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Abstract

Tokenization is a hardcoded compression step
which remains in the training pipeline of Large
Language Models (LLMs), despite a general trend
towards architectures becoming increasingly end-
to-end. Prior work has shown promising results
at scale in bringing this compression step inside
the LLMs’ architecture with heuristics to draw
token boundaries, and also attempts to learn these
token boundaries with straight-through estimates,
which treat the problem of drawing discrete token
boundaries as a continuous one. We show that
these token boundaries can instead be learned us-
ing score function estimates, which have tighter
theoretical guarantees due to directly optimizing
the problem of drawing discrete token boundaries
to minimize loss. We observe that techniques
from reinforcement learning, such as time dis-
counting, are necessary to reduce the variance of
this score function sufficiently to make it practi-
cable. We demonstrate that the resultant method
outperforms prior proposed straight-through esti-
mates, both qualitatively and quantitatively at the
100 million parameter scale.

1. Introduction

Tokenization is a crucial pre-processing step in the training
and inference pipelines of modern LLMs. Standard practice
compresses text into symbols representing commonly occur-
ring substrings. This is typically done using algorithms such
as Byte-Pair Encoding (BPE), which recursively groups fre-
quently co-occurring byte sequences into individual tokens.
State-of-the-art open-source models further augment BPE
with numerous hand-crafted decisions. For example, the
Gemma-series tokenizers (Riviere et al., 2024) explicitly
split digits and preserve whitespace, reflecting the extent to
which tokenizer design remains largely artisanal.
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A growing line of work seeks to eliminate this BPE step
entirely by operating directly on UTF-8 bytes (Xue et al.,
2022; Wang et al., 2024; Zheng et al., 2025). This can
be viewed as using a tokenizer with a maximally small
vocabulary and an effective downsampling rate of 1 token
per byte. Recent scaling analyses suggest that downstream
loss is optimized by increasing vocabulary size, and thus
downsampling rate, with model scale (Tao et al., 2024).

We thus focus our investigation onto methods which admit a
growing downsampling rate. Interestingly, BPE itself expe-
riences harsh diminishing returns in downsampling rate as
vocabulary size scales. Further, a large vocabulary size can
have undesirable downstream effects, such as the emergence
of very rare “glitch tokens* (Rumbelow & Watkins, 2023).
Marginally increasing the achieved downsampling rate to
vocabulary size tradeoff with curricula (Liu et al., 2025),
has thus proved fruitful in improving LLM performance.

An alternative family of approaches processes text at the
byte level for several transformer layers before downsam-
pling into a shorter sequence of latent tokens (Nawrot et al.,
2022; Yu et al., 2023). Some of these methods facilitate
a simple modification of the downsampling rate as a hy-
perparameter. When token boundaries are chosen heuris-
tically—e.g., using whitespace (Slagle, 2024) or spikes in
next-byte entropy (Nawrot et al., 2023)—these models have
been reported to achieve superior performance to pure BPE
transformer models at large scales (Pagnoni et al., 2024).

However, such heuristics raise a natural question: can we im-
prove on these boundary rules by learning tokenization itself
from end-to-end training? Prior approaches to this question
have focused on straight-through estimators (Nawrot et al.,
2023), which craft rules for backpropagating gradients from
representations internal to the model. We instead investigate
score function estimators, which directly approximate the
gradient of the expected loss with respect to the token bound-
aries. Score function estimators have stronger theoretical
guarantees, at the cost of a higher variance.

Our main contributions are as follows:

* We show that we can learn tokenization strategies that
align closely with semantic boundaries without any
explicit prior structure or inductive bias with a score-
function estimator, equipped with variance-reduction
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techniques from reinforcement learning.

* We further find that our method qualitatively and quan-
titatively outperforms prior approaches using straight-
through estimators.

* We demonstrate robust performance across a range of
downsampling rates.

2. Theory & Method

In this section, we motivate our method from first principles.
We first present some desiderata for an end-to-end tokenisa-
tion method §2.1, then define notation for the autoregressive
U-net §2.2. We then present score functions as the canonical
way to learn tokenization under this framework §2.3 and
present our method for making them practicable §2.4 - 2.7

2.1. Desiderata for Designing a End-to-End
Tokenization Method

For the reasons outlined in §1, we are interested in bringing
the tokenization process inside the architecture and training
of an LLM. We propose the following desiderata for such a
method to be practicable and general:

* End-to-end tokenizer training: the token boundary
decisions should be learned to minimise loss, in favor
of hand-crafted methods and heuristics.

* End-to-end architecture: learned representations at
the byte level should be re-used at the token level.

 Efficiency: use less than 0.1% additional pretrain-
ing compute, on existing hardware, than byte-pair-
encoding guided tokenization in the forward & back-
ward passes.

2.2. Autoregressive U-Net Architecture and Setup

In this section, we define notation for the autoregressive
U-net architecture (Nawrot et al., 2022), depicted in Figure
1. To satisfy our End-to-end architecture desideratum and
reuse byte-level representations at the token level, the model
moves from the byte level to the token level and back, via
a single downsampling and a single upsampling step. We
leave architectures with several such tokenization stages, or
several tokenization levels per sequence, to future work.

Because the model is autoregressive, each token can sum-
marize the byte stream only up to a cutoff index, the to-
ken boundary. Tokenizing the byte stream thus amounts
to choosing where these jumps fall: an inherently discrete
decision, independent of how each token pools its bytes.

The forward pass is then structured as follows:

Let z; ...z be a sequence of input bytes and deyc, dimid,
dgec be hyperparameters for the model dimensions.

1. Autoregressively encode the input bytes into byte-level
representations X € RVXdenc:

X = encode(z) ()

2. (Potentially stochastically) predict token boundaries
from the byte-level representations, where a; = 1 if
we wish to draw a token boundary at x; and a; = 0 if
not.

a~m7(X,x) 2)

3. Downsample the byte-level representations into token-
level representations X’ € RMXdmid where M =

N
D imo it

X' = downsample(X,a) 3)

4. Enrich token-level representations Y/ € RM*dmia
with an autoregressive feedforward network:

Y =mid(Y) “

5. Upsample into updated byte-level information ¥ €
RN *dacepotentially carrying encoded byte-level in-
formation:

Y = upsample(Y’, X, a) 5)

6. Decode the resulting byte-level representations into
predictions of the next bytes y; = x4

y ~ decode(Y) 6)

All the above operations must be autoregressive, for example
the decode function must be formulated such that X ]’-, the
downsampled representation at position j, depends only on
the preceding bytes X<;, where ¢ is the minimum token

index such that j = "1 _ ay.

While the score function estimate we detail in the fol-
lowing sections can be flexibly applied to any imple-
mentation of the above functions, in contrast to straight-
through estimate based approaches which require special-
ized up/downsamplers. We make the following standard
choices for our experiments in §4. mid is a decoder-only
transformer with full attention, and encode, decode are
decoder-only transformers with sliding window attention
and linear embedding/unembedding matrices respectively.
Our implementation of downsample simply selects the
values of X’ which correspond to a; = 1 values:



You Can Learn Tokenization End-to-End with RL

0000000 | &

NO0000

<b> e a r n

Figure 1.

No Y

< 2

Tlg

earl
t ® Y

[Left] An example of the autoregressive U-net architecture (Nawrot et al., 2022), computed with the values zo.7 =

<b>Learn t and aop.y = 11001010. Blocks with rounded edges represent transformer blocks, arrows represent flow of repre-
sentations. [Right] the stochastic computation graph (Schulman et al., 2015) of a forward pass of our method, deterministic nodes in

squares, stochastic nodes in circles, distributions in gray.

downsample(X,a); = X; (7)
for j the minimum value such that j = Z ar  (8)
k=0

For upsampling, we employ a simple distribute-then-add:

J
upsample(Y', X,a); = X; +Y; fori= Zak )
k=0

2.3. Score Function Estimation for Tokenization

As we established in §2.2, tokenizing the byte stream is a
discrete choice of where to place token boundaries. The loss
is therefore not differentiable with respect to this choice, so
to satisfy our End-to-end tokenizer training desideratum
the model must explore strategies for drawing these token
boundaries stochastically.

