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Abstract

Influential benchmarks incentivize competing
model providers to strategically allocate post-
training resources towards improvements on
the leaderboard, a phenomenon dubbed bench-
maxxing or training on the test task. In this
work, we initiate a principled study of the in-
centive structure that benchmarks induce. We
model benchmarking as a Stackelberg game be-
tween a benchmark designer who chooses an
evaluation protocol and multiple model providers
who compete simultaneously in a subgame given
by the designer’s choice. Each competitor has
a model of unknown latent quality and can in-
flate its observed score by allocating resources
to benchmark-specific improvements. First, we
prove that current benchmarks generally induce
games for which no Nash equilibrium between
model developers exists. This result suggests one
explanation for why current practice leads to mis-
aligned incentives, prompting model providers to
strategize in opaque ways. However, we prove
that under mild conditions, a recently proposed
evaluation protocol, called tune-before-test, in-
duces a benchmark with a unique Nash equilib-
rium that ranks models by latent quality. This pos-
itive result demonstrates that benchmarks need
not set bad incentives, even if current evaluations
do.

1. Introduction

Traditionally, machine learning benchmarks came with a
fixed training set, requiring that all models under compar-
ison train on the same data. The situation has changed
with large language model benchmarks that typically only
provide test data, leaving the choice of training data to
the model developer. This has raised the concern that
model developers can inflate benchmark performance with
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benchmark-specific tweaks that don’t broadly improve
model capabilities. The resulting problem, called bench-
maxxing or training on the test task, confounds model com-
parisons and may cause misleading leaderboards, as prior
work shows (Dominguez-Olmedo et al., 2025; Singh et al.,
2025). But the situation need not be a sign of cheating
or wrongdoing. Rather, it can arise naturally when leader-
board rankings shape the returns to post-training investment.
Although widely recognized, there is currently no formal
understanding of the incentives that benchmarks set.

In this work, we initiate a principled study of the incentive
structure that benchmarks induce. We model benchmark-
ing as a Stackelberg game between a benchmark designer
and multiple competing model developers. The designer
chooses an evaluation protocol, and the model developers
compete in a simultaneous-move subgame given by the de-
signer’s choice. Each competitor has a model of a latent
quality — unknown to the benchmark designer — and can
inflate the observed score by allocating additional resources
to benchmark-specific improvements at a cost. The designer
aims to choose an evaluation protocol so that the resulting
benchmark yields a ranking by latent quality at equilibrium
when competitors best respond to each other.

1.1. Our Results

Our first result is descriptive and negative: Current bench-
marks induce games in which generally no Nash equilibrium
between model developers exists. Model developers may
have persistent incentives to strategize, leading to uninter-
pretable leaderboards that may not reflect a ranking by latent
quality. In contrast, our second result is prescriptive and
positive. Under regularity conditions on post-training dy-
namics, the designer has a cost-effective evaluation strategy
that induces a subgame with a unique Nash equilibrium that
ranks models by latent quality. In addition, at this equilib-
rium, model developers refrain from benchmaxxing alto-
gether, investing no additional effort in benchmark-specific
improvements.

What makes the incentive design problem challenging is
that the benchmark creator has no control over the utility
each model developer has for gains on the leaderboard, does
not know latent capabilities, and cannot limit how much
effort model developers invest. The evaluation protocol we
study tunes each model on the same small amount of task-
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specific data before evaluation. The intuition is that a small
amount of task-specific preparation levels the playing field
by washing out minor benchmark-specific tweaks. Previous
work showed empirically that this intervention, called tune-
before-test (TbT), leads to consistent model rankings across
a wide range of benchmarks (Zhang et al., 2025). Our main
result adds a game-theoretic justification: Tune-before-test
creates incentives that lead to rankings by latent quality at
equilibrium. Surprisingly, a small amount of data suffices to
realize the same effect as orders of magnitude more training,
as we show.

Complementing our theoretical results, we empirically ex-
amine the post-effort score assumptions in controlled case
studies on representative benchmarks. In the Winogrande
case study, after applying tune-before-test with 3,000 steps,
the smallest additional effort required to change the rank-
ing is 384,668 training steps. This illustrates why TbT can
be effective: by moving models into a diminishing-returns
regime, it raises the cost of marginal score improvements, SO
overtaking nearby competitors requires substantially more
additional effort (see Figure 1 right).

1.2. Related Work

Benchmarks have been the key driver of machine learning
progress by enabling frictionless comparison and compe-
tition (Donoho, 2024) between models. In the traditional
supervised learning paradigm, benchmarks typically come
with a fixed training set and a held-out test set (Garofolo
et al., 1993; LeCun & Cortes, 2010; Sang & Meulder, 2003;
Liberman, 2015; Hardt & Recht, 2022), enabling relatively
controlled comparisons across methods. Although test-set
reuse (Duda & Hart, 1974) can erode classical statistical
guarantees (Dwork et al., 2015a;b; Blum & Hardt, 2015; Ma-
nia et al., 2019), fixed train/test splits have historically sup-
ported relatively robust model comparison and have helped
establish widely adopted baselines, exemplified by the Im-
ageNet challenge (Deng et al., 2009; Russakovsky et al.,
2014) and its role in accelerating the adoption of deep learn-
ing (Krizhevsky et al., 2012; Goodfellow et al., 2016; He
et al., 2015).

A key reason benchmarks are useful in practice is external
validity (Liao, 2021; Salaudeen et al., 2025): performance
and rankings on one benchmark often correlate with per-
formance on related datasets and tasks (Yadav & Bottou,
2019; Recht et al., 2019; Miller et al., 2020a), allowing
practitioners to select strong models with some confidence.
For instance, studies have shown that ImageNet rankings
transfer well to other image datasets (Kornblith et al., 2019;
Salaudeen & Hardt, 2024). In the large language model
(LLM) era, however, many influential benchmarks provide
primarily test instances and a scoring protocol (Patward-
han et al., 2025; Glazer et al., 2024; Zhou et al., 2023a;
Jain et al., 2024), leaving training data and post-training

choices largely unconstrained (Raffel et al., 2019; Albalak
et al., 2024; Guha et al., 2025; Li et al., 2024). This change
expands the space of strategic choices available to model
providers and can lead to substantial ranking variation across
benchmarks (Huan et al., 2025; Zhang & Hardt, 2024; Liang
et al., 2023; Fourrier et al., 2024; Hardt, 2025), even among
benchmarks that aim to measure similar capabilities.

One mechanism behind the ranking variation is what
Dominguez-Olmedo et al. (2025) call training on the test
task. Model providers conduct benchmark-aware post-
training (Touvron et al., 2023) and data curation (Guha et al.,
2025) to achieve large gains on measured tasks without
comparable improvements in general capability (Zhou et al.,
2023b; Singh et al., 2025). Training on the test task differs
from training on the test set (Yang et al., 2023), or data con-
tamination (Jiang et al., 2024; Yang et al., 2023; Bordt et al.,
2024), where models train directly on the test data. Instead,
it captures optimization to the evaluation’s task distribution
or protocol, such as curating instruction data that matches
a benchmark’s format and rubrics or tuning with feedback
aligned to its scoring procedure (Dominguez-Olmedo et al.,
2025). Because such task-level alignment is difficult to de-
tect and is often not explicitly ruled out by benchmark rules,
it can confound leaderboard interpretation: scores conflate
latent capability (Ruan et al., 2024) with benchmark-specific
effort (Schaeffer et al., 2023). Model providers can strategi-
cally choose how much benchmark-specific effort to invest
per benchmark, which yields inconsistent rankings.

