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Abstract

Understanding when learning is statistically possi-
ble yet computationally hard is a central challenge
in high-dimensional statistics. In this work, we in-
vestigate this question in the context of single- and
multi-index models, classes of functions widely
studied as benchmarks to probe the ability of
machine learning methods to discover features
in high-dimensional data. Our main contribu-
tion is to show that a Noise Sensitivity Exponent
(NSE)—a simple quantity determined by the acti-
vation function—governs the existence and mag-
nitude of statistical-to-computational gaps within
a broad regime of these models. We first estab-
lish that, in single-index models with large ad-
ditive noise, the onset of a computational bottle-
neck is fully characterized by the NSE. We then
demonstrate that the same exponent controls a
statistical-computational gap in the specialization
transition of large separable multi-index models,
where individual components become learnable.
Taken together, our results identify the NSE as a
unifying property linking noise robustness, com-
putational hardness, and feature specialization in
high-dimensional learning.

1. Introduction

Understanding how learning algorithms identify and exploit
low-dimensional structure hidden in high-dimensional data
is a central problem in modern machine learning and neural
network theory. Multi-index models have emerged as one
of the main theoretical frameworks to address this ques-
tion (Dudeja & Hsu, 2018; Aubin et al., 2019; Ben Arous
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et al., 2021; Ba et al., 2022; Abbe et al., 2022; 2023; Dandi
et al., 2024a;b; Bruna & Hsu, 2025; Troiani et al., 2025;
Barbier et al., 2025). They provide a flexible yet tractable
abstraction for feature learning, capturing the idea that the
relevant information for prediction is concentrated in a low-
dimensional subspace of the ambient space R¢.

Formally, multi-index models assume that the response vari-
able depends on the covariates & € R only through a small
number of linear projections,

y=gW'z), W*"eR™, M
where p < d and the link function g : RP — R may itself

be stochastic, for instance through an additional dependence
on independent noise variables.

This modeling assumption is both natural and powerful, and
it encompasses a large fraction of the benchmark problems
studied in statistical learning theory and theoretical com-
puter science. At one extreme, it includes the linear model
(p = 1 and g(z) = 2) and its noisy variants. Allowing for a
general link function g(z) leads to the single-index model
(p = 1), also known as the generalized linear model, which
covers classical problems such as phase retrieval and the
perceptron. For p > 1, the framework naturally captures
two-layer neural networks, polynomial feature models, and
structured Boolean functions such as sparse parities.

Because of this generality, multi-index models have become
a focal point for a large and rapidly growing body of work
aimed at understanding optimization, generalization, and
algorithmic limits in high-dimensional non-convex learning
problems. In particular, they serve as a canonical test-bed
for studying gradient-based algorithms, feature learning,
and the interplay between statistical and computational bar-
riers. This perspective has motivated extensive research
across computer science, statistical physics, optimization,
and learning theory, see e.g. (Saad & Solla, 1995; 1996;
Barbier et al., 2019; Veiga et al., 2022; Arnaboldi et al.,
2023; Bandeira et al., 2022; Collins-Woodfin et al., 2024;
Damian et al., 2023; Bietti et al., 2023; Damian et al., 2022;
Arnaboldi et al., 2024; Ba et al., 2022; Cui et al., 2024,
Dandi et al., 2025; Moniri et al., 2023; Berthier et al., 2025;
Chen et al., 2025).
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In line with this recent surge of interest, notions such as
the information exponent (IE) (Ben Arous et al., 2021) or
the generative exponent (GE) (Damian et al., 2024), aim
at classifying the sample complexity of learning in high
dimension. Roughly speaking, these exponents characterize
whether a model with a number ©(d) of parameters can be
learned efficiently using O(d) samples, or whether a larger
number of samples is computationally required.

While these notions have proved useful, they also exhibit im-
portant limitations. The information exponent, in particular,
turns out to be too restrictive, as it can be easily bypassed by
data reuse or by training with non-square losses (Dandi et al.,
2024b). The generative exponent (GE) provides a more re-
fined classification and identifies, for GE > 2, a class of
models exhibiting a genuine statistical-to-computational
gap (Damian et al., 2024; 2025). However, with the notable
exception of parity-like problems, functions in this class
are typically fine-tuned and unstable: small perturbations
of the target function often collapse them back into easier
regimes (Troiani et al., 2025; Cornacchia et al., 2025). As
a result, these hardness classes appear brittle and arguably
non-generic.

A more natural and robust classification instead emerges
from the study of symmetries of the target function. In
single-index models, the presence or absence of symme-
try—most notably evenness of the link function—plays a
decisive role. As discussed in (Dandi et al., 2024b; Troiani
et al., 2025), if the target function has no symmetry, then
typically GE = 1, and any number Q(d) of samples is
enough to achieve non-trivial and efficient learning of the
target. Conversely, when a symmetry is present (e.g. even
functions in the single-index case), typically GE = 2, and
learnability is only possible past a phase transition in the
regime of ©(d) samples (Barbier et al., 2019; Aubin et al.,
2019; Troiani et al., 2025). This distinction is both more
natural and more robust, as symmetries are ubiquitous in
real data and nature.

In this work, we focus first on single-index models with
GE = 2, which are generic, symmetry-induced, and allow
both weak and strong forms of learnability with a linear num-
ber of samples in the ambient dimension, both information-
theoretically and with efficient algorithms (Barbier et al.,
2019). We show that even within this apparently favor-
able regime, significant statistical-to-computational gaps
can emerge in the presence of high noise, through a mecha-
nism that has so far not been explored in this generality.

Further, we extend our analysis to separable multi-index
models with generic activations, sometimes dubbed com-
mittee machines in the statistical physics literature — see
e.g. (Schwarze & Hertz, 1993; Schwarze, 1993; Aubin et al.,
2019; Barbier et al., 2025) and references therein. We show
that large computational—statistical gaps for specialization,

i.e. the distinct learning of the different features of the target,
arise for the same structural reason identified in noisy single-
index models, pointing to a common mechanism governing
efficient learnability across both settings.

2. Setting, definitions, and related works
2.1. Target function

Formally, multi-index models assume that the response vari-
able depends on the covariates € R? only through a small
number of linear projections,

y(x) =g(Wz), W eRM™ ©)
where p < d and the link function g : RP — R may itself
be stochastic, for instance through an additional dependence
on independent noise variables. In the following, we further
assume that W* = (w7, - - - , wy) has been generated from

5 iid.

a standard Gaussian distribution w} "~ N(0,14/d), such
that E||w}|]3 = 1.
High-dimensional limit — We assume that we observe
n samples {y(x;), z;}*_,, with x; b N(0,1,;), and we
investigate the problem of reconstructing W* in the propor-
tional high-dimensional limit d,n = n(d) — oo with

n
lim — =a>0. 3
d—oo d ( )
While we focus for simplicity on isotropic Gaussian distri-
butions for the covariates x; and the features w}, we expect
that our results can be generalized to much larger classes of
distributions, as we discuss in the conclusion of the paper.

Concrete cases — Two particular examples of the setting
defined in Equation (2) will be of particular interest in the
following. In all these examples, ¢ : R — R is a generic
function, on which we will precise assumptions later on.

(1) Single-index models (p = 1) with Gaussian additive
noise:
y(x) = Vo (w* - z) + £, w* € RY, (4)
where £ ~ N (0,1) and A > 0 is the signal-to-noise
ratio.

(#i) Separable multi-index models, so-called committee ma-
chines in the statistical physics literature:

12
y@)=—> o(wi-x) + VAL, wieR
==t
&)
where £ ~ N(0,1) and A > 0 is the noise strength.
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2.2. The Noise Sensitivity Exponent (NSE)

Crucially, the models of Equation (4), (5) depend on the
single real-valued function o : R — R. We now introduce
the notion of noise-sensitivity exponent (NSE) for such a
function.

Definition 2.1 (Noise Sensitivity Exponent). Let o : R —
R such that |o(z)| < C(1 + |z|*) for some C, k > 0. The
noise-sensitivity exponent is defined as

Bi(o) =min{B € N: E_ r0,1) [a’g(z)(z2 -1)] # 0}6.
(6)

Equipped with this definition, we can state our two main
results. In what follows, we informally use the term re-
covery to denote a data-dependent estimator achieving a
non-vanishing overlap (or correlation) with the underlying
signal. Formal definitions for each specific case are deferred
to Definitions 3.1 and 4.1.

1. In single-index models (eq. (4)), the noise sensitivity
exponent 3, governs how the critical sample complex-
ity « = n/d for efficient recovery of w* scales with
the signal-to-noise ratio A. When [, > 1, increas-
ing noise (i.e. decreasing \) creates a widening gap
between information-theoretic and algorithmic lim-
its: although recovery remains statistically feasible,
no known polynomial-time algorithm succeeds at the
optimal scale. Specifically, information-theoretic re-
covery requires o’y = O(1/)) samples, whereas the
algorithmic threshold scales as aiysy = O(A~5+).

2. In separable p-multi-index models (committee ma-
chines), the NSE controls the specialization transi-
tion Qipec., namely the sample complexity at which
individual components of the latent low-dimensional
structure can be disentangled and learned. We show
that, as p > 1 (after d — o0), all.. = ©,(p).
Further, we derive that a}8: = ©,(p) if and only

spec.
if B, = 1. When B, > 1, we generically ob-

tain that 28 = w(p) in general, and prove that

spec.
afplegé_ = O, (p”*) in the case of even activations. This
unveils a large computational-statistical gap for spe-

cialization if 8, > 1.

2.3. Examples, and related exponents

We briefly illustrate the various exponents introduced in
the literature and clarify their respective roles. Consider
a single-index model of the form y = g(w* - x). The
information exponent (IE) (Ben Arous et al., 2021) is defined
as the degree of the first non-zero coefficient in the Hermite
expansion of the link function g. More precisely, letting
Hey (z) denote the k-th Hermite polynomial, we have

IE(g) = min{k € N : E. n(0,1)[9(2)Hex(2)] # 0} (7)

For example, g(z) = tanh(z) has IE = 1 due to its linear
component, whereas g(z) = 22_1hasIE = 2, correspond-
ing to the second Hermite polynomial.

