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Abstract
We consider supervised learning with n labels and
show that layerwise SGD on residual networks
can efficiently learn a class of hierarchical models.
This model class assumes the existence of an (un-
known) label hierarchy L1 ⊆ L2 ⊆ · · · ⊆ Lr =
[n], where labels in L1 are simple functions of
the input, while for i > 1, labels in Li are simple
functions of simpler labels.

Our class surpasses models that were previously
shown to be learnable by deep learning algo-
rithms, in the sense that it reaches the depth limit
of efficient learnability. That is, there are models
in this class that require polynomial depth to ex-
press, whereas previous models can be computed
by log-depth circuits.

Furthermore, we suggest that learnability of such
hierarchical models might eventually form a basis
for understanding deep learning. Beyond their
natural fit for domains where deep learning ex-
cels, we argue that the mere existence of human
“teachers” supports the hypothesis that hierarchi-
cal structures are inherently available. By pro-
viding granular labels, teachers effectively re-
veal “hints” or “snippets” of the internal algo-
rithms used by the brain. We formalize this intu-
ition, showing that in a simplified model where a
teacher is partially aware of their internal logic,
a hierarchical structure emerges that facilitates
efficient learnability.

1. Introduction
A central objective in deep learning theory is to demonstrate
that gradient-based algorithms can efficiently learn a class
of models sufficiently rich to capture reality. This effort
began over a decade ago, coincidental with the undeniable
empirical success of deep learning. Initial theoretical results
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demonstrated that deep learning algorithms can learn lin-
ear models, followed later by proofs for simple non-linear
models.

This progress is remarkable, especially considering that
until recently, no models were known to be provably learn-
able by deep learning algorithms. Moreover, the field was
previously dominated by hardness results indicating severe
limitations on the capabilities of neural networks. However,
despite this progress, learning linear or simple non-linear
models is insufficient to explain the practical success of
deep learning.

In this paper, we advance this research effort by showing
that deep learning algorithms—specifically layerwise SGD
on residual networks—provably learn hierarchical models.
We consider a supervised learning setting with n possible
labels, where each example is associated with a subset of
these labels. Let f∗ : X → {±1}n be the ground truth
labeling function. We assume an unknown hierarchy of
labels L1 ⊆ L2 ⊆ · · · ⊆ Lr = [n] such that labels in L1

are simple functions (specifically, polynomial thresholds)
of the input, while for i > 1, any label in Li is a simple
function of simpler labels (i.e., those in Li−1).

We suggest that the learnability of hierarchical models offers
a compelling basis for understanding deep learning. First,
hierarchical models are natural in domains where neural net-
works excel. In computer vision, for instance, a first-level
label might be “this pixel is red” (i.e. the input itself); a
second-level label might be “curved line” or “dark region”;
and a third-level label might be “leaf” or “rectangle”, and so
on. Similar hierarchies exist in text and speech processing.
Indeed, this hierarchical structure motivated the develop-
ment of successful architectures such as convolutional and
residual networks.

Second, one might even argue further that the mere ex-
istence of human “teachers” supports the hypothesis that
hierarchical labeling exists and can be supplied to the algo-
rithm. Consider the classic problem of recognizing a car
in an image. Early AI approaches (circa 1970s–80s) failed
because they attempted to manually codify the cognitive
algorithms used by the human brain. This was superseded
by machine learning, which approximates functions based
on input-output pairs. While this data-driven approach has
surpassed human performance, the standard narrative of its
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success might be somewhat misleading.

We suggest that recent breakthroughs in deep learning stem
not solely from “learning from scratch,” but also from train-
ing on datasets rich in granular labels. (In modern LLMs,
for instance, the vocabulary size exceeds 105 tokens; con-
sidering pairs of tokens as labels expands this to the order of
1010 or 1011.) These labels represent a middle ground be-
tween explicit programming and pure input-output learning;
they serve as “hints” or intermediate steps for learning com-
plex concepts. Going back to the car recognition example,
although we lack full access to the brain’s internal algo-
rithm, we can provide “snippets” of its logic. By supplying
lower-level labels—such as windows, wheels, or geometric
shapes—we effectively decompose the task into a hierarchy.

At a larger scale, we can consider the following perspective
for the creation of LLMs. From the 1990s to the present,
humanity created the internet (websites, forums, images,
videos, etc.). As a byproduct, humanity implicitly provided
an extensive number of labels and examples. Because these
labels are so numerous—ranging from the very simple to
the very complex—they are likely to possess a hierarchi-
cal structure. Following the creation of the internet, huge
models were trained on these examples, succeeding largely
as a result of this structure (alongside, of course, the ex-
tensive data volume and compute power). In a sense, the
evolution of the internet and modern LLMs can be viewed
as an enormous collective effort to create a circuit that mim-
ics the human brain, in the sense that all labels of interest
are effectively a composition of this circuit and a simple
function.

We present a simplified formalization of this intuition. We
model the human brain as a computational circuit, where
each label (representing a “brain snippet”) corresponds to
a majority vote over a subset of the brain’s neurons. To
formalize the postulate that these labels are both granular
and diverse, we assume that the specific collections of neu-
rons defining each label are chosen at random prior to the
learning process. We demonstrate that this setting yields a
hierarchical structure that facilitates efficient learnability by
residual networks. Crucially, neither the residual network
architecture nor the training algorithm relies on knowledge
of this underlying label hierarchy.

Finally, we note that hierarchical models surpass previous
classes of models shown to be learnable by SGD. To the
best of our knowledge, prior results were limited to models
that can be realized by log-depth circuits. In contrast, hierar-
chical models reach the depth limit of efficient learnability.
For any polynomial-sized circuit, we can construct a corre-
sponding hierarchical model learnable by SGD on a ResNet,
effectively computing the circuit as one of its labels.

Related Work Linear, or fixed representation models are
defined by a fixed (usually non-linear) feature mapping fol-
lowed by a learned linear mapping. This includes kernel
methods, random features (Rahimi & Recht, 2007), and
others. Several papers in the last decade have shown that
neural networks can provably learn various linear models,
e.g. (Andoni et al., 2014; Daniely et al., 2016; Du et al.,
2017; Daniely, 2017; Li & Liang, 2018; Cao & Gu, 2019;
Allen-Zhu et al., 2019; Daniely, 2020a;b). Several works
consider model-classes which go beyond fixed representa-
tions, but still can be efficiently learned by gradient based
methods on neural networks. One line of work shows learn-
ability of parities under non-uniform distributions, or other
models directly expressible by neural networks of depth two,
e.g. (Livni et al., 2014; Ge et al., 2017; Tian, 2017; Frei
et al., 2020; Daniely & Malach, 2020; Yehudai & Shamir,
2020; Vardi et al., 2021; Bietti et al., 2022; Bruna et al.,
2023; Cornacchia & Mossel, 2023). Closer to our approach
are (Abbe et al., 2021; Allen-Zhu & Li, 2020; Daniely et al.,
2024; Wang et al., 2025) that consider certain hierarchical
models. As mentioned above, we believe that our work is
another step towards models that can capture reality. From
a more formal perspective, we improve over previous work
in the sense that the models we consider can be arbitrarily
deep. In contrast, all the mentioned papers consider models
that can be realized by networks of logarithmic depth. In
fact, with the exception of (Wang et al., 2025) which con-
siders composition of permutations, depth two suffices to
express all the above mentioned models.

Another line of related work is (Li & Mossel, 2025; Huang
& Mossel, 2025; Mossel, 2016; Koehler & Mossel, 2022)
which argue that deep learning is successful due to hier-
archical structure. This series of papers gives an example
to a hierarchical model that is efficiently learnable, but it
is conjectured that it requires deep architecture to express.
Additional attempts to argue that hierarchy is essential for
deep learning include (Patel et al., 2016; Mhaskar et al.,
2017; Bruna & Mallat, 2013; Poggio & Fraser, 2024)

2. Notation and Preliminaries
We denote vectors using bold letters (e.g., x,y, z,w,v)
and their coordinates using standard letters. For instance, xi
denotes the i-th coordinate of x. Likewise, we denote vector-
valued functions and polynomials (i.e., those whose range
is Rd) using bold letters (e.g., f ,g,h,p,q, r), and their
i-th coordinate using standard letters. We will freely use
broadcasting operations. For instance, if x⃗ = (x1, . . . ,xn)
is a sequence n of vectors in Rd and g is a function
from Rd to some set Y , then g(x⃗) denotes the sequence
(g(x1), . . . , g(xn)). Similarly, for a matrix A ∈ Mq,d, we
denote Ax⃗ = (Ax1, . . . , Axn).

For a polynomial p : Rn → R, we denote by ∥p∥co the
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Euclidean norm of the coefficient vector of p. We call ∥p∥co
the coefficient norm of p. For σ : R → R, we denote by
∥σ∥ =

√
EX∼N (0,1)[σ2(X)] the ℓ2 norm with respect to

the standard Gaussian measure. We denote the Frobenius
norm of a matrix A ∈Mn,m by ∥A∥F =

√∑
i,j A

2
ij , and

the spectral norm by ∥A∥ = max∥x∥=1 ∥Ax∥.

We denote by Rd,n the space of sequences of n vectors in Rd.
More generally, for a set G, we let Rd,G = {x⃗ = (xg)g∈G :
∀g ∈ G, xg ∈ Rd}. We denote the Euclidean unit ball
by Bd = {x ∈ Rd : ∥x∥ ≤ 1}. We denote the point-wise
(Hadamard) multiplication of vectors and matrices by ⊙
and the concatenation of vectors by (x|y). For x ∈ Rn,
A ⊆ [n], and σ ∈ Zn, we use the multi-index notation
xA =

∏
i∈A xi and xσ =

∏n
i=1 x

σi
i . For f : X → Rn and

L ⊆ [n], we denote by fL : X → R|L| the restriction fL =
(fi1 , . . . , fik), where L = {i1, . . . , ik} with i1 < . . . < ik.
More generally, for f = (fi)i∈[n] : X → Rn,G, we denote
by fL : X → R|L|,G the restriction fL = (fi1 , . . . , fik).

2.1. Polynomial Threshold Functions

Fix a set X ⊆ [−1, 1]d, a function f : X → {±1}, a
positive integer K, and M > 0. We say that f is a (K,M)-
PTF if there is a degree ≤ K polynomial p : Rd → R
such that ∥p∥co ≤ M and ∀x ∈ X , p(x)f(x) ≥ 1. More
generally, we say that f is a (K,M)-PTF of h : X → Rs
if there is a degree ≤ K polynomial p : Rs → R such that
∥p∥co ≤M and ∀x ∈ X , p(h(x))f(x) ≥ 1. An example
of a (K, 1)-PTF that we will use frequently is a function
f : {±1}d → {±1} that depends on K variables. Indeed,
Fourier analysis on {±1}d tells us that f is a restriction
of a degree ≤ K polynomial p with ∥p∥co = 1. For this
polynomial we have ∀x ∈ X , p(x)f(x) = 1.

We will also need a more refined definitions of PTFs, which
allows us to require two sided inequality B ≥ p(x)f(x) ≥
1, as well as some robustness to perturbation of x. To this
end, for x ∈ [−1, 1]d and r > 0 we define

Br(x) =
{
x̃ ∈ [−1, 1]d : ∥x− x̃∥∞ ≤ r

}
(1)

Fix B ≥ 1 and 1 ≥ ξ > 0. We say that f is a (K,M,B, ξ)-
PTF if there is a degree ≤ K polynomial p : Rd → R such
that ∥p∥co ≤M and

∀x ∈ X ∀x̃ ∈ Bξ(x), B ≥ p(x̃)f(x) ≥ 1

Likewise, we say that f is a (K,M,B, ξ)-PTF of h =
(h1, . . . , hs) : X → [−1, 1] if there is a degree ≤ K poly-
nomial p : Rs → R such that ∥p∥co ≤M and

∀x ∈ X ∀y ∈ Bξ(h(x)), B ≥ p(y)f(x) ≥ 1

Finally, we say that f is a (K,M,B)-PTF (resp. (K,M,B)-
PTF of h) if it is a (K,M,B, 1)-PTF (resp. (K,M,B, 1)-
PTF of h).