A natural way to mitigate benchmark-specific advantages
is to reduce heterogeneity in how models are prepared for
the evaluation. Zhang et al. (2025) propose tune-before-test
(TbT), in which all models are fine-tuned on benchmark-
specific data before evaluation to equalize preparation. Their
empirical results show that TbT can restore ranking consis-
tency across tasks from different domains and reveal that
post-TbT scores are dominated by a low-dimensional la-
tent capability factor. While Zhang et al. (2025) motivate
TbT as a post-hoc correction for observed rankings, we
study it as an ex ante mechanism design choice (Manheim
& Garrabrant, 2018). In our setting, a benchmark designer
commits to an evaluation protocol (including a TbT base-
line), anticipating that competing model providers will re-
spond strategically by allocating additional post-training
effort. We ask when an equilibrium exists in this competi-
tion and whether equilibrium rankings recover a ranking by
latent capability. Treating TbT as a designer-controlled pol-
icy parameter instead allows us to isolate its incentive effects
and ask how much evaluator-side adaptation is required to
stabilize rankings.

Relevant to our work is the literature on strategic classifica-
tion (Briickner & Scheffer, 2011; Hardt et al., 2016), which
studies decision-making when individuals may adapt their
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features in response to a deployed model. See Rosenfeld
(2024) for a survey. These interactions are typically modeled
as a Stackelberg game, where a decision-maker commits to
a classifier and strategic individuals best respond myopically
to the classifier. An important question in this literature is
how to incentivize genuine improvements rather than super-
ficial gaming (Kleinberg & Raghavan, 2020; Miller et al.,
2020b; Alon et al., 2020; Chen et al., 2023). Our work
shares this focus on incentives. In a departure from the
classification setting, however, ranking inherently creates
competition between participants: when one model moves
up in rank, another must move down. The leaderboard there-
fore induces a game between competitors. This aspect of
our work also connects to recent work on markets induced
by predictive systems (Einav & Rosenfeld, 2025; Sommer
etal., 2025). Closely related is the work on strategic ranking
(Liu et al., 2022), where a continuous population of indi-
viduals competes for acceptance by an institution, such as a
school or an employer. The institution may set the rewards
for achieving a given quantile rank within the continuous
population. The results characterize how quantile-based in-
centive design shapes effort, welfare, and fairness at equilib-
rium. Our work shares this focus on rank-based competition,
but studies the setting of machine learning benchmarking.
Here, the designer cannot directly control the downstream
rewards associated with a higher rank, such as more at-
tention or increased reputation, since these are exogenous.
Instead, the designer’s primary lever is not the reward de-
sign but the evaluation protocol itself, which needs to make
sense for a machine learning benchmark. Second, Liu et al.
(2022) model a continuum of agents, leading to a smooth
equilibrium characterization with monotone effort profiles.
In contrast, leaderboard competition typically involves a
finite number of strategic model providers, where small per-
formance changes can swap adjacent ranks and generate
discontinuous payoff changes. These local “just-overtake”
incentives can, in our setting, make equilibrium stability it-
self a central design concern. Finally, strategic ranking also
relates to a vast literature in economics on designing tour-
naments and contests, see (Corchén, 2007; Connelly et al.,
2014; Fu & Wu, 2019), that we cannot survey here.

2. Preliminaries

Capability, effort, and post-effort score. Consider a set
of LLM model developers N = {1,...,n} who submit a
model to a benchmark leaderboard curated by a leaderboard
designer. Each model has a latent variable 6; € R captur-
ing general model capabilities. This abstraction is empiri-
cally motivated by evidence that performance across diverse
language-model benchmarks admits a low-dimensional
structure and is often dominated by a general capability
factor (Ruan et al., 2024; Zhang et al., 2025). The set-
ting extends straightforwardly to a multi-dimensional latent
capabilities vector 0; € R<, with a benchmark-specific

coefficient vector w so that 6; = (w, ;). Without loss of
generality, we index models in decreasing order of latent
capability, i.e., 81 > 03 > --- > 6,,. Capabilities are known
to model developers but not to leaderboard designer.

Before evaluation, a model may undergo additional
benchmark-specific adaptation. We represent the fotal
amount of benchmark-specific preparation by a scalar e €
R>o, which may be performed by the model developer,
and/or applied uniformly by the leaderboard designer (as in
tune-before-test). Following the empirical tune-before-test
approach of (Zhang et al., 2025), we use the amount of
benchmark-specific fine-tuning data (e.g., number of train-
ing examples) as a concrete and measurable proxy for this
adaptation. We model benchmark performance through a
post-effort score mapping v = v(0, e):

Definition 2.1 (Post-Effort Score). The post-effort score
of a model with capability 6 and total benchmark-specific
training effort e is v(6, ¢) : R>¢ x R>g — [0, 1].

The function v(f,e) captures how capability and
benchmark-specific effort translate into its actual bench-
mark performance. For simplicity, we model v deterministi-
cally; equivalently, our results can be interpreted in terms of
expected scores under evaluation noise.

Leaderboard rewards. Let {R;}}_; denote the reward
assigned to the model ranked j, where rewards are non-
increasing in rank, i.e., Ry > Ry > --- > R, > 0. This
means higher-ranked models receive greater downstream
benefits (e.g., more downstream users, higher visibility)
from their leaderboard positions.

Example 2.2. Two canonical leaderboard reward settings:

1. Winner-take-all: only the top-ranked model receives a
reward, i.e., Ry > 0and R; = 0 forall j # 1.

2. Top-k rewards: the top k models receive the same
reward, i.e., R; = R > 0 for j € [k] and R; = 0 for
Jj>k.

Tune-before-test methodology. We model tune-before-
test (TbT) as a designer-chosen baseline effort A > () that
applies the same amount of benchmark-specific fine-tuning
to every submitted model before evaluation. We treat TbT as
an explicit part of the evaluation protocol: the leaderboard
designer commits to A”', and model developers choose any
additional benchmark-specific effort in response. Setting
A™" = ( recovers the standard evaluation without TbT, so
the conventional leaderboard protocol is a special case of
our framework.

3. Stackelberg Ranking Game

We model leaderboard evaluation as a Stackelberg game
with a single leader and multiple followers (Von Stengel &
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Zamir, 2010). The leader (the leaderboard designer) first
commits to an evaluation protocol, after which the follow-
ers (model developers) simultaneously choose benchmark-
specific effort. We study outcomes in which the developers
play a Nash equilibrium of the induced follower game, and
the leader chooses its action, anticipating this equilibrium
response. Such an outcome is often referred to as a Stackel-
berg—Nash equilibrium (Marchesi, 2021).

Definition 3.1 (Stackelberg Ranking Game). The players
are a leaderboard designer (the leader) and a set of model
developers N = {1,...,n} (the followers). Model devel-
opers have latent capabilities (6;)"_;, which are common
knowledge among the model developers but unknown to
the designer. A public rank-based reward {R; }?:1 assigns
reward I2; to the model ranked j. The sequence of actions
is as follows:

e The designer commits to a benchmark and a tune-
before-test baseline A" > 0.

+ After observing A™, developers simultaneously
choose additional effort levels e; > 0.

Scores are realized as v; = v(6;, e; + A™®"), and models are
ranked by v = (v1,. .., v,) (ties broken deterministically).
Both parties’ utilities are specified in Definition 3.2 and
Definition 3.4.

3.1. Model Developer’s Utility and Externalities

Model developers are modeled as rational agents whose
utility equals the rank-based reward minus the cost of ad-
ditional effort. We use a cost function ¢ : R>¢ — Rxg
to capture the effort costs !. Because rewards depend on
rank, incentives are inherently interdependent: improving
one model’s rank necessarily lowers another’s. As a result,
a developer’s optimal effort depends not only on its own
capability and cost, but also on competitors’ efforts. Lete_;
denote the vector of the efforts of all models except i. We
define the utility of developer ¢ as follows:

Definition 3.2 (Model Developer’s Utility). Given a rank-
based reward (R;)7_; and a fixed tune-before-test adjust-
ment level A" > 0, the utility of model i with capability 6;
and effort ¢; is

Ui(ei; €_;, Atbt) = Rrank(m) - C(ei)a (1)

v; = v(0;, A" +e;), rank(v;) == 1 + Z {v; > v;}.
FeN\{i}

'We assume a common cost function for all model developers
for simplicity. In Proposition B.1, we show that multiplicatively
separable costs (C;(ei;0;) = v: c(es)) yield an equivalent fol-
lower game after rescaling rewards.