The model next-token cross-entropy loss outputted is thus
conditional on a sampled tokenization strategy a ~ my, SO
we can formulate the problem of simultaneously learning the
(potentially shared) parameters of the autoregressive model
pp and the gating strategy my as minimizing the next-token
cross-entropy marginalized over all a:

log po(y|z) = Eqr, log pe(yla, x). (10)

This is a case of a stochastic computation graph as in Schul-
man et al. (2015), who show that the gradient of this like-
lihood can be computed as the expectation of the sum of
two separate gradients, one being the standard next-token
cross-entropy loss conditioned on the tokenization strategy
and a correction term which can be interpreted as applying
REINFORCE (Williams, 1992) to the tokenization strategy
my with the next-token cross-entropy as the reward:

VQanﬂe IngQ(y|a7x) (11)
:Eaf\/ﬂ'g (ve Ingg(ylaax) (12)
—_————

conditional loss gradient
+logpo(yla, 2)Velogmg(alz)).  (13)

policy gradient

See Appendix A.l for a complete derivation. This type of
estimator is known as a score function estimate. In partic-
ular this means that, in the large compute and data limit,
performing gradient descent on the policy gradient term
above will yield a locally optimal tokenization strategy. No
such theoretical guarantee exists for the straight-through
estimates we discuss in §3.2.

2.4. Reducing the Variance of the Score Function
Estimate

In practice, we wish to use a Monte-Carlo estimate of the
policy gradient term in equation 11 with a single sample
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of a per sequence: using more would break our Efficiency
desideratum. We empirically find that the naive REIN-
FORCE policy gradient is too noisy to efficiently learn in
this setting. In this section, we show how standard tech-
niques from reinforcement learning can be used to de-noise
this estimate, solving the corresponding “reward attribu-
tion problem”: associating which token boundary decisions
are responsible for increasing or decreasing the loss in the
succeeding tokens.

For this section, we will let d,,,,4.; be the model dimension,
vocab_size be the number of unique ut £-8 bytes and
special characters forming our vocabulary. We will also use
the token index of ¢ and the batch index of b, which will be
omitted where unused.

Early exit relative rewards

As our model is autoregressive, we restrict our analysis
to the case where the token boundary decision at byte a;
may only depend on the preceding bytes and token bound-
ary decisions, x~; and a~;. Thus, the special case of the
policy gradient term in eq. (11) treats the token boundary
policy mg(a;|z<i, a<;) as having corresponding rewards
log p(xjlacj,x<;) for j > 1.

As Eyn, Vglogmg(a;|x<;,ac;) = 0, we may add any
term independent of a; to these rewards and get a valid
policy gradient estimate. The feed-forward nature of the
autoregressive U-net architecture presents a natural method
to estimate the baseline, tokenization-independent difficulty
of predicting the next token by using the early byte-level
embeddings to estimate the next-token probability:

early

log ™Y (x; = tj|lr<;) = log softmax(WeariyXi—1);.

(14)

Where Weqriy € Rémoder Xvocabsize jg ap unembedding
matrix. This gives a reward with a large part of the
tokenization-independent noise subtracted out:

R; = log po(wi|r<iyac;) —logps™ ™ (zilx<i).  (15)

We initialize the weights of W, to equal the weights of
the final output head to facilitate easy transfer.

Time discounting

Summing the above rewards to produce advantages still
suffers from too high a variance and due to the reward at-
tribution problem. A common solution to this problem for
long-horizon RL is to apply time discounting to the rewards
when computing advantages: introducing a small amount
of bias into the policy gradient to massively reduce the vari-
ance. Intuitively, this decouples the advantages given to far

away parts of the sequence, giving us many approximately
independent training stimuli for the token boundaries per
sequence.

N—i—1

Gi= Y, YRipn (16)
=0

In our experiments, we use a discount factor of v = 0.99.
Batch-relative advantages

Our G; values tend to be positive as the final-layer model py
tends to outperform the early-exit model pga”y. This bias
depends on the token index, with the gap being larger for
later token indices. To remedy this, we leverage that during
batched training we in fact have B such values G; 1 ... G; B
for a given forward/backward pass, which can be used to
center the advantage estimates:

)

B
_ - 1
Ai bp = Gi,b — Gi where Gi = E ; Gi,b- (17)

This gives the final policy loss, whose gradient approximates
the right hand term of equation (11):

N

LT = —Zlog mo(a;|x<i, ac;) - detach(A4;).  (18)
i=0

Where we use detach to emphasize that we do nor allow
gradients to be backpropagated through A; directly.

2.5. Defining the Token Boundary Function

We define a token boundary policy 7y as a function which
gives the probability that our model draws a token boundary
at a given index, conditioned on the preceding bytes and
token boundaries. We parameterize this probability as the
sigmoid of the corresponding logit ;.

a;|x<;, a<; ~ Bernoulli(p;), (19)

Pi = F@(ai = 1\m§i,a<i) = 0‘([2) (20)

We design the computation of /; to be of negligible computa-
tional cost relative to the total forward pass and sufficiently
expressive that our model could learn the token boundary
heuristics that have been explored by prior work. Even
without explicit training, models already encode rich infor-
mation about the sequence in their internal representations:
for example entropy (Nawrot et al., 2022; Pagnoni et al.,
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2024) has been shown to be mediated by directions in the in-
ternal representations of models soley trained on next-token
prediction (Stolfo et al., 2024). Nonetheless, to express fixed
striding strategies, as in MEGABYTE (Yu et al., 2023), we
need to give the model access to some sliding window of
preceding token boundaries.

Concretely, we compute the raw logit [7** by applying a
set of linear projections W; € R Xdmodet to the byte-level
representation X; to get a base value for the logit and a
series of terms conditional on each token boundary in the
window. This operation is amenable to fast computation
on modern hardware by pre-computing W, X; for all ¢, k
in a single matrix multiply and then performing a fast scan
operation.

l;‘aw = VV())(Z + Z ai,jWkXi. (21)
j=1

In our experiments, we set a window size of w = 8. We
additionally study a reduced variant with w = 1, in which
the boundary logit depends only on the byte representation
X; and the single immediately preceding boundary a;_1; we
find in §4.2 that this variant performs comparably, indicating
that a large window is not required.

With no constraint on the downsample rate, the model will
elect to use the computationally expensive strategy of sep-
arating every byte with a token boundary. To avoid this,
we need to push our model towards a target downsample
rate Tiqrget, Which we discuss further in §2.6. As in atten-
tion, we need to scale the raw logits to be approximately
uniform at initialization, we further aid stability by adding a
0" (T target) term so that p; A Tyarget at initialization.

lraw
ettt = om0 (Trarget) (22)
In our experiments, we choose a scaling factor of D = 16
and a target downsample rate of Tigpger = % To avoid
numerical issues caused by exploding logits, we finally

apply softcapping (Riviere et al., 2024) to the scaled logits.

l; = softcap(lfcaled) (23)

During evaluation, we skip this softcapping step, and simply
set [; = [gealed

2.6. Downsample Rate Targeting

We a mechanism to keep the downsample rate close to
Tiarget DY applying an even pressure across all the logits I;
in the batch. We prefer this to operating on the token bound-
ary probabilities, which we find can have unstable results

due to the uneven gradient magnitude of the sigmoid func-
tion. Specifically, we apply a negative or positive pressure
to the whole batch mean logit I = w5 >, , li » if the mean
token boundary probability p = ﬁ Zl p Di b €xceeds or
falls short of the target downsample rate respectively. We
operationalize this with the loss:

L1979 = [. detach (P — Trarget) (24)

2.7. Full Loss Formula

We define the autoregressive losses, to learn the full model
and the early exit model as:

N
Louto — _ Z log pg(zi|w <, a<;) (25)
i=0
N
ety = =3 Tlogpg™™ (wilv ). (26)
i=0

This gives our total loss calculation:

£ —_ ﬁauto 4 )\ﬂ—ﬁﬂ— + )\targetﬁtarget +)\early£€ale (27)

In our experiments, we set Ax = Atarget = 102 to encour-
age exploration and A¢qpqy = 1071

3. Related Work

3.1. Scaling Byte-Level Language Models with
Tokenization Heuristics

Byte-level language models have recently been shown to
scale competitively with tokenized transformers, with ByT5
(Xue et al., 2022) demonstrating that a pure byte-level ar-
chitecture can match token-level performance, though at the
cost of quadratic attention that makes long-sequence scaling
impractical. Subsequent work has addressed this limitation
along two main directions: leveraging subquadratic atten-
tion mechanisms (Wang et al., 2024; Zheng et al., 2025),
and reducing sequence length through hierarchical or pooled
representations. The latter includes fixed-stride downsam-
pling approaches (Tay et al., 2022; Nawrot et al., 2022; Yu
et al., 2023), as well as methods that segment byte streams
at more semantically meaningful boundaries. Nawrot et al.
(2023) first explored pooling at whitespace characters, later
scaled by Slagle (2024) to outperform fixed-stride schemes.
In parallel, Nawrot et al. also introduced entropy-based
boundary detection (2023), leveraging spikes in next-byte
entropy that correlate with semantic breaks; this idea was
further scaled by Pagnoni et al. (2024), who showed that
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entropy-guided downsampling can enable byte-level models
to surpass token-level baselines at the 1022-FLOP scale.

