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Abstract

Stability is a property of fundamental importance
in real-world systems. Although it has been
widely studied and well understood in control
theory (CT) for deterministic systems, it is largely
overlooked in stochastic systems such as Markov
decision processes (MDPs). In this paper, we
aim to translate the steady-state control problem,
well established in CT, where the goal is to syn-
thesize a controller with prescribed asymptotic
stability properties, into the MDP framework. To
this end, we propose the novel fast-mixing steady-
state (FMSS) problem. Given an ergodic MDP
and a target steady-state distribution, the objec-
tive is to synthesize a Markovian policy that in-
duces this distribution with the fastest possible
convergence rate. Addressing this problem re-
quires controlling the spectral properties of the
induced Markov chain (MC) transition matrix,
which generally leads to non-convex programs.
Thus, we derive a tractable surrogate objective
that leads to a convex program, whose properties
we study in terms of approximation quality, fea-
sibility, and computational complexity. We then
move to the learning setting and propose an offline
sample-based algorithm for FMSS (FMSS-SV),
designed for tabular MDPs, in which the environ-
ment’s transition model is estimated from data.
We quantify the impact of transition model es-
timation errors on both the objective value and
the learned policy, and provide a finite-sample
complexity analysis.

1. Introduction

When addressing sequential decision-making problems un-
der uncertainty, reinforcement learning (RL, Sutton & Barto,
2018) has emerged as a central paradigm for learning poli-
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cies (i.e., controllers)' that optimize a scalar objective, i.e.,
the expected cumulative reward, leveraging the framework
of the Markov decision processes (MDPs, Puterman, 1994).
Research efforts have mainly focused on providing guaran-
tees for the reward maximization under different structural
assumptions (e.g., Azar et al., 2017; Busoniu et al., 2018;
Jin et al., 2020b; Wang et al., 2020; Du et al., 2021). This
emphasis is largely driven by the intuition underlying the
reward hypothesis (Sutton, 2004), suggesting that any goal-
directed behavior can be expressed as the maximization of
an appropriate scalar signal.

Although this hypothesis has been recently questioned (Sil-
ver et al., 2021; Bowling et al., 2023), it appears quite natural
that reward maximization alone is insufficient in real-world
systems (Busoniu et al., 2018). Reliance on a scalar reward
signal might prove inadequate when requirements such as
safety (Garcia & Ferndndez, 2015), risk-sensitivity (Mi-
hatsch & Neuneier, 2002), or robustness (Morimoto & Doya,
2005) are concerned. Another pressing requirement, often
disregarded by the RL community (Wang et al., 2020), is
the stability of the deployed policy. This includes a range of
more specific desiderata, e.g., guaranteeing that the system
state remains within safe bounds or ensuring convergence to
a desired equilibrium. For this reason, in such applications,
it is often preferred to rely on the rigorous but “limited”
control theory (CT, Astrom & Murray, 2021) frameworks,
which enable the design of controllers with guarantees of
asymptotic stability. This property is fundamental when the
predictability of the system and the resilience w.r.t. exoge-
nous phenomena are major concerns (Slotine & Li, 1991;
Lewis et al., 2012).

More technically, the most basic problem in CT is the steady-
state control (or regulation), where the objective is to ensure
that the system state converges to a given steady state (or
equilibrium) and is maintained there, even in the presence
of external disturbances (Astrom & Murray, 2021). This
problem has been extensively studied for deterministic lin-
ear systems (Astrém & Murray, 2021), where the existence
of an equilibrium is determined by spectral properties of
the closed-loop system. Specifically, the location of its
eigenvalues in the complex plane is responsible for both the
asymptotic stability (i.e., the property of converging to a

'We use the terms “policy” and “controller” interchangeably.
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steady state) and the rate of convergence (i.e., the perfor-
mance in terms of convergence speed).

Unfortunately, the mathematical framework of MDPs differs
fundamentally from the deterministic setting of CT. Con-
sequently, analyzing the stability of RL-based controllers
using CT tools is often ill-posed, given the stochastic nature
of MDPs. As argued by Gros & Zanon (2022), stability in
MDPs is best analyzed within the broader context of Markov
chains (MCs, Meyn & Tweedie, 2012). In this stochastic
setting, the search for an equilibrium is replaced by the anal-
ysis of steady-state (or equilibrium) distributions,” under
the assumption of ergodicity (Levin & Peres, 2017). Cru-
cially, ergodicity is the property that guarantees both the
existence and uniqueness of the equilibrium distribution
and the asymptotic convergence of the process to it. In this
sense, ergodicity of MCs represents the direct analogue of
asymptotic stability in deterministic linear systems.

For finite MDPs, the problem of synthesizing a policy ca-
pable of inducing a desired target equilibrium distribution
has been formally addressed by Akshay et al. (2013). This
work established that the problem admits a polynomial-time
(PTIME) solution via linear programming (LP). However,
significant theoretical questions have been left open. First,
when the aforementioned LP is feasible, the solution is
rarely unique, raising the critical question of how to se-
lect an appropriate policy from this candidate set. Second,
when the target equilibrium distribution is not realizable
within the given MDP, there is no established approach for
computing a valid policy. These challenges have been only
marginally touched in the RL literature, where the choice of
a policy with such characteristics emerges as an auxiliary
element rather than as a primary objective, and has been
addressed mostly heuristically (e.g., Tarbouriech & Lazaric,
2019; Mutti & Restelli, 2020). Furthermore, existing anal-
yses frequently rely on restrictive structural assumptions,
e.g., reversibility (Levin & Peres, 2017), which limit their
applicability to realistic systems.

In this work, we posit that the selection criterion for an ade-
quate policy should be governed by the rate of convergence
to the desired target equilibrium distribution. This objective
mirrors the performance index of the classical steady-state
control problem. Formally, the convergence rate of the
induced MC is dictated by the spectral properties of the
MC transition matrix, such as the second-largest eigenvalue
modulus (SLEM, Levin & Peres, 2017; Meyn, 2022), and
by its departure from normality (Ipsen & Selee, 2011). Con-
sequently, the CT problem of designing a high-performance
controller for the steady-state control problem translates, in
MDPs, to synthesizing a policy that not only realizes the tar-

’In the literature, several alternative terms are used, such as
“stationary” or “invariant” distribution/measure. In this paper, we
employ the terms “steady-state” or “equilibrium” distribution.

get equilibrium distribution but minimizes the time required
to reach it from any initial condition. This convergence rate
is intrinsically connected to the so-called mixing properties
(e.g., mixing time) of the induced MC (Levin & Peres, 2017).
In this paper, we propose and address the novel fast-mixing
steady-state (FMSS) control problem in MDPs that aims to
determine a policy that attains a desired target equilibrium
distribution with the fastest rate of convergence possible.

The need for such “fast-mixing” policies also emerges from
the theoretical analysis of RL algorithms. Indeed, mixing
times impact the sample efficiency of policy evaluation in
the undiscounted setting (Kearns & Singh, 2002). Further-
more, finite-time convergence analyses of stochastic approx-
imation methods, such as temporal difference, explicitly
depend on the mixing properties of the MC (Bhandari et al.,
2018; Srikant & Ying, 2019). Finally, a fast-convergence be-
havior is of interest for Markov chain Monte Carlo MCMC,
Andrieu & Thoms, 2008) methods, where accelerating the
convergence of a sampler to a target posterior impacts com-
putational efficiency. In this field, finding an MC minimiz-
ing the SLEM, under graph-based constraints, a problem
connected to our FMSS, has been solved efficiently but for
reversible chains only (Boyd et al., 2004; 2009).

Original Contributions. The contributions of the paper
are summarized as follows.

* In Section 3, we introduce the FMSS control problem.
Motivated by the fact that directly optimizing the SLEM
leads to non-convex problems, we formulate it as a con-
vex program over the policy space that minimizes the
second-largest singular value (SLSV) of the induced MC
transition matrix. Furthermore, we also propose a projec-
tion approach, PROJ, to handle the case where the desired
target distribution is not realizable in the considered MDP.

* In Section 4, we analyze the FMSS program, showing that,
for a fixed realizable distribution, there exists an infinite
number of policies that induce it, motivating the need to
search for a fast-mixing one. We also discuss the extent
to which the SLSV can be considered an appropriate sur-
rogate for the SLEM. Finally, we analyze the complexity
of solving the FMSS optimization problem.

* In Section 5, we propose FMSS through Singular
Values (FMSS-SV) that solves the FMSS problem by
estimating the environment transition model from a trajec-
tory of interaction. We characterize the estimation error
and conduct an error propagation analysis that highlights
the error due to the finite number of samples in the SLSV
and in the induced steady-state distribution.

Finally, we include in Appendix A some remarks on the
FMSS problem by solving analytically some simple MDPs,
while Appendix F empirically validates FMSS-SV on a
grid-world. All proofs are deferred to the Appendices B, C
and D.
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2. Preliminaries

Notation. Vectors are intended as column vectors, and
denoted in bold. Matrices are identified through bold up-
percase letters. The orthogonal complement of a vector v
is denoted as range(v)®. The symbol 1, denotes a col-
umn vector of all ones, while I; represents the identity
matrix, both of size d. Given a vector x € R? with non-
negative components, we denote the induced inner prod-
uct as (v,w), = v diag(x)w for every pair of vectors
v,w € RZ If the subscript is omitted, it is implicitly as-
sumed that x = 1, i.e., the usual Euclidean inner product.
The choice of the inner product allows to define the (P (x)
norm of a vector v € RY, as || V|| () 1= [Diepay [vilP2i]"/?
for p € [1, +00) and as max;cqy |v;| when p = +00. When
x = 1 then we denote the norm simply as | v||,. For a matrix
A, define the operator norm with respect to the above in-
ner product as || Al|p2 ) = Max|y,,  ~1 |A V|2 (x), when
x = 1 simply denote it as | A||2. The spectral norm corre-
sponds to the largest singular value o1 (A) w.r.t. the given
inner product. The simplex over a set X’ is denoted as A(X).
Random variables are identified through uppercase letters
while lowercase ones denote their values. Given two distri-
butions p, ¢ € A(X) on the finite set X', their fotal variation
(TV) is defined as [p — g rv = § X cx [p(x) — q(2)] =
ilp — gl1. Leta,b € N with a < b, we introduce the
symbols [a, b] = {a,...,b} and [b] = [1,9].

Markov Decision Processes. We consider the model
of an infinite-horizon, homogeneous, and discrete-time
finite Markov decision process (MDP) without reward
function (Puterman, 1994). Formally, consider the tuple
M = (S, A P, uy), where S is the state space, with car-
dinality |S|; A is the action space, with cardinality |.AJ;
P ¢ RISIMIXIS| is the transition kernel where p(s'|s, a)
is the probability of reaching next state s’ € S given that
action a € A is played in state s € S, po € Rl is the
initial-state distribution where po(s) is the probability that
the MDP is initialized at state s. We denote with 7 € [TMF
a stationary Markovian randomized policy, where 7 (a|s) is
the probability of playing action a in state s. The policy is
conveniently represented as a matrix IT € RISIXISIIAl with
entries II(s, (s,a)) = m(als) for every state s and action a
and the other entries equal to 0.> Given the transition kernel
P, an initial state-distribution g, and a policy 7r, we denote
with IP’E&” the induced probability measure over all possible
sample paths (S, A¢)i>0-

Markov Chains. Any policy 7 € IIM® induces a Markov
chain (MC) (S;)¢>0 over the state space S defined as
the tuple M™ := (S,P7™, o) (Levin & Peres, 2017)
where P™ = TIP e RISI*XISI with entries p™(s|s) =

*From now on, we will omit the adjective “Markovian” when
referring to a policy, as we consider only this type of policies.

Daea T(als)p(s’|s,a), represent the state transition ma-
trix. Given M™, we can compute recursively the state-
distribution at time step ¢ > 1 as uT = (P™)"uT | with
ul = po. Moreover, we denote as P™! = (P™)? the ¢-
step transition matrix, with entries p™*(s’|s) corresponding
to the probability of landing in s at time step ¢ starting from
s. A MC is irreducible if for every states s, s’ € S there
exists ¢ > 1 such that p™'(s’|s) > 0. Furthermore, a MC
is aperiodic if every state s € S has period equal to 1, i.e.,
ged({t = 1 : p™(s|s) > 0}) = 1. When studying the
limiting behavior of the sequence of distributions (] )¢>0,
it is natural to assume the underlying MDP to be ergodic.*

Assumption 2.1 (Ergodic MDP). An MDP M is ergodic
if for every deterministic Markovian policy 7 € TIMP the
induced MC M™ is irreducible and aperiodic.

Assumption 2.1 ensures that the sequence of ¢-step dis-
tributions (u7 ):>0 converges to a limiting distribution
n™ = lim;_, o, uf, called steady-state or equilibrium dis-
tribution ™ that satisfies the invariance equation: n™ =
(P™)Tn™. Moreover, we denote its minimum entry as
nr. = minges n™(s) > 0, that is guaranteed to be positive
thanks to irreducibility. We use D~ := diag(n™) to denote
the diagonal matrix formed by the entries of ™.

