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Abstract

The empirical evidence indicates that stochastic
optimization with heavy-tailed gradient noise is
more appropriate to characterize the training of
machine learning models than that with standard
bounded gradient variance noise. Most existing
works on this phenomenon focus on the conver-
gence of optimization errors, while the analysis
for generalization bounds under the heavy-tailed
gradient noise remains limited. In this paper,
we develop a general framework for establishing
generalization bounds under heavy-tailed noise.
Specifically, we introduce a truncation argument
to achieve the generalization error bound based
on the algorithmic stability under the assumption
of bounded pth centered moment with p € (1, 2].
Building on this framework, we further provide
the stability and generalization analysis for sev-
eral popular stochastic algorithms under heavy-
tailed noise, including clipped and normalized
stochastic gradient descent, as well as their mini-
batch and momentum variants.

1. Introduction

Over the past decades, machine learning develops very
rapidly and has achieved remarkable progress in many
areas including computer vision (Voulodimos et al., 2018;
Szeliski, 2022), natural language processing (Devlin et al.,
2019; Chowdhary, 2020), and reinforcement learning (Sut-
ton & Barto, 1998; Guo et al., 2025). In many machine
learning applications, the task of training the model can be
formulated as an optimization problem, where one seeks
parameters that yield strong generalization performance. A
canonical formulation is to find the parameter by minimizing
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the population risk as follows

;Ieli%% F(z) :=E¢p [f(x, 5)], (1

where ¢ denotes data that follows a distribution D and
f(x; &) is the corresponding loss function. In practice, the
explicit expression of the objective in formulation (1) is
typically unavailable, but can be approximated via a training
dataset S = {&1,...,&,} of nii.d. samples drawn from D.
This yields the empirical risk minimization problem

min Fg(z) := %Z f(z; &). 2)
i=1

zER4

Since the training dataset often contains a large number
of samples, it is prohibitively expensive to compute the
full gradient of (2). Thus the stochastic optimization
methods that exploit the finite-sum structure are natural
alternatives. A representative one is stochastic gradient
descent (SGD), which at each iteration uses the gradient of
a single randomly sampled data point to approximate the
full gradient. Its low per-iteration cost and simple update
rule make it effective for training large models. The analysis
of SGD can be traced back to Robbins & Monro (1951).
For convex problems, convergence can be guaranteed by
classical results (Polyak & Juditsky, 1992; Nemirovski et al.,
2009). For nonconvex problems, analyses typically rely
on the magnitude of gradients (Ghadimi & Lan, 2013;
Bottou et al., 2018). Moreover, many variants of SGD,
including momentum methods (Polyak, 1964; Nesterov,
1983; Sutskever et al., 2013; Liu et al., 2020), variance
reduction (Johnson & Zhang, 2013; Zhang et al., 2013;
Defazio et al., 2014; Agarwal & Bottou, 2015; Woodworth
& Srebro, 2016; Schmidt et al., 2017; Allen-Zhu, 2018;
Kovalev et al., 2020; Fang et al., 2018; Li et al., 2021a),
and adaptive learning rates (Duchi et al., 2011; Kingma,
2014; Zeiler, 2012; Reddi et al., 2018; Loshchilov & Hutter,
2019; Ivgi et al., 2023), have improved theoretical bounds
or empirical performance.

In real-world applications, we are more interested in the
generalization measured on the population risk (1), while
optimization algorithms focus on the empirical risk (2). We
use notation A(S) to represent the output of algorithm A
for solving problem (2) with training dataset .S. For convex
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objective, the generalization error is commonly measured by
the difference of function value, i.e., F'(A(S)) — Fs(A(S5)).
Specifically, Bousquet & Elisseeff (2002) introduced the
notion of uniform stability and established an approach for
the analysis of generalization bounds from this perspective.
In subsequent work, Hardt et al. (2016) analyzed stability
and generalization of SGD under the assumptions of Lips-
chitz and smoothness, providing theoretical explanation for
the early stopping. The smoothness assumption is removed
by Lei & Ying (2020). Later, Feldman & Vondrak (2019)
strengthened the stability-based bounds from expectation to
near-optimal high-probability guarantees. For nonconvex
objective, the generalization error is usually measured by
the gradient discrepancy, i.e., |VF(A(S)) — VFs(A(S))]-
Specifically, Lei (2023) introduced the notion of uniform
stability with respect to the gradient, yielding a general
framework for the generalization analysis for nonconvex
stochastic optimization algorithms. In addition, several
recent works analyzed the stability and generalization of
problems with minimax formulations (Lei et al., 2021;
Zhang et al., 2024) and distributed settings (Deng et al.,
2024; Le Bars et al., 2024; Zhu et al., 2024; Zeng & Lei,
2025).

However, the existing results typically rely on the standard
bounded-variance assumption. Recent empirical evidence
suggests that, in the popular tasks such as deep neural
network training (Simsekli et al., 2019; Zhang et al., 2020;
Ahn et al., 2024; Battash et al., 2024) and reinforcement
learning (Garg et al., 2021), the noise of stochastic gradients
follows heavy-tailed distribution. Simsekli et al. (2019)
modeled this phenomenon using the a-stable distribution
and analyzed the dynamics of SGD through a Lévy-driven
SDE. In optimization theory, a common way to formalize
the heavy-tailed noise is the assumption of bounded pth
centered moment, i.e., there exist p € (1,2] and o, > 0
such that for all z € R?, it holds

E¢op [[IVf(25€) — VF(2)[*] < 0. (p-BCM)

Under the assumption of p-BCM, Zhang et al. (2020)
established the in-expectation convergence guarantees for
clipped SGD. Cutkosky & Mehta (2021) derived the high-
probability convergence guarantees accordingly. Nguyen
et al. (2023) and Liu et al. (2023) further improved the
high-probability analysis and developed variance-reduced
clipped SGD methods (Liu et al., 2023). The recent works
show that normalized SGD also guarantees the convergence
of stochastic nonconvex optimization under the p-BCM
assumption. Specifically, Hiibler et al. (2025) show that
normalized SGD with momentum or large batch size can
achieve the optimal convergence rates like the counterparts
of clipped SGD. In addition, Sun et al. (2025b) combined
clipping and normalization with momentum to establish the
sharper convergence rates by assuming the objective has Lip-
schitz continuous Hessian. He et al. (2025) further analyzed

Table 1. Comparison of generalization errors for nonconvex
problems measured by ||[VF(A(S)) — VFs(A(S))||. Here €
denotes the algorithmic stability parameter. Our bound holds for
p € (1, 2] and reduces to the result of Lei (2023) when p = 2.

Reference Bounds Assumption

Mei et al. (2018) O ( dlog(n)/n) sub-Gaussian

O(e+n"2) bounded variance

p—1

Ole+n~"7)

Lei (2023)

Theorem 4.2 p-BCM

the acceleration by the high-order smoothness. Fang et al.
(2026) showed that step normalization remains robust for
stochastically preconditioned SGD under heavy-tailed noise.
Yu et al. (2026) established convergence guarantees for sign-
based optimizers under a generalized heavy-tailed noise
condition. Recently, distributed stochastic optimization
under heavy-tailed noise has also been investigated (Yu
et al., 2025; Sun et al., 2025a; Wang et al., 2026; Wu & Luo,
2026; Zhang & Gao, 2025).

The understanding of generalization analysis under the p-
BCM assumption remains limited. One line of work by
Raj et al. (2023a;b) established the algorithmic stability
results for SGD under the general loss functions, while
their analysis relies on continuous-time SDE arguments
and Wasserstein distances. Recently, Sun et al. (2025¢)
analyzed the generalization of normalized SGD under the
unbounded noise and a weak gradient Lipschitz condition,
which is different from commonly used p-BCM assumption
for heavy-tailed noise. Zeng & Lei (2026) established
excess risk bounds for clipped SGD in the convex setting.

In this paper, we develop a systematic stability-based gen-
eralization analysis for stochastic nonconvex optimization
under the p-BCM condition. We apply our framework to
study two representative approaches for handling heavy-
tailed noise, clipped SGD and normalized SGD, as well
as their mini-batch and momentum variants. The main
contributions of this paper are summarized as follows.

* We develop, to the best of our knowledge, the first
connection between algorithmic stability and general-
ization error for nonconvex problems under the p-BCM
condition. In particular, we show that the gap between
population and empirical gradients can be bounded by

4e + C’papn_pTl, where e is the algorithmic stability
parameter and C), is a constant. This bound coincides
with the result of Lei (2023) when p = 2. It is
worth noting that our analysis is nontrivial, since we
introduce a new technique of truncation argument to
control heavy-tailed noise of the stochastic gradients. We
compare our results with existing generalization bounds
for nonconvex optimization problems in Table 1.
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* We apply our stability-based generalization framework
to analyze clipped and normalized SGD, as well as
their mini-batch and momentum variants, yielding the
risk bounds for nonconvex problems under heavy-tailed
noise. For clipped SGD, we show that incorporating
normalization and momentum does improve the stability
and the generalization. We also analyze the mini-batch
and the momentum variants of normalized SGD to
achieve sharper population risk bounds than that of
clipped SGD.

