CCLB, GLM-UCB on (a) cumulative regret; (b) cumulative
constraint violations.

In Figure 4a, the instantaneous regret at round t is computed against the best fair action, i.e. the action attaining the highest
expected reward within the fair action set. In Figure 2c, the running time is reported for T “ 10,000 steps.
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