2.2. Strong Convexity

Let W ⊆ Rd be convex. We say that a differentiable f :
W → R is λ-strongly-convex if for any x,y ∈W we have

f(y) ≥ f(x) + ⟨y − x,∇f(x)⟩+ λ

2
∥y − x∥2

We note that if f is strongly convex and ∥∇f(x)∥ ≤ ϵ for
x ∈ W then x minimizes f up to an additive error of ϵ2

2λ .
Indeed, for any y ∈W we have

f(x) ≤ f(y)− λ

2
∥y − x∥2 + ∥y − x∥ · ∥∇f(x)∥

= f(y) +
∥∇f(x)∥2

2λ

− 1

2λ
(∥∇f(x)∥ − λ∥y − x∥)2

≤ f(y) +
∥∇f(x)∥2

2λ
(2)

≤ f(y) +
ϵ2

2λ

2.3. Hermite Polynomials

The results we state next can be found in (Andrews et al.,
1999). The Hermite polynomials h0, h1, h2, . . . are the se-
quence of orthonormal polynomials corresponding to the
standard Gaussian measure µ on R. That is, they are the
sequence of orthonormal polynomials obtained by the Gram-
Schmidt process of 1, x, x2, x3, . . . ∈ L2(µ). The Hermite
polynomials satisfy the following recurrence relation

xhn(x) =
√
n+ 1hn+1(x) +

√
nhn−1(x) (3)

and h0(x) = 1, h1(x) = x or equivalently

hn+1(x) =
x√
n+ 1

hn(x)−
√

n

n+ 1
hn−1(x)

The generating function of the Hermite polynomials is

ext−
t2

2 =

∞∑
n=0

hn(x)t
n

√
n!

(4)

We also have
h′n =

√
nhn−1 (5)

Likewise, if X,Y ∼ N
(
0,

(
1 ρ
ρ 1

))
Ehi(X)hj(Y ) = δijρ

i (6)

3. The Hierarchical Model
Let X ⊆ [−1, 1]d be our instance space. We consider the
multi-label setting, in which each instance can have anything
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between 0 to n positive labels, and each training example
comes with a list of all1 its positive labels. Hence, our goal
is to learn the labeling function f∗ : X → {±1}n based on
a sample

S = {(x1, f∗(x1), . . . , (xm, f∗(xm))} ∈ (X × {±1}n)m

of i.i.d. labeled examples that comes from a distribu-
tion D on X . Specifically, our goal is to find a
predictor f̂ : X → Rn whose error, ErrD(f̂) =

Prx∼D

(
sign(f̂(x)) ̸= f∗(x)

)
, is small. We assume that

there is a hierarchy of labels (unknown to the algorithm),
with the convention that

• The first level of the hierarchy consists of labels which
are simple (= easy to learn) functions of the input.
Specifically, each such label is a polynomial threshold
function (PTF) of the input.

• Any label in the i’th level of the hierarchy is a simple
function (again, a PTF) of labels from lower levels of
the hierarchy.

We next give the formal definition of hierarchy.

Definition 3.1 (hierarchy). Let L = {L1, . . . , Lr} be a
collection of sets such that L1 ⊆ L2 ⊂ . . . ⊆ Lr = [n].
We say that L is a hierarchy for f∗ : X → {±1}n of
complexity (r,K,M) (or (r,K,M)-hierarchy for short) if
for any j ∈ L1 the function f∗j is a (K,M)-PTF and for
i ≥ 2, and j ∈ Li we have that f∗j = f̃j ◦ f∗Li−1

for a
(K,M)-PTF f̃j : {±1}|Li−1| → {±1}.

Example 3.2. Fix L = {L1, . . . , Lr} as in Definition 3.1,
and recall that a boolean function that depends on K coor-
dinates is a (K, 1)-PTF. Hence, if for any i ≥ 2, any label
j ∈ Li depends on at most K labels from Li−1, and any
label j ∈ L1 is a (K, 1)-PTF of the input, then L is an
(r,K, 1)-hierarchy.

Assuming that K is constant, our main result will show that
given poly(n, d,M, 1/ϵ) samples, a poly-time SGD algo-
rithm on a residual network of size poly(n, d,M, 1/ϵ) can
learn any function f∗ : X → {±1}n with error of ϵ, pro-
vided that f∗ has a hierarchy of complexity (r,K,M) (the
algorithm and the network do not depend on the hierarchy,
but just on r,K,M ).

One of the steps in the proof of this result is to show
that any (K,M)-PTF on a subset of [−1, 1]n is neces-
sarily a (K, 2M,B, ξ)-PTF for ξ = 1

2(n+1)
K+1

2 KM
and

1We note that in practice it is often the case that an example
possesses several positive labels (for instance, “dog” and “animal”).
However, each training example usually comes with just one of its
positive labels. We hope that future work will be able to handle
this more realistic type of supervision.

B = 2(max(n, d) + 1)K/2M (see Lemma C.2). This is
enough for establishing our main result as informally de-
scribed above. Yet, in some cases of interest, we can have
much larger ξ and smaller B. In this case, we can guarantee
learnability with smaller network, and less samples and run-
time. Hence, we next refine the definition of hierarchy by
adding B and ξ as parameters.

Definition 3.3 (hierarchy). Let L = {L1, . . . , Lr} be a
collection of sets such that L1 ⊆ L2 ⊂ . . . ⊆ Lr = [n]. We
say that L is a hierarchy for f∗ : X → {±1}n of complexity
(r,K,M,B, ξ) (or (r,K,M,B, ξ)-hierarchy for short) if
for any j ∈ L1 the function f∗j is a (K,M,B)-PTF and
for i ≥ 2, and j ∈ Li we have that f∗j = f̃j ◦ f∗Li−1

for a
(K,M,B, ξ)-PTF f̃j : {±1}|Li−1| → {±1}.

3.1. The “Brain Dump” Hierarchy

Fix a domain X ⊆ {±1}d and a sequence of functions
Gi : {±1}d → {±1}d for 1 ≤ i ≤ r. We assume that
G0(x) = x, and for any depth i ∈ [r] and coordinate
j ∈ [d], we have

∀x ∈ X , Gij(x) = hij(G
i−1(x)),

where hij : {±1}d → {±1} is a function that depends
on K coordinates. We view the sequence G1, . . . , Gr as a
computation circuit, or a model of a “brain.”

Suppose we wish to learn a function of the form f∗ = h◦Gr,
where h : {±1}d → {±1} also depends only on K inputs,
given access to labeled samples (x, f∗(x)). The function f∗

can be extremely complex. For instance, G could compute
a cryptographic function. In such cases, learning f∗ solely
from labeled examples (x, f∗(x)) is likely intractable; if our
access to f∗ is restricted to the black-box scenario described
above, the task appears impossible. On the other extreme, if
we had complete white-box access to f∗—meaning a full
description of the circuit G—the learning problem would
become trivial. However, if G truly models a human brain,
such transparent access is unrealistic.

Consider a middle ground between these black-box and
white-box scenarios. Assume we can query the labeler (the
human whose brain is modeled by G) for additional infor-
mation. For instance, if f∗ is a function that recognizes
cars in an image, we can ask the labeler not only whether
the image contains a car, but also to identify specific fea-
tures: wheels, windows, dark areas, curves, and whatever he
thinks is relevant. Each of these additional labels represents
another simple function computed over the circuit G. We
model these auxiliary labels as random majorities of ran-
domly chosen Gij’s. We show that with enough such labels,
the resulting problem admits a low-complexity hierarchy
and is therefore efficiently learnable.

Formally, fix an integer q. We assume that for every depth
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i ∈ [r], there are q auxiliary labels f∗i,j for 1 ≤ j ≤ q,
each of which is a signed Majority of an odd number of
components of Gi. Moreover, we assume these functions
are random. Specifically, prior to learning, the labeler in-
dependently samples qr functions such that for any i ∈ [r]
and j ∈ [q],

f∗i,j(x) = sign

(
d∑
l=1

wi,jl Gil(x)

)
,

where the weight vectors wi,j ∈ Rd are independent uni-
form vectors chosen from

Wd,k :=

{
w ∈ {−1, 0, 1}d :

d∑
l=1

|wl| = k

}

for some odd integer k.

Theorem 3.4. If q = ω̃
(
k2d log(|X |)

)
then f∗ has(

r,K,O
(
kdK

)
, 2k + 1

)
-hierarchy w.p. 1− o(1)

3.2. Extension to Sequential and Ensemble Models

We next extend the notion of hierarchy for the common
setting in which the input and the output of the learned
function is an ensemble of vectors. Let G be some set. We
will refer to elements in G as locations. In the context of
images a natural choice would be G = [T1]× [T2], where
T1 × T2 is the maximal size of an input image. In the
context of language a natural choice would be G = [T ],
where T is the maximal number of tokens in the input.
We denote by x⃗ = (xg)g∈G ensemble of vectors and let
Rd,G = {x⃗ = (xg)g∈G : ∀g ∈ G, xg ∈ Rd}.

Fix X ⊆ [−1, 1]d and let XG be our instance space. As-
sume that there are n labels. We consider the setting in
which each instance at each location can have anything be-
tween 0 to n positive labels. In light of that, our goal is to
learn the labeling function f∗ : XG → {±1}n,G based on a
sample

S = {(x⃗t, f∗(x⃗t))}mt=1 ∈
(
XG × {±1}n,G

)m
of i.i.d. labeled examples coming from a distribution D on
XG. We assume that there is a hierarchy of labels (unknown
to the algorithm), with the convention that

• The first level of the hierarchy consists of labels which
are simple (= easy to learn) functions of the input.
Specifically, each such label at location g is a PTF of
the input near g.

• Any label in the i’th level of the hierarchy is a simple
function of labels from lower levels. Specifically, each
such label at location g is a PTF of lower level labels,
at locations near g.

We will capture the notion of proximity of locations inG via
a proximity mapping, which designates w nearby locations
to any element g ∈ G. We will always consider g itself as a
point near g. This is captured in the following definition

Definition 3.5 (proximity mapping). A proximity mapping
of width w is a mapping e = (e1, . . . , ew) : G→ Gw such
that e1(g) = g for any g.

For instance, if G = [T ], it is natural to choose e :
G → G2w+1 such that {e1(g), . . . , e2w+1(g)} = {g′ ∈
T : |g′ − g| ≤ w}. Likewise, if G = [T ] × [T ],
it is natural to choose e : G → G(2w+1)2 such that
{e1(g1, g2), . . . , e(2w+1)2(g1, g2)} = {(g′1, g′2) ∈ T × T :
|g′1 − g1| ≤ w and |g′2 − g2| ≤ w}. Given a proximity
mapping e and x⃗ ∈ Rd,G we define Eg(x⃗) as the concate-
nation of all vectors xg′ where g′ is close to g according to
e. Formally,

Definition 3.6. Given a proximity mapping e : G →
Gw, g ∈ G and x⃗ ∈ Rd,G we define Eg(x⃗) =
(xe1(g)| . . . |xew(g)) ∈ Rdw. Likewise, we let E(x⃗) ∈
Rdw,G be E(x⃗) = (Eg(x⃗))g∈G.

We next extend the definition of PTF to accommodate the
ensemble setting.

Definition 3.7 (hierarchy). Let L = {L1, . . . , Lr} be a
collection of sets such that L1 ⊆ L2 ⊂ . . . ⊆ Lr = [n]. Let
e : G → Gw be a proximity function. We say that (L, e)
is a hierarchy for f∗ : XG → {±1}n,G of complexity
(r,K,M,B, ξ) (or (r,K,M,B, ξ)-hierarchy for short) if

• For any j ∈ L1 there is a (K,M,B, ξ)-PTF f̃j :

Xw → {±1} such that fj,g(x) = f̃(Eg(x)) for any
x ∈ XG and g ∈ G

• For i ≥ 2, and j ∈ Li there is a (K,M,B, ξ)-
PTF f̃j : {±1}|L1|w → {±1} such that fj,g(x) =

f̃(Eg(f
∗
Li−1

(x))) for any x ∈ XG and g ∈ G

We note that the previous definition of hierarchy (i.e. defini-
tions 3.1 and 3.3) is the special case w = |G| = 1.

4. Algorithm and Main Result
Fix X ⊆ [−1, 1]d, a location set G, a proximity mapping
e : G×N → G of width w, some constant integer K ≥ 1,
and an activation function σ : R → R that is Lipschitz,
bounded and is not a constant function. We will view σ and
K as fixed, and will allow big-O notation to hide constants
that depend on σ and K.

We start by describing the residual network architecture
that we will consider. Let XG be our instance space. The
first layer (actually, it is two layers, but it will be easier to
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Algorithm 1 Resnet Training

At each step k = 1, . . . , D − 1 optimize the ℓS(W⃗ ) +
ϵopt

2 ∥W k
2 ∥2 over W k

2 , until a gradient of size ≤ ϵopt is
reached. (as the k’th step objective is ϵopt-strongly convex
the algorithm finds an ϵopt

2 -minimizer of it.)

consider it as one layer) of the network will compute the
function

Ψ1(x⃗) =W 1
2 σ(W

1
1E(x⃗) + b1)

We assume that W 1
2 ∈ Rn×q is initialized to 0, while

(W 1
1 ,b

1) ∈ Rq×wd × Rq is initialized using β-Xavier ini-
tialization as defined next.