2. Related Work

Stability and generalization. The generalization gap
between training and testing is a central topic in statis-
tical learning theory. Two main approaches have been
developed. The first is uniform convergence, which pri-
marily depends on the hypothesis class and is typically
algorithm-agnostic. Bartlett & Mendelson (2002) defined
the Rademacher complexity and used capacity measures
of function classes to bound the gap between empirical
and population risks. Shalev-Shwartz et al. (2010) further
discussed the relationship between stability and uniform
convergence from the perspective of learnability. In the
nonconvex setting, Mei et al. (2018) studied uniform conver-
gence of gradients, characterizing function class complexity
via covering numbers, and Foster et al. (2018) further
derived uniform convergence bounds using Rademacher
complexity. However, uniform convergence bounds often
depend on the dimension, which makes them unfavorable
for high-dimensional regimes commonly encountered in
machine learning. The second line is based on algorithmic
stability. The central idea is to quantify the effect of
replacing a single training sample on the algorithm output
and to obtain generalization bounds based on this sensitivity
(Bousquet & Elisseeff, 2002). Hardt et al. (2016) established
stability guarantees for stochastic gradient descent under
Lipschitz and smoothness assumptions, which revealed the
impact of the iterations on generalization and explained
the role of early stopping. Moreover, Lei & Ying (2020) re-
moved the smoothness assumption, and Feldman & Vondrak
(2019) derived near-optimal high-probability bounds. For
nonconvex problems, stability in gradients was established
in Lei (2023). However, existing analyses typically require
bounded variance. Establishing generalization guarantees
under the p-BCM condition remains an open problem. Raj
et al. (2023a;b) studied heavy-tailed noise modeled by a-
stable distributions and analyzed SGD through continuous-
time SDEs. Recent work (Dang et al., 2025) extended this
line of analysis to SGD with momentum.

Clipped SGD. Gradient clipping was introduced as a
practical safeguard for exploding gradients in recurrent
networks (Pascanu et al., 2013) and has since become a

standard component of private learning (Abadi et al., 2016).
In stochastic optimization, gradient clipping has often been
studied under heavy-tailed gradient noise. For convex
problems, clipped mirror-descent type methods and related
techniques yield non-asymptotic guarantees, including high-
probability results under weak tail assumptions (Nazin
et al., 2019; Davis et al., 2021; Gorbunov et al., 2020).
For nonconvex problems, Zhang et al. (2020) established
convergence guarantees for clipped SGD and provided
matching lower bounds, while Sadiev et al. (2023) and
Nguyen et al. (2023) developed high-probability bounds for
clipped stochastic methods under unbounded variance. Re-
lated high-probability analyses also combined clipping with
momentum and normalization in nonconvex optimization
(Cutkosky & Mehta, 2021; Liu et al., 2023). In addition, Mai
& Johansson (2021) analyzed the stability and convergence
of clipped SGD for non-smooth convex functions and
Koloskova et al. (2023) established the convergence with a
constant clipping threshold under bounded variance.

Normalized SGD. Gradient normalization traces back at
least to Nesterov (2004), which analyzed the deterministic
convex setting. Hazan et al. (2015) introduced normalized
gradient descent in the stochastic setting and studied its
convergence under quasi-convexity and local Lipschitz
assumptions. Levy (2017) analyzed the convergence of
adaptive normalized gradient descent for smooth objec-
tives. In the nonconvex case, Cutkosky & Mehta (2020)
combined momentum with normalized SGD and showed
that momentum removed the requirement for large batches.
Yang et al. (2023) established lower bounds for normalized
SGD in stochastic setting and compared adaptive methods
without the knowledge of problem specific parameters.
Moreover, Hiibler et al. (2024) derived nearly optimal rates
for normalized SGD with momentum under relaxed smooth-
ness. For heavy-tailed noise, Cutkosky & Mehta (2021)
combined normalized SGD with gradient clipping and
momentum, then provided a high-probability convergence
analysis. Liu & Zhou (2025) revisited batched normalized
SGD with momentum and pointed out that one can achieve
the optimal rate without clipping. Hiibler et al. (2025)
further discussed limitations of clipping and established
complexity bounds for normalized SGD with mini-batch
or momentum, together with matching lower bounds. Sun
et al. (2025b) studied normalized SGD with clipping and
obtained sharper rates under a Lipschitz continuous Hessian
assumption. He et al. (2025) analyzed momentum variants
of normalized SGD and derived accelerated rates under
higher order smoothness assumptions.

3. Problem Setup

Let ¥ C R? and = denote the parameter space and the
sample space, respectively. Consider a loss function f :
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X XE =Ry LetS:={&,...,& } beadataset of n i.i.d.
samples drawn from a distribution D on =. We are interested
in finding a parameter z € X that generalizes well, as
measured by the population risk F(z) := Eep [ f(z;€)].
Given a training algorithm A on dataset S, it minimizes the
empirical risk Fs(z) :== L 3" | f(x;&;), and we denote
its output by A(S). Let || - || denote the Euclidean norm,
and a =< b if a and b are equal up to constant factors. Let
A :=Eg a[Fs(zo) — Fg], where g is the initial point of
algorithms and F§ := inf, Fg(x). We define the clipping
operator clip,, (-) with parameter 7y as

u, lull <,

u
"Y. —
[lull’

clip (u) = 3

[l > .

In the nonconvex setting, finding a global minimizer is NP-
hard (Pardalos & Vavasis, 1991), and a learning algorithm
can only guarantee to output an approximate stationary
point, that is, we desire ||V Fg(A(S))]| to be small. In this
case, the population risk is not an appropriate performance
measure, and we instead use the population gradient norm
[IVE(A(S))||, which can be decomposed as

Esa[IVE(AG)I] < Esa[l[VFs(A(S))]]
optimization error
+Esa [[IVF(A(S)) — VEs(A(9))]].

generalization error

We will study the generalization error via algorithmic
stability and derive optimization error bounds for specific
algorithms under heavy-tailed noise.

We next present the assumptions used in our analysis. First,
recall the p-BCM assumption on heavy-tailed noise, which
is stated again as follows for convenience.

Assumption 3.1. There exist p € (1,2] and o), > 0 such
that for all z, it holds

E¢op [[VS(2:6) — VF(2)[”] < 0p.

Assumption 3.1 is standard in the literature on stochastic
optimization under heavy-tailed noise (Zhang et al., 2020;
Cutkosky & Mehta, 2021; Nguyen et al., 2023; Liu et al.,
2023; Hiibler et al., 2025). Another way to model heavy-
tailed noise is to assume an a-stable random variable X with
characteristic function E[exp(iwX)] = exp(—o|w|®),
where 4 is the imaginary unit and w € R (Simsekli et al.,
2019). However, the a-stable model can be restrictive, as it
implicitly assumes that the noise is identically distributed
across coordinates (Li et al., 2021b; Xie et al., 2021), while
Assumption 3.1 imposes a weaker moment condition and
is therefore more general. Additionally, recent work (Sun
et al., 2025¢) assumes an unbounded variance condition

of the form E¢.p [[|V f(2;€) — VF(2)|?] < cl|z||? + o2,
which does not directly model heavy-tailed noise. This
condition and p-BCM cannot be derived from each other.

Assumption 3.2. For any ¢, the function f(-;¢) is L-
smooth, i.e., for any =,y € R4, it holds

|V £(x:6) = Vi) < Lllw -yl

The L-smoothness assumption is also standard in nonconvex
stochastic optimization, and it will be used in our stability
analysis of clipped SGD and normalized SGD.

4. Generalization Error Bound

In this section, we will establish a generalization error bound
based on the algorithmic stability under heavy-tailed noise.

4.1. Algorithmic Stability

Algorithmic stability is a central concept in statistical
learning theory, measuring the sensitivity of an algorithm
to the perturbation of a single sample in the training dataset.
We say S and S’ are neighboring datasets if they differ by
only a single sample.