The convergence of the MC to its equilibrium distribution is
characterized by the following fundamental result.

Theorem 2.1 (Convergence Theorem — Levin & Peres 2017,
Theorem 4.9). Let P™ be irreducible and aperiodic, and
let n™ denote its stationary distribution. Then, there exist
constants o € (0,1) and C > 0 such that:

A(t; P™) = max [p™(]s) — 7 |av < Ca'. (1)

We call d(t; P™) the “distance from equilibrium” which,
indeed, quantifies the speed at which the MC converges to
its steady-state distribution.

Remark 2.1 (Relation with asymptotic stability in CT). If
we introduce the error vector e = n™ — uf, and we
view the equation eI = (P™)"eT_; as the dynamics of a
discrete-time linear system with state el and consider the
origin as the desired equilibrium point, Equation (1) is the
asymptotic stability condition (in the CT sense) expressed in
TV divergence rather than in the usual Euclidean distance.
In other words, with a slight abuse of terminology, we are
concerned with the asymptotic stability (in the CT sense)
of a discrete-time linear system defined on the subspace of
zero-sum vectors e e RIS,

“We highlight that in the literature of MDPs, differently from
what is assumed here, the ergodicity assumption only requires
irreducibility and, thus, convergence to a limiting distribution
in the Cesaro average sense. Aperiodicity is not explicitly as-
sumed.(See Puterman 1994, Chapter 8.3; Kallenberg 2022, Chap-
ter 5.2)
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Table 1. Comparison between reversible, normal, and general MCs. In this table, given a fixed stationary distribution 77 over S, |[N™ |2

represents the spectral norm of the nilpotent component in the Schur decomposition of the matrix A% defined in Equation (3). For a
derivation of the bound (see Ipsen & Selee, 2011, Theorem 7.11). Notice that [N™||2 = 0 when P™ is normal.

MC class Property v(P™)evx?  o2(PT) cvx? v(P™) bounds d(t; P™) bounds

Reversible Self_ag;njif; o) v v (02(P™)} Bl \/:ﬂu(P")t]
Normal f;ﬁ:l - E?;; v v (02(P™)} 1™y, \/jﬂy(P")f]
General - X v [02(P™) — [N™ |2, 02(P™)] [;V(P")t, ﬁ@(wﬂ

¢2(n™) Inner Product Space. The constants C and « are
made explicit by studying the matrix P™ as an operator
acting on the weighted inner product space (IPS) £?(n™) :=
(RISI,{:,»p=) which implicitly define the ¢2(n™)-norm
over the space of real-valued functions f : S — R
as | flem= = +/{f, Fn=. Accordingly, the ¢*(n™)-
distance from equilibrium is defined as dg2 (=) (t; P™) :=
SUP|| £ 42 () <1 HPﬂ’tf - ﬂﬂ(f)HZZ(nw), where ™ (f) is a
short-hand notation for ( f, 1),~ 1. Importantly, d(¢; P™) <
$dg2 (=) (t; P™) (see Levin & Peres, 2017, Section 4.7).
This space is fundamental to assess convergence to equilib-
rium of reversible MCs (Levin & Peres, 2017). Under the
reversibility assumption P7 is self-adjoint in £?(n™), that
is <Pﬂfag>7]"' = <fv Pﬂg>’r]" = <fvPTrg>7]"‘" Here Pﬂ-’
i.e., the adj;oint operator, is known as time reversal and is
defined as P™ := D, 1(P™) " D,;~. Alternatively, this prop-
erty may be expressed as D, = P™ = (P™)TD,,~ (Seabrook
& Wiskott, 2023), i.e., the detailed balance equations. Re-
versible chains satisfy the spectral theorem (Axler, 2024,
Theorem 7.29), and admit a real-valued spectrum.

Spectrum and SLEM. We denote the spectrum of P™,
i.e., the set of distinct eigenvalues of P™, as A(P™) =
{AT,AT,..., AT}, with & < |S].5> Being P™ a row-
stochastic matrix its spectral radius satisfies p(P™) =
maxeqi k] |AT| = 1. Ergodicity ensures that 1 is a sim-
ple eigenvalue and also that |AT| < 1 for every i € 2, k].
The right eigenspace associated with the eigenvalue 1 is
spanned by the eigenvector 1 and is the space of constant-
valued functions f € ¢2(n™), while the left eigenvector
is the equilibrium distribution ™. We arrange the spec-
trum of P™ in decreasing order of modulus as 1 = AT >
IAT| = -+ = |AT]| and denote with v(P™) := |\T| the
second-largest eigenvalue modulus (SLEM).

Reversible MC. If the MC P7 is reversible, we have that

PT) < 1 T\t :
d(t; P™) < 2\/mu(P )* (Levin & Peres, 2017, Lemma

12.18 (i)). Thus, convergence to equilibrium, for a given ™
is completely controlled by the SLEM. This is confirmed

SFor general MCs, the spectrum is not necessarily real valued.

by the lower bound d(t; P™) > 1v(P™)! (Montenegro &
Tetali, 2006, Theorem 4.9).6 Note that, under reversibility,
the SLEM v(P7) is a convex function of the P™ entries.

Non-reversible MC. When the MC is non-reversible, P™
is no longer self-adjoint in £?(n™) and convergence analysis
is notoriously more challenging (Chatterjee, 2025). Never-
theless, it is known that asymptotic convergence is character-
ized by the SLEM, as lim;_, , o d(t; P™)/* = u(P™) (see
Meyn, 2022, Theorem 6.2), independently of reversibility.
Unfortunately, the SLEM v(P7™) is a non-convex function
of the entries for general MCs. The most notable surrogate
for v(PT) appears to be the second-largest singular value
(SLSV) defined as (Ipsen & Selee, 2011):

o2(P™) = [PTQ ™ g2 (ymy, 2

where Q1 = Lis| — 1(n™)T is the orthogonal projec-
tion matrix. First, recall that in general, o2 (P™) > v(P7).
Moreover, this quantity satisfies o2(P™) = v(P™) when-
ever P™ is either reversible or non-reversible yet normal
(i.e., PTP™ = P™P™). In fact, it is possible to show that
the precision of the singular value in approximating v(P™)
degrades with the departure of P™ from normality (Ipsen &
Selee, 2011). Secondly, one of the most widely accepted,
albeit only approximate, procedures to characterize the con-
vergence of general MCs is through the SLEM of the mul-
tiplicative reversibilization, defined as M(P™) .= P™P7™
that is reversible and converges to ™. Then a well-known
result states that d(t; P™) < 2\/}EV(M(P‘"))U2 (Fill,
1991, Theorem 2.1). Notably, o2(P™) = /v(M(P7)).
These properties are summarized in Table 1.

3. Problem Formulation

In this section, we introduce the fast-mixing steady-state
(FMSS) control problem for MDPs, where the goal is to
determine a policy 7w € IIMR that makes the induced MC
P converge to a target equilibrium distribution 1 € A(S)
at the fastest possible rate allowed by the structure of the

SThis Jower bound holds for general MCs, even not reversible.
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MDP. In principle, as discussed in Section 2, one should
minimize the distance to equilibrium d(¢; P™); however,
this quantity is not easily manageable due to the need for
choosing ¢ and the undesirable non-linear dependence on
the policy entries 7 (see Equation 1). Similarly, minimizing
the SLEM v(P7) is challenging for non-normal MCs, as
the objective is non-convex and may fail to control d(¢; P™)
in the finite-time regime. Thus, we propose to formulate the
FMSS control problem as the minimization of the second-
largest singular value (SLSV) of P™, denoted by o5 (P7™).

3.1. Fast-Mixing Steady-State Control

It is convenient, for analytical purposes, to work in the stan-
dard Euclidean IPS ¢2. For this reason, we introduce the
isometry T': £2(n™) — (?(RIS]), defined as Tf = Di,/ff
for every f € 2(n™). T = Di,/f is symmetric and,
thanks to ergodicity, invertible. To show the isometric
properties of this mapping notice that the scalar prod-
uct fulfills the identify {f,g),~ = (I'f,Tg) for every
- Lo 1/2

f,g € (*(n™). This implies that | f | s2(,=) = ”Dn/"-fH2'
Thus, the ¢2-representation of operator P™ is given by
Afx = D,I/,r2 P“D;i/ 2, Similarly, the representation of
the orthogonal projector Q1 = Iis| — 1177rT is denoted by
the matrix E+-v1" = Iis|— «/n“\/n’f—r, implying that:

|ATENYT |y = [P™QM | p2(ym) = 02(PT).

Now, for any given target stationary distribution 77 € A(S)
and any policy 7 € IIMR, we define the matrix:

Az = AZENT = DPPTD, - ViV L O)

We now formalize the FMSS(7,P) control problem as the
following optimization problem:

minimize
e MR
subject to B =(P™)'q

S

The linear equality constraint is enforcing that the target
distribution 7 is indeed an equilibrium distribution of the
MDP. Intuitively, solving Program 4 amounts to identify-
ing the policy m € IIMR that induces the MC P™ such
that its multiplicative reversibilization, M (P7™), achieves
the minimal SLEM v(M(P7™)) = HA%H% Notice that the
policy search is restricted to the space of Markovian ran-
domized policies = € ITMR since it has been shown that
for the class of ergodic MDPs they are sufficient to induce
any feasible target distribution over the state space (Akshay
et al., 2013). Secondly, we emphasize how, differently from
previous works (Boyd & Vandenberghe, 2004; Tarbouriech
& Lazaric, 2019; Mutti & Restelli, 2020), by not imposing

a reversibility constraint of the form Dz P™ = (P™) " Dy,
we implicitly allow for the selection of policies that induce
non-reversible MCs, an important generalization.

3.2. Feasibility of the Target Distribution

In general, given a desired target 7 € A(S), FMSS(7,P)
might be infeasible. More formally, given an MDP M, we
define the set of realizable steady-state distributions as:

Np:={neA(S)|IxeXp: n=Kx}. (5

where K = 17, ® I ;s € RISIXISIIAL i the action-
marginalization matrix, defined for every s,s’ € S and
ae€ Aas K(s,(s',a)) = 1{s’ = s}, so that (Kx)(s) =
Daea X(s,a). In Equation (5), Xp represents the set of
state-action distributions x whose marginal over S is an
equilibrium distribution in M for some policy 7:

Xp = {x e A(S x A) } Kx = PTX} . 6)

If 77 ¢ Np, then, Program 4 is not feasible since 7 cannot
be realized by any policy. We circumvent this issue by
replacing it with a surrogate distribution 7 € A(S) defined
as the “closest” to the target 77 according to an appropriate
divergence D(-|-). Formally, a candidate 77 is obtained from
the following projection problem PROJ(7,P):

minimize D(n|Kx). 7
Denoting with X the solution to Program 7, we set in Pro-
gram 4 as 7] — 7] = KX. In the above, D(|-) denotes any
divergence convex in its second argument and well defined
also for 7 > 0. Some examples are the standard ¢? norm
squared or the KL-divergence (moment-projection).

4. Analysis of the Optimization Problem

In this section, we discuss the properties of Program 4 with
specific reference to the feasible set of policies (Section
4.1), the objective function (Section 4.2), and computational
complexity (Section 4.3).

4.1. Analysis of the Feasible Policy Space

For ease of exposition, we work with 7 € Np so that feasi-
bility is ensured. Let us denote the feasible set of policies
as:

My = {m e I

ils) = > Al p(sls', o)), Vs € S .
s'eS,a’e A

®)

Equation (8) represents the set of Markovian random-
ized policies that satisfy the equilibrium constraints 7] =
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(ITP) "7j. Importantly, II; is a convex polytope, as it is
derived from the intersection of the product of state-wise
simplexes with an affine subspace. Given this definition, the
following result holds.

Proposition 4.1. Let M be an ergodic MDP with |S| = 1
and |A| = 2, let 1 € Np be a feasible target distribution
and let dim(-) denote the dimension of a polytope. Define:

Xy = {x e REIMIKx = 7, PTx = 7, x > 0}.

Then, 115 and Xj; are affinely isomorphic through x(s, a) =
n(s)m(als), and, if Iz admits at least a ™ such that
w(als) > 0 for all pairs (s, a), then:

dlm(Hﬁ) = dlm(é\f},) > 1.

Otherwise, the feasible set 113 lies on the boundary of the
policy simplex TM® and dim(I1;) > 0.

Proposition 4.1 ensures that, whenever a feasible target
distribution 77 € Np is realized by a full-support policy,
there exists an infinite number of policies realizing such
a distribution. If no such full-support policy exists, the
feasible set is confined to a lower-dimensional face of the
policy simplex and can even reduce to a single policy. This
further motivates our problem of choosing, within II5 when-
ever multiple feasible policies exist, the policy yielding the
fastest convergence to the steady-state distribution.

