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Abstract

We revisit the central online problem of ski rental
in the “algorithms with predictions” framework
from the point of view of distributional predic-
tions. If we are given as a prediction a distribution
p over the ski days, and the true number of ski
days comes from some (unknown) distribution
p, then we show as our main result that there
is an algorithm with expected cost at most
OPT + O (min (max(n, 1)-vb, blog b)),
where O PT is the expected cost of the optimal
policy for the true distribution p, b is the cost of
buying, and 7 is the Earth Mover’s (Wasserstein-
1) distance between p and p. An implication of
this bound is that our algorithm has consistency
O(V/b) (additive loss when the prediction error is
0) and robustness O(blog b) (additive loss when
the prediction error is arbitrarily large). Moreover,
we do not need to assume that we know (or have
any bound on) the prediction error 7, in contrast
with previous work in robust optimization which
assumes that we know this error. We also
complement this upper bound with a variety of
lower bounds showing that it is essentially tight:
not only can the consistency/robustness tradeoff
not be improved, but our particular loss function
cannot be meaningfully improved.

1. Introduction

The paradigm of algorithms with predictions has emerged
as an important framework for enhancing decision-making
under uncertainty, making it possible to combine the ben-
efits of machine learning (ML) with traditional worst-case
algorithmic guarantees. The goal is to use advice (presum-
ably from an ML model) in a way that allows us to approach
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optimal decisions when this advice is accurate (known as
a consistency guarantee), but also allows us to fall back on
worst-case guarantees when the advice is inaccurate (known
as a robustness guarantee). This allows us to simultaneously
get the benefits of ML (extremely good algorithms when
the learning accurately reflects the input) and the benefits
of traditional algorithms (worst-case performance) without
suffering from the downsides of ML (poor performance
when the input is dramatically different from the past) or
the downsides of traditional algorithms (weak average-case
performance due to emphasis on the worst-case).

The ski rental problem stands as a cornerstone of online al-
gorithms, epitomizing the fundamental rent-or-buy dilemma
where an agent must balance per-use costs against irre-
versible investments without knowledge of the problem
horizon. The total number of ski days 7" is unknown to
the skier, and every day the skier must either rent skis (for
a cost of 1) or buy skis (for a cost of b > 1). If they buy
skis, then they no longer have to rent, since they now own.
Clearly if the number of ski days 7" is at least b then buying
at the beginning of the season is optimal, while if the 7" < b
then renting every day is optimal. But without knowing
T, what should we do? A classical result of |[Karlin et al.
(1986) is that the optimal deterministic strategy achieves a
competitive ratio of 2 by renting until day b — 1 and then
buying (i.e., this strategy never pays more than twice the
optimal strategy knowing 7).

Due to its fundamental nature and importance, ski rental
was one of the first settings to be looked at in the context
of predictions: [Purohit et al.| (2018]) showed how to use a
prediction T of the skiing duration 7" in a way that performs
well when the prediction is accurate, but still has reason-
able worst-case bounds if the prediction is inaccurate. An
important feature of [Purohit et al.| (2018]), as well as most
(but not all) other work on algorithms with predictions, is
that the prediction is fundamentally a point: we are given
a prediction of the number of days that we will be skiing.
But predictions from ML models are inherently stochastic,
and moreover since we want to do well in settings where
we expect ML to do well (i.e., when the future looks like
the past), we might expect 7" to also be drawn from a dis-
tribution (hopefully one that is related to the past empirical
distribution). So we might expect both our prediction and
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the truth to really be distributionalﬂ While one could of
course sample or take the MLE of the distribution to turn it
into a point, it is not hard to see that this can be extremely
lossy. For example, suppose the true and predicted distri-
butions are both bimodal, with one mode on short seasons
and one mode on long seasons. Sampling a single point
prediction collapses the distribution to one of the two modes
and discards the other. If the sampled point comes from one
mode while the realized season comes from the other, the
point-prediction algorithm can make a decision tailored to
the wrong regime, leading it to buy far too early or rent for
far too long. Later in the paper, we illustrate this behavior
in a small synthetic experiment.

Motivated by this thought process, we study ski rental with
distributional predictions: the true value T is drawn from
some distribution p, and we are given a prediction p. Our
goal is, as always, to achieve good performance when p
and p are close (consistency) while still providing worst-
case guarantees when p and p are arbitrarily far apart. We
discuss our results in Section[2} but at a high level, we are
able to do exactly that: we design an algorithm which uses
a distributional prediction in an essentially optimal way to
achieve small additive loss when p and p are close, while
also being robust to incorrect predictions.

‘We note that we are not the first to consider such a setting.
Most notably, ski rental with some type of distributional
prediction was also studied by |Diakonikolas et al.| (2021
and by [Besbes et al.| (2025). We discuss these and other
related work in Section@ but at a high level, Diakonikolas
et al.|(2021) focuses on the sample-complexity question of
actually learning the true distribution, while Besbes et al.
(2025)) looks at almost the same setting as us except from
a robust optimization point of view: they assume that they
know the distance between p and p (or at least a good bound
on it). This enables them to get significantly stronger upper
bounds, but is in contrast to essentially all other work in
the algorithms with predictions framework, which does not
typically assume such knowledge. Moreover, they explicitly
raise our setting as an open question: “A natural question
would be to understand the best achievable performance
without knowledge of € [distance between p and p]|” (Besbes
et al., [2025).

2. Our Results and Contributions
2.1. Problem Setup and Definitions

Before we can state our results, we need to introduce the
problem setup and some basic definitions more formally.
We normalize so the rental cost is one unit cost per day and

!Clearly a point distribution is a distribution, and so distribu-
tional predictions and truths strictly generalize the traditional point
case.

the buying cost is b. An adversary chooses a distribution
p over [N] for some large finite value N, and the total
number of ski days 7" is drawn from p. We are given as
a prediction a distribution p over [N], and our goal is to
design an algorithm (or policy) which outputs a decision
for every day ¢ whether to rent or buy (assuming that we
are still skiing on day 7). Note that once the policy decides
to buy, there are no longer any decisions for it to make. A
policy can be deterministic or randomized; our algorithms
will be deterministic, but our lower bounds will apply to
both randomized and deterministic policies. Clearly any
deterministic policy is of the form “rent for K days, then
buy on day K + 1", and we denote such a policy as Ay . To
simplify notation, we also let Ay denote the policy of “buy
at the beginning” (i.e., after 0 days) and we let A, denote
the policy of renting forever (until the process ends).

Given a prediction p with some unknown truth p, we design
an algorithm ALG(p). We use the notation ALG,(p) to
refer to running algorithm ALG obtained from p when the
true distribution is p. If the true number of ski days is T" (pos-
sibly drawn from a distribution p), we abuse notation and let
ALGr(p) denote running the algorithm with true value 7'.
Since our algorithm naturally depends on p, we use ALG
or ALG(p) interchangeably. Let c(-) be the (expected) cost
function, so ¢c(ALGr) is the expected cost for ALG with a
point truth T and ¢(ALG,) = Ep.,[c(ALGr)]. Moreover,
each policy has a corresponding expected cost:

((Ak)p) = Z tpe + Z(K+b)pt,

t<K t>K

c((Ase)p) = Z L ps.

for K >0,

The optimal policy for p (which we denote by O PT},) is the
policy that minimizes this expected cost, i.e., c(OPT,) =

arg miHKE{O,A.WN}U{OO} C((AK)p)~

In order to claim that our algorithm does well when p
is “close” to p, we need some definition of distance be-
tween distributions. We will use Earth Mover’s distance
(EM D) (also known as the Wasserstein-1 metric) to mea-
sure the error between the predicted distribution and the
truth. This distance is formally defined as EM D(P, Q) =
inf, en(p,Q) E(z,y)~v (|7 — y[] where II(P, Q) denotes the
set of joint distributions (or couplings) with marginals P
and ). Informally, this is equivalent to the minimum
total mass movement necessary to turn distribution P
into Q. Slightly more carefully, a transport plan w(z,y)
specifies the amount of mass transported from point x
to point y (with m(x,y) > 0 for all x,y), and satis-
fies the marginal constraints > 7(z,y) = P(z) and
> . m(x,y) = Q(y). The optimal transport plan is the
plan that minimizes >,  m(z,y)|x — yl, and this minimum
costis EM D(P, Q). For brevity, we also use EM D when
the chosen distributions are clear from context.
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Benchmark: Expected Optimal Policy Cost. Our aim
is to design an algorithm ALG with small additive loss
compared to the optimal policy for p. More carefully, the
additive loss of an algorithm ALG on distribution p is
diff, == ¢(ALG)) — ¢(OPT,), and we want to minimize
this quantity.

Note that we choose our benchmark to be the expected cost
of the optimal policy, rather than the optimum in hindsight.
If p is a point distribution (i.e., the adversary just selects
a fixed number of days 7T') then these are the same thing,
but in general they can be quite different. While it may not
be clear a priori which is the better benchmark, since any
algorithm is actually a policy, a “fair” comparison is to the
best policy; this allows us to quantify the loss from an in-
accurate prediction, rather than combining the loss from an
inaccurate prediction with inherent loss due to stochasticity.

Moreover, it is not hard to show that it is simply not possible
to achieve good performance compared to the optimum in
hindsight: our additive error must be (). Consider the
following example: p» = 3 and po, = %. Then it is not
hard to see that both /fo and Ay, are the optimal policies
for p, each of which has expected cost b. On the other hand,
the expected optimum in hindsight has cost % - % + % b= %b.
So even if we assume that we know p precisely, our additive
loss compared to the optimum in hindsight is 2(b). By using
the optimal policy as our baseline (a more fair comparison)

we will be able to get additive loss that is sublinear in b.

2.2. Our Results

Main Upper Bound. We begin with our main result.

Theorem 1. There is an algorithm ALG which takes as
input a distributional prediction p and has

c¢(ALG)p) — ¢(OPT,) <
(@) (min (\/1; max (EM D(p,p),1), blog b>) .

To interpret this bound, first consider the case where p = p.
In this case the additive loss ¢(ALG)) — ¢(OPT,) will be
O(v/b). So our algorithm has consistency of O(v/b). As
the prediction gets increasingly inaccurate (i.e., EM D(p, p)
grows), our algorithm has additive loss that stays at O(v/b)
until EM D(p,p) > 1, and then grows linearly as O(v/b -
EMD(p,p)) until EM D(p, p) reaches ©(v/blogb), after
which the loss stays at O(blogb).

The most obviously comparable previous work is [Besbes
et al.|(2025). In their setting they assume that EM D(p, p)
is known to the algorithm, although of course p itself is
not known. In this setting they achieve an improved up-

per bound of O (x/b -EMD(p,p) + EMD(ﬁ,p)). More-

over, in their setting robustness becomes essentially trivial:

we can always get worst-case additive loss of b by just check-
ing whether the guarantee of the algorithm is larger than
b, and if it is, switching the algorithm to just buy on the
first day. In our setting, though, robustness becomes a key
challenge. It is obviously important, since if we just run a
non-robust algorithm blindly without knowing EM D(p, p)
we might incur arbitrarily large additive loss. And yet it
is not obvious how to achieve robustness without harming
performance in the low EM D(p, p) regime (consistency).