While these methods demonstrate the promise of the au-
toregressive U-net architecture at scale and highlight some
desirable properties that a tokenization mechanism for this
architecture would have, all rely on heuristics, breaking the
End-to-end tokenizer training desideratum in our setup.

3.2. Straight-Through Estimators for Learning Token
Boundaries

Prior work on end-to-end tokenization has largely relied on
straight-through estimators (STEs) to enable gradient-based
optimization of token boundaries, in contrast to our use
of a score-function estimator. These approaches relax the
discrete boundary variables a into continuous surrogates,
differentiate through them, and then apply heuristic update
rules to adjust my(a) given the gradient ‘(%. While such
heuristics lack the theoretical guarantees enjoyed by score-
function estimators §2.3, they have previously been proved
effective in practice for learning mixture-of-experts (Shazeer
et al., 2017) routing strategies, whereby there are too many
decisions per token to provide a sufficiently low variance
score function estimate.

The earliest demonstrations of STE-based boundary learn-
ing, such as Godey et al. (2022), showed that token bound-
aries can be learned for bidirectional encoders by introduc-
ing a non-causal pooling mechanism that injects a small
amount of every byte’s representation into each token repre-
sentation. Although elegant, this technique is fundamentally
incompatible with the causal constraints of contemporary
autoregressive LLMs, and adapting STEs to handle counter-
factuals of the form “what if this boundary were placed one
byte later?”” has proven difficult.

Subsequent work has extended STE strategies to autoregres-
sive settings. Nawrot et al. (2023), for instance, employ
a straight-through estimator built on segmentation heuris-
tics introduced by Bhati et al. (2021). We compare to this
method in our experiments §4. Kallini et al. (2025) pro-
pose a more robust scheme that performs a full forward pass
over all bytes using only soft downsampling during train-
ing, discarding low-scoring bytes only at inference time;
however, this violates our Efficiency desideratum, since it
preserves the full computational cost of byte-level process-
ing during training. Concurrent with our work, Hwang et
al. (2025) pursue a related STE-based approach using spe-
cialized up- and downsampling modules, which themselves
introduce heuristic design choices—for example, initializing
the downsampler to favor boundary placement at dissimilar
byte transitions (Main Horse [pseudonym], 2025). Together,
these methods highlight both the promise and the limitations
of STEs for token-boundary learning, motivating alternative
estimators with stronger theoretical footing.

We would like to highlight concurrent work by Wu et al.
(2026) which independely proposed a score-function esti-
mator to learn token boundaries for time series data under
the framework of reinforcement learning. We also highlight
further innovations on the autoregressive U-net architecture
in Appendix C.

4. Experiments

To evaluate our proposed score-function—based approach,
we train autoregressive transformers on a filtered subset of
the FineWeb dataset (Penedo et al., 2024), where we keep
sequences of at least 4096 bytes. Subsequently, we truncate
these sequences to exactly 4096 bytes. All models have
approximately 147 million parameters and are trained with
a target downsample rate of % We select dataset size, batch
size, and learning rate using the scaling laws derived in Po-
rian et al. (2024). See Appendix D for further experimental
details and hyperparameters.

We compare our score-function estimator against four fur-
ther tokenization strategies: a uniform baseline that places
exactly 4096 Tyqrger = 819 evenly spaced boundaries, the
straight-through estimators of Nawrot et al. (2023) and
Hwang et al. (2025), and a BPE-guidance baseline (§4.3)
that fixes the token boundaries to those induced by a trained
BPE tokenizer rather than learning them.

Because our models are several orders of magnitude smaller
in training compute than contemporary frontier LLMs, the
global downstream effects of learned tokenization on lan-
guage modeling quality are difficult to assess directly. For
example, the recently reported superiority autoregressive U-
Nets over purely token-based architectures (Pagnoni et al.,
2024; Hwang et al., 2025) was only observed to emerge
at the > 10?!-F1op scale. For these reasons, our analy-
sis focuses on qualitative properties of the learned token
boundaries rather than downstream perplexity.

We publicly release our code at https://github.com
/SamD770/bitter-lesson-tokenization

4.1. Learned Tokenization Strategies for Natural
Language

We train 147-million parameter models on our filtered ver-
sion of FineWeb .

Figure 2 illustrates the token boundaries produced by our
method on held-out FineWeb samples. Remarkably, de-
spite having no inductive bias toward linguistic structure, the
model reliably learns to place boundaries at whitespace-like
characters, such as “\n” and “ ”. Additional samples are
provided in Appendix B.1. A comparison to the tokeniza-
tion patterns learned by Nawrot et al. (2023) is provided in
B.2.
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Figure 2. Token boundaries learned by our 147M-parameter model on a held-out sample of the FineWeb dataset.
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characters characters indicate high or low values of 7y (a) respectively at the corresponding bytes.

In appendix B.6, we further study the sensitivity of the
learned tokenization strategy to the target downsample rate
by varying the fokenization aspect ratio: we train mod-
els with n = 2,4, 6 token-level transformer layers (sizes
ranging from 20 to 40-million parameters) and a target
downsample rate of Tiqrget = =, keeping the FLOPs
-per-sequence fixed. The n = 2 model converges to a to-
kenization strategy of allocating almost exactly two bytes
per token, with the exception of also drawing token bound-
aries at periods. By contrast, the n = 4,6 models again
discover whitespace-aligned boundaries and exhibit with
varying degrees of chunking of longer words.

4.2. Natural Language Performance

In Figure 3, we plot validation loss curves on our filtered
FineWeb for our model compared to the straight-through
estimator proposed by Hwang et al, Nawrot et al. and a
random baseline. Following Kaplan et al. (2020), we es-
timate the number of FLOPs in the model training run as
approximately the number of FLOPs used for the matrix
parameters in the forward/backward pass (which is the dom-
inant source for LLMs), which takes a value of 6 FLOPs
per parameter per byte or token, the latter depending on
which level the layer operates on (Bahdanau, 2022). We
assume that the embedding operation is performed using an
efficient lookup. Small deviations in FLOPs per batch for
each method occur as a result of variations in the max token
sequence length in the batch.

We observe the qualitatively more semantically meaningful
token boundaries that our method finds over the baseline
straight-through estimates to translate to a consistent im-
provement in validation loss over the training run. In Table
1 we compare methods across a range of downstream natu-
ral language understanding benchmarks (Bisk et al., 2020;
Zellers et al., 2019; Clark et al., 2018; Paperno et al., 2016).
At the 147M scale, zero-shot accuracy on these benchmarks
is close to chance and dominated by noise, making com-
parison across methods unreliable; we therefore report the
bits-per-byte that each model assigns to the correct continua-
tion, which is a substantially lower-variance signal. Among
the four primary methods, our learned policy attains the
lowest bits-per-byte on the held-out FineWeb test set and
on PIQA, HellaSwag and LAMBADA, with the remaining
differences (notably on ARC-Easy) lying within roughly
one standard error. We additionally report a variant in which
the boundary-logit window is reduced to w = 1 (§2.5); this
ablation performs comparably to our full model, indicating
that the additional sliding-window context is not necessary
for strong performance at this scale.

4.3. Comparison to BPE-Guided Downsampling

For natural language, we compare the learned token bound-
aries of each method to a BPE-guidance baseline that fixes
the token boundary decisions based on a BPE tokenizer
trained on FineWeb (with an effective 200k-token vocab-
ulary, giving a downsampling rate of 0.207). We leave the
autoregressive U-Net architecture otherwise unchanged. As
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Table 1. Performance of 147M parameter models on downstream tasks. We report the bits-per-byte (a length-normalized cross-entropy;
lower is better) that each model assigns to the correct continuation, rather than zero-shot accuracy: at this scale accuracy is close to
chance and high-variance, whereas this measure is substantially lower-variance (see Appendix D). FineWeb Test is the bits-per-byte
on held-out text. Best result per column in bold; £ denotes the standard error.