Definition 4.1. A randomized algorithm A is called e-
uniformly-argument-stable if for all neighboring datasets S
and S’, one has

E4[lA(S) — A(S)]] < e

It is called e-uniformly-stable in gradients if for all neigh-
boring datasets S and S’, one has

sup Ea[[IVS(A(S):€) = VIS 1] < ¢

Uniform argument stability (Bousquet & Elisseeff, 2002)
directly measures the change in the algorithm output un-
der a single sample perturbation, while uniform stability
in gradients (Lei, 2023) measures stability through the
discrepancy between gradients and is more suitable for
nonconvex analyses based on stationary point. Under the
L-smoothness assumption, it is straightforward to show
that uniform argument stability implies uniform stability in
gradients.

4.2. Generalization via Stability in Gradients

The core idea for establishing generalization via algorithmic
stability is to introduce an independent ghost sample. Let
S' = {&,...,&,} be drawn independently from D. For
each i € [n], define

SO ={&,...

7€ifla§£7§i+1a e 7§TL}



Stability and Generalization of Nonconvex Optimization with Heavy-Tailed Noise

In the convex setting, the generalization error can be
rewritten as an average of loss differences under the single
replacement datasets S @) that is,

ESA[FE(A(S))‘<F(AQSD]

:—ZESA S); &) — FA(S

and is therefore directly bounded by the uniform stability in
function values (Shalev-Shwartz et al., 2010; Hardt et al.,
2016).

(i))§§i>]v

For nonconvex problems, a direct adaptation of the convex
argument yields the population gradient bound
]

Esall[VFAS)I] =

LS B[ (v A 6)

whereas for the empirical risk one has

R

Since the average over i is outside the norm in the first
equation but inside the norm in the second one, the convex
argument cannot be directly applied to upper bound the non-
convex generalization error. Using the error decomposition
of Bousquet et al. (2020), Lei (2023) showed that if the
algorithm A is e-uniformly stable in gradients, then

() -

where o2 denotes the variance of the stochastic gradients.
This nonconvex framework has been adopted in a range of
subsequent studies (Chen et al., 2024; Zhang et al., 2024;
Sun et al., 2025c¢).

|[VFs(A

1

ES,A[HVF(A VFS(A(S))M <4e+oon” 2,

However, the nonconvex generalization analysis in (Lei,
2023) relies on the bounded variance for stochastic gradients
and thus does not cover heavy-tailed noise, which provides
a more plausible description in neural network training
(Simsekli et al., 2019; Zhang et al., 2020). Using a trun-
cation argument for the stochastic gradients, we establish
the following nonconvex generalization error bound under
heavy-tailed noise in Theorem 4.2.

Theorem 4.2. Let A be e-uniformly stable in gradients and
Assumption 3.1 holds. Then

Es,4[||VF(A(S)) — VEs(A(S))||] < 4e+ Cpopn™ "7,
where C), is a constant depending only on p, defined by

2
Cy=1and Cp = 2(p 5 (4(1771))

g " forpe (1,2).

Remark 4.3. Theorem 4.2 bounds the nonconvex gener-
alization error in terms of uniform stability in gradients

under the p-BCM condition, extending the bounded variance
result (Lei, 2023). When p = 2, the bound coincides with
that in Lei (2023, Theorem 6). It is worth emphasizing
that this extension is nontrivial, with the proof hinging
on a truncation and tail decomposition. Moreover, for the
constant C,,, it is straightforward to verify that 1 < C), <3
and lim,,_,,- C}, = 1.

Devroye et al. (2016) indicate that, for the empirical mean
estimator, there exists a distribution with bounded p-th
central moment such that the estimation error is at least of
order Q(n~(P=1/P), which may suggest the term n~(P—1)/»
is optimal. Deriving a lower bound for algorithmic stability-
based generalization in nonconvex optimization is a chal-
lenging but interesting direction, and we leave it for future
work.

4.3. Proof Sketch of Theorem 4.2

In this section, we outline the proof of Theorem 4.2. A
complete proof is provided in Appendix B.

Step 1: Decomposition and truncation. Following the
derivation in Lei (2023), the generalization error can be
decomposed as

nEs,a[[VF(A(S)) - VFs(AS))]]

SZES,A,a,s;[!\Vf(A( L&) — VF(ASD); H]

e [HiEﬁé [B<[VI(A(SD):6)] - V(A6 |]

=z;(S)

+ 3 Esag [[VA(ASD)E) - Vi(4
i=1

&)

The first and the third terms can be bounded by e-uniform
stability in gradients. Consequently, it holds that

nEs,[[VF(A(S) ~ VEs(A(S))]]

< 2ne+ Ega[[ 30209

The main technical challenge is to bound E [|| "7, z:(.9)]|]-
Under heavy-tailed noise, since z;(.S) does not admit a
bounded variance, one cannot proceed as in the existing
analyses (Lei, 2023) by directly applying Jensen’s inequality
and expanding the squared norm of the sum.

“

To this end, we introduce the truncated stochastic gradient
noise

T, (x;€) := clip, (V f(2;€) — VF()),

where 7 > 0 is a parameter and we will later specify its
optimal choice. Noting that T (z; £) is not mean-zero, we
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further define the centered truncated variable
T.,—(.Z'; 5) = Tr(aj; 5) - M.,-(-’l?),

where M, (z) := E¢ [T (x;£)]. We then decompose z;(.S)
into a truncated part and a residual tail:

A7) = —Bg [T (A(59)s ),
r{(8) == 2(8) — 27(9).

As a result, we have

ngl‘@)H < ngmu ¥ H?@(&)H.

Step 2: Bound ESA{HZ 27(8)

zlz

‘H By Jensen’s
inequality, it holds that

E&A{Hizlgf)(s)mg ES=A["iZ§T)(S)"2}
i=1 =1

< (IR0 -
=1

For the diagonal terms, using ||clip, (u)]|?> < 727P|ul|?
for all uw and p € (1, 2], together with Assumption 3.1, we
obtain

> s)

i#]

278)].

Es.a[ll2 (9)|7] < 72 Po.

For the cross terms with ¢ # j, we use the fact that z(T) (S)
is constructed from a centered truncation and thus has Zero
mean. By introducing an additional perturbation of the
dataset and applying e-uniform stability in gradients, one
can derive

Es.a[(27(8), 27 (8))] < 4¢%.

Combining the two bounds yields
Es,a [HZ ZI(T)(S)‘H < y/nT27Poh + 2ne.
i=1

Step 3: Bound ESAH‘ZZ L r(s) H] Recall that

(T) (S) = 2z(S)— (T) (S). By the definition of zi(T) (S) via
the truncated noise TT, the residual r( )(S ) involves terms

of the form u — clip, (u) for some vector u. For any u and
€ (1, 2], one has

lu = clip, (w)|| < [lullt{]jul > 7} < —

Combining this inequality with Assumption 3.1 yields

p

Esa[llri” ()] <

Step 4: Choose the optimal 7. Combining Steps 2 and 3
yields, for any 7 > 0, one has

7‘2 pa'p 20'5
,ESA[HZzl H] \/ +2et 0 )
When p = 2, letting 7 — 400 gives
ol <
n S,A ‘.121 ‘ =

When p € (1,2), optimizing over 7 > 0 in equation (5)
yields the choice

which gives

1 n e
E]ESvA |:H;Z$(S)H:| < Opo'pn P 4 2e.

Substituting the above bounds into equation (4) completes
the proof of Theorem 4.2.

5. Applications to Algorithms

In this section, we apply the results in Section 4 and
establish risk bounds for algorithms under heavy-tailed
noise, focusing on two representative techniques, clipping
and normalization. Specifically, we derive bounds for
clipped SGD, mini-batch normalized SGD, normalized SGD
with momentum, and normalized SGD with clipping and
momentum.

5.1. Clipped SGD

Under heavy-tailed gradient noise, stochastic gradients may
have large norms, leading to unstable updates and slow
convergence. A common approach is gradient clipping,
which replaces a large-norm stochastic gradient by a scaled
version. Recall the clipping operator defined in equation (3).
Clipped SGD (Algorithm 1) uses the original stochastic
gradient when its norm is at most -y, and rescales it otherwise
so that the norm equals ~y. This controls the effect of extreme
gradients, but introduces bias in the gradient estimate.

The e-uniform stability in gradients of clipped SGD is
established as follows.
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Algorithm 1 Clipped SGD

Algorithm 2 Mini-batch normalized SGD (NSGD-B)

Require: Initial point xg, stepsizes {n: 32_01, clipping

parameter -y
fort=0,1,...
Sample 4, uniformly from [n]

1 ,T7'—1do

2

3: @y = xp — eclip, (Vf(a:t; §Lt))
4: end for

5

: Output: Uniformly sample from {xz¢, z1,...,27-1}

Proposition 5.1 (Stability of clipped SGD). Assume xy = 0
and Assumption 3.2 holds. Then Algorithm 1 is e -uniformly
stable in gradients with

T T-1
€c < 2L/ o Z M-
t=0

Remark 5.2. The assumption of g = 0 is only for the ease
of presentation, which is common in the analysis of stability
(Lei, 2023; Schliserman & Koren, 2022). Note that our main
results still hold without this assumption.