Nash equilibrium of the induced follower game. For a
fixed TbT level A™ the developers’ interaction forms the
induced follower game, for which we use pure-strategy Nash
equilibrium (Nash, 1950) as the solution concept. Intuitively,
an effort profile is at equilibrium if no developer can improve
its utility by unilaterally changing the amount of benchmark-
specific effort it invests:

Definition 3.3 (Follower Game’s Nash Equilibrium). Fix a
TbT level A™'. An effort profile e* = (e}, , el ) is apure-

strategy Nash equilibrium (PNE) of the induced follower
game if, for every model developer i € N,

—is

* .ok tht
€; Eargrgaé(Ui(e,e AP,

where e* ; denotes the equilibrium efforts of other models.

Although real-world leaderboard competition involves re-
peated submissions over time, equilibrium analysis still
provides a useful baseline: it clarifies whether incentives
can ever settle, or whether the leaderboard instead induces
persistent “arms-race” behavior.

3.2. Leaderboard Designer’s Utility

The leaderboard designer evaluates a benchmark by whether
its induced ranking reflects latent capabilities, while paying
for interventions such as TbT. A simple way to capture this
objective is through a ranking correctness criterion:

Definition 3.4. (Leaderboard Designer’s Utility) Given
a tune-before-test level A and follower effort profile
e = (e1,...,e,) inducing scores v; = v(0;,e; + A®"),
the designer’s utility is

UL(Albt; e) = RLH{Srank} - nCL (Atb[)a (2)

where &,ank denotes the event that Rank(v;) = Rank(6;)
for all i € [n], R¥ > 0 is the reward for a capability-
consistent ranking, and c”(A™) is the per-model cost of
applying TbT.

This binary objective captures the designer’s primary con-
cern: whether the leaderboard correctly orders models by
latent capability. Alternatives could use smoother rank-
correlation metrics such as Kendall’s 7 (Kendall, 1938). We
assume R is large enough that any capability-consistent
ranking is preferred to any inconsistent one, even after TbT
costs, and that c¢Z(A™) is increasing. Thus, among TbT
levels that induce a capability-preserving follower equilib-
rium, the designer prefers the cheapest one, yielding the
Stackelberg—Nash equilibrium defined below.

3.3. Stackelberg-Nash Equilibrium

Formally, a pair (A" e*) is a Stackelberg—Nash equilib-
rium if: (i) e* is a pure-strategy Nash equilibrium of the in-
duced follower game under A®”, and (ii) A®” maximizes
the designer’s utility anticipating this response.
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We begin by fixing A" and analyzing the induced follower
game. Understanding the existence of follower equilibria
and the rankings they generate is a prerequisite for deter-
mining the designer’s optimal policy. In Section 5, we then
study how to choose the optimal TbT level A™! * to maxi-
mize the leaderboard designer’s utility.

4. Equilibrium Analysis of the Follower
Game

What incentives does a rank-based leaderboard create for
strategic model developers? When model developers can
invest in additional benchmark-specific post-training to im-
prove performance, a central question is whether the induced
competition admits a pure-strategy Nash equilibrium, that is,
whether incentives can settle at a stable effort profile.

Perhaps surprisingly, our first result is partially optimistic:
whenever a pure-strategy equilibrium of the induced fol-
lower subgame exists, the resulting leaderboard rank-
ing must preserve the latent capability ordering (Proposi-
tion 4.3). In this case, any strategic post-training should
still lead to a stable and correct ranking. However, as we
point out later, the more subtle issue is that such equilibria
need not exist. We show that equilibrium existence depends
critically on the reward gaps between adjacent ranks (Theo-
rem 4.6). When rewards are sufficiently large, developers
face persistent incentives to “just overtake” nearby competi-
tors, leading to arms-race dynamics.

4.1. Assumptions and Empirical Verifications

To analyze equilibrium behavior in the induced follower
game, we need to make some structural assumptions on (i)
the cost of benchmark-specific post-training, and (ii) how
benchmark performance depends on a model’s capability
and post-training effort.

Initial benchmark-specific data curation may be inexpensive,
but getting more data typically becomes progressively more
costly (DatologyAl, 2024). To capture this, we assume that
the cost of effort is non-decreasing and convex:

Assumption 4.1 (Cost function c). The cost of benchmark-
specific post-training ¢ : R>¢y — R>( is non-decreasing
and convex, with ¢(0) = 0 and lim,_, ¢(e) = oo.

Next, we impose structure on the post-effort score function:

Assumption 4.2 (Post-effort score function v). Letv : © X
R>¢ — [0, 1] denote the post-effort score function, where
6 € © C Ry is the capability and e € R is the total
effort. Assume v is continuous and that for all (6, e):

C1. (Monotonicity in capability) Holding effort fixed,
higher capability yields a higher score: dpv(6,e) > 0.

C2. (Diminishing returns and saturation in effort) Effort
weakly improves performance but with diminishing
marginal returns, and scores converge to a finite limit:
dev(f,e) > 0, Oeev(f,e) < 0, and v>°(0) :=
lime_, o, v(0, €) exists and is finite.

C3. (Non-decreasing effort gaps) Let €™4(s; 0) := inf{e >
0: v(f,e) > s} denote the minimal effort required
for capability 6 to reach target score s € [0,1]. For
any 6’ > 0, the effort advantage of higher capability,
e™(s;6) — e™(s; 6"), is (weakly) nondecreasing in s.

These conditions capture three widely observed regularities
in post-training scaling behavior: higher-capability models
perform better at any fixed effort (C1), benchmark-specific
training exhibits diminishing returns and saturation as mod-
els approach the benchmark’s performance ceiling (C2). C3
further requires that as the target score increases, it does
not become easier for a lower-capability model to close the
gap through post-training alone. This is a standard single-
crossing—type regularity condition in economic theory (Top-
kis, 1998), and is consistent with empirical observations
that stronger foundation models tend to make more effective
use of additional training, especially at a higher target score
(Wei et al., 2021).

Example: generalized power-law scaling. As an illustra-
tive functional form consistent with Assumption 4.2, con-
sider a generalized scaling law motivated by empirical stud-
ies of post-training behavior (Ruan et al., 2024; Finnveden,
2020; Owen, 2024). Let

v(t,e) — L(0)

(0, e) := U@ —L(0)

€[0,1]

denote a normalized score, where L(6) and U () represent
model-specific lower and upper performance levels. Sup-
pose

071(6(0, e)) = «a(0) + B(0) log(1 + e), 3)

where o1 is the logit link function, a(6) is the baseline per-
formance on the logit scale, and 3(#) > 0 is the scaling co-
efficient governing how efficiently extra compute improves
performance. If «() and §(0) are both weakly increasing
in 6, this specification satisfies all conditions in Assump-
tion 4.2 (C1-C3).

We also provide empirical evidence for Assumption 4.2
using controlled post-training experiments within a sin-
gle model family. Because latent capability 6 and prior
benchmark-specific post-training effort are unobserved, we
restrict attention to Qwen2.5 models (Yang et al., 2024).
Within this family, we use model size as a proxy for capa-
bility 8, and we treat the models’ pre-existing post-training
as approximately the same across sizes. We then apply ad-
ditional benchmark-specific post-training to each model on
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Figure 1. Left: Continued post-training trajectories of Qwen2.5 models of different sizes on Winogrande. Here, we use model size as a
proxy for the model’s latent capability 6. The x-axis denotes the amount of post-training steps (each step corresponds to 8 data points),
reflecting post-training effort e. The y-axis denotes accuracy on the validation set, i.e., v(6, €). For each model, we fit a curve following
Equation (3). The empirical results align with the assumptions of monotonicity in capability, diminishing returns and saturation in effort,
and non-decreasing effort gaps in Assumption 4.2. See Appendix E for additional details and results for the other eight benchmarks. Right:
For each tune-before-test level A” (the amount of benchmark-specific finetuning steps, z-axis), we calculate the minimal additional steps
required (y-axis) to change the ranking for at least one model, i.e., min,c{2,... n} e'r"q(A’b’ ), based on the fitted curves on the left. With

A®" = 3,000, at least 384,668 training steps are needed to change the ranking of one model.

the benchmark’s training set, plotting performance on the
validation set as a function of added effort e (measured by
the incremental number of training steps).