Definition 4.1 (Xavier Initialization). Fix 1 ≥ β ≥ 0. A
random pair (W,b) ∈ Rq×d×Rq has β-Xavier distribution
if the entries of W are i.i.d. centered Gaussians of variance
1−β2

d , and b is independent from W and its entries are i.i.d.
centered Gaussians of variance β2

The remaining layers are of the form

Ψk(x⃗) = x⃗+W k
2 σ(W

k
1 E(x⃗) + bk)

where (W k
1 ,b

k) ∈ Rq×(wn) × Rq is initialized using β-
Xavier initialization and W k

2 ∈ Rn×q is initialized to 0.
Finally, the last layer computes

ΨD(x⃗) =WDx⃗

for an orthogonal matrix WD ∈ Rn×n. We will denote
the collection of weight matrices by W⃗ , and the function
computed by the network by f̂W⃗ . Fix a convex loss function
ℓ : R → [0,∞) we extend it to a loss ℓ : RG × {±1}G →
[0,∞) by averaging:

ℓ(ŷ,y) =
1

|G|
∑
g∈G

ℓ(ŷg · yg)

Likewise, for a function f̂ : XG → Rn,G and j ∈ [n] we
define

ℓS,j(f̂) = ℓS,j(f̂j) =
1

m

m∑
t=1

ℓ
(
f̂j(x⃗

t),ytj

)
Finally, let

ℓS(f̂) =

n∑
j=1

ℓS,j(f̂) and ℓS(W⃗ ) = ℓS

(
f̂W⃗

)
We will consider the following algorithm

We will consider the following loss function.

ℓ = ℓ1/(2B) +
1

4m|G|
ℓ1−ξ/2 (7)

for

ℓη(z) =


1− z

η 0 ≤ z ≤ η

0 η ≤ z ≤ 1

∞ otherwise

We are now ready to state our main result.

Theorem 4.2 (Main). Assume that f∗ has (r,K,M,B, ξ)-
hierarchy and let γ = 1

32 min
(
1
B , ξ

)
. Assume that

• D > r ·
(⌈

ln(8m|G|/ξ)
γ

⌉
+ 1
)

• ϵopt ≤ (1−e−γ)ξ
16m2|G|2

Then, there is a choice of β and q = Õ
(

(M+1)4(wn)2K

γ4+2K

)
such that algorithm 1 will learn a classifier with expected
error at most Õ

(
D2(M+1)4(wn)2K+1

γ4+2Km

)
.

5. Proof Sketch of Main Result
The proof proceeds by induction on the depth of the hierar-
chy r. We demonstrate that if the network has successfully
learned the labels in level i − 1 of the hierarchy, training
subsequent layers via Stochastic Gradient Descent (SGD)
will efficiently learn the labels in level i.

1. Recursive Structure and Layerwise Training. We as-
sume the network is trained layer-by-layer. Let f̂ (k) denote
the network’s output after training k blocks. The induc-
tion hypothesis assumes that for some k, f̂ (k) constitutes a
sufficiently accurate approximation of the labels Li−1 (the
(i − 1)-th level of the hierarchy). We show that training a
constant number of additional blocks allows the network to
learn the labels Li with high probability.

2. Robustness of Polynomial Threshold Functions. A
key technical challenge is that the inputs to the current layer
are not the ground-truth labels from the previous level, but
rather the network’s approximations. To address this, we
establish a robustness property for Polynomial Threshold
Functions (PTFs). Specifically, Lemma C.2 (or Lemma ??)
shows that any (K,M)-PTF inherently possesses a “robust
margin.” If a label y is defined as y = sign(p(z)), there
exists a polynomial P such that y · P (z̃) ≥ 1 holds even
for perturbed inputs z̃, provided ∥z − z̃∥∞ is sufficiently
small. This ensures that approximation errors from previous
layers do not prevent the current layer from learning the
next level’s labels.

3. Kernel Approximation in Residual Blocks. We ana-
lyze the learnability of each residual block using the theory
of Random Features. We model each residual block (with
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frozen internal weights and a trained readout) as a linear
model over a feature map Ψ induced by the activation func-
tion.

Using the Hermite polynomial expansion of the activation
function, we prove that the Neural Tangent Kernel (or the
specific Random Features kernel) associated with the block
can approximate any degree-K polynomial. Consequently,
the robust polynomial P required to classify the labels of
Li (given inputs approximating Li−1) lies within the Repro-
ducing Kernel Hilbert Space (RKHS) of the network block
and has a bounded norm.

4. Convergence of Layerwise SGD. Since layerwise
training effectively solves a sequence of convex optimiza-
tion problems (learning the last layer weights given fixed
features), we apply standard generalization bounds for SGD
on linear models. Combining the kernel approximation re-
sult with the robustness property, we guarantee that SGD
converges to a solution with small classification error for the
labels in Li. Repeating this process r times allows the net-
work to sequentially learn the entire hierarchy, recovering
the final target function f∗.

6. Conclusion and Future Work
In this work, we argued that the availability of extensive
and granular labeling suggests that the target functions in
modern deep learning are inherently hierarchical, and we
showed that deep learning—specifically, SGD on residual
networks—can exploit such hierarchical structure. Our
proof builds on a layerwise mechanism of the learning pro-
cess, where each layer acts simultaneously as a representa-
tion learner and a predictor, iteratively refining the output of
the previous layer. Our results give rise to several perspec-
tives, which we outline below:

• Supervised Learning is inherently tractable. Con-
trary to worst-case hardness results, the existence of
a teacher (and thus a hierarchy) implies that the prob-
lem is learnable in polynomial time, given the right
supervision.

• Very deep models are provably learnable. Unlike
previous theoretical works, we prove that ResNets can
learn models that are realizable only by very deep cir-
cuits.

• A middle ground between Software Engineering
and Learning. Modern deep learning can be viewed
as a relaxation of software engineering and a strength-
ening of classical learning. Instead of manually “codi-
fying the brain’s algorithm” (traditional AI) or learning
blindly from input-output pairs (classical ML), we pro-
vide snippets of the brain’s logic via related labels.

This approach renders the learning task feasible with-
out requiring full knowledge of the underlying circuit.

• A modified narrative for learning theory. Histor-
ically, the narrative governing learning theory, par-
ticularly from a computational perspective, has been
the following: (i) Learning all functions is impossible.
(ii) Upon closer inspection, we are interested only in
functions that are efficiently computable. (iii) This
function class is learnable using polynomial samples.
(iv) Unfortunately, learning it requires exponential time.
(v) Nevertheless, some simple function classes are
learnable.

The aforementioned narrative, however, is at odds with
practice. Our work suggests that it might be possible to
replace item (v) with the following: “(v) Re-evaluating
our scope, we are primarily interested in functions
that are efficiently computable by humans. (vi) We
have good reasons to believe that these functions are
hierarchical. (vii) As a result, they are learnable using
polynomial time and samples.”

Our work suggests using hierarchical models as a basis for
understanding neural networks. Significant future work is
required to advance this direction. First, theoretically, it
would be useful to extend the scope of hierarchical models.
To this end, one might:

• Analyze attention mechanisms through the lens of hi-
erarchical models.

• Extend hierarchical models to capture a “single-
function hierarchy.” This refers to a scenario where a
function f possesses “simple versions” that are easy
to acquire; crucially, mastering these simpler versions
would render f itself learnable. This direction aligns
with prior work on the learnability of non-linear mod-
els via gradient-based algorithms (e.g., (Abbe et al.,
2021)), which often (sometimes implicitly) assumes
this structural hierarchy. More broadly, future models
could be generalized to capture scenarios where ac-
cess to approximate versions of labels facilitates the
learning of some label.

• Extend the inherent justification of hierarchical models
by generalizing Theorem 3.4. That is, define formal
models of teachers that are “partially aware” to their in-
ternal logic, and show that hierarchical labeling which
facilitates efficient learnability can be provided by such
teachers. Put differently, show that “generic non-linear
projection” of a hierarchical function is hierarchical
itself.

• Identify low-complexity hierarchies for known algo-
rithms. This could lead to new hierarchical architec-
tures, and might even shed some light on how humans
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discovered these algorithms, and facilitate teaching
them.

Second, on the empirical side, it would be valuable to:

• Build practical learning algorithms with principled op-
timization procedures based more directly on the hier-
archical learning perspective.

• Empirically test the hypothesis that, given enough la-
bels, real-world data exhibits a hierarchical structure.
In this respect, finding this explicit hierarchical struc-
ture can be viewed as an interpretation of the learned
model.

Finally, we address specific limitations of our results, which
rely on several assumptions. We outline the most prominent
ones here, hoping that future work will be able to relax these
constraints.

We begin with the technical assumptions. A clear direc-
tion for future work is to improve our quantitative bounds;
while polynomial, they are likely far from optimal. Other
technical constraints include the assumption that the output
matrix is orthogonal and that the number of labels equals the
dimension of the hidden layers. It would be more natural to
consider an arbitrary number of labels and an output matrix
initialized as a Xavier matrix (we note, however, that Xavier
matrices are “almost orthogonal”). Finally, the loss function
used in our analysis is non-standard.

Next, we address more inherent limitations. First, we as-
sumed extremely strong supervision: that each example
comes with all positive labels it possesses. In practice, one
usually obtains only a single positive label per example. We
note that while it is straightforward to show that hierarchical
models are efficiently learnable with this standard super-
vision, proving that gradient-based algorithms on neural
networks succeed in this setting remains an open problem.

Another limitation is our assumption of layer-wise training,
whereas in reality, all layers are typically trained jointly.
While this makes the mathematical analysis more intricate,
joint training is likely superior for several reasons. First,
empirically, it is the standard method. Second, if the goal
of training lower layers is merely to learn representations,
there is little utility in exhausting data to achieve marginal
improvements in the loss. Indeed, to ensure data efficiency,
it is preferable to utilize features as soon as they are suffi-
ciently good (i.e., once the gradient w.r.t. these features is
large).

Impact Statement
This paper presents work whose goal is to advance the field
of machine learning. There are many potential societal

consequences of our work, none of which we feel must be
specifically highlighted here
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A. Proof of Theorem 4.2: Hierarchical Learning by Resnets
In order to prove Theorem 4.2 it is enough to prove Theorem A.1 below, which shows that there is a choice of β and
q = Õ

(
(M+1)4(wn)2K

γ4+2K

)
such that algorithm 1 will learn a classifier with empirical large margin error of 0 w.p. 1

m . That is,
we define

ErrS,γ(f̂) =
1

m

m∑
t=1

1
[
∃(i, g) ∈ [n]×G s.t. f̂i,g(x⃗t) · f∗i,g(x⃗t) < γ

]
(8)

And show that algorithm 1 will learn a classifier f̂ with ErrS,1/2(f̂) = 0 w.p. 1
m . Let’s call such an algorithm (1/m)-

consistent. Given this guarantee, Theorem 4.2 will follow from a standard parameter counting argument: The number of
trained parameters is p = Dqn, and their magnitude is bounded by 2n

ϵopt
+ 1 due to the ℓ2 regularization term. Likewise,

excluding the small probability event that one of the initial weights has magnitude ≥ ln(Dq(n+ d)wm) (which happens
w.p. ≪ 1

m , since all Dq(n + d)w initial weights are centered Guassians with variance ≤ 1), it is not hard to verify that
as a composition of 2D layers, the network’s output is L-Lipchitz w.r.t. the trained parameters for L = 2Õ(D). Thus, the
expected error of any (1/m)-consistent algorithm is Õ

(
p log(L)
m

)
= Õ

(
Dp
m

)
= Õ

(
D2qn
m

)
. (See Lemma B.7 for a precise

statement).

Theorem A.1 (Main - Restated). Let γ = 1
32 min

(
1
B , ξ

)
. Assume that

• f∗ has (r,K,M,B, ξ)-hierarchy (L, e)

• D > r ·
(⌈

ln(8m|G|/ξ)
γ

⌉
+ 1
)

• ϵopt ≤ (1−e−γ)ξ
16m2|G|2

There is a choice of β such that w.p. 1− 2nmD|G| exp
(
−Ω

(
q · γ2K+4

(wn)2K(M+1)4

))
over the initial choice of the weights,

Algorithm 1 will learn a classifier f̂ : XG → Rn,G with ErrS,1/2(f̂) = 0.