PIQA HellaSwag ARC-Easy LAMBADA FineWeb Test

Uniform 1.660 +o0.011 1.306 +0.002 1.974 10017 1.926 +o0.012 1.376 +0.003
Dynamic (Nawrot et al.) 1.737 +0010  1.340£0002  2.011 +0.017  1.956 +0.012 1.372 +0.003
H-Net (Hwang et al.) 1.641 +o.011 1.313 40002  2.000 +0.017  2.130 +0.012 1.386 +0.003

BPE guidance 1.589 +o.011 1.230 +0.002  2.084 +0.019  1.645 +0.013 1.299 +0.003
Ours (w = 1) 1.561 +o011  1.199 +0.002 1.987 +0.018  1.584 +0.013 1.280 +0.003
Ours 1.557 +o0.011 1.212 +0002  2.016 +0.018  1.737 +0.013 1.297 +0.003

Token boundary probability: Low to High
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the resulting boundaries leak information about future bytes,
we apply a single right shift to the boundary indicators be-
fore use; we detail this construction in Appendix D.1. As
reported in Table 1, BPE guidance attains a FineWeb test
bits-per-byte of 1.299, essentially identical to the 1.297 of
our learned policy. Our method is thus the only dynamic tok-
enization strategy we evaluate that recovers the performance
of BPE-guided downsampling without access to these exter-
nal priors.

4.4. Python Code

We train 90 million parameter models on the CodeParrot
dataset (Hugging Face, 2022) of python code, using both
our method and the straight-through estimate of Hwang et al
(2025). In Figure 5 we report that our model learns to draw
token boundaries at the beginning of module names, space
tokens to contain at least 2 bytes, and learns to note expend
test-time compute on the Apache License, which is fre-
quently repeated throughout the training dataset. Additional
samples are provided in Appendix B.4 and tokenization
strategies learned by H-Net are provided in appendix B.5.
In Figure 4 we plot the validation loss for both methods,
finding that this intuitively appealing tokenization strategy
leads to an improved downstream loss.

5. Conclusion

‘We propose a flexible parameterization of the problem of
intra-architecture tokenization, which generalises prior pro-
posed heuristics for this problem. We have demonstrated
that applying our variance reductions yields a score function
estimator that can optimize this parameterization to learn
semantic boundaries §4.1 in text soley from optimizing the
cross entropy and that doing so outperforms prior straight-
through estimation based techniques §4.2. We hope that
score function estimates become the method of choice for
tokenization as models become increasingly end-to-end.

As we continue this work, we look to compare to concurrent
work (Hwang et al., 2025) and extend our experiments to
more diverse text data. More investigation is also needed
into finding the optimal tokenization aspect ratios. We pose
the following open problems: (1) At the 20-40 million pa-
rameter scale, we found that the aspect ratio of 2 produced
the best loss, how does the optimal tokenization aspect ratio
scale with model size? (2) Our initial attempts to analyse
downsample rate scaling in a compute-efficient manner via
training a single model to accept a variable target down-
sample rate (Beyer et al., 2023) resulted in a model which
learned a more robust but less effective tokenization strategy
of drawing many token boundaries at important parts of the
sequence; can our results learning effective strategies on
fixed downsample rates be generalised in this way?

Impact Statement

This paper presents work whose goal is to advance the field
of Machine Learning. There are many potential societal con-
sequences of our work, none which we feel must be specifi-
cally highlighted here. That said, by reducing reliance on
fixed, language-specific tokenization schemes, end-to-end
and byte-level tokenization approaches may help improve
the inclusivity and performance of language models for
non-English and underrepresented languages.
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A. Proofs
A.1. Loss Breakdown

VoBanr, log po(yla, z) =V Y log py(yla, z)my(alx)
= Z (Vo logpo(yla, ) mo(alz)

+_logpe(yla, ) (Voma(alz))

a

=Vo Z (Vo logpe(yla, x) +log pe(yla, x)Vg log my(alx)) T (alz)

:Ea~7r9 (VQ logpg(y\a, I) + logpg(y\a, m)VQ IOg 779(a|x))

cross entropy loss REINFORCE gradient
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B. Tokenization Strategies

In the following plots, multi-byte characters, such as i are
rendered using the probability of the last byte representing
the character.

B.1. Our Method

B.2. Straight-Through Estimator from Nawrot et al.
(Nawrot et al., 2023)

B.3. Hnet (Hwang et al.) (Hwang et al., 2025)
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Token boundary probability: Low to High

[o.0l0.1]0.2]0.3]0.410.510.6]0.700.8]0.911.0}

bos>Apparently, with the| passage of time, the talented Asim Azhar has made quite a name in Pakistan’s| music]
lindustry. Baving al massive following worldwide,|thelsinger recently!generouslylresponded to one of his fan’s|
requests. whichllanded/ him inl/confusion. Last|weekend, Asim Azhar|promisedito fulfilllal fan’s wish but|it]
jturnedout| that many| others|were already| in| line.\nSinger Asim Azhar|humbly|replies to anllexcited fan on}

untillnow. Whilst performing inlalconcert, someone/hurled| a shoe|at/Asim Azhar| well,|thelsinger! the:
clarified thel infamous| shoe attack!that/happened during/his| live concert. However,|recently, Asim
humblelreplylto a fan, made Twitter demandinglas the admirers/now havela list/ready:\nCheck out what!the]

singingl star replied tolhis fani\nI have a few green| jackets. Which one do you like??@ Send a picture & your]
address| to firstname.lastname@example.org — we’ll try and make| it happen| before 2019 ends. @ [
https://t.coljxWeQPOVAKN— Asim Azhar (@AsimAzharr)]December|29,]2019\nsince| fans|are never| satisfied, the]
adorablelexchange of words sure made Twitter allot|better|for|the/time being. Quoting alfan’s|request, Asi
3 ol

chezin! gift krdyte hainl”\nWell, Asim Azhar sure made|the|fan’s|life as|apparently,|she will sconlbe getting]

lasked hinl that!is| shel/going| to| be| treated |like a Hollywood! fan|or|not? Unexpectedly,|Asim Azhar respondedand
lassured|his! fan that!shelwilll get the| “green!|jacket’ | before|the world enters|into|2020.\nSpecifically| tagging]
Asim| Azhar| with the| hashtag #AsimSwag,|the|Twitter user|expressed her ‘jacket’|wish. Moreover, she wrote,
[“aar| mujy! [Asim|Azhar] ki  greenicolour|wali jacket|bohat|pasand|hai,.Hollywood walay! tuapny|fans| kol apni]
get!ithis|before 2019 ends. #asimswag”.\nTwitteratis ‘hilariously’|react t

[leaving/ him with! nothing at|thelend. From jacket|to slippers,|Twitteratis|are|lasking Asim Azhar for]
leverything| portrayinglan image|of| the|/fanous|/game| show “Jeeto Pakistan”.\n“Bhai mujhey b chahye per main}
larka hun”, samjhay?\nBhail mujhey b _chahye per/main larka  hun\n— AbulShalwar (@Abu_Shalwar) December| 30,

[2019\nYe tou puri goum ka masla hail\mAsim bhai meri handfree ki ek side bhi kharab hai. Mai address du ?
n— NlgHTMare P (8send noodles_) December 29, 2019\nAur aur| aur?\nMujhey @AsimAzharr ki gari

Lack_wall wo_ sneakers wolusdin ol brown Jacket pehni thi wolus din jo Slipper s/ pehney thay wo or wo jo]

jglasses| 1gaye thay wo bhif or hn or kia hn bss is saal k liye ye bht hai@\n— Hussain (@50shadesoflose)|
d

n-I

9,/2019\nseemingly, thel singing star| doesn't]
hesitatelin keeping his| foot|lahead regarding different heated conditions. |In|ithe [last edition of Hum Awards,
Asim Azhar| showed!isupport| for! the| Indian|Occupied| Kashmir| (IOK) by wearing an| 41| [love]/Kashmir’ shawl. Well,
hopefully, thel'fan willl soon|receivelalcalll from the|courier|company|as|ithe| “green jacket’ might belon its]

[France/while/ wearing Islamic veils,|after
jthey!were held not|because of|‘their| veils for/|joining|lan unauthorisedlprotest, | and they
released. \nFrance!/is| thel first/country in Europe|to/publicly ban|alformof dress some Muslims|regardas

Inot. been authorised|and| so peoplelwere! asked!to move|on. When they/did not,they were arrested.\nGavin|
[Hewitt s Europe\nThe law|'is likely|to|be|largely symbolick.. It willlbe/difficult
her| husband! or| family”\nOne|of| the|women,
|in['Paris| from|the/|southern cityllof[Avignon, boardingfa train wearingla nigab,|'and
police.\n"We|were held'|for three/land a half hours|lat|thelpolicelstation while the
ldo, " Ishe told/AFP| news| agency.\n"Three andlalhalf hours|later|they/told us: 'It's
lthe[\law, any|woman| - Frenchor| foreign -|walking on|the| stre i

change, | says|'the| BEC's HughSchofield!|in| Paris.\nGuidelines| issued to police|