Figure 1 (left) shows the results on Winogrande, a large-
scale commonsense pronoun resolution benchmark intro-
duced by Sakaguchi et al., while results for the other eight
benchmarks are in Appendix E. For each model size, we
fit the generalized power-law specification in Equation (3).
The fitted curves track the observed points closely and are
consistent with Assumption 4.2. First, at any fixed e, larger
models achieve better performance (monotonicity in 6, C1).
Second, gains from additional effort diminish and scores ap-
proach a plateau (concavity and saturation in e, C2). Third,
the horizontal distance between curves—interpretable as the
extra effort required for a smaller model to match a larger
model’s target score—does not shrink at higher target accu-
racies (increasing effort gaps, C3). For instance, the implied
effort gap between Qwen2.5-3B and Qwen2.5-7B is larger
at 88% accuracy than at 86%, as illustrated by the dashed
guides in Figure 1 (left).

To assess whether these patterns generalize beyond a single
model family and a fixed fine-tuning recipe, we extend the
experiments to a cross-family set of Qwen2.5, Llama 3, and
Gemma 2 models, and sweep the fine-tuning learning rate in
both within- and cross-family settings. In both cases, both
the qualitative trajectories and the rankings they induce re-
main stable, with higher-capability models eventually over-
taking those that had a head start. See Appendices E.1
and E.2 for details.

4.2. Order Properties of Equilibrium Profiles

Our first result shows that if the induced follower game
admits a pure-strategy equilibrium e*, the resulting leader-
board ordering must respect the latent capability ordering
(Proposition 4.3). Intuitively, this means that if all devel-
opers choose benchmark-specific post-training optimally,
strategic fine-tuning alone cannot cause a lower-capability
model to strictly out-rank a higher-capability one:

Proposition 4.3. Under Assumption 4.1 and Assumption 4.2,
fix any tune-before-test adjustment level A" > 0. If the
follower game admits a pure-Nash equilibrium e*, then for
anyt, j,

0; > 0; = v(0;, A" +e) > v(0;, A" +ei).

In particular, post-effort scores at equilibrium preserve the
latent capability ordering up to ties.

Proposition 4.3 offers reassuring news: if the leaderboard
competition ever settles, it will settle in the right order.
However, this positive result comes with an important caveat.
As we show next, such equilibria need not exist at all. In
particular, if the reward gap between some adjacent ranks
is large relative to the cost of overtaking, namely, if there
exists r € {2,---,n} with R._; — R, sufficiently large,
the induced follower game fails to admit any pure-strategy
Nash equilibrium. In this regime, developers face persistent
incentives to “just overtake” nearby competitors, leading to
arms-race dynamics rather than convergence.
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4.3. Existence of Pure-Nash Equilibrium

Fixing a TbT A™', we analyze the induced follower game
among developers and characterize when it admits a pure-
strategy Nash equilibrium, and when it does not.

All-Zero additional effort profile. A natural reference
point is the all-zero additional-effort profile e = (0, - - - ,0),
where model ¢ attains the baseline post-TbT score

Si(Atbt) = U(9i7 Albt).

By monotonicity in capability (C1), we have s; (A®") >

- > 5, (A™). Because rewards depend only on rank and
effort costs are nondecreasing, any profitable deviation must
be an overtaking move, and the cheapest such deviation is
to overtake the adjacent competitor directly above:

Definition 4.4 (Just-Overtake Effort at TbT Level A®"). Fix
a TbT level A" > 0. For any rank 7 € {2,--- ,n}, define
the “just-overtake “effort as

erI(A™) = inf{e >0: v, A" +e) > Sril(Atbt)}'

Equivalently, e;-(A™®") measures how difficult it is for the

model designer r to “climb” from rank 7 to rank » — 1 start-
ing from any common TbT baseline. When e;"4(A™®") is
small, even minor fine-tuning can change rank, creating
strong overtaking incentives. When it is large, small in-
vestments are unlikely to affect the leaderboard ordering.
The following proposition precisely states when the all-zero
effort profile is a pure Nash equilibrium strategy of the
induced follower game:

Proposition 4.5 (Zero-effort equilibrium condition). Fix

any A" > 0. The all-zero profile e = (0,- - ,0) is a PNE
if and only if, for every r € {2,...,n},
c(er(A™)) > R,_1 — R,. 4)

In words, with TbT level A", no agent can profitably “just
overtake” the model immediately above it: the minimal cost
required to surpass the adjacent baseline score exceeds the
corresponding reward gap.

Proposition 4.5 further implies that if the adjacent “just-
overtake” condition fails for some model designer, then no
pure-strategy equilibrium exists:

Theorem 4.6 (Equilibrium structure and nonexistence). Fix
any A™ > 0, and suppose ties are broken deterministically
in a way that does not favor the lower-capability model
2. Then any PNE, if it exists, must be the all-zero profile

>Under random tie-breaking, a lower-capability model may
benefit from exerting positive effort to enter a tie lottery, so the
conclusion that every PNE is all-zero need not hold without further
qualification. This is mainly a technical issue: exact ties are rare
in practice because leaderboard scores are usually reported at high
precision or resolved by fixed secondary rules.

e= (0,
such that

,0). Moreover, if there exists v € {2,...,n}

c(e(A™)) < R,y — Ry, 5)

then the induced follower game admits no PNE.

Proof sketch. Suppose a PNE e* exists. By Proposition 4.3,
post-effort scores are weakly ordered by capability at equi-
librium. Since ties are broken deterministically against
the lower-capability model, model n remains last-ranked
whenever it only ties a higher-capability model. Thus, it
cannot gain from positive effort that does not strictly over-
take model n — 1, and it weakly improves by setting e,, = 0.
Hence e}, = 0. Given e; = 0, model n — 1 strictly out-
ranks model n at zero effort by (C1) and cannot lose rank
by reducing effort, so e}, _; = 0. Repeating this argument
inductively yields e; = O for all 7. Therefore, any PNE must
be the all-zero profile e = (0, - - - ,0).

If c(er1(A®)) < R,_1 — R, for some r € {2,...,n},
then at e = (0,---,0) model r can profitably deviate by
exerting effort e, 4(A®"), thereby overtaking model r — 1
and increasing its reward by R,._1 — R, at lower cost. Hence
e = (0,---,0) is not a PNE. Since any PNE must be all-

zero, no PNE exists. O

The theorem shows that incentives are governed locally by
the adjacent reward gap R,_; — R,: moving from rank r
to rank 7 — 1 is profitable only if this gain is large enough
relative to the corresponding overtaking cost. This gives
a simple interpretation of common reward schemes. In
winner-take-all schemes, incentives are concentrated at the
top rank; in top-k schemes, they are concentrated near the
cutoff into the rewarded set. By contrast, under a smoothly
decaying reward scheme, adjacent reward gaps are spread
more evenly across ranks and may all be small. In that
case, no single rank improvement creates a large reward
jump, so overtaking incentives are correspondingly weaker
throughout the leaderboard.

Our analysis also suggests that the main failure mode of
leaderboards is not that they converge to a stable but in-
correct ranking. Instead, leaderboards can fail because
they may incentivize continuous competitive fine-tuning:
developers are motivated to repeatedly invest in benchmark-
specific optimization simply to gain (or defend) a small rank
advantage (Equation (5)).

This regime is particularly relevant when benchmarks pro-
vide limited separation between models, so that even small
performance gains translate into meaningful rank changes.
Such situations can arise on saturated benchmarks where
frontier models perform similarly (e.g., MMLU (Hendrycks
et al., 2020) or HellaSwag (Zellers et al., 2019b)), as well
as on very difficult or early-stage benchmarks where all
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models perform poorly and remain tightly clustered (e.g.,
Humanity’s Last Exam (Phan et al., 2025)).