To prove Theorem|[I} we first design a non-robust base algo-
rithm which has our desired loss except without robustness,
i.e., it has loss O (min (\/l; -max (EM D(p, p), 1)))
Our algorithm is quite simple: we compute the optimal
policy for the prediction p, and then delay buying by an
additional v/b days. It turns out that, even though Besbes
et al.| (2025) focused on the fundamentally different setting
of known EM D(p, p) and do not provide any lemmas or
theorems which directly apply to this algorithm, our bound
can be derived from equation (E-28) in the online appendix
of their paper. Nevertheless, we believe that our analysis
is somewhat more direct and intuitive since it directly uses
properties of the optimal transport plan, so we include it for
completeness (and since it was developed independently).
We give our full proof of this property in Appendix [C|

The particular choice of a v/b delay comes from balancing
two sources of error in the transport-based analysis. To see
the intuition, suppose more generally that we delayed the
optimal policy for p by D days. The only probability mass
that can cause a large change in cost is mass that moves
far enough under the optimal transport plan to cross this
additional D-day delay. Since the total transportation cost
is EM D(p, p), the amount of such mass is at most roughly
EMD(p,p)/D. Each unit of such mass can change the
rental cost by at most b, in our required upper bound the
coefficient becomes b/ D. On the other hand, in the trans-
port plan there is also the part where the moving distance
contributes directly; this is bounded by D times the trans-
ported mass, and hence by D. The choice D = /b then
gives the best tradeoff, which explains the shift used by the
algorithm.

With the base algorithm in hand, the question is now how
to achieve robustness. We do this by adding a truncation
condition based on the tail probability mass in p. Slightly
more carefully, we compute the first day U where the total
probability mass in p on days larger than U is at most 1/ Vb.
If U is smaller than the optimal policy threshold K for p,
then we switch to instead use A;; 5 (buy onday U + Vb+
1) rather than use ARJM/E (buy on day K+Vb+ 1) as our
base algorithm would.

‘We need to show that this modification does not increase
the loss when EM D(p, p) is small, and also need to show



Ski Rental with Distributional Predictions of Unknown Quality

that it actually implies robustness of O(blogbd). For the
former, this boils down to showing that if the truncation ac-
tually modifies the algorithm, it must be because the optimal
buying time for p occurs when there is very little probabil-
ity mass left, and thus this is a low-probability event that
only affect the loss by a constant factor. While this is only
“low probability” with respect to the prediction p and not
the truth p, we only need to apply this to the setting when
EMD(p,p) < vblogb, and so we can translate between p
and p without too much extra loss.

For the latter, if K < U, by the fact that the predicted tail
mass at time K is still non-negligible (because U has not
been reached yet), and arguing that the optimality of A
forces the predicted tail mass to decrease quickly enough,
we are able to show that A cannot be too large, which is
itself enough to imply the desired robustness. If U < K,
the optimality of buying at K imposes a strong structural
constraint on how the predicted tail can behave: intuitively,
to keep K optimal, the predicted tail must lose some fraction
of its remaining mass over a bounded time window. Thus,
we are able to show that the time required for the predicted
tail to drop to the level defining U is at most O(blogb). The
full proof of Theorem [I]can be found in Section 3]

Further Robustness. Another interpretation of Theo-
rem |1|is that we can get robustness of O(blogb) for free.
We prove later that even if one does not care about robust-
ness, no algorithm can have additive loss better than our

O (Vb max (EMD(p,p), 1)
Theorem [5). We manage to achieve this bound while also
achieving robustness O(blogb).

) (with some caveats; see

But what if we want a worst-case guarantee below
O(blog b)? To obtain a stronger robustness guarantee, we
introduce an additional robustification step that interpolates
between Algorithm|[T]and the classical worst-case algorithm;
this interpolation improves worst-case performance, but may
come at the cost of degraded performance in the low-error
regime. To do this, we follow the lead of Purohit et al.|(2018))
in the point prediction setting: we design an algorithm which
takes an additional parameter \ corresponding to how much
we “trust” our prediction, and allows us to smoothly interpo-
late between the fully trusted setting (A = 0) and the fully
untrusted setting (A = 1).

Theorem 2. There is an algorithm ALG which takes as
input a parameter \ € [0, 1] and a distributional prediction
P, and has expected cost
¢(ALG,) < min{(l + A\)(c(OPT,) + By ),
1
(1 + X)c(()PT,,)},

where By , = O (min (\/Bmax (EMD(p,p),1),blog b))

4

Note that when A = 0 the minimum is achieved by the first
term and exactly matches the bound of Theorem [I] while
if A = 1 then the minimum is achieved by the second term
and the bound can be rewritten as ¢(ALG,)/c(OPT,) <
2, generalizing and recovering the classical 2-competitive
algorithm. Choosing A € (0,1) allows us to interpolate
smoothly between these extremes.

This algorithm, as well as the proof of Theorem [2] can be
found in Appendix [A] The main idea behind this further
robustification step is to “push” our prediction-based algo-
rithm closer to the traditional worst-case algorithm (renting
until day b — 1 before buying): while the algorithm from
Theorem|[I| suggests buying on day D, one can potentially
delay the purchase to a later time D’ < bif D < b, or make
an early purchase on a preceding day D" > bif D > b.

Lower Bounds. Despite the complexity of the upper
bound in Theorem [T} we provide a collection of lower
bounds showing that it is tight in a variety of ways. To
begin, recall that [Purohit et al.|(2018) studied the ski rental
problem in the setting where the true number of ski days is
T and we are given a prediction T'. One of their first results
is an algorithm which has cost OPT + |T — T, or in other
words, OPT plus the error of the prediction. With that
result in mind, a natural goal would be for us to generalize
this to the distributional case and give an algorithm with
expected cost at most OPT), + EM D(p, p). Unfortunately,
as our first lower bound, we show that this is impossible
(the proof of this theorem can be found in Appendix [B).

Theorem 3. Let p be the distributional prediction and p be
the unknown true distribution. For any 0 < ¢ < 1, there is
no algorithm (deterministic or randomized) ALG such that

¢(ALG,) — ¢(OPT,) < O(EMD(p,p)) + O(b' ™).

There is, however, a limited setting in which we can get
around this lower bound: if p is a point distribution and p
is an arbitrary distribution, then simply by sampling a pre-
diction 7" from p and using that in the algorithm of |Purohit
et al| (2018)) achieves additive loss of O(EM D(p, p)). In
Appendix [D]we give a slight improvement by designing a
deterministic version of this algorithm.

Theorem [3] implies that any non-trivial algorithm must
have loss in which EMD(p,p) and b are combined
nonlinearly, as in our non-robust upper bound of
0 (ﬁ - max(EMD(p, p), 1)).
whether it is actually necessary to have something like
max(EM D(p,p),1) in this bound. We can show that it
is, at least as long as we want the multiplier of EM D(p, p)
to be o(b) (for the full proof see Appendix [B).

Theorem 4. Let p be a distributional prediction and p be
the unknown true distribution. There is no algorithm ALG

A natural question is
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(deterministic or randomized) with expected additive loss

c¢(ALG)p) — ¢(OPT,) < o(b) - EMD(p, p).

So when p is extremely close to p (subconstant EM D(p, p))
we need to allow some extra error, which is precisely what
our bound of v/b - max(EM D(p, p), 1) does. But now that
we have justified the use of max(EM D(p, p), 1), a natural
next question is whether the v/b term is tight. Our next
lower bound implies that it is, by proving a lower bound
that precisely matches our upper bound under the restriction
that the bound be of the form f(b) - max(EM D(p,p), 1).

Theorem 5. Let p be a distributional prediction and p be
the unknown true distribution. There is no algorithm ALG
(deterministic or randomized) with c(ALG),) —c(OPT),) <

0 (\/B) -max(EM D(p, p), 1).

The previous lower bounds are about the non-robust version
of the algorithm. For our final lower bound, we show that
our main algorithm (with the robustness guarantee) is opti-
mal from the perspective of robustness vs. consistency. As
mentioned, Theorem [I]implies that our algorithm has addi-
tive loss O(v/b) when EM D(p,p) = 0 (consistency) and
has additive loss O(blogb) when EM D(p, p) is arbitrarily
large (robustness). We show that this is pareto-optimal: any
algorithm with this consistency (or better) must have this
robustness (or worse). The proof of this theorem can be
found in Section [

Theorem 6. For any deterministic or randomized algo-
rithm ALG, if ¢c(ALG,) — ¢(OPT,) < O(\/B) when

EMD(p,p) =0, then c(ALGp) — ¢(OPT,) > Q(blogb)
for large enough prediction error EM D(p, p).

Experiments. While our main contribution is theoretical,
we provide some small experiments as a sanity check. We
will discuss one experiment here, and another in Appendix [E}
For comparison, a natural baseline is to sample a point from
the predicted distribution and then run an existing point-
prediction algorithm. This approach can perform poorly on
genuinely bimodal instances because sampling collapses
the prediction to a single mode. We now see what hap-
pens in this scenario experimentally. In particular, we com-
pare our main algorithm in Theorem [I] with the best known
point-prediction algorithm of |Purohit et al.[(2018)). We set
b = 100 and let the true distribution p satisfy pso = 1/2
and p3oo = 1/2. For d € {0, 5,10}, we use the predicted
distribution %) given by p\e , = 1/2and S, , =1/2,
so that EM D(p, p()) = d. For the point-prediction base-
line, we sample a single point T ~ pD and then run the
point-prediction algorithm of |Purohit et al.| (2018)), which
buys immediately if T > b and otherwise keeps renting.
For each value of d, we ran 200,000 Monte Carlo trials,
drawing the true season length 7' ~ p and, for the point-
prediction baseline, independently drawing 7" ~ p(¥). The

Table 1. A small bimodal experiment with b = 100, true distri-
bution p3o = psoo = 1/2, and predicted distribution ﬁg’é)_ 0=

ﬁgéz) +q = 1/2. Costs of the algorithms are Monte Carlo averages

over 200,000 trials. For reference, the optimal policy under the
true distribution p has an expected cost 80.0 (theoretical bench-
mark).

EMD(pY,p) OurCost Point-Prediction Cost OPT,
0  85.1067 132.9766 80.0

5  87.3655 131.9728 80.0

10 90.1374 132.5884 80.0

15 92.6225 132.5493 80.0

resulting average costs are shown in Table[I} This illustrates
the regime where distributional predictions are perhaps the
most useful: when the prediction is genuinely bimodal, our
algorithm in Theorem[T]is significantly better than sampling
from the prediction and then applying the point prediction
method and is much closer to the exact optimal policy cost
for the true distribution. Further discussion is deferred to

Appendix [E]

2.3. Related Work

As mentioned earlier, since its introduction by the seminal
paper of |[Lykouris & Vassilvitskiil (2021)), the algorithms
with predictions framework has seen an explosion of work.
This literature is too vast to summarize, so we instead just
point the interested reader to the early survey of [Mitzen{
macher & Vassilvitskii (2022) and the excellent online list
of papers maintained by (Lindermayr & Megow, [2025)). The
non-ski rental part of this literature that is most closely con-
nected to this paper is the recent work on binary search with
distributional predictions (Dinitz et al.,|2024), which stud-
ied a very similar problem in the context of binary search
(how to utilize a distributional prediction as opposed to the
previous literature that focused on point predictions).

The ski rental problem is one of the most fundamental online
problems, modeling the fundamental “rent-or-buy”” question
that is at the heart of many online decision-making tasks.
It and its variants have been studied extensively, including
in the context of algorithms with predictions (Antoniadis
et al.| 2021} |Besbes et al.| 2025} [Bhattacharya & Das), |2022;
Diakonikolas et al., 2021; [Purohit et al., 2018;[Shen et al.,
2025 |Shin et al.l 2023azb; Wang et al., [2020). The pa-
pers most related to our work are [Purohit et al.| (2018)),
Diakonikolas et al.| (2021}, and |Besbes et al.| (2025). The
state-of-the-art algorithm for the classical ski rental problem
with point predictions is due to [Purohit et al.| (2018]), whose
work is also a key reference here. They provide a non-robust
algorithm for point predictions, as well as a robust version,
and our results are heavily inspired by theirs.

Diakonikolas et al.| (2021) and [Besbes et al.| (2025)) also
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extend to distributional predictions, as we do, but their pa-
pers have different focuses and results. [Diakonikolas et al.
(2021)) focus on the sample-complexity problem. Rather
than assuming that we are given a distribution, they assume
that we have sample access to a distribution and study how
many samples are needed before we can design algorithms
with performance comparable to the optimal policy for that
distribution. By assuming the distribution belongs to a
structured family (e.g., log-concave), they can get strong
sample-complexity bounds. But they are not concerned with
what happens when we sample from a different distribution,
and do not provide any bounds that are a function of the dis-
tance between the prediction (the distribution they sample
from) and the true distribution.