For 1 ≤ k ≤ D, let f̂k : XG → Rn,G be the function computed by the network after the k’th layer is trained. Also, let
Γk : XG → Rn,G be the function computed by the layers 1 to k after the k’th layer is trained. For k = 0 we denote by
f̂0 = Γ0 the identity mapping from : XG to Rd,G. We note that when algorithm 1 trains the k’th layer we have W k′

2 = 0 for
any k′ > k. Hence,

Ψk′(x⃗) = x⃗+W k′

2 σ(W k′

1 E(x⃗) + bk
′
) = x⃗

so when the k’th layer is trained the k′’th layer is simply the identity function for any k′ > k. As a result, we have
f̂k(x) =WDΓk(x).

Our first observation in the proof of Theorem A.1 is that the k’th step of algorithm 1 (i.e., obtaining f̂k from f̂k−1)
is essentially equivalent to learning a linear classifier on top of random features extension of that data representation
x⃗ 7→ f̂k−1(x⃗). Specifically, define an input space embedding Φk−1 : XG → Rq,G by

Φk−1(x⃗) = σ(W k
1 E(Γk−1(x⃗)) + bk) = σ(W k

1 E((WD)−1f̂k(x)) + bk) =

For w ∈ Rq we define
f̂kj,w(x⃗) = f̂k−1

j (x⃗) +w⊤Φk−1(x⃗)

We have that

Lemma A.2. For any D − 1 ≥ k ≥ 1 f̂kj = f̂kj,w where w is an ϵopt
2 -minimizer of the convex objective

ℓkS,j(w) = ℓS,j

(
f̂kj,w

)
+
ϵopt
2

∥w∥2

over w ∈ Rq . Furthermore,
ℓS,j(f̂

k) ≤ ℓkS,j(w
∗) +

ϵopt
2

∥w∗∥2 + ϵopt
2
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Proof. When the k’th layer is trained, since all deeper layers during this training phase are the identity function, the output
of the network as a function of W k

2 (the parameters that are trained in the k’th step) is

G(W k
2 , x⃗) =WD

(
Γk−1(x⃗) +W k

2 Φ
k−1(x⃗)

)
= f̂k−1(x⃗) +WDW k

2 Φ
k−1(x⃗)

In particular, if we denote by Ŵ k
2 the value of W k

2 after the k’th layer is trained, then we have f̂kj = f̂kj,w where w is the j’th
row of the matrix W =WDŴ k

2 . It remains therefore to show that w minimizes ℓkS,j . To this end, we note that at the k’th
step algorithm 1 finds an ϵopt

2 -minimizer of

L(W k
2 ) =

ϵopt
2

∥W k
2 ∥2 +

1

m

m∑
t=1

n∑
j=1

ℓ(f̂k−1(x⃗) +WDW k
2 Φ

k−1(x⃗),ytj)

As a result, Ŵ :=WDŴ k
2 is an ϵopt

2 -minimizer of

L′(W ) = L((WD)−1W ) =
ϵopt
2

∥(WD)−1W∥2 + 1

m

m∑
t=1

n∑
j=1

ℓ(f̂k−1
j (x⃗) +W d(WD)−1WΦk−1(x⃗),ytj)

WD is orthogonal
=

ϵopt
2

∥W∥2 + 1

m

m∑
t=1

n∑
j=1

ℓ(f̂k−1
j (x⃗) +WΦk−1(x⃗),ytj)

=

n∑
j=1

(
ϵopt
2

∥Wj·∥2 +
1

m

m∑
t=1

ℓ(f̂k−1
j (x⃗) +Wj·Φ

k−1(x⃗),ytj)

)

=

n∑
j=1

ℓkS,j(Wj·)

In particular, w = Ŵj· must be ϵopt

2 -minimizer of ℓkS,j Finally, since ℓkS,j is ϵopt-strongly convex, Equation (2) implies that
for any w∗ ∈ Rq ,

ℓS,j(f̂
k) ≤ ℓkS,j(w

∗) +
ϵopt
2

∥w∗∥2 + ϵopt
2

With lemma A.2 at hand, we can present the strategy of the proof. Since the labels in L1 are PTF of the input, we will learn
them when the first layer is trained. That is, f̂1 will predict the labels in L1 correctly. The reason for that is that, roughly
speaking, PTFs are efficiently learnable by training a linear classifier on top of random features embedding.

Since, f̂1 predicts the labels in L1 correctly, the labels in L2 become a simple function of f̂1. Concretely, PTF of sign(f̂1).
It is therefore tempting to try using the same reasoning as above in order to prove that after training the next layer, we will
learn the labels in L2, and more generally, that after r layers are trained, the network will predict all labels correctly. This
however won’t work that smoothly: PTF of sign(f̂1) is not necessarily learnable by training a linear classifier on top of
random-features embedding on f̂1. To circumvent this, we show that after the network predicts correctly a label j, the loss
of this label keeps improving when training additional layers, so after training additional O(B + 1/ξ) layers, the loss will
be small enough to guarantee that the labels in L2 are PTFs of f̂1 (and not just of sign(f̂1)). Thus, after O(B + 1/ξ) layers
are trained, the network will predict the labels in L2 correctly, and more generally, after O(rB + r/ξ) layers are trained, the
network will predict all the labels correctly.

The course of the proof will be as follows

1. We start with Lemma A.4 which shows that if a label j is a large PTF of f̂k then f̂k+1 will predict it correctly. To be
more accurate, we show that if a robust version of ℓS,j(p ◦E ◦ f̂k) is small for a polynomial p, then ℓS,j(f̂k+1) is small.

2. We then continue with Lemma A.5 which uses Lemma A.4 to show that (i) ℓS,j(f̂1) is small for any j ∈ L1, (ii) for
any j ∈ [n], if ℓS,j(f̂k) is small, then it will shrink exponentially as we train deeper layers and (iii) if ℓS,j(f̂k) is very
small for any j ∈ Li−1, then ℓS,j(f̂k+1) is small for any j ∈ Li.
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3. Based Lemma A.5, we will prove Theorem A.1.

The carry out the first step, we will need some notation. First, we define the ϵ robust version of ℓ as

ℓrob,ϵ(z) = max(ℓ(z), ℓ(z − ϵ)) = max
0≤t≤ϵ

ℓ(z − t) (9)

Note that for z ≤ 1 we have ℓrob,ϵ(z) = ℓ(z − ϵ) while for z < 0 we have ℓrob,ϵ(z) = ℓ(z) = ∞. Denote the Hermite
expansion of σ by

σ =

∞∑
s=0

ashs (10)

Let K ′ be the minimal integer K ′ ≥ K such that aK′ ̸= 0 (such K ′ exists as otherwise σ is a polynomial, which contradicts
the assumption that it is bounded and non-constant). For ϵ > 0 define β(ϵ) = βσ,K′,K(ϵ) < 1 as the minimal positive
number greater that 3

4 such that if βσ,K′,K(ϵ) ≤ β < 1 then

∥σ∥
aK′

2(K
′+2)/2 1− β2√

1− 2(1− β2)2
≤ ϵ

2

Note that β(ϵ) is well defined as h(β) := 1−β2√
1−2(1−β2)2

is continuous near β = 1 and equals to 0 at β = 1. In fact, since

h is differentiable near β = 1 we have that 1 − β(ϵ) = Ω
(
ϵ2−K

′ aK′
∥σ∥

)
. In particular, for fixed σ,K ′,K we have that

1− β(ϵ) = Ω(ϵ). Define also

δ(ϵ, β, q,M, n) = δσ,K′,K(ϵ, β, q,M, n) =


1 4∥σ∥∞

ϵ
√
q

· 1

a2
K′β

2K′−2K

(
n

1−β2

)K
M2 > 1

2 exp

(
−q · a4

K′β
4K′−4K(1−β2)2Kϵ4

512n2KM4∥σ∥4∞

)
otherwise

Note that for fixed σ,K ′,K and 1− β = Ω(ϵ) we have

δ(ϵ, β, q,M, n) = exp

(
−Ω

(
q · ϵ2K+4

n2KM4

))
(11)

We will need the following Lemma that is proved at the end of section D, and shows that it is possible to approximate a
polynomial by composing a random layer, and a linear function.
Lemma A.3. Fix X ⊂ [−1, 1]n, a degree K polynomial p : X → [−1, 1], K ′ ≥ K and ϵ > 0. Let (W,b) ∈ Rq×n × Rq
be β-Xavier pair for 1 > β ≥ βσ,K′,K(ϵ). Then there is a vector w = w(W,b) ∈ Bq such that

∀x ∈ X , Pr (|⟨w, σ(Wx+ b)⟩ − p(x)| ≥ ϵ) ≤ δσ,K′,K(ϵ, β, q, ∥p∥co, n)

We are now ready to show that if there a polynomial p : Rwn → R such that ℓrob,ϵ1S,j (p ◦ Eg ◦ f̂k) is small, then w.h.p.
ℓS,j(f̂

k+1) will be small as well.

Lemma A.4. Fix ϵ1 > 0, 1 > β > β(ϵ1/2) and a polynomial p : Rwn → R. Given that ℓrob,ϵ1S,j (p ◦ Eg ◦ f̂k) ≤ ϵ, we have
that ℓS,j(f̂k+1) ≤ ϵ+ ϵopt w.p. 1−m|G|δ(ϵ1/2, β, q, ∥p∥co + 1, wn)

Proof. By lemma A.2 we have ℓS,j(f̂k+1) ≤ ℓS,j

(
f̂k+1
j,w∗

)
+
ϵopt
2 ∥w∗∥2+ ϵopt

2 for any w∗ ∈ Rq . Thus, it is enough to show

that w.p. 1−m|G|δ(ϵ1/2, β, q, ∥p∥co+1, wn) =: 1−δ over the choice ofW k
1 there is w∗ ∈ Bd such that ℓS,j

(
f̂k+1
j,w∗

)
≤ ϵ.

By the definition of ℓrob,ϵ1S,j it is enough to show that w.p. 1− δ there is w∗ ∈ Bd such that

ytj,g · p ◦ Eg ◦ f̂k(x⃗t)− ϵ1 ≤ ytj,g · f̂k+1
j,g,w∗(x⃗t) ≤ ytj,g · p ◦ Eg ◦ f̂k(x⃗t) (12)

for any t and g. Since ytj,g · p ◦ Eg ◦ f̂k(x⃗t) ≥ ϵ1 (as otherwise we will have ℓrob,ϵ1S,j (p ◦ Eg ◦ f̂k) = ∞), it is enough to
show that w.p. 1− δ there is w̃∗ ∈ Bd such that∣∣∣p ◦ Eg ◦ f̂k(x⃗t)− f̂k+1

j,g,w̃∗(x⃗
t)
∣∣∣ ≤ ϵ1

2

13
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for any t and g. Indeed, in this case Equation (12) holds true for w∗ = w̃∗

1+ϵ1/2
. Finally, since

f̂k+1
j,g,w∗(x⃗) = f̂kj,g(x⃗) +

〈
w∗, σ(W k+1

1 Eg ◦ f̂k(x⃗) + bk+1)
〉

it is enough to show that w.p. 1− δ there is w̃∗ ∈ Bd such that∣∣∣p̃ ◦ Eg ◦ f̂k(x⃗t)− 〈w∗, σ(W k+1
1 Eg ◦ f̂k(x⃗t) + bk+1)

〉∣∣∣ ≤ ϵ1
2

for the polynomial p̃(x1| . . . |xw) = p(x1| . . . |xw)− x1j (note that p̃(E(f̂k(x⃗))) = p(E(f̂k(x⃗)))− f̂kj (x⃗) and that ∥p̃∥co ≤
∥p∥co + 1), and for any t and g. The existence of such w∗ w.p. 1− δ follows from Lemma A.3 and a union bound over
X = {Eg ◦ f̂k(x⃗t) : g ∈ G, t ∈ [m]}

We continue with the following Lemma which quantitatively describes how the loss of the different labels improves when
training deeper and deeper layers.

Lemma A.5. Let γ = 1
32 min

(
1
B , ξ

)
Assume that 1 > β ≥ β(γ/2) and let δ = m|G|δ(γ/2, β, q, ∥p∥co + 5, wn) Then,

• For any j ∈ L1, w.p. 1− δ, ℓS,j(f1) ≤ 1
4m|G| + ϵopt

• Given that ℓS,j(fk) ≤ 1
2m|G| we have that ℓS,j(fk+1) ≤ e−γℓS,j(f

k) + ϵopt w.p. 1− δ. Furthermore, if ϵopt ≤ 1−e−γ

2m|G|

then w.p. 1− tδ we have ℓS,j(fk+t) ≤ e−γtℓS,j(f
k) + 1−e−γt

1−e−γ ϵopt.