Early analyses showed that, when training with square loss
and single-pass gradient-based algorithms, learning dynam-
ics are strongly influenced by the information exponent:
roughly speaking, the time required to weakly recover w*
scales as d'®~! (up to polylogarithmic factors). However,
subsequent work demonstrated that the IE (as well as the
closely related leap exponent (Abbe et al., 2022; 2023)) is
not a fundamental obstruction to learning. Indeed, these
limitations can be overcome by reusing data (Dandi et al.,
2024b; Arnaboldi et al., 2024; Lee et al., 2024), by adding
small perturbations to the target (Cornacchia et al., 2025),
or by modifying the loss function (Troiani et al., 2025).

The generative exponent (GE) was introduced by (Damian
et al., 2024) to address these shortcomings:

GE(g) = inf IE(T o 9) ®)

Informally, it captures the effective information exponent
after allowing for optimal preprocessing 7 (y) of the labels.
In the single-index setting, except for carefully fine-tuned
constructions (Damian et al., 2024)—which are themselves
unstable under perturbations (Cornacchia et al., 2025)—the
classification induced by the GE is particularly simple: non-
symmetric functions typically satisfy GE = 1, while even
functions generically satisfy GE = 2. In both cases, the
target can be recovered efficiently with n = O(d) samples.

From this perspective, the landscape of learnability in
single-index models largely reduces to a symmetry-based
dichotomy: non-symmetric targets are learnable without a
phase transition, whereas symmetric targets exhibit a crit-
ical threshold . = n../d for weak recovery of w*. This
picture is consistent with classical results from the statistical
physics literature on single-index and perceptron-like mod-
els (Gardner & Derrida, 1989; Schwarze & Hertz, 1992b;
Zdeborova & Krzakala, 2016): what matters is whether or
not one has to break a symmetry on g to access w* (Dandi
et al., 2024b).

The noise sensitivity exponent introduced in the present
work, defined in Equation (6), refines this understanding by
revealing a new and independent source of computational
hardness. In particular, even within the class of symmetry-
induced models with GE = 2, the NSE distinguishes be-
tween single-index targets that remain computationally ac-
cessible in the presence of large noise and those that exhibit
genuine statistical-to-computational gaps. A similar gap
emerges in learning the independent features of a noiseless
but large-width separable multi-index target, where in this
case the role played by the noise is played by the unlearned
directions. This provides a finer classification of learnability
that goes beyond symmetry alone and highlights the role
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of noise and target width in shaping computational barriers.
To make it more concrete, we can categorize the different
values of the NSE £, as follows.

e [, = 1. This condition is equivalent to IE = 2, and
encompasses all functions with a non-vanishing He,-
coefficient in their Hermite decomposition.

e B, = 2. This category captures the majority of
functions with zero second Hermite coefficient. This
includes higher-order Hermite polynomials o(z) =
Hea (z) (with k& > 1). In Appendix C we demonstrate
that all polynomials of degree < 20 satisty 5, < 2.

e B, > 2. While existing, such functions are usually
fine-tuned. In Appendix C, we construct examples
with 8, € {3,4};

e B, = oo. These functions correspond to extremely
fine-tuned models with generative exponent GE >
2 (Damian et al., 2024), which remain unlearnable in
the proportional regime n = ©(d). We briefly outline
the potential generalization to a broader setting GE >
2 at the end of Section 6.

Interestingly, the definition of the NSE is connected to the
notion of superorthogonality employed in the analysis of
Oko et al. (2024). In particular, their Proposition 13 readily
implies that, for any integer X > 0, there exists a (polyno-
mial) link function o with NSE 3, (o) > K.

2.4. Further related works

Training multi-index models typically leads to non-convex
optimization problems. As a result, they have long served
as a canonical test-bed for understanding the behavior of
neural networks and gradient-based algorithms in high-
dimensional, non-convex settings (Saad & Solla, 1995;
1996; Ben Arous et al., 2021; Abbe et al., 2022; 2023; Veiga
et al., 2022; Ba et al., 2022; Arnaboldi et al., 2023; Collins-
Woodfin et al., 2024; Damian et al., 2023; Bietti et al., 2023;
Moniri et al., 2023; Berthier et al., 2025). A central question
in this literature is that of weak learnability: how many sam-
ples are required to obtain a predictor that performs strictly
better than random guessing.

Weak learnability can be studied from both a statistical per-
spective—allowing arbitrary, possibly exponential-time al-
gorithms—and a computational perspective, where attention
is restricted to specific algorithmic classes such as first-order
or query-based methods. In the single-index case (p = 1),
weak learnability has been extensively studied under prob-
abilistic assumptions on the data and signal (e.g. Gaussian
covariates and random weights). The information-theoretic
threshold for weak recovery in the high-dimensional limit

was characterized in (Barbier et al., 2019). On the algorith-
mic side, sharp computational thresholds were derived for
broad classes of first-order iterative algorithms, including
approximate message passing and spectral methods (Mon-
delli & Montanari, 2019; Luo et al., 2019; Celentano et al.,
2020; Maillard et al., 2020a; 2022).

A central and widely studied problem in theoretical com-
puter science is to understand statistical-computational
gaps: regimes where inference or learning is information-
theoretically possible, yet conjectured to be impossible for
any polynomial-time algorithm. This question arises across
planted and average-case problems, and lies at the inter-
face of complexity theory, statistics, and learning theory
(see e.g. (Bandeira et al., 2018; Zdeborova & Krzakala,
2016), and the recent surveys (Gamarnik et al., 2022; Wein,
2025)). From this viewpoint, the goal is to characterize the
precise boundary between what is achievable with unlimited
computation and what remains feasible under algorithmic
constraints, and to identify generic mechanisms responsible
for computational hardness (Bandeira et al., 2022; Chen
et al., 2025).

Complementary lower bounds were established under re-
stricted computational models. In particular, (Damian
et al., 2022) proved that, in the Correlational Statisti-
cal Query (CSQ) model—allowing queries of the form
E[y(x)]—learning requires n > O(d™x(1¢/2)) samples,
where { is the information exponent (Ben Arous et al., 2021),
defined as the smallest non-zero degree in the Hermite ex-
pansion of the link function g. The notion of staircase
functions introduced in (Abbe et al., 2022; 2023) refined
this picture by showing that, under CSQ or online SGD,
feature directions may be learned sequentially, with the
sample complexity governed by the so-called leap, which
captures the largest jump in Hermite degree conditioned on
previously learned directions. Related results were obtained
under the more expressive Statistical Query (SQ) model
in (Damian et al., 2024), which introduced the generative

exponent k < { and established lower bounds of the form
n z O(dmax(l,ﬁ/2))'

While these notions successfully explain a range of com-
putational barriers, they are often brittle: except for no-
table cases such as parity functions, models with large ex-
ponents typically require fine-tuned cancellations and are
unstable under perturbations of the target function. Be-
yond the single-index setting, rigorous results for general
multi-index models (p > 1) remain scarce, as learnability
depends sensitively on how the different directions are cou-
pled by the link function. One notable exception is the class
of separable multi-index models, or committee machines,
where the target is a sum of independent single-index com-
ponents. For this model, that has also been studied exten-
sivly in the statistical physics literature (Schwarze & Hertz,
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1992b;a; Monasson & Zecchina, 1995; Barbier et al., 2025),
both algorithmic and hardness results have been established
(Aubin et al., 2019; Diakonikolas et al., 2020; Goel et al.,
2020; Chen et al., 2022; Troiani et al., 2025), revealing rich
statistical-to-computational trade-offs.

3. Statistical-computational gap in even
single-index models at high noise

In this section, we assume we are given n samples D =
{(i,Yi)icin) } Where y; = y(x;) is generated by the single-
index model of eq. (4) with ¢ an even function. We consider
the question of weak recovery, i.e. the existence of an esti-
mator (D) that correlates with w* better than a random
guess.

Definition 3.1 (Weak recovery). Recall that p = 1 in single-
index models, so w* € R%. Given an estimator w(D) € R4,
we say that w achieves weak recovery if there exists € > 0
such that, with probability 1 — 04(1):

X (w(D) - w*|
R TCI e
Computational weak recovery — We study computa-
tional weak recovery by assessing the performance of Ap-
proximate Message Passing (AMP) algorithms (Donoho
et al., 2009; Rangan, 2011). This class of algorithms algo-
rithms are optimal among first-order iterative methods (Ce-
lentano et al., 2020; Montanari & Wu, 2024), and are widely
employed to delimitate the computational limits of learn-
ability (Zdeborova & Krzakala, 2016; Bandeira et al., 2018).
The following theorem establishes that the NSE governs
the fundamental computational limits of learning the single
index model of eq. (4) for small values of the signal-to-noise
ratio \.

Theorem 3.2. Consider the single-index model of eq. (4).
Assume that the even function o satisfies the assumptions
of Definition 2.1, and has NSE 3, < co. Then, the optimal
AMP algorithm achieves weak recovery (see Definition 3.1)
exactly for o > aevlgR‘, where the weak recovery threshold

a{“,‘\}% satisfies, as A — 0:
Alg. —Bx
awg = O(A g )

In Fig. 1 we plot the computational thresholds for weak
recovery for different activations o, as a function of A. They
are obtained by solving numerically the equations obtained
for a{,\vl%{' in (Mondelli & Montanari, 2019; Maillard et al.,
2020a) for generic single-index models.

Information-theoretic weak recovery — Finally, the fol-
lowing establishes that information-theoretic recovery is, on
the other hand, insensitive to the NSE.
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Figure 1. Examples of computational weak recovery thresholds

aévlgR‘ (Mondelli & Montanari, 2019; Barbier et al., 2019) as a
function of the signal-to-noise ratio A, for the single-index model
of eq. (4).

Theorem 3.3. Under the same setting as Theorem 3.2,
there exists an estimator w(D) that achives weak recov-
ery as soon as o > oif.. Moreover, this information-
theoretic weak recovery threshold satisfies oy = ©(A71).
Consequently, for B, > 1, there is a wide statistical-to-
computational gap as A — 0:

awh — otir = O ).

4. The specialization transition in large
separable multi-index models

We now consider the model of eq. (5), i.e. a separable
multi-index function. Without loss of generality, we assume
that B, _xr(0,1)[0(2)] = 0. Again, our goal is to quantify
the difficulty of learning this function from the data D =
{xi, y; = y(x;)}1,. The computational-statistical gap we
describe in this case concerns the specialization of solutions.

We first define the notions of weak recovery and specializa-
tion for separable multi-index models, analogous to those
established in (Aubin et al., 2019).

