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Abstract

Importance sampling is a Monte Carlo method
which designs estimators of expectations under a
target distribution using weighted samples from a
proposal distribution. When the target distribution
is complex, such as multimodal distributions in
high-dimensional spaces, the efficiency of impor-
tance sampling critically depends on the choice
of the proposal distribution. In this paper, we pro-
pose a novel adaptive scheme for the construction
of efficient proposal distributions. Our algorithm
promotes efficient exploration of the target dis-
tribution by combining global sampling mecha-
nisms with a delayed weighting procedure. The
proposed weighting mechanism plays a key role
by enabling rapid resampling in regions where
the proposal distribution is poorly adapted to the
target. Our sampling algorithm is shown to be
geometrically convergent under mild assumptions
and is illustrated through various numerical exper-
iments.

1. Introduction

Let 7 be a probability distribution on X = R¢, known up
to a multiplicative constant. Our objective is to estimate ex-
pectations of the form 7(f) = [ f(z)w(dz) for measurable
test functions f, in settings where direct sampling from 7 is
infeasible. Such situations naturally arise in Bayesian infer-
ence, rare event simulation, and high-dimensional statistical
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modeling.

A standard methodology for addressing this problem is im-
portance sampling. Given a proposal distribution g that
dominates 7, expectations under 7 can be approximated
by reweighting samples drawn from p (Akyildiz & Miguez,
2021; Agapiou et al., 2017; Thin et al., 2021). The statistical
efficiency of importance sampling critically depends on the
mismatch between p and 7. In particular, it is well known
that the mean squared error of self-normalized importance
sampling estimators can grow exponentially with divergence
measures such as the Kullback—Leibler or Rényi divergences
between 7 and p (Agapiou et al., 2017; Chatterjee & Dia-
conis, 2018). This phenomenon severely limits the applica-
bility of importance sampling in high-dimensional settings
or when 7 exhibits strong multimodality. In Grenioux et al.
(2025), the authors highlight in particular that addressing
multi-modality is a major challenge of sampling algorithms
and discuss systematic evaluation of various samplers.

Adaptive importance sampling methods aim to mitigate this
issue by iteratively updating the proposal distribution using
weighted samples from previous iterations (Oh & Berger,
1993; Cappé et al., 2004; Cornuet et al., 2012). These ap-
proaches typically rely on parametric or non-parametric
families of distributions and on variational criteria such as
the minimization of the Kullback-Leibler divergence. De-
spite significant progress, designing adaptive proposals that
simultaneously scale with the dimension and efficiently ex-
plore multimodal target distributions remains challenging.

Markov chain Monte Carlo methods provide an alternative
strategy by constructing a Markov chain that admits 7 as
invariant distribution. These methods avoid the need to
evaluate the normalizing constant of 7 and enjoy strong
asymptotic guarantees (Roberts & Rosenthal, 2004). How-
ever, in practice, their performance is often hindered by poor
mixing properties, especially in multimodal settings where
transitions between distant regions of high probability mass
are unlikely. Moreover, while Markov chain Monte Carlo
algorithms generate asymptotically exact samples, they do
not directly yield tractable proposal distributions that can be
evaluated pointwise, which prevents their direct use within
importance sampling frameworks.

A promising direction to overcome these limitations consists
in constructing sequences of probability measures {1 }ren
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Figure 1. Intermediate sequence of proposal distributions built with the Entropic Mirror Descent for sampling from the bimodal target
distribution 7 = 0.5 - A/(0, 1) + 0.5 - (10, 1) (black solid line) and starting with distribution po (blue solid line). Top row: theoretical
sequence { ¢ }+>0 (red dashed line). Bottom row: updates (green dashed line) when using a bimodal variational distributions built upon

5,000 samples from { s }¢>0.

that progressively approach the target distribution while en-
joying explicit contraction properties. Recent works have
shown that Entropic Mirror Descent maps provide a prin-
cipled way to define such sequences, ensuring a geometric
decrease of KL(7 || u+) under suitable conditions (Beck &
Teboulle, 2003; Dai et al., 2016; Korba & Portier, 2022;
Bianchi et al., 2024). However, the resulting updates are
often intractable and difficult to approximate in multimodal
settings, as naive Monte Carlo approximations may fail to
discover regions of high probability mass (see Figure 1).

In this paper, we propose Entropic Mirror Monte Carlo
(EM2C) a new adaptive importance sampling methodology
that augments Entropic Mirror Descent with Markovian dy-
namics to promote exploration while preserving contraction
properties. The resulting mapping combines weighted sam-
ples drawn from the current proposal distribution with sam-
ples propagated through a Markov transition kernel. This
construction yields a sequence of idealized updates that con-
verges geometrically fast to the target distribution under
mild assumptions. We further derive a practical stochastic
implementation based on sampling, weighting and resam-
pling steps, and demonstrate through numerical experiments
that the proposed method efficiently handles challenging
multimodal targets, including in high-dimensional settings.

The main contributions of this work can be summarized as
follows.

* We propose a sequence of idealized updates for the pro-
posal distributions that converges geometrically fast to
the target distribution under mild assumptions. Each
update is formulated as a mixture of two components:
the first preserves the contraction properties of Entropic
Mirror Descent and exploits regions already well repre-
sented by the current proposal, while the second lever-
ages the exploratory capabilities of a Markov kernel.

* We show that, although the Unadjusted Langevin ker-
nel induces a bias with respect to its invariant distribu-
tion, this bias remains controlled and does not hinder
convergence, while the contraction effect of the En-
tropic Mirror Descent component is preserved.

* We introduce a novel importance sampling scheme to
approximate the idealized algorithm and demonstrate
its effectiveness through numerical experiments in var-
ious settings.

The paper is organized as follows. In Section 2, we present
how to construct a sequence of probability measures that
converges to the target distribution and enjoys explicit con-
traction guarantee and detail Entropic Mirror Descent. In
Section 3, we introduce our stochastic implementation of
Entropic Mirror Monte Carlo in Algorithm 1. The empirical
performance of the algorithm is provided in Section 4.

2. Entropic Mirror Descent

Notations and conventions. Throughout the paper, the
state space is X = R and the reference dominating mea-
sure is the Lebesgue measure Leb. We denote by M (R?)
the set of probability measures on R and by

M, = {peM;(R?) : 7> pand p> 7}

the set of probability measures that are equivalent to 7.

We do not distinguish probability measures from their den-
sities with respect to Leb. Accordingly, when u < Leb,
we write u(dx) = p(x) Leb(dz). For v € M, the Radon—
Nikodym derivative of 7 with respect to v is given, for
v-almost every x, by

dmr

_ m(x)
5(33) =

v(x)
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For any probability measure v and measurable function f,
we use the shorthand
o) = [ Swtds). fll = sup |f)].
X z€R4

Given a Markov transition kernel K on (R, B(R?)) and a
probability measure p, we define

W (dy) = [ ulde)K (@,dy)

A Markov kernel K is said to be w-invariant if 7/ = 7.

The Kullback-Leibler between 7 and ;1 € M is defined as

KL | )= [ log (@) m(do).

Finally, the total variation distance between two probability
measures y and v is defined as

ln=vllpy = sup [u(A)—v(A).

A€EB(RY)

2.1. Contracting Sequences of Probability Measures

Our objective is to construct a sequence of probability mea-
sures { it }ren in Ml that converges to the target distribu-
tion 7 and enjoys explicit contraction guarantees. More
precisely, we seek sequences satisfying, for some constant
0<p<landallt € N,

KL(7 || prg1) < pKL(7 || p2e) - 1

This divergence is natural for importance sampling as it
controls bias and variance of importance weights, and it is
also the one directly contracted by Entropic Mirror. When
p < 1, this property ensures that KL(7 || u;) converges
geometrically fast to zero, which is crucial for rapidly re-
ducing target-proposal mismatch and escape severe weight
degeneracy regimes.