• Given that ℓS,j′(fk) ≤ ξ
8m2|G|2 for any j′ ∈ Li−1 we have that ℓS,j(fk+1) ≤ 1

4m|G| + ϵopt for any j ∈ Li w.p.
1− |Li|δ

Before proving Lemma A.5 implies, we show that it implies Theorem A.1.

Proof. (of Theorem A.1) Choose β = β(γ/2) (more generally, 1 > β ≥ β(γ/2) such that 1 − β = Ω(γ)). Denote
δ = m|G|δ(γ/2, β, q,M + 5, wn) and note that by Equation (11) we have

δ = m|G| exp
(
−Ω

(
q · γ2K+4

(wn)2K(M + 1)4

))
Since ϵopt ≤ (1−e−γ)ξ

16m2|G|2 , we have that if ℓS,j(fk) ≤ 1
2m|G| then w.p. 1− tδ

ℓS,j(f
k+t) ≤ e−γtℓS,j(f

k) +
1

1− e−γ
ϵopt ≤

e−γt

2m|G|
+

ξ

16m2|G|2

Choosing t0 =
⌈
ln(8m|G|/ξ)

γ

⌉
we get

ℓS,j(f
k+t0) ≤ ξ

8m2|G|2

w.p. 1− t0δ. Hence, it is not hard to verify by induction on 1 ≤ i ≤ r that for any j ∈ Li, if k ≥ i(t0 + 1) then

ℓS,j(f
k) ≤ ξ

8m2|G|2

w.p. 1− nkδ

To prove lemma A.5 we will use the following fact which is an immediate consequence of the definition of the loss.

Fact A.6. • If ℓS,j(f̂) ≤ ϵ
m|G| then for any t ∈ [m] and g ∈ G we have 1 ≥ f̂j,g(x⃗

t) · f∗j,g(x⃗t) ≥
(1−ϵ)
2B

• If ℓS,j(f̂) ≤ ϵ
4m2|G|2 then for any t ∈ [m] and g ∈ G we have 1 ≥ f̂j,g(x⃗

t) · f∗j,g(x⃗t) ≥ (1− ϵ)(1− ξ/2)

14
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• If for any t ∈ [m] and g ∈ G we have 1 ≥ f̂j,g(x⃗
t) · f∗j,g(x⃗t) ≥ 1

B then ℓrob,1/2BS,j (f̂) ≤ 1
4m|G|

We next prove lemma A.5.

Proof. (of lemma A.5) Let p1, . . . pn be polynomials that witness that (L, e) is an (r,K,M,B, ξ)-hierarchy for f∗. We start
with the first item. By the definition of hierarchy, we have that for any t ∈ [m] and g ∈ G,B ≥ pj(Ep(f

0(x⃗t)))fj,g(x⃗
t) ≥ 1.

Fact A.6 implies that for p̃j = 1
B pj we have ℓrob,γS,j (p̃j ◦ f̂0) ≤ ℓ

rob,1/2B
S,j (p̃j ◦ f̂0) ≤ 1

4m|G| . The first item therefore follows
from Lemma A.4.

The third item is proved similarly. If ℓS,j′(fk) ≤ ξ
8m2|G|2 for any j′ ∈ Li−1 then Fact A.6 implies that for any j′ ∈

Li−1, t ∈ [m] and g ∈ G we have

1 ≥ ytj′,g f̂
k
j′,g(x⃗

t) ≥ (1− ξ/2)(1− ξ/2) ≥ 1− ξ

Hence, by the definition of hierarchy, we have that for any t ∈ [m] and g ∈ G, B ≥ pj(Ep(f̂
k(x⃗t)))fj,g(x⃗

t) ≥ 1. Fact A.6
now implies that for p̃j = 1

B pj we have ℓrob,γS,j (p̃j ◦ f̂k) ≤ ℓ
rob,1/2B
S,j (p̃j ◦ f̂k) ≤ 1

4m|G| . The third item therefore follows
from Lemma A.4.

It remains to prove the second item. Define q : Rn → R by q(x) = 1.5xj − 0.5x3j . By lemma A.4 it is enough to show that

ℓrob,γS,j (q ◦ f̂k) ≤ e−γℓS,j(f̂
k) (13)

To do so, we note that since ℓS,j(f̂k) ≤ 1
2m|G| then Fact A.6 implies that ∀t, g, ytj,g f̂kj,g(x⃗t) ≥ 1/(4B). Now, since q is odd

we have
ℓ
(
ytj,gq

(
f̂kj,g(x⃗

t)
))

= ℓ
(
q
(
ytj,g · f̂kj,g(x⃗t)

))
Equation (13) therefore follows from the following claim
Claim 1. Let q̃(x) = 1.5x− 0.5x3. Then, for any 1

4B ≤ x ≤ 1 we have ℓrob,γ(q̃(x)) = ℓ(q̃(x)− γ) ≤ e−γℓ(x).

Proof. Denote x′ = min(x, 1− ξ/2) and note that ℓ(x) = ℓ(x′) and that

q̃(x′)− x′ =
1

2
x′(1− x′2) =

1

2
x′(1− x′)(1 + x′) ≥ 1

2
x′(1− x′) ≥ 1

4
min (1/4B, 1/2ξ) ≥ 2γ (14)

Now, we have

ℓ(q̃(x)− γ)
x′≤x
≤ ℓ(q̃(x′)− γ)

Eq. (14)
≤ ℓ(x′ + γ)

= ℓ

(
1− x′ − γ

1− x′
x′ +

γ

1− x′

)
Convexity and γ

1−x′ ≤1

≤ 1− x′ − γ

1− x′
ℓ(x′) +

γ

1− x′
ℓ(1)

ℓ(1)=0 and ℓ(x′)=ℓ(x)
=

1− x′ − γ

1− x′
ℓ(x)

≤ e−γℓ(x)

B. More Preliminaries
In the sequel we denote by (Rn)⊗t the space of order t real tensors whose all axes has dimension n. We equip it with
the inner product ⟨A,B⟩ =

∑
1≤i1,...,it≤nAi1,...,itBi1,...,it . For x ∈ Rd we denote by x⊗t ∈ (Rn)⊗t the tensor whose

(i1, . . . , it) entry is
∏t
j=1 xij . We note that ⟨x⊗t,y⊗t⟩ = ⟨x,y⟩t.
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B.1. Concentration of Measure

We will use the Chernoff and Hoeffding’s inequalities:

Lemma B.1 (Hoeffding). Let X1, . . . , Xq ∈ [−B,B] be i.i.d. with mean µ. Then, for any ϵ > 0 we have

Pr

(∣∣∣∣∣1q
q∑
i=1

Xi − µ

∣∣∣∣∣ ≥ ϵ

)
≤ 2e−

qϵ2

2B2

Lemma B.2 (Chernoff). Let X1, . . . , Xq ∈ {0, 1} be i.i.d. with mean µ. Then, for any 0 ≤ ϵ ≤ µ we have

Pr

(∣∣∣∣∣1q
q∑
i=1

Xi − µ

∣∣∣∣∣ ≥ ϵ

)
≤ 2e−

qϵ2

3µ

We will also need to following version of Chernoff’s bound.

Lemma B.3. Let X1, . . . , Xq ∈ {−1, 1, 0} be i.i.d. random variables with mean µ. Then for ϵ ≤ min(Pr(Xi=1),Pr(Xi=−1))
2|µ| ,

Pr
(∣∣∣ 1
q|µ|

∑n
i=1Xi − µ

|µ|

∣∣∣ ≥ ϵ
)
≤ 4e

− qϵ2|µ|2
12 Pr(Xi ̸=0)

Proof. (of Lemma B.3) Let X+
i = max(Xi, 0) and µ+ = EX+

i = Pr(Xi = 1). Similarly, let X−
i = max(−Xi, 0) and

µ− = EX−
i = Pr(Xi = −1). By Chernoff bound (Lemma B.2) we have for 0 ≤ δ ≤ 1

Pr

(∣∣∣∣∣1q
n∑
i=1

X+
i − µ+

∣∣∣∣∣ ≥ δµ+

)
≤ 2e−

qδ2µ+
3

Hence,

Pr

(∣∣∣∣∣ 1

q|µ|

n∑
i=1

X+
i − µ+

|µ|

∣∣∣∣∣ ≥ δ
µ+

|µ|

)
≤ 2e−

qδ2µ+
3

Defining ϵ = δ µ+

|µ| we get for ϵ ≤ µ+

|µ|

Pr

(∣∣∣∣∣ 1

q|µ|

n∑
i=1

X+
i − µ+

|µ|

∣∣∣∣∣ ≥ ϵ

)
≤ 2e

− qϵ2|µ|2
3µ+ ≤ 2e

− qϵ2|µ|2
3 Pr(Xi ̸=0)

A similar argument implies that for ϵ ≤ µ−
|µ| we have

Pr

(∣∣∣∣∣ 1

q|µ|

n∑
i=1

X−
i − µ−

|µ|

∣∣∣∣∣ ≥ ϵ

)
≤ 2e

− qϵ2|µ|2
3 Pr(Xi ̸=0)

As a result for ϵ ≤ min(µ+,µ−)
2|µ| we have

Pr

(∣∣∣∣∣ 1

q|µ|

n∑
i=1

Xi −
µ

|µ|

∣∣∣∣∣ ≥ ϵ

)
≤ Pr

(∣∣∣∣∣ 1

q|µ|

n∑
i=1

X+
i − µ+

|µ|

∣∣∣∣∣ ≥ ϵ

2

)
+ Pr

(∣∣∣∣∣ 1

q|µ|

n∑
i=1

X−
i − µ−

|µ|

∣∣∣∣∣ ≥ ϵ

2

)

≤ 4e
− qϵ2|µ|2

12 Pr(Xi ̸=0)

B.2. Misc Lemmas

We will use the following asymptotics of binomials Coefficients, which follows from Stirling’s approximation

Lemma B.4. We have (2kk )
22k

∼ 1√
πk
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We will also need the following approximation of the sign function using polynomials.

Lemma B.5. Let 0 < ξ < 1 and ϵ > 0. There is a polynomial p : R → R such that

• p([−1, 1]) ⊆ [−1, 1]

• For any x ∈ [−1, 1] \ [−ξ, ξ] we have |p(x)− sign(x)| ≤ ϵ.

• deg(p) = O
(

log(1/ϵ)
ξ

)
• p’s coefficients are all bounded by 2O(

log(1/ϵ)
ξ )

The existence of a polynomial that satisfies the first three properties is shown in (Diakonikolas et al., 2010). The bound
on the coefficients (the last item) follows from Lemma 2.8. in (Sherstov, 2018) (see also here). Finally, we will use the
following bound on the coefficient norm of a composition of a polynomial with a linear function.

Lemma B.6. Fix a degree K polynomial p : Rn → R and A ∈Mn,m whose rows has Euclidean norm at most R. Define
q(x) = p(Ax). Then, ∥q∥co ≤ ∥p∥coRK(n+ 1)K/2

Proof. Let ai be the i’th row of A. Denote p(x) =
∑
α∈{0,...,K}n,∥α∥1≤K bαx

α and eα(x) =
∏n
i=1 ⟨ai,x⟩

σi . We have
q =

∑
α∈{0,...,K}n,∥α∥1≤K bαeα. Hence,

∥q∥co ≤
∑

α∈{0,...,K}n,∥α∥1≤K

|bα| · ∥eα∥
C.S.
≤ ∥p∥co ·

√ ∑
α∈{0,...,K}n,∥α∥1≤K

∥eα∥2

Finally

∥eα∥2 =
∥∥a⊗σ1

1 ⊗ . . .⊗ a⊗σn
n

∥∥2 =

n∏
i=1

∥a1∥2σi ≤ R2K

B.3. A Generalization Result

It is well established that for “nicely behaved” function classes in which functions are defined by a vector of parameters,
the sample complexity is proportional to the number of parameters. For instance, a function class of the form F = {x 7→
F (w,x) : w ∈ [−B,B]p} for a function F that is L-Lipschitz in the first argument has realizable large margin sample
complexity of Õ

(
p
ϵ

)
. To be more precise, if there is a function in F with γ-error 0, then any algorithm that is guaranteed to

return a function with empirical γ-error 0, enjoys this aforementioned sample complexity guarantee. We next slightly extend
this fact, allowing F to be random and allowing the algorithm to fail with some small probability.