Definition 4.1 (Weak recovery and Specialization). For
W ¢ RPX? we denote O(W) € RP*? such that
OW), = w,/||wel2 if w, # 0, and ©(W), = 0 oth-
erwise. Let W = W (D) € RP*4 be an estimator of W*.
Then, W is said to achieve weak recovery with overlap ¢ if
there exists ¢ > 0, v € R?, with ||v||? = 1, such that, with
probability 1 — 04(1),

loW)[O(W™)] vl > «. ©)

If the only such vectors v satisfying this property are in
span(1,), where 1, = (1,...,1)T € RP, the estimator
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W is said to be unspecialized. Conversely, if there exists
v L 1, satisfying eq. (9), then W is said to be specialized.

Informally, an unspecialized solution is an estimator that
puts the same value for all the weights {wy, }7_,, i.e. it fits
the dataset D by a function

j(@) = y/po(w - x), (10)

that depends on a single weight vector w. Consequently, any
solution that breaks this permutation symmetry is defined
as specialized. Crucially, this definition of specialization is
strictly weaker than that of identifiability, corresponding to
mutually exclusive recovery of weights (i.e., each row of the
estimator correlates with one, and only one, ground-truth
vector w}, k € [p]).

Analogously to the single-index case, we define o’y as the
information-theoretic weak recovery threshold and aﬁ}% as
the threshold for computationally-efficient weak recovery
(i.e. the threshold achieved by the AMP algorithm). Like-
wise, we define aggec. and a?plgé. as the smallest sample
complexities necessary for specialization. Computational
weak recovery for multi-index models in the proportional
regime n < d (and p = O4(1) as d — oo) has been stud-
ied by (Troiani et al., 2025). In Appendix D we show two

distinct behaviors for the model of eq. (5), for a givenp > 1:

* When o is even, weak recovery yields the full subspace
span(W ) simultaneously; therefore, the specializa-
tion transition coincides with the weak recovery one

Alg. _ Alg.
(aspgc. - aWR)'

* When ¢ is non-even, under mild assumptions, an un-
specialized solution can be efficiently achieved with
arbitrarily small sample complexity (a{},‘\}%{ = 0), while
specialization requires a;ﬁ‘;}gc; > 0.

Our first result concerns even functions o: there, according
to the discussion above, weak recovery and specialization
are essentially equivalent. We demonstrate that this special-
ization transition is intrinsically governed by the NSE of
the link function, via a mechanism analogous to the one
observed in single-index models.

Theorem 4.2. Consider the multi-index model of eq. (5),
with o an even function with NSE (3, < oo given in Defini-
tion 2.1. Then we have, as p — oo:

Alg. _ Alg.
Qwgr = aspec.

=0,(p™)
The sketch of proof of Theorem 4.2 is given in Section 5.2,
with some details deferred to Appendix D.

When o is not symmetric, the situation is more complex,
as in general weak recovery is no longer equivalent to spe-
cialization. For instance, it was predicted by (Aubin et al.,

2019) that specialization (but not weak recovery) is statis-
tically possible but computationally hard for o 2 ©(p) in
a closely-related model where o(x) = sign(z) and one ob-
serves sign(y(x)). These findings were generalized in (Cit-
ton et al., 2025) which predicts, under a so-called annealed
approximation, a transition for computationally feasible spe-
cialization depending on the Hermite decomposition of the
activation 0. Here we confirm these predictions without
relying on such an approximation, and complement them
with sharp thresholds for the information-theoretic special-
ization.

In the following result, which holds as p — oo, we em-
phasize that we consider weak recovery and specialization
with an overlap € > 0 that does not go to 0 as p — oc:
informally, we must recover a non-zero fraction of the target
weights.

Result 4.3. Consider the multi-index model of eq. (5), with
o a non-linear function having NSE (3, per Definition 2.1.
Then, as p — oo (after n,d — o0):

s If a = o(p), the AMP estimator for W™ achieves weak
recovery (for a finite ¢ > 0 as p — o0) only possibly in
the unspecialized direction (see Def. 4.1).

o If B« = 1, the AMP estimator achieves specialization for
a > alle = O(p). On the other hand, if B, > 1 then

spec.
the AMP iterates remain unspecialized as p — oo for any

a=o(p*?).

« ol < p(l+¢)foranye > 0asp — oo. Thus, for
any B, the statistically-optimal estimator achieves weak

recovery and is specialized for o 2 p.

Remark 4.4. A few remarks about this result are in order.

* Result 4.3 relies on (¢) a large-p expansion of the
information-theoretic and AMP performances using
statistical-physics tools, and (4¢) a symmetry assump-
tion among the p hidden units of the model (sometimes
dubbed committee symmetry in the statistical physics
literature), a classical hypothesis in the study of sepa-
rable multi-index models, see e.g. (Aubin et al., 2019;
Barbier et al., 2025) and references therein. For these
reasons, we do not state it as a theorem.

* The scaling o(p>/?) for the non-specialization of the
AMP solution is likely sub-optimal, and a byproduct of
the bound on the error terms in the p — oo expansion
of AMP’s performance.

* Our derivation actually suggests that for & > p(1 + ¢),
the statistically-optimal estimator is not only special-
ized, but achieves perfect recovery of W*.

» The condition that ¢ is non-linear is natural, since spe-
cialization is not present for linear activations (Aubin
et al., 2019).
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The derivation of Result 4.3 is sketched in Section 5.2, with
some details deferred to Appendix E. Result 4.3 shows the
emergence of a large statistical-to-computational gap for
specialization in large-width separable multi-index models,
whenever 5, > 1. Refining this result, Theorem 4.2 precises
the scale of this gap as a function of 3, for even activations.
While Result 4.3 also establishes the existence of this gap
for generic activations, it falls short of providing its scale
when (3, > 1, contrary to the even case: this naturally leads
to the following question.

Open Question 4.5. In the setting of Result 4.3, and as
p > 1, do we have
ol = 07

spec.

One natural way towards Question 4.5 would be to refine
the large-p expansion of the AMP iterates we use to derive
Result 4.3 to higher order as p — oo. This is a technically
challenging endeavor, which we leave for future work.

5. Sketch of proofs and derivations

We sketch here the proof of Theorems 3.2 and 3.3, with more
detailed derivations in Appendices A and B respectively.

5.1. Single-index models at large noise

Theorem 3.2 — The proof is based on a large noise A — 0
expansion of the proven formula for the weak recovery
threshold in (Mondelli & Montanari, 2019; Barbier et al.,
2019):

(b)) =B, (Bl —1w)7].

with z ~ N(0,1) and y ~ N'(vVAo(z),1). We consider
the expansions of the involved terms around A = 0, in order
to characterize the leading order of aé‘vl%' at small SNR
A.Denote with Z(y) the PDF of y:

. exp (—(y — VAo (2)?)

Z(y) = —E,.
(y) m N(0,1) 2

Leveraging Taylor’s theorem, we are able to show that, as
A—=0

1 1
TSN (E[g™ (2)(z* = 1)),

which yields the result.

Theorem 3.3 — Our argument is based on the analysis
of the free entropy of the model, provided in (Barbier
et al., 2019), and the characterization of the associated
information-theoretic threshold in the large noise regime.

In this work it is proven that information-theoretic weak
recovery is achieved if and only if the global maximizer
m = m(a) € [0,1] of the following functional frs is
non-zero:

frs(m) = m+log(1l — m) + 2a¥ 4 (m), (12)
Uout(m) = Ew,v,y logE,, [P(Y[VmV + V1 —muw)],
with V, W, w ~ N (0, 1) and

Y~ N (VXa(vmV + VT=mib), 1).

We proceed with a Taylor expansion around A\ = 0 of
eq. (12), analogously to the proof of Theorem 3.2. We
refer to Appendix B for details: we find that, up to constant
terms in m:

out )\Z m + O )\3/2)

k>0

where ¢, .= E.[0(z)He(2)] and He(z) the probabilist’s
Hermite polynomial of degree k. Finally, given suitable
choices of constants C, D > 0, we are able to show that:
(i) for aX > C there exist m € (0, 1] such that frg(m) >
frs(0); (i) for aX < D, frs(m) < frs(0) for all m €
(0, 1]. This yields

DAl <ol <oa L

5.2. Separable multi-index models

We sketch here the proofs and derivation of Theorem 4.2
and Result 4.3. Details are defered to Appendix D and E.
In both cases, we assume without loss of generality that

E. n(1)lo(2)] = 0.

Theorem 4.2 — Our proof is based on a large-p expansion
of the formula proven for the weak recovery threshold as
Lemma 4.1 in (Troiani et al., 2025). First, recall (see Ap-
pendix D) that we showed that the results of this work im-
ply that a{“,‘vlg = afplgé., we therefore focus on the weak-
recovery threshold. As a consequence of the permutational

symmetry of the indices, we are able to show that
awk = Ey [(E[zf —1v))7], (13)

where z ~ N(0,1,) and Y = p~ /23 F_ o(2;) + VA,
& ~ N(0,1). The proof is obtained adapting the arguments
in Appendix A for single-index models. In particular, as
a consequence of the central limit theorem, in the limit
p — oo the variable f b _y0(2k) + VAE behaves as
Gaussian noise, and we can show that the separable model

effectively corresponds to a single-index problem (4) with
SNR A = 1/p.

Result 4.3 — We give here an informal sketch of the main
ideas of the derivation, details being given in Appendix E.
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We start from the results of (Aubin et al., 2019; Troiani et al.,
2025): essentially, these works shows the role of a function,
dubbed replica-symmetric potential, of a symmetric matrix
g € RP*P with 0 < g < I, and defined as follows:

flasq) = %Tr[q] + %logdet[lp —q]+a¥(q),
V) = / Ay Eenrony (. & q)log Iy, & q)]

Here I(y,&; q) is the PDF of y = p~ /2 3P _ o(z), with
z=(I,—q)?Z +q"*¢and Z ~ N(0,1,).

Two important properties of f(«;q) are shown in these
works, which we state informally:

1. Weak recovery is possible if and only if ¢ = 0 is not
the global maximum g* of f(«; q). Ata finer level, g*
is directly related to the correlation € achievable with
the signal W*, see eq. (9). Similarly, specialization is
possible if g* ¢ span(lplg).

2. Computational weak recovery (i.e. through an AMP
algorithm) is possible if and only if g = 0 is not a
local maximum of f(c«; q). Computational specializa-
tion is characterized similarly by the local stability of
unspecialized solutions (i.e. g € span(1,1])).