4.2. Analysis of the Objective Function

Being H.Xg |2 the spectral norm of a linear function in IT, it
is convex over I (see Boyd & Vandenberghe, 2004, Ex-
ample 3.11). Thus, Program 4 is a convex optimization
problem and it can be cast as a semidefinite program (Boyd
& Vandenberghe, 2004). A key advantage of this formu-
lation is that possible additional constraints on the policy,
such as a minimum exploration constraint (i.e., w(als) = &
with € € [0,1/|.A]]), can be incorporated without sacrific-
ing convexity. The theoretical guarantees of this formu-
lation depend on the spectral properties of the transition
kernel. When the induced transition matrix P™ is normal
for all w € IIMR, we have that |AZ |2 = v(P™) and, thus,
the solution to Program 4 yields the minimum-SLEM pol-
icy among the ones inducing the target distribution 7 in
M. Conversely, when P™ is non-normal, we have that
|AZ ]2 = 02(P™) = v(P™) and, thus, the resulting policy
is the minimum-SLSV policy among the ones inducing the
target distribution 77 in M. In other words, the solution
is globally optimal w.r.t. the upper bound o2(P™) on the
SLEM v(P7™) as established in (Fill, 1991, Theorem 2.1).
To tighten this bound and better approximate the true fastest
policy, one might intuitively introduce a regularization term
penalizing departures from normality. However, standard
non-normality measures—such as the squared Frobenius

norm of the commutator, that is | (Ag)TA}T’ 71&;’75 (A;’?J)T 2.,
or Henrici’s departure from normality (see Henrici, 1962),
are non-convex with respect to 7. Incorporating such
a penalty would therefore destroy the convexity of Pro-
gram 4, negating its primary computational advantage. Con-
sequently, as discussed in Section 2, accounting for the
gap between oo(P7™) and the SLEM, v(P™), for general
non-reversible chains still remains non-trivial.

4.3. Computational Complexity

For tabular MDPs, solving Program 4 via interior point
methods entails a space complexity of O(|S|* | A|*) and a
time complexity of O(|S|* | A|*) (Den Hertog, 2012). While
first-order methods can be employed to scale to larger prob-
lems, they typically exhibit a trade-off in solution accuracy.

4.4. Empirical Validation

A detailed empirical validation of Program 4, along with
an analysis of its performance compared to the global opti-
mum of the FMSS control problem for some specific MDP
instances, is provided in Appendix A. The numerical results
presented there support the theoretical properties discussed
in Sections 2 and 4. Specifically, these experiments provide
a visual way to see the difficulties caused by non-normality,
which is the main obstacle to finding exact solutions to the
FMSS control problem in general settings as briefly men-
tioned in Table 1. We refer the reader to Appendix A for
a full description of the MDP structures and the resulting
spectral behavior.

5. Learning Setting

In this section, we introduce and analyze FMSS through
Singular Values (FMSS-SV, Algorithm 1), an algo-
rithm to solve the FMSS control problem for tabular MDPs
using a single trajectory collected offline by running a be-
havioral policy 7® e ITMR. Specifically, from Line 3
to Line 12, FMSS-SV leverages the collected trajectory
T = (St At, St41)te[o,r—1] to obtain an estimate P of
the true transition model P. Importantly, the algorithm
forces ergodicity of P by performing a mixture with a uni-
form next-state distribution, regulated by the parameter v at
Line 10. Then, in Line 14, given the target steady-state dis-
t{ibution 7, FMSS—SV uses the estimated transition model
P to solve PROI(7,P), i.e., projectAing 7 onto the set of real-
izable distributions N, obtaining 7). Finally, in Line 15, the
FMSS(%,]_?’) problem isAsolved making use of the estimated
projected distribution 77 and transition model P to obtain
the candidate fast-mixing policy 7t¥.
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Algorithm 1: FMSS through Singular Values.

Input: Target steady-state distribution 77 € A(S), trajectory
7o = (St, At, St41)tefo,7—1]> Parameter
v € [0,¢/(2v/IS]A]]-
Output: Candidate fast-mixing policy 7t* € IIMP® realizing
A% —
nT o~
for (s,a) € S x Ado
for s’ € S do
Compute the counts: N°(s,a,s’) —
3:701 1{(Si7Atvsi+1) = (57@75/)}
Nb('97 a) <~ ZS’ES Nb(57 aa 5/)
Estimate the transition model:

~ b s,a S,
if N°(s,a) > 0 then p(s'|s,a) < % ;
else p(s'[s,a) < g
Regularize to ensure ergodicity:
B(s']s,a) — (1—v)i(s']s, a) + % :

end
end
Find a feasible candidate target steady-state distribution:

Xe arg minxex; D(7|Kx) and set?] = KX

IO

return 7* € arg min;cpmr HA.::;HQ st.i=P™)7

5.1. Sample Complexity Analysis

In this part of the paper, we conduct a sample complexity
analysis for the estimation of the transition model. The
proofs of the results presented in this section are provided
in Appendix C.

We consider the availability of a trajectory 7, =
(St, At, St41)tefo,r—1] of length T' € N collected by run-
ning a behavioral policy 7w® € IIM® in the environment. To
ensure an appropriate estimation of the transition model, we
enforce that all actions are played with non-zero probability.

Assumption 5.1 (Full-exploration—Meyn 2022, Section
9). The behavioral policy w° satisfies w°(als) > &, with
&€ (0,1/|A]] for every (s,a) € S x A.

Assumption 5.1 ensures that the joint process (.S¢, At),~»
where A; ~ 7°(:|S;), is an ergodic MC over S x A. This
condition guarantees that the reachable set of state-action
pairs under 7’ coincides with the whole S x A, allowing
sample averages to converge to their expectation and en-
abling the application of concentration inequalities.

The following result provides a polynomial upper bound to
the sample complexity of Algorithm 1.

Theorem 5.1 (Sample Complexity Guarantees). Let M
be a tabular and ergodic MDP (Assumption 2.1) and
let w° e TIMR pe a policy satisfying Assumption 5.1
inducing the steady-state distribution n°. Let 0 =
(St, At, St41)tefo,r—1] be a trajectory of length T € N

collected through w°. Let n®; = minges 7™’ (s) > 0 and
let tb . = min{t > 0|d(t; P™") < 1/8} be the mixing time
of the MC induced by w°. Lete > 0 and § € (0,1). Let P
denote the estimated transition kernel as in Line 10, with
v < £/24/|S| | A|. Then, with probability at least 1 — 6, to
guarantee that:

Hfa _ PH2 < 2, )

the sample complexity (i.e., length of the trajectory) is at

' () o

In the above, the notation O suppresses logarithmic fac-
tors dependent on |S|, |A|, and 7%, as well as absolute
constants. Notably, the sample complexity exhibits a tight
dependence on the target accuracy ¢ and scales polynomi-
ally w.r.t. the problem dimensionality O(|S|? | A|). Depen-
dences on the minimum entry 0 < 7%, < 1/|S| of the
steady-state distribution induced by 7% and on 0 < ¢ <
1/].A] the minimum action probability are present. They
are unavoidable to cover the whole state-action pair for con-
trolling the error in Euclidean norm. Notice that these two
quantities are non-zero by Assumptions 2.1 and 5.1. Addi-
tionally, we emphasize a linear dependence on the mixing
time t° . of P~ representing, in this specific case, the
minimum number of steps needed to reduce the TV diver-
gence from the steady-state distribution over S below the
threshold 1/8. This term can be related to the SLSV of P’
as follows (Levin & Peres, 2017):

. (o)
<
n (UZ(P"b))

The dependence on ¥, is necessary to guarantee that the

state-action pairs are visited with a probability sufficiently
close to the equilibrium one, i.e., nb. ‘We further observe a
dual-regime behavior characterized by the term In (5 ) +1S],
which distinguishes between small and large § regimes. This
structure is typical of reward-free exploration and inverse
RL frameworks (Jin et al., 2020a; Kaufmann et al., 2021;
Ménard et al., 2021; Lazzati et al., 2024; Metelli et al.,
2023). Furthermore, this term is multiplied by an additional
factor of In(1/4), a recurrent feature in offline RL (Xie
et al., 2021) necessary to control the minimum number
of samples across all reachable state-action pairs. Also,
notice that, in the best case, in which 0%, = 1/|S| and
& =1/|A|, we would retrieve a sample complexity scaling
as O((1 + t,,) In(1/6) [SI* | A (|S| + In(1/5))e2).

mix

b 1
T7<0 (1+tmix2 S| |vj|1n(5)
77min£E

Y
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5.2. Error Propagation Analysis

In this section, we provide the error propagation analysis
of FMSS—-SV. We first study how the error on the transition
model estimate propagates in the projection step PROJ and,
then, we analyze its effect on the performance of the policy
learned from FMSS. The proofs of the results presented here
are reported in Appendix D.

Projection Step. We start by analyzing how the error in-
troduced by using the estimated transition model P instead
of the true one P impacts the projection, i.e., PROJ(7, P)
compared with PROJ(77,P). We employ the following as-
sumption.

Assumption 5.2 (Lipschitz Divergence). Let 7] € A(S).
D(7|+) is L-Lipschitz continuous w.r.t. the {*-norm.

This assumption is satisfied when D(7||-) is the TV di-
vergence or the ¢2-norm (with L = 1) and for the KL-
divergence whenever the underlying MDP is ergodic. In-
deed, in such a case, we have that for every policy 7 €
MR it holds that n™, = mingsn™(s) > 0 and, thus,
L = (mingerpir 17;,,) "' The following result relates the
projection error D(an) when using the estimated model P
with that D(7| 7)) when using the true one P.

Theorem 5.2. Let 7] € A(S) be a target distribution and

let P, P be transition models of ergodic (Assumption 2.1)

MDPs. Let 1], 1) be the solutions of the projection problems
PROJ(M,P) and PROJ(m,P), respectively. Then, under As-
sumption 5.2, it holds that:

DGl ~ D) < LVIS] sup 27|
e MR

where Z™ = (I — P™ + 1)5(n™) ")~ is the fundamental
matrix (Seneta, 1988) of the MC induced by policy .

The result shows that the difference in the projection error
scales with the estimation error between the transition mod-
els |P — P||2, as expected, multiplied by a term related to
the ergodicity properties encoded in the fundamental ma-
trix Z™, which relates to the SLSV of the MC, as shown in
Lemma E.7:

w,—1/2
"min

|Z" (5 < |D; (1 :
n o (P™)

— AT ) D < 5

FMSS Problem. We now analyze the effect of making
use of the estimated transition model P when addressing
the FM§S problem, i.e., comparing the solutions of the
FMSS(?;,f’) and FMSS(7},P) problems. Notice that the ef-
fect of the estimation process impacts, as discussed above,
the target distribution employed for theAdeﬁnition of the con-
straint of the FMSS problem too, i.e., 1 vs. 7). We evaluate
two indexes of the approximation: (7) the distance between

the desired target distribution 7Q7 = ﬁ**7 and the realized
one n’A’* obtained by playing the policy 7*, solution of
the FMSS(?],IS), in the true P and (i¢) the gap between the
SLSV 05(P™") of the MC P™" obtained when executing
policy 7*, solution of FMSS(7},P), and UQ(P**) of the
MC P#* obtained when executing policy 7*, solution of
FMSS(?%,PA’), with the true transition model P. The follow-
ing result quantifies the first index of approximation.

Lemma 5.3. Let 7 € A(S) be a target distribution and
let P, P be transition models of ergodlc (Assumption 2.1)

MDPs. Let ©* a solution ofFMSS(n,P) problem. Then, it
holds that:

| <1Z7 PP . a2
This result is an application of Lemma E.5, itself obtained
from the seminal result of perturbation theory for MCs
(Seneta, 1988). The bound highlights that this gap depends,
once again as expected, on the estimation error [P — P/
on the transition models. This term is now modulated by an
index of ergodicity ||Z*™ |5 of the MC P**.

Let us now move to the analysis of the SLSV.

Theorem 5.4. Let 7 € A(S) be a target distribution
and let P, P be transition models of ergodic (Assumption
2.1) MDPs. Let 7, 7A7 be the solutions of the projection
problems PROJ(Mm,P) and PROJ(n,P ) respectlvely Let
¥, ¥ be solutions ofFMSS(n,P) and FMSS(n,P) prob-
lems respectlvely Let Tjmin = minges7j(s) > 0 and
nmm = mMiNges n( ) > 0. Then, it holds that:

2 (P™) =02 (P™")| <5127 |2/I8] () /2
AR 0 i) (2 -+ [P ).

where H > 0 is a finite constant depending on |S||A| and
on P and P only.

To obtain this result, we introduce a general device for an-
alyzing the perturbation of optimization problems when
varying both the objective function and the feasible sets/-
constraints (Lemma D.1). Then, we leverage Hoffman'’s
inequalities (Hoffman, 1952; Pena et al., 2021) to control
the distance between the feasible sets of the two problems
FMSS(n P) and FMSS(n P) making the Hoffman constant
H, which is guaranteed to be finite, appear in the bound.?
The bound, as expected, depends on the distance between
the quantities which differ due to estimation, i.e., the target

"Notice, instead, that 7] = 'r)"'*
8Several approaches to obtain bounds or approximations of H
are discussed in (Pena et al., 2021).
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distributions H% — 7|2 and the transition models |P — P|,.
Additignally, a dependence on the minimum probabilities
Tmin»> Tmin and nr’;':n appears. These terms are guaranteed
to be non-zero as both P and P are ergodic. Finally, from
Theorem 5.4 together with the bounds in Table 1, we can
characterize the absolute SLEM difference obtained when
executing 7w*, 7v* in the MDP with true transition model P
as follows,

(P™) — v(P™)| < [02(P™) — 0o (PT)]
¥ 3
+ max{ [N [, [N7" ).