Besbes et al.|(2025) also considers a distributional predic-
tion and considers both the low-sample case of|Diakonikolas
et al.[|(2021) and the full distributional information case that
we consider. However, in line with classical work on ro-
bust optimization, they assume that they know EM D(p, p).
Their setting can be phrased as optimization under an un-
certainty set: given a prediction p and a value ) with the
promise that EM D(p, p) < n, they want to design a policy
that is competitive with the optimal policy for p. This as-
sumption that they know E M D(p, p) allows for very strong
results. For example, if EM D(p, p) = 0 then they can sim-
ply run the optimal policy for p, since they know that their
prediction is accurate. And since they know EM D(p, p)
they are not concerned with designing robust algorithms
(as we do in Theorem|I|and Theorem]2): if EM D(p, p) is
large then they can run the classical worst-case algorithm
from the beginning, and so robustness is trivial.

3. Main Algorithm

In this section we focus on Theorem [T} which is our main
upper bound: we give an algorithm that not only achieves
an additive loss of O(v/b - max(EM D(p,p), 1)), but guar-
antees an additive loss bounded by O(blog b). Section
provides the high-level ideas for the analysis. Here, we
present the main algorithm (Algorithm I)), together with the
formal theorem statement and proofs. We assume without
loss of generality that v/b is an integer; otherwise, we use

| V/b| instead.

Recall the statement of Theorem [I}

Theorem 1. There is an algorithm ALG which takes as
input a distributional prediction p and has

c¢(ALG)) — ¢(OPT,) <
0] (min (\/B max (EMD(p,p),1), blog b)) .

The algorithm that we will use to prove Theorem [I]is Al-
gorithm [T} which we gave informally in Section [2.2]so now

present formally. Note that K could be oo in this algorithm
(if the optimal policy to p is to never buy), but U is always
finite.

Algorithm 1 Main algorithm

1: Compute the optimal policy A ;. for the prediction p.
2: Compute the threshold U such that the remaining tail
mass of P is at most 1/\/5, ie.,

1
U = min t:ZﬁTS}.
{ T>1 \/B

3: Set K* = min(K + vb, U + Vb).
4: Run AK*

The rest of this section is devoted to proving that Algorithm[I]
has the bound claimed by Theorem|[I] This proof proceeds
in two parts. We first bound the additive loss of Algorithm/[I]

by O(\/B -max(EMD(p,p), 1)) (TheoremEI) and then
establish a second bound of O(blog b) (Theorem|[12). The
theorem follows by taking the minimum of the two bounds.

We first prove a useful lemma relating tails of distributions.

Lemma 7. Let p and p be distributions over Z>. Then for
any a > 0 and any s > 0,

Z pe < Zﬁt + 7EMDS@7P)-

t>a+s t>a

Proof. Let w(x,y) be an optimal transport plan achieving
EMD(p,p): formally, let 7 : [N] x [N] — Rx¢ such that

Zy W(I’,y) = ﬁa:’ Za: 7T(LL', y) = Py and EMD(ﬁap) =
> 2y (@, y) [z — y|. Such a m must exist by the definition
of EMD(p, p).

We decompose the tail mass of p beyond a + s according to
the origin index x under 7:

Z Pt = Z W(‘T’y)+ Z 71—(*%'711/)-

t>a+s y>a+s y>a+s
r>a z<a

The first term is at most ZDG Pt, since it only uses mass
originating from indices z > a.

For the second term, observe that whenever y > a + s and
x < a, we have |x — y| > s. Therefore,

Y rw st Y wlwy)le—y

y>a+s y>a+s
z<a z<a

1
< gzﬂ(xvy) |{E—y| <

EMD(p,p)
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Combining the two bounds yields

S s o BMDGS g

t>a+s t>a

A crucial first step in proving the non-robust bound will be
to bound the loss of the “base algorithm”, i.e., the variant of
Algorlthmlthat skips step 2 and just sets K* = K + v/b.

Theorem 8. The base algorithm has expected additive loss

c(ALG,) — ¢(OPT,) < O (\/13 - max (EMD(p, p), 1))

As mentioned, this follows directly from equation (E-28)
in the online appendix of Besbes et al.| (2025)) by setting
8 = —/b in that equation. However, we include an inde-
pendently discovered proof of this theorem in Appendix
as we believe that it is more intuitive and direct.

With this fact in hand, we can now prove our non-
robust bound, i.e., that Algorithm E] has loss at most

O(\/E -max(EM D(p, p), 1))

Theorem 9. Let ALG be the corresponding output policy of
Algorithm[I| Then we have

c(ALG,) — c(OPT,) < O (\/E. max (EMD(p, p), 1)) .

Proof. Since A is the optimal policy for p, we know from
Theorem [§] that

((Ag y5)p)—c(OPT,) < O (\/B -max (EMD(p, p), 1)) .

Therefore, to prove Theorem[9] we only need to show that
(ALGy)~c((Agy yp)p) < O (Vo max (EMD(p,p), 1))

We call ¢(ALG)) — c((Ag5)p) the expected truncation
loss. Note that ALG and Ay |z differ only if ALG trun-
cates earlier than Az 7. This happens when U + Vb <
Ig' + /b and ALG buys on day U + /b + 1 instead of
K + Vb + 1. In this case, the additional cost incurred by
ALG is at most b, and this occurs only when the realized
rental length satisfies ¢ > U + Vb. Therefore, the expected
truncation loss is bounded by

c¢(ALG)) —

Zpt

t>U+vb

((AK+\/

Applying Lemmawith a = U and s = /b, we obtain

Zpt

t>U+Vb

., EMD(p,p)
<N p+ ——
= Vb

By the definition of U, D, ;; p: < 1/ V/b. Therefore,

1 EMD(p,p)
Z pe < 4+ —.
t>U+V0b \[ \/E

Putting these together, we get that

(ALGy)—c((Age, 5)p) <b- (\}E N EM\Dféﬁ,p)>

< O(\/E -max(EM D(p, p), 1)) O

Now we want to prove the robustness bound in Theo-
rem[I] i.e., that the additive loss of Algorithm [T]is at most
O(blogb). First let us denote Qx = >, xPi, K =

0,1,2,.... Then a simple calculation implies that
K-
=t Y (K +b)p Z +bQx
t<K t>K i=
(L)

For L < K, we have c((Ag)p) < c((Ar)p) since Ay is
the optimal policy for p. Writing this in terms of Qv as
above, |"|we get that

K-1 L—1
Qi +bQp <> Qi+bQy
=0 =0
K-1
== Qi <b(Qr —Qg) €))
i=L
We now prove two useful lemmas.
Lemma 10. Letr = 31 Forevery j = 0,1, - K, we

haveQK = ("?f

Proof. For simplicity, we write ¢ = Q - We prove the
lemma by induction on j.

When j = 0, we have Q i = q > g, as required.

For the inductive step, assume that Q Kej > Qi holds
for 1,2,---,j — 1. Apply () with L = K — j. We have

K-1 A A . A
Zi:R’—j Qi < b(Qkﬂ. — q). Separating the term Qi
from the left-hand side and rearranging terms give that

Z%

m=1

j—1
b-1Qx_; =bg+ > Q_,, >bg+
m=1

where the last inequality above holds due to the induction
hypothesis. Now a standard calculation for a geometric

*When A is the optimal policy for p, we have that for any
finite L, >, ; Qi < bQr forall L.
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series and the fact that » = %=1 imply that

S

T

Lemma 11. Let 0 < 8 < a < 1. Forany v € [0,1],
define t(y) = min{t € Z>o : Q; < v}. Assume that
t() < K and t(8) < K. Then t(8) < t(a) + 2.

Qiy =

G“

Proof. Since t(a) < K, taking L = () in inequality (§)
gives

Since ¢(3) < K, the indices i = t(a), ..., t(3) — 1 are all
at most K — 1. By the definition of ¢(3), we have @Q); >
for each such 7. Therefore,

t(B)-1

> Y Q> (H(B) - t(a))B.

i=t(a)

Combining the two inequalities above yields (¢(3) —
t(a))B < ba which implies the lemma. O

Now we can prove the second part of Theorem [I]

Theorem 12. Let ALG be the corresponding output policy
of Algorithm[l| Then we have

¢(ALG)) — ¢(OPT,) < O(blogb).

Proof. If K < U, then by the definition of U we have
QK > 1/\/5 Taking j = K in Lemma , we obtain 1 =

Qo > rf< . Equivalently, QK < rK = (bbl)
Combining this with Q; > 1/v/b yields 7 < e~K/b,
which implies that K < %blog b. Hence, K* < O(blogb).

If U < K, we show that U < O(blogb). The idea is
to apply Lemma |1 1| at dyadic tail levels down to \[ Let
j* := [Llogyb]. Then 27U "~ > % > 277", Define
.—9—(G"-1) 12

a:=2"U sothatae(\[ \/5].

We first bound ¢(«). Starting from level 1 and repeatedly
halving, we consider the sequence 1,1/2,1/4, ..., «. For
each intermediate level a; := 29 with 7 < j*—1, wehave
aj > \1[ which implies #(c;) < U < K. Therefore, we

may 1terat1vely apply Lemma.w1th B = o /2, yielding
t(a) = 12707 D) < 2p(5* — 1).

3When the optimal policy for p is Ao, we are able to follow
the same route and get ¢(5) < t(c) + 2, for every a € (0, 1].

< e*K/b.

We now consider the final step from level o down to %.
Applying Lemmawith a=2"0""Dandpg = % and

using the fact that ¢(3) = U < K, we obtain

= t(1/Vb) < t(a) + 1;"\)‘/5 = t(a) + baVb.
%, we have bav/b < 2b, and hence U <

t(a) 4+ 2b. Combining with the bound on ¢(«) gives U <
2b(5* — 1)+2b = 2bj* = 2b[ 5 log, b] = O(blogb). Thus,
when U < K, we have U < O(blog b)[

Since a <

This implies that Algorithm |1| always truncates by time
O(blogb), and therefore incurs cost (and additive loss) at
most O(blogb). O

Proof of Theorem([l] This is directly implied by taking the
minimum of the two bounds in Theorems [0l and [12] O

4. Consistency vs. Robustness Tradeoff

In this section, we show that the robustness—consistency
tradeoff achieved by our main algorithm is pareto-optimal
(Theorem|[6): we prove that when the prediction error is un-
known, any algorithm with consistency O(+/b) (the additive
loss when the prediction error is 0) must have robustness
Q(blogb) (additive loss when the prediction error is arbi-
trarily large). Combined with the upper bound in Theorem|T}
this implies that the robustness—consistency tradeoff of Al-
gorithm|T]is tight.

Theorem 6. For any deterministic or randomized algo-
rithm ALG, if ¢(ALG,) — ¢c(OPT,) < O (\/5) when

EMD(p,p) =0, then ¢c(ALG,) — ¢(OPT,) > Q(blogb)
Sor large enough prediction error EM D(p, p).

Proof. Letr :=1— % and choose K :=
first construct a prediction p.

[Lblogb]. We

We use the same notation Q to represent the tail probability
mass in p as we did in Section |3} Let Qo = 1, and for
t=0,1,..., K — 1, define Qt+1 = r@t, so that Qt =t
up to time K. Fort > K, we switch to a slower decay and
define Qt+1 =(1-4 )Qt We then define p by setting
Dey1 i= Qt Qtﬂ By construction, ), p = 1. Since our
setting assumes distributions with finite support [N], one
may replace p by a finite-support distribution obtained by
aggregating all probability mass beyond /N and assigning it
to N, for a sufficiently large N. This preserves ) , p; = 1

*When A is the optimal policy for p, we do not need to
separate the final step because the lemma holds for all «. In this
case, just iterating the lemma starting from o« = 1 and after m
halvings we have ¢(27™) < 2bm. The result holds by choosing
m with 27 < %.
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and does not affect the analysis; for simplicity, we continue
to denote the resulting distribution by p.