The derivation of Result 4.3 uses then a p — co expansion
of this replica-symmetric potential, under a symmetry as-
sumption on the structure of q. Large-p expansions of the
replica-symmetric potential under such assumptions have
been studied in the past, see e.g. (Schwarze & Hertz, 1992b;
Monasson & Zecchina, 1995; Aubin et al., 2019; Barbier
et al., 2025; Citton et al., 2025), and our derivation is close
to the ones present in these works.

The leading order of this expansion yields clear predictions
for the location of the global maximum g*, as well as the
stability of the unspecialized subspace span(1, 1;): these
predictions are summarized in Result 4.3.

6. Conclusion

This work identifies a simple, activation-dependent quan-
tity—the noise sensitivity exponent (NSE)—as a unifying
quantifier of large statistical-to-computational gaps in two
canonical high-dimensional learning benchmarks: noisy
single-index models and large-width separable multi-index
(committee) machines. Focusing on the generic symmetry-
induced regime GE = 2, we show that noise can create sub-
stantial computational bottlenecks even when information-
theoretic learning remains possible with n = ©(d) samples.

In single-index models with additive Gaussian noise,
the NSE completely governs how the algorithmic weak-

recovery threshold deteriorates at small signal-to-noise ra-
tio A\: while information-theoretic weak recovery scales
as agr = O(A71), the computational threshold scales as
aalg. = O(A7P+). Hence, whenever 3, > 1, increasing
noise opens a widening gap between what is statistically pos-
sible and what is achievable by efficient algorithms, despite
the model remaining in the proportional regime.

In separable multi-index models, we connect the same ex-
ponent to the onset of specialization, i.e. the regime where
the p individual components of the planted subspace be-
come identifiable. For even activations, weak recovery
and specialization coincide and we obtain a sharp large-
p scaling a8 = ay& = ©,(p’), contrasting with the
information-theoretic scaling o} .. = ©,(p). For general
activations, we predict based on analytical computations us-
ing statistical physics methods that the NSE again controls
whether specialization occurs at the linear scale ©(p) (when
Bx = 1) or is pushed to superlinear sample complexity
(when (8, > 1), yielding robust statistical-to-computational
gaps beyond the even case.

Limitations. In terms of limitations, our results explic-
itly trade realism for analytic tractability, in the standard
way for single- and multi-index models. First, we assume
i.i.d. Gaussian covariates and random isotropic planted di-
rections, which enable sharp asymptotics via Hermite ex-
pansions, state evolution, and replica computations. Second,
our characterizations are asymptotic in a high-dimensional
limit (d, n — oo with n/d — «, and for multi-index mod-
els an additional large-width limit p — oo after d — o0).
While these assumptions yield clean thresholds, they do
not directly quantify finite-dimensional effects, nor do they
capture structured covariances, heavy-tailed features, or dis-
tributional shifts commonly present in real data. Finally, part
of our multi-index analysis (Result 4.3) relies on statistical-
physics arguments and a symmetry ansatz (committee sym-
metry), and is therefore currently non-rigorous.

We nonetheless view some of these limitations as necessary:
they isolate the mechanism by which noise interacts with
feature-learning structure, and allow us to identify the NSE
as a sharp organizing principle for computational barriers.
Moreover, we expect the Gaussian covariate assumption to
be substantially relaxable. A broad line of universality re-
sults in high-dimensional statistics and random features sug-
gests that, under appropriate moment and weak-dependence
conditions, many threshold phenomena and asymptotic pre-
dictions derived under Gaussian designs persist far beyond
the Gaussian setting (Donoho & Tanner, 2009; Bayati et al.,
2015; Hu & Lu, 2022; Maillard et al., 2020b; Gerace et al.,
2024; Pesce et al., 2023; Dudeja et al., 2023). We therefore
anticipate that the NSE-controlled scalings identified here
will remain valid for a wide class of non-Gaussian covari-
ates, potentially after suitable preprocessing/whitening, and
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leave these extensions for future work.

Perspectives. Several directions appear particularly nat-
ural. First, it would be important to turn Result 4.3 into
a fully rigorous theorem, and to sharpen the current non-
specialization range (e.g. improving the o(p®/2) control)
by developing higher-order large-p expansions of state evo-
Iution. Second, our analysis suggests a concrete conjec-
ture: for generic activations with 3, > 1, the specialization
threshold should scale as ozé*plgé. = O(p®*) (Open Ques-
tion 4.5).

The mechanisms unveiled for single-index models and
committee machines suggest that the NSE governs weak
recovery across a broader class of multi-index models.
For instance, in separable hierarchical multi-index mod-
elsy = >, vVAro({(w}, x)) (Ren et al., 2025; Defilippis
et al., 2026), the NSE govern the computational sample
complexity thresholds for the weak recovery of individual
weights wj, at small SNR ;. In particular, for generic
NSE 8, > 1, in the power-law setting \;, oc k~27, with
~v > 1/2, Defilippis et al. (2026) shows that the optimal
computational weak-recovery of the k*" signal direction is
achieved for o < k277, which directly affects the scaling
behavior of the mean-squared error.

Furthermore, while we focus on the generative exponent
GE(g) = 2 case (defined in eq. 8), we note an intrigu-
ing structural parallel with the general setting GE(g) > 2,
in which our definition of NSE naturally generalizes to
B.(g) = min{B € N : E.[g°(2)Hegg(y) (z)] # 0}. In-
deed, from the Statistical Query lower bound for the sam-
ple complexity threshold established in Theorem 3.2 of
(Damian et al., 2024), and following reasoning analogous
to the proof of our Theorem 3.2, we expect that, as A — 0,
the critical sample complexity scales as n =< A~FxdF+/2,
Hence, the NSE could refine the classification of models
within the same GE class. While a formal proof is left for
future work, this observation suggests a potentially deeper
connection between AMP-based recovery analysis and SQ
bounds.

Finally, extending these mechanisms beyond Gaussian co-
variates and simplified architectures would help clarify how
widely the NSE principle governs computational barriers in
more realistic feature-learning settings. We hope that isolat-
ing the NSE as a sharp and computable driver of algorithmic
hardness will facilitate such extensions and provide a clean
organizing principle for statistical-to-computational gaps in
high-dimensional learning.
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The Noise Sensitivity Exponent in Single and Multi-Index Models

A. Proof of Theorem 3.2
Given the optimal computational threshold (Mondelli & Montanari, 2019; Barbier et al., 2019)

ol = (B[l - 1v)*) . (14)

for z ~ N(0,1), y ~ N(vAo(2),1), we aim to show that

—By 2
lim 2= (15)
A—0+ QW%{‘ ﬁ*'
which is a non-zero finite constant with 5 := E[0?(2)(2% — 1)].
For simplicity, denote the standard Gaussian density as
e—m2/2
x) = . 16
¢(x) N (16)
For y € R, define Z(y) = E.[¢(y — VAo(2))] and consider the term
1
Bl —1ly] = 5E- [0y — VAo ~ 1) (17
Taylor’s theorem implies that, for 8 € N
B
z + 6) Z ) i 4 Ry (18)
with ¢\ (z) = dTgb( ) and Rs(z) the remainder term. In some instances, it will be useful to consider the Lagrange form
of the remainder Rs(z) = ilj:),gb(k*l (x + 00), for some 6 € [0, 1]. Recalling that, by definition of the NSE 3., g = 0
for B < B*’
N3P pug,
Z(y)E[2* — 1|y] = (—1)5*T[3¢(’3*)(y) +E:[(2* = DR 5,0 (). (19)
Then
A 1 1 ?
1 — * *
(@) = [ ugis (0PN 600 4 B2 - DR s 0] 0)

The triangle inequality implies

13 1
(o)t — AP 2L / dym(gé(ﬁ*)(y))Q 1)

Bil?

Z(y)

—1)°R?

N (B=[(=* ~ V)R y5,) 0)])
(22 2 i @)

E
dy (by Jensen’s ineq.) (22)

g
= / Z(y)

From the left-hand side, we characterize limy o+ | dyZ (¢(5* (y))?. For M > 0, define the indicator function 1,;(2) :=
1if |o(z)] < M and 1/(z) := 0 otherwise. It is stralghtforward to show that there exists a constant M such that

13
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Pr(|o(z)| < M) > 0. For such choice of M, forall A < 1/M?
E:[6(y — vVAa(2))] = E-[1n(2)¢(y — VAo (2))] + E-[(1 — 1a(2))d(y — VAo (2))]

>0

> E[1a(2)0(y — VAo(2))]

= d(YE. |1a(2)exp | =Ad?(2)/2+ VAo (2)y
>-1/2 ==yl
> p(y)e V2 WIE, [1p(2)]
_ ol Pr(lo(2)] < M)
B(y) -

| G —
:ZCM

Hence, given the integrable function G(y) := ijfle‘m(b(y)He%* (y), we have that, for sufficiently small A,

el (P4 ())?
Cué(y)

where Heg(x) are the probabilist’s Hermite polynomials defined as

Heg(z) = (1) (2) 1o (2),

(67 (y)? < < Oy elVlo(y)Hed. (y) = Gly),

satisfying
Eenn(0,1)[Heg(2)Heg (2)] = d34 8.