We focus on sequences generated as iterates of a mapping
F M, — M,,
preer = F ()

and refer to such a mapping as contracting when (1) holds.
Recent works have shown that mirror descent—type map-
pings provide a principled way to construct such sequences
(Beck & Teboulle, 2003; Dai et al., 2016; Daudel et al.,
2021; Korba & Portier, 2022).

2.2. Entropic Mirror Descent Mapping

Forall p € M, and 0 < ¢ < 1, the Entropic Mirror Descent
mapping F. is defined as

d >
Folp) o (dD n @)

When it exists, the probability density of the associated mea-
sure is Fo(p)(z) o< w(z)pu(z)' <. The mapping Fe corre-
sponds to a particular instance of mirror descent applied to
the minimization of the Kullback—Leibler divergence (Beck
& Teboulle, 2003). It was shown in Korba & Portier (2022)
that F, satisfies the contraction property (1) withp =1 —¢.
The parameter € thus controls a trade-off between the speed
of convergence and the discrepancy between successive
iterates.

From Jensen’s inequality, it also holds that

KL(p || Fe(p)) < eKL(p || 7) ,

which shows that consecutive iterates remain close when ¢
is small. This observation is central in practice, as it impacts
the quality of Monte Carlo approximations of the mapping.

2.3. Limitations of Entropic Mirror Descent

Although the Entropic Mirror Descent mapping enjoys
strong theoretical guarantees, it is generally intractable for
sampling and density evaluation. Practical implementations
therefore rely on Monte Carlo approximations of Fe(u),
typically based on weighted samples drawn from p. As in
importance sampling, the quality of these approximations
heavily depends on the overlap between y and 7.

In multimodal settings, when the current iterate u; fails
to cover certain regions of high probability mass under 7,
Monte Carlo approximations of F.(u;) may entirely miss
these regions. As a consequence, the resulting approximate
sequence may fail to converge to . This phenomenon
persists even when the variational family is sufficiently rich,
as illustrated in Figure 1. The target distribution is set to
a univariate Gaussian mixture with two components and
the initial proposal jp to a mixture with its two modes at
0. In this setting, the sequence {u;}¢>0 can be exactly
computed and we indeed observe that it converges to .
However, when replacing the mapping F. by its Monte
Carlo counterpart, the update reduces to sampling from the
current proposal distribution and the method fails to visit
the second mode.

These limitations motivate the introduction of additional
mechanisms that explicitly promote exploration of the state
space. In particular, it is natural to consider Markov transi-
tion kernels that are able to move samples into regions that
are unlikely under the current proposal but relevant under
the target distribution. This idea follows recent works such
as Samsonov et al. (2022) which design non-local moves
and global proposals to improve sampling performance of
MCMC algorithms or Cabezas et al. (2024) where the au-
thors proposed an adaptive MCMC scheme combining a
non-local, flow-informed transition kernel and a local tran-
sition kernel, which generate samples from a sequence of
annealed target distributions.
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3. Entropic Mirror Monte Carlo
3.1. Mapping with Invariant Markov Kernels

To address the aforementioned limitations, we introduce a
new mapping that combines importance reweighting with
Markovian dynamics. Let K, be a m-invariant Markov
transition kernel. For 0 < ¢ < 1and 0 < A < 1, we define

Fem(p; A, Ky e) = AFe(p) + (1= A) Fr (), 3)

where
dr\°
— K, .
Fre, (1) o< (du) 1

The proposed mapping is a convex combination of probabil-
ity measures, or of their densities when they exist. The first
term preserves the contraction properties of Entropic Mirror
Descent and exploits regions already identified by the cur-
rent proposal. The second term leverages the exploratory
power of the Markov kernel and assigns significant weight
to samples that reach previously unexplored regions of 7.
The parameter A balances these effects: large values favor
the mirror step but may weaken exploration, while small
values favor the kernel step but may deteriorate contrac-
tion. The calibration of this parameter is therefore crucial to
obtaining an efficient estimator

Lemma 3.1. Given 0 <e <land0< A< 1,ifue M,
satisfies

dr
du

then Fem(p; A, Kr, €) is well defined and is a probability
measure in M. Moreover, it satisfies

< o0,

o0

dm
d]:em(,u; A Ko, 5)

< 00.

‘ o0

Lemma 3.1 ensures controlled initial mismatch and well-
defined reweighting. Namely, if we have an initial distri-
bution 49 which satisfies ||dm/dpuo||, < oo, the mapping
(3) can define a sequence of probability measures {1 }ten
given, for0 < ;1 < 1; 0 <e <1, by

Mt = fem(,uft—l; A1&—17[{7”5) ) (4)

since all the iterates 1, then also satisfy ||dm/dpu.l|, < oo.
Note that such a condition does not prevent finite-sample
weight degeneracy.

Proposition 3.2. Let 0 < ¢ < 1 and pg € M, such that
ldm/dpo|| o, < 00. If Ky is w-invariant, then there exists a
sequence 0 < \¢ < 1 such that the iterates

Ht = fem(,ut—l; )\t—la Krrag)
satisfy, forallt € N,

KL(7 || o) < (1 —2)'KL(7 || o) -

Proposition 3.2 establishes that the contraction property is
preserved. This result also establishes that if we have not
achieved p; = 7 and set e = 1, we can always find a se-
quence {A¢}+en such that, for any choice of m-invariant
transition kernel K, the mapping Fe, differs from the
original Entropic Mirror Descent transformation (2). For
simplicity we state the results for fixed ¢, although the argu-
ments extend directly to time-varying choices &; € (0, 1].

3.2. Mapping with Unadjusted Langevin Kernel

Proposition 3.2 only requires that K is w-invariant, so
our mapping can be used with various Markov Chain
Monte Carlo methods such as Metropolis-adjusted Langevin
(MALA, Besag, 1994), Hamiltonian Monte Carlo (HMC,
Neal et al., 2011) or iSIR (Andrieu et al., 2010) algorithms.

In practice, however, Markov kernels that are not m-invariant
may exhibit strong exploratory properties. A prominent
example is the Unadjusted Langevin Algorithm, (ULA,
Roberts & Tweedie, 1996). This Markov Chain Monte Carlo
algorithm is deduced from the Euler-Maruyama discretiza-
tion of the Langevin diffusion which yields the iterates:

Xir1 = X +yViog n(Xi) + /27 2k 41

where (Zy),>1 is an i.i.d. sequence of d-dimensional stan-
dard Gaussian vectors and 7 is a fixed positive step-size. We
denote by R, the Markov kernel associated with a single
step of the Unadjusted Langevin Algorithm with step size
v > 0. Forall z € R%, R, (z, ) is the Gaussian distribution
with mean z + 7V log m(x) and covariance matrix 271I,.
Although R, does not admit 7 as invariant distribution, it is
known to possess a unique invariant distribution, denoted
by 7., under suitable regularity assumptions.