We now compute the optimal policy for p. Equation (A)
implies that ¢((Ay41)p) — ¢((Ay)p) = Qi — bpys1. Fort <
K, we have Qtirl = rQy, and hence pr1 = Q; — Qi1 =
(1-r)Q = %Qj It follows that ¢((As11)p) — c((Ar)p) =
Q1 —2Q¢ = —Q < 0. Therefore, c((Ai+1)p) < c((Ar)p),
and the cost strictly decreases up to time K.

Fort > K, we have p;11 = %Qt, which implies that
c((Ar1)p) = e((Ar)p) = Qu — 5;Q¢ = 3Q¢ > 0. Thus,
c((Ai41)p) > ¢((Ay)p), and the cost strictly increases for
all ¢ > K. Since the cost increases for all £ > K, the limit
Ao is strictly worse than A g as well. Consequently, Ay is
the optimal policy for p.

We first prove the lower bound for deterministic algorithms,
and then extend it to randomized algorithms.

Any deterministic algorithm corresponds to a policy Ap
for some fixed time B € {0,1,2,...,00}. Assume that
Ap satisfies the consistency guarantee, i.e., assume that
c((Ap)p) — ¢((Ak)p) < O(Vb) when p = p. We first
show that this implies that B = Q(blogb).

Since K = Q(blogb), if B > K then we immediately have
B = Q(blogb). So we may assume that B < K.

Recall that equation (A)) says that c((AB) ) = ZB_Ol Qi+

bQB Fori < K, we have Q7 = 7", and hence c((Ap),) =
bA—rB)+brP =L+ LrB and ¢((Ak),) = 7+97K

Therefore, the consistency guarantee implies that %(TB —

) < CV/b for some constant C, or equivalently, 77 <
K 4 2C Gince K = (1 — 2)K < e=2K/b < o= logb =

l/b < \g/\f b for large b, we obtain rZ < 37% Using the
inequality log(1 — z) > —x/(1 — ) for 0 < x < 1 with
z =2/b, we havelogr = log(1 — ) > —;25. Thus r® =
eBlogr > ¢=2B/(b-2) Comblnmg the above bounds yields
_ZB/(b 2) < ?:ﬁ which 1mp11es 28 > Llogb—1log(3C).

log(SC) Q(bloghb).

So we have shown that any deterministic algorithm A g satis-
fying the consistency guarantee must satisfy B = Q(blogb).
Suppose the true distribution is p with pyro0 = 1 and p; =0
for all t # b1%°. In this case, the optimal policy is to pay b to
buy at the beginning, while Ap will pay Q(blogb) to rent
until time B. So the additive loss is 2(blog b) as claimed.

Therefore, B > b 2logb —

A randomized algorithm can be viewed as a convex combi-
nation of deterministic algorithms. Equivalently, it samples
a threshold B from some distribution and then runs the pol-
icy Ap. Define A(B) := ¢((AB)p) — ¢((Ax)p). Thus,
a randomized algorithm satisfying the consistency guaran-
tee must satisfy E[A(B)] < Cv/b for some constant C.
Note that the function B — A(B) is strictly decreasing on

B < K since r® is strictly decreasing. Let By be the largest
value such that A(By) > 2C'v/b. Then for all B < By, we
have A(B) > 2CV/b. Since A(B) > 0 for all B, it fol-
lows that Pr(B < By) - 2CVb < E[A(B)] < CVb, and
hence Pr(B < By) < 3. Therefore, E[B] > Pr(B >
By)- By > 1By. On the other hand, since A(By) > 2Cv/b
and A(By + 1) < 2CV/b, following the same reasoning
as in the deterministic case implies that 750 = @(%)
Taking logarithms yields By = ©(blogb). Consequently,
E[B] > Q(blogb). Finally, letting the true distribution be
p with pyioo = 1 and p; = 0 for all ¢ # b'°° shows that
the additive loss is ©2(blog b). This completes the proof for

randomized algorithms. O
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A. Further Robustification

When EMD(p,p) is large (larger than v/blogb), Algo-
rithm could incur a ©(blog b) cost, which is a robustness
guarantee by the algorithm itself for free. However, it is still
desirable to explicitly interpolate between this algorithm
and the classical worst-case strategy to achieve a stronger
robustness guarantee. In this section, we present a further
robustification of Algorithm [T]that preserves benefits of the
prediction and the free robustness while providing additional
explicit worst-case control.

Recall that the classical worst-case algorithm for the ski
rental problem buys skis at the beginning of day b, achiev-
ing the optimal competitive ratio of 2 and additive loss of
b (Karlin et al., [1986). A natural idea to robustify our al-
gorithm is to “push” our algorithm closer to the traditional
worst-case algorithm, making them as similar as possible.
To do this, we introduce a hyperparameter A € [0, 1] that
controls the degree of robustification. Algorithm [2]is a ro-
bustification of Algorithm [I|that uses A to decide how much
to “push” Algorithm [T] towards the worst-case algorithm.
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As before, we assume without loss of generality that /b is
an integer; otherwise, we use L\/EJ instead.

Algorithm 2 Further robustification of Algorithm ]

1: Compute the optimal policy A ; for the prediction p.

2: Compute U such that ), py < %

3: Set K* = min(K + v/b, U + Vb).

4: if K* < b then

5:  if K* < [Ab] then

6: Buy at the beginning of day [Ab].

7.  else

8: Buy at the beginning of day K* + 1.
9: endif
10: else
11:  if K* > [b/A] then

12: Buy at the beginning of day [b/\].
13:  else

14: Buy at the beginning of day K* + 1.
15:  endif

16: end if

We have the following theorem.

Theorem 2. There is an algorithm ALG which takes as
input a parameter \ € [0, 1] and a distributional prediction
P, and has expected cost

c¢(ALG)) < min{(l + A)(c(OPT,) + Bsp),

(1 v %)C(OPTP)},

where By , = O (min (\[bmax (EMD(p,p),1),blog b))

Proof of Theorem 2] If A = 0, we run Algorithm [I]so that
the first term obviously holds. The second term goes to oo,
thus Algorithm|T]is the required algorithm. Now, let us con-
sider the main case when A > 0 where we use Algorithm 2]
In the following analysis, we break into cases depending on
the output of Algorithm 2}

Case 1. If the output of Algorithm [2]is to buy at the be-
ginning of day [Ab]. We know that in this case we have
K* < [Ab].

First, let us show the second part of the bound (which
leads to the robustness), i.e., we want to show that
c((Appe1=1)p) < (1 + 3)e(OPT,). Here LHS
Dot<iav]—1 P+ D ys e ([AD] = 14 b)py.

If OPT, = Aw, then RHS = (1+ 1)Y,tp,. To
show that LHS < RHS, we only need to show that

i) ([AB] = 14 0)py < (14 5) 30,512 tpe- This

11

holds because

ST (A —14+b0)pe < Y (Ab+b)p

E>TAb] £>TAb]
A+1
=— (Ab)pe
t>[Ab]
1
< <1+A) > tpr.
¢>TAb]
If OPT, = Ar, then RHS = (1 +

%) [Zth tpe 4+ D s i (K + b)pt] We check that
the coefficient of term p; in the LH S is at most that in the
RHS foreach t. If K < [Ab] — 1, then:
Fort < K:t< (1+§)t.

1
For K <t < [Ab] —1: t§K+b§(1+X)(K+b).
Fort > [Ab] : [Ab] —1+b

< (14 1)1

If [Ab] — 1 < K, then:

Fort < [Ab] —1:t

IN

For [\] <t < K : Mb1—1+bg(1+§)[m

1
1+ )t

s(A

Fort>K: [Ab] —1+b< (1+§)[Ab1
S(1+§)(K+b).

Then, let us show the first part of the bound (which leads to
the consistency).

We know from Theorem [I]that ¢((Ak-),) < ¢(OPT,) +
min (O(\/Bmax(EMD(ﬁ,p), 1)),O(blog b)) Thus, we

only need to show that c((Axp1—1)p) < (1+A)c((Ax~)p).
That is, we want to show

Yoot D (] —1+b)p

t<[Ab]—1 t>[Ab]
SA+N | D tpe+ Y (K™ +b)py
1<K t>K
Note that K* < [Ab] — 1, the above inequality holds since
Fort < K*: t < (1+ M\)t.

For K* <t < [Ab] —1: ¢t < [Ab] —1 < (14 A\)(K* +b).
Fort > [Ab] : [Ab] —1+b<Xb+b< (1+\)(K*+b).
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Case 2. If the output of Algorithm [2]is to buy at the be-
ginning of day [b/A]. We know that in this case we have

K* > [b/\].

First, let us show the second part of the bound. We want
to show that ¢((Appa-1)p) < (14 3)c(OPT,). Here,
If OPT, = A, then RHS = (1 + §)Y,tp.. To
show that LHS < RHS, we only need to show that

Ztg[b/ﬂ ([6/A]=1+b)p: < (1+ %) ZtZWﬂ tp;. This
holds because

S -t+hp < 3 (131+4131)m
=121 2]
A+1 ,
- e
2151
1
< —
< (1+ /\> Zb tp:
t>[3]
If OPT, = Ar, then RHS = (1 +

%) [Zth tpe 4+ D s i (K + b)pt] We check that
the coefficient of term p; in the LH S is at most that in the
RHS foreach ¢. If K < [%] — 1, then:

1
< )t
t_(1+)\)t
For K <t<T[%]—1: t§[§1—1<(1+§)(K+b).

%)(Ker).

Fort < K :

Fort > [2]: [%171+b§§+b§(1+

If [2] — 1 < K, then:

1
b . _
Fort<[b]—1:t< (1+/\)t.
For[L]—1<t<K: [%1—1+b§(1+—)((§]—1)
Fort>K: [2]-14+b<2+b< (1+§)(K+b).

Then, let us show the first part of the bound.

We know from Theorem [I] that ¢((Ak-),) < ¢(OPT),) +
min (O(\/Bmax(EMD([),p), 1)), 0(blog b)). Thus, we

only need to show that c((Ar/aj-1)p) < (1 +

A)c((Ak+)p). That is, we want to show

> ot Z (21— 1+b)p
t<[21-1 212
A+A) | D tpe+ > (K" +b)p
t<K* t>K*
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Note that [b/\] < K*, the above inequality holds since

Fort<[§]—1:t§(1+A)t.
For [ <t < [3] —14b< 4] +a[4]
< (14 M.
Fort>K": [$]=1+b<(1+)[4]
<(I+XN(K*+0b)

Case 3. If the output of Algorithm [2]is to buy at the be-
ginning of day K* + 1. We know that in this case we have
[Ab] < K* < [b/A].

For the first part of the bound, we know from
Theorem that c((Ag+)p) <  c(OPT,) +
min (O(\/l;max(EMD(ﬁ, p),1)),0(blog b)). The
cost of our algorithm is exactly c((Ag~)p), thus it holds
trivially.

For the second part of the bound, we want to show

that ¢((Ax-)p) < (1 + $)c(OPT,). Here, LHS =
Dicrge e+ D s g (K + b)py.
If OPT, = Aw, then RHS = (1 + 1)3,tp;. To

show that LHS < RHS, we only need to show that
Siar (K* +b)pr < (1+ 1), i tpe. This holds

because
1
SE b Y (t4 5]
t>K* t>K*
<y (t+§K*)pt
t>K*
<> (1+7>tpt
t>K*
If OPT, = Ag, then RHS = (1 +

) [ZKK tpr + Zf>K(K + b)pt] We check that

the coefficient of term p; in the LH S is at most that in the
RHS foreach ¢t. If K < K*, then:

)i

1
Fort < K : t§(1+f

Y
1
For K <t < K* : th*§[§1—1<(1+X)(K+b).
1
Fort>K*: K*+b<bt4b< (1+X)(K+b).
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If K* < K, then:

1
Fort < K*: t < (1+f)t.

A
For K* <t <K : K*+b§t+§[)\bW§t+§K*
1
<(1 —)t.
—( 3
1
Fort > K : K*+b<§+b:(1+X>b

g(1+§yK+m.