Lemma B.7. Suppose that F ⊂ (Rn)X is a random function class such that

• There is a random function F : [−B,B]p ×X → Rn such that F = {x 7→ F (w,x) : w ∈ [−B,B]p}

• W.p. 1− δ1, for any x ∈ X , w 7→ F (w,x) is L-Lipschitz w.r.t. the ℓ∞ norm.

Let A be an algorithm, and assume that for some f∗ : X → {±1}n, A has the property that on any m-points sample S
labeled by f∗, it returns f̂ ∈ F with ErrS,γ(f̂) = 0 w.p. 1− δ2 (where the probability is over the randomness of F and the
internal randomness of A). Then if S is an i.i.d. sample labeled by f∗ we have

• ErrD(f̂) ≤ ϵ w.p. (LB/γ)O(p)(1− ϵ)m + δ1 + δ2

• ESErrD(f̂) ≤ O
(
p ln(LB/γ)+ln(m)

m

)
+ δ1 + δ2
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Proof. (sketch) For f̂ : X → Rn we define

ErrD,γ(f̂) = Pr
x∼D

(
∃i ∈ [n] s.t. f̂i(x) · fi(x) < γ

)
It is not hard to see that w.p. 1− δ1 there is F̃ ⊆ F of size N = (LB/γ)O(p) such that for any g ∈ F there is g̃ ∈ F̃ such
that

∀x ∈ X , ∥g(x)− g̃(x)∥∞ ≤ γ

2

Let A be the event that such F̃ exists, that A return a function in F with ErrS,γ(f̂) = 0, and that for any g̃ ∈ F̃ with
ErrD,γ/2(g̃) ≥ ϵ we have ErrS,γ/2(g̃) > 0. We have that the probability of A is at least 1− δ1 − δ2 −N(1− ϵ)m. Given
A we have for any g ∈ F ,

ErrD(g) ≥ ϵ⇒ ErrD,γ/2(g̃) ≥ ϵ⇒ ErrS,γ/2(g̃) > 0 ⇒ ErrS,γ(g) > 0

Thus, the probability that A return a function with error ≥ ϵ is at most N(1− ϵ)m + δ1 + δ2 which proves the first part of
the lemma. As for the second part, we note that we have

ESErrD(f̂) ≤ ES [ErrD(f̂)|A] + Pr(A∁) ≤ ϵ+N(1− ϵ)m + δ1 + δ2

Optimizing over ϵ we get ESErrD(f̂) ≤ ln(Nm)
m + δ1 + δ2 which proves the second part

B.4. Kernels

The results we state next can be found in Chapter 2. of Schölkopf & Smola (2002). Let X be a set. A kernel is a function
k : X × X → R such that for every x1, . . . , xm ∈ X the matrix {k(xi, xj)}i,j is positive semi-definite. A kernel space is a
Hilbert space H of functions from X to R such that for every x ∈ X the linear functional f ∈ H 7→ f(x) is bounded. The
following theorem describes a one-to-one correspondence between kernels and kernel spaces.
Theorem B.8. For every kernel k there exists a unique kernel space Hk such that for every x, x′ ∈ X , k(x, x′) =
⟨k(·, x), k(·, x′)⟩Hk

. Likewise, for every kernel space H there is a kernel k for which H = Hk.

We denote the norm and inner product in Hk by ∥ · ∥k and ⟨·, ·⟩k. The following theorem describes a tight connection
between kernels and embeddings of X into Hilbert spaces.
Theorem B.9. A function k : X ×X → R is a kernel if and only if there exists a mapping Ψ : X → H to some Hilbert space
for which k(x, x′) = ⟨Ψ(x),Ψ(x′)⟩H. In this case, Hk = {fΨ,v | v ∈ H} where fΨ,v(x) = ⟨v,Ψ(x)⟩H. Furthermore,
∥f∥k = min{∥v∥H : fΨ,v} and the minimizer is unique.

B.5. Random Features Schemes

Let X be a measurable space and let k : X × X → R be a kernel. A random features scheme (RFS) for k is a pair (ψ, µ)
where µ is a probability measure on a measurable space Ω, and ψ : Ω×X → R is a measurable function, such that

∀x,x′ ∈ X , k(x,x′) = Eω∼µψ(ω,x)ψ(ω,x′) . (15)

We often refer to ψ (rather than (ψ, µ)) as the RFS. We define ∥ψ∥∞ = supx ∥ψ(·,x)∥∞, and say that ψ is C-bounded if
∥ψ∥∞ ≤ C. The random q-embedding generated from ψ is the random mapping

Ψω(x) := (ψ(ω1,x), . . . , ψ(ωq,x)) ,

where ω1, . . . , ωq ∼ µ are i.i.d. The random q-kernel corresponding to Ψω is kω(x,x′) =
⟨Ψω(x),Ψω(x′)⟩

q . Likewise, the
random q-kernel space corresponding to 1√

qΨω is Hkω . We next discuss approximation of functions in Hk by functions in
Hkω . It would be useful to consider the embedding

x 7→ Ψx where Ψx := ψ(·,x) ∈ L2(Ω) . (16)

From (15) it holds that for any x,x′ ∈ X , k(x,x′) =
〈
Ψx,Ψx′

〉
L2(Ω)

. In particular, from Theorem B.9, for every f ∈ Hk

there is a unique function f̌ ∈ L2(Ω) such that
∥f̌∥L2(Ω) = ∥f∥k (17)

18
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and for every x ∈ X ,
f(x) =

〈
f̌ ,Ψx

〉
L2(Ω)

= Eω∼µf̌(ω)ψ(ω,x) . (18)

Let us denote fω(x) = 1
q

∑q
i=1

〈
f̌(ωi), ψ(ωi,x)

〉
. From (18) we have that Eω [fω(x)] = f(x). Furthermore, for every x,

the variance of fω(x) is at most

1

q
Eω∼µ

∣∣f̌(ω)ψ(ω,x)∣∣2 ≤ ∥ψ∥2∞
q

Eω∼µ
∣∣f̌(ω)∣∣2

=
∥ψ∥2∞∥f∥2k

q
.

An immediate consequence is the following corollary.

Corollary B.10 (Function Approximation). For all x ∈ X , Eω|f(x)− fω(x)|2 ≤ ∥ψ∥2
∞∥f∥2

k

q .

Now, if D is a distribution on X we get that

Eω∥f − fω∥2,D
Jensen
≤

√
Eω∥f − fω∥22,D =

√
EωEx∼D|f(x)− fω(x)|2 =

√
ExEω|f(x)− fω(x)|2 ≤ ∥ψ∥∞∥f∥k√

q

Thus, O
(

∥f∥2
k

ϵ2

)
random features suffices to guarantee that Eω∥f − fω∥2,D ≤ ϵ. In this paper such an ℓ2 guarantee will not

suffice, and we will need an approximation of functions in Hk by functions in Hkω w.r.t. the stronger ℓ∞ norm. We next
show this can be obtained, unfortunately with a quadratic growth in the required number of features. For z ∈ R we define

⟨z⟩B =

{
z |z| ≤ B

0 otherwise
. We will consider the following a truncated version of fω

fω,B(x) =
1

q

q∑
i=1

〈
f̌(ωi)

〉
B
· ψ(ωi,x)

Now, if ψ is C-bounded we have that fω,B(x) is and average of q i.i.d. CB-bounded random variables. By Hoeffding’s
inequality, we have

Pr (|fω,B(x)− Eω′fω′,B(x)| > ϵ/2) ≤ 2e−
qϵ2

8B2C2 (19)

Likewise, we have

|f(x)− Eω′fω′,B(x)| = |E (fω(x)− fω,B(x))|
=

∣∣E (f̌(ω)− 〈f̌(ω)〉
B

)
· ψ(ω,x)

∣∣
=

∣∣∣E1|f̌(ω)|>B f̌(ω)ψ(ω,x)∣∣∣
≤

√
Pr(|f̌(ω)| > B)E

(
f̌(ω)ψ(ω,x)

)2
≤ ∥ψ∥∞

√
Pr(|f̌(ω)| > B)E

(
f̌(ω)

)2
=

∥ψ∥∞∥f∥2k
B

We get that

Lemma B.11. Let f ∈ Hk with ∥f∥k ≤M and assume that, ∥ψ∥∞ ≤ C. For B = 2CM2

ϵ we have

Pr (|fω,B(x)− f(x)| > ϵ) ≤ 2e−
qϵ4

32M4C4

Furthermore, the norm of weight vector vector defining fω,B , i.e. w = 1
q

(〈
f̌(ω1)

〉
B
, . . . ,

〈
f̌(ωq)

〉
B

)
, satisfies

∥w∥ ≤ 2CM2

ϵ
√
q

19
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C. Examples of Hierarchies and Proof Theorem 3.4
Fix X ⊂ [−1, 1]n, a proximity mapping e : G → Gw, and a collection of sets L = {L1, . . . , Lr} such that L1 ⊆ L2 ⊂
. . . ⊆ Lr = [n]. So far, we have seen one formal example to a hierarchy: In the non-ensemble setting (i.e. w = |G| = 1)
Example 3.2 shows that if any label depends on K simpler labels, and the labels in the first level are (K, 1)-PTFs of the
input, then L is an (r,K, 1)-hierarchy. In this section we expand our set of examples. We first show (Lemma C.1) that if
(L, e) is an (r,K,M)-hierarchy then it is an (r,K, 2M,B, ξ)-hierarchy for suitable B and ξ. Then, in section C.1, consider
in more detail the case that each label depends on a few simpler labels, in a few locations, and show that the parameters
obtained from Lemma C.1 can be improved in this case. Finally, in section C.2 we prove Theorem 3.4, showing that if all the
labels are “random snippets” from a given circuit, and there is enough of them, then the target function has a low-complexity
hierarchy.
Lemma C.1. Any (r,K,M)-hierarchy of f∗ : XG → {±1}n,G is also an (r,K, 2M,B, ξ)-hierarchy for ξ =

1

2(wn+1)
K+1

2 KM
and B = 2(wmax(n, d) + 1)K/2M

Lemma C.1 follows immediately from the definition of hierarchy and the following lemma
Lemma C.2. Any (K,M)-PTF f : X → {±1} is a (K, 2M,B, ξ)-PTF w.r.t. for ξ = 1

2(n+1)
K+1

2 KM
and B =

2(n+ 1)k/2M

Lemma C.2 is implied by Lemmas C.3 and C.4

Lemma C.3. Let p : Rn → R be a degree K polynomial. Then p is ((n+ 1)
K+1

2 K∥p∥co)-Lipschitz in [−1, 1]n w.r.t. the
∥ · ∥∞ norm and satisfies |p(x)| ≤ (n+ 1)k/2∥p∥co for any x ∈ [−1, 1]n.

Proof. Denote p(x) =
∑
α∈{0,...,K}n,∥α∥1≤K aαx

α. We have

∂p

∂xi
(x) =

∑
α∈{0,...,K−1}n,∥α∥1≤K−1

aα+ei
· (αi + 1) · xα

This implies that for any x ∈ [−1, 1]n we have∣∣∣∣ ∂p∂xi (x)
∣∣∣∣ ≤

∑
α∈{0,...,K−1}n,∥α∥1≤K−1

|aα+ei
· (αi + 1) · xα|

≤ K
∑

α∈{0,...,K−1}n,∥α∥1≤K−1

|aα+ei
|

≤ K
√

(n+ 1)K−1∥p∥co

Hence, ∥∇p(x)∥1 ≤ nK
√
(n+ 1)K−1∥p∥co ≤ K

√
(n+ 1)K+1∥p∥co. Showing that p is ((n+1)

K+1
2 K∥p∥co)-Lipschitz

in [−1, 1]n w.r.t. the ∥ · ∥∞ norm. Likewise, for any x ∈ [−1, 1]n we have

p(x) ≤
∑

α∈{0,...,K}n,∥α∥1≤K

|aα| ≤ 2(n+ 1)K/2∥p∥co

Lemma C.4. Assume that f : X → {±1} is (K,M)-PTF w.r.t. as witnessed by a polynomial p : Rn → R that is
L-Lipschitz w.r.t. ∥ · ∥∞.