Condition 3.1. The target distribution 7 satisfies a log-
Sobolev inequality: there exists a constant C,g > 0 such
that for all smooth functions g : R — R,

2
[ o108 [z 0 < Cis RS

Condition 3.2. The log-density of the target distribution is
continuously differentiable and L-smooth: there exists a
constant L > 0 such that for all z, y € R?,

IVlog7(x) = Viegm(y)|| < Lilz -y -

Conditions 3.1 and 3.2 are standard in the sampling liter-
ature (Durmus & Moulines, 2019; Vempala & Wibisono,
2019; Chewi et al., 2022; Erdogdu et al., 2022). In partic-
ular, Condition 3.1 provides a powerful tool for analyzing
the exponential convergence of Markov semi-groups (Bakry
et al., 2014). This condition holds for a large class of prob-
ability measures, including log-concave distributions and
is stable under bounded perturbations (Holley & Stroock,
1987).
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Condition 3.3. There exist a measurable function V : R? —
[1,+00), a constant b > 0, and a compact set C' C R4 such
that

RVSV-1+blc. 5)

Condition 3.3 ensures the existence of an invariant distri-
bution 7, for R, (Meyn & Tweedie, 2012). Using only
Condition 3.2, it is easily shown that for any compact set
K c R? there exists C' > 0 such that for all z € K and
A € B(RY)

R,(z, A) > CkLeb(ANK), (6)

and thus R, is Leb-irreducible and strongly aperiodic.
Therefore, following Theorem 14.0.1 of Meyn & Tweedie
(2012), R, is positive recurrent and admits a unique invari-
ant distribution if and only if (5) is satisfied for some petite
set C'. In Condition 3.3, we only strengthen this condition
on C and suppose that it is compact which is satisfied in
most applications.

We consider the sequence of probability measures
{uBYien C M, defined recursively, for t > 1, by

M? = ]:em(,u/jlf?fl; >\t715 R’WE) )

with initial distribution p§ € M.

Theorem 3.3. Assume Conditions 3.1, 3.2, and 3.3 hold.
Let 0 < ~ < (ZCLSLg)fl. Let R € M, satisfy
||d7r/d,u§”oo < oo. Then, there exists a sequence 0 <
e < 1 such that

I = iy < (1= e)'/2\/2KL(my || 1f)

+47/27dL2C1g .

Theorem 3.3 separates contraction toward the ULA invariant
distribution 7., induced by the Entropic Mirror component
(first right term), from the discretization bias to 7, controlled
by Proposition A.1 (second right term).

3.3. Monte Carlo Implementation: the EM2C
Algorithm

In most settings the ideal map Fen, is intractable and can
only be accessed through samples. Algorithm 1 replaces
the oracle sequence (4) by surrogate proposals (fi):en 0b-
tained via Monte Carlo sampling, weighting, resampling,
and projection onto a tractable parametric family. Namely,
given the current proposal, say fi;, we sample (X V) from
fi; and propagate them through a Markov kernel (Y;}%),
which yields the empirical distribution

N N
TR =X witx + (1= X)) wibys .
=1 =1

Algorithm 1 Entropic Mirror Monte Carlo (EM2C)

Input: number of iterations 7', number of samples NV,
initial distribution pg, parameters 0 < e < 1,0 < A\¢ < 1
(0 <t <T—1),Markov kernel K.

Output: proposal distribution fi.

fort =0toT — 1do

Sample X}V ~ gV,

Sample V'V ~ K(X}, ) ® - @ K(X[, ).
fori =1to N do
Compute
. dr , .\ - { dm ,_ . }E
wh o< =~ X ’ @y X ~ Yy :
R e B B 1
end for
fori =1to N do
Sample
ZZ ~ ‘/—:[IX = )\tzwg(in' + (1 — )‘t) ngéytj.
Jj=1 Jj=1
end for
Compute
- . =N
fit41 = argmin R (]:m““@) .
1o €Fg
end for

The empirical measure F /ﬁ cannot be directly reused as
the next proposal since propagated particles typically lie
outside the support of a purely empirical measure, making
subsequent density ratios ill-defined. We therefore project
onto a tractable parametric family Fy to allow importance
weights computation. The surrogate distribution within
Algorithm 1 is then computed as the minimizer of a loss
function R between py € Fp and the empirical measure
FN

The projection onto Fg can be achieved in several ways. We
begin by describing two common situations, both of which
consist to choosing R as the Kullback-Leibler, and mini-
mizing, with respect to 6, the Kullback—-Leibler divergence
between the sample distribution and the distribution pg.

Mixture models and EM algorithm. For mixture models

with base probability distributions {f,, ; 1 < k < K},
where 7y, denotes the k-th component parameter, we have:

K K
FQZ{Zpkfnk ; Zpkzl,pkzo} .
k=1 k=1

Estimation is typically carried out via the Expectation Max-
imization (EM) algorithm, which produces a sequence of
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parameter estimates by maximizing approximately the log-
likelihood function:

( t,ua) Zlog<2pkfnk )

where Z}*V are samples from F é\i .

Normalizing flows. Inrecent years, several works have in-
troduced hybrid methods which combine normalizing flows
with MCMC algorithms to enhance sampling performance
(Gabrié et al., 2022; Grenioux et al., 2023). Normalizing
flows aim at learning a flexible parametric distribution from
ZEN ~ ]-'}X by constructing an invertible and differentiable
transformation that maps a simple base distribution to the
distribution of Z}*V. Consider a family of bijective map-
pings fp : R? — R? parameterized by € ©, such that a
random variable Z drawn from a tractable base density pz
is transformed into X = fy(Z) with induced density given
by the change-of-variables formula

po(x) ‘det Dfe_l(x)’ ,

=pz (fg_l(ﬂﬁ))

where D f, ! is the Jacobian of fo L Therefore,

ng{prZ(fe_l(x)) |deth9_1(:z:)| ; 96@} .

and the log-likelihood objective is then given by

( t,ue) Zlogpe Z})

which can be equivalently expressed as

R (J?ﬁwe) - Zlogpz(fg_l(zf))

i=1

+ Zlog ’det Df(jl(Zti)’ .

i=1

Although the projection is essential for implementation, the
contraction guarantees for the ideal F, do not generally ex-
tend to the projected sequence (i ):cn used in practice. The
approximation error, that depends on the expressiveness of
F¢ and the numerical procedure employed, may weaken or
break the contraction. In particular, if Fg lacks the relevant
multimodal structure, the projection can collapse distinct
modes, even when weighted particles successfully reach
them.

Nevertheless, our experiments show that Algorithm 1 re-
mains stable and effective in practice.

-~ ’ , I

. ¢! A
(a) GM2 (b) GM4 (c) GM25

Figure 2. Marginal Gaussian mixture distribution 7; associated
with the benchmark target distributions 7; 4 as defined in (7).

4. Numerical Study

In this section, we present numerical experiments' assess-
ing the performance of Algorithm 1 on multimodal target
distributions. We evaluate mode recovery, the effect of A
and the exploration kernel, and the discrepancy between
the learned proposal fi7 and the target distribution 7 using :
sliced Wasserstein distance, energy distance, and negative
log-likelihood. Definitions and computation are provided in
Appendix E.1-E.3. All methods are run under comparable
computational budgets measured in terms of target density
and gradient evaluations (Appendix E.6). For EM2C, the
number of kernel evaluations is slightly reduced to account
for the additional cost of the projection step.

4.1. Multidimensional Gaussian Mixture Benchmarks

Target distributions. We first consider targets built as
a tensor product of one of the following two-dimensional
Gaussian mixture models (see Figure 2).

* GM2 (two-component, unbalanced)
71 = 02N (0, I5) + 0. 8/\/({ O} [i?l 34D )

* GM4 (four-component, anisotropic)

_ - 3 4
7T2:025ZN mj, 4 10 s
j=1

with m; = (=10,10)", my = (10,—10)", mz =
(15,15) T, and my = (=15, —15) .

* GM25 (twenty-five-component, isotropic)
4 4
1 5¢
= ZN( M ,0.25[2) .
£=0 k=0
Given an even dimension d and a mixture distribution 7;,

the target writes as

~®d/2
Ti,d — T; 5

i=1,2,3. 7)

'The code used is available at https://github.com/
jstoehr/EM2C.
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Experimental design. In all experiments, the initial pro-
posal is a Gaussian distribution 119 = N (30 14, 1), placing
the initial mass in a low-probability region of the target and
providing a common, challenging initialization across all
models.