Theorem 5.3 (Population gradient bound of clipped SGD).
Consider Algorithm 1 with a constant stepsize Ny = 1
and clipping threshold ~. Assume xo = 0, Assump-
tions 3.1 and 3.2 hold, and there exists G > 0 such that
Ei, [[IVf(z:&,)|IP] < GP for all t. Let A(S) denote the
output of Algorithm 1 on dataset S. Then we have

2A
Esa[[VF(AS)I] <4/ pra GPyI7P 4/ LyGry2=r

[T -
+ 8LynTy/ — + C’papvprl7
n

where C,, is the constant in Theorem 4.2.

Corollary 5.4. Under the assumptions of Theorem 5.3,

1 —___pr 1
choose T < n3, n < n 362, and v < n36r=2. Then
we have

Es, [IVF(A(S)]]] = O(n~ 567 ).

5.2. Normalized SGD

Another widely used approach for handling heavy-tailed
noise is gradient normalization. In contrast to clipping,
which modifies only stochastic gradients with norms exceed-
ing the threshold, normalized SGD normalizes the stochastic
gradient at every iteration. It avoids tuning the clipping
threshold and can attain optimal convergence rates, which
has attracted substantial attention in recent works (Liu &
Zhou, 2025; Hiibler et al., 2025; Sun et al., 2025b).

We consider the mini-batch normalized SGD in Algorithm 2.
When B = 1, Algorithm 2 reduces to vanilla normalized
SGD.

Require: Initial point xo, stepsizes {7 } ., batch size B
1: fort =0,1,..., 7T —1do

2:  Sample igl), . ,z',EB) i.i.d. uniformly from [n)
3 g = % Zszl Vf(xs; fiﬁ’”)
gt
T ]

4
5: end for
6

: Output: Uniformly sample from {z¢, z1,...,27-1}

Since normalization discards gradient magnitude, iterates of
vanilla normalized SGD can oscillate near an optimum and
may even fail to converge, as observed in prior work (Hazan
et al., 2015; Hiibler et al., 2025). The following example
illustrates this behavior. Consider the one-dimensional
finite-sum problem with n = 2 and components
fi(x) =log(1+e*) and fo(x) =log(l+e™%).

A direct calculation shows that F§(z) = m € (0,1/4]
for all z, and F'§(0) = 0, hence 2* = 0 is the unique global
minimizer of F's. Moreover, one has

!/ !/
f} (z) =1 and f?(x) =—1.
|f1(2)] |f2(2)]
With i; sampled uniformly from {1, 2}, the normalized
update reduces to

t—1
Ty =T — E Nk Cs
k=0

where {(;} are i.i.d. Rademacher random variables with
]P)(Ct = 1) = P(Cf = —1) = 1/2 If’f]t =n> 0, then {It}
is a simple random walk and does not converge to x*.

This motivates choosing B > 1 in Algorithm 2, where aver-
aging over a mini-batch stabilizes the normalized direction.
We next bound its stability and derive the corresponding
population gradient bound.

Proposition 5.5 (Stability of NSGD-B). Assume xy = 0
and Assumption 3.2 holds. Then Algorithm 2 is ey-uniformly
stable in gradients with

Remark 5.6. For normalized SGD, heavy-tailed noise does
not affect the stability bound, which is a key advantage
of normalization. In contrast, the vanilla SGD z;,1 =
xy —nge leads to ||zy 1 — ¢ || = ¢l g¢ |, where ||g¢[| can be
extremely large under heavy-tailed noise that heavily affects
the algorithmic stability.
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Theorem 5.7 (Population gradient bound of NSGD-B).
Consider Algorithm 2 with a constant stepsize 1, =
n and mini-batch size B. Assume zo = 0, Assump-
tions 3.1 and 3.2 hold, and there exists G > 0 such that
E,w) [”Vf(l‘t;fi(b))”p} < GP for all t and b. Let A(S)
denote the outputt of Algorithm 2 on dataset S. Then we
have

A L’I7 _p=1
<— 4 = P
Es.a[[[VF(AS)]] <7t T8CB

BT p—
+8LnTy/ — + C'papn_Tl,
n

where Cy, is the constant in Theorem 4.2.

Remark 5.8. The analysis for NSGD-B is based on
Lemma A.3. This idea also works for other SGD variants in
mini-batch setting. See Appendix D for details.

Corollary 5.9. Under the assumptions of Theorem 5.7,
2(p—1)
choose T = n 75

we have

_p=1 _p
,m=n" 795, and B < n7=6. Then

Es4[IVF(A(S))]] = 0(n #75).

Remark 5.10. Compared with clipped SGD (Corollary 5.4),
NSGD-B (Corollary 5.9) achieves a sharper population risk
bound. The stability bound for clipped SGD scales linearly
with v, whereas the stability bound for NSGD-B scales with
v/B, which leads to a better result when balancing stability
and optimization error.

Remark 5.11. The parameter choices in Corollary 5.9
are consistent with those obtained from the optimization
perspective. In particular, these choices satisfy 7 =< T—1/2
and B =< T?/(2p=2) which are the same as in (Hiibler et al.,
2025) for NSGD-B.

5.3. Normalized SGD with Momentum

Algorithm 3 Normalized SGD with momentum (NSGD-M)

Require: Initial point z, stepsizes {7}, , momentum
parameter 5 € [0,1),and m_; =0

1: fort =0,1,...,7 —1do

2:  Sample i; uniformly from [n]

3 omy=pBmeq + (1% BV f(we;&i,)

4: Tip1 =T — M- rmzn

5: end for

6

: Output: Uniformly sample from {z¢, z1,...,27_1}

Another approach to address the possible nonconvergence
of vanilla NSGD is to incorporate momentum. In contrast
to NSGD-B, which increases the per-iteration sample size
through independent sampling, NSGD-M (Algorithm 3)
uses past stochastic gradients to make the gradient estimate
more stable.

Proposition 5.12 (Stability of NSGD-M). Assume xo =0
and Assumption 3.2 holds. Then Algorithm 3 is €p,-
uniformly stable in gradients with

7 Tl
em <204/ — Z Ng.
n
t=0

Theorem 5.13 (Population gradient bound of NSGD-M).
Consider Algorithm 3 with a constant stepsize n; = .
Assume xg = 0, Assumptions 3.1 and 3.2 hold, and there
exists G > 0 such that E;, [||V f(z4; &,)||P] < GP for all
t. Let A(S) denote the output of Algorithm 3 on dataset S.
Then we have

yz

EsallVFAS)I] < 2+ 5 +860-5)F

4G 4GB 2LnB T "
— LnT\/ — O, P
+T+(1—/3)T+1—5+8n n+0papn )

where C, is the constant in Theorem 4.2.

Corollary 5.14. Under the assumptions of Theorem 5.13,
3p—2 2p—1 P
choose T < n™=6, < n 756, and1 — < n” 0.

Then we have

EsalVEAS)]] = 0(n~#7).

Remark 5.15. NSGD-M (Corollary 5.14) and NSGD-B
(Corollary 5.9) achieve the same risk bound in terms of
n. Although the stability bound for NSGD-M does not
involve the v/B factor, the momentum parameter 3 limits
further improvement of the rate. When p = 2, the rate in
Corollary 5.14 reduces to O(n~'/%), matching the result in
(Sun et al., 2025¢) for NSGD-M under the bounded variance
assumption.

5.4. Normalized SGD with Clipping and Momentum

Algorithm 4 Normalized SGD with clipping and momen-
tum (NSGD-CM)

Require: Initial point z, stepsizes {7;}7.—,", momentum
parameter 3 € [0, 1), clipping parameter y, m_; = 0
1: fort=0,1,..., T —1do
2:  Sample i; uniformly from [n]
3 g =clip, (Vf(z:&,))
4 my = pmi_1+ (1 —B)g:
5 e

T4+1 th—ﬂt'm
6: end for

7: Output: Uniformly sample from {xzq, z1,...,27_1}

Cutkosky & Mehta (2021) introduced normalized SGD with
clipping and momentum (Algorithm 4), which integrates
clipping with momentum and gradient normalization, and
this method was also studied in (Liu et al., 2023; Sun et al.,
2025b).
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Proposition 5.16 (Stability of NSGD-CM). Assume xy = 0
and Assumption 3.2 holds. Then Algorithm 4 is €cp,-
uniformly stable in gradients with

T T-1
€cm S 2L\/ - Z Ure
n
t=0

Theorem 5.17 (Population gradient bound of NSGD-CM).
Consider Algorithm 4 with a constant stepsize 1n; = 1.
Assume xo = 0, Assumptions 3.1 and 3.2 hold, and there
exists G > 0 such that B, [||V f (z4; &.,)||P] < GP foralit.
Let A(S) denote the output of Algorithm 4 on dataset S.
Then we have

A Lnp 2Ln

n_ 1—
Esa[[VF(A(S)]] < T2 15t 2GPy TP
p—1 4G 4GB

+8G(1—B) P —‘r?“rm

T -1
+8LnTy\/ — + C’papnpr,
n

where C, is the constant in Theorem 4.2.