This result confirms that the SLEM performance difference
is explicitly governed by the SLSV error and the system’s
non-normality.

Experimental Evaluation: Appendix F provides empirical
validation on an 8 x 8 grid-world. We characterize the
sensitivity of FMSS-SV, PROJ, and FMSS to the length T’
of a trajectory collected under a uniform 7®, confirming the
predicted dependences on the estimation error [P — P|f.

6. Conclusions

In this work, we introduced the Fast-Mixing Steady-State
(FMSS) control problem, addressing it via a convex relax-
ation based on the second-largest singular value (SLSV).
We provided finite-sample guarantees for the offline learn-
ing setting and analyzed the sensitivity of our algorithm to
estimation errors. While exact for normal Markov chains,
o2 (P™) remains a surrogate for the SLEM v(P™) in gen-
eral settings. Our analysis in Appendix A suggests that
solving FMSS for general MDPs requires explicitly induc-
ing non-normality; however, formulating an objective to
control this property through policy selection remains a
non-trivial open question. Future research directions in-
clude: () investigating methods to steer policy selection
toward highly non-normal dynamics; (7¢) characterizing the
trade-off between asymptotic convergence properties char-
acterized by the SLEM and finite-time mixing guarantees,
as noted in Huang & Mao (2017), non-reversible chains
also achieve faster finite-time convergence; (ii¢) formal-
izing the hardness of the FMSS problem via conductance
and Cheeger constants; (iv) extending this framework to
continuous state-action spaces, where we expect most of the
challenges arising not to be conceptual but rather technical,
primarily related to the mathematical tools required. In par-
ticular, one would need to address the mixing properties and
spectral analysis of the densities of a Markov chain defined
over a Hilbert space. While the core ideas remain intuitively
similar, the mathematical treatment becomes significantly
more involved.
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A. Some Simple MDP Environments

This appendix provides a targeted empirical evaluation of the theoretical framework developed in Sections 2 through 4. Our
primary objective is to demonstrate that by relaxing the reversibility assumption and optimizing over singular values via
Program 4, we can achieve significantly tighter convergence rates compared to standard reversible policies within the same
MDP instance. Furthermore, we confirm a critical structural insight: the inability to explicitly account for the non-normality
of the underlying MDP dynamics remains the predominant bottleneck in obtaining an exact solution to the FMSS control
problem in the tabular setting.

As established in our preliminary analysis, characterizing the spectral properties of the induced kernel P™ as a function
of the policy 7 € IIMR is notoriously difficult due to the operator’s inherent non-normality and non-linearity. For this
reason, we constrain our empirical analysis to some arbitrarily chosen MDP instances whose structures are the simplest yet
non-trivial in the context of the FMSS problem. This allows for an extremely accurate characterization of the dependence on
7 of the spectral and normality properties of the induced P™, while maintaining enough generality to provide meaningful
insights into the broader FMSS problem. Finally, we remark that in order to overcome the substantial analytical challenge
of providing closed-form expressions for the quantities of interest such as the SLEM v(P™), the SLSV o2(P7™) and the
stationary distribution 1™ as explicit functions of the policy parameters even for extremely small MDPs, we relied on
SymPy (Meurer et al., 2017) to perform all analytical computations. Importantly, to preserve the highest level of accuracy
in the results, all quantities have been first expressed in an exact symbolic representation and computed numerically only at
the very end to visualize the results.

A.1. Experimental Setting

We restrict our analysis to the three specific MDP instances reported in Figure 1. The choice is motivated by Proposition 4.1.
Specifically, given a specific transition kernel P of an ergodic MDP and given a feasible target equilibrium distribution
7 € Np, the values |S| € {2, 3} and |.A| = 2 are the smallest possible ensuring that the set IT;;, as in Equation (8), contains
an infinite number of elements. In the following the policy entries are assumed to be parametrized as follows,

Policy Parametrization for P € R6*3 Policy Parametrization for P € R**?2
6, 1—-61 0O 0 0 0 I — 6, 1—-6; O 0
II=1]0 0 0, 1—62 0 0 10 0 0y 1—1065

0 0 0 0 s 1—1063
For convenience, we collect the parameters in a vector notation 6.

About the Graph Structures and the Choice of P. In Figure 1 are represented the directed graphs structures of the class of
considered MDPs. These graphs are designed so that to ensure ergodicity (Assumption 2.1) by simply selecting for any two
communicating states s; and s; entries p(s;|s;,a) > 0, Ya € A. We further observe the following: the structure in Figure 1a
is chosen so that to ensure ¥ 7 € IIM® that the induced P™ is non-normal. This property is guaranteed by the missing path
s1 — s3. Also, as any 2 x 2 ergodic MC is reversible, the structure in Figure 1c is specifically chosen to address the case in
which P™ is reversible Vor € TIME. The specific values of p(s’|s,a) > 0 are then arbitrarily chosen. About the Choice of
the Feasible Target Distribution 7;. For each instance displayed in Figure 1, a feasible target distribution is derived by
solving,

{n = (IP)"n

h (13)

1'n=1

for IT set as the uniform distribution, i.e., 8; = 1/|.A|, Vi € [|S|] and for P as specified in the directed graphs.

Determining the Set I1;. To explicitly find the set of policies realizing 77, we solve the stationarity constraints for P with
respect to the parameters 6,

N_ TN
{n— (ITP) ' (14)

Im =1

Importantly, this allow us to obtain the following sets of parameters 6,

12
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, p(s1]s1,a2)=0.7 , p(sals2,az)=0.1 , p(s1]s1.a2)= 0.6 , p(s2s2,a2)= 0.1

, plsa]ss, az)=0.1 , p(s3lss,a2)= 0.2
(a) P™ is non-normal V7 € IIMEF (b) P™ can be either reversible or non-reversible depending on
~ 9 11 11T [TMR
n= (77 30° 7) e
207 30 60 5 o— (i 88 H)T
N =\31>2737 o1

) p(sa|sa.az)= 0.9

(c) P™ is reversible Y € TIME
~ T
n= (%7 g)
Figure 1. Topologies of the considered MDP instances. Arranged from left to right, the structures exhibit a diminishing degree of

non-normality. Ergodicity is guaranteed across all instances; irreducibility is ensured by the strong connectivity of the underlying transition
graphs, while aperiodicity is maintained through the inclusion of self-loops.

Policy Parameters for P in Figure 1a Policy Parameters for P in Figure 1b Policy Parameters for P in Figure 1c

91:%934-% 91:%934—% 91:—%924-%
02:% 92:% 0y = 05, foreze[%,%]
03 = 037 for 93 S [O, ].] 03 = 93, for 93 S [0, ].]

Importantly, notice how solving the system in Equation (14) leads to a solution 8 with one degree of freedom, as anticipated
in Proposition 4.1. Denote such a free variable as 0.

Quantifying the Deviation from Normality. A primary objective of our empirical analysis is to elucidate the mechanisms
by which non-normality compromises the fidelity of the SLSV as a proxy for the SLEM. Specifically, we characterize the
intricate interplay between the SLEM and the degree of non-normality exhibited by the induced kernel P™ across the policy
space 7 € II3. To this end, we employ the relative departure from normality (Henrici, 1962) of the matrix P™, defined as
follows:

|ATIE — A7

B2, (PT) = L
‘ Az 2.

(15)

13
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102
0.8 - Departure from Normality ® - Departure from Normality ° Departure from Normality Error
Error / : 0.5 - Error ! Py 4 Reversibility Index ~ ++exe- Ref: Min SLEM Loc
Reversibility Index : Reversibility Index Ref: Min SLSV Loc Max departure from normality|
...... Ref: Min SLEM Loc 0 4 _|++# =« Ref: Min SLEM Loc Max Error Max reversibility index
0.6 - Ref: Min SLSV Loc : ® : Ref: Min SLSV Loc 24
Max departure from normality . Max departure from normality
Max Error : 0.3 - Max Error
Max reversibility index N Max reversibility index 0 1@
0.4 - (2
: 0.2
: -2 4
0.2 2 0.1 4
44
: 0 t
T T T T T T T T T i T T T T T T T
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1 0.3 0.4 0.5 0.6 0.7
Free Policy Parameter: 03 Free Policy Parameter: 03 Free Policy Parameter: 0

(a) Deviation from normality for the MDP (b) Deviation from normality for the MDP (c) Deviation from normality for the MDP in
in Figure la. in Figure 1b. Figure 1c.

Figure 2. Quantitative analysis of the deviation from normality, non-reversibility indices, and SLEM approximation error. From left to
right, we observe a simultaneous attenuation in both non-normality and non-reversibility, alongside a reduction in the SLEM approximation
error. Notably, the minimum SLEM, indicating optimal convergence rate, coincides with the policy inducing the maximal deviation from
normality, suggesting that non-normal dynamics are instrumental in accelerating convergence. Furthermore, our results demonstrate that
maximizing the departure from reversibility is not, by itself, a sufficient condition for reducing the SLEM. Finally, Figure 2b demonstrates
that restricting the search space to reversible policies severely limits the achievable convergence rate toward the target distribution 7.

where | - | 7 denotes the Frobenius norm and AT isa diagonal matrix of the subdominant eigenvalues of P™, counting
algebraic multiplicity. This normalized metric k2, (P™) € [0, 1] provides a bounded measure of the kernel’s spectral
behavior: k2 (P™) = 0 if and only if P™ is a normal operator, while h2,(P™) = 1 denotes the maximal departure from
normality achievable. The explicit quantification of this metric for the topologies depicted in Figure 1 is presented in

Figure 2.

Quantifying the Deviation from Reversibility. For completeness, Figure 2 includes the reversibility index X(P™), which

quantifies the departure of P™ from reversibility, or, equivalently, the degree of asymmetry of the matrix Kg over II5. We
define this index as:

1z

X(P™) = 2 (16)
IAT]%

where ZZ?S = %(11:75 - (Ag)T) represents the skew-symmetric component of 11:75 Notably, X(P™) = 0 corresponds
to a symmetric Ag (implying reversibility), while X(P™) = 1/2 means that it is balanced in its symmetric and skew-

symmetric components. The extremal case X(P™) = 1 occurs when ./NX:‘J] is purely skew-symmetric. As observed in
Figure 2, maximizing the deviation from reversibility does not necessarily minimize the SLEM, underscoring that while
non-reversibility can accelerate mixing, its relationship with the convergence rate is non-monotonic in general.

The analytical expressions for the relative departure from normality, h2,(P™), and the reversibility index, X(P™), as
functions of the free policy parameter 6, are omitted for brevity. Given the intricate dependencies of the matrix elements
on the policy, these expressions are highly non-linear and offer limited additional intuition beyond the qualitative trends

discussed in the following sections.

Quantifying the Approximation Error. To assess the fidelity of the SLSV as a proxy for the SLEM, Figure 2 further
characterizes the approximation error. This absolute discrepancy is defined as:

err(m) := |oo(P™) — v(P™)| (17)

evaluated across the manifold of policies 7 € 115. This metric quantifies the conservatism of the SLSV as a spectral proxy;
as the operator P™ departs from normality, this error typically increases, illustrating the decoupling of the operator norm
from its spectral radius. Notably, we observe a precise alignment between the maximal approximation error and the maximal
departure from normality, both occurring at the same critical value of the free parameter 0.

14
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H SLEM t SLEM
0.6 + SLSV : SLSV T SLEM
. M SLSV
Min SLEM 1 Min SLEM Min SLEM
Min SLSV } Min SLSV 0.6 4 Min SLSV
0.55
0.5 4
0.2 ¢ 0.2 ¢
T T T T T T T T T T T T T T T T T
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1 0.3 0.4 0.5 0.6 0.7
Free Policy Parameter: 03 Free Policy Parameter: 63 Free Policy Parameter: 6

(a) SLEM vs SLSV for the MDP in Fig- (b) SLEM vs SLSV for the MDP in Fig- (¢) SLEM vs SLSV for the MDP in Fig-
ure la. ure 1b. ure lc.

Figure 3. Comparison of the Second Largest Eigenvalue Magnitude (SLEM) and the Second Largest Singular Value (SLSV) as functions
of the free policy parameter. Moving from left to right, we observe that as the degree of non-normality in the underlying MDP transition
structure decreases, the SLEM exhibits increased convexity and the SLSV serves as a progressively tighter approximation. The minimum
value of the SLSV correspond to the solution of Program 4.

Table 2. Analysis of three simple finite MDP with different degree of non-normality. The function hZ,(-) is the one defined in
Equation (15). Also, the function X(P™) is defined in Equation (16), and quantifies the departure from reversibility. Finally, ¢];, denote
the mixing time of P™ as in Equation (39) for ¢ = 0.01.