Moreover,
Z (K" +b)p < Z (t-l- X]—)\b])pt
t>K* t>K
< Z (t -+ *K*>pt
t>K
<3 (e 3)m
t>K*

Thus, further robustness is proven as required. O
We get the following corollary of Theorem2]by just dividing
both sides by O PT,; this form is directly analogous to the
bounds of |Purohit et al.| (2018)).

Corollary 13. There is an algorithm ALG which takes as
input a parameter X € [0, 1] and a distributional prediction

P, and has
C(ALGP) . Bﬁ D 1
P < PP -4
«OPT,) = ™" {(1 +) (1 teopry) T

where By, = O (min (\/I;max (EMD(p,p),1), blog b))

B. Technical Proofs of Lower Bounds

This section gives the technical proofs of the three lower
bounds (Theorems B|F|[5)) mentioned in Section[2.2}

Proof of Theorem 3|

Proof. Let r = 1 — e. We assume that b"F" is an in-
teger; otherwise, we consider Lb%j instead. Consider
the following b= + 2 different probability distributions

pU), 1< j<bF +2, where

@ _ )90
e {15

and§ = b5 14 % + b% Note that the EM D between any

two distributions is bounded by O(b"™=" - b™ 2 1) = O(b").

ift =
ift =0 +1+0b
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Consider any prediction j such that EM D(p, p¥)) < O(b")
forevery 1 < j < b + 2. We claim that when p is our

prediction, there is no algorithm ALG such that the additive
loss diffy, is bounded by O(EM D(p, p)) + O(b").

To show this, let ALG be the algorithm we use. If ALG =
Ak for some 0 < K < b%, consider that p(K+1) is
the truth. In this case, ¢(ALG,) = K + b. Due to the
choice of §, we know that Ay 1 is the optimal policy for
pE+D. Thus, the optimal policy has cost ¢(OPT},) =
(K+1)6+ (K +1+b)(1—0). Then, we have diff, =
bd —1 > Q(bTTﬂ). Based on the fact that £ > r, this

proves the claim when K < b

If ALG = Ak for some K > b +1 or K = oo, consider
that p(1) is the truth. Then by the construction of p(*), we
see that ¢((Ax)p) > ¢((Aoo)p) for every K > b 41
In fact, the algorithms A can be trivially ruled out for
finite K > b5 + 1 since the algorithm has to be bad
even with the promise that the truth is from one of the p/)
inputs. Thus, it suffices to prove the claim for ALG = A..
In this case, ¢((Aoo)p) = 1-6 + (b + 1 4 b)(1 — 0)
and ¢(OPT,) = 1-§ 4 (b+ 1)(1 — 4). Then, we have
diff, = b (1-9)> Q(b%) This proves the theorem
for all deterministic algorithms.

To show that this theorem holds even for randomized al-
gorithms, we use Yao’s Lemma to make our algorithm
ALG = Ak deterministically for some K and choose the
truth uniformly at random from pi) 1 <j< b 4 2.
When K < = /2, there is a constant probability that
we choose the truth p(/) where j lies in the next Q(b%l)
interval (e.g. b /4) passed K because of the uniformly
chosen. For any truth p(™) where T = K + z lies in the
interval, we have c((Ax),r)) = K +band c(OPT, 1)) =
(K+2)0+ (K +2+b)(1—9). Thus, diff, = b — z >
Q(b%1 ). When K > b /2, there is a constant probabil-
ity that we choose the truth p(/) where j lies in the Q(b%)
prefix (e.g. [1,b"% /4]). Again, for any truth p(*) where
T = x lies in the above prefix, we have c¢((Ax ), ) =
20+ (K +b)(1-9) and c(OPTyr)) = 20+ (x+b)(1-9).
Thus, diff, = (K — 2)(1 —§) > Q(b"%). It turns
out that we also have this lower bound against random-
ized algorithms, meaning that even for a randomized al-
gorithm, its expected cost cannot be within the additive
loss O(EM D(p,p)) + O(b1=€) of the expected cost to the
optimum. O
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Proof of Theorem [4]

Proof. Define two probability distributions

ift =1,
ift =2,

L +0 ift=4,

ift =b+ 3,

— €

—
= M = N

and

ift=1,

ift =2,

ift =4,

ift =b+ 3,

where 6 > 0. One can check that A, is the optimal pol-
icy for p' and A, is the optimal policy for p?. Notice
that EM D(p*,p?) = 2(g; +0) = ¢ + 20 < O(3) for
sufficiently small §. Now, assume that we receive some pre-
dicted distribution p such that EM D(p,p') < O(4) and
EMD(p,p*) < O(%). We claim that given the information
of this p, there is no ALG such that we have both

diff; = ¢(ALG1) — ¢(OPT,1) < o(b) - EM D(p, p")

+e€

N e N N

— €

and

diff; = c(ALG)2) — c(OPT,2) < o(b) - EM D(p, p?).

Note that if this claim holds, then it is impossible to find an
algorithm such that the additive loss is bounded by o(b) -
EMD(p,p). This is because, based on the information of
p, for any algorithm ALG we choose, at least one of the
two formulas above must fail to hold, and the corresponding
p® in the failed formula could possibly be the unknown true
distribution p of the problem.

To show this claim, let us use ALG Ag. When
0 < K < 3, consider that p! is the truth. Then, one
can check that for each K = 0,1,2,3, diff; > Q(1).
By the fact that EM D(p,p') < O(3), we have diff; >
Q(b) - EMD(p,p'). Thus, the first formula fails. When
K > 4 or K = oo, consider that p? is the truth. Then, one
can check that for each K > 4 or K = oo, diff; > Q(1).
Hence, we have diffy > Q(b) - EM D(p,p?). This con-
cludes that for any ALG (deterministic or randomize

we choose, there exists some truth p’ € {p!, p?} such that
using ALG we have diff; > Q(b) - EM D(p, p*). O

Proof of Theorem 3

Proof. Consider two distributions p' and p? defined as fol-
lows.

SChoose the truth p’ such that the total probability mass of
deterministic algorithms that perform poorly under p* is bounded
below by a constant, thus holds for any randomized algorithm by
Yao’s Lemma.
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z ift =1,
pt=qe=p ift=vb,
t—e ift=b-1+Vb,
and
Tie ift=1,
pr=120 ift = b,
L_e ift=b—1+ b

2

One can check that A is the optimal policy for p! and A,
is the optimal policy for p2. Notice that EM D(p!,p?) =
e (vb—1) = ©(1). Now, assume that we receive some
predicted distribution p such that EM D(p, p*) = (1) and
EMD(p,p*) = ©(1). We claim that given the information
of this p, there is no ALG such that we have both

diff; = ¢(ALG 1 )—c(OPTyp) < o(Vb)-max(EMD(p, p), 1)

and

diffy = ¢(ALG,2)—c(OPT,2) < o(Vb)-max(EMD(p, p), 1).

Note that if this claim holds, then it is impossible to find
an algorithm such that the additive loss is bounded by
o(v/b) - max(EMD(p,p),1). This is because, based on
the information of p, for any algorithm ALG we choose, at
least one of the two formulas above must fail to hold, and
the corresponding p’ in the failed formula could possibly be
the unknown true distribution p of the problem.

To show this claim, let us use ALG = Ag. When 0 <
K < /b — 1, consider that p1 is the truth. Then, one can
check that for each K < Vb — 1, diff; > Q(\/I;) By the
fact that EM D(p,p*) = O(1), we have diff; > Q(v/b) -
max(EM D(p,p),1). Thus, the first formula fails. When
K > Vbor K = oo, consider that p? is the truth. Then, one
can check that for each K > vbor K = oo, diff, > Q(\/E)
Hence, we have diff, > Q(v/b)-max(EM D(p,p), 1). This
concludes that for any ALG (deterministic or randomize
we choose, there exists some truth p’ € {p!, p?} such that
using ALG we have diff; > Q(v/b) - max(EM D(p, p), 1).
O

C. Base Algorithm

In this section we focus on our base algorithm and analysis:
we design an algorithm that uses a distributional prediction
in an essentially optimal way (as the lower bounds discussed
earlier show). We first give our base algorithm formally in
Algorithm 3] This algorithm guarantees an upper bound

8Choose the truth p’ such that the total probability mass of
deterministic algorithms that perform poorly under p* is bounded
below by a constant, thus holds for any randomized algorithm by
Yao’s Lemma.
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(Theorem [§). We present the intuition of our proof (Ap-
pendix [C.T)), followed by a full proof of it (Appendix [C.2).
Without loss of generality, we assume that v/b is an integer;
otherwise, we can use |/b] instead.

Algorithm 3 Base algorithm, with expected additive loss
bounded by O(v/bmax(EMD, 1))

1: if Ay is the optimal policy for p with some finite K
then

2:  Buy at the beginning of day K+vVb+1,ie., ALG =
Ak s

else
Keep renting, i.e., ALG = A,

end if

bA

In other words, Algorithm [3|distinguishes two cases depend-
ing on the optimal policy under the predicted distribution p.
If the optimal policy for p is of the form A for some finite
K, the algorithm delays the purchase time by an additive v/b
and buys at time K + v/b+ 1. Otherwise, when the optimal
policy for p is A, the algorithm simply keeps renting and
never buys.

Recall the statement of Theorem 8t

Theorem 8. The base algorithm has expected additive loss

c(ALG,) — ¢(OPT,) < O (\/5 - max (EM D(p, p), 1))

To prove Theorem [§] we break into cases depending on the
structure of the optimal policies for p and p. We first prove
Theorem (8] when the optimal policy for p is Ao (LemmalT4).
When the optimal policy for p is Ax with finite K the
analysis is more complicated, and we need to break into two
further cases depending on the true optimal policy for p. In
Lemma[I6] we prove the theorem for the optimal policy (for
p) being A, and in Lemma([I7] we consider the case when
both the optimal policies for p and for p involve buying at
some finite time. Together, these lemmas directly imply
Theorem

C.1. Intuition of Proof

While the full proof is in Appendix [C.2] we now provide
some intuition about it. First, it is helpful for us to break
into cases depending on the optimal policies for p and p (as
discussed above) because once we know the optimal policy
we can explicitly write down the cost of the optimal policy,
which allows us to write diff,, explicitly.

Now suppose that the true distribution were actually p rather
than p. Then clearly our algorithm is optimal if this policy is
Ao, and otherwise is suboptimal. But we can also consider
what happens if we run OPT), (the optimal policy for p)
when the truth is p, and we can define diff;; as the expected
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cost of our algorithm minus the expected cost of OPT,
when the true distribution is p. So diff; is non-positive
when our policy is A, (since in this case we are optimal),
but otherwise can be quite large.

If it were true that diff; was always small, then a natural
strategy would be to start with that as a baseline and an-
alyze how the diff}, increases when compared with diff.
In other words, we could try to argue that diff, — diff; <
O(vVbmax(EMD(p, p), 1)), which would then imply The-
oremif diff; were small enough. Unfortunately this runs
into two related issues. First, diff; could be extremely neg-
ative, making our desired claim false. Second, diff; could
be extremely large and positive, making the claim true but
insufficient to prove Theorem [§] Fortunately, we can get
around both of these issues in the same way: we can sim-
ply normalize by diff;. More formally, we can prove that
diff, —diff; < O(vbmax(EM D(p,p), 1))—diff,. Simply
adding diff;; to both sides then implies the theorem.