[say| theylishould not/|ask/women to remove their|veils|lin the|street,[but/should escort/them/to/lalpolice station]

land/ 1ibertarians.\nExceptions/ to ban on| public| face/ covering\n
[reasons\n-| Face=covering| for| sporting or| professional activities\n- Sunglasses,| hats|letc which do no
completely hide! the| face\n- Masks|usedlin "traditionallactivities", such as|icarnivals or religious|

s, land,
Istreet and engage in civil disobedience".\nMr| Nekkaz said he and i i e nic

arrested at a separate|demonstration inllfront of President Nicolas|Sarkozy's Elysee Palace.\n'We|wanted to be]
£ined] for wearing| the| nigab, but the police/didn't wantto issuellal fine, " he told AFP.\mBut|opposition)

says
omen in| France| actually| wear| the nigab)or burka.\nCritics|
tshim to playlup| the Muslim question because|hellis an/unpop

e West| is| allsquare| scarf| that|covers|the/head and neck/but/leaves|the face|clear.\n- The|
eil for|the face that|leaves|the area around the|eyes| clear. However, it/may be/worn/with a separatel ey
1,

eil. It is/worn|withlan/laccompanying| headscarf.\n- The burka is|the[most! concealing|ofllall Islamic veils. It]
screen’to seelthrough.\n- The! i

lcovers! the entirelface and body, [ leavingljus:

with a brand new| set|of|bangs| to| bootl!!| Rachel| zoe| is| finally|backl

s
this/crazy/|fashionista, [ her| ever| patient|husband Rodger|Berman, and|offcourse, | iiber|adorable baby
skyler.\nRachel lets| us| know that her|last|prodigy,|Jeremiah,|is/no longer|with the company standard RZ]
lintroductionto the|season: another  employee|has| flown!the|icoops I/ havel got to|say|it’s feeling allittle/more]
lthan/déjalvu. . Brad| Goreski, | Taylor Jacobson anyone? Whilst!|I|love me/|someRZ, her| prodigies bailing makes me]
alitadilelsad tolthink/laboutl But/ithen!|I| see/Mandana and/Rodger, land[lif/they/larelstilllaround thenllit can’t be]

show| wasn't! bigl enough! for| the| both of ‘them. After a falling out|between|the |teeny vintage]
ldraped sourpuss| and! her| uber=preppy gay| Canadian sidekick, |we were treated to double|the pleasure in stylist]

lgarnered very 1low| ratings| for| Rachel’s show, which focused predominately|on|how much|she! hates|ex-assistant]
[Brad| Goreskiand! her| pregnancy’ Bothllof| which really have nothing toldo with fashion. You know, the reall
reason’ people even  cared about.the sho

Figure 6. Token boundaries learned by our 147M-parameter model on a held-out sample of the F ineWeb dataset. Red and blue characters
characters indicate high or low values of ¢ (a) respectively at the corresponding bytes.
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Token boundary probability: Low to High
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bos>Apparently, with the passage of time, the talented Asim Azhar has made quite a name in Pakistan’s music]
lindustry. Baving a massive following worldwide, the singer recently generously responded to one of his fan’s|
requests which landed him in confusions Last weekend, Asim Azhar promised to fulfill a fan’s wish but it]
urned out that many otheEs were already in line.\mSinger Asim Azhar humbly replies to an excited fan on

until now. Whilst performing in a concert, someone hurled a shoe at Asim Azhar well, the singer the:
clanned the infamous shoe attack that happened during hi§ live concert. However, recefitly, Asim Azhar's|
umble reply to a fan, made Twitter demanding as the admirers now have a list ready:\nCheck out what thg]

singing star replied to his fani\nI have a few green jackets. Which one do you like??@® Send a pxctu!e & your]

address to firstname.lastnameexample.org — we’ll try and make it happen before 2019 ends.
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enaileexampleicom = we’ll try and make it happen before 2019 endsf.\n“Hollywood walay tu apny fans ko apnil

har responded and
t the fgreen jacket’ before the world enters into 2020.\nSpecifiGally tagging

“Yaar mujy [Asim Azhar] ki green colour wali jacket bohat pasand hai,“Hollywood walay tu apny fans ko apni
lchezin gift kridyte hain. Can i get this before 2019 ends: #asimswag”.\nTwitteratis f‘hilariously’ react to

¥. While the singer is s funky jacket, the re:
[leaving him with nothing at the end. From jacket to slippers, Twitteratis are asking Asim Azhar for|
leverything portraying an image Gf thé famous game show “Jeeto Pakistan”.\n“Bhai mujhey b chahye per main}
larka hun”, samjhay?\nBhai mujhey b chahye per main larka hun\n— Abu Shalwar (@Abu Shalwar) December 30,
019\nYe tou puri goum ka masla hail\nAsim bhai meri handfree ki ek side bhi kharab hai. Mai address du ? &
(8send__noodles ) December 29, 2019\nAur aur aur?\nMujhey @AsimAzharr ki gari
Lz walifwolesastals wo cadi Bo hrovil jackailpannilthi wo o dix o Blipeer‘a peney they wo o= wo 33
[glasses lgaye thay wo bhi® or hn or kia hn bss is saal k liye ye bht hai@\n- Hussain (e50shadesoflose)
pecemb , 2019\nThat’'s the spiritl\n¥ou can send me anyone of your green one to mellll Sending address

N

o=

Inot been authorised and so people were asked to move on. When they did notj théy were arrested.\nGavin|
Hewitt's Europe\nThe uu is likely to be largely symbolic... It will be difficult to prove
qab because of her husband or family#\nOe of the women, Kenza

ith Erench notions of equality.\n’rha ban on face covering:
hich does not explicitly mention Islamig veils, but exempts various other forms = has
and 1ibertariafis:\nExceptions to ban on public face covering\n- Hotorcycle helmets\n- Face-masks foz health)

says:\nwhat is more open to question, he says, is whether an out-and-out legal ban is necessary when, on most]

s worn with an accompanying headscarf.\n- The burka is the mo:
covers the entife face and body, leaving just a mesh screei t§ see throughi\n= The al-amiz}

with a brand new set of bangs to bootll Rachel Zoe is finally back]

Iskyler.\nRachel lets us know that her last prodigy, Jeremiah, is no longer with the company standard Rz

lintroduction to the seasoni another employee has flown the coop. I have got to say it’s feeling a little more]
than déja vu.. Brad Goreski, Taylor Jacobson anyone? Whilst I love me some RZ, her prodigies bailing makes me]
a tad le sad to think about. But thén I see Mandana and Rodger, and if they are still around then it can’t bel

£ we must try.\nThe New York Post has reported that Cameron
"Some sources snipe that Zoe's been too busy building her own

reason people even cared about the show

Figure 7. Token boundaries learned by a 147M-parameter model using the straight-through estimator of Nawrot et al. (Nawrot et al.,
2023), on held-out samples of the FineWeb dataset. Instead of the probabilities, here we plot the soft boundaries at the output of the

Gumbel-Sigmoid. Red and blue characters characters indicate high or low values of by respectively at the corresponding bytes.
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glasses lgaye thay wol bhil

or hn or kidl hn bss is|saal k lije ye bht haifS\n- HuBsain (@508hadesoflose;

frofifthe courier companylaslithe
ou_think of Asif Azhar’sllgestire? retluslknowllinfithe commenEs section beld

enceelmg veilllsuch aSithe nigab orburka
t symbolically this islla huge changejisa lithe

the Muslim question/becatse he isan unpoplilaz presxdent intneed:
offlan easy voteSwinnerf\m-/Thellword hifjab comes[|from !

engeancesliThatJs[irightl Thelfifth season ofiithe Rach@l z88 Project premifred,|land|
Joad note thafiks tolPage Sixh\nWay/backllin!
i 1

ridfGulBus akllyour beh88t =lcheckilHus)
Jandl fashion whifis EICHECK, | (CHEGK, CHEC]

our
self- absorbed ARList]
self-important business mogul andfnowlimoniiNowlinew
fronfiamerica’ sfivorSElbos8INATIt |sefiis| thatlilast season
jgarflered very 1o ratiings fofliRach@l’s| showliwhichl focused predonunately onl howfimuch she hafes|lexZa8sistant
s tad Goteskx and her pregiancy. Both of whichireall¥ have dolwithffashioniiyou k

Figure 8. Token boundaries learned by a 147M-parameter model using the straight-through estimator of Hwang et al. (Hwang et al.,
2025), on held-out samples of the FineWeb dataset. Instead of the probabilities, here we plot the hard token boundaries. Red and blue
characters characters indicate high or low values of b, respectively at the corresponding bytes.
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to sigh
Jo-3T0.400.5T0.6To.7 0.5 [o.5 [0}

bos># -*- coding: utf-8 -*-\
A R R AU

\
" bos>#\n|

Author: Travis Oliphant 2002-2011 with contributions from\n|
SciPy Developers 2004-2011\