5. Tune-before-Test Aligns Benchmark
Incentives

We now turn to the leaderboard designer’s perspective and
ask: if large reward gaps can preclude equilibrium in the
induced follower game, how should the designer choose
A™! to stabilize incentives? At a high level, tune-before-test
shifts the leaderboard’s “operating point” by applying the
same amount of benchmark-specific training to all models,
so the baseline scores become s;(A®") = v(6;, A®"). This
has two conceptually distinct effects.

By moving models closer to their benchmark-specific per-
formance limits, TbT directly reduces the leaderboard’s sen-
sitivity to who prepared more aggressively from scratch.
In the limit as models approach their saturation levels
v>°(0) = lim,_,~ v(0, €), rankings depend only on capa-
bility. Under monotonicity in capability (C1), saturation
yields a capability-consistent ordering:

Proposition 5.1 (Rank preservation at saturation). Suppose
the post-effort score v(6,¢) satisfies dgv(6,e) > 0 (CI).
Then the saturated score v™°(0) = lim._, o v(0,¢€) is in-
creasing in 0.

More importantly, TbT also weakens the incentives for
strategic post-training. Since v(6, e) exhibits diminishing
returns in effort (C2), increasing A™" pushes all models into
a regime where further improvements are harder.

5.1. TbT Increases Leaderboard Climbing Cost

To formalize this incentive effect, recall ey (A™"), the min-
imal additional effort required for model r to overtake the
adjacent competitor at baseline A" (Definition 4.4). This
precisely captures the marginal difficulty of climbing the
leaderboard. The next lemma shows that increasing the TbT
baseline monotonically raises this overtaking cost:

Lemma 5.2 (TbT Increases the Leaderboard Climbing Cost).
For any A" > 0 and r € {2,...,n}, the minimal just-
overtake effort e/*4(A™), and thus also the corresponding

cost c(e1(A™")), is non-decreasing in A™'.

Figure 1 (right) plots the minimal just-overtake effort across
all models min,c(o, .,y €r (A% (y-axis), as a function
of A™" (z-axis). We estimate ey (A™") using the fitted post-
training trajectories shown in the left panel. For example,
for model Qwen2.5-7B at A™" = 500, we first compute the
accuracy of Qwen2.5-14B at A" = 500, 91.0%. We then
calculate how much additional training data Qwen2.5-7B
requires to reach 91.0% based on the fitted curve, which
is 5,890. We repeat this for all models (except for the best
model Qwen2.5-14B) and plot the minimum across all rank

7 > 2. The resulting curve shows that leaderboard climbing

becomes rapidly more difficult as A" grows. At A®" = 0,
only 18 additional steps are needed to change the rank-
ing, whereas at A = 3,000, the required effort rises to
384,668 steps.

5.2. TbT Restores Equilibrium Existence
Since increasing TbT raises the overtaking effort required,
the all-zero equilibrium condition in Proposition 4.5 be-
comes easier to satisfy at higher TbT levels:

Proposition 5.3. Given two tune-before-test adjustment
levels 0 < At < AU if the all-zero effort profile e =
(0,...,0) is a PNE under A%, it is also a PNE under A%

Thus, TbT has a monotone stabilizing effect on post-training
incentives: once no model developer finds it profitable to
exert additional effort, this remains true under any larger
TbT intervention.

5.3. How Much TbT is Enough?

In practice, a benchmark evaluator may not have enough
compute to apply a large TbT adjustment to every submitted
model, due to resource or cost constraints. This raises a nat-
ural question: what is the smallest TbT level that eliminates
incentives for further strategic fine-tuning? This motivates
us to view TbT as an incentive-control parameter with a
corresponding threshold.

Definition 5.4 (Stabilizing TbT Threshold). Define the sta-
bilizing TbT threshold as

AP = inf{A’b’ >0:c(e™(A™)) > R,y — R,,

(©)
VTG{Q,...,n}}.

that is, the smallest TbT adjustment for which no model
can profitably overtake the model directly above it at the
baseline level.

At A™™ the cost of overtaking the immediate neighbor ex-
ceeds the corresponding reward gain for every adjacent pair.
By Proposition 5.3, once this condition holds, it continues
to hold for all larger TbT levels. Hence, any A > A
eliminates profitable overtaking incentives:

Corollary 5.5. For any A" > A" the induced follower
game admits a PNE in which all model developers choose
zero additional effort, i.e., e* = (0,...,0). In particular,
no model developer engages in strategic post-training.

Under the leaderboard designer objective in Definition 3.4,
A™” is also the optimal TbT choice: since it is the smallest
intervention that induces a follower equilibrium preserv-
ing the true capability ordering, it therefore achieves the
designer’s ranking objective at minimum cost.



Leaderboard Incentives: Model Rankings under Strategic Post-Training

5.4. Case Study Under Generalized Power-Law
To build intuition for the scale of the stabilizing TbT level
A™” consider the generalized scaling law

o} (9(0,e)) = a(8) + B(0) log(1 +e),

with costs satisfying ¢(e) > ke for some x > 0. For an
adjacent pair (r—1,7), let p,. := (R,_1 — R,-)/k denote the
reward gap in units of effort, and let e;4(0) be the baseline
catch-up effort without TbT. Define

. Pr L B(6;)
)\r = req(o)a Yr = ﬂ(or—l)

Cr
Here, )\, measures the effective overtaking incentive, while
v, captures the relative learning rate between two mod-
els.

<1

Proposition 5.6 (Stabilizing TbT under generalized scaling).
Under the generalized scaling law, and if ¢(e) > ke, there
exists a stabilizing ThT threshold A" : such that any A™®" >
A’bt: eliminates profitable overtaking deviations from rank
r to rank v — 1. Moreover, in the regime where catch-up
remains feasible, A’Tb’* = O()\ZT), up to a constant factor
depending only on €/*1(0).

The exponent v, determines how quickly the required TbT
level grows with the overtaking incentive. When +y,. is small,
the stronger model benefits more from effort, so rankings
are easier to stabilize; when v,- =~ 1, the two models benefit
similarly, and a larger TbT baseline is needed. Thus, the
stabilizing threshold grows polynomially in \,, but more
slowly when effort-response gaps are larger.

To stabilize the full leaderboard, it suffices to choose

Azbt* -

max
re{2,...,n}

Atbz*
namely, the global threshold is determined by the hardest
adjacent pair.

A concrete example. We estimate the baseline catch-up
difficulty e;-*(0) and the learning-rate ratio ~, from the fitted
trajectories in Figure 1. For the hardest-to-stabilize pair,
we estimate ey (0) ~ 13.7 and 7, &~ 0.33. Suppose the
corresponding reward gap translates to p,, = 1000 units of
effort, so the effective incentive is A\, = e“:/‘)’ro) ~ % ~ T3.
Using Proposition 5.6, a stabilizing TbT level is

- 0.33
A Pr K _ 1000 ~d
" erreq(O) 13.7 ’

That is, adding roughly 4 units of baseline TbT effort is al-
ready enough to deter overtaking for this hardest-to-stabilize
adjacent pair.

6. Limitations and Future Work

Our analysis provides a first step toward understanding the
incentives induced by LLM benchmark leaderboards, but it
relies on several simplifying assumptions. We discuss these
limitations and future directions below.

Assumptions underlying the theoretical results. First,
the tune-before-test guarantee relies on regularity assump-
tions on the post-effort score function (Assumption 4.2),
motivated by controlled SFT settings. These assumptions
may fail in more complex post-training pipelines, especially
those involving reinforcement learning (Gao et al., 2023;
Fernando et al., 2024). Extending the analysis to noisier
or non-monotone dynamics is an important direction. Sec-
ond, we model latent capability as commonly known to
developers. In practice, developers may only have noisy
information about their own and others’ models. A natu-
ral extension is a Bayesian contest model (Moldovanu &
Sela, 2001), in which developers observe private signals,
form beliefs about competitors, and choose post-training
effort to maximize expected utility. Finally, we focus on
pure-strategy equilibria in a static follower subgame. Real
benchmarks are updated over time, and developers respond
dynamically (Ott et al., 2022), which may induce different
equilibrium behavior.