The right-hand side of eq. (28) is an integrable function. Therefore, by the dominated convergence theorem,

i
vt Z(y)

(0P (y)* _ () (y))?
w - J i g

. (617 (y))?
= [ dy lim
/ Vb0t E, [6(y — VAa(2))]

B (97 (y))?
_/ dy o(y)

= /dx¢(m)He%(ac) = A,

(23)

(24)

(25)

(26)

27)

(28)

(29)

(30)

&1V

(32)

(33)

(34)

In order to complete the proof of eq. (15), we have to show that the remainder contribution in eq. (22) is o(A~?+). Define

1in(2) = 15 -1/4(2), and Lou(2) = 1 — Liy:
E.[(=2 - )Ry, (u)]
Z(y)
E((2 - PR, (0La(d)] Bl — PR | () Lowt(2)]

- Z(y) - ()

For the first term, we substitute the Lagrange form for the remainder, which yields

(= = PR ()

B Z(s)

(@t Vi)
“ErDE Z)

o (20 = VR ) ey, VA ()
B (B* + 1)!2 # C’M(Jﬁ(y)e_“/‘

in Z)

lin(z)
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1in(2) by eq. (23)

(35)

(36)
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Using the inequality (y + )% > 3y2/4 — 362 in ¢(y — VA0 (2)))?, and the fact that there exists a constant D such that
|Heg(z +y)| < D(1 + |z|? + |y|?), we obtain

)\ — 2 2,2
< WCMlpze v /AR, (22 _ 1)20(Z)2ﬁ*+2w(1 + |y|2ﬁ*+2 + (ﬁe\a(z)\)”*”)hn(z) 37)
<eVA <ABat1)/2
(A<1) 2
< CheV /4+|y|]EZ[(Z2 _ 1)20_2ﬁ*+2(z)}7 (38)

for some constant C. The latter is an integrable function with respect to y, and

IEZ 22 -1 2R2 in\ %
A%/dy [( VR ) @) Lin(2)] _ow. 39)

Z(y)

For the second contribution, we have, from the definition of the remainder in eq. (18) and using the triangle inequality,

(22 — 1)2Rfﬁg(z)(y) (22 — 1)26%(y — VAo(2))
0 Z(y)

(2 12 (S 25 (o ()00 ))
Z(y)

]Ez 1out (Z) (40)

+]EZ

]-out (Z) (41 )

Looking at the right-hand side, the second term can be bounded as follows

(2 12 (e 207 (-0 ()P (07 ()?)
Z(y)

E, Lout(2)

ev? B \(B+8)/2

Z(y) 2. pLpn

B,8'=0
eV /2t B \B+8)/2

13/
Cu 57, gL

—y?/2+lyl B \(B+8))/2
< > Heg (y)Heg (y) E- [(22 — 1)46%3(2)] V*(Pr(|o(2)| = A=1/4))/2 (by Cauchy-Schwarz ineq.)

, 131
Cm Pyt B!p'!

Heg(y)Hep (y)E=[(2* — 1)%0%(2) Lous (2)]

Heg(y)Hep: (y)E- [(2* — 1)%0% (2) 1ot (2)] (by eq. (23))

<oo

which is integrable with respect to y and, by Markov’s inequality, the last factor Pr(|o(2)| > A\~%4) < E[|o(2)|°]A/4, for
any c € N. The first term in the right-hand side of (40) can be treated in the following way

E.[(22 — 1)%¢*(y — VAo(2))1out ()]
Z(y)
CEL[(22 1) (y — VAo (2))Lout (2)]
E.[6(y — VAo(2))]
(

(B-12 = 1'% = VA0 () Low ()E-[oly — VA0(2))])

E:[¢(y — VAo (2))]
=E.[(2* - 1)'¢°(y - \/XJ(Z))lout(Z)}~

(by Cauchy-Schwarz ineq.)

15
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Integrating with respect to y:
[ B2 = 1) - VAo Lo ()
SB[~ 1) (2] [ aus®(o)
1/2
< (IEZ[(Z2 — 18 Pr(lo(2)] > )\_1/4)) /dy¢3(y) (by Cauchy-Schwartz ineq.),

which is finite and o(\? / 2) (by Markov’s inequality). Having assembled all results, for \ sufficiently small

_ _ 19
AP (aig) T = 2 40\(1), (42)

which leads to the result in eq. (15) and completes the proof.

B. Proof of Theorem 3.3

In (Barbier et al., 2019), it is proven that the information-theoretic sample complexity threshold corresponds to the smallest
« such that there exists a non-zero maximizer m to the following

sup {m +log(l —m) 4 2a¥,u(m)}, (43)
me[0,1]
\Ilout(m) = ]EW,V,Y log EwNN(O,l) [P(Y|\/%V + vV 1-— mw)} ; (44)
with V. W ~ N(0,1), Y ~ P(:|y/mV + /1 — mW). For a fixed m € [0, 1]), consider the function
F(k) :=Ew,v,y 10g Eyon0,1) [exp (v — ko (v/mV + V1 —mw))], (45)

with VW ~ N(0,1), Y ~ N(ko(y/mV + 1 —mW),1). It is straightforward to show, by a change of variable
Y — Y, that F is even. Note that, up to constant terms in m, F(k) = Wy (m; £2).

Furthermore, as a consequence of Taylor’s theorem, there exists constant & € [0, ], such that F((k) = F(0) + 3 F"(0)x* +
2—14F(4) (R)k(k — &)3. By Lemma C.5 in Defilippis et al. (2026), there exists a finite C' > 0, constant in x and m, such that

1
ﬂF(‘l)(/%)n(n —k)?| < CK*. (46)
Define the auxiliary function

Z(k,v,u,y) = Ey [exp (—(y — s(o(vVmv + V1 —mw) — o(v/mv + V1 —mu)))?/2)] . 47)

1
ous
In particular, Z(0, v, u,y) = (2r)~1/2e~¥"/2 and, applying the definition of the probabilist’s Hermite polynomials, for all
j € N, using the shorthand g, = o(y/mv + /1 — mu)

&’ 1 (Y=g —gu))? (9w — gu)’

N — (y—r(gw—9u))"/2 . — — w u

B Z(k,v,u,y) = me [e He;(y — £(gw — 9u)) A (48)
we have, after a change of variable Y — Y + kgy/mV + /1 — mW), that F(k) = Eyw y[log Z(k, V,W,Y)] for
Y ~ N(0,1) and

F"(0) = Eywy

z@MWX)(Z@WWﬂf (49)

Z(0,V,W,Y)  \ Z(0,V,W,Y)

= Ey[Y](Ev,w[gw] — Evwlgw]) — %EY[(Y2 -] (Ev,wlga] + Ev.wlga] — 2Ev.w,wlgw guw))) (50)

=0—E.n0[0%(2)] + E(zy ) on (02,0 [0 (21) 0 (22)] (51)
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with
1 m
C = ( m 1 ) . (52)
In the above we used
Ev.w(giy] = Ewy[g*(VmV + V1 —mW)] = E.[g(2)], (53)
EV,w,W[gng} = Ev[Ew[U(\/EV +v1-— mW)]IEw [O’(\/EV +v1-— mw)]] (54)
= E(m,zz)NN(Oz,C) [U(Zl)U(ZQ)]' (55)
Therefore, up to constant terms in m,!
A 2
Uout(m; ) = F(\[\) = const + §E(21722)~N(02’C) [0(z1)0(22)] + O(N7). (56)
By assumption, o is polynomially bounded and can be decomposed in the Hermite basis as
Ck 1
o(z) = Z EHek(z), cp 1= HEZNN(O,I) [o(z)Heg(2)] . (57)
E>0
Leveraging Proposition 11.31 in (O’Donnell, 2014),
2
c
E (21 200N (02,0) [0(21)0(22)] = D kf’?m’“ € [0,E:[¢*(2)]], (58)
k>0

which is a non-decreasing function of m € [0, 1]. Note that, since o has generative exponent 2, and E, [0 (z)] = 0, we have
that ¢y = ¢; = 0 necessarily. Hence, we are interested in maximizing the quantity?

2
frs(m) = m +log(1—m) +ary_ %mk +0(aN?) (59)
k>2
1 A 1
=3 (oz/\cg — 1) m2 + Z (O];‘ci — k) mF 4+ 0(a)?), (60)
E>2 ’

where we have expanded log(1 — m). We show that there exist constants C, D > 0, such that D' <opr <OXLIf
Co 7’5 0
1 9 9 al 5 1 ‘
frs(m) = 5 (ar — 1) m? + ;;1 (k!ck —)m 61)

For o > /\’162_2, m = 0 becomes a minimum. In the case co = 0, m = 0 is always a maximum, and f(0) = 0. Define, for

some 71 € (0, 1),

log(1 —n
C = _M_ (62)
2k
Then, for « > CA~2, f(m) > f(0) which implies that m = 0 is not the global maximum. Denote
—m —log(1 —
D= inf Oi( ™) <o, (63)
me(0,1] Ek %mk
Note that log(1 ) ) )
. —m—logil—m -2 —2
1 = = ———— <D< = . 64
S 2 2] =0 =2 TR, 0(s)] ©4)

Then, for all « < DA™Y, f(m # 0) < f(0) = 0, i.e. m = 0 is the global maximizer.

"Recall that, by Lemma C.5, the correction O(\?) is uniform in m € [0, 1].
Note that we are neglecting constant terms with respect to m.
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C. Examples

In this section we present some examples of functions corresponding to NSE 5, > 1. Recall that Proposition 13 in Oko
et al. (2024) guarantees that, for any integer K > 0, one can construct a function with NSE 3, > 0. We focus on the case of
even functions o : R — R. By the assumpion in Definition 2.1, o admits a decomposition in Hermite basis:

o(z2)=> %He%(z). (65)

The case 5, = 1 trivially corresponds to o5 # 0. Consider instead the case 0o = 0 and the quantity

E[(2% - 1)02(2)] %E[Heg(z)UQ(z)] -3 %E[H@(m)Hegk(z)Hegh(m)] = (0, Ho) (66)
k,h>1

with (o], = o9, /(2k!) and Hy, = E[Hey(x)Heor(2)Hean(2)]. By definition, if (o, Ho) # 0, the NSE 3, = 2,
otherwise 3, > 2. Using the generating function of Hermite polynomials

2 tk
eFt—t/2 _ Z gHek(Z)v (67)
k>0
we obtain Cshad
ththtd
E[ez(tl+t2+t3)—(t§+t§+tg)/2] — kI'hQ'j?')E[Hek(z)Heh(Z)Hej(Z)]. (68)
k5o KR!

At the same time, computing the Gaussian integral,

2.2, .3 ta—!—bta—i-ct{)—i-c
E[ez(t1+t2+t3)7(t1+t2+t2)/2] — efitettitsttats Z 1 a!zb!c! 3 (69)
a,b,c>0
By matching the terms in the two expressions we find that, defining s = (k + h + j)/2
E[Hey(z)Hep(2)He; (2)] o
il (DU CRg ONCEF I (70)
if k+h > jand |k — h| < j. In particular
Hyp, = 22K)20) (k—h+ 1) (h—k+D(h+k—-1))"", if [k—h|<1 (71)
Ak(2K), k=h
= ¢ (2max(k,h))!, |k—h|=1 (72)
0 otherwise

We seek to find finite degree 2m even polynomials with NSE 3, > 2. For this purpose denote with H (M) ¢ Rmxm the
matrix generated from H as H™) := (Hn)k,hem))- It is easy to find vectors o € R™ such that (o, Ho') > 0, for
instance any higher-order even Hermite polynomial Hegy, (which correspond to [o], = dpr/(2k)!). Denote as o . a vector
of this type. If we can find o_ € R™ s.t. (o, Ho') < 0, it is possible to construct a function with NSE larger than 2 as
a fine-tuned linear combination of o4 and o_. Indeed, denote a = (o4, H™o ;) > 0,b = (c_, H™ o _) < 0 and
c={(o_,H™g,)

((toy +o_),H™(to, +o_)) = at2+b+2tcé0, (73)

which is always solvable since ¢ — ab > 0. Therefore, the existence of a function with 3, > 2 is equivalent to H (m)
having at least one negative eigenvalue.