MDP type min cpur v(P™) mingpur 02(P™) max e A2 (P™)  max,gur X(P™)  max,qur |02(P™) — v(P™)|  mingur th;, ~ FMSS-SV I,,’,',Tx
Highly Non-Normal, Fig 1a 0.1877 0.5804 0.8044 0.6018 0.4076 4 6
Moderately Non-Normal, Fig 1b 0.1906 0.3737 0.5270 0.4792 0.1895 4 4
Reversible, Fig 1¢ 0.46 0.46 0 0 0 6 6

A.1.1. DISCUSSION OF THE RESULTS

Given the prescribed target distribution 7, the transition kernel P, and the closed-form characterization of the set of policies
115 compatible with 7j, the SLEM, v(P™), can be explicitly parameterized by the free variable in 0. Furthermore, the
objective function of Program 4 can be expressed analytically as well, permitting a closed-form derivation of the SLSV,
o2(P™), as a function of the same decision variable 3. The explicit analytical expressions for these quantities are omitted
here because of their complexity and because they provide limited additional intuition.

As illustrated in Figure 3c, the SLEM and SLSV coincide perfectly for reversible instances of P™, and they are both convex
functions of 7, consistently with the theoretical preliminaries established in Section 2. Consequently, the solution yielded
by Program 4 is identical to the optimal mixing policy, thereby providing an exact solution to the FMSS control problem in
the reversible regime. This equivalence is further stressed by the results in Figure 2c, where the relative departure from
normality k2, (P™), the reversibility index X(P™), and the approximation error are all identically zero. Consequently, as
shown in Figure 4c, the total variation distance from equilibrium as defined in Theorem 2.1 is equal. Also the mixing time,
as defined in Equation (39), is equal. See Table 2 for precise numerical values extracted from the figures.

In contrast, Figure 3a demonstrates that when the underlying MDP topology is inherently non-normal for all = € ITMR
(as depicted in Figure 1a), the SLSV may serve as a significantly biased proxy for the SLEM. In such regimes, the SLEM
v(P™) exhibits a highly non-linear and potentially non-convex landscape. Consequently, the optimal policy parameters
yielded by the singular-value-based Program 4 may deviate substantially from the configurations that minimize the true
spectral radius v(P™). A quantitative characterization of this behavior is provided in Figure 2a, which illustrates that the
parameters corresponding to the fastest mixing policy coincide with the points of maximal departure from normality and
peak approximation error. The resulting performance gap between the SLSV-optimal policy and the true spectral-optimal
policy is visualized in Figure 4a, with detailed numerical comparisons summarized in Table 2. Finally, Figure 3b presents
an intermediate regime corresponding to the topology depicted in Figure 1b. In this setting, the SLSV exhibits variable
accuracy, transitioning between an exact and a biased approximation of v(P™) as a function of the policy configuration.
Most significantly, a joint analysis of Figure 3b and Figure 2b reveals that minimizing the SLSV can potentially provide
convergence rates that are substantially superior to those achievable by any reversible policy within the same MDP.
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10° A I 10° 10° A
1071 4 i 1071 1071 4
—~ i —~ —~
3 i k& 3
[} =% ="
5 5 5
-2 | : SRR N —2 | ) -2 |
10 — = = Convergence Threshold 10 ~ = = Convergence Threshold 10 — = = Convergence Threshold
FMSS-SV Policy FMSS-SV Policy FMSS-SV Policy
——— Fastest Policy ——— Fastest Policy ——— Fastest Policy H
FMSS-SV Policy Convergence: 6 steps FMSS-SV Policy Convergence: 4 steps H FMSS-SV Policy Convergence: 6 steps H
e Fastest Policy Convergence: 4 steps - N+ | eeeees Fastest Policy Convergence: 4 steps e Fastest Policy Convergence: 6 steps
1072 1 1072 B —— 1072 1 i i i e
0 1 2 3 4 5 6 0 1 2 3 4 0 1 2 3 4 5 6
Time Step (t) Time Step (t) Time Step (t)

(a) Distance from Equilibrium, MDP in Fig- (b) Distance from Equilibrium, MDP in Fig- (c) Distance from Equilibrium, MDP in Fig-
ure la ure 1b ure Ic

Figure 4. Evolution of the distance from equilibrium as defined in Theorem 2.1. From left to right, the panels compare the convergence
trajectories of policies optimized via SLSV minimization against those minimizing the SLEM. Notably, the performance profiles of the
two objectives converge as the underlying MDP topology approaches reversibility, emphasizing the theoretical equivalence of spectral and
singular-value-based measures in normal regimes.

Consequently, as illustrated in Figure 4b, the total variation distance trajectory for the SLSV-optimal policy is remarkably
congruent with that of the true spectral-optimal policy. This suggests that despite the inherent bias in the singular-value
proxy, it is possible for the resulting control policy to remain highly effective at capturing the accelerated mixing dynamics
characteristic of non-reversible Markov chains. Again, see Table 2 for numerical values.
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B. Analysis of the Optimization Problem

Proposition 4.1. Let M be an ergodic MDP with |S| = 1 and | A| = 2, let 1] € Np be a feasible target distribution and let
dim(-) denote the dimension of a polytope. Define:

Xy = {xe R'SHAWKX =, Plx=1,x> 0}.

Then, 115 and Xj; are affinely isomorphic through (s, a) = 7(s)m(a|s), and, if 1L admits at least a 7 such that 7(als) > 0
Sor all pairs (s, a), then:

dlm(Hﬁ) = dlm()(;,) > 1.
Otherwise, the feasible set 115 lies on the boundary of the policy simplex MR gnd dim(II3) = 0.
Proof. Fix a feasible target distribution 7 € Np and define
Xy = {x e REIMIKx = 7, PTx = 7, x > 0}. (18)

By ergodicity, every stationary distribution induced by a stationary randomized policy has full support on S; hence 7(s) > 0
for all s € §. Consider the maps

- TI; — Ay, [@(m)](s,a) = 7j(s)m(als), (19)
U X, 1, [¥(x)](als) = “"%‘z’sf). (20)

The positivity of 7) makes ¥ well defined. Moreover, ¥(® (7)) = 7 and ®(¥(x)) = x, so ® and ¥ are inverse affine maps.
Therefore

dim(IT;) = dim(X;). 1)

Let L3 be the affine hull of A obtained by dropping the non-negativity constraints:
Li={xeR¥M|Cx=b}, C=FP", K)", b:=(5 " (22)
Since P is stochastic and K marginalizes over actions,
1"PT = 17K, (17, -1")b =0. (23)
Hence one row constraint in Cx = b is redundant, and
rank(C) < 28] — 1. (24
Since X # (J, also L # &, and thus
dim(Ly) = dim(ker C) = [S]|.A| — rank(C)
> [S[|A] = (218 = 1) = [S[(JA] = 2) + L. (25)
Suppose first that 7] is realized by a full-support policy 7°. Let x° = ®(7?), i.e.,
2%(s,a) = n(s)7"(als) > 0, V(s,a) € S x A. (26)

For any v € ker C, x0+tve [,ﬁ for all t € R. Moreover, if v # 0, choosing

0
O<e< min 7°(s,0)

T 27)
(s,a): v(s,a)#0 |’U(S, CL) ‘

17
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gives, for every (s, a) and every |t| < ¢,
2%(s,a) + tv(s,a) = 2°(s,a) — e|v(s,a)| > 0. (28)
Hence x° +tv € X for all [t| < e. Therefore every direction in ker C is a feasible local direction of X’ at x. Consequently,
dim(Xy) = dim(Ly) =[S (JA] —=2) +1 > 1, (29)

where the last inequality follows from |.A| > 2 and |S| > 1. The same bound for dim(II;;) follows from (21).

Suppose now that no full-support policy realizes 7). By the bijection above, this is equivalent to
Vxe Xy, 3(s,a)eS x Asuchthat z(s,a) = 0. (30)
We claim that this implies
3(s0,a0) €S x A suchthat x(sg,ap) =0, Vxe Ay 31

To prove the claim, assume by contradiction that Equation (31) is false. Then, for every (s, a), there exists x** € X such
that 2%(s,a) > 0. Since X} is convex,

1
%= x5 € X, (32)
S 1Al (SEM n
For any fixed (8, a),
5(5,8) = ——— 3 29(5,8) > —~—a"%(5,a) > 0 (33)
z(8,a) = —— z¥%5,a) =2 2% (5,a ,
SIIAl & STl

contradicting Equation (30). Hence Equation (31) holds. Since 7)(sg) > 0, for every 7 € II; and the corresponding
x = &(m),

(50, ao)

— = 0. 34
7(s0) GY

m(aoso) =

Thus IT;; is contained in the proper face of the policy simplex defined by 7 (ag|so) = 0. Equivalently, X is contained in the
coordinate face {x : 2:(sp, ag) = 0}. More generally, let
Io == {(s,a) e S x A:z(s,a) =0, Vx € Xy} (35)

denote the set of coordinates that are active for all feasible occupancies. Then

Xy S Lyn ﬂ {xe RIS 2(s,a) = 0}. (36)

(s,a)ely
If E;, denotes the coordinate-selection matrix associated with Iy, this implies
dim(X;) < dim (L nkerEj)) = dim (ker C nker Ey,) < dim(ker C). 37)

Hence the active nonnegativity constraints may strictly reduce the dimension relative to the affine lower bound in Equa-
tion (25). In particular, the dimension can be zero. Finally, assume 115 = {m}. Letx € X%. By Equation (20), x induces a
feasible policy W(x) € I1j, and therefore W(x) = 7. Hence, for every (s, a),

(s, a) = n(s)[W(x)](als) = 7(s)m(als). (38)

Thus x is uniquely determined and equals ® (). O
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C. Sample Complexity of Transition Model Estimation

In this appendix, we provide the full derivation of the complexity analysis of the offline learning setting introduced in
Section 5. We first provide the preliminary concentration lemmas (Appendix C.1) and, then, move to the proof of the main
result (Appendix C.2).

C.1. Concentration Lemmas

Define the good event £ := & N &2 N & as the intersection of the events &1, which guarantees full coverage of S x A
under 7% and &, and &s which allow the concentration of the rows of P, (i.e., the transition kernel derived from the counts
as in Line 8) to their expected values P. Let us first introduce formally the (-mixing time for a MC with kernel X (Levin &
Peres, 2017):

tmix(¢; X) == min{t € N|d(t; X) < ¢}. (39)

tmix(C; X) represents the minimum number of steps needed so that the distance from equilibrium falls below the threshold
C.

We begin by providing an upper bound on the sample complexity (i.e., the trajectory length) required to have full coverage
of the space S x A.

Lemma C.1. (Full-coverage) Let M be an ergodic MDP (Assumption 2.1) and w° € TIMR be a policy satisfying
Assumption 5.1. Let 7% = (S;, At)tefo,r—1] be a trajectory of length T' € N collected through 7’ and denote with

N°®(s, a) the visitation count for every state-action pair (s,a) € S x A. Finally, let n°;, = mingsn™ (s) > 0 and let

tb .. = min{t > 0|d(¢; P"b) < 1/8} be the mixing time of the MC induced by w°. Then, for every § € (0,1), event &
defined as:

& = {Nb(s,a) >1 V(s,a)eSx A}, (40)

holds with probability at least 1 — % whenever:

mix

b
721+ thy) | clSIIA

; 41)
nfninf d ngqin

where ¢ > 0 is a universal constant.

Proof. Consider a state-action pair (s,a) € S x A and recall that N®(s,a) = ;‘F;()l 1{(S;, A¢) = (s,a)}. By Assump-
tion 5.1, (S;, At) = is ergodic and we denote its equilibrium distribution as x” defined as 2°(s,a) = n°(s)x’(als) for

every (s,a) € S x A, being n° the equilibrium distribution of P Moreover, recall its underlying probability measure
denoted as IP’E;)”b. Then we have:

PP () =P | ) (N'(s,0) > 1 (42)
(s,a)eSx.A
—1-epm | | (Vs.0) =0} (43)
(s,a)eSxA

>1— Y PET(NY(s,a) = 0) (44)
(s,a)eSx.A

=1- Y PR (N'(s,a) <0) (45)
(s,a)eSxA

>1— > (I ooz yxey exp (—2° (s, )T/ T2t mix(1/8; PIIY)) (46)
(s,a)eSx.A

> 1 —c|S| A [(TI°) T o g2 (1/x0) €xP (—1%in€T/T2tmix (1/8; PII?)) 47)
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where line (44) comes from a union bound; line (45) derives from the fact that N®(s,a) € {0,1,...,T}; line (46) comes
from Theorem E.1 with f(Z;) = 1{(S;, A;) = (s,a)}, and the fact that E_[1{(S;, 4;) = (s,a)}] = 2°(s, a). Finally the
last line is obtained having defined 2%, = min(, o)esx. 2°(s,a) = nl;. &

Furthermore, we enforce ¢ |S| | A] [(TT?) T 1o [ g2 (1 jxv) €xp (=180 T/ T2t mix(1/8; PII?)) < 6/2, solving for T' and notic-
ing that,

() " ol g2 1) = \/<N0TH”7 (TI°) T 1o )1

_ Ko (s)(*(als))?
-z

b(s)m*(als)

(s,a)eSx.A
[y mers)
= b
(s,a)eSxA U (S)
<.
N nglin.