• If p is bounded by B is ∪x∈XB1/(2L)(x). Then, f is
(
K, 2M, 2B, 1

2L

)
-PTF witnessed by 2p

• If p is bounded by B is X . Then, f is
(
K, 2M, 2B + 1, 1

2L

)
-PTF witnessed by 2p

Proof. We first note the the second item follows form the first. Indeed, if p is bounded by B in X then p is bounded by
B + 1/2 is ∪x∈XB1/(2L)(x). To prove the first item we need to show that for any x ∈ X and x̃ ∈ Bξ(x) we have

2B ≥ 2p(x̃)f(x) ≥ 1
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The left inequality is clear. For the right inequality we assume that f(x) = 1 (the other case is similar). Since ∥x−x̃∥∞ ≤ 1
2L

we have

p(x̃) ≥ p(x)− |p(x̃)− p(x)|
≥ p(x)− L · ∥x− x̃∥∞

≥ 1− L

2L

=
1

2

C.1. Each Label Depends on O(1) Simpler Labels

Assume now that X ⊆ {±1}d, and that any label j ∈ Li depends on at most K labels from Li−1 in at most K locations (of
K input locations if i = 1). That is, for any j ∈ Li, there is a function f̃j : {±1}wn → {±1} (or f̃j : {±1}dw → {±1} if
i = 1) that depends at most K coordinates, from {kn+ l : 0 ≤ k ≤ w − 1, l ∈ Li−1} (from [dw] if i = 1), for which the
following holds. For any g ∈ G, f∗j,g(x⃗) = f̃j(Eg(f

∗(x⃗))) (or f∗j,g(x⃗) = fj(Eg(x⃗)) if i = 1).

As in example 3.2, since any Boolean function depending on K variables is a (K, 1)-PTF, we have that the functions f̃j
are (K, 1)-PTFs, implying that (L, e) in an (r,K, 1)-hierarchy. Lemma C.1 implies that (L, e) is (r,K, 2, B, ξ)-hierarchy
for ξ = 1

2K(wn+1)(K+1)/2 and B = 2(wmax(n, d) + 1)K/2. The following lemma shows that this can be substantially
improved.

Lemma C.5. Any Boolean function depending on K coordinates is a (K, 2, 3, ξ)-PTF for ξ = 1
K2(K+2)/2 . As a result (L, e)

is (r,K, 2, 3, ξ)-hierarchy.

Lemma C.5 follows from the following Lemma together with Lemma C.4

Lemma C.6. Let f : {±1}K → {±1} and let F (x) =
∑
A⊆[K] aAx

A be its standard multilinear extension. Then, F is
(K2K/2)-Lipschitz in [−1, 1]K w.r.t. the ∥ · ∥∞ norm.

Proof. For x ∈ [−1, 1]K we have

∣∣∣∣ ∂F∂xi
∣∣∣∣ =

∣∣∣∣∣∣
∑

i∈A⊆[K]

aAx
A

∣∣∣∣∣∣ ≤
∑

i∈A⊆[K]

|aA| ≤
∑

i∈A⊆[K]

|aA|

Hence,

∥∇F (x)∥1 ≤
∑
A⊆[K]

|A| |aA|
Cauchy Schwartz

≤ K2K/2

The following Lemma shows that ξ and B can be improved even further, at the expense of the degree and the coefficient
norm.

Lemma C.7. For any 0 < ξ < 1 < B, any Boolean function depending on K coordinates is a (K ′,M,B, ξ)-PTF for or

K ′ = O
(
K2+K log((B+1)/(B−1))

1−ξ

)
and M = 2

O

(
K2+K log((B+1)/(B−1))

1−ξ

)
. As a result (L, e) is (r,K ′,M,B, ξ)-hierarchy

Proof. Fix f : {±1}K → {±1}. We need to show that f is a (K ′,M,B, ξ)-PTF. Let ϵ = B−1
B+1 . By Lemma B.5 there is a

uni-variate polynomial q of degree O
(
K+log(1/ϵ)

1−ξ

)
such that q([−1, 1]) ⊆ [−1, 1], for any y ∈ [−1, 1] \ [−1 + ξ, 1− ξ]

we have |q(y) − sign(y)| ≤ ϵ
K2K/2 , and the coefficients of q are all bounded by 2O(

K+log(1/ϵ)
1−ξ ). Consider now the

polynomial p̃(x) = F (q(x)) where F is the multilinear extension on f . It is not hard to verify that deg(p̃) ≤ deg(q)K =
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O
(
K2+K log(1/ϵ)

1−ξ

)
and that ∥p̃∥co ≤ 2

O

(
K2+K log(1/ϵ)

1−ξ

)
. Finally, fix x ∈ {±1}K and x̃ ∈ Bξ(x). Note that x = sign(x̃).

Since F is K2k/2-Lipschitz w.r.t. the ∥ · ∥∞ norm in [−1, 1]K (lemma C.6) we have

|p̃(x̃)− f(x)| = |p̃(x̃)− f(sign(x̃))| = |F (q(x̃))− F (sign(x̃))| ≤ ∥q(x̃)− sign(x̃)∥∞ ≤ ϵ

Since f(x) ∈ {±1} this implies that
1 + ϵ ≥ p̃(x̃)f(x) ≥ 1− ϵ

Taking p(x) = 1
1−ϵ p̃(x) and noting that B = 1+ϵ

1−ϵ we get

B ≥ p(x̃)f(x) ≥ 1

which implies that f is a (K ′,M,B, ξ)-PTF.

C.2. Proof of Theorem 3.4

In this section we will prove (a slightly extended version of) Theorem 3.4. We first recall and slightly extend the setting. Fix
a domain X ⊆ {±1}d and a sequence of functions Gi : {±1}d → {±1}d for 1 ≤ i ≤ r. We assume that G0(x) = x, and
for any depth i ∈ [r] and coordinate j ∈ [d], we have

∀x ∈ X , Gij(x) = pij(G
i−1(x)), (20)

where pij : {±1}d → {±1} is a function whose multi-linear extension is a polynomial of degree at most K. Furthermore,
we assume this extension is L-Lipschitz in [−1, 1]d with respect to the ℓ∞ norm (if pij depends on K coordinates, as in the
problem description in section 3.1, Lemma C.6 implies that this holds with L = K2K/2). Fix an integer q. We assume
that for every depth i ∈ [r], there are q auxiliary labels f∗i,j for 1 ≤ j ≤ q, each of which is a signed Majority of an odd
number of components of Gi. Moreover, we assume these functions are random. Specifically, prior to learning, the labeler
independently samples qr functions such that for any i ∈ [r] and j ∈ [q],

f∗i,j(x) = sign

(
d∑
l=1

wi,jl Gil(x)

)
, (21)

where the weight vectors wi,j ∈ Rd are independent uniform vectors chosen from

Wd,k :=

{
w ∈ {−1, 0, 1}d :

d∑
l=1

|wl| = k

}
for some odd integer k. The following theorem, which slightly extends Theorem 3.4, shows that if q ≫ dL2 log(|X |), then
with high probability over the choice of f∗, the target function f∗ has an

(
r,K,O

(
kdK

)
, 2k + 1

)
-hierarchy.

Theorem C.8. W.p. 1− 4drq|X |e−Ω( q

L2k2d
) the function f∗ has

(
r,K,O

(
kdK

)
, 2k + 1

)
-hierarchy

In order to prove Theorem C.8 it is enough to show that for any i ∈ [r] and j ∈ [q], f∗i,j is a (K,O
(
kdK

)
, 2k + 1)-PTF of

Ψi−1(x) = (f∗i−1,1(x), . . . , f
∗
i−1,q(x))

By equations (21) and (20) we have

f∗i,j(x) = sign

(
d∑
l=1

wi,jl pil(G
i−1(x))

)
=: sign

(
q(Gi−1(x))

)
Hence, f∗i,j is (K, k)-PTF of Gi−1, as witnessed by q (note that 1 ≤ |q(Gi−1(x))| ≤ k since q(Gi−1(x)) is a sum of

k numbers in {±1} and k is odd. Likewise, ∥q∥co ≤
∑d
l=1 |w

i,j
l | · ∥pil∥co

∥pil∥co≤1

≤
∑d
l=1 |w

i,j
l | = k). Since q is (kL)-

Lipschitz and bounded by k, Lemma C.4 implies that f∗i,j is (K, k, 2k + 1, 1/(2kL))-PTF of Gi−1 Hence, Theorem C.8
follows from the following lemma and a union bound on the rq different f∗i,j .
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Lemma C.9. Let f : X → {±1} be a (K,M,B, ξ)-PTF and let w1, . . . ,wq ∈ Wd,k be independent and uniform. Define

ψi(x) = sign(
〈
wi,x

〉
). Then, w.p. 1− 4d|X |e−Ω

(
ξ2q
d

)
f is

(
K,O

(
MdK

)
, B
)
-PTF of Ψ = (ψ1, . . . , ψq).

Proof. Let W = [w1 · · ·wq] ∈Md,q We first show that w.h.p. W approximately reconstruct x from Ψ(x)

Claim 2. Let αd,k = k
d · (

k−1
(k−1)/2)
2k−1 . For any x ∈ {±1}d and 1

4 ≥ ϵ > 0 we have Pr
(∥∥∥ 1

qαd,k
WΨ(x)− x

∥∥∥
∞

≥ ϵ
)

≤

4de
−Ω

(
ϵ2q
d

)

Before proving the claim, we show that it implies the lemma. Indeed, it implies that w.p. 1− 4d|X |e−Ω
(

ξ2q
d

)
we have that∥∥∥ 1

qαd,k
WΨ(x)− x

∥∥∥
∞

≤ ξ
2 for any x ∈ X . Given this event, we have that

1− ξ ≤ 1− ξ/2

qαd,k
(WΨ(x)⊙ x)j ≤ 1

for any x ∈ X and j ∈ [d]. Thus, if p : X → R is a polynomial hat witness that f is (K,M,B, ξ)-PTF, then we have

B ≥ p

(
1− ξ/2

qαd,k
WΨ(x)

)
· f(x) ≥ 1

Hence, for q(y) := p
(

1−ξ/2
qαd,k

Wy
)

we have that f is (K, ∥q∥co, B)-PTF of Ψ. By Lemma B.6 and the fact that the norm of

each row of 1−ξ/2
qαd,k

W is at most 1√
qαd,k

(since the entries of W are in {−1, 1, 0}) we have

∥q∥co ≤ ∥p∥co ·
(√

q + 1
√
qαd,k

)K
This implies the lemma as αd,k = Θ

(√
k
d

)
by Lemma B.4.

Proof. (of Claim 2) Fix a coordinate j ∈ [d]. It is enough to show that Pr
(∣∣∣ 1
qαd,k

(WΨ(x))j − xj

∣∣∣ ≥ ϵ
)
≤ 4e

−Ω
(

ϵ2q
d

)
.

We note that
1

qαd,k
(WΨ(x))j =

1

q

q∑
i=1

wijsign(
〈
wi,x

〉
)

αd,k

Denote Xi = wijsign(
〈
wi,x

〉
). Note that X1, . . . , Xq are i.i.d. We have

Pr(Xi = xj) =
k

2d

[
Pr(sign(

〈
wi,x

〉
) = 1|wj = xj) + Pr(sign(

〈
wi,x

〉
) = −1|wj = −xj)

]
=

k

2d2k−1

[(
k − 1

≥ (k − 1)/2

)
+

(
k − 1

≥ (k − 1)/2

)]
=

k

2d

[
1 +

(
k−1

(k−1)/2

)
2k−1

]

Similarly,

Pr(Xi = −xj) =
k

2d

[
Pr(sign(

〈
wi,x

〉
)− 1|wj = xj) + Pr(sign(

〈
wi,x

〉
) = 1|wj = −xj)

]
=

k

2d2k−1

[(
k − 1

> (k − 1)/2

)
+

(
k − 1

> (k − 1)/2

)]
=

k

2d

[
1−

(
k−1

(k−1)/2

)
2k−1

]
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As a result
EXi = (Pr(Xi = xj)− Pr(Xi = −xj))xj = αd,k · xj

And,

Pr(Xi ̸= 0) = Pr(Xi = xj) + Pr(Xi = −xj) =
k

d

this implies that
min (Pr(Xi = 1),Pr(Xi = −1))

|EXi|
=

k

2dαd,k

[
1−

(
k−1

(k−1)/2

)
2k−1

]
≥ k

αd,k4d
≥ 1

2

and that
|EXi|2

Pr(sign(⟨w,x⟩)wi ̸= 0)
=
k

d

((
k−1

(k−1)/2

)
2k−1

)2

Lemma B.4
= Θ

(
1

d

)
By Lemma B.3 we have

Pr

(∣∣∣∣ 1

qαd,k
(WΨ(x))j − xj

∣∣∣∣ ≥ ϵ

)
≤ 4e

−Ω
(

ϵ2q
d

)

D. Kernels From Random Neurons and Proof of Lemma A.3
Fix a bounded activation σ : R → R. Given 0 ≤ β ≤ 1, called the bias magnitude we define a kernel on Rn by

kσ,β,n(x,y) = E[σ(w⊤x+ b)σ(w⊤y + b)] , b ∼ N (0, β2), w ∼ N
(
0,

1− β2

n
In

)
(22)

Note that ψ((w, b),x) = σ(w⊤x+ b) is a RFS for kσ,β,n. We next analyze the functions in the corresponding kernel space
Hσ,β,n. To this end, we will use the Hermite expansion of σ in order to find an explicit expression of kσ,β,n, as well as an
explicit embedding Ψσ,β,n : Rn →

⊕∞
s=0

(
Rn+1

)⊗s
whose kernel is kσ,β,n. Let

σ =

∞∑
s=0

ashs (23)

be the Hermite expansion of σ. For r ≥ 1 denote

as(r) =

∞∑
j=0

as+2j

√
(s+ 2j)!

s!