Numerical verification shows that H™ is positive-definite for m < 10. The first negative eigenvalue appears at m = 10
(degree 20), with value ~ —4.18. This implies that all even polynomials of degree less than 20 have 5, < 2.

In a similar fashion, in order to construct functions with 3, > 3, consider two functions o, o_ with 3, = 3 (which can be
constructed with the method just described), such that E[o2 (z)(2? — 1)] > 0 and E[0® (2)(22 — 1)] < 0.> Then there exists
t € [0,1] such that E[(toy () + (1 — t)o_(2))3(2% — 1)] = 0, due to continuity.

*It is possible to satisfy such condition, since E[(—c(2))3(2* — 1)] = —E[¢®(2)(2* — 1)].
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D. Proof of Theorem 4.2

Given z ~ N(0,,1,), & ~ N(0,1), Y = p~1/23P_ o(z) + VAL, consider the vector E[z|Y]. Given o even, the
conditional distribution P(-|2) is even with respect to each zi, k € [p], and consequently

Elz|Y = y] oc Ez[2:P(ylz)] =0 Vk € [p]. (74)

In Theorem 3.2 of (Troiani et al., 2025) it is established that, when E[z|Y] = 0 a.s., the trivial subspace of span(W™) is
empty, i.e. there does not exist a subspace that can be efficiently learned at any sample complexity « (see Definition 3
in (Troiani et al., 2025)). Instead, there exists a strictly positive threshold a&}%{' > ( for weak recovery, that is given by
(Lemma 4.1 in (Troiani et al., 2025))

—1
A = ( sup [Ey~zG(Y)MG(Y) |F> : (75)
Mes),, , |[M|r=1

with G(y) = E[zz" — I,,, | Y = y]. Exploiting again the parity of o, it is straightforward to show that G(y) is diagonal.
In fact,

m 2
Elzkzn|y] /67\|z|\2/2 exp | — (y - Z(lkgk(Zk)> /(2A) | znz dz = 0. (76)
k=1

Moreover, due to the permutational symmetry of the committee model,
Elz; —1ly] = E[z; — 1ly], Vk,h € [p]. (77)
Therefore G(y) = E[27 — 1|Y = y]I,, and

sup IEy~zG(Y)MG(Y)|r = Eyz[(E[z} — 1]Y])?]. (78)
McSy, , | M| p=1

Theorem 4.2 in (Troiani et al., 2025) further establishes that there exists an efficient algorithm (in particular an optimal
Approximate Message Passing scheme) which can weakly recover what is known as easy subspace. The latter, according to
Definition 4 in the same work, corresponds to the full span(W™*), since there does not exist v € R? such that v ' G (y)v = 0
a.s. over y. Hence, by Definition 4.1, for the committee machine with even activation functions

Alg. _ Alg.
QwR =~ aspgc. (79)

Note that, for a generic non-even activation®
]E[Zh|y] = E[Zk|y} 7é 07 Vk7 h e [pL (80)

due to permutational symmetry. As E[z|y] € span(1,), the trivial subspace only includes unspecialized estimators, which
can therefore be learned at any finite sample complexity o > 0.
The proof of Theorem 4.2 follows steps analogous to the one for Theorem 3.2 presented in Appendix A, leading to

/3* 2
lim p Fs.

= (81)
p=oo ohlE T+ AR,

In particular, denote with .S, the random variable .S, := % S ,o(z), then Y ~ N (%o(zl) + Sp, A). Without
loss of generality, we consider E.[0(z)] = 0 and E.[02(z)] = 1% therefore E[S,] = 0 and E[S2] = 1 — p~'. Define the
Gaussian density with variance A as ¢a (z) := e=e’/(28) /v 27 A, by Taylor’s theorem, for any 5 € N

~ o8 (@)
!

da(z+08)=> AB & + Rs(z) (82)
=1

*We exclude here fine-tuned examples of non-even model with GE = 2.
3Such assumptions correspond to a shift and rescaling of the original problem, which do not affect the result of Theorem 4.2.
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) = oW T (@ + 06), for some 6 € [0, 1]. Recalling that, by definition of the NSE f,., 115 = 0

with ¢ (z) = dd—qﬁ( ) and Rs(z) the remainder term. In some instances, it will be useful to consider the Lagrange form
Rs(x

of the remainder R
for g < B,

AB+/2
Z(y)E[] — 1ly] = (—1)5*7’“‘%517[ Gy = S+ Eos, [(22 = DRty yn(y — Sp)ls (83)

with g = E,[07(2)(2% — 1)]. Then,

(awg) ™ —p gﬁ,; / dy —y Oy - Sp)))? (84)
Ez 22 - Rcr z D - Sp . .
</dy( A 1)2(;))/f(y )]) (by the triangle ineq.)
2
(B-.5, (2% = DRotey 1y — 5,) 1/ 33))
:/ v Z(y)
[(E.[(2 = 1)Roe)) sy — Syp) /EEG=eEI=5,TT))
§/dyESp ( ( Mot/ plY Z(y))\/Ez[¢A(y—0(z)/\/17—5p)]]) (by Cauchy-Schwarz ineq.)
_ :(]E (2> =D Rozy/ 5y — S )])
- [ s E.0a(y— 0(2)/yP - 5)
g (E-[(2 = VB0t 5 )
E:[¢aly —o(2)/y/P)]
E. [(I(z* = DRotey5@)])] .
S/dy E.[6a(y = 0(2)//D) (by Jensen’s ineq.) (85)

In (84), we characterize lim,_,~ [ dyZ (ES qb(ﬁ *(y — Sp))2. For M > 0, define the indicator function 1,/(z) := 1

if |o(2)] < M and 1p(2) := 0 otherw1se It is straightforward to show that there exists a constant M such that
Pr(|o(z)| < M) > 0. For such choice of M, forall p > M?/A

Z(y) = B-s, [0aly —p~20(2) - 5,)| (86)
> Es, [6a(y = Sp)e” v Sr/VA) W (by eq. (23)) (87)
N——
=Cn
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and consequently

——(Es, [6X (y — S,)])? (88)

(Es, [0X) (y — Sp)])?

<Cy (89)
Y Es, [0a(y — Sp)e =i/ VA
2
By) éa(y—Sp e~ lu=Spl/VA
(ESP |: ( (y S )\/¢2EZSP;EHSP/¢Z:|)

=Cy/ (90)

Es, [$a(y — Sp)elv=5l/VA]

Eg e+Hly=5,1/VA B (4=5,))°
<ci! Palvw) Es [¢pa(y — S, )eilyfsp‘/\/z] (by Cauchy-Schwarz ineq.) o1
TN B, [paly — Sy)evoS/VE] TR |
_ _ -5
=(ACy) 'Es, [m(y— Sp)elv=5¢He?, <yﬂp>} = G,(y). (92)
Note that [ dyG),(y) is finite and independent of p,

1
/ dGly) = 57 / dyea (y)e* " HeG (y) < oo, (93)

M

Therefore, by Pratt’s Lemma (Pratt, 1960),
(Es, [08" (y = S5,)))? (Es, [98" (v = S,)))?
lim [ dy—2 = / dy lim 2 -t . (94)
p—oo Z(y) p—o0 ]EZ,SP [¢A( - %0'(2’) - Sp)]

In the limit p — oo, the central limit theorem implies that the variables .S}, and (p’l/ 2

to (0, 1), and, recalling that E; xr(0,1)[¢a(z — Z)] = pat1(z),

o(z) + Sp) converge in distribution

Es,[08 (y—S))° 1 s [y
/dywoo E..s, [¢>A(y7 Lo(z)=8,)] 1+A /dy‘bl*A(y)Heﬂ* (W A) ©3)
_ B
TVITA ©0)

In order to complete the proof, we have to show that the remainder contribution in eq. (85) is o(p®+). This directly follows
by noticing that such a quantity is equivalent to the one in eq. (22) for single-index models. Substituting A = (pA)~1, we
have shown that this contribution is o(A~7+), yielding the result.

E. Derivation of Result 4.3
E.1. Setting and previous results
Recall that we consider the setting of eq. (5):

1 & "
=L fanb ©7)
{y RN w)}_l

We assume Gaussian prior wj, SN (0,1;/d) and Gaussian data x; N (0,1;). Without loss of generality, we assume

that o has zero projection on the first Hermite polynomial:

E[p(G)] = 0, (98)
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for G ~ N(0,1). Recall finally that we are in the regime of n = ©(d) data samples, with n/d — «, and p = O(1) as
d — oo. Let us summarize the known main results for the optimal errors achievable in this setting, as given in (Aubin et al.,
2019). We denote S;F the set of p x p real symmetric matrices, which are positive semidefinite.

We define, for z € RP:
1 &
A(z) = = > o). (99)
For q € S;r suchthatg < I, ,and any y € R, £ € R?, we let:

I(y,€9) =Ezno1,) [5 (y - A [(Ip -q)'”Z+ q”%} )] :

(100)
¥(q) = /dy Eenor,) L(y, & ) log I(y. & q)] .-
From there we define the so-called replica-symmetric potential
1 1
flasq) = 5Tr[q] + 5 log det[l, — q] + a¥(q). (101)

Notice that f(«; q) is invariant under permutation symmetry of the indices: more precisely if P € RP*P is a permutation
matrix, then f(a;q) = f(a; P T qP). This follows from permutation invariance of A(z) and rotation invariance of the
Gaussian distribution.

E.1.1. INFORMATION-THEORETIC LIMITS

At the information-theoretic / statistical level, the optimal recovery of W* can be characterized in the high-dimensional limit
by the properties of f(«; q). This was shown in series of works in physics and computer science, which we can summarize
in the following statement.