OpenERP, Open Source Management Solution\

This module Copyright (C) 2012-2014 OpenUpgrade community\n
https://launchpad.net/~openupgrade-committers\n i
#\n|
from future import division, rint

\n|

from scipy import special\n|

from scipy.special import entr, ga.mmal

from scipy.misc import logsumexp\n|

from Scipyl. Iib. Humpy! compat import biroadgast to\n}

\n)

fFom numpy import floor, ceil, log, exp, Sart, 10glp, expml, tanh,lcos
\n]

import numpy as np\n|

\n|

from . distn infrastructure import (\n]

rv discrete, _lazywhere, ncxz ncx2 cdf, get distributid

Contributors:\nf
Therp BV <http://therp.nl>\n]

This program is free software: you can redistribute it and/or modify\n|
it under the terms of the GNU Affero General Public License as\nj
published by the Free Software Foundation, either version 3 of the\n|
License, or (at your option) any later version.\n|

This program is distributed in the hope that it will be useful,\:
but WITHOUT ANY WARRANTY; without even the implied warranty of\n|
MERCHANTABILITY or FITNESS FOR A PARTICULAR PURPOSE. See the\n|
GNU Affero General Public License for more details.\n|

You should have received a copy of the GNU Affero General Public License\n|]
G along with this program. If not, see <http://www.gnu.org/licenses/>.\
\. \n|
\n|
lclass binom_gen(rv_discrete):\

“'vp Pinomial discrete random variable.\n|

A AAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAASAAAAAAAAAAAAAAAAAAA \ 1)
\n]
limport logging\n
\n]
ry:\ \n
from openerp.addons.openupgrade records.lib import apriori\n
except ImportError:\n|
froml openfipgrale records.lib import apriori\

% (before motes)s\n|

\n|
ry:\
fFom openerp.osv.orm import Model, except orm\
from openerp.osv import fields\n|
from openerp.tools.translate import \nl
except ImportError:\n|
from osv.osv import osv as Model, except Osv as except orm\n
from osv import fields\:
from tools.translate import _\

The probability mass function for
nom.pmf (k) = choose(n, k) * ; (1-p)**(n-k)\n|

0, 1,..., n} ".\n|

“binom> Eakes/>*n > and  p  as Bhape|parameters.\

% (after_notes)s\n|

\n]
\n]
lass openupgrade_comparison_config(Model):\
_name = 'openupgrade.comparison.config'\:
_columns = {\n]
‘nBme':| fields.char('Name'l, Size=64),\

$(example)s\n|

‘server': FieldS.char(fserverfl, size=64, required=True),\n}

'port': fields.integer('Port', required=True),\

'pEotocol’: Eields.Selection(\n)
[('http://', 'EML-REC')],\n|
#\('httpsa//', |'¥ML-RBC Secure')], not Supported by Libopenerp\:
'Protocol', required=True), \n|

‘database': fields.char('Database'  size=64  reguired=True

def _rvs(self, mn, p):\n|

return self. random state.binomi. , P, self. size)\n|

def _argcheck(self, n,
self.b = n\n|
return (n >= 0) & <

Figure 9. Token boundaries learned by our 90M-parameter model : —
0S:
on a held-out sample of the CodeParrot dataset. Red and blue ef: N
. . . \thttps://en.wikipedia.org/wiki/Median of medians\
characters characters indicate high or low values of 7y (a) respec- i)
tively at the corresponding bytes. et
\n}

def swap(i, j, nums):\n|
nums[i], nums[§] = nums[j], nums[i]\n]
\n|
[# group list to two parts, greater than / less than nums[pivotIndex]\:
B'4' Our MethOd on CodeParrot def partition(nums,[left, right, pivotIndex):\
\tpivotValue = nums[pivotIndex]\n|
\tswap (Bivotindex) Fight} Hums)\nl
\tstoreIndex = left\n|
\€for i in range(18ft, right):\n|
\t\tif nums[i] < pivotValue:\
\t\t\tswap(storeIndex, i, nums)\n|
\t\t\tstoreIndex #= 1\n|
\t# move pivot tg it's final place\n]
\tswap(right, storeIndex, nums)\n|
\treturn storeIndex\n|
\n]
implement with insertion Sort\nj
def partition5(nums, left, right):\n|
\tfor i in range(Teft+l, Fight#1):\n|
\t\tj = i\n|
\t\twhile | > 0 and nums(j] < nums[3=1]:\
\t\t\tswap(j-1, j, nums)\
\t\t\tjfl-= 1\n|
\treturn (left+right)/2\n]
\n|
def pivot(nums, left, right):\
\tif right - left € 5:\
\t\treturn partition5(nums, left, right)\
\ti = left\n|
\twhile i < Fight:\n]
\t\tsubRight| = i + 4\
\t\tif subRight >[right:\
\t\t\tsubRight = right\:
\t\tmedian5 = partition5(nums, i, subRight)\:

\t\tswap(median5, int(left # floor((i - left)/5)), nums)\n]

\t\ti #= 5\n

\Er&turnlisglect(nums, left,|int(left # ceil ((right = left)/5) -/1), left * (right|
\n]

def select(nums, left, right, n):\:

\tif left == right:\n|

\t\treturn left\

\twhile True:\n|

\t\tpivotIndex| = pivot(nums, left, right)\n|

\t\tpivotIndex = partition(nums, left, Fight, pivotIndex)\n|
\t\tif n == pivotIndex:\n]

t\t\treturn n\n
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bos># —*- coding: utf-8 —*=\

A AR AAAAAAAAAAAAAAAAAAAAARARAAAAAAAAAAAAAAAAAAAAAAAAAAARAAAAAAAAAAAAAAAAAAH\
\!
E OpenERP, Open| Source Management Solution\
This module Copyright (C) 2012-2014 OpenUpgrade| community\n
https://launchpad.net/~openupgrade-committers\n

Contributors:\nf
Therp BV <http://therp.nl>\n]

Thig program is free| software: you can redistribute it and/or modify\n|
it under the terms of the GNU Affero General Public License as\n
published by the Free Software Foundation, either version 3 of the\n|
License, or (at your option) any later version.\n|

This program is distributed in the hope that it will be useful,\
but WITHOUT ANY WARRANTY; without even the implied warranty of\n]
MERCHANTABILITY or FITNESS FOR A PARTICULAR PURPOSE. See the\
GNU Affero General Public License for more details.\n]

You should have received a copy of the GNU Affero General Public License\n|
along with this program. If not, see <http://www.gnu.org/licenses/>.\

\
A A AAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAARAAAAAAAAAAAAAAAAAAAASH N\
\n]
limport logging\n
\n]

ryz\
from lopenerp.addons.openupgrade records.lib import apriori\n
except (ImportError:\n|
from openupgrade records.lib import apriori\:
\n|
rys\
£from openerp.osv.orm import Model, except orm\
fFom open8rp.osv impofE fields\n|
from openerp.tools.translate import \n|
except| \ImportError: \n|
from osv.osv import| osv as Model, except_osv as| except_orm\n
from osv||import fields\:
from tools.translate import. \

\n]
lass openupgrade_comparison_config(Model):\
name = 'openupgrade.comparison.config'\:
= {\n|
fields.char('Name',| size=64),\
‘server': fiellds.ghar[('Server',| size=64,| required=True), \n}
fielldslifiteger('Port',[irequired=True},\
fields.selection(\n|
*XML-RPC!') 1, \n|
'XML-RPC| Secure') ], not supported by libopenerp\:
'Protocol', required=True),\n|
‘database': fields.char('Database’

size=64 | required=True) \

Figure 10. Token boundaries learned by a 90M-parameter model
using the straight-through estimator of Hwang et al. (Hwang et al.,
2025), on held-out samples of the CodeParrot dataset. Instead
of the probabilities, here we plot the hard token boundaries. Red
and blue characters characters indicate high or low values of lA)t
respectively at the corresponding bytes.

B.5. H-Net (Hwang et al.) (Hwang et al., 2025) on
CodeParrot
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bos>#\n|

Author: Travis Oliphant 2002-2011 with contributions| from\:

& SciPy Developers 2004-2011\n

@

£rom’

\n|

[fxrom;

[from

from

[fxom!