The variational family Fg is chosen as a tensorized Gaussian
mixture model, and the projection step is implemented via
an expectation—maximization (EM) algorithm. Implementa-
tion details, including the structure of the variational family
and EM hyperparameters, are provided in Appendix B.4.

Algorithm 1 is run with e = 0.8, N = 2,000 particles per it-
eration, and constant mixing parameters A € {0.5,0.8,1.0}.
The number of EM2C iterations 7" and the parameters of
the exploration kernel K are tuned to the target model and
the ambient dimensions d to account for differences in scale
and geometry of the target .

For each setting, the exploration kernel K is chosen either as
a m-invariant Random Walk (RW) Metropolis kernel, with
variance parameter 0'%(, or as ULA, with step size yx. At
each EM2C iteration, the selected kernel is applied for a
fixed number of ng steps. Complete kernel configurations
and experimental settings for all targets and dimensions are
given in Appendix B.4.

Results. Figure 3 illustrates the evolution of the proposal
distribution obtained with Algorithm 1 with respect to the
GM4 target in dimension d = 10. For each value of A,
we compare the behaviour of EM2C using RW or ULA
kernel. It shows the impact of both the mixing parameter
and the exploration kernel on the preservation of multi-
modality: smaller values of A promote exploration and help
maintaining multiple modes, while larger values may result
in mode imbalance when exploration is insufficient. Addi-
tional qualitative evolution plots for the other mixture targets
and dimensions are provided in Appendix B.2. Overall, the
ULA kernel consistently outperforms the RW kernel, as the
latter may suffer from frequent rejections in low-density
regions, whereas ULA leverages gradient information to
guide proposals toward regions of high target density.

This qualitative behaviour is further reflected in the evolu-
tion of the sliced Wasserstein distance across EM2C itera-
tions. For the GM4 benchmark with d = 10, Figure 4 shows
that smaller values of A lead to a rapid reduction of the
discrepancy between the proposal and the target, whereas
A = 1 results in poor convergence. Final sliced Wasser-
stein distances at convergence for the GM4 benchmark with
dimensions d = 10 and d = 20 are reported in Table 1.
Additional sliced Wasserstein results for the other targets
and dimensions are provided in Appendix B.1.

Appendix B.3 gives a matched-budget comparison of EM2C
with standard MCMC on the GM4 benchmark (d = 10).
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Figure 3. Evolution of EM2C proposal distributions for the GM4
target (d = 10). Rows correspond to A € {0.5, 0.8, 1.0}, columns
to EM2C iterations. Gray and red points are samples from 7 and
[+, respectively. The marginal samples on the first two coordinates
are displayed.
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Figure 4. Evolution of the sliced Wasserstein distance over EM2C
iterations for the GM4 target (d = 10), shown for Random Walk
(left) or Unadjusted Langevin (right) exploration kernels and A €
{0.5,0.8,1.0}.

High-dimensional regime with fixed number of modes.
The tensorized targets in (7) have a number of modes grow-
ing exponentially with the dimension, which limits scal-
ability studies in very high dimension. To isolate the ef-
fect of ambient dimensionality, we consider an additional
Gaussian mixture benchmark in dimension d = 200 with
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Table 1. Final sliced Wasserstein distances of EM2C for the GM4
benchmark with dimensions d = 10 and 20, using Random Walk
(RW) or Unadjusted Langevin Algorithm (ULA) exploration ker-
nels. We report the mean + standard deviation over three indepen-
dent runs.

d A RW ULA

10 1.0 20.60 £ 0.40 20.41 £1.07
10 0.8 442 +£2.64 0.81 £0.17
10 0.5 2.09 + 1.80 0.84 £ 0.03
20 1.0 24.50 £ 1.08 23.28 £0.70
20 0.8 7.82 +0.52 5.37 £ 0.68
20 0.5 1.81 £0.58 3.13+0.72

only K = 4 modes, and where multimodality lies in a
low-dimensional subspace and the remaining coordinates
correspond to isotropic Gaussian noise (see Appendix B.5).

Results in Appendix B.5 show that EM2C recovers the
modes despite the challenging initialization and high am-
bient dimension, highlighting its robustness to irrelevant
dimensions.

4.2. Multimodal Targets with Complex Geometry

We further assess the performance of EM2C on a collec-
tion of target distributions exhibiting strong multimodality
and nontrivial geometry. Such benchmarks are commonly
used to stress-test sampling algorithms, as they combine
disconnected modes, curved supports, and regions of low
probability that hinder exploration.

Target distributions.
butions on R2.

We study the following target distri-

* Dual Moons: two interleaving half-circles with additive
Gaussian noise. For z = (21, x2), (a,b) = (0.09,0.08)

— 1)2

1 4z1/a _ (HwH _

m(x) o (1+e )exp{ 5 50

* Two Rings: two concentric annular distributions with
different radii. For o = 0.1,

1 (] -k
oo 3 en( )

ke{1,4}

Experimental design. We evaluate EM2C under chal-
lenging initializations, where the initial distribution places
little on the target support or covers only a subset of the
modes. Such settings arise when prior information is lim-
ited or misspecified and make exploration essential. By
contrast, initializing from a broad distribution already cover-
ing the target may allow standard samplers to perform well,

(21 —2)2} _

(1) O )

OO0

Figure 5. Qualitative comparison of sampling methods on two-
dimensional multimodal targets: Dual Moons (top row), Two
Rings (bottom row). Gray points are reference samples from 7.
Red points represent the samples generated by the method under
consideration. For EM2C, the displayed samples correspond to the
resampled particles.

Initial DiGS EM2C

but mask the intrinsic difficulty of multimodal sampling.
We therefore focus on regimes where exploration is critical
and where combining entropic reweighting with Markovian
exploration provides a tangible advantage.

In Algorithm 1, the projection step is achieved using normal-
izing flows as the variational family Fy (see Appendix C.2.1
for details).

We compare EM2C against (i) Random Walk MCMC Sam-
pler (RW), (ii) the No-U-Turn Sampler (NUTS, Hoffman &
Gelman, 2014), (iii) Annealed Importance Sampling (AIS,
Neal, 2001), and (iv) Diffusive Gibbs Sampling (DIGS,
Chen et al., 2024), a diffusion-based MCMC method com-
bining Gaussian perturbation steps with local Langevin dy-
namics to improve transitions between distant modes. For
a given target, all methods share the same initialization
and number of particles (N = 10,000). Complete imple-
mentation details and hyperparameters are provided in Ap-
pendix C.2.

Results. Figure 5 presents qualitative density estimates
obtained by each method at convergence. Under the chal-
lenging initialization considered here, the behaviour of the
compared methods differs markedly. Random-Walk MCMC
and AIS both recover the main modes of the target distri-
butions under the considered initialization, with AIS gen-
erally providing lower discrepancies than RW. In contrast,
NUTS typically concentrates on a single mode in this set-
ting and fails to explore the full target support. DiGS also
performs strongly on these benchmarks, achieving low dis-
crepancies and accurate recovery of the target geometry. In
comparison, EM2C yields the lowest discrepancies across
both benchmarks while maintaining robust mode coverage
under the considered initialization. Additional qualitative
results illustrating the evolution of EM2C proposals on two-
dimensional benchmarks are provided in Appendix C.

These qualitative observations are corroborated by quan-
titative evaluations based on both the sliced Wasserstein
distance and the energy distance. Table 2 reports the fi-
nal SWy(pr, 7) and ED(pr, 7) values for all considered
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Table 2. Sliced Wasserstein distance (SW32) and energy distance
(ED) on two-dimensional benchmarks. We report the mean +
standard deviation over three runs.