So our strategy is try to bound diff;, — diff,. This is about
the change in the diff function when the distribution changes
from p to p, and so a natural approach is to utilize the opti-
mal transport plan from p to p. We call each value f(z,y)
in this transport plan a map, since it tells us how much prob-
ability mass to move from z to y. Some of the maps either
benefit us (i.e., result in diff,, decreasing compared to diff;;)
or result in an increase that can still be bounded in simple
ways (e.g., directly bounded by EM D(p, p)). We call such
maps good maps and all others are bad maps, and only need
concern ourselves with bad maps. Although which maps
are bad depends on which precise case we are in, we gen-
erally split the bad maps into two types: maps that move
mass from ¢; to to with [t; — to] > /b and maps that move
mass from ¢ to to with [t; — 2] < Vb. If a map is in the
regime where the moving distance is large (larger than v/b),
the amount of mass moved by this map is then bounded by
%ﬁm by the definition of EM D(p, p). This is a small
enough amount of mass that we can straightforwardly argue
that the increase it causes lies within our desired bound.

If a map is in the regime where the moving distance is
small (smaller than v/b), then we instead directly use the
fact that our policy is related to (though not identical to) the
optimal policy for p. In particular, an obvious observation
is that when moving mass from p to p using those bad
maps in the optimal transport plan, the amount of mass one
can move from point ¢ is at most p;. So if we can argue
that p; is small, then we get that these types of bad maps
move a small amount of mass a small distance, and so the
increase they cause in the diff function still lives within
our desired bound. And it turns out that we can indeed
show this, although the precise guarantee and strategy is
different for different cases. But for example, when the
optimal policy for p is A, it is intuitively true (and can
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be made formal) that ZtK: ';f Pt has to be small when 9 is
small (otherwise renting K times then buying would not be
the optimal policy; it would be better for us to wait a little
longer to buy). Therefore, we leverage the mass distribution
in p to connect the change in additive loss diff, — diff; with
the required bound O(vbmax(EM D(p, p), 1)) — diff;.

C.2. Full Proof

This section gives the technical proofs of Theorem|[§] we
break into cases depending on the optimal policies for p and
p to get the claimed bound.

Lemma 14. Let p be the prediction and p be the un-
known truth. If the optimal policy for p is A, then taking
ALG = A, we have diff,, = ¢(ALG)) — ¢(OPT,) <
O(Vbmax(EMD(p,p), 1)).

Proof. If the optimal policy for p is also A, then diff,, = 0
and the required bound holds trivially. Thus, we only need
to show that the bound holds when the optimal policy for p
is A for some finite K.

First, we have
N
diff, =) " tp; —
t=1

=3 (- (K + b

t>K

(Z e+ > (K + b)pt)

t<K t>K

Since diff,, is a function of p, we similarly define diff
as the quantity by using the same policies but the differ-
ent distribution p rather than p. In other words, diff; =
c¢(ALGy(p)) — ¢((OPT,)p). Then, we consider the op-
timal transport plan from p to p and examine the change
of the additive loss diff, — diff;. We want to show that
diff,, — diff; < O(vVbmax(EMD(p,p),1)) — diff;. That
is, we want this change in additive loss to be bounded by
O(Vbmax(EMD(p,p), 1)) — diff,.

Note that A is the optimal policy for p, we have diff; < 0
and

diff; =~ (t — (K +b))p,
t>K
= D> = (K+b)pi— Y. (K+b—t)p
t>K+b K<t<K+b

We divide the domain into 3 regions: [1, K], (K, K +
b],(K + b,00). There are two kinds of maps in the op-
timal transport plan: from some point in (K, K + b] to some
point in [1, K], or not in such a form. If we consider how
a map from one region to any region (including itself) af-
fects the change in additive loss, notice that for any map
that is not from (K, K + b] to [1, K], the change in additive
loss by the map is at most its own contribution to the Earth
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Mover’s Distance. To argue this, if a map is from [1, K]
to [1, K], then it does not affect the change in additive loss.
If a map is from [1, K] to (K, K + b], then it only decreases
the value and hence benefits us. If a map is from ¢; € [1, K]
to to € (K + b, 00) with mass ¢, then it increases the value
by (t2 — (K + b))e < (t2 — t1)e which equals its contri-
bution to the EM D. If a map is from ¢; € (K, K + b]
to to € (K, K + b] with mass e, then it changes the value
by (K+b—t1)e— (K +b—t2)e < |t1 —t2|e which equals its
contribution to the EM D. If amap is from t; € (K, K +b)
to to € (K + b, 00) with mass ¢, then it increases the value
by (K +b—t1)e+(t2— (K +b))e = (t2—t1)e which equals
its contribution to the EM D. If a map is from (K + b, 00)
to [1, K] or from (K + b,00) to (K, K + b], then again
it only decreases the value and benefits us. If a map is
from¢, € (K +b,00)tots € (K +b,00) with mass e, then
it changes the value by (to — (K +0b))e— (t1 — (K +b))e =
(t2 — t1)e which equals its contribution to the EM D. Thus,
if we consider all such maps (not from (K, K 4 b] to [1, K)
as a group, it will increase the additive loss by some amount
bounded by EM D(p, p) which is at most a constant. We
call such maps in this easy case the good maps and those
we need to take further actions the bad maps.

For maps (elements in the optimal transport plan)
from (K,K + b] to [1, K], we have diff, — diff;
Yokt iip (I + b —1)(Pr — pt). Let us first consider
the set of bad maps B; from (K + Vb, K + b] to [1, K].
Since the moving distance for such map is at least v/b, the

total mass moving by such bad maps is at most O( E%D )
Thus,
diff,, — diffs|; < (K+b— (K +Vb) ) etlp,
K4+Vb<t<K+b
EMD

<0-vh-o( 2

< ( ) 7

= O(Vb- EMD).

where €t|Bl = Pt — Dt 5, is the mass change by all such
bad maps in B; at ¢ for any point K + b < t < K + b.

Then, let us consider the set of bad maps By from (K, K +
V] to [1, K]. We will discuss the change in additive loss
by such bad maps in B». That is, we want to bound

>

K<t<K+vb

>

K<t<K+vb

diff,, — diffy| 5 (K +b—1t) (b — pt)lg,

(K+b—1t) e, -

where €|z, = Pt — ptlp, is the mass change by all such

bad maps in By at ¢ for any point K < t < K + v/b. Note
that it suffices to show that diff,, — diff;|; < O(Vb) —
diff; to get our required result.
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Recall that in p, A, is the optimal policy. Thus, we have

c((Aso)p) < c((Agyvi)s)

= Y tp< Y th+ Y. (K+Vo+b)p
t t<K+Vb t>K+vb
= > th < D (K+Vbh+b)p,
t>K+Vb t>K+vb
= Y (t—(K+Vb+Db))p
t>K+b
< > (K+Vo+b—t)p
K+Vb<t
t<K+b
= > (t—(K+b)p
t>K-+b
< >0 Vbt Y (K+Vbh+b—t)pr.
t>K+b K+\/g<t
t<K+b

)

By the definition of ¢ 5,» We know that €t B, < Difor K <
t < K+ V. Therefore, to show that diff, — diffZ;\B2 <
O(Vb) — diffy = O(Vb) — (X s i (t — (K + b))pr), it

suffices to show that

>

K<t<K+Vb

(K +b—t)p < O(Vb) = > (t— (K +b))ps

t>K

which is equivalently

S (- (K+b)p, < O(Vb)+

t>K+b

>

K4+Vb<t<K+b

The last line holds because of (f).

By combining results from good maps and bad maps, we
finally get the required result. O

Next, we show that when the optimal policy for p is A for
some finite K, taking ALG = A 5 implies the required
bound. Before proving this, let us make some observations.

Observation 1. c((Ay, 5)p) < c((Ax)p) + Vb,

Proof. We write down the definition of ¢((Ax  5)5) and
c((Ak)p). It is not hard to see that by taking the difference

we have c((A g 5)p) — c((Ax)p) < \/BZt>K+\/Eﬁt <
Vb. D

Claim 15. Let Ak be the optimal policy for p. Then, for
every 1 < T < b, we have

>

K<t<K+T

Sl

> b

t>K

P <

(K+b—t)ps.
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Proof. For 1 < T < b, we will compare the cost of Ag
and AK+T-

c((Ar)p) < c((Ax+1)p)
= D tpe+ Y (K +b)py

t<K t>K

< > th+ Y, (K+T+b)p,

t<K+T t>K+T
Z (K +b)pe < Z
K<t<K+T

K<t<K+T
(K+b—1t)p < Z T'py.

t>K4T

K<t<K+T

!

tp + Z TPy
t>K+T

!

Thus, we have

by n<T Y pht+ Y, (K+b—t)p
K<t<K+T K<t<K+T K<t<K+T
<T > AT Y, pe=TY b
K<t<K+T t>K+T t>K
Thatis, e jciyr Pt < T 2 is ki D O

Now, we can start with the proof. In the following lemmas,
we will analyze the cases separately based on the optimal
policy for p to be either A, or some Ay, given that the
optimal policy for p is Ax for some finite K as well as
ALG = Ay s always.

Lemma 16. Let p be the prediction and p be the unknown
truth. Assume that the optimal policy for p is Ak for
some finite K. Let ALG = Ay . If the optimal pol-
icy for p is Ao, we have diff,, = c(ALG,) — c¢(OPT,) <
O(Vbmax(EMD(p, p),1)).

Proof. We want to show that diff, = c((Ax  3)p) —
((As)p) < OWbmax(EMD(p,p),1)). Consider
diff; = c((Ag,5)p) — c((Axc)p). Since Ak is the op-
timal policy for p, we have ¢((Ax)p) — ¢((Aos)p) < 0. By
Observation [T we have

diffy = c((Ax 4 y5)5) = ¢((Aso)p)
c((Ax)p) + Vb= c((Ax)p)
<Vb.
It turns out that if we can show diff, — diffy

O(Vbmax(EMD(p,p),1)), then diff, — diff;
O(Vbmax(EMD(p,p), 1)) — diff; and we are done.

<
<

To show that diff;, — diff; < O(Vbmax(EMD(p,p),1)),
again we use the optimal transport plan and analyze the bad
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maps. After simple calculations, we have

diff, = >

K+Vb<t<K+Vb+b

- Y (t—=(E+Vo+b)pi

t>K-+vb+b

(K +Vb+b—t)p

Then, by considering maps between the regions [1, K ++/b],
(K +vb, K ++b+b]and (K ++/b+b, c0), the bad maps
are those from [1, K ++/b] to (K + /b, K 4 v/b+b] (other
maps are again digested by their contributions to the EM D,
as we did in Lemma[T4).

For maps B from [1, K + v/b] to (K + vb, K 4+ v/b + b]
(elements in the optimal transport plan), since B has nothing
to do with t > K + v/b + b, we have

diff, — diffy|; = >
K+Vb<t<K+Vb+b

Let us first consider the set of bad maps B; from [1, K] to
(K 4 Vb, K + /b + b]. Since the moving distance for such
map is at least v/b, the total mass moving by such bad maps
is at most O( E%D ). Thus,

diff, — diffyl,;, = )
K+vb<t
t<K—+Vb+b

<b- Z €t

K+Vb<t<K+Vb+b |g,
< O(Wb- EMD)

(K +Vb+b—1t) elp,

where €| = pi — Pi|p, is the mass change by all such
bad maps in B; at t for any point K ++v/b < t < K ++/b+b.

Then, let us consider the set of bad maps Bs from (K, K +
V] to (K + /b, K ++/b+b]. We similarly define €tlp, =
pt — Dt 5, as the mass change by all such bad maps in B,

at t for any point K + vb < t < K + /b + b. Since
we are considering bad maps of the form B>, we know
that 3 ey /hoi<ii/bas € ‘BQ isatmost 3y ;s 5 Pt
Therefore,

diff, — diffs|,, = >
K+Vb<t
t<K+Vb+b

<b >

K+Vbo<t<K+Vb+b

d. e

K<t<K+vb

(K+Vb+b—t) ey
6t’32
<b

Again, this is bounded by O(v/b) by taking T = /b in
Claim[I3

(K+Vb+b—t)(pi—pr).