\n|

from numpy import, floor, ceil,

\n|

limport numpy as np\n|

\n|

ffrom| . distn_infrastructure import (\
rv_discrete, lazywhere,| ncx2

future import division, print function, absolute import\n
scipy| import special\n]

scipy.spedialllimportflentr,||gammaln as|gamln\n|

scipy.misc| import||logsumexp\n|

scipy.ib. lnumpy compatflimBort broadcast to\

1og,| expy sqrth loglp, expmly tanh, cosh,/sinh\n]

pdf, ncx2 cdf, get distribution names)\n|
\n]
\n]
lass binom gen(rv_discrete):\n
"""A binomilall discrete random variable.\:

$(before notes)s\n}

Notes\n
—=\n|
The probability mass||function for “binom" is::\n|

binom.pmf (k)= choose(n, k) * p**k *(1=p)**(n=k)\n|

for| {0, 1jl..., n} > .\n}

“binom™ | takes| " n

and "~ as shape parameters.\

$(after notes)s\n]
% (example)s\

W\l
def _rvs(self, n, p):\n|
retlrnflself. random state.binpmial(n, p, self. size)\n|

def _argcheck(self, n, p):\n}
self.b = n\n]
return (n >= 0)[ & (p >= 0) & (p <= 1)\

_logpmf(self, x, n, p):\n]
kli="floor(x)\n|
combilnll= (gamln(n#l)|-||(gamln(k+1) + gamln(n-k+1)))\n|
return combiln + special.xlogy(k, p) + special.xloglpy(n-k, -p)\n}
\n]
def _pmf(self, x, n, p):\n|
logpmf(x.n_ D bl

retirn exp(self.
bos>"""'\
ef: \n|
\thttps://en.wikipedia.org/wiki/Median of medians\
DR

[from math import| floor\:
[from math import ceil\n]
\n]
def swap(i,|j, nums):\n}
nums[i], nums[j] = nums[j], nums[i]\n]

\n|

group list|lto two parts, greater than|/ less than|nums[pivotIndex]\
def partition(nums, left, right, pivotIndex):\
\tpivotValue = nums[pivotIndex]\n|
\tswap(pivotIndex, right, nums)\n|
\tstoreIndex = left\n|
\tforfli infirange(left, right):\n]
\t\tif nums[i] < pivotValue:\n|
\t\t\tswap(storeIndex, i, nums)\n|
\t\t\tstoreIndex += 1\n|
\t# move pivot|to it's final place\n]
\tswap(right, storeIndex, nums)\n
\treturn storeIndex\n|
\n]

implement|with||insertion sort\n]
def partition5(nums, left, right):\n|
\tforlli inllrange(left+l, right+1l):\n|
\t\tj = i\n|
\t\twhilellj >0 and nums[j] < nums[j-1]:\
\t\t\tswap(j-1, j, nums)\
\t\t\tj -= 1\n|
\treturnll(left+right)/2\n|
\n|
def pivot(nums, left, right):\
\tif| right -| left < 5:\
\t\treturn partition5(nums, left, right)\

\til= left\n]

\twhile[lil<[right:\n)

\t\tsubRight = i + 4\n]

\t\tif[|]subRight 3 right:\

\t\t\tsubRight = right\

[\t\tmedian5/ = partition5(nums,| i, subRight)\

\t\tswap(median5, int(left + floor((i - left)/5)), nums)\n]

\t\ti += 5\n]

\treturnllselect (nums, left, int(left + ceil((right - left)/5) - 1), left + (right
\n|

def select(nums, left, right, n):\

\tifflleft == right:\n|

\t\treturn left\

\twhile| True:\n]

\t\tpivotIndex = pivot(nums, left, right)\n|

\t\tpivotIndex = partition(nums, left, right, pivotIndex)\n|
\t\tif n == pivotIndex: \n]

t\t\treturn n\n|
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B.6. Varying the Downsample Rate

17



You Can Learn Tokenization End-to-End with RL

Token boundary probability: Low to High

[0.0l0.1]0.2]0.3]0.4]0.510.6]0.700.8]0.911.0}

bos>Women in face veils detained as France enforces ban\nAt least two women have been briefly detained i:
[France while wearing Islamic veils, after a law banning the garment in public/came into force.\nPolice said
hey were held not|because of their veils but for joining an unauthorised protest,and they were later|
released. \nFrance is the first country in
religious duty.\nOffenders facelal fine of

ar the veil face a much larger

authorised and so people were asked to move on. When they did mot, they were arrested.\nGavin|
Europe\nThe law is likely|to be largely|symboliG... It will be difficulf
being forced to wear a migab because of her|husband or family”\nOne of the women,

police station/whilelthe)
8

of an easy vote-winfer.\n- The word hijab comes from the Arabic for veil and is used el describe, t
headscarves worn by Muslifi women. TheSe| scarves come in myriad stylés|and colours. The

orn in the West is a square scarf that covers the head and neck but leaves the face A H S
eillfor| the face that leaves the area aroiind the eyes clear. HoWeVef, it may Be/worfi with a ofpi-A-1 b
eil. It is Worn with an accompanying headscarf.\n- The|biirka|is the most cancealmq of all

[France/while wearing Islamic| veils, after a
fthey were held not/because of their veils
released. \nFrance||is the| first/ country in

veil| face a much| larger

rers| toan inferior status|incompatible|with French/notions of equality.\nThe ban| onl/face covering:
hich does| not explicitly mention Islamic|veils, but/exempts various| other forms - has
land! 1ibertarians.\nExceptions to ban! on/public| face covering\n- Motorcycle helmets\n- Face-masks for| health]
Ireasons\n-| Face-covering for!sporting| or professional activities\n- sunglasses, hats[letc which do no
completely hide the| face\n- Masks used in "traditional activities’

s/worn  with|an accompanying headscarf.\n- The burka is| the m
leaving just a mesh screen to ‘throu

but| for!joining/an unauthorised protest, and they were| lat.er
Europe| to publlcly ban| al form t

t willlbeldifficult
| husband! or| family”\nOne|of| the women,
ofAvignon, boarding|a train wearing a nigab,|and,

mpts| various other forms | has|angered s
land| Libertarians . \nExceptions| to| ban on/public| face| covering\n- Motorcycle helmets\n-| Face-masks| for|healthl
reasons\n-| Face-covering| forlsporting| or| professional activities\n- sunglasses, hats[letc which do nof
conplstelylnideliche face\n-| Masks| used in| "traditional activities", suchlas/carnivals or religiousji

at!al separate demonstration| in|/front| of President Nicolas Sarkozy's Elysee Palace
fined for wearing| the nigab, |but!'the|police|didn't want|to issue|a fine,"|he told/AFP.\nBut opposition]
protests by Islamists and |libertarians are unlikely to make/much of|an|impression, our corresponden

headscarves| worn| by| Muslim women.|These|'scarves come in/myriadlstyles/|and colours.|Thetype most, commonly
orn| in|'the West is| al'square/scarf that covers|the/head and neck|but|leaves|ithe! face|clear.\n-/'T!
eill for| the face that/leaves|the area around theleyes clear. However, i i

eil.[It is|worn|withlan/laccompanying| headscarf.\n- The burka is|the/most concealing| ef all Islamic veils. It}
lcovers the entire face and body, leavingl just/a mesh screen tolseelthrough.\n- Thelal-

Figure 11. Token boundaries learned by an array of models using our method with varying target downsample rates T¢arget = %, i, L
1

(top, middle, bottom, respectively) on a held-out sample of the FineWeb dataset. Red and blue characters characters indicate high or
values of 7y (a) respectively at the corresponding bytes.
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Token boundary probability: Low to High
3lo.4l0.5]0.6]0.710.810.9]

bos>sheeeeeeeeeeegeee’s back y'all, and with a brand new Set of| bangs to bootll Rachel Zoe is finally| bac
o Bravo| for season 5 of the Rnchel Zoe Project and I literally went Ba-Nanasil I forgot how much I miss

lthis crazy fashionista,|her/ever patient husband Rodger Berman, aid/of ourse) iiber adorable bab
ISkyleri\nRachel lets us| know that her last prodigy, Jeremiah, is mo longer with the|company standard Ry
lintroduction to the| season: another employee has flown the coop. I have got to say it’s feeling a little more]
than déja vu.. Brad Goreski, Taylor Jacobson anyone? Whilst I love me some Rz, her prodigies bailing makes me]
la tad 1e sad to think about. But then I see Mandana and Rodger, and if they are still around then it can’t be]
a1l bad.\nThis/is o NOT bananas: Infact,|it's So far from being bananas it's practically alcantaloupe.