(a) Dual Moons
RW NUTS AlS DiGS EM2C
SWy 0.62+0.01 1.66+0.05 0.34+0.19 0.074 £0.037  0.071 £+ 0.016

ED 0.082£0.011 1.40£0.01 0.06 £ 0.07 0.0005 +£ 0.0003 0.0004 + 0.0001

(b) Two Rings
RW NUTS AIS DiGS EM2C
SWy 0.55+0.01 14140001 022+0.18 0.053+0.011  0.049 + 0.008

ED 0.056 +0.002 0.434 £ 0.001 0.009 £ 0.067 0.0008 + 0.0002 0.0006 + 0.0002

datasets and methods. EM2C achieves systematically lower
discrepancies under challenging initialization regimes, con-
firming its improved ability to explore complex target ge-
ometries.

When initialized from a sufficiently broad proposal covering
the target support, the performance gap between methods
narrows, as exploration becomes less critical. In the more
challenging and practically relevant settings considered here,
EM2C nevertheless exhibits superior robustness to initial-
ization and improved mode recovery.

4.3. Bayesian Neural Network Posterior

We evaluate EM2C on Bayesian neural network (BNN)
posterior sampling, a high-dimensional multimodal and
complex inference task, following the setup of Chen et al.
(2024).

Target distribution. Let Dyain = {(7i,%:)}Y, be a
dataset. The posterior over network parameters § € R
is defined as
N
7(0) = p(0 | Dixain) o< p(0) [ [ pyi | 2:,0) -

i=1
We use a one-hidden-layer ReLU network
folz) = WJa(d;l/QxTwl + 0.1b1) :

with 0 = (W1, by, Ws), d,, = 20, dj, = 25, and parameter
dimension d = 550. The prior is (0, I') and the likelihood
p(y | x,0) is Gaussian with noise o, = 0.1.

Experimental design. We generate data as in Chen et al.
(2024) using synthetic datasets generated from a ground-
truth parameter 6* ~ p(#), and compare EM2C with MALA
and DiGS. MALA also serves as the underlying Langevin
transition used in both EM2C and DiGS. EM2C uses a Gaus-
sian mixture with 20 components and diagonal-covariances
for projection. All methods are initialized from the prior and
use N = 500 samples for evaluation. Detailed implementa-
tion and hyperparameters are provided in Appendix D.

Table 3. Test negative log-likelihood (NLL) for Bayesian neural
network posterior sampling. Mean =+ standard deviation over 10
runs.

Method MALA DiGS EM2C
NLL 0.2219 £ 0.0170  0.2016 £+ 0.0128  0.1294 + 0.0707

Results. We evaluate performance using the negative log-
likelihood (NLL) on a held-out test set, computed as the
average test log-likelihood under parameters sampled from
the learned distribution i1 (see Appendix E.3 for details).
Results are summarized in Table 3.

EM2C achieves the lowest negative log-likelihood, indicat-
ing improved posterior exploration and predictive perfor-
mance. While DiGS already provides a strong baseline on
this task, the additional adaptive reweighting mechanism in
EM2C further enhances mode exploration.

The larger standard deviations of EM2C in Table 3 reflect
its population-based proposal updates: they improve explo-
ration but introduce additional fluctuations compared with
MALA and DiGS, which average samples along a small
number of long Markov chains.

Overall, EM2C provides a favorable trade-off between ex-
ploration and stability, achieving improved predictive per-
formance while remaining robust across runs.

5. Discussion

In this paper, we propose a new algorithm to build sequen-
tially proposal distributions combining a contractive En-
tropic Mirror Descent step with an exploratory Markov
kernel component. When using the Unadjusted Langevin
kernel, we show that the bias induced by the discretization
remains controlled and does not hinder convergence, while
preserving the contraction properties of the method. We also
introduce an importance sampling scheme to approximate
the idealized algorithm and demonstrate its effectiveness
numerically. The main limitations and directions for future
work include the deployment of the method in challenging
very high-dimensional settings, notably with deep learning
architectures, and the theoretical analysis of contraction
properties for the Monte Carlo procedure. Another impor-
tant direction concerns the practical tuning of \;. Indeed,
the existence results are constructive only at the proof level,
since admissible values depend on intractable expectations.
Our result is nevertheless important as it establishes the ex-
istence of a range of \; ensuring contraction. The optimal
tuning of )\, jointly with other hyperparameters, remains
challenging and is left for future work.
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A. Proofs
A.1. Proof of Lemma 3.1
If ||dmr/dpl| . < oo then

/(dﬁ> dpK, < oo
du

80 Fem (13 A, Ky, €) is indeed a probability measure. Next, since 0 < e < 1and 0 < A < 1, we have that

drm 1dm dr
su z) < su 7—931*5/— Ed}<oo.
s (o) < s {50 [ )

A.2. Proof of Proposition 3.2

For any sequence 0 < \; < 1, ¢ € N, the convexity of the Kullback-Leibler divergence leads to

KL(7 || pres1) < AeKL(7 || Fe(pe)) + (1 = A)KL(7 || Fre, (12))
< A(1 = e)KL(m || pre) + (1 = M) {KL( || g f) — eKL(m || pae) }

+ At log/ffdut +(1-=X) log/ffdutK7T ,

where f; stands for the Radon-Nikodym derivative of 7 with respect to i;. The Data Processing inequality of (van Erven &
Harremos, 2014) combined with the 7 invariance for K yield

KL(7 || oK) = KL(m K || oK) < KL( || o)

and so
KL(7 || peg1) < (1 —e)KL(7 || pe) + At log/ffdut +(1—=X) log/ffd,utK,r .

Hence, any sequence {\; }+cn such that, for all ¢ € N
Miog [ fidpe+ (1= Ao [ Feduks <0 ®)

ensures the contraction. Let 0 < 8 < 1 and consider the sequence

log [ ffdu Kx
At = Q log [ fedu Ky —log [ fdp
B otherwise.

if 1 Sdp Ky > 0,
if log [ fidum ©

This sequence takes values between 0 and 1. Indeed, Jensen’s inequality yields that [ ffdu, < 1, with equality solely if
e = more = 1. Therefore, \; is also less or equal to 1 when log [ ffdu; K, > 0. The results thus follows since the
sequence (9) satisfies condition (8).

A.3. Intermediate Technical Result
Before proving Theorem 3.3, we need an intermediate result.

Proposition A.1. Assume Conditions 3.1, 3.2, and 3.3 and 0 < v < (ZC’LSLQ)_l. Then Ry has a unique stationary
distribution ., that satisfies

KL(m, || 7) < 4ydL*Cys .

Proof. As aforementioned, (6) implies that any compact set is small for R, and the Lebesgue measure is an irreducibility
measure. Together with Condition 3.3 and Theorem 14.0.1 from (Meyn & Tweedie, 2012), this implies that for 7., -almost-
everywhere x € R4,

lim ||R£(x, )

{— 00

77T'Y||TV =0.

12
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Furthermore, for all z € R% and A € B(R?) such that Leb(A4) > 0, we have R, (z, A) > 0; so 7, (A) = 7R, (A4) > 0 and
so 7y > Leb. Finally, for any v € M

¢ ¢
RS = 7y < [ vl RS ) =y
and by the Lebesgue dominated convergence theorem it follows that

lim HVR

{— 00

— 7y =0 (10)

In (Vempala & Wibisono, 2019) (Theorem 1), it is shown that for all ¢ > 0
KL(VRY || ) < exp(—Crsvl/2)KL(v || 7) + 4vdL*CLs .