(r2 − 1)j

j!2j
(24)

Note that as(1) = as

Lemma D.1. We have

kσ,β,n(x,y) =

∞∑
s=0

as

(√
1− β2

n
∥x∥2 + β2

)
as

(√
1− β2

n
∥y∥2 + β2

)(
1− β2

n
⟨x,y⟩+ β2

)s
Likewise, kσ,β,n is the kernel of the embedding Ψσ,β,n : Rn →

⊕∞
s=0

(
Rn+1

)⊗s
given by

Ψσ,β,n(x) =

as(√1− β2

n
∥x∥2 + β2

)
·

[√
1−β2

n x

β

]⊗s∞

s=0

To prove Lemma D.1 We will use the following Lemma.
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Lemma D.2. We have hs(ax) =
∑⌊s/2⌋
j=0

√
s!

(s−2j)!
as−2j(a2−1)j

j!2j hs−2j(x)

Proof. By formula (4) we have

∞∑
s=0

hs(ax)t
s

√
s!

= exat−
t2

2

= exat−
(at)2

2 +
(at)2

2 − t2

2

Eq. (4)
= e

(at)2

2 − t2

2

( ∞∑
s=0

hs(x)a
sts√

s!

)

= e(a
2−1) t2

2

( ∞∑
s=0

hs(x)a
sts√

s!

)

=

( ∞∑
s=0

(a2 − 1)s

s!2s
t2s

)( ∞∑
s=0

hs(x)a
s

√
s!

ts

)

=

∞∑
s=0

⌊ s
2⌋∑
j=0

(a2 − 1)j

j!2j
hs−2j(x)a

s−2j√
(s− 2j)!

 ts

Thus,

hs(ax)√
s!

=

⌊ s
2⌋∑
j=0

(a2 − 1)j

j!2j
as−2j√
(s− 2j)!

hs−2j(x)

Proof. (of Lemma D.1) We will prove the formula for kσ,β,n. It is not hard to verify that it implies that kσ,β,n is the kernel
of Ψσ,β,n using the fact that ⟨x⊗s,y⊗s⟩ = ⟨x,y⟩s. By definition kσ,β,n(x,y) = E[σ(w⊤x + b)σ(w⊤y + b)] where

b ∼ N (0, β2) and w ∼ N
(
0, 1−β

2

n In

)
. Let X = w⊤x + b and Y = w⊤y + b. We note that (X,Y ) is a centered

Gaussian vector with correlation matrix

(
1−β2

n ∥x∥2 + β2 1−β2

n ⟨x,y⟩+ β2

1−β2

n ⟨x,y⟩+ β2 1−β2

n ∥y∥2 + β2

)
. Denote rx =

√
1−β2

n ∥x∥2 + β2 and

ry =
√

1−β2

n ∥y∥2 + β2. Likewise let X̃ = 1
rx
X and Ỹ = 1

ry
Y . Note that (X,Y ) is a centered Gaussian vector with

correlation matrix
(
1 ρ
ρ 1

)
for ρ =

1−β2

n ⟨x,y⟩+β2

rxry
Now, by Lemma D.2 we have

σ(rx) =

∞∑
s=0

hs(rx)

=

∞∑
s=0

 ∞∑
j=0

as+2j

√
(s+ 2j)!

s!

(r2 − 1)j

j!2j

 rshs(x)

= :

∞∑
s=0

as(r)r
shs(x)
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Hence,

kσ,β,n(x,y) = Eσ(rxX̃)σ(ryỸ )

=

∞∑
i=0

∞∑
j=0

ai(rx)r
i
xaj(ry)r

j
xEhi(X̃)hj(Ỹ )

Eq. (6)
=

∞∑
s=0

as(rx)r
s
xas(ry)r

s
yρ

s

=

∞∑
s=0

as(rx)as(ry)

(
1− β2

n
⟨x,y⟩+ β2

)s

Lemma D.3. Let r > 0 such that |1− r2| =: ϵ < 1
2 . We have

|as(r)− as(1)| ≤ ∥σ∥2(s+2)/2 ϵ√
1− 2ϵ2

Proof. We have

|as(r)− as(1)| =

∣∣∣∣∣∣
∞∑
j=1

as+2j

√
(s+ 2j)!

s!

(r2 − 1)j

j!2j

∣∣∣∣∣∣
Cauchy-Schwartz and ∥σ∥=

√∑∞
i=0 a

2
i

≤ ∥σ∥

√√√√ ∞∑
j=1

(s+ 2j)!

s!

(r2 − 1)2j

(j!)222j

(2j)!≤(j!2j)2

≤ ∥σ∥

√√√√ ∞∑
j=1

(s+ 2j)!

s!(2j)!
(r2 − 1)2j

= ∥σ∥

√√√√ ∞∑
j=1

(
s+ 2j

s

)
(r2 − 1)2j

≤ ∥σ∥

√√√√ ∞∑
j=1

2s+2j(r2 − 1)2j

= ∥σ∥2s/2
√√√√ ∞∑

j=1

(2r2 − 2)2j

= ∥σ∥2s/2|2r2 − 2| 1√
1− (2r2 − 2)2

Lemma D.4. Assume that 1 − β2 < 1
2 for β > 0. Let X ⊆ [−1, 1]n. Let p : X → R be a degree K polynomial. Let

K ′ ≥ K. There is g ∈ Hσ,β,n(X ) such that

1. g(x) =
aK′

(√
1−β2

n ∥x∥2+β2

)
aK′

p(x)

2. ∥g∥σ,β,n ≤ 1
aK′βK′−K

(
n

1−β2

)K/2
∥p∥co

3. ∥g − p∥∞ ≤ ∥p∥∞ ∥σ∥
aK′

2(K
′+2)/2 1−β2√

1−2(1−β2)2
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Proof. Write p(x) =
∑
α∈{0,...,K}n,∥α∥1≤K bαx

α. For α ∈ {0, . . . ,K}n, ∥α∥1 ≤ K we let α̃ ∈ [n+ 1]K
′

be a sequence
such that for any i ∈ [n] we have α̃j = i for exactly αi indices j ∈ [K ′] and α̃j = n + 1 for the remaining K ′ − ∥α∥1
indices. Let A ∈ (Rn+1)⊗K

′ ⊆
⊕∞

s=0(Rn+1)⊗s be the tensor

Aγ =

 1
aK′βK′−∥α∥1

(
n

1−β2

)∥α∥1/2

bα γ = α̃ for some α

0 otherwise

and let
g(x) = ⟨A,Ψσ,β,n(x)⟩

It is not hard to verify that g(x) =
aK′

(√
1−β2

n ∥x∥2+β2

)
aK′

p(x). By Theorem B.9 g ∈ Hσ,β,n and satisfies ∥g∥σ,β,n ≤ ∥A∥.

Finally, since 1
βK′−∥α∥1

(
n

1−β2

)∥α∥1/2

≤ 1
βK′−K

(
n

1−β2

)K/2
we have∥A∥ ≤ 1

aK′βK′−K

(
n

1−β2

)K/2
∥p∥co. We therefore

proved the first and the second items. To prove the last item we note that for any x ∈ X we have

|g(x)− p(x)| = |p(x)| ·

∣∣∣∣∣∣∣∣
aK′

(√
1−β2

n ∥x∥2 + β2

)
aK′

− 1

∣∣∣∣∣∣∣∣
=

|p(x)|
aK′

∣∣∣∣∣aK′

(√
1− β2

n
∥x∥2 + β2

)
− aK′

∣∣∣∣∣
Define r =

√
∥x∥2

n (1− β2) + β2 and note that since 0 ≤ ∥x∥2 ≤ n we have

β2 ≤ r2 ≤ 1 ⇒ ϵ := |1− r2| ≤ 1− β2 <
1

2

Hence, by Lemma D.3 we have

|g(x)− p(x)| ≤ |p(x)|
aK′

∥σ∥2(K
′+2)/2 1− β2√

1− 2(1− β2)2

which proves the last item

Combining with Lemma D.4 with Lemma B.11 we get

Lemma D.5. Assume that 1 − β2 < 1
2 for β > 0. Let X ⊂ [−1, 1]n. Fix a degree K polynomial p : X → [−1, 1] and

K ′ ≥ K. Let (W,b) ∈ Rq×n × Rq be β-Xavier pair. Then there is a vector w = w(W,b) ∈ Rq such that

∀x ∈ X , Pr

(
|⟨w, σ(Wx+ b)⟩ − p(x)| ≥ ϵ+

∥σ∥
aK′

2(K
′+2)/2 1− β2√

1− 2(1− β2)2

)
≤ δ

for

δ = 2 exp

(
−q · a

4
K′β4K′−4K(1− β2)2Kϵ4

32n2K∥p∥4co∥σ∥4∞

)
Moreover

∥w∥ ≤ 2∥σ∥∞
ϵ
√
q

· 1

a2K′β2K′−2K

(
n

1− β2

)K
∥p∥2co

We next specialize Lemma D.5 for the needs of our paper and explain how it implies Lemma A.3. Recall that for ϵ > 0 we
defined 3

4 ≤ βσ,K′,K(ϵ) < 1 as the minimal number such that if βσ,K′,K(ϵ) ≤ β < 1 then

∥σ∥
aK′

2(K
′+2)/2 1− β2√

1− 2(1− β2)2
≤ ϵ

2
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We also defined

δσ,K′,K(ϵ, β, q,M, n) =


1 4∥σ∥∞

ϵ
√
q · 1

a2
K′β

2K′−2K

(
n

1−β2

)K
M2 > 1

2 exp

(
−q · a

4
K′β

4K′−4K(1−β2)2Kϵ4

512n2KM4∥σ∥4
∞

)
otherwise

We can now prove Lemma A.3 restated which we restate next.

Lemma D.6. (Lemma A.3 restated) Fix X ⊂ [−1, 1]n, a degree K polynomial p : X → [−1, 1], K ′ ≥ K and ϵ > 0. Let
(W,b) ∈ Rq×n × Rq be β-Xavier pair for 1 > β ≥ βσ,K′,K(ϵ). Then there is a vector w = w(W,b) ∈ Bq such that

∀x ∈ X , Pr (|⟨w, σ(Wx+ b)⟩ − p(x)| ≥ ϵ) ≤ δσ,K′,K(ϵ, β, q, ∥p∥co, n)

Proof. Fix x ∈ X . By Lemma D.5 there is a vector v ∈ Rq such that

Pr (|⟨v, σ(Wx+ b)⟩ − p(x)| ≥ ϵ) ≤ Pr

(
|⟨v, σ(Wx+ b)⟩ − p(x)| ≥ ϵ

2
+

∥σ∥
aK′

2(K
′+2)/2 1− β2√

1− 2(1− β2)2

)
≤ δ (25)

for

δ = 2 exp

(
−q · a

4
K′β4K′−4K(1− β2)2Kϵ4

512n2K∥p∥4co∥σ∥4∞

)
Moreover

∥v∥ ≤ 4∥σ∥∞
ϵ
√
q

· 1

a2K′β2K′−2K

(
n

1− β2

)K
∥p∥2co

Define w to be the projection of v on Bd. We now split into cases. If 4∥σ∥∞
ϵ
√
q · 1

a2
K′β

2K′−2K

(
n

1−β2

)K
∥p∥2co ≤ 1

then v = w and δ = δσ,K′,K(ϵ, β, q, ∥p∥co, n), so the Lemma follows from Equation (25). Otherwise, we have
δσ,K′,K(ϵ, β, q, ∥p∥co, n) = 1 and the Lemma is trivially true.
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