Therefore, we finish the proof as required. O

Now, the only left case is when A is the optimal pol-
icy for p and Ak is the optimal policy for p for some
finite K and K. In this case, we refer to the optimal
policy for p as Ay to avoid any ambiguity. We need to
show that by taking ALG = A}”(+\/’ we have diff, <

O(vVbmax(EMD(p,p),1)). This needs a long proof, as
one will see that we have to use a combination of techniques
in the previous lemmas.

Lemma 17. Let p be the prediction and p be the truth.
Assume that the optimal policy for p is Ay for some finite
K. Let ALG = A5 If the optimal policy for p is Ak
for some finite K, we have diff,, = c(ALG)) —c(OPT),) <
O(Vbmax(EMD(p, p),1)).

Proof. We want to show that diff, = c((Az, 5)p) —
¢((Ak),) < O(Vb). Consider diff; = c((Agivp)p) —
c((Ak)p). Since Ay is the optimal policy for p, we have
c((Ag)p) — c((Ax)p) < 0. By Observation|T} we have
diffy = c((Ag 4 v5)s) — c((AK)p)
<c((Ag)p) + Vb —c((Ak)p)
<Vb.

Now, we want to find the bad maps in an optimal transport
plan. We write down

diffy = | > th+ > (K+Vh4b)p]

t<K+vb t>K+vb
— [Z tpe + Z(K +b)ﬁt}-
t<K t>K

We separate into two cases by comparing K+ +Vband K.
Case 1. When K + Vb < K.
In this case, by some simple calculations, we have
> (K +Vb+b—t)p
K+vb<t
t<K

= (K = (K + Vb)),

t>K

= Z (K—(K-ﬁ-\/g))ﬁt

t<K+vb

+ > (K+b—t)p — (K — (K +Vb)).

K4+vb<t
t<K

diff, =

By examining different kind of maps, one can check that
there are two kinds of bad maps: either from [1, K + v/b]
to (K + v/b, K] (bad maps of the first kind B), or from
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(K, K +b] to (K + v/b, K] (bad maps of the second kind
B?). We will analyze those bad maps of the first kind using
the first expression of diff; and analyze those bad maps of
the second kind using the second expression in the above
formula.

For the set of bad maps of the first kind which are from
[1, K] to (K + v/b, K], we denote it as B}. We know that
maps in B} has nothing to do with t > K. Moreover,
since the moving distance for such map is at least /b, the
total mass moving by such bad maps is at most O (£ %D )
Therefore,

diff,, — diffs| 1 =

>

K4+Vb<t<K

<b Y

K+Vb<t<K

go(ﬁa-EMD),

€t|B{

where 6t|3% = pr — ﬁt|3% is the mass change by all such
bad maps in B! at ¢ for any point K + vb < t < K.

Then, let us consider the set of bad maps B} from (f( K+
V] to (K + vb,K]. We similarly define €t‘13; =
Pt — Dt BL a3 the mass change by all such bad maps in
B) at t for any point K + vb < t < K.

Since we are considering bad maps of the form B3, we

know that 3"z 5ok € . isatmost >z e i 5Pt
2

Therefore,

diff,, — diff,;

2.

K+Vo<t<K

<b Y

K+Vb<t<K

D, e

K<t<K+Vb

= (K +Vb+b—t)erp

t] 5y
2

<b

Again, this is bounded by O(+/b) by taking T = /b in
Claim[T3

For the set of bad maps of the second kind which are from
(K + Vb, K +b] to (K + v/b, K], we denote it as B2. We
know that maps in B2 has nothing to do with ¢ < K +/b.
Moreover, since the moving distance for such map is at least
/b, the total mass moving by such bad maps is at most

(K +Vb+b—1t)(pe — )l

EMD
Vb

O( ). Therefore,

diff, — diffy 5. > (E+b—t) (e — ) 52

K+Vb<t
t<K

< Y (KE-Delpt D belg
K+Vb<t K+Vb<t
t<K t<K
SO(\/5~EMD)7

where €t|6f = pt — Dt B is the mass change by all such
bad maps in B? at t for any point K+Vb <t <K.
The last inequality holdsAsmce Y kivici<r (K —1) & B2
is bounded by EMD(p,p) and >\ foicric b et|3% <

O(b- £2P) = O(Vb- EMD).

Then, let us consider the set of bad maps B3 from (K, K +
V] to (K + v/b, K]. This is a bit complicated. First, re-
call that in p, Ay is the optimal policy, so c((Az)p) <
c((Ag, 3)p) (note that in case 1, K < K +V/b). We have

c((Ag)p) < e((Agyvp)n)

= > (K+Vb+b—t)p
t<K+Vb
S(K+Vh—K)+ ) (K+b—1t)p

t<K
= >

(K+Vb+b—1t)p,

K<t<K+vb
S(K+Vh—K)+ ) (K+b—t)p
t<K
— > (K+Vb+b—1)p,. (*)
t<K

We similarly define €| il Dt 52 83 the mass change

by all such bad maps in 2 at ¢ for any point K+Vb <
t<K.

Since we are considering bad maps of the form B3, we

know that -z, /5o cg € . is at most >y < e/ Pt-
2

Therefore,
(diff, —diffs) | = D (K+b—t)elgy
K+Vb<t<K
< ) E-telg
K+Vb<t<K
+ Z b€t|B§.
K+vVb<t<K

Note that term > 5 7, (K —
by EMD(p,p) and 3 g, /i< b et|B§ is bounded by

t) e gz is bounded

19
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b i cicisysbe- Thus, to show that diff, — diff; <
O(Vb - max(EMD, 1)) — diff;, it suffices to show that
b kci<rivsPt < O(V/b) — diffj.

Note that b, e, /5 Dt is less than the left hand side
of (), hence it suffices to show that

(K+Vb—K)+ Y (K +b—1t)p,

t<K
=Y (K +Vb+b—1t)p < O(Vb) — diff;.
t<K
By writing diff; = Y, ., 5(K — (K + Vb))p +

D kivici<x K +b—1)p — (K — (K + /b)), it suffices
to show that (rearranging to make both sides containing
positive terms only)

S E+b-tp+ > (K~ (K + V)i
t<K t<K+vb
+ > (K+b—t)p (@)
K4+Vb<t<K
V) + Y (K + Vb +b—t)p
t<K

Now, compare both sides of ((3)) for all ¢.

Fort < K, LHS of () is (K +b—t+K —(K+vb))p; =
(b+ K —t —vb)p,. RHS of ((§) is (K + Vb + b — t)p,.
So, LHS < RHS.

For K <t < K+ b, LHS of (8 is (K — (K +Vb))p.
RHS of (%) is ( K+f+b—t)pt SO LHS < RHS
since t < K + /b.

For K + Vb < t < K, LHS of ((§) is (K + b — t)p.
RHS of () is (K +Vb+b—t)p;. So, LHS < RHS.

Therefore, ((§)) holds. We proved that diff,, < O(\/l; .
max(EM D, 1)) and finish the proof of Case 1.

Case 2. When K < K +b.

We will briefly give the short proof here as the full procedure
is similar to Case 1.

In this case, by some simple calculations, we have

diffy = > (K+Vb—K)pr— »_ (K+b—1)p
t>K+vb t;;(it\/g
=(K+Vo—K)= Y (K+Vb—K)p
<K
- ) (K+Vb+b—t)p

K<t<K+Vb

By examining different kind of maps, one can check that
there are two kinds of bad maps: either from (K, K ++/b] to

[1, K] (bad maps of the third kind B%), or from (K, K+
to (K + Vb, K 4 v/b + b] (bad maps of the fourth kind 8%).
We will analyze those bad maps of the third kind using
the first expression of diff; and analyze those bad maps of
the fourth kind using the second expression in the above
formula.

As always, we can define B} and Bj respectively for those
cases since the moving distance is at least v/b by these bad
maps. We know that the total mass moving by such bad
maps is at most O( E\]‘}D) thus we have the O(v/b- EM D)
bound.

For those maps with a moving distance less than v/b by bad
maps, we usually denote them as B3 and Bj in previous
arguments. When writing down the expression diff,, — diff;
caused by B3 and B3, bad maps of the form B3 lie in the
easier case. One can again use Claim to get the re-
quired O(v/b - EM D) bound, by taking T' = v/b. As for
bad maps in B3, we consider ¢((Ay)5) < c((Agy 5)p)-
Then () holds in exactly the same way. Then, using ()
and b . g, 5P as a bridge, we can write down
the similar form as (]@]) Finally, we can conclude that
diff, — diff; < O(vb- max(EM D, 1)) — diff;. This fin-
ishes the proof of Case 2 (hence the lemma). O]

Proof of Theorem[§] Theorem [§]follows directly from the
combination of Lemma [I4]to Lemmal[I7l O

D. Distributional Prediction with a Point Truth

In this section we prove the following theorem:

Theorem 18. If p is a point distribution, then there is a de-
terministic algorithm ALG which takes a distributional pre-
diction p and has c(ALG,)—c(OPT,) < O(EMD(p, p)).

In other words, we will give a new algorithm that achieves
the same bound as in |Purohit et al.|(2018])) deterministically
without sampling, i.e., we derandomize the point prediction
based algorithm.

First, we give Algorithm [] in the setting that we have a
distributional prediction p and a point truth 7.

Algorithm 4] distinguishes cases according to the structure
of the optimal policy under the predicted distribution p. If
the optimal policy for p is to buy at the beginning or to
keep renting, the algorithm follows this policy. Otherwise,
the optimal policy is of the form Ag for some finite K.
When K > b, the algorithm chooses between Ay and A,
depending on the prefix mass of p up to time b. When
K < b, the algorithm compares the prefix mass up to K
against a fixed threshold and either keeps renting or uses
Axk.

Note that in the point-truth setting, the EMD can be written
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Algorithm 4 Deterministic algorithm with additive loss
O(EMD) in the p—T (point truth) setting

1: if the optimal policy for p is Ay then
2:  Buy at the beginning, i.e., ALG = A
3: else if the optimal policy for p is A, then
4 Keep renting, i.e., ALG = A
5: else
6 if K > b then
7 if 32,2, Pt > 5 then
8: Keep renting, i.e., ALG = A
9: else
10: Buy at the beginning, i.e., ALG = Ag
11: end if
12:  else
13: if Y, 5 Pt > 0.025 then
14: Keep renting, i.e., ALG = A,
15: else
16: Buy at the beginning of day K +1, i.e., ALG =
Ak
17: end if
18:  endif
19: end if
as

Z (T—t)p +Z (t=T)pr,

EMD(p,T) =Y [t=TI|p: =
t t<T t>T

where p is our prediction and 7' is the truth. Since in this
appendix the truth is always a point 7', when there is no
ambiguity, we will simply denote (Ax )r as Ax (also for
Ag and Ay).

For sake of completeness, we give an example that blindly
following the optimal policy for prediction p as in |Purohit
et al.[(2018)) does not perform well when the truth is a point.

1-27" ift=>b-1,
g—n where

Example 1. Let p; £ 2
1 =

n is sufficiently large and T = b + 1. Since c(Ap—_1) =
(b—1)(1-27)+(2b—1)-27" = b—14b-27" < b= ¢(Ap)
when n > log(b), it turns out that the optimal policy for
pis Ap_1. Blindly using A,_; when the truth T = b+ 1
costs 2b — 1, while the optimal cost is b as T > b. Thus, the
difference is b — 1. On the other hand, one can compute that
EMD =2(1-2"")4(b—1)-27" <24+ (b—1)-7 <3
is a constant. Thus, diff > Q(b- EM D).