Thus, the lower semi-continuity of the Kullback-Leibler for the weak topology (van Erven & Harremos, 2014, Theorem 19)
and the convergence in total variation distance of (10) imply that

KL(my || w) < liminf KL(vRY || 7) < 4vdL*CLs
£— 00
where v is such that KL(v || 7) < oc. O

A.4. Proof of Theorem 3.3

Similarly to the sequence (9) in the proof of Proposition 3.2, define

log | f{duKx
=< log [ fedu Ky —log [ fidp
Bt otherwise.

if log [ fidp K, >0,

(1)

Recall that f; is the Radon-Nikodym derivative of 7 with respect to uRX. The convexity of the Kullback-Leibler divergence
and the definition of A} in (11) yield

dm
KL R Y <A [log 20 d 1—\; /1 —7 d
(W'y I Nt+1) = t/ gdft 7y + (1 7) og dfin RR Ty

+A; log/ft dut (1=X)) log/ft th

* * d
S At /log dft dﬂ'fy ( 7)”)\/1 gdffiRRdﬂ'»y

Next,
dmy R
log —— e d Ty = (1 —e)KL(my || p3) + eKL(my || 7)
t M
dm
/log dev (1- 5)KL(7T7 I ut) +eKL(m,y || 7) ,
df: iR,

where the second inequality follows using the Data Processing inequality (van Erven & Harremos, 2014) and the fact that
R, is 7 -invariant. Thus, we have

KL (o || 151) < (1= )KL | 1) + eKL(my || 7) < (1= )KL (my || 1) + KL || 7)

and our upper bound is deduced from the Pinsker’s inequality and Proposition A.1,

HTV < Hﬂ- 7T-VHTV + Hﬂ-"/ - M?HTV
< (1= )2\ /2KL(m, || 1) +2,/2KL(r, || 7).

The conclusion follows using Proposition A.1.

I -

13
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B. Additional Elements on the Gaussian Mixture Benchmarks

This section reports additional results and implementation details for the Gaussian mixture benchmarks of Section 4.1.

B.1. Additional Sliced Wasserstein Distances

Figure 6 illustrates the evolution of the sliced Wasserstein distance SWy(fi;, ) across EM2C iterations ¢, and Table 4
reports final sliced Wasserstein distances SWy(fir, 7) for the various target distributions. Across all configurations, they
confirm the trends observed in the main paper: smaller values of the mixing parameter A lead to improved approximation of
the target distribution.

30

(b) GM2, d = 20

—— A=1.0

00 25 50 75 100 125 150 175 200 0.0 25 50 7.5 10.0 125 150 17.5 20.0 0 5 10 15 20 25 0 5 10 15 20 25
(c) GM25,d = 10 (d) GM25, d = 20

Figure 6. Evolution of the sliced Wasserstein distance SW2(fi¢, ) over EM2C iterations for additional Gaussian mixture benchmarks.
Results are shown for Random Walk (left) and Unadjusted Langevin (right) exploration kernels, and for A € {0.5,0.8,1.0}.

Table 4. Final sliced Wasserstein distances of EM2C for Gaussian mixture benchmarks GM2, GM4, and GM25 at various ambient
dimensions using Random Walk (RW) or Unadjusted Langevin Algorithm (ULA) exploration kernels.

GM2 GM4 GM25

d X RW ULA RW ULA RW ULA
4 10 7.66 7.44 17.98 18.14 12.10 11.43
4 0.8 7.37 2.31 - - 2.63 0.60
4 05 4.84 4.30 - - 0.88 0.36
10 1.0 7.31 7.20 18.71 16.39 - -

10 0.8 0.62 1.19 7.10 0.63 1.08 0.70
10 0.5 0.49 3.23 0.79 0.90 0.61 0.72
20 1.0 6.84 7.59 - - - -

20 0.8 3.83 1.59 6.35 5.74 1.39 0.42
20 0.5 3.19 4.01 1.64 3.95 0.81 0.52
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B.2. Additional Qualitative Evolution Plots

Figures 7-9 complement Figure 3. They illustrate the effect of the mixing parameter A and the exploration kernel on the
ability of EM2C to recover and maintain multimodal structure.

t=0 t=9 t=19 t=29 t=0 t=9 t=19 t=29
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(a) Unadjusted Langevin exploration kernel

(b) Random Walk Metropolis—Hastings exploration kernel

Figure 7. Evolution of EM2C proposals for the GM2 target (d = 10). Rows correspond to A € {0.5,0.8,1.0} and columns to EM2C
iterations ¢. Gray and red points are samples from the target distribution 7 and the learned proposal ji¢, respectively. The marginal samples

on the first two coordinates are displayed.
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(b) Random Walk Metropolis-Hastings exploration kernel

Figure 8. Evolution of EM2C proposals for the GM25 target (d = 10). Rows correspond to A € {0.5,0.8,1.0} and columns to EM2C
iterations ¢. Gray and red points are samples from the target distribution 7 and the learned proposal ji¢, respectively. The marginal samples

on the first two coordinates are displayed.
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(a) Unadjusted Langevin exploration kernel

A=1.0

(b) Random Walk Metropolis—Hastings exploration kernel

Figure 9. Evolution of EM2C proposals for the GM25 target (d = 20). Rows correspond to A € {0.5,0.8,1.0} and columns to EM2C
iterations ¢. Gray and red points are samples from the target distribution 7 and the learned proposal ji¢, respectively. The marginal samples

on the first two coordinates are displayed.
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B.3. Comparison with Markov Chain Monte Carlo

Figure 10 shows a representative run of ULA on GM4 in dimension d = 10, providing a direct qualitative comparison
with the EM2C proposal evolution shown in Figure 3. This ULA baseline is run under the matched computational budget
described in Appendix E.6, using the hyperparameter v = 2.0. It corresponds to the limiting case A = 0, where only the
Markov kernel is used, and is preferred to RW because it performed better on this benchmark. In contrast to EM2C, which
maintains a population of particles, the single-chain MCMC sampler exhibits slower mode exploration and delayed coverage
of the target distribution.

t=0 t=1
L

t=12.‘:‘

Figure 10. Evolution of the Unadjusted Langevin Algorithm (ULA) for the GM4 target distribution (d = 10). Columns corresponds to
ULA iterations ¢. Gray points denote samples from the target distribution 7, and red points correspond to the current state of the Markov
chain. The marginal samples on the first two coordinates are displayed.

B.4. Experimental Design

Exploration kernel K. Table 5 reports the kernel parameters (RW: step size o, ULA: step size yx ), number of kernel
steps nx applied at each EM2C iteration, and number of EM2C iterations 7" used in the Gaussian mixture benchmarks.
These configurations are adapted to the scale and geometry of each targets and were selected to ensure stable exploration
across dimensions.

Table 5. Exploration kernel hyperparameters and number of EM2C iterations for the Gaussian mixture benchmarks.

GM2 GM4 GM25
d Kernel JK/’YK nkg T JK/'YK nkg T UK/'YK nkg T
2,4 RW 6.0 20 25 4.5 15 25 1.5 10 15
10 RW 8.0 20 30 4.5 15 25 2.0 15 20
20 RW 7.0 20 30 5.0 15 25 2.5 20 25
2,4 ULA 2.3 15 25 2.0 10 25 0.3 10 15
10 ULA 2.3 15 30 2.0 10 25 0.3 10 20
20 ULA 2.3 15 30 2.0 10 25 0.35 10 25

Variational family. For Gaussian mixture benchmarks, [i; belongs to a tensorized Gaussian mixture family. Writing
r=(2W,...,2(4/2) with 20) € R?,
a2 _ Ko ' _
po() = [[n @), (@)= > wf N | m, 50)).
j=1 k=1

The covariance matrices are full and /&y matches the number of modes of the two-dimensional marginal: Ko = 2,4, 25 for
GM2, GM4, and GM25, respectively. This tensorized construction implicitly defines a mixture with Kg /2 components in
dimension d.