Multi-benchmark and multi-task settings. Our main
analysis focuses on single-benchmark or independent multi-
benchmark settings. In practice, developers often face mul-
tiple benchmarks or benchmark suites simultaneously, and
must allocate shared post-training resources across them. Ef-
fort may concentrate on tasks or benchmarks that are easier
to improve, more visible, or more strongly tied to down-
stream reward (Hardt, 2025). Tune-before-test can raise
local overtaking costs within each benchmark, but may not
stabilize global incentives when effort transfers across tasks,
when benchmark scores are aggregated, or when benchmark
suites evolve. Understanding such dynamic allocation prob-
lems with cross-task and cross-benchmark spillovers is an
important future direction.

Practical limitations of tune-before-test. Tune-before-
test is most applicable to centralized or platform-mediated
leaderboards, where the designer can apply a standardized
post-training procedure before evaluation. In decentralized
settings, where developers self-report scores or run evalua-
tions locally, implementing TbT would require additional
standardization, logging, auditing, or selective reruns. TbT
also imposes designer-side costs: applying it to every sub-
mitted model requires compute and infrastructure, with total
cost growing at least linearly in the number of submissions.
Practical deployments must therefore trade off incentive
benefits against operational costs, especially for large-scale
leaderboards or frontier models.
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A. Primary Notation Table

Symbol Description
0 €R>o one-dimensional latent model capability
e € Rxo benchmark-specific training effort
v(8,e) € 10,1] post-effort score (benchmark performance)
c(e) cost of exerting effort e
(Rj)5=1 rank-based reward scheme: the model ranked j receives reward R;
A" € R>o tune-before-test (TbT) baseline chosen by the leaderboard designer
5 (A™) := v(0,, A™) baseline score of model r under TbT level A™
€®(s;0) minimal effort required for a model with capability  to reach score s, i.e.,
€®(s;0) :=inf{e > 0: v(0,e) > s}
el (AP minimal additional effort required for model - to overtake model r — 1 at TbT level A™, i.e.,
YA == inf{e > 0: v(0,, A" +e) > s.—1(A™)}
o:R —[0,1] logit link function
L(0) lower attainable performance level for a model with capability 6
U(9) upper attainable performance level for a model with capability 0
(0, e) := % € [0,1] normalized post-effort score
a0 logit of the baseline performance when e = 0
B(0) >0 coefficient governing how effectively extra effort translates into performance
k>0 constant lower bound on the marginal cost of effort, i.e., ¢(e) > ke

pr = (Rr—1 — Rr)/K
Ar = pr/e(0)
Yr = B(0r)/B(0r—1) <1
AP
A = max,cqa,. ny A

effective reward gap (in effort units) for model r
effective incentive parameter

learning-rate ratio for the pair (r — 1,r)

stabilizing TbT threshold for the adjacent pair (r — 1,7)
global stabilizing TbT threshold

Table 1. Primary notation.
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B. Missing Proof in Section 3
Equivalence of heterogeneous separable costs to a homogeneous same-family cost

Proposition B.1 (Equivalence of heterogeneous separable costs to a homogeneous same-family cost). Fix a common cost
shape ¢ : Ry — Ry that is continuous, strictly increasing, and satisfies ¢(0) = 0. Consider each model i chooses effort
e; € Ry, is ranked by a score v(0;, e;), and has a heterogeneous but multiplicatively separable cost

Ci(ei; 0i) = vic(es) with ; > 0.

Then there exists an equivalent game in which every model developer chooses z; € R, all model developers share the same
cost function of the same form c(-) (i.e., homogeneous cost ¢(z;)), and the only change is a type-dependent relabeling of the

score:
17(0“22) = 'U(Qi, C_l(M)).
i
Specifically, the map
D;:e; & 2= c_l(*yi c(e;))

is a bijection for each i, and for every profile (¢;); with image (z;); we have

Rrank(v(@,y,ei)) - i C(ei) = Rrank(@(()i,zi)) - 0(21) forall 1.

Consequently, the two games induce identical rankings, payoffs, best responses, and Nash equilibria up to the one-to-one
reparametrization.

Proof. Because c is strictly increasing, ¢!
®;(e) := c1(v; c(e)), with inverse

exists and is strictly increasing. For each ¢, define the type-wise bijection

071(2) = o }(4).

Vi
Under ®,, the heterogeneous cost transforms as

vicle) = dPile) = c(z),
so all model developers share the same cost function c(-) in the z-parametrization. Define 4(6;, z;) := v(6;, ®; ' (z;)) =
v(@i, cHe(z)/ %)) Then for any profile (e;); with the reparametrization variable (z;),;, we have:
RRank(u(ai,ei)) - 'WC(@i) = RRank<1J(9i,¢’;1(zz‘))) B C(Z’L) - RRa“k('g(eiazi)) a C(Zi)’

so the utilities are preserved. Hence, the best responses and equilibria correspond one-to-one via ®, establishing the
equivalence between the two settings. O

C. Proofs for Section 4
Proof for Proposition 4.3

Proof. Fix any A® > 0 and let e* be a PNE of the induced follower game. Suppose for contradiction that there exist
models , j such that 6; > 6; but

vf = (0, A" +ef) < v(0;, A" +ef) = vl (7)

Counterfactual efforts. For any target score s € [0, 1], recall the minimal additional effort (beyond A”') needed for
capability 6 to reach s is:
(5,0, A" ;= inf{e > 0: v(0, A" +e) > s}.

Define the counterfactual efforts
& = e™I(v};0;, A™), &j = e™(v]; 05, A™).

Then by definition,
v(0;, A" &) > v, (0, AT +é;) > 0.

Moreover, since vj > v} and v(0, -) is nondecreasing in effort (C2), we have é; > e;and ¢; < e?.
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€l.* + Atbt éi + Atbt éj+ Atbt ejv + Atbt e

Figure 2. Tllustration of the notations and functions used in the proof of Proposition 4.3. The post-effort score function v (0, e) satisfies the
conditions in Assumption 4.2. Here, e] and e} denote the equilibrium efforts of model developers ¢ and j, respectively. The counterfactual
efforts €; and €; are defined as the efforts each model developer would need to match the other model developer’s post-effort score given
a TbT effort level A™, ie., v(0;, & + A™) = v(0;, €] + A™),v(0;,&; + A™) = v(0;, €] + A™).

Effort-gap comparison. Let
Ay, ,(s) == e(s; 05, AP — e™(s; 0;, AP

denote the effort gap required for the lower-capability model j to achieve score s relative to the higher-capability model ¢ (at
TbT level A™). By (C3), Ay, ¢, (s) is (weakly) nondecreasing in s. Applying this with s = vj > vf gives

Aeiﬂj(v;) > A‘giﬂj(v’r)?

ie.,
ereq(v;;oj’Atbt) _ ereq(v;;9i7Atbt) > ereq(vgk;ej’Atbt) _ ereq(,U;k;GhAtbr).

Using e™d(vf;0;, A™) = ef and e™(v};0;,A") = e, and the definitions & := €™I(v};0;,A") and &; :=
e (vy; 6;, A™"), this becomes

61‘76; S 6;7(%'. (8)
By convexity and monotonicity of ¢ (Assumption 4.1), Equation (8) implies

c(@) —clej) < elef) —c(€)). ©

Nash inequalities. Since e* is a PNE, neither model can gain by deviating unilaterally. Let v* = (v}, ..., v})) be the
equilibrium score profile and let 74 (-) denote the rank of model &k under a given score profile (with an arbitrary but fixed
deterministic tie-breaking rule). Then

RTi(V*) — c(e )

Ry j(ve) — c(e€])

v

Rn(v(ei,Arbr +éi)7vii) - C(éi)7
R

vV

—c(€;).
Tj(U(@j,A’b’Jréj%Vij) ( '])
Rearranging terms gives

- Rm(v*) < C(éz) - 6(6;)7 (10)

Rrj(v(ﬁj,A/b’ +éj)7vij) 2 C(ej) - C(é]) (11)

Rri(v(ei JAP4E), Vi,-)

Ry vy =

Here Equation (10) is the reward increase when i raises its effort to (at least) match j’s score v, and Equation (11) is the
reward decrease when j lowers its effort to (at least) match ¢’s score v .
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Reward comparison via strict overtaking. Fix any € > 0, and define the e-overtake effort for model ::
& =inf{e > 0: v(0;, A" +e) > v} +¢}.