Algorithm 4] follows the prediction when the optimal policy
for p is either Ay or A,,. We have the following lemma.

Lemma 19. Assume that p is the distributional predic-
tion and T' is the unknown truth. If the optimal policy for
both p is restricted to be either Ay or Ao, then by taking
ALG = OPT; we have diff; = ¢(ALGr) — c(OPTr) <
EMD,T).

21

Proof. For simplicity, in the proof we generalize the point
truth 7" to a distributional truth p whose optimal policy is
also either Ay or A. Thus, our statement is a special case,
since the optimal policy for the point truth is either Ay or
As.

It is trivial when the optimal policies for both p and p are Ag
or both are A, as we have diff,, = 0. Thus, let us consider
the case where the optimal policy for p is Ag while that for
pis A, and vice versa.

When the optimal policy for p is Ay while that for p is A,
we have diff, = b — ), tp;. Note that under p, b < >, tp;.
Thus, diff, < >, tp, — >, tp < EMD(p, p), where the
last inequality holds by the centroid lower bound of the
EMD. For readers who do not familiar with the centroid
lower bound, a proof for centroid lower bound of the M D
is deferred to Appendix [H

When the optimal policy for p is A, while that for p is Ag,
we have diff, = ", tp; — b. Note that under p, >, tp; < b.
Thus, diff, < >, tp — >, th: < EMD(p, p), where the
last inequality again holds by the centroid lower bound. [

Lemma [T9]implies that the additive loss can be bounded by
EMD(p,T) when the optimal policy for p is either Ag or
A and we blindly follow it. Thus, the only thing left is to
show that Theorem I8 holds when A is the optimal policy
for p for some K € N, . First, we consider the case where
K > b. We have the following lemma.

Lemma 20. Assume that Ak is the optimal policy for p
where K > b. Consider ZKbﬁt, i.e. the total mass in
the b-prefix of py. If >,<, Pt > 3, we set ALG = A
Otherwise, we set ALG = Ag. Then, diff; = ¢c(ALGT) —
c¢(OPTr) < O(EMD(p,T)).

Proof. Since Ak is the optimal policy for p, we have
¢(Axr) < ¢(Ap). Thus,

C(AK)Sb
= > th+ > (K+b)p <b
t<K t>K
= Y th+(K+b)—(K+b)Y pi<b
t<K t<K
= K<Y (K+b-t)p
<K

= K<Y (K+b—t)pr+ Y (K+b—1t)p.
t<b b<t<K

Thus, K < (K + b) Ztgbﬁt + KZb<t§Kﬁt <
2K Y,y Dt + K Yy i Pe. The first inequality holds
since K +b—t < K when b < t, and the second
holds since K > b. Dividing K on both sides, we get

1<23 0Pt + D pcr<r Pt



Ski Rental with Distributional Predictions of Unknown Quality

The above inequality guarantees that Ztgbﬁt > 3
D obet<i Pt > %, or both. Now, if >, , pr > % we have
ALG = A. Otherwise, it mustbe >, _, - Pt > +

3 b
have ALG = Ay.

For >, , Bt > &, if T < b, then our ALG is optimal and
diffr is zero. If T > b, c(ALGr) = T and ¢«(OPTr) = b,
then diffy = T — b. Thus, we have diffr = T — b <
O(EMD(p,T)) because EMD(p,T) > (> < Dt) - (T —
b) > L(T —b).

For )y ,cpc Pt > % if T > b, then our ALG is optimal
and diffy is zero. If T' < b, c(ALGr) = band ¢c(OPTy) =
T, then diff = b — T'. Thus, since T’ < b < K, we have
diffp =b—T < O(EMD(p,T)) because EM D(p, T) >
(Cperercbi) - (0= 1) = 36— T). O

or

we

Next, we consider the case where K < b. Intuitively, a
significant amount of mass must be in the K -prefix to make
the optimal policy Ag choose to rent for a while and then
buy on day K + 1. The following observation illustrates the
minimum amount of mass that needs to be in the K -prefix.

Observation 2. Assume that Ak is optimal. In the proof
of Lemma[20] by comparing the cost between Ax and Ay,
we have K < 37, (K +b—t)pr < (K +0) 3 < Pr-
This implies Zth Dy > KLH).

The next lemma considers the case where K < b and there
is enough mass in the K -prefix.

Lemma 21. Assume that Ay is the optimal policy for
p where K < band ), .p: > 0.025. Taking
ALG = A, we have diff; = ¢(ALGr) — ¢(OPTry) <
O(EMD(p,T)).

Proof. Let ALG = A,. If T < b, then our ALG is
optimal and diffy is zero. If T > b, ¢(ALG7) = T and
c¢(OPTr) = b, then diffp = T — b. Thus, we have diffp =
T—-b<O(EMD(p,T)) because EMD(p,T) > 0.025 -
(T — K) > 0.025- (T — b). 0

Finally, we prove the case in our algorithm when there is
not enough mass in the K -prefix.

Lemma 22. Assume that Ak is the optimal policy for p
where Y, - Pr < 0.025. Taking ALG = Ak, we have
diffp = ¢(ALGt) — c(OPTr) < O(EMD(p,T)).

Proof. Since ;- pr < 0.025, by Observation [2| we
know that K cannot be too large. In particular, K < b/2.

If T < K, our algorithm ALG = Ak is optimal.

If K <T <b/2,¢(ALGy) = K +band ¢«(OPTr) =T,
then diffy = K +b—T. If }_,-, p: > 0.025, then we
have diffy = K +b—T < b < O(EMD(p,T)) because
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EMD(p,T) >0.025- (b—T) > 0.025- £. Hence, we can
assume that both ), - p; < 0.025and ), p; < 0.025.
If Z%b<t<b]§t > 0.2, then diff < b < O(EMD(p,T))
because EMD(p, T) > 0.02-(3b—T) > 0.02- (2b— 3b),
and we are done. So, suppose that Z%b<t<b Ppr < 0.2. Then
ZK<t§gbﬁt >1-0.2—-2-0.025 = 0.75. We will show
that the mass in the %b—preﬁx is enough to make A%b a
better policy than A . In fact,

(1) et

<3 >3
= [ the DK + )i
<K t>K
=S (K- > (K+b-p
>3 K<t<3p
<(-K)3p-(+K) X a
>3 K<t<3p

<(3-K)-025- (b+K)-075 < 0.

which contradicts with the fact that A g is the optimal policy.

Ifb/2 < T < b, diff = K+ b— T. Note that by

Observation [2] and the fact that the mass in the K -prefix
b

is less than 0.025, we have in particular K < 5 First,
K <O(EMD(p,T)), since
R R (T -K)
SEMD(p,T)>3(T — K > . K>K
®.T) = 3( )Y b > e >

t<K

where the last inequality holds because b + 4K < %b <3T.
Hence, we only need to show thatb—T < O(EM D(p,T)).
Since ¢(Ak) < ¢(As), we have

b< Y th+ (b—c(Ax))

= 0< Z(t —b)pt + Z(t —b)pr + (b— c(Ax))

t<T t>T

= > (b—t)p < > _(t—b)pe + (b— c(Ax)).

t<T t>T

Since b — T < b—tfort < T, itimplies that

(b=T) P <> (t—=b)pe+ (b— c(Ak))

t<T t>T
= b-T <> (t—T)pr + (b— c(Ax)).
t>T
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If we can show that b — c(Ag) < 3>, (T — t)py, then
b—T < O(EMD(p,T)) since b — T < 337, p(t —

T)pr 4+ 3> i (T — t)pe < 3EMD(p, "), we are done.

This holds because
b—c(Ag) =Y (K+b—t)p—K <Y (K+b)p
t<K t<K
<) (BT —3K)p, <3 (T —t)pr.
t<K t<K

where the second inequality holds since 4K +b < 3T when
T>2%.

If T > b, ((ALGt) = K + b and ¢(OPTr) = b, then
diff = K. Again by Observation 2, EMD(p,T) >
7z (T — K), which implies that 2EMD(p,T) >
(K > K = diff, where the last inequality holds

K
since 21" > b + 3K. Thus, diffy < O(EMD(p,T)).

This proves Lemma[22] O

We can now prove Theorem [I8]

Proof of Theorem[I8] Theorem [I8§] follows directly from
the combination of Lemma [T9] and Lemmas 20] 21} and
22 O

One can similarly use the same idea to develop a A-robust
version for Algorithm[das we did in Algorithm[2] Since this
is not the main part of the paper, we omit the proof here.

E. Further Experiment

In Section[2.2] we considered a small synthetic experiment
in which both the true distribution and the predicted distri-
bution are bimodal. Here we consider a smoother version
of that example by replacing the bimodal prediction with
two Gaussian components centered at the modes of the truth.
The result also shows that our distributional-prediction algo-
rithm (Algorithm I)) has better performance than the point-
prediction algorithm in this more general setting.

The true distribution is the same as in Section 2.2} the
buying cost is b = 100, and p3g = psoo = 1/2. For
the predicted distribution, we use a discretized Gaussian
mixture p(©) = LN (30,02) + N (300,02) normalized
over integers. The parameter o controls how spread out
each predicted mode is, where we run o = 0, 5, 10, 15 in the
following experiment. Algorithm [T]uses the full predicted
distribution $(°) to compute its delayed buying threshold.
The point-prediction algorithm samples a single point T~
$?) and then runs the point-prediction rule of Purohit et al.
(2018)), which buys immediately if T > b and otherwise
keeps renting. For each value of o, we ran 200,000 Monte
Carlo trials, drawing the true season length 7' ~ p and, for

Table 2. Gaussian-mixture version of the bimodal experiment with
b = 100 and true distribution p3o = p3oo = 1/2. The predicted
distribution is a discretized two-component Gaussian mixture with
equal weights and centers at 30 and 300. Costs of the algorithms
are Monte Carlo averages over 200,000 trials. For reference, the
optimal policy under the true distribution p has an expected cost
80.0 (theoretical benchmark).

o Our Cost Point-Prediction Cost OPT,
0 850336 132.6192 80.0
5 90.0960 132.1461 80.0
10 93.0013 132.5454 80.0
15 94.7367 132.3425 80.0

the point-prediction algorithm, independently drawing T~
p(?), as we did in Section The resulting average costs
are shown in Table[2] This illustrates that the advantage of
distributional predictions is not limited to the case where
the predicted distributions are bimodal. As a result, our
algorithm in Theorem [I]is significantly better than sampling
from the prediction and then applying the point-prediction
method, and is much closer to the exact optimal policy cost
for the true distribution.

F. Proof of the Centroid Lower Bound of the
EMD

Here is a proof for the centroid lower bound of the EMD
for sake of completeness. One can also find a similar proof
in (Cohen & Guibas, [1997).

Theorem 23 (Centroid lower bound for Earth Mover’s Dis-
tance). Let p and p be two probability distributions sup-
ported on {1,2,...,N}, ie, Eivzlpt = Zi\iﬂat =1
Then we have

N N
D tpe = ) th
t=1 t=1

< EMD(p,p).

Proof. Consider any feasible transportation plan F' =
(fij)ijen) from pto p, ie., fi; > 0 forall i, , and

N N
S fii=pi and Y fi; = p;.
j=1 i=1

‘We can rewrite the difference of centroids as

N N N N N N
Zipi_zjﬁj :ZZfiji—ZZfijj
i=1 j=1

i=1 j=1 j=1i=1
N N

=>_ > fuli—j).
i=1 j=1
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Taking absolute values and applying the triangle inequality,

N N N N
DD fa=D < D0 fiyli—l-
i=1 j=1 i=1 j=1

Since this holds for any feasible transportation plan F/, it in
particular holds for the optimal plan achieving EM D(p, p).

Thus,
N N
> ipi—Y_jpj| < RHS=EMD(p,p),
i=1 j=1
which completes the proof. O
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