Finally, we conclude the proof by observing that for every ¢ > 1, we have:

(6 PIY) = |(PTE) — 1(2") 7.0 @8)

= LIPIP) I~ 1(n) T, (49)

< SR~ 1(") oo 11 (50)

< g max [p™ 7 (fs) 'l = d(t — 1:P™), 51)

having observed that | TI®|,, = 1. From this, it follows that t i (1/8; PII?) < 1 + 1, (1/8; P’Tb). O

Before presenting the concentration lemmas for P, we define the symbol:

B(n,6) == In(4[S[|A] /6) + (IS| = 1) In(e(1 + n/(|S| — 1))). (52)
Lemma C.2 (Concentration). Let M be a tabular and ergodic MDP (Assumption 2.1) and let w° € TIM® be a policy
satisfying Assumption 5.1 inducing the steady-state distribution n°. Let 7° = (S;, At)teo,r—1] be a trajectory of length

T € N collected through w°. Let n° . = mings 0™ (s) > 0 and let tb . = min{t = 0|d(t; P™") < 1/8} be the mixing
time of the MC induced by 70, Then, Sorevery § € (0,1), event E5 N E3, where E5 and Es are defined as:

£ = {N*(5, a)Dic(B( 15, ) |p( 15, 0)) < S(N"(s,a),6), VT € N,¥(s,a) € & x A}, (53)
_ 1 288 1+tb,. 4c|S||A]
€s = max{N?(s,a), 1} < x(s,a) T n Sy /nt V(sa)eSx A, 69

holds with probability 1 — g.

Proof. We follow the main rationale as in (Lazzati et al., 2024, Lemma F.2), thus, we show that each event holds with
probability at least 1 — %, and complete the argument through a union bound.

Event &3, lower bounding N°(s, a): Consider a (s,a) € S x A and recall the definition N°(s, a) := i_ol 1{(St, Ay) =
(s,a)}. We then apply Theorem E.1 with ¢ = 1/2, similarly to (Xie et al., 2021, Lemma A.1), so that to have:

2%(s,a)

P, b
P (N (s,a) < 5

T> < | (T1°) T o] g2 (1 /vy exp(—2° (5, @) T /288 mix (1/8; PII”)) (55)
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We then derive a lower bound to z°(s, a) by solving, for § € (0, 1),

)
c| (Hb)T[J/OHZZ(l/xb) exp(—xb(s,a)T/288tmix(1/8;PHb)) < ST (56)
2%(s,a)T ) 5
— exp|-— . < (57)
P ( 288tmix (1/8; PII?) 4|S| Al | (TI°) T pao | g2 (1 /)
b 4 Hb T
T (S, a)T >In |S| |~A| c| (IT°) /’1’0”22(1/xl’) (58)
288t mix (1/8; PIIY) 5
tmix (1/8; PITP 4|S||A|c| (@)™ «
s 2(s,a) > 288 (1/8; )ln S| A] el (TI%) " o] g2 (10 (59)
T )
Furthermore, let us observe that:
JIE) T o 1ty = /<0 T, (TE) T )
- ¥ #o(s)(m* (als))?
(eajcmwa M) (als)
oy mer)
= b
(s,a)eSx.A N (8)
< |-
N nll;lin.
Thus, leveraging the result in Equation (51) we can write a more demanding condition on z%(s, a) as:
1+ tmix(1/8; P 4c|S
2" (s, q) > 288~ (T/ )i [ AeISHA (60)
d nfnin
b 14 tmie (1/8P™) 4c|S||A|
Suppose now that 2°(s, a) < 288 —==1= In <5\/T> In such a case:
b 1+ tix(1/8; P 4c|S
z’(s, a) < (s, 0) < 288 (1/8;P™) [ 4clS||A] 61)
max{N®(s,a),1} T e

ﬂ_b
Instead, if it holds that 2°(s, a) > 2881+t‘“"‘(:1F/&P ) In <4CS|A|). Then, with probability at least 1 — 6/(4|S||Al), we

5/ Nhsin
have that:
b b . .pr’
(s, a) <z (s,a) < 2 < 2881 + tmix(1/8; P™) In 4c|S|| A 62)
max{N®(s,a),1} = Nb(s,a) ~ T T NS
Thus, combining both cases, we have:
1 288 1+ tmix(1/&P™) [ 4c|S||A| 5

pP.=’ < ’ 1 >1- 63
Ko max{N®(s,a),1} ~ z(s,a) T " Sa/nb 48] A| (63)
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We conclude the proof by applying a union bound to get a condition holding uniformly over S x A:

1 288 1+ tyin(1/8; P™ 4
e (0 L 88 1+ (T/s ) [ delsA o
(s.0)eSx A max{N°®(s,a),1} ~ zb(s,a) 5 ngﬂin
1 288 1+ tyix(1/8; P™ 4
_1_ Pgéﬂb : > 88 + (1/8 ) n c|S||A| 65)
(s.0)56x A max{N®(s,a),1} = x°(s,a) T 5 ”ﬁﬂn
1 288 1+ tmix(1/8; P™ 4 5
S N 7 > b88 i (T/S ) [ 2eISHA >1-2. (66)
(s,a)eSx.A max{ (S’a)’ } * (s,a) g nfnin
Event &, concentration of Dk 1,: To prove that £ holds with probability at least 1 — g, we proceed as follows:
b b ~
(s,a)eSx A
b ~
< Z ]P)E(;ﬂ' ({EITEN | Nb(s>a)DKL(p('|Saa)Hp('|Saa’)) = 5<Nb(8aa)76)}) (63)
(s,a)eSx A
0 )
< |S|A| =+ = 69
S11A| {7577 = 3 (©9)
where line (69) derives from applying Lemma E.2. O

C.2. Proof of Theorem 5.1

Theorem 5.1 (Sample Complexity Guarantees). Let M be a tabular and ergodic MDP (Assumption 2.1) and let w° € TIMR
be a policy satisfying Assumption 5.1 inducing the steady-state distribution n°. Let 7% = (S;, Ay, St11)te[o,r—1] be a
trajectory of length T € N collected through w°. Let 1, = mings n”b (s) > 0andlettb, = min{t > 0|d(t; P"b) <
1/8} be the mixing time of the MC induced by 7°. Let e > 0 and § € (0,1). Let P denote the estimated transition kernel as
in Line 10, with v < £/2+/|S| | A|. Then, with probability at least 1 — 6, to guarantee that:

Hf» - PH2 < 2, )

the sample complexity (i.e., length of the trajectory) is at most:

Tsé((lﬁg“ix)'s”““n(é) (ln(1>+|3|>>. (10)

’r]fningez 4

Proof. We divide the proof into two parts. First, we control the approximation introduced by the mixture with a uniform
transition kernel (i.e., Line 10) to enforce ergodicity, and then we control the estimation error derived from the trajectory
data (i.e., Line 8). In the following, we denote with the matrix J € RISIAIXISI the uniform transition kernel, such that
p(s'|s,a) =1/|S| forevery (s,a,s")eS x AxS.

Let us proceed by observing that:

|P—Pls < [P —P|y+|P —PJs,. (70)
— —
Term I Term I1
(71)

In what follows, we will prove that both Term I and Term II can be made smaller than €. The result will then follow by
putting together the analysis of these two separate terms.
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For Term I, observe that:

|P—Ply = |(1—v)P + 0] —P|s (72)
=v|J - P, (73)
<o(|I]2 + [P]2) (74)

< 20y/[S[ 14, (75)

where line (73) derives from the triangle inequality, while line (75) derives from the properties of the spectral norm of any
row stochastic matrix, namely [Pz < 1/|P[1]|P[o < A/|S||A]. We then enforce 2v+/|S| | A| < e, retrieving the optimal
value of v to ensure the desired accuracy €.

For Term II, let us consider the following derivation:

P-P| <2V/ISIA] max /2D (s a)lp(1s,a)) (76)
2 (s,a)eSx.A

BN (s,a),0)

<2V BT MG 7

<2 \S||A|(S,(£I)13§<XJ4 2m (78)

< 2V/[SIAIV28(T.0) | max 288(1+;g1i")$b(;a) In “(;‘jb'““' (79)

s Wssmﬁzm)sm LA1.0) | [ 4ciS| |4 50)
Tnin T\ oy,

where in line (76) we applied Lemma E.4; line (77) holds under the good event £ = £ N &5 N &3 that holds with probability
at least 1 — ¢, as proved in Lemma C.1 and in Lemma C.2; line (78) comes from observing that 7" > N b(s7 a) and noticing
that, by definition, 3(N®(s,a),§) := In(4|S||A] /§) + (|S| — 1) In(e(1 + N°(s,a)/(|S| — 1))) is non-decreasing in the
first argument; line (79) is obtained using event &5 to rewrite the ratio 1/N°(s, a); finally, the last inequality derives from
the fact that 2°(s, a) = 1%, £ for every (s,a) € S x A.

We move on by introducing for ease of notation the following constants ¢; = 2 w, and ¢y = 26%.

Mmin

b
o [P0+ ) SIAL |50, faelSIAN o 8T8 (S . g
nminf T 0 nfnin T 4 7ﬁnin
Solving for T', we get:
T>2mn delSIAI <1n<4|8||A|)+(|5|1)1n<6T+6>) (82)
€ Sy/nb 0 |S] —1
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To find the minimum value of 7" satisfying Equation (82), we apply Lemma E.3 with:

4c|S||A| (4\SHA|)
¢ In In
2 (5\/ Monin 0

o2 : (83)
ey In <4cS|A|>
2, Monin
b= 5—2(|3| - 1), (84)
e
= 85
“TisI-v (85)
d:=e. (86)
(87)
We obtain:
In (4(:|S||A> In (4|S||A\) In (405|A|)
S5 b B S b 2 4
T > ¢y (18] = 1) + eV L 5y [ 22 [ 2ISLA (88)
£2 2 22 N

Finally, replacing co with its definition we get:

~ (L + 1) S| [A]In (5) 1
T<O ( ¢ 0 <ln (5> + ISI) . (89)

We conclude the analysis by noticing that the above dependence dominates the upper-bound on 7’ derived from event £;. [
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D. Error Propagation

In this appendix, we provide the analysis of the error propagation. We first review the involved optimization problems
(Appendix D.1), we provide a perturbation result for general optimization problems (Appendix D.2), we analyze the error
propagation for the projection step (Appendix D.3), and, finally, we analyze the error propagation for the FMSS problem
(Appendix D.4).

D.1. Preliminaries

Suppose we want to regulate the MDP towards the target distribution 7j € A(S). Let P, P e RISIMIXIS| be two tran-
sition models. We first perform the projection step to obtain 7,7 € A(S) by solving the two programs, respectively:

Exact program: PROJ(n,P) Perturbed program: PROJ (ﬁ,f’)
minimize D(n|Kx minimize D(n|Kx
iimize - DOTIX) iimize - DOTIX)
subject to Kx =P 'x, (90) subject to  Kx :f’Tx, 1)
17x =1, 17x =1,
x =0 x =0

We denote with X and X the solutions of the two programs which allow us to define 7 = KX and 7£7 = K§ respectively.

Then, we solve the FMSS control problem by using the obtained projected distributions:

Exact program: FMSS(#}, P) Perturbed program: FMSS(3), P)
minimize HA%’ ‘ minimize gg
m e MR > (92) m e MR 2 (93)

subject to 7 =(P™) "7 subject to 727 :(f,ﬂ-)T%
~ T
X 1/2 —1/2 ~ /=1 7 1285w —1/2 2 /2 ~ ~
where AT = D/*P™D_"? — \/ij\/7 LAz - D%/ P™D_ 2 _ \/;\/; ,P™ = IIP, P™ = TIP. They lead to the
solutions 7*, 7t* € IIMR respectively.

For a policy 7 € ITMR, we denote with n™ the steady-state distribution induced in the MC with kernel P and with 7™ the

steady-state distribution induced in the MC with kernel P. Thus, we have that 17”* = 77 and ﬁ%* = 1.

D.2. General Perturbation Bound

In this appendix, we provide a general result for the perturbation of the objective function and feasible set of an optimization
problem. We make use of the following standard Hausdorff distance between sets.

Definition D.1 (Hausdorff Distance). Let X, X < RY be two sets. Let d : RY x RY — Rsq. The Hausdorff distance
induced by the metric d is defined as:

dH(X,XA) = max {sup inf d(x,X), sup inf d(x, )Ac)} . (94)

XEX REX zex X€

The perturbation result is provided as follows.