Projection via EM algorithm. At each EM2C iteration, the oracle update (4) is approximated by the empirical measure of
particles Z}*V. For each block 7, the two-dimensional GMM uéj ) is fitted by maximum likelihood to ZtlJN using EM. We
use full covariance matrices, k-means++ initialization, n;,;; = 3 random restarts, at most 500 EM iterations, and covariance
regularization 10~3. All EM fits are performed independently across blocks and EM2C iterations.
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B.5. High-Dimensional Gaussian Mixture

Target distribution. We consider a Gaussian mixture on R4, d = 200, with K = 4 components, designed to isolate
ambient dimensionality from combinatorial multimodality. It follows high-dimensional sampling benchmarks from Chen
et al. (2024). The target distribution is defined as

4
m(z) = Zwk./\/(z | mg,0.0514), xR
k=1

where w = (0.1,0.1,0.1,0.7) and my, = (m{*?,0,...,0) with

ng) € {(-1,1),(1,1),(~1,-1),(1,-1)}.

Experimental setup. The initial proposal is o = N (—214,0.121,), which has little overlap with the target to create a
difficult initialization regime and tests the robustness of the algorithm. We run EM2C with T' = 15, N = 8,000, ¢ = 0.8,
A = 0.9, and ULA kernel with parameters yx = 0.02, nxg = 15. At each iteration, the projection fits a Gaussian mixture

with diagonal-covariance
10

po(x) = Zwk./\f(x | my, Xk)

k=1
by EM using the scikit-learn implementation with k-means++ initialization, three random initializations, covariance
regularization parameter of 10~3, and a maximum of 300 EM iterations.

Discussion. Figure 11 shows the sliced Wasserstein trajectory (a), and and final samples projected onto the first two
coordinates (b). EM2C recovers the four-mode structure despite the high ambient dimension and challenging initialization.

2.0

1.5

1.0

0.5 1

0.0 1

(a) (b)

Figure 11. (a) Evolution of the sliced Wasserstein distance SWa(fi+, 7) over EM2C iterations (d = 200). (b) Final samples obtained by
EM2C. Gray and red points are samples from the target distribution 7 and the learned proposal fi;, respectively. The marginal samples on
the first two coordinates are displayed.

C. Additional Elements on the Dual Moons and Two Rings Benchmarks

This section gives additional results and implementation details for the two-dimensional benchmarks of Section 4.2.

C.1. Additional Qualitative Evolution Plots

Figures 12—13 show EM2C proposal evolution for A € {0.8,1.0}. For visualization puposes only, samples from ji; are
resampled with weights proportional to () /fi:(x), removing particles with negligible target contribution.
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t=0 t=1 t=2 t=3 t=4 t=5

(b) N =10.8

Figure 12. Evolution of EM2C proposal distributions on the Dual Moons benchmark. Plotted samples are drawn from the intermediate
proposals ji; and resampled using importance weights 7(z)/fi:(x).
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Figure 13. Evolution of EM2C proposal distributions on the Two Rings benchmark. Plotted samples are drawn from the intermediate
proposals fi; and resampled using importance weights 7(x)/fit(x).

C.2. Experimental Design
We report here the initial distributions and the main hyperparameters associated with each algorithm used throughout

experiments of Section 4.2.

Initial distributions For all methods, the initial distribution is set to a Gaussian, N'(mg, ¥g). For the Dual Moons
benchmark, mo = (1,1) " and %y = 0.045. For the Two Rings benchmark, mq = (0,0) " and X = 0.0415.

Methods and hyperparameters All methods use the same initialization and N = 10,000 particles. Hyperparameters are
chosen to give comparable target-density and gradient evaluation budgets, of the order of 107 evaluations. The cost model is
given in Appendix E.6. Table 6 summarizes the main parameters of the following methods.

C.2.1. EM2C CONFIGURATION

Algorithm 1 is run for 7' = 6 iterations, € = 0.8, A = 0.8. K is set to a RW kernel applied for nx steps with Gaussian
proposal (0, 0% ). Before the projection step, we perform a local resample-move step (see Appendix E.4 for details) using
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the same RW kernel applied for ny, steps with Gaussian proposal N'(0, 0% ).

The projection step uses a Neural Spline Flow. The flow has three coupling transforms, each parameterized by a two-hidden-
layer neural network of width 64, with, for each coupling layer, rational quadratic splines transformations using 8 bins. It is
trained by maximum likelihood for 8 epochs on N = 10,000 particles, with batch size 256 and learning rate 10~3. The
architecture and hyperparameters of the flow are kept fixed across target distributions and experiments.

C.2.2. COMPETING METHODS CONFIGURATIONS

RW: Metropolis—Hastings sampler run as N independent chains of length niser, using Gaussian proposal N'(0, o0&y I2)
and retaining only the final state of each chain. We do not include ULA for these experiments, as gradient-based proposals
were empirically less effective than RW in this low-dimensional and multimodal setting.

NUTS: hyperparameters of NUTS are tuned during a warmup phase of 7yarmup iterations, with 0.8 target acceptance
probability. The maximum tree depth is set to dp,ax. After warmup, N samples are collected from the resulting chain.

AIS: the method uses a linear annealing schedule {3,}_,. At each intermediate temperature, particles are first reweighted
and then propagated using n;e, steps of a RW kernel targeting the intermediate distribution 7g,. The proposal variance
o0&y is tuned independently from the MCMC baseline to ensure efficient exploration across intermediate distributions while
maintaining a computational budget comparable to the other methods.

DiGS: the method alternates between (i) Gaussian perturbation steps and (ii) local Langevin dynamics targeting a denoising
posterior. Given a current state x, it generates a noisy variable

T =azr+evV1-—a? e~ N(0,1),

Conditionally on Z, Metropolis-adjusted Langevin (MALA) updates are then performed to sample from the associated
denoising distribution.

We follow the reference implementation of Chen et al. (2024). We run n.chains parallel DiGS chains of | N/nchains | iterations,
recording the state of each chain after every iteration. Each DiGS iteration provides a recorded sample and is controlled by:
(1) a Langevin step size -, (ii) a number of Gibbs sweeps ngweeps, (iii) a number of Langevin steps per sweep n1,p, and (iv)
a variance-preserving annealing schedule (min, Qmax, T )-

Table 6. Sampling methods hyperparameters for the Dual Moons and Two Rings benchmarks.

Method Parameters Dual Moons Two Rings Comments
EM2C ok, nk, o, ng 1.0, 10, 0.1, 5 0.9, 10, 0.1, 5 RW exploration and local move
RW ORW Miter 1.0, 1,000 0.9, 1,000 Shared RW kernel
NUTS  dmax, Nwarmup 9, 1,000 9, 1,000 Single chain, adaptive HMC parameters
AIS L, orw, Niter 10, 2.0, 100 10, 2.0, 100 Larger variance, fewer steps (budget-
matched)
DiGS  Nchains, Y5 Msweeps, LD 50, 0.05, 50, 2 50, 0.05, 50, 2 Budget-matched Langevin updates
Omin, Omax; Lo 0.1,0.9,4 0.1,0.9,4

D. Additional Elements on the Bayesian Neural Network Benchmark

This section reports the main hyperparameters used in the Bayesian neural network experiments of Section 4.3.

Methods and hyperparameters. All methods are initialized from the prior and generate N = 500 samples for evaluation.
Hyperparameters are chosen to give comparable target-density and gradient evaluation budgets. The cost model is given in
Appendix E.6. MALA and DiGS use an evaluation budget of approximately 107, while EM2C uses an evaluation budget of
about 8 x 10° to account for projection costs.
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D.1. EM2C configuration

Algorithm 1 is run for 7" = 750 iterations, € = 0.8, A = 0.5. K is set to a MALA kernel applied for nx = 20 steps with
step size v = 10~%. Before the projection step, we perform a local resample-move step (see Appendix E.4 for details) using
the same MALA kernel applied for n;, = 2 steps.