Theorem E.1 ((Aubin et al., 2019; Barbier & Reeves, 2020; Reeves, 2020)). Let

g* = arg max f(a; q). (102)
0ﬁ¢151p

Denote W o (D) := E[W*|D] the Bayes-optimal estimator of W* given the dataset D = {@;, y;}_, in eq. (97). Under a
technical assumption (see the remark below), and as n,d — oo withn/d — «, we have

A X T P 5 T P
Wopt (Wopt) = g, and Won (W) ' = q*,

where 5 denotes convergence in probability (with respect to the randomness of all ({x;,y;}, W™)). In particular the
asymptotic minimal mean-squared error on the estimation of W™ satisfies:

min |[W — W*|[3 = [Wop — W[5 5 Tr[l, — g*].
W (D)

Remark — We note that, on a technical level, and as discussed e.g. in (Aubin et al., 2019), Theorem E.1 requires adding
an infinitesimal amount of side information on W™ to the observations, allowing e.g. to break symmetries of the model,
exactly like in single-index models (Barbier et al., 2019). Since we do not state Result 4.3 as a theorem (as we will in any
case rely on assumptions later on), we do not discuss this technical point further, and essentially assume this infinitesimal
side-information to be present.

E.1.2. COMPUTATIONAL LIMITS

Our main tool to characterize the computational thresholds in multi-index models is the performance of the Approximate
Message-Passing (AMP, sometimes Bayes-AMP) algorithm. We refer to (Aubin et al., 2019; Troiani et al., 2025) for a
precise definition of the iterations of the AMP algorithm in general multi-index models (including the one of eq. (5)), and to
the main text for a discussion of the optimality of AMP in terms of mean-squared error among first-order methods..

Rather than the precise form of the AMP iterations, the main result we need here is a deterministic characterization of their
limiting behavior in the high-dimensional limit, a result known as state evolution. In multi-index models, state evolution
was derived in (Aubin et al., 2019), and later proven in (Gerbelot & Berthier, 2023). We state it here informally.
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Proposition E.2 (State eyolution of AMP, informal ({\ubin et al., 2019; Gerbelot & Berthier, 2023)). Consider the AMP
algorithm initialized in W°. For any t > 0, denote W* € RP*? the state of the AMP algorithm after t iterations. In the
high-dimensional limit n,d — oo with n/d — «, we have for any t > 1:

WI{WHT 5 ¢, and W (W) 5 ¢,
where 2> denotes convergence in probability (with respect to the randomness of all ({x;,y;}, W™, WO) ). Here we assumed
that WO (W™*)T — q°, and we have that q* satisfies the deterministic recursion, for any t > 0:

¢ =G [2aV¥(g")], (103)
where G(M ) := (I, + M)~* M. Equivalently:
g, — ¢t = 2aVU(g"). (104)

Remark — Beyond some technical conditions, the main “imprecision” in Proposition E.2 is the discussion of the possible
initialization point WO In general, as in the information-theoretic results above, we implicitly assume that we have access
to an infinitesimal amount of side-information, which allows to initialize AMP in a very small but non-zero qo. This allows
for example to probe weak recovery by considering the stability of the point ¢ = 0 under the state-evolution iterations of
eq. (103),(104) (e.g. weak recovery may be possible even if ¢ = 0 is a fixed point, if it is unstable). We refer to (Mondelli &
Montanari, 2019; Barbier et al., 2019; Maillard et al., 2020a; Troiani et al., 2025) for more discussion on this technical point.
Similarly, we will here probe specialization by considering the stability of the whole unspecialized subspace span(lplg)
under these iterations.

Notice that eq. (103) can be seen as an iterative scheme that, starting from q°, attempts to find a zero of the derivative
V f(a;q) in eq. (101). Informally, the results above actually allow to characterize both the information-theoretic and
computational limits through the single function f(«; q).

We now turn to expanding the results of Theorem E.1 and Proposition E.2 to leading order as p — oo.

E.2. Committee symmetry

In order to expand the results above as p — oo, we make the following hypothesis: both g* in eq. (102) and ¢’ in eq. (103)
do not spontaneously break the permutation symmetry described above (below eq. (101)). This assumption is sometimes
called committee symmetry in the statistical physics literature), see e.g. (Schwarze, 1993; Aubin et al., 2019; Barbier et al.,
2025; Citton et al., 2025). Concretely, such a matrix g can be written as:
da

q=qil, + ;1,,1;. (105)
Notice that by the constraint I, = g = 0, we have 0 < ¢4 < 1and 0 < ¢, + g4 < 1. While eq. (105) posits a global
permutation symmetry of the matrix g, it allows for two distinct types of solutions:

(7) When g4 = 0, the solution considered is unspecialized: all the learned weights , are invariant under permutations of
(wi, - ,wy),andq € span(lplg). There, the solution can be attained by simple linear regression, see eq. (10).

(ii) When g4 > 0, this symmetry is broken, and the solution is specialized. Each learned weight w; aligns with a
corresponding “neuron” w; of the teacher.

Let us now use the form of eq. (105) in eqs. (102) and (103). The first term of f(«; q) is easy to compute:

1 1 o+ -1 1
5 Trlg] + 5 log det[l, —q] = g qud +2 5 108(1 — ga) + 5 10g(1 — da — qa). (106)
Recall the definition of ¥ in eq. (100). We reach the following simplification in the large-p limit, for any committe-symmetric

q.

1
V(g)=C ~;log [V2(44) — ¢a(Ec[Go(G)])?] + O™/, (107)
with C' € R a constant (independent of q), G ~ A (0,1), and
1
(a0 = Belo (6] - Ewyrioan lo(@ ot Qu= (%), (108)
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E.3. Large-p expansion of U(q)

We now detail how to obtain eq. (107). Recall eq. (100): I(y,&; q) is the PDF of the random variable y = A(X), with
X = (I, — q)*/?Z + q'/?¢ a Gaussian vector with mean g'/?¢ and covariance (I, — q). As p — oo, it is natural to
expect that the distribution of y approaches the one of a Gaussian random variable. We make this intuition more formal
(and derive the mean and variance of the variable) by considering the characteristic function of y, i.e. the Fourier transform
of I(y, &;q). As we do not state Result 4.3 as a theorem (and it relies in any case on the unproven committee symmetry
assumption), we present the computation of this characteristic function at a non-rigorous level®, and leave a mathematical
proof for future work. We note that this derivation is similar to computations contained in (Aubin et al., 2019; Barbier et al.,
2025), nevertheless we write them in full details for clarity of the presentation.

7 0 dx —3(X=q'?6) T (I —a) T (X=q' /€)1 Yi, o(Xa)
1,&;q) = E,|exp(—iuy)| = e 2 P vF 2h=1 7 (Xk)
o(i1,&; q) = Ey[exp(—idy)] /R SN

Using the committee symmetry assumption (eq. (105)), and expanding the product inside the exponential, we get:

_glalp—a7le 1), 1-da—ag R
2 1— .o
i, & q) = e aq iX e—2("1{”%)—zpufqd)q(‘ffqa—qd)(1;X)2+(”2X)_17% Zizlo(Xk).
(2m(1 - Qd))p/2 RP
Here we defined ve == (I, — q)’lql/ 2¢ and 1,, is the all-ones vector. We now factorize the integral over X by introducing
an extra variable w := (1, X)//p:

_ETq(Ipfq)’IE_llog 1-gqa—qq .
e 2 2 T-aq dwdw ua—
e
@r(1 — 4a))72 P

511
X2y X Ty ia g X
= (v ) o1 0(Xk)
X dX e 200-24) VP ¢ VP k=1 ,

RP
7qu(Ipfqr1§7llog 1-aa—dg dwd® up—
—e 2 2 T—qq e
27

da 2
5T T — S w
2(1—q4)(1—qa—qq)

o(t,€;q) =

2

qq
30-a(U—qa—ag) »

d dx z2 iz 4 i ()
X e 2w vp R Um o) 109
kU/ er(l—a) 2" " (109

with (vi)}_, the entries of ve. We denote J (€, w, @) the integral appearing in the last product

N dx S 7 SO 1 g
. = e 2T-ay vE TRETTR .
i) = | G

We now focus on the large-p expansion of Y _, log Ji (&, W, @), which appears in eq. (109). Notice that, from eq. (105):

T
\/CI»d €+ |:]. < 1 1 + 2\/qa+qd):| (€ 1P)1p' (110)

ve = (1, ~ a)'q"% = §

—qo- [2\1+@ 1—@a 1—d¢u—da p
::h(QdJ]a)
Therefore we have, denoting (&) == (1, £)/,/p (which is ©(1) as p — c0):

z? iz s(®z _ ia
T i) = [ Y my e - o),
o (27(1 — qa))1/?

Expanding the terms inside the integral that are O(1/,/p), we get:

. de e [ (he(€) —ib)e dd
6.0 = [ o ST 1 B Bt
L((hs(@) —im)e i N® Lo g
+2< VP Nk )) How )]' i

SWhile not mathematically proven, our derivation does not make use of any heuristic method, a proof would rather require a more
precise control of the error terms.