Then v(0;, A®" +¢&£) > v}, so model  strictly outranks model j under any deterministic tie-breaking rule. Hence the reward
increase of model 7 from deviating to € is at least the reward decrease of model j when it deviates to achieve v

— Ry, vy 2 Rpjve) — (12)

r,y(v(ei,A’b’ +éf), v’:i) rj(v(éj,A”” +é;), v’:j) ’

Combining (10), (11), and (12) yields
c(e;) —cleg) = clej) —c(&).

2

Letting € | 0 and using continuity of v(, -) and ¢(-) gives
c(@) —cle;) = clef) —c(€)).

Together with (9), we must have
c(€;) —c(ef) = c(ej) — c(é;).

However, since v; < v} by assumption, model ¢ can strictly improve its rank by exerting effort slightly above ¢; (i.e.,
achieving v} + ¢), which yields a strictly higher reward whenever rewards are strictly decreasing in rank. This would force a
strict inequality in the Nash bound for 7, contradicting equality.

Therefore Equation (7) is impossible, and for any ¢; > 6; we must have
v(0:, A ) > v(0;, A" +e).

In particular, equilibrium scores are capability-consistent (up to ties).

Proof for Proposition 4.5

Proof. Fix any tune-before-test adjustment level A®" > 0. At the all-zero additional-effort profile ¢ = (0,...,0), the
realized scores are s;(A™) = v(6;, A®") fori = 1,...,n. Since models are indexed so that §; > 6y > --- > 6,, and
v(0, €) is increasing in 6 (C1), we have s1(A®") > so(A®") > ... > 5, (A™®"). Hence the payoff of model k at this profile
is U (0;0_p, Albt) =Rpfork=1,...,n.

Fix amodel r € {2,...,n}. Consider any unilateral deviation e/, > 0 by model r. Because rewards depend only on ranks
and c is nondecreasing, among all deviations that improve model r’s rank, the cheapest such deviation is to just overtake
some model currently above it, i.e., to move from rank r to some rank k£ < r by achieving a score strictly greater than
s (A™®"). Define the minimal additional effort needed for model 7 to strictly beat score s3,(A™®") as

erefl(sk(Atbt); o, Albt> :=inf{e >0: v(6,, At te) > Sk(Arb’)}.

Such a deviation yields utility
Rk o C(ereq(sk(Atbt); 97’7 Atbt)) .

Therefore, e, = 0 is a best response for model r at the all-zero profile if and only if
R, > Ry — c(ereq(sk.(Atb’); 0., A’bt)) forall k < r,

equivalently,
c(ereq(sk(Atbr); 97“7 Albt)) > R — R, forall £ < r.

and we shorthand €,*4(A®") := ™95, _1 (A™"); 0,., A™").

Finally, since overtaking a higher-ranked model requires weakly more effort than overtaking the adjacent model r — 1, it
suffices to check the adjacent deviation k = r — 1, yielding Equation (4). O

18



Leaderboard Incentives: Model Rankings under Strategic Post-Training

Proof for Theorem 4.6

Proof. We first show that if a PNE exists, it must be the all-zero additional-effort profile; we then show that under the stated
condition, the all-zero profile cannot be a PNE.

Fix A > ( and suppose e* is a PNE. By Proposition 4.3, post-effort scores are weakly ordered by capability at equilibrium:
if 0; > 0, then v(0;, A" +e}) > v(0;, A® +e€7). Under deterministic tie-breaking that favors higher capability, this
implies that model 7 (the lowest capability 6,,) is last-ranked at effort level e*. Since at any effort profile, the last-ranked
model receives reward R,, regardless of its own effort, thus model n can weakly improve its utility by reducing its effort to
zero: its reward cannot decrease, while its cost weakly decreases, since ¢ is nondecreasing and ¢(0) = 0. Therefore, in any
PNE, we must have e;, = 0.

Now consider model n — 1. Given e = 0, if model n — 1 sets effort to zero as well, its score becomes v(6,,_1, A™®"),
which is weakly higher than v(6,,, A”") by the assumption that v(6, e) is monotonic in capability (C1). Under the same
tie-breaking rule, model n — 1 cannot fall below model n by choosing zero effort, and its cost decreases. Hence e},_; =
as well. Proceeding inductively, we obtain e = 0 for all 4, so any PNE must be ¢* = (0, ..., 0).

Next, we show that under the stated condition Equation (5), all-zero is not a PNE. At e = (0, ..., 0), baseline scores are
5i (AP = v(6;, A™"). If for some r € {2,...,n},

c(ef’q(Am’)) < Rr—1 — Ry,

then model 7 has a profitable deviation, namely that it can exert effort € = e,*4( A™), so that v(6,, A" +¢&) > s,_1 (A®"),
thereby overtaking model » — 1 and improving its reward from R, to at least R,._;. The resulting utility gain is at least
R,_1 — R, while the incurred cost is ¢(é), which is strictly smaller by assumption. Therefore, the deviation is profitable, so
the all-zero profile is not a PNE. As a result, no PNE exists in this case. O

D. Proof in Section 5
Proof for Proposition 5.1

Proof. Fix any pair (4, j) with 6; > 6; and define the score gap at effort level e > 0 as d;;(e) := v(6;,e) — v(6;,¢€). By Cl
(Opv > 0), we have d;;(e) > 0 for all e. Hence,

UOO(GZ) — voo(ﬁj) = eli>nolo(v(0i7 6) — v(Gj, 6)) = eli>nolo dij(e) > O,
so v™(#) is increasing in 6. O

Proof for Lemma 5.2

Proof. Fixr € {2,...,n} with 6,_1 > 0,, recall the baseline score for model » — 1 with TbT adjustment level A™' is
sp_1 (A" = v(B,_q, A™).
By C2, 5,1 (A””) is non-decreasing in A™",

Let €™4(s;0) :=inf{e > 0: v(0,e) > s} be the minimal otal effort to reach score s. Define the (weak) catch-up effort for
model r at baseline A"’ by

5T(Atbt) = ereq(STil(Atbt); er) _ Atbr .
Since s,_1(A™) is achieved by capability ,._; at effort A™, we also have e™4(s,._1 (A®");0,_1) = A™, hence
(ST(Atbl) _ ereq(sri1 (Atbl); 97“) _ ereq(sTi1 (Atbt); 67"71)-

By (C3), the effort gap €™4(s; 6,.) — €™(s; 0,._1) is nondecreasing in S; composing with the nondecreasing map A™®"
s,—1(A™) implies 6,.(A™) is nondecreasing in A™'.

Finally, the strict “‘just-overtake” effort e 4(A™") is obtained by requiring v(6,., A” +€) > s,_1(A™®") instead of >; by
continuity of v(f,., -) this differs only by an arbitrarily small € > 0, so ey (A™) is also nondecreasing in A",

Since c is nondecreasing, c(ey '(A®")) is nondecreasing as well. O
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Proof for Proposition 5.3

Proof. Given 0 < A" < A™, and assume the all-zero additional-effort profile e = (0, ..., 0) is a PNE of the induced
follower game under baseline A"}, we know from Proposition 4.5 that Vr € {2, - --n}, we have

C(efq(Azml)) Z R,-_l — RT.