Lemma D.1. Let f, f: R? — R be L-Lipschitz continuous functions w.r.t. the metric d : R? x RY — Rxq. Let X, X c R
be two sets. Then, it holds that:

~

min f(x) — min f(x)

xeX xeX

< L. %) + min { e ) — Flol s ) — o) ©95)

Xe

Proof. Let us consider the following derivation:

~

min f(x) — min f(x)

XeX xeX

~

Ll Sl

~ ~

iy () — min f(x)

< + . (96)
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For the first term, we observe that:

~

min f(x) — mip ()

~

< max | f(x) — f(x)]- (97)

~

Let x* € argmin, .y f(x) and X* € argmin__; f(x). For the second term, instead, suppose that the content of the absolute
value is non-negative and take x’ € X

min f(x) — min f(x)| = min f(x) — min f(x) (98)
x€X xeX xEX xeX
< ) - Fi&®) ©9)
< Ld(x', &%) (100)
< Lsup inf d(x',X'). (101)
Rre® x'eX

By performing analogous derivation in the case in which the content of the absolute value is negative, we get:

~ ~ ~

min f(x) — min f(x)| = min f(x) — min f(x) < L sup inf d(x’,X’). (102)

xeX xeX xeX x'eX R'eX

5

Combining the two cases with the max, the Hausdorff distance as per Definition D.1 appears. If we repeat the derivation
from the beginning, summing and subtracting the other mixed term, we obtain an analogous result where the first term is
replaced with max__3 [ f(x) — f(x)|. O

D.3. Error Propagation in the Projection Step

In this appendix, we provide the error propagation analysis of the projection step.

Theorem 5.2. Let 7j € A(S) be a target distribution and let P, P be transition models of ergodic (Assumption 2.1) MDPs.

Let 17, 1) be the solutions of the projection problems PROJ(1,P) and PROJ( ﬁ,la ), respectively. Then, under Assumption 5.2,
it holds that:

D) - D@l)| < Lv/IS] sup |27 [P~ P,
mwel[MR

2 )
where Z™ = (I — P™ + 15 (™) ")~ is the fundamental matrix (Seneta, 1988) of the MC induced by policy .

Proof. We apply Lemma D.1, observing that the objective functions do not change and, thus, the Hausdorff distance term
only appears. In particular, we are interested in bounding the Hausdorff distance between the sets {Kx : x € Xp} and
{Kx : x € Xp} that correspond to the sets Np and Np, respectively. Let us consider the first side of the Hausdorff
distance:

sup inf |[p—Afi= sup _inf [p"—H7|1 < sup [T —A"| (103)
eNp e e[IMR

neNp [IMR 7elIMR -

(104)

)
2

< VIS suwp 0™ =72 < /IS] sup |27z [P~ P
welIMR welIMR

having applied Lemma E.5. Note that the other side of the Hausdorff distance behaves the same. Recalling that the
divergence is L-Lipschitz continuous in its second argument, we obtain the result. O

D.4. Error Propagation in the FMSS Control Problem

In this appendix, we provide the error propagation analysis of the FMSS control problem.

Theorem 5.4. Let 7 € A(S) be a target distribution and let P, P be transition models of ergodic (Assumption 2.1) MDPs.
Let 11,7} be the solutions of the projection problems PROJ(7,P) and PROJ(7,P), respectively. Let w*, ®* be solutions of
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FMSS(1,P) and FMSS(%,IA’) problems, respectively. Let Tinin = minges 77(s) > 0 and %min = MiNgegs 7%(3) > 0. Then, it

holds that:

¥ 7* 7*
02(P™) —0s(P™) | <5127 /1] (n) 2

~—3/22-3/2
nmln nmll’l

Al

@) (2], [p-#1, )

where H > 0 is a finite constant depending on |S| |A| and on P and P only.

Proof. Let us consider the following derivation:

~ % ~ 2 o
’HA’I - HA"** —|Az*
n n n

v ok
< [ax],
2 n

2

ATr*

T

1A%

2"

(A)
Let us start with term (B):
— A%

-yl |< [y
7

:2>:|>
:2>:|>

AR
3

b, o
n 2

1/2H

where we bounded HD

13571,

‘Av:r
n

H o

-
~ _ ~ - 2 /2 = ol
< |pY*fi*PD. " - D)2 fi*PD 2 . \/;\/; — /N T
<D~ IQHWVWHP1W'WDWHH“THW’W D]
72
e e
SIyJ i =7 (o + ER) 2 1)
where we used Lemma E.6 and bounded Hf[*P” < Hﬁ*PH < +/IS]. |D 1/2” < e :]if < (g7
2 F 2

Then, by Lemma E.5, recalling that 7} = ﬁ’?* ,

o

D1/21'I*PD 1/2 \/7\/7

©

—DY’rr*pPDC Y2
7 ]

o], [P -]
n 2 2

we have:

—1/2
mln

1/2”

7 |5
<27, HP - PHQ.

We defer the analysis of term (A) to Lemma D.2. Putting all together and doing some bounds, we get the result.

. We now move to term (C):

(105)

(106)

(107)

(108)

(109)

(110)

(111)

(112)

(113)

(114)

(115)

)—1/2.

(116)

O

Lemma D.2. Let 71 € A(S) be a target distribution and let P, P be transition models of ergodic (Assumption 2.1) MDPs.
Let 11,7} be the solutions of the projection problems PROJ(7,P) and PROJ(7,P), respectively. Let w*, ®* be solutions of
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FMSS(1,P) and FMSS(%,IA’) problems, respectively. Let Tinin = minges 77(s) > 0 and %min = MiNgegs 7%(3) > 0. Then, it
holds that:

&

_|Aa®*
7

\ < 4/IST[ Al Tl (1 + H(P, P, |S]|A])) (2x/ 7 il + [P - 132) .am
2

Proof. We apply Lemma D.1. First, we derive the Lipschitz constant for the objective functions. Thus, for 7, 7w/ € IIME:
AT " "N A "'—1/2 /
|1&z]. - |&5 || < |&z - &5, < VSTl o - 1] 118)

A similar bound where 7,,,;,, is replaced with ?]min holds for the perturbed problem. Thus, we set:

=V ‘S| |A‘ min{ﬁminyﬁmin}il/z- (119)

Then, we compute the difference of the objective functions, for a generic 7w € IIMR:

A~

Azl —|Ag]) < Ar-A7 . (120)
R = ,\T
- Di/QHPD;W—\/%\/% — DY*pD; Y2 (121)
n n n n

< |p;* - 1/2H |TIP |, HD‘”QH + (122)
+[pY? |H|\2HD%1/2H HP—PH (123)

2 2 2
+|DY? \|HPH2HD:1/2—D;1/2H (124)

7 2 n 7 2
N (125)

< Tt VIS 3 = il + T |B =P+ b VIS =il (126)

+2¢/ISI/ 71 — iz (127)
T [P = P+ 30020 VIS IV 3 = iz (128)

= Mmin
Now, we have to compute the Hausdorff distance in the space of policies. To this end, we recall that we can always relate
the policy to the state-action equilibrium distribution. Let x € A(S x .A) such that:

K\ _(n
)@

which defines the set A of state-action equilibrium distributions inducing 77 as marginal over the states. Thus, the set of
policies fulfilling constraint 77 = (P™)T17j can be indeed expressed as:

II; = {7r e MR | 7(als) = x&z’s?) for all (s,a) € S x A for some x € X;,} . (130)
n

In a similar way, we can define the set ﬁ% of policies fulfilling constraint 7/~:1 = (13”)T127 defined in terms of the set of

state-action equilibrium distributions 2?7:7 in which we replace P with P and 7) with 7. Thus, we can bound one side of the
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Hausdorff as follows:

sup inf ||H—1:[H2 = sup inf max|w(-|s) — 7(:|s)]2 (131)
WEH;, %EH% ﬂ'EHﬁ %EH% seS
= sup inf max XES") — XA(S") (132)
xEX;, }/EEXT:] seS 77(5) 77(5) 2
< Toninfhmin | SUP inf max x(s,-) —X(s,), + 77 — ]2 (133)
XEX;, )/EEX% seS
< Tonin i (sup inf x = %[, + |7 - ?m) : (134)
XEX;, Xe %

Thus, we have reduced the problem to the computation of the Hausdorff distance between the sets X% and X-. To this end,
we employ an approach based on Hoffman’s perturbation bounds (Hoffman, 1952). In particular, we consiger the setting
of Equation (17) of (Pena et al., 2021). Let R be a reference polyhedron and consider the set C of points x € R such that
Cx = b. Proposition 5 of (Pena et al., 2021) states that there exists a finite constant H (C, R) such that for every y € R it
holds that:

inf |y~ x|> < H(C, R)|Cy ~ b, (135)

Notice that this result allows bounding the Hausdorff distance by simply taking the supremum over y in a suitable subset of

~

R. We particularize the result for our case. We take R = A(S x A), C = (;{T) and b = (g) Now takey = X € /'?Ts]

We have:
K\. (i -
Cy — by = — (2 ~ .
Gy~ bl '(PT>X (n) (ﬁ—ﬁﬂPT—PT)i)z

having exploited the definition of Euclidean norm and the sub-additivity of the square root. This allows us to compute the
first side of the Hausdorff distance:

(136)

< V2|7 il + [P - P|

)
2

2

sup inf [TL— EL|o < .0k, ((1+ V2ZH(P,|SIAD)IG — dile + H(P,|SIIA) [P~ P ), 37)

ﬂEHﬁ wellz
n

having noted that the constant H depends on P and |S||.4| only. We can repeat the derivation for the other side of the
Hausdorff distance, generating a dependence on P in the definition of the constant H. Let us define H(P,P,|S||A]) =
max{H (P, |S||A|), H(P,|S||A|)} that we abbreviate with H in the statement. Combining everything, we get:

P —P| -+ 30, 0 VIS 17— il (138)

+ ISTIAT M0 i, i}~ by B (14 V2H (P, P, ISIVAD) 7 — il + H (P, B |S]AD [P~ B[ ) 139

<4 SRR 4 HP, P 2/ 17~ il + [P P| ). 14
ST At e (L HP.PISIAD) ( 24/ 171 =il + 2 (140)

O

2-1/2

2 ax
T
A% Tmin

n

2

<

&

2
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E. Auxiliary Lemmas

Theorem E.1 (Chernoff-Hoeffding Bounds for Ergodic Markov Chains — Chung et al. 2012, Theorem 3.1). Let T be an
ergodic Markov chain with finite state space Z and equilibrium distribution m). Let T¢ be its ¢-mixing time for { < 1/8.
Let (Z1,...,Z;) denote a t-step random walk on 'T starting from an initial distribution po on Z, i.e., Zy ~ . For every
i€ [t], let f; : Z — [0, 1] be a weight function at step i such that the expected weight E,| f;(Z)] = p for all i. Define the
total weight of the walk (Z1,...,7Z;) by X = Zle fi(Z;). There exists a universal constant ¢ > 0 such that:

CHH’OHEQ(l/'n) exp (782[1,25/(72’12)) fOI"O <e<l1 .

L PT (X >(1+e)ut) <
Ho cllpollez(1/m) exp (—ept/(721¢))  fore > 1

2.PE (X <(Q—e)ut) < dpoleam exp (—ut/(72T¢))  for0<e < 1.

Lemma E.2 (Lazzati et al. 2024, Lemma J.2). Let X1,...,Xp,... be i.i.d. samples from a distribution p € A([[m])). We
denote by p,, the empirical vector of probabilities, i.e., for all k € [m]):

1 n

P =~ DI1{X, =k} (141)
=1
For all p € A([[m]), for all § € [0,1], it holds that:
P (3n € Nxg, nDkr,(Pn|p) > In(1/6) + (m — 1) In(e(1 + n/(m —1)))) < 4. (142)

Lemma E.3 (Lazzati et al. 2024, Lemma J.3). Let a, b, ¢, d > 0 such that 2bc > e. Then, the inequality x > a+bln(cx +d)
is satisfied by all x > 2a + 3bIn(2bc) + d/c.