Corollary 5.18. Under the assumptions of Theorem 5.17,
3p—2 2p—1
choose T < n7s—s, n = n~ s, 1 — B = n" 7%, and
1
v < n7=5. Then we have

Esa[IVF(AS))I] = 0(n ).

Remark 5.19. Compared with clipped SGD (Corollary 5.4),
incorporating normalization and momentum yields sharper
stability and generalization bounds. In particular, the
stability term no longer scales linearly with the clipping
threshold «. By contrast, introducing clipping into NSGD-
M does not improve the population risk bound.

6. Conclusion

This paper studies stability based generalization for stochas-
tic nonconvex optimization under heavy-tailed noise. Under
the bounded pth centered moment condition, a gener-
alization framework is established that links nonconvex
generalization error to uniform stability in gradients through
a truncation and tail decomposition, and it recovers the
bounded variance result when p = 2. The framework
is applied to representative methods for heavy-tailed op-
timization. For gradient clipping, the analysis characterizes
how stability and population guarantees depend on the
clipping threshold. For gradient normalization, we establish
stability and risk bounds for the mini-batch and momentum
variants of normalized SGD. For future work, it is interesting
to study error bounds in the nonsmooth setting, derive
high-probability generalization bounds, and develop lower
bounds for learning under heavy-tailed noise.
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A. Useful Lemmas

In this section, we present several lemmas that will be repeatedly used in the subsequent proofs. We begin with basic
properties of the clipping operator.

Lemma A.1 (Basic properties of the clipping operator). Let v > 0 and define clipv(~) by equation (3). For any p € (1,2],
the following properties hold.

(a) For any u € R?, one has

llelip,, (w)||* < 7>~ Jul”.

(b) For any u € R, one has

- [[ull?
[u — clip., (u)]| < T

(c) The mapping clip. () is 1-Lipschitz, i.e., for any u,v € RY, it holds
[[elip,, (u) — clip, (v) || < [lu — o]
Proof. For statement (a), note that |[clip,, (u)|| = min{]|u[,y}. If [Ju[| <+, then it holds
llelip, (w)[1* = [Jull® = [Jull”[[ul*7? < +*77||ul|”.
If ||u|| > -, then
lelip, (u)[|* = 7 = 4*7P4” < 7P lu|P.

For statement (b), the claim is trivial when ||u|| < ~. If |lu|| > ~, then clip. (u) = yu/||ul|. Hence, it holds

—1
u Jal (v Nl
we | = = < gt = B <
el wT\Wl) =5

lu = clip, (u)]| =

where the last inequality uses ||u|| > yand p > 1.
For statement (c), we prove ||clip., (u) — clip, (v)|| < [Ju — v]| by a case analysis.
If ||lul| <~ and |jv]| <, then clip. (u) = u and clip., (v) = v, and the claim follows.

If |lul| <~ < |[v], then clip. (u) = u and clip., (v) = yv/|[v||. Expanding and simplifying, we have
g
ol =2 =2 (1= 1) two
o]l
(u,v)
= (ol =) (1ol + 7 - 2852

o]l

2
lu = vl* ~

v
U— Y
o]l

Since (u, v)/||v|| < ||u|| < v, the second factor is at least ||v|| — v > 0, and hence the right-hand side is nonnegative. This
implies Hu - yﬁH < ||lu — v||. The case ||v]] < v < ||u|| follows by symmetry.

If ||lul| >~ and ||v|| > =, then clip., (u) = yu/|[u|| and clip. (v) = yv/||v||. Expanding both sides gives

2 ,yQ
\ =|MP+HUP—27?—%MU>Q ).

[l

(3 v
o= ol - |yt =
ol ~ Tl

Here ||ul[[|lv]| > 7%, so 1 —~2/([|ulll|v]|) > 0. Using (u,v) < [Ju]/[[v]| we obtain

2
Y 2
—%w@@—)Eﬂme+%,
ol

and hence the difference is at least [|u[|* + [|v]|* — 2|ull[[v]| = (||u]| — [[v])?> > 0. This implies clip, (-) is 1-Lipschitz. [

14
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The following Lemmas A.2 and A.3 play an important role in the analysis of normalized methods.
Lemma A.2. (Hiibler et al., 2025, Lemma 7) For any u,v € R% with v # 0, it holds that

v
U, = ) 2 Jlull = 2fu — o],
< ||U||>

Lemma A.3. (Hiibler et al., 2025, Lemma 10) Let p € (1,2), and let X4,...,X,, € R? be a martingale difference
sequence. Then we have
]E l
B. The Proof of Theorem 4.2
Let 8" = {1, ...,&,} be drawn independently from D. For each i € {1,...,n}, define
SO = (&1, . &1, € s En )

Step 1: Decomposition and truncation. Following existing works (Bousquet et al., 2020; Lei, 2023), we have the following
decomposition

n

>

i=1

] <2} E[IXP).

n

n(VF(A(S)) = VES(A(S))) = nEc[VF(AS): )] — D VF(A(S): &)

i=1
=Y Beg [VF(AS):€) - VF(A5D):¢)]
+ > g [Be[VA(A(5D):€)] - VF(A(SV):&)|
+ > B [VI(ASD)i6) - VI(AS):6)]- ©)
i=1

We define
2(S) = Eg; [Ee [V (A(S);€)] - VF(ASD): ) .

Taking norms on both sides of equation (6), applying the triangle inequality, and then taking expectation yield

[VF(A(S):€) ~ T (ASD): )]
+ES,A{H§: Zi(S)m

=1
+ iES,A,g; [

By Jensen’s inequality and Cauchy—Schwarz, together with the e-uniform stability in gradients, each term in the first and
third sums is bounded by e, which gives

nEs.[[VF(A(S)) = VES(AS)||] <D Bsnce|

V(A ) = Vr(AS) )]l

nEs.4 [||VF(A(S)) - VFS(A(S))H] < 2ne+Ega [Hi zi(S)m. @)
i=1

Then we will bound Eg 4 [sz;l zi(S) ’H . For 7 > 0, we define
17 (z;§) == clip, (vf(x7€> - VF($)>> M.,—(l‘) =K [T.,—(l‘;f)], Tr(x7§) = T‘r(x; 5) - M-,—(l‘),

15
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20(8) = —Eg [TT (A(S@‘));gi)}, and 7(8) := z(S) — 2{7(9).

Then we have
> a®)] <[]+ L)
i=1 i=1 i=1

Step 2: Bound Eg 4 [HZ” z(T)(S)H] .

=171

Note that E, [Z(T) (S )] = 0. By expanding the squared norm, we have

i

Es 4 [Hzn: =7(8) m —Esa [i||z£7)(5) ]+ Es.a[D-(279), 27 (9))].

i#£]
Let S” = {¢&7,...,&)}, where &/ ~ D ii.d. Define
Sj = {513 s 7£j*17£;'/7£j+17 .o agn}a
S](l) = {513 e 751’71752{751'4’17 s 7£j71a£§'l7§j+17 v 767’1,}

We first bound Eg 4 [(zlm (9), zj(.T)(S)ﬂ for i # j. Using the fact that Ee, [z}T)(S)} = 0, we have

Es,a ({2757, 257 ()] = Esa [Be, [(:7 (), 47 ()] = 0.
Similarly, we have
Esa[(z7(5),27(S:))] =0 and Esa[(2{7(S)). 27 (8:))] = 0.

Therefore,
Es.a(=7(9), 27 (9))] = Es.a[(27(8) = 27 (8)), 27 (8) = 27(5)]
T T 1 T T
Es.a[l127(8) = 27 (S)I17] + 5Es.a[l1247(8) = =7 (812,

where we used (a,b) < 3lal|* + §[|b]|%

Moreover, by Jensen’s inequality, we have
127(8) — 2SI = B [T (ASD): ) ~ To(A(s): 6] |
< Eg [IT-(A(SD); &) — Tr(A(S): €)I1)-
Furthermore, one has
Ee, [

where we used ||u 4 v||? < 2[Jul|? + 2||v||? and Jensen’s inequality for M, (z) = E¢[T(x;&)].