Then according to Lemma 5.2, the cost of "just-overtake" effort c(ey ' (A®")) is monotonically increasing in A, which

means:
c(eFI(A™)) = e(efI(A™)) = Ry — Ry,

which implies that e = (0, - - - ,0) is also a PNE under A™’. O

Proof for Corollary 5.5

Proof. By definition of A™"", for any A™ > A" we have ¢(ef*(A™)) > R, — R, forr = {2,...,n}, so the all-zero
profile is a PNE by Proposition 4.5. O

Proof for Proposition 5.6
Proof. Since o is strictly increasing, the catch-up condition v(6,., A® +8§) > v(6,_1, A®") is equivalent to

_ . v(0y_1, A™") — L(6,)
U(Q,.,Ab +4) > 0(0,) = L(0,)

Applying o~ and the scaling law for ¥(6,., -), this becomes

v(0,_1, A — L(GT))

a(6,) + B(0,)log(1 + A" +6) > 0'_1( U(6,) — L(6,)

Solving with equality yields the minimal additional effort:

1+ A" 45 = exp(ﬁ(a) [0_1(1’(9&’((19;?{:2?9%9”) - a(QT)} )

Define e; 4 (A™") to be this minimal &, then subtracting (1 + A™") gives

e (A™) = expf iy [0 (S b — al0)]) - (14 A,
Using the scaling law for 6,._1,
o 0(0r—1,A™)) = a(f,—1) + B(0,_1) log(1 + A™"),
and the definition of v, = 8(0,.)/5(0,—1), we can rewrite the leading term as

e

where &, (A®) = o1 (5(0,_1, A®")) — a(6,.), yielding the stated expression.

With costs ¢(e) > ke, any deviation that uses additional effort § incurs cost at least 0, so an adjacent-overtake deviation is

unprofitable whenever e (A®") > p,.

Finally, in the regime where the leading term in e (A™) dominates (1 + A™), the condition ey (A™") > p, is well-
approximated by
&T(Albt) tht\1/
eXp(i) 1+ A = o
5@y )4
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Treating a,.(A™") as approximately constant over the relevant range (or evaluating it at A’ = 0 to obtain a conservative
rule of thumb) gives

a2 (o) = ()

which implies the stated scaling. Since A, = p,./e;4(0), we also have A™"" = O(\J) up to a constant factor depending
only on e;1(0). O

Estimating €/*4(0), ,., and )\, from the post-training trajectories. For each model ¢, we fit the generalized scaling form
o1 (;(€)) = a; + Bilog(1 + e) by linear regression of o ~1(%;) on log(1 + ¢) over the observed training range, yielding

(&, B;). For an adjacent pair (r — 1, 1) we set

b
5 r—1
The baseline catch-up difficulty e;?(0) is defined as the minimal additional effort at A”" = 0 required for model r to match
model r — 1; under the fitted scaling law,

er 1(0) = exp(%) -1

"

Given a reward gap (converted to effort units) p,, = (R,_1 — R, )/, we form the effective incentive A\ = pr/er(0).

As a nonparametric check, we also estimate a local slope ratio at a common baseline e = A™" using finite differences on the

fitted trajectories:

f}i(A’h’ +h) _ ’fji(A’b’)
h )

aslope(Atbz) = gr(Albt>

Ai Atbl ~ == J
54 ( ) 51 (A1)
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Figure 3. Continued post-training trajectories of Qwen models of different sizes on nine benchmarks. Here, we use model size as a proxy
for the model’s latent capability 6. The z-axis denotes the number of post-training steps, reflecting post-training effort e. The y-axis
denotes accuracy on the validation set, i.e., v(0, e). For each model, we fit a curve following Equation (3).

E. Additional Empirical Results

Setting. We conduct our empirical study on nine benchmarks, Winogrande (Sakaguchi et al., 2019),
HellaSwag (Zellers et al., 2019a), NQ-Open (Kwiatkowski et al., 2019), ARC-Challenge (Clark et al., 2018),
Piga (Bisk et al., 2019), CommonsenseQA (Talmor et al., 2019), Gsm8k (Cobbe et al., 2021), MedMcQA (Pal et al.,
2022), and Social-IQA (Sap et al,, 2019). Each model is trained with LoRA (Hu et al., 2021; Mangrulkar et al., 2022)
(rank 8, a=32) and AdamW optimizer (Loshchilov & Hutter, 2017) (weight decay 0.01 and learning rate Se-5). We use a
batch size of 8, so each training step corresponds to eight training data points. For those benchmarks without a validation
split, we randomly allocate 20% of the training data as the validation set.

Results. In Figure 3, we present the results of controlled post-training experiments for all nine benchmarks. The assump-
tion 4.2 still largely holds in most benchmarks, despite a few anomalies. In addition, on benchmarks like HellaSwag,
continued post-training cannot make a smaller model catch up to a larger one. This is not surprising, since model sizes (the
proxy for 0) differ significantly in our controlled setting. As a result, there is little incentive to conduct strategic post-training
in this scenario. We argue, however, that in real-world settings with models from diverse sources, 6 will not differ so
dramatically.
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Figure 4. Continued post-training trajectories of models of different families on Winogrande benchmark. Here, we use PC1 from
Zhang et al. (2025) as a proxy for the model’s latent capability 6. Based on PC1, we group 10 models into four tiers: G1 (Qwen2.5-14B,
Gemma2-9B), G2 (Llama-3.1-8B, Qwen2.5-7B), G3 (Qwen2.5-3B, Gemma2-2B, Llama-3.2-3B), G4 (Qwen2.5-1.5B, Llama-3.2-1B). We
select one model per tier (ensuring all three families appear) and apply the same SFT recipe on Winogrande across all 9 valid combinations.
The z-axis denotes the number of post-training steps, reflecting post-training effort e. The y-axis denotes accuracy on the validation set,

Post-training Steps

i.e., v(0, e). For each model, we fit a curve following Equation (3).

E.1. Extension to Multi-Family Models

Post-training Steps

We further validate the Assumption 4.2 across families. Because latent capability 6 is unobserved, we use PC1 of the score
matrix across 24 benchmarks by Zhang et al. (2025) as a proxy for latent capability. PC1 captures the dominant variation
axis, so models scoring consistently higher across diverse tasks have higher PC1 values, independent of family. Based
on PC1, we group 10 models into four tiers: G1 (Qwen2.5-14B, Gemma2-9B), G2 (Llama-3.1-8B, Qwen2.5-7B), G3
(Qwen2.5-3B, Gemma?2-2B, Llama-3.2-3B), G4 (Qwen2.5-1.5B, Llama-3.2-1B). We select one model per tier (ensuring all
three families appear) and apply the same SFT recipe on Winogrande across all 9 valid combinations.

The results are shown in Figure 4. Curves may cross early because models from different families have undergone different
prior post-training (instruction tuning, RLHF, etc.) that we cannot offset. Despite this, C2 holds universally as all models
exhibit clear diminishing returns. Besides, the final ordering consistently matches G4 < G3 < G2 < G1 across all 9
combinations, meaning higher-capability models benefit more from training and overtake those with a head start, which
is exactly what C3 implies. This also directly demonstrates why TbT works: after sufficient uniform fine-tuning, the true
capability ranking emerges regardless of prior effort.
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Figure 5. LR sweep on Winogrande for within-family (Qwen2.5: 0.5B, 1.5B, 3B, 7B, 14B; top) and cross-family (Gemma?2-9B,
Qwen2.5-7B, Qwen2.5-3B, Llama3.2-1B; bottom) settings. The z-axis is the number of post-training steps (training effort e); the y-axis
is validation accuracy v(0, e). For each model and LR, we fit a curve following Equation (3). The rightmost column uses, for each model,
the LR maximising validation accuracy at step 5000.

E.2. Sweeping Learning Rate

We sweep LR € {le—5, 2e—5, 5e—5, le—4} in both within-family and cross-family settings on Winogrande (Figure 5).
The within-family row preserves the size order 14B > 7B > 3B > 1.5B > 0.5B at every LR. In the cross-family row,
the step-5000 ranking Gemma2-9B > Qwen2.5-7B > Qwen2.5-3B > Llama3.2-1B, corresponding to the capability tiers
Gl > G2 > G3 > G4, is preserved at every LR. We also select the best LR for each model individually based on step-5000
validation accuracy (rightmost column in each figure). The ranking remains unchanged, confirming that the rankings induced
by continued post-training are robust to the choice of learning rate.
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