Lemma E.4. Let f’, P e RISIAIXISE pe two transition kernels. Then, it holds that:

P—P| <2/IS[A] max /2D (B(]s,a)p(s,a)) (143)
2 (s,a)eSxA
Proof.
b -], < VTP,
= 2V/ISTIA]_max  [B(ls,a) ~p(lsa)lrv (145)
<2v/|S[[A] max +/2Dkr(B([s,a)[p([s,a)), (146)
(s,a)eSx A

where line (144) derives from standard properties of the matrix norms, while line (146) follows from Pinsker’s inequality. [

Lemma E.5 (Perturbation of the steady-state distribution). Let 7 € IIM® be a policy and let P, P be ergodic transition
models. Let n™,N™ be the respective stationary distributions. Then, it holds that:

7™ ="l < |1Z7|2 |P ~P| . (147)
where Z™ = (I — TIP + 1(n™) ")~ ! is the fundamental matrix of the MC.
Proof. We start from Equation (2) of (Seneta, 1988):
(@) = ™" = @) (P - P)ZT, (148)

where Z™ = (I — P™ + 1(n™) ")~ is the fundamental matrix of the MC. By applying the Euclidean norm and observing
that [(7™) 7|2 < 1and |[II|; < 1, we get the result. O
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Lemma E.6. Let 1,1 € A(S) such that i, = minges 1(s) > 0 and Nin = minges 7(s) > 0. The following statements
hold:

* |Dy” — D

l2 < +/llm — 7|2

- 1/2 - 1/2 T
" Ip |2 < \/nmmnmm I =l

i = Vava 'z < 24/18VIn = Al

Proof. For the first statement, we have the following chain of inequalities HDi,/2 — D%/ZHQ = |vm - \/ﬁuw =
maxses [v/1(s) — /N(s)| < maxses A/|n(s) — 71(s)] = /|n — Mo < +/|n — N2, having exploited the subadditivity

of the square root For the second statement, we have:

|D; 2 — D2 (149)

L max [va(s) - VA (150)

’\/nmm'r}mln s€S

SGS

V?? W

For the last statement, we proceed as follows:

WiV —vVava e <Ivati' —=va )+ (V= Vana s (151)
< [vallvm —Valz + Iva — /Al (152)
2vm = /72 (153)

having exploited |\/7]2 = 4/ y/nll1 = 1 and that:

= Valk =Y (V) — Vi) < ln—al <18 In il (154)

seS

from the subadditivity of the square root. O

Lemma E.7. Let € IIMR pe a policy and P be the transition matrix of an ergodic MDP with n™ the respective stationary
distribution. Then, it holds that:

1
77| < . (155)
1272 < o)
Proof. We proceed as follows:
ZT=I-P" +1(n™)")! (156)
_ D-2pl/2 ™ T\ Ty\—11y—1/21y1/2
=D, " Dy (I-P" +1(n™) )" D,»'"D,x 157
—1/2 12w —1/2 = 71 \—11y1/2
=D, (I-D,=P™D,'" + v/n™vn™ )" Dyx. (158)
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By taking the norm and applying the Neumann series, we have:

- —1/2 25w —1/2 T _
1272 < nty? | (1= DZPDL 4 ey )|
~1/2 S 1/245m1~—1/2 = =T\
=it | (DRRP™DL — i)
t=0 2
1/2 < 1/2 1/2 T\?
< Npnin Z (D",VP’TD,],r —/NT/NT )
t=0 2

+000 ¢
<t Y, [Py PD — vy |
t=0

+00
< i 2, 02(P™)!
t=0
_ 1
V(1 — 02(P™))’

having also used the compatibility of the spectral norm.
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F. FMSS-sV Experimental Evaluation in a Grid-World Environment

In this appendix, we provide a detailed empirical evaluation of the FMSS—SV approach (Algorithm 1). We first describe
the experimental setup and subsequently analyze the performance of our learning algorithm as a function of the trajectory
length T collected under the behavioral policy 7w®. Our analysis focuses on two distinct scenarios: (i) a uniform target
distribution across the state space, and (ii) a Dirac-like target distribution where the probability mass is concentrated on
a single, randomly selected state. Finally, for the uniform case, we compare the performance of our algorithm against a
heuristic baseline, showing that our principled approach can provide an improvement over such heuristics in achieving faster
convergence rates.

F.1. The Grid-World Environment

We consider an 8 x 8 grid-world environment with a state space of |S| = 64 and an action space of |A| = 4, consisting of
the cardinal moves: up, right, down, and left. The task of the agent is to move in this grid-world so as to reach as
fast as possible the prescribed target distribution 7 € A(S) (or its feasible approximation 7}, as returned by Program 7).
Ensuring ergodicity in transition kernels for environments of this scale can be challenging. To guarantee the satisfaction
of Assumption 2.1 we thus define the transition dynamics as follows: for each state s and action a, we assign a strictly
positive probability to each of the four adjacent states, ensuring that each pair s;, s; communicates. To further ensure
aperiodicity, we introduce a small probability 6 > O that the agent remains in the current state (a “self-loop”). For a given
action a € A corresponding to a target neighbor s, € S (e.g., the target state s, for a = up will be the cell above
the one currently occupied by the agent), the transition probabilities are then instantiated as follows:

E(1—26)  ifs’ = Siurget
LB if 57 € N (5)\{Sfarger)
i) ifs =s

0 otherwise

p(s'|s,a) = (165)

where N (s) denotes the set of four adjacent neighbors and & € [0, 1] controls how the probability (1 — ¢) is distributed
across the four available actions. We further assume that for states located at the edges or corners of the grid, any action that
would result in a transition outside the environment’s boundaries instead causes the agent to remain in its current position.
Formally, if a move from state s via action a targets a coordinate s/, ¢ S, the transition probability is reassigned to the
self-loop: p(s|s,a) = p(s|s,a) + p(s,,:|$,a). This ensures that the transition kernel remains row-stochastic. In all the

examples that follow, we set § = 1073,k = 0.7.

In this experimental setting, we solve the projection problem (7) by choosing the divergence D(-||-) to be the Kullback-Leibler
(KL) divergence, defined as

D (M|Kx) = > 7(s) log ((12&%) . (166)
seS

Here, [Kx](s) denotes the state-marginal distribution induced by the state-action occupancy x. When 7 has full support,
the KL divergence is strictly convex in its second argument over the positive orthant, which yields a unique projected state
distribution. For non-full-support targets, such as the Dirac-like targets considered below, this strict-convexity argument
does not apply globally; in that case, we select one minimizer of Program (7) and denote its state marginal by 7;.

We conclude the description of our experimental setup by specifying the behavioral policy used for data collection. In all
experiments, we employ a uniform behavioral policy, 7°(a|s) = ﬁ for all s € S and a € A. This choice is motivated by
our theoretical analysis in Theorem 5.1, as the uniform policy ensures broad coverage of the state-action space, thereby
maximizing the coefficient £ in the sample complexity bound.

Remark F.1. It is worth noting that the inherent symmetry of an environment, such as a stochastic grid-world, is very likely
to generate a reversible P™. Furthermore, selecting very small values of 6 can introduce bottlenecks that significantly limit
the best possible rate of convergence, as established by conductance analysis (see Montenegro & Tetali, 2006, Chapter 4).
The most direct consequence of these observations is that, in the results that follow, the values of the SLEM and the SLSV
will be extremely close. Moreover, the margin of improvement between a fast-converging and a slow-converging policy will
be limited, yet appreciable provided the threshold is set sufficiently small.
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Remark F.2. All experimental results presented in Appendices F.2 and F.3 are averaged over 6 independent trials, each
utilizing a unique random seed to ensure statistical robustness. Shaded regions in the figures represent the corresponding
95% confidence intervals.

F.2. Point Mass Target Distribution

In this subsection, we evaluate the performance of FMSS-SV (Algorithm 1) in terms of convergence rate and estimation
accuracy across various trajectory lengths 7. We analyze the results obtained from the dataset 7° focusing on a scenario
where the prescribed target distribution 7 is a point mass on a single state within the grid-world.

Figure 5 illustrates that convergence to the desired equilibrium 7}, as defined in Theorem 2.1, is only achieved when the
perturbed FMSS Problem (93) is solved using a sufficiently accurate estimate of the transition kernel P. We emphasize
that these curves do not represent the convergence of the induced chain P** wr.tits own empirical stationary distribution
nﬁ*; instead, they track the distance to the true target distribution 7). This distinction allows for a clear assessment of
how the approximation error |P — P |2 impacts our ability to realize the intended equilibrium in the underlying unknown
environment.

Figure 6a validates the sample complexity analysis provided in Section 5.1. As expected, the estimation error |P — f)HQ
decreases with the increase of trajectory length 7.

Finally, the error propagation analysis conducted in Section 5.2 finds empirical validation in Figures 6b, 7a, and 7b.
Specifically:

* Figure 6b shows that the difference between the optimal values of the perturbed FMSS Problem (93) and the exact
FMSS Problem (92), denoted by HA:IS* — Ai’:* 2|, vanishes as T increases.

* Figure 7a demonstrates that 77** converges to the desired 7].

* Figure 7b confirms that the solutions of PROJ(77,P) and PROJ (ﬁ,f’) also converge.

-1
&
[a W
E
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]
1072
—— T =107
— — — Threshold (0.01)
1073 ! w ‘ ‘ ‘ ‘

0 10 20 30 40 50 60
Time Step (t)

Figure 5. Distance dg(t; P™) := max,es ||p™"(:|s) — 7j||Tv from the target distribution 7 across varying trajectory lengths 7. We note
that convergence is measured relative to the optimal equilibrium distribution 7] derived from PROJ(77,P) Problem (90), rather than to the

equilibrium distribution n** induced by 7* obtained from the perturbed FMSS Problem (93). This comparison allows to observe the
occurrence of convergence to the true desired 77 when the policy 7t* (learned from empirical data) is deployed in the true environment P.
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(a) Spectral norm of the difference between the true P and the (b) SLSV estimation error for different trajectory lengths.

estimated P.

Figure 6. Estimation error on P and suboptimality gap. As anticipated by Theorem 5.1, a higher estimation accuracy is achievable
with an increasing value of the trajectory length 7. Moreover, as the theoretical analysis in Section 5.2 suggested, the difference
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[AT" — AT |2 goes to zero as the accuracy in the estimation of P increases.
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the exact FMSS (92) and n** induced by 7t* solution of the of PROJ@.P) (90) and 7 solution of the perturbed
perturbed FMSS (93). PROJ(1,P) (91).

Figure 7. Estimation error for the stationary distributions and projection outputs across varying trajectory lengths 7". These results compare
the discrepancies between the exact and perturbed versions of both the FMSS problem and the projection problem. As predicted by the
error propagation analysis in Section 5.2, the solutions to the perturbed problems converge toward their exact counterparts as 7" increases.
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F.3. Uniform Target Distribution

In this part, we report the results obtained in the same grid-world environment, but solving FMSS—SV with respect to a
uniform target distribution 7j(s) = 1/|S| for all s € S.

While the overall observations from Appendix F.2 hold in this case, a few specific remarks are in order. The non-monotonic
trends observed in the curves can be attributed to the mechanism for constructing the estimate P in Algorithm 1, which
ensures ergodicity according to Assumption 2.1. When the trajectory length T’ is extremely small, the estimated transition
kernel tends to resemble a uniform transition kernel. Consequently, the induced chain is likely to converge rapidly to a
uniform stationary distribution over the state space regardless of the policy. This creates a deceptively low error and an
extremely fast convergence rate initially, before the true kernel structure is learned. This behavior is further accentuated by
the inherent symmetry of the grid-world environment, mentioned in Appendix F.1.

10° T = 102
— T =10°

— T = 10*

T = 10°

107! T = 10°
— T =107

— — — Threshold (0.01)

dy(t; P™)

1073 \ \ 1 T T
0 20 40 60 80 100 120 140

Time Step (t)

Figure 8. Distance dy(t; P™) = maxses [[p™ " (:|s) — #j||lTv from the target distribution 7} across varying trajectory lengths T'.
Convergence is measured relative to the optimal equilibrium distribution 7} derived from PROJ(7,P) Problem (90), rather than the
equilibrium distribution n’A'* induced by 7* (obtained from the perturbed FMSS Problem (93)). This comparison allows us to assess
whether the policy 7t* (learned from empirical data) actually leads to the desired 7j when deployed in the true environment P. Note the
extremely steep curves for ' = 102 and T = 103. This behavior arises because, at such small sample sizes, the estimated transition
kernel is close to uniform (ensuring fast mixing toward a uniform distribution) but far from the true structural dynamics, resulting in
a failure to converge to the specific target 7j. The large confidence interval characterizing the curve associated with 7 = 10 must be
attributed to both the logarithmic scale and the large variance of the results for such a value of 7.
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Figure 9. Estimation error on P and suboptimality gap. These figures illustrate that for small values of 7', the estimated kernel P remains
far from the true kernel P (as shown in Figure 9a). This structural discrepancy explains the failure to converge to 7} in Figure 8, despite
the low SLEM estimation error observed in Figure 9b, which might misleadingly suggest accurate convergence properties.
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Figure 10. Estimation error for the stationary distributions and projection outputs across varying trajectory lengths 7". These results
confirm that the trends and conclusions observed for the previously discussed quantities also hold for these metrics.
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F.4. Comparison of the FMSS—-SV Algorithm with a Minimum Exploration Probability Policy for the Grid-World
Environment

In this part, we consider the grid-world environment described in Appendix F.1 and compare the convergence rate achieved
by solving the exact FMSS Problem (92) against a simple heuristic designed to induce uniform coverage of the state space.

Given a uniform goal distribution 7, after solving the projection problem PROJ(7,P), we compare 7* obtained by solving
FMSS(7,P) with the solution of the following feasibility program,

minimize 0
e MR
subject to 7=P™)"q,
m(als) =&, V(s,a)eSx A

(167)

Importantly, this program enforces the selection of policies 7 € 115 with a minimum exploration constraint £, denote this
policy as 7r¢. Figure 11 shows how in this specific grid-world environment and for £ = 0.2, our approach can achieve better
convergence rates than this simple heuristic.

100 B = = = Convergence Threshold
FMSS(7,P) Policy
= ¢ Policy
FMSS-SV. Policy Convergence: 99 steps

------ e Policy Convergence: 113 steps

10—1 |

d(t; P™)

1073 T T T T
0 50 100 150 200

Time Step ()

Figure 11. Distance from equilibrium for the FMSS(77,P) and for policy 7r¢. For completeness we report the values of the SLEM induced
by the respective policies, u(P"*) = 0.9564, v(P™¢) = 0.9620.
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