T (A(SD); &) — Tr(A(SS):6)17] < 4Be, [IIT-(A(SD);6) — To(A(S): €)1,

By the definition of 7' and Lemma A.1 (c), we have

1T (A(SD); &) — T (A(SS); €)1
< [[(VFASD): &) — VE(ASD))) — (VF(ASY); &) — VEAS))I”.

J

16
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Taking expectation over &; and using E|| X — EX||? < E|| X ||? yield
Ee, [IT- (A(S); &) = T-(A(S"): &0)17] < B, [IVF(A(S©): &) = VI(A(S"): &)%)
Consequently, it holds

Es.a[(z7(8),27(5))] < 4Es aEe/Ee, [[VF(ASD); ) — VF(ASY); €)I17]
< 4é,

where the last inequality follows from the e-uniform stability in gradients, since S(*) and S J(-i) are neighboring datasets.

Then we bound Eg 4[>, 127(9) |2]. By Jensen’s inequality, we have
Es.allz” (9)I7] < Es.aBe [IT-(A(SD); &)1
= Es aEe [||IT-(A(SD); &) — M-(A(SD))|?]
< Es.aEe [T (A(SD);:6))17],
where the last inequality uses E|| X — EX|? < E|| X%
By Lemma A.1 (a), it holds that
IT-(A(SD); €)1 = ||clip, (VF(A(SD); &) — VF(A(SD)) ||
< PPV A(ASY)i ) - VF <A<S< I

Consequently, it holds

Esa[ll2” (9)I?] < 72 PEs A Ee, [V F(A(SD); &) — VE(A(SD))|7]

2—p .p
<7¥Pob,

where the last inequality follows from Assumption 3.1.

Combining equation (8) and the previous estimate

Es,.a[(z (T)(S),zJ(T)(S)>} < 4¢2, i # 7,

we obtain

£f[5s] < Wyizmam < Jo T

where the first inequality uses Jensen’s inequality.

Dividing both sides by n yields

p

n 2—p —1 2—p
E[HZ 2 (s m \/T % 4"l \/T 9P | 9,
n n
=1

where we used va + b < v/a 4+ v/b and /A2t e? < 2e.

Step 3: BOUﬂdESA[HZZ 17 m
Recall that

17

®)

©))
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= B¢ [(VHA(SV):) — VF(A(SD)) — (T-(A(59): ) = Mr(A(SD))]
= —Eq | (VAASD):6) = VF(A(SW)) = T(A(SD):6)|
+ BgBe | T(A(S):€) — (VH(AS):€) - VF(A(SD))].
Therefore, by the triangle inequality and Jensen’s inequality,

V()] < 2B B [[|(TF(AS):6) - TFAS®)) - T, (4S9

Ee, [

Applying Lemma A.1 (b) with u = Vf(A(S®"); &) — VF(A(S®)), we obtain

Esa[lr7(S)]] <

CEC[[|VA(ASD): ) - VR(ASD)|[]
208

— Tp_l )

(10)
where the last inequality follows from Assumption 3.1.
Step 4: Choose the optimal 7. Combining the bounds on

> rzm (S) H (equation (9) and equation (10)),
i=1

i 27(9) H and

i=1

by the triangle inequality and Jensen’s inequality, we have

Lew 5 co]  So [5 ] Lo [ ]
=1 =1 =1
< [T ey 2

If p = 2, letting 7 — oo yields

If p € (1,2), define

Then

2 _
¢(r) =\ 2L 2ol p)r .

Setting ¢’ (7) = 0 gives

Substituting 7, yields

p dp-1)\ 7 _p-1 _p-1
) 2p-1)\ 2-p P Per
Therefore, for p € (1, 2], it holds
1 n e
nES’A[H;Zi(S)‘H < Cpopn™ 7 + 2€. (11)

Substituting equation (11) into equation (7) completes the proof.

18
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C. The Proofs for Section 5

In this section, we provide the proofs of propositions and theorems in Section 5.

C.1. The Proof of Proposition 5.1

Without loss of generality, assume .S and .S’ differ only at the n-th sample, i.e., &, # £/,. By Assumption 3.2, for any &,

Ea[[[VF(A(S):€) - VAAS): )] < PEAIAS) - AGSIP)-

(12)

Let {x;}1_, and {z}}]_, be the iterates of Algorithm 1 on S and S’, respectively, with xo = z{, = 0. By the update rule

and ||clip., (v)| <+, we have for all ¢,

@11 — o]l = ne||clip, (V f (ze; &) || < e

Hence, by the triangle inequality, we have

t—1 t—1
lzell <7D ms and [lzil <7D ms
s=0 s=0

Therefore, it holds that

T—1 T—1
JAS)I <D me and [AS)| <y m
t=0 t=0

Let I(A) := {i;}1-;' be the index sequence sampled by the algorithm. It holds that A(S) = A(S’) on the event {n ¢ I(A)},

and hence

EA[A(S) = A(S)IP] = Ea[lA(S) = AS)* | n ¢ I(A)]P(n ¢ 1(A))

TEA[JAS) - AP | n € I(A)]B(n € I(A))

=Ea[|A(S) = A(S")II* | n € I(A)]P(n € I(A))

<22( ) Bl e 104 + 2223 ) Bl < 100)

t=0 t=0
T-1

<42(S"n) Bl e 1(4)).

t=0

Since i; is sampled uniformly from [n] at each iteration, we have
P(n e I(A4)) < P(iy, =n) =
Combining the above bounds yields
EAIA(S) - A7) <47 (n)

Substituting equation (13) into equation (12) completes the proof.

C.2. The Proof of Theorem 5.3

By Theorem 4.2 and Proposition 5.1, we have

Esall[VFAS)I] < EsalllVFs(AS)I] + SLW]T\/Z + Cpopn ™

19
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We next establish an upper bound on the optimization error of clipped SGD. Let F; be the sigma-field generated by
{S, o, do,...,49¢—1}. Define g, := clip. (V f(24;&;,)). By L-smoothness of Fis, we have

L
Fs(2141) < Fs(a0) + (VFs(2t), o1 — 20) + 5|20 — ||

LUQ 2
= Fs(x1) = n(VFs(z), 9¢) + T”Qt” .

Taking conditional expectation given J; yields

E[Fs(@i41) | Fi] < Fs(wr) = n(VFs(z0), Elge | 7)) + LTUQE[llgtII2 | Fi]

L 2
= Fs(w:) = nl[VEs(x)|” = n(VFs(ae). Elg: | Fi) = VEs(w0)) + —-E[llgill” | 7]
24 2 Ly 2
< Fs(xe) — *HVFS(% | *HE g | Fi] = VFs(z)|” + TE[H%H | ],

where the last inequality uses —(a, b) < $||a|* + 3|b]|>.

Taking expectation and summing over ¢t = 0,...,T — 1, we obtain
_ n T—1 .
Z SEIVEs(@)[?] <E[Fs(wo) - Fs(wr)] + > SElIElg: | Fi] = VEs ()]
t=0 t=0
T—1
+ 3 5 Bllal]
2
=0
T—1 0 Ln?
A+;§E IElge | Fi] = VFs(z)|” +Z ——E[llg: 1]

By Lemma A.1 (a), it holds that
E[llgell*] = E[llelip, (Vf(ze; &) < v*PE[IVF (2o &)IP] < v*7PGP.
Noting that VFs(z;) = B[V f(z+;&,) | Fi], we have
Elg; | Fi] = VFs(w) = Elclip, (Vf(24:&,)) = Vf(2:6,) | Fil.
Using ||[E[X]|| < E[||X||] and Lemma A.1 (b), we obtain
|Elg: | Fil = VEs(w)|| < E[llclip, (V (21 &,)) = Vf (w5 &) | Fi]

1 ) P
< ElIVIEs&)I | A < S

Therefore, we have

E[|Elge | Fi] = VFs(x0)[*] < G727,

Substituting the above bounds gives

— 2
zg IVFsol?) < 5+ 3 Lawnar 4 3 L ann
t=0

t=0 t=0

It follows that

2A
Esa[IVEs(AS)IP] < — + Gy* 72 4 Ly* PGP,

20
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By Jensen’s inequality and the fact that /= + y + z < \/x + VY + V/z for z,y, z > 0, we have

[2A
ES,A [HVFs(A(S))H] < 777 =+ G‘D’Ylip =+ \/ L?]pryQ*p.

Combining this bound with the generalization decomposition at the beginning completes the proof of Theorem 5.3.