24



The Noise Sensitivity Exponent in Single and Multi-Index Models

Let us denote, fory > 0, 5 € R,and [, m € N:

— 2?4z

dzxe Ima(x)l = <$m0(93)l>%l3»

Fm](77ﬂ) =

where (-), g is the Gaussian measure with weight e~ 37 8 Notice that Fyo = 1, Fyo(v, )
v~1 4 5%/~2. Denote

(112)

= B/, and Fy(v, B) =

y 1
C1-qd
(113)
Be = 1\/(17 &k
—dqd
Going back to eq. (111), we get (denoting F,,; for F,,,; (7, i) for lightness):
A 9d (hs({) — i?f})Flo ukFy, (hS(S) — i’lj})2F20 — ﬂ2F02
J , W, = e2(0-499) |1 —
w(E,0,0) =€ [ + N 7 + o
_idi(hs(§) — i) Fuy n O(pS/Q)] .
Therefore:
- qaé; { (hs(€) — i) Fio  iaFy1  (hs(§) — iw)?Fa — 4% Fopo
log J =—F _+log|l -
og Ji (&, W, 1) 2(1_qd)—&-0g + 7 N
_m(hs(ﬁ)p— i) F1y n O(p—z’)/z)} 7
_ s n (hs(§) —iw)Fio  iiFpy n (hs(§) — iw)*Fag — 4% Foo
2(1 - qa) VP VP 2p
_ m(hs(ﬁ)p— i) ((hs(§) — iw;f;lo — 1uFp1)* + O3,
_ s n (hs(§) —iw)Fro itk da(hs(§) — i) (Fi1 — FoiFio)
2(1 - qa) VP N/ P
. ~\2 2 2 2
n (hs(§) — iw)*(Fao —2]};10) — a*(Fo2 — Fy) + O(p_3/2). (114)

Notice that Fpg — FZ) =y~ 1

=1 — qq. Moreover Fig = 3/v = /qa&. When computing Zz=1

log Ji (€, w, @), it will

be important to see how the different variables scale. For this, we define the different quantities, that all depend only on the

empirical density of &:
p

*f ( =
VP = 1—qi'1—=qa™)’
1< 1 i )
NPy — ForFro) | ——, ,
pz:: 11 01410 (1—(]d 1_qd§k
1< 1 Va )
“SNR F? —, .
pzz: 02 — Foy ( w 1*qd€k
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Notice that 'y, I's correspond to the averages of the covariance of (x, o(z)) and of the variance of o(z), under the laws

(-)~,8,- We remark that eq. (98) ensures that

Eeon [ (5 7756)| = 72
NOD NI = g0’ 1~ qa V2 —qa)

= Lﬂ/dxe*%xka(x)l,
= EG~N(0,1)[GkU(G)l]-

L
dze 2000 Qd)x o(x )Eg e —atan 7d> T-aq

(116)

In particular, we have E¢.ar(0,1) {F()l (ﬁ, 1@ £ )] = 0, and by the central limit theorem I'¢ (&) converges to a centered
Gaussian random variable as p — oo. We will come back to this point later on. We reach from eq. (114):

> tog e ) = S8 i) - )s(e) — sara(e) — ahs(e) — s (e)

2(1—
hs(&) — iw)?(1 — 0T
Coming back to eq. (109):
¢Taqp—a) ¢ —da—q D a
pli €)= T /dgdwemwmwz (118)
m
2 (&) —iw)2(1—q a2
x o F a5 (€) =) s(€) —iaTo()—if(hs(€) i) (+ AHETGEUSML O ) |y 172y

Notice that
qa
5(€)”.

(1—qa)(1 = qa — qa)

¢all, —q) = - gd

And so we get:
dwdd jupe— q 2
VT T (U —qa—a

_ da _ 1 2] s(8)% 1 1—qa—ag
(’&, & q) —e [(1*%)(1*%*%) 2hy/ga—(1=qa)h ] 2 3 log = /
2w

(2ihs(® w402 (1—aq) _ a2
2ih +2 1—qq) F22(£) [1+O(p71/2)] (119)

2

« e~ I/aT0s(§)—iaT0 (€)—id(hs(§)—iw)T'1(€)—

We now come back to I(y, &; q) = [ dae'™ (i, & q)/(
dadw d iy iwi— sty

. - ,(17‘1117 2h/qa—(1—qa)h b(s) l10g17(1i177qd
I(y.6:q) = ¢ LT ! M T ©

ihs(§)o+w?)(1—qq) a2
(2ihs(€ %)=y r2<s>[1+0( 1/2)]. (120)

27). We get:

2

w ¢~ Waaws(§)—1al'o(§) -t (hs(§)—iw)l (§)—

The integrals over all (G, w,w) in eq. (120) are Gaussian, so they can be computed easily although the computation is
tedious (we drop the dependencies of s, {I',} on & for ligthness). We reach after integration over (4, w):

I(y,&:q) = L R T T L Bl e
\% QGF2 2
(2ihs(®)w+2)(1-gqq) [y=Tg—(hs—iw)l]?
d y—lg o 1 [1 + O(pil/z)] (121)

% e—im@ﬂg)— 5 3

After performing these tedious Gaussian integrals, we obtain the following simple expression:

I(y.6) = ——e T (1 4+ O 12)),

7= Ta(E) - Ojl—iwn(sﬂ
VQa+qd_f() (E)

po=To(§) + -

(122)
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Remark — This tedious derivation formalized the fact that the random variable y = F'(X) is, as p — 0o, approximately
Gaussian, and we determined its mean and variance.

Recall the definitions of s(£) and T',(€) in eq. (115): in particular, these are also functions of ¢4. Going back to eq. (100),
we get:

V(q) = /dyE§~N(0,1p)I(y7€§Q) log I(y,&;9), (123)
gy 1 172 172
— e /dy { 2 — S log2mm + O(p )} (1 +O® )) : (124)
1+ log 27r da _
IR Chetor |Ta(0) - I Tu(e? | + 00, (125)

As we remarked above, by the law of large numbers, Ty (£), T'2(£) concentrate on their average as p — 0o, that we denote
v1(4q4),¥2(qq)- They are defined as:

1(qa) = EgNN(o,l) {[Fll — Fo1 F1o] (17 v f) } )

1—qa"1—qq

(126)
1 Vad
=Eec~ Foo — F&) ( —— :
Y2(qa) 3 N(O,l){[ 02 — Fg1] (1_qd, 1_(]d§)}
Recall the definition of F,,;(vy, 8) in eq. (112), and what we showed in eq. (116). We can further show
1 Vad
E ~ F : an b
E~N(0,1) [( Kl )(1% 1Qd€>:|
1 / _ (@249 k . |: qd£2+(m+y)m£:|
= —— [ dedye 20w "y o(z) o(y)"Es |e T-4a T-aq ,
o [ A y" o) o (y)" e
-1
g sl 3 (3 1) ()
=——— [dady expl —= (z "y o o(y)",
- 1_q§/ y p{ 5 ( y)<qd ) ) y"o(x) oly)
= E(ey)on0.00) 2y o) o(y)"]. (127)
with Qg = < ! Qd) In particular:
g 1
7(qa) =Eg[Go(G)] = E@ymn0.04 [#0@)] = (1 — 4a)Ec[Go(G)], (128)
12(90) = Ea[o(G)?] = E(ay)ono.qq) [0(x) o(y)] -
Recall the Hermite decomposition of ¢ and that we already computed 2 (q), see eq. (58). We get:
e} cn
o(z) = Z k'Hek(z),
k=1
[eS) C% [eS) i k—1 l 9] l 9] Ci (129)
nl) =) H0-d)=0-9q Z? ¢)=0-9) d|> =
k=1 k=1 1=0 1=0  Lk=i+1

Plugging eq. (128) in eq. (123) ends our derivation of eq. (107).

E.4. Statistical and computational limits as p — co

Using eq. (107), we now rewrite the conclusions of Theorem E.1 and E.2 in the p — oo limit, under the committee-symmetry
assumption.

Information-theoretic limit : We have ¢* = g4I, + (¢4 /p)lpl;,r. We denote h := 1 — q, — qq, and 0 < gq,h < 1
correspond to the global maximum of
(p—1)ga , p—

1
flaiqa, h) = 5 T3 log(1 — qa) +

logh —h
2

_ % (log [V2(qa) — (1 = qa)ci + hei] + @(pﬂ/z)) '
(130)
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Recall that ¢; = E[Go(G)]. Since o is not a linear function, by eq. (129):

oo 9 c© o (k-1
F2(q) = 72(q) = (L = q)ct = Z%(l ) =(-g> * (qu> :
k

=2

and the gradient of f is given by:

of (-1 « [ Y5(qa) —1/2 }

N B @] ,

9qq 2(1—qa) 2 |32(qa) + et o) (131)
oh ~ h 2 | 32(qa) + hei P '

State evolution of AMP: We have ¢' = ¢}I,, + (¢ /p)1,1, . Letus define h = 1 — g, — ¢}, and from eq. (104) and the
expansion of V¥ in eq. (107), we reach that they satisfy:

t+1 =~/ t
44 Y2 (qq) —1/2
W=Dy g ° [%(qé) T ) 13
1—htt cf —1/2 (32
e BRI ET AR

We now turn to the specific claims of Result 4.3. We recall that we do not aim here at a fully rigorous treatment, which
would need in particular a more precise control of the error terms in eqs. (130) and eq. (132).

E.4.1. COMPUTATIONAL SPECIALIZATION TRANSITION

We start with the AMP state-evolution equations of eq. (132). As we discussed above, we probe whether specialization is
computationally possible by considering the evolution of solutions with a small ¢ > 0 (very small but not going to 0 as
p — o0) under these iterations. On the other hand, we assume an arbitrary ht € (0,1), i.e. we do not make any assumption
on the “unspecialized” part of the solution.

For ¢ < 1, we have the expansion

2
~ c
Po(a) =E[0(G)*] - cf = 14" + O(d").
Recall that E[o(G)?] — ¢2 > 0 since o is non-linear. Linearizing the first equation of eq. (132) at leading order in ¢4 and p
leads to: -
t+1 . @ €244
. 133
W= Ep@r - (- =
Eq. (133) suggests to separate two regimes:

e If & = o(p), then even if the AMP iterates have a small ¢, > 0, they eventually converge to g; = 0,(1). In this regime,
AMP can only recover an unspecialized solution.

o If & = ©(p), then the situation is slightly more complex. Let & := «/p. If we assume that c; = 0 (i.e. the NSE
* > 1), then g4 = 0, (1) remains stable under the AMP iterations at least if o = o(p®/?), after which the error term
O(p~'/2) in eq. (132) might kick in. On the other hand, if c; # 0 (8* = 1), then eq. (133) predicts that ¢4 = 0,(1)
becomes unstable as soon as the following condition is satisfied:

52
acs

E[(G)7] — (1 - )&
Since k' € [0, 1] and o is non-linear (so E[o(G)?] > ¢3), the condition

_  Elec(@)?-¢ 2
5o Bo(@F) = i
&)

> 1.

N k!c2
k=2 2

implies that AMP develops a specialization transition.
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This justifies the claims of Result 4.3 regarding the computational specialization transition.

E.4.2. INFORMATION-THEORETIC SPECIALIZATION

We focus on eq. (130). Unspecialized estimators correspond to gq = 0,(1), i.e.

logh — h
Fla0p(1), h) = OgT - % (log [E[0(G)?] — ¢1 + he2] + 0p(1)) + 0p(p)-
In particular they satisfy that:
1 1
];f(a; op(1),h) < =5 - % (log [E[0(G)?] — 1] + 0p(1)) + 0p(1). (134)

We will show that, if « > p, there exists a specialized overlap matrix that achieves a larger value of f than the one given by
eq. (134). Lete € (0, 