At each iteration, the projection fits a Gaussian mixture with diagonal-covariance

20

= Zwk/\f(x | my, Xk)

k=1
by EM using the scikit-learn implementation with k-means initialization, one random initialization, covariance regularization
parameter of 104, convergence tolerance of 103, and a maximum of 100 EM iterations.
D.2. Competing Methods Configurations
MALA: we run nchains = 8 parallel chains with step size v = 10~* and record samples every 10,000 MALA steps.

DiGS: we use the same implementation as in Appendix C.2 with ncpains = 8 parallel chains, T,, = 8 noise levels linearly
interpolating from a7 = 0.1 to a1 = 0.9, Ngweeps = 200, n,p = 10 MALA steps per sweep, and step size v = 10~4.

E. Additional Implementation Details

This section summarizes the evaluation metrics, the optional local move used in some experiments, and the cost model used
for budget matching.

E.1. Sliced Wasserstein Distance
We use the sliced Wasserstein distance to compare proposal and target samples. This metric is computationally tractable in
high dimension, while retaining sensitivity to geometric discrepancies between distributions.

Definition E.1. Let ;2 and v be two probability measures on R? with finite second moments. For a unit vector § € S,
denote by 64 the pushforward of 11 by = — (z, 0). The sliced Wasserstein-2 distance between p and v is defined as

1/2
sWaln) = ([ Wh@pmomia)
§d—1
where W, is the one-dimensional Wasserstein-2 distance and the integral is with respect to the uniform distribution on S

Empirical computation. Given samples {z;}}¥ ;| ~ pand {y;}}Y., ~ v, we approximate the integral using directions
{60}, sampled uniformly in S9!, and projections (z;, 0)) and (y;, 0)). Namely we use the Monte Carlo estimator

K | N 1/2
SWz,lh _< Zﬁz((m (k))) ,
=1 =1

where xé )) and yyc)) denote the sorted projected samples along direction 6.

Implementation details. For each benchmark, S/\\Ng is computed using the N samples produced by each method, a
fixed reference set of IV target samples shared across methods, and K = 100 projection directions. These directions were
independently resampled at each evaluation. This strategy was used consistently for all methods within each experiment.
The associated package (https://github.com/Jjstoehr/EM2C) also allows to keep them fixed throughout all
evaluations. For EM2C, the same target samples are also used across iterations.

E.2. Energy Distance

For the two-dimensional benchmarks of Section 4.2, we also report the energy distance which complements SWy by
capturing discrepancies in both location and spread.
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Definition E.2. Let X ~ pand Y ~ v be random variables in R%, and let X’ and Y’ be independent copies of X and Y,
respectively. The energy distance between p and v is defined as

ED(p,v) = 2E[|X - Y] - E[|X — X"[|] - E[[Y = Y] .

Empirical computation. Given samples {x;};Y, ~ pand {y;}}_, ~ v, we use the estimator

ED(p,v) = WZZ @i =yl — WZ > s — ol - WZ >y =il -
i=1 j—1

i=14'=1 j=1j5'=1

Implementation details. The energy distance EDis computed using N = 10,000 samples drawn from both the proposal
distribution fi; and target distribution 7.

E.3. Test Negative Log-Likelihood

For Bayesian neural network benchmark of Section 4.3, we evaluate posterior samples via negative log-likelihood (NLL) on
a held-out test dataset.

Definition E.3. Let Diost = {(x4,9:)} f\ﬁ‘ft be a test dataset. For a distribution p over network parameters, define

NLL = Eg..,,

1 Ntest
- > logp(yi | @i, 9)] ~ (12)

Ntest P
i=1

In our setting, p(y | z,0) = N(fo(z),02). Thus each term in (12) corresponds to the usual squared-error loss with Gaussian
noise.

Empirical computation. Given samples {6, }jvzl from the posterior approximation produced by each method, we estimate
N

— 1
NLL:NZ

Ntest
1
- logp(yi | ©i,05)| -
N > logp(y: | x:,65)

j=1 i=1

For instance, the posterior approximation from EM2C is the learned proposal fir.

Implementation details. In all experiments, we use the N = 500 posterior samples for evaluation and a test dataset of
size Niest = 500.

Since EM2C updates a population of particles, its NLL can fluctuate more across iterations than for chain-based samplers.
To reduce this variability, we report the average NLL over the last 20 iterations of each run.

E.4. Optional Local Move Kernel

In Algorithm 1, the particles Z}*"V are resampled from the empirical mixture F ;L\f using standard multinomial resampling,
which may result in reduced diversity among the resampled particles. In some experiments, after this resampling step, we
apply a short local Markov move, that is, for a Markov kernel L, independently for each particle, we compute

Zi~L(ZE),  i=1,...,N,

and use Ztl:N in the projection step. This optional move mildly disperses particles and improves numerical stability. It is
omitted from Algorithm 1 in the main text for clarity, as it is a standard diversity-enhancing refinement and does not change
the logic of the Monte Carlo implementation.

E.5. Importance Weight Stabilization

A well-known challenge in importance sampling is the degeneracy of the importance weights leading to reduced numerical
stability. To mitigate this effect, it is common to regularize the importance weights while preserving the underlying Monte
Carlo estimator.
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Log-weight clipping. The stabilization strategy employed throughout the paper consists of clipping the log-importance
weights before normalization. This safeguard can improve numerical stability in situations with highly concentrated
importance weights, especially in high dimensional settings such as the BNN benchmark, without modifying the underlying
Monte Carlo procedure.

Optional stabilization of importance weights. While all experiments in this paper use a fixed value of ¢, the associated
package (https://github.com/jstoehr/EM2C) additionally supports an optional numerical stabilization mech-
anism. The latter adapts ¢ online according to a user-specified effective sample size threshold prgs € (0, 1]. Namely, ¢
is selected using a bisection method as the largest value such that the effective sample size associated with log-weights
5(log m(x;) — log /]t(xi)) is larger than pggs/V. Such adaptive control is a standard stabilization technique in adaptive
importance sampling, particularly beneficial in high-dimensional settings where importance weights may become highly
concentrated.

E.6. Computational Budget Rules

We compare methods using approximate evaluation budgets, counted in units of target-density or gradient evaluations. For
gradient-based methods, one gradient evaluation is counted as one evaluation unit; for Metropolis-corrected methods such as
MALA and NUTS, we include the additional density evaluations required by the acceptance step. For NUTS, we use 2%max
as an upper bound on the number of leapfrog steps per iteration, since tree expansion may stop earlier due to the U-turn
criterion. The evaluation budget for the different methods used throughout the paper is reported in Table 7

Proposal-density evaluations, sampling, resampling, and projection costs are not included in the budget. To compensate for
the additional cost of projection, especially when training normalizing flows, EM2C is run with a slightly reduced evaluation
budget. Moreover, when A = 1, the exploration kernel is not used within Algorithm 1. To provide comparison under a
matched budget, we reallocate the corresponding kernel budget to n additional EM2C iterations.

These budgets are used only to choose comparable hyperparameters, not to provide wall-clock comparisons.

Table 7. Approximate number of target or gradient evaluations used for budget matching.

Method Evaluation budget

EM2C with RW or ULA exploration kernel NT (ng +ng +2)
EM2C with MALA exploration kernel NT (2ng + 2ny, + 2)
RW Niter Tchains

ULA Niter Tlchains

MALA 2 Niter Nchains

NUTS < 2%t (ngaemup + V)
DiGS 2N Ty Ngweeps (nLp + 1)
AIS N L (niter + 1)
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