C.3. The Proof of Proposition 5.5

Without loss of generality, assume S and S’ differ only at the n-th sample. By L-smoothness, for any &, one has
2
Ea[[[VF(A(S):€) - VAAS):)[°] < PEAIAS) - AGS)IP).

For NSGD-B, the update is normalized, hence ||z;+1 — x¢|| < 7; and thus

T-1

T-1
JAS <D me and  [JAS) <D me
t=0 t=0

Let I(A) = {z’ib) :t=0,...,7T—1, b=1,..., B} be the sampled indices. It holds that A(S) = A(S’) on the event
{n ¢ I(A)}, and hence

!

-1

2 — \2BT
EalIA(S) — A(S)?) <4(D"m) Bln e 1(4) <4(Xm) —.
t=0

t

Il
<

where we used P(n € I(A)) < ZtT;()l Zszl ]P’(igb) = n) = BT /n. Combining the above inequalities completes the proof.

C.4. The Proof of Theorem 5.7

By Theorem 4.2 and Proposition 5.5, we have

1

Es. [IVF(A(S)]] < Es a[IVFs(AS)I] + gLnTﬁ Oy

We next establish an upper bound on the optimization error of mini-batch normalized SGD. Let F; be the sigma-field
generated by {5, {igb) Yo<s<t—1, 1<b<p}. By L-smoothness of Fs and the update rules, we have

L
Fs(x441) < Fs(xy) + <VFS($t),$t+1 — -Tt> + EthH —z)?
Ln2

_ _ 9t =
= Fs(xy) 77<VFS(xt), ”gt”>—|— 5

where we set g;/||g¢|| = 0 when g; = 0. Applying Lemma A.2 with u = VFg(z;) and v = ¢, yields

L 2
Fs(ae1) < Fs(ae) =0 VEs (@) + 2nllg = VEs(@n)]| + 55~

Summing over ¢t = 0,...,7T — 1 and using Fs(x) > F§ give
T-1 T-1
Fy(zo) — F2 LnT
S IVEs() < VIS o S g, R () + HIT
t=0 N t=0
Taking expectation and writing A := Eg[Fs(z¢) — F§] lead to
T-1 T—1
1 A 2 Ln
— E F < —+ = E — VF, —. 14
T ; s,alllVEs(z)ll] < T + 5 ; s,a(llge — VFs(z)|] + 5 (14)
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It remains to bound Eg 4 [||g: — VFs(z,)||]. We define
B
1
Xp = Viengm) = VEs(ze), g0 = VEs(a) = 5 > X,
b=1

and G := o(Fy, igl), e iﬁb)). Then {X,}2_, is a martingale difference sequence with respect to {G; ,} 2, since

E[Xy | Gep-1]

E[Vf(xﬁfigb)) | ]'-t} — VFs(x;) = VFs(x) — VFs(xy) = 0.

Therefore, by Jensen’s inequality and Lemma A.3, we have

E[lg: ~ VFs(a)| | 7] = ;E[Hixbu | 7]
b=1
< 2el|>- x| 7]

A

< Ly mixr 7).
BN O
To bound E[|| X3 ||P | F], we use ||a — b|P < 2P~1(||a||? + ||b||?) and ||E[Z | F:]||P < E[||Z]||P | F] to obtain
E[| Xp|P | Fo] <2771 (E[Hv,f(xt;fiib))‘lp | ] + HVFS(%)HP)
= 2 (E[IV @ o)l” | B + [EV @i gm) | FI)

< gp—1 (E[”Vf(xt;{iib))Hp | .Ft] JrE[HVf(zt;fiib))Hp ‘ ‘Ft])
< orgr.

Substituting back yields

1 (QB : 2”Gp)1/p <4GB~ 5.

E[Hgt — VFs(z)| | ft] < B

Taking expectation over (S, A) gives
p—1
Es.alllg: = VFs(a)|] < 4GB~ % . (15)
Substituting equation (15) into equation (14) yields

S A _p=1 Ln
> EsalllVEs()l] < = +8GB™" + 2L,
t=0 n

1

Es a[[VFs(A(S))]] = T

Combining this bound with the generalization decomposition at the beginning completes the proof of Theorem 5.7.

C.5. The Proof of Proposition 5.12
Without loss of generality, assume S and S’ differ only at the n-th sample. By L-smoothness, for any &, one has
2
Ea[[[VF(A(S):€) = VAAS): )] < PEAIAS) - A

Let {x;}]_, and {x}}I_ be the iterates generated on S and S’, with x¢ = z, = 0. For NSGD-M, the update is normalized,
hence ||z¢+1 — 2¢|| < 7 and thus

T-1 T-1
IAS) <Y me and JAS) <D m
t=0 t=0
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Let I(A) = {i;}1" be the index sequence sampled by the algorithm. It holds that A(S) = A(S’) on the event {n ¢ I(A)},
and hence

~

T—-1

EaflA(S) - ASIP] < 4( Ut)QIP’(n e 1(4)) < 4( mf%,
t 0

I
=

where we used P(n € I(A)) < 23;01 P(iy = n) = T'/n. Combining the above inequalities completes the proof.
C.6. The Proof of Theorem 5.13
By Theorem 4.2 and Proposition 5.12, we have

p—1

Esa[[IVE(A9))] < EsallVEs(AS)]] + 8LTIT\/Z+ Cpopn 7.

We next establish an upper bound on the optimization error of normalized SGD with momentum. Let F; be the sigma-field
generated by {5, o, ..., %1 }. By L-smoothness of Fs and the update rules, we have

L
Fs(z¢41) < Fs(at) + (VFs(4), 041 — 2¢) + EthH —x)?
Ln?
2 3

t

— Fy(x) —n <VFS(1't)7 ”Zt”> +

Applying Lemma A.2 with u = VFgs(x;) and v = m, yields

L 2
Fs(wes1) < Fs(ae) = nl|VFs (@) | + 2nllmg — Vs + 5

Summing over ¢t = 0,...,T — 1, using Fs(xr) > F§, and taking Eg 4 give

1 T—1 A 2 T—1
= EsalllVFEs(z)|] < —+ 5 > Esa[llme — VFs(z,)|l] +
Py ALY

Ln
— 1

5 (16)
where A := Eg[Fs(x¢) — F§].

Define &; := m;—V Fs(x;) and {; := V f(24;&,) =V Fs(2;). Then E[¢; | F;] = 0, and by [la—0|[P < 27 *(||a]|P +|b]]?),
we have

E[IGI7 | 7] < 2 L (B[IVF &)l | F] + 9 Fs(@)|?) <2767, a7

We next bound Eg 4[||0||]. Fort > 1, using m; = Bmy—_1 + (1 — B)V f(z4;&;,) gives
0p = Bop—1 + ﬁ(VFS(CKt—l) - VFS(SUt)) + (1= B)G-
For all ¢ > 1, iterating the above equation from dq yields

t t
o =B+ 1=p)> B¢+ B BT (VEs(w1) — VEs(,)). (18)

T=1 T=1

For t = 0, since m_1 = 0, we have
50 =mgy — VFS(I()) = (1 — B)CO — IBVFs(LE())
Using equation (17) at ¢ = 0, Jensen’s inequality, we obtain

Es.allldoll] < (1 —=B)Es.alll¢oll] + BEs,a[[[VFs(xo)ll]
< (1-B)Esa[lol”]"” +BG < (1 - B)-2G + BG < 2G.

23



Stability and Generalization of Nonconvex Optimization with Heavy-Tailed Noise

We now bound the two sums in equation (18). For the drift term, by L-smoothness and ||z, — 2,_1]| < 7, one has

LnB
<1 g5

For the noise term, define Y, := 8'~7(, for7 = 1,...,t. Since E[(; | F,] = 0 and 8*~7 is deterministic, {Y; }!_, is a
martingale difference sequence with respect to the filtration {, }._,. By Jensen’s inequality, Lemma A.3, and equation (17),

one has
t t pq1/p
Es,a [ ] <Eg,a [ ]
T=1 T=1

> 8TG S8
t 1/p t 1/p
< (225“_7)%5,/4[”(7“’]) < (225(t‘7)p-2pG1’>

T=1 T=1

t
HﬂzﬁtT(VFS(ﬂfr—l)—VFs(ﬂif <ﬁ25t "Lz - 33r||<L7752ﬁk
=1

t—1 1/p
e (Z ﬂ’“’) <4G(1 — Py,

k=0

For all t > 1, combining above results yields

Es.a[l0:]] <268 +4G(1 - B)(1 — gP) VP 4 210 LB

1-p5
Since 1 — P > 1 — B for § € [0,1) and p € (1, 2], we have
1-Ba-p) <=8
Thus, for all ¢ > 1, one has
Es a[lm: — VFs(z,)||] < 2GB" +4G(1 - B)"7 + % (19)

and for t = 0, we have Eg 4[||mo — VFs(x0)||] < 2G.
Summing equation (19) overt = 1,...,7 — 1 and using Zt 1 Bt , we obtain

(S 268 Lnf .

2 Es,a[[lm: — VEs(z4)|]] < 2G + i AG(1—B)F T+ m (20)

Substituting equation (20) into equation (16) yields

A 4G 4G p-1
Es VPSS < 7+ T + gy +56G0 = )7 +

2LnB | Ln
1-8 " 2

Combining this bound with the generalization decomposition at the beginning completes the proof of Theorem 5.13.

C.7. The Proof of Proposition 5.16

Without loss of generality, assume .S and S’ differ only at the n-th sample. By L-smoothness, for any £, one has
2
Ea|[[VF(A(S):€) - VAAES):)[°] < ZPEAIAS) - A

Let {x;}]_, and {2} }_, be the iterates generated on S and S’, with 2y = z{, = 0. For NSGD-CM, the update is normalized,
hence ||z+1 — 2+|| < 7 and thus

T-1 T—1
A <Y me, and JAS) <D e
t=0 t=0
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Let I(A) = {i;}1" be the index sequence sampled by the algorithm. It holds that A(S) = A(S’) on the event {n ¢ I(A)},
and hence

T—1 T-1 27
EA[|IA(S) - <4 ) (e () <4(Xm) —
t=0 t=0

where we used P(n € I(A)) < ZtT;Ol P(iy = n) = T'/n. Combining the above inequalities completes the proof.

C.8. The Proof of Theorem 5.17
By Theorem 4.2 and Proposition 5.16, we have

1

Es[[I[VF(AS)I] < Esa[llVEs(A(S))]] +8L,,T\/f oo

We next establish an upper bound on the optimization error of NSGD-CM. Let F; be the sigma-field generated by
{S,i0,...,%4—1}. Recall that

. m
gt = Chpy (vf(xt;git))7 my = fmy_1 + (1 — B)ge, T41 = Tt — 77||m7i|| )
and m_; = 0. By L-smoothness of F, it holds that
L
Fs(xi41) < Fs(x¢) + (VFs(x), Togp1 — 24) + §H$t+1 - $t||2
m Ln?
= Fy(x) - <VFs<xt) : >+ e/
([ 2
Ln2
< Fs(@e) = nlVEs(ze)ll + 2nlme — VEs(ze)ll + =,
where the last inequality uses Lemma A.2 with u = VFs(z;) and v = m;. Summing over ¢t = 0,...,T — 1, using
Fs(zp) > F&, and taking Eg 4 yield
T— T-1
A2 Ln
; AlllVEs(zy)|]] < T tT z; Es,a[llme — VFs(z)|] + TR (21)
where A := Eg[Fs(zo) — F§].
Define §; := m; — VFs(xy). Fort > 1, using m; = fmy_1 + (1 — 8)gs gives
= ﬁét_1 + B(VFs(xt_1) — VFS(xt)) + (1 — ﬂ) (gt - VFs(a?t)).
For all £ > 1, iterating the above recursion from dy yields
t
= (60 + (1 — Zﬂt (9 — VFs(x,)) + B> B (VFs(zr-1) — VFs(,)). (22)
T=1
Fort = 0, since m_; = 0 and mg = (1 — 8)go, we have
do = (1 = B)go — VFs(zo).
Using ||go|| < ||V f(x0;&:,)|| and Jensen’s inequality, we obtain
Es,allldoll] < (1= B)Esa[llgoll] +Esa[l[VEs(zo)|] < (1—-B)G+ G < 2G. (23)

We now bound Eg 4[||d¢|[] for ¢ > 1 by controlling the two sums in equation (22). For the drift term, by L-smoothness and
|zr — xr—1]] < n, one has

B> BT (VFs(xr-1) — VFs(xy))

T=1

t—1
<Lnsy p*< %.
k=0
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For the noise term, we decompose

9r — VFs(z;) = (9- — Elg- | 7)) + (Elgr | Fr] = VFs(z,)).

Then it holds
t
Es.a |||Y 877 (9r — VFs(x,) ‘H
T7=1
t
SES,A[ZH "(9r — Elgr | F7] H +Zﬁt "Es,a[|Elgs | Fr] — VFs(2,)|].
T=1

For the martingale term, set X, := 8" (g; — E[g, | F-]) for7 = 1,...,t. Then E[X, | F;] = 0 and {X}!_ isa
martingale difference sequence. By Jensen’s inequality and Lemma A.3, we have

p1/p : 1/p
] <<22ES,A[|XTM) .
T=1

t

> B (9 — Elgs | F-]) ‘H <Esa

T=1

t

>

T=1

Es,a

Moreover, by Jensen’s inequality, we have
E[llg: — Elg- | FIP | 7] < 2°E[lg- |? | 7] < PE[IV S (er: )7 | F] < 206,

and hence Eg a[||lg- — E[g- | F+]||?] < 2PGP. Therefore, it holds that

Es a

7

1/
iﬁt 7—( _ E[gT | ]_- ‘H 21+PG <i B(t—ﬂ’)p) ’ < 4G(1 _ Bp)—l/P.

=1 T=1

For the clipping bias term, using ||[E[U]|| < E[||U]|] and Lemma A.1 (b), we obtain

IElg- | F+] = VFs(z,)|| = ||Elclip, (Vf(2-:&,.)) = VI (zr5 &) | Frl||
< E[|lelip, (V f(z7:&:.)) = V(e &) | Fr]
<A'PE[|Vf (@ &P | Fr]
< Gpvlfp.

Therefore, it holds that

t t

> B TEsa[llElg. | Fr] = VEs(z)|] <GPy P> BT <

T=1 T=1

GpPyl—P
1-8"
Combining the two bounds and multiplying by (1 — /3), we obtain

t

ZBt_T(gT - VFS(ﬁr))H‘| <4G(1—B)(1 — )~ 1/P 4 gral-e,

T=1

(1-B)Es.a

Since 1 — P > 1 — B for § € [0,1) and p € (1, 2], it holds that

el
(=B -p)r<a-p7.
Substituting the above bounds into equation (22) and using equation (23) yields

Lnpg

ES,A[”@H] < 2GB' 4+ 4G(1 — ﬁ) L Gratr o 22 —t

(24)
for all ¢ > 1 and for ¢ = 0, equation (23) gives Eg 4[||do]|] < 2G.
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Summing equation (24) overt = 1,...,T — 1 and using ZtT:_ll Bt < % we obtain
(S 2G8 8
Esal[lme — VFEs(z4)]|]] <2G + o5t AG(1 = B)F T+ GPyPT + : j 3 (25)
t=0
Substituting equation (25) into equation (21) yields
A 4G 4GB p=1 _ 2Lng L77
E Fq(A < — 4 =4 —F 1— P oGP~L—p L 2
sallVES(AI < 7+ + g7 56U =87 +26"' 7+ 5+ .

Combining this bound with the generalization decomposition at the beginning completes the proof of Theorem 5.17.

D. Discussion of Mini-Batch Variants

In this section, we discuss how the mini-batch argument used in the proof of Theorem 5.7 can be adapted to the other

algorithms in Section 5. We take the mini-batch version of NSGD-M as an example. At iteration ¢, sample zgl), . zEB)

independently and uniformly from [n], and the mini-batch NSGD-M iterates as

my

B

1

B Z Vi@ &m), me=Bmi+(1=5)g, and 1 =2,
b=1 )

[l

The stability analysis is the same as that of Proposition 5.12, except that the probability of querying the replaced sample is
bounded by BT'/n. Hence the mini-batch NSGD-M is ¢, g-uniformly stable in gradients with

€m,B <2L\/BTZ77t

It remains to identify the change in the optimization analysis. Let

(v =91 — VFs(w) = ZXH,, and Xy = Vf(25:¢0) — VFs(a).

Conditioned on the history before iteration ¢, the sequence {X;}£_, is a martingale difference sequence. By Lemma A.3
and the assumption E ) [[|V f (z¢; §,) ) IP] < GP, we have

P
Ellc| | 7 = ]
= ZE[HX I” | 7]
» t.b t
b=1
< 8GPB'P,

Following the proof in Appendix C.6 with this bound gives

A Ly =t =1 4G 4GP 2Lnp
Es AlIVPAG)I] < 2+ 5 +8GB (1) + T+ obon + 120

| BT p—
+ 8LnT W + C’papn_Tl.

When B = 1, this bound reduces to the bound for NSGD-M in Theorem 5.13. The mini-batch variants of clipped SGD and
NSGD-CM can be analyzed analogously.
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