tally demanding, malnourished, self-important business mogul and now
jreport claims that the bottom is about to drop out from America’s worst boss!\nIt seems that last season]
lgarnered very low ratings for Rachel’'s show, which focused predomx.nataly on how much sha hatel ex-assistant]
[Brad Goreski and her pregnancy. Both of which really have nothing to do with fashion. You know, the reall
reason people even cared about! the| show.|

bos>Sheeeeceeeeeeeeee’s back y’'all, and with a brand new, set of| bangs to boot!l Rachel |Zoe is finally back
N zivoltorfosconlsoch ol bebe oo Project and I literally went Ba-Nanasi! I|forgot how much I missed
this| crazy fashionista,| herlever! patient husband Rodger Berman, and of course, iiber adorable

[skyler:\nRachel lets us| know that her|last prodigy, Jeremiah, is no longer with the company standard Ri
lintroduction to the season: another employee has| flown the coop. I have got|tosay it’s feeling a little more]
than! dé3a vu. . Brad|Goreski, | Taylox| Jacobson anyone? Whilst!I|love melsome RZ, her prodigies bailing makes mel

Ispeculating that her show would bel canned before al fifth season could air. Well, we al
lisn't truel As|youlcan imagine, Rachellwasn't|too thrilled/with thelarticle, and we go

lceleb) clients. "\n$2000 shoes —checkl [Fur chubby — checkl Assistant|that|treats you like the queen!you wish}
ere — checkl Coffee|as| food replacement — oh,|you know CHECKI Celebrity clients/willing tol loo

celebrity stylist to totally demanding, malnourished, self=important business moguland now mom. Now, ne
report. claims| that/'the bottom is about to drop|out| from America’s worst bossi\nIt seems that last season]

Iskyler.\nRachel lets| us| know that her|last/prodigy,|Jeremiah,|is no longer with the company standard RZj
lintroductionito thel season:| another employee has| flown! thelcoop. I  havel got|to/say it’s| feeling a little more]
lthan|déja vu. ./ Brad| Goreski, Taylor Jacobson anyone? Whilst I love me |some RZ, her prodigies bailing makes me]
al'tad |l sad to thinklabout. But!then|I|see|Mandana and/Rodger, and |if they|lare still around thenit!can’t. bel
a1/ bad. \nThis| is| so NOT| bananas. | In! fact,|lit's| so far from being bananas it's|practically a cantaloupe.

L1sT1NnThank you,
shows, | |as welllas giving alinew platform tolallfamiliar face. We[will now!belable to[/find/ out what|ithe
fashionable peeps are/doing thanks| to/ithe/line/up.['I. DIE.\nThe former| besties| from theRachel|zoe Project]
realized|that one  show wasn't biglenough! for|ithe both of them. After|al falling out between! thelteeny vxntaqe
ldraped’ sourpuss and| her| uber-preppy gay|Canadian sidekick, we|were|treated to double|the pleasure in stylis
[shows .| Bravo| has| now confirmed| that! both/Rachel! Zoe|and Brad Goreskilwilllbe back for more.\nOver four|
[seasons| of |The| Rachel Zoe| Project  viewers have|watched Rachel|Zoe evolve| from waifish, self-absorbed A-List]
celebrity stylist!to/totally demanding,|malnourished, 'self-important!business mogullland now mom.|Now. ne
report/iclaims| that/'thelbottom isllabout/ to/drop|out| from America’s/worst/boss!\nIt/seems| that!last! season|
lgarnered  very! lowl ratings| for Rachel’s show,|which focused| predominately on/how much|shel hates|ex-assistant]
[Brad| Goreski! and her| pregnancy. Both!of| which/reallylhave/nothing to dol with fashion. Youlknow, thel real]
lreason peopleleven! cared about! thel show.

Figure 12. Token boundaries learned by an array of models using our method with varying target downsample rates T¢arget = %, i, %

(top, middle, bottom,) of on a held-out sample of the F ineWeb dataset. Red and blue characters characters indicate high or low values of
mo(a) respectively at the corresponding bytes.
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C. Architectural Innovations in Prior Work

We focus on the method of deciding token boundaries, and
thus use a simple architecture for the purpose of not con-
founding our experiments. Nonetheless, we would like to
highlight the following architectural innovations that have
been proposed to improve autoregressive U-nets:

» Using a vocabulary of byte-level n-grams which are
added to the input embeddings to improve information
flow (Pagnoni et al., 2024).

 Using cross-attention between the byte-level and token-
level transformers (Pagnoni et al., 2024).

 Using subquadratic sequence-to-sequence blocks at the
byte level (Hwang et al., 2025).

* Using multiple levels of tokenization (Hwang et al.,
2025).

* Smoothing between tokenization levels in upsampling
(Hwang et al., 2025).

We would like to note that all of these methods could be
used with our method to learn token boundaries.

20



You Can Learn Tokenization End-to-End with RL

Model size 147T™ 90M Selected Action Cross-Entropy of Token Boundary Policy
embedding_dim 768 768
num_heads 12 12 o0
n_down_layers 4 4
nmid_layers 12 6 5 >3]
n_up_layers 4 4 3
learning_rate 1.5x1073% | 2x 1073 5 041
effective batch_size 128 128 g
warmup_bytes 4.5x10% | 25 x 108 | 8o03;
training bytes 6x10° | 34x10°| ¢
downsample_rate_target % % § 0.2 1

Table 2. The hyperparameters used for our runs varying the token
boundary selection method used on natural language (left) python
code (middle) and the varying tokenization aspect ratio (right)

D. Further Experimental Details

We train models on a total of training bytes bytes
with a cosine learning rate schedule with a warmup
of warmup_bytesand a maximum learning rate of
learning_rate. We use the AdamW optimizer with
default parameters (31,32) = (0.9,0.999). Per gradi-
ent update, we performa a forward & backward pass on
effective batch_size sequences of length 4096 .

We use a decoder-only transformer architecture, with
n_down_layers and n_up_layers byte-level transformer
decoder layers with sliding window attention with window
size 64 before and after the token-level backbone which
consists of n.mid_layers token-level transformer de-
coder layers with full causal attention. All attention lay-
ers have num_heads heads. We make the model dimen-
sion the same for byte and token-level layers, such that
dene = dmiqa = dgec = embedding_dim. Byte-level
and token-level layers have an MLP hidden dimension of
embedding._dimand 4 X embedding_dim respectively,
making the flops-per-layer roughly consistent. We closely
follow the transformer architectural choices of Gemma 2
(Riviere et al., 2024), with GeGLU non-linearity, Rotary
Position Embeddings, post and pre- RMSNorm and Logit
soft-capping.

See table 2 for the hyperparamters used in our 147-M pa-
rameter experiment and our experiments varying the token
aspect ratio.

For each multiple-choice benchmark we score every candi-
date answer by the total next-byte cross-entropy the model
assigns to its bytes, normalized by the answer length in bytes
(bits-per-byte); we report this value for the gold answer.
For LAMBADA we score the final word, and for FineWeb
Test the full held-out sequence. We prefer this to zero-shot
accuracy because, at the 147M scale, accuracy is close to
chance and its variance across runs swamps the differences
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Figure 13. The mean of — log pg(at|a<:) over batches across the
training run. We observe that boundaries stabilize after approxi-
mately 10% of the training run.

Method Downsampling rate
H-Net (Hwang et al.) 0.206
Dynamic (Nawrot et al.) 0.200
Uniform 0.200
Ours 0.204
BPE guidance 0.207

Table 3. Downsampling rates at convergence (@) on FineWeb for
the different methods.

between methods.

While training FLOP's are held constant across all methods,
inference FLOP s—which depend on the downsampling
rate—also affect benchmark scores. Table 3 reports the
downsampling rates at convergence on FineWeb for each
method. Our method achieves a slightly lower downsam-
pling rate than both BPE guidance and H-Net, meaning
that we give a mild advantage to those baselines rather than
benefiting from an inconsistent comparison.

D.1. BPE-Guidance Baseline

For the BPE-guidance baseline of §4.3 we train a BPE tok-
enizer with a vocabulary of 200k tokens on the FineWeb
training set, yielding a downsampling rate of 0.207, and
draw a token boundary at the final byte of each BPE token.
A subtlety is that BPE boundaries leak information about
future bytes: because, for example, "t okens" is encoded
as a single token whereas "tokenization" is split as
"token"|"ization™", a boundary placed after the "n"
of "token" already reveals that the next byte is not "s".
Since our architecture exposes a; when predicting byte z; 1,
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using the raw boundaries would grant the model an unfair
lookahead. We remove this leakage by applying a single
right shift to the boundary indicators, so that each bound-
ary is revealed one byte after the token it terminates. For
instance, "hello_tokenization™" receives the shifted
indicators:

bytes: hello_tokenization
shifted: 0 0 0 001 00 000100O0O0O00O0

All other hyperparameters match the 147M runs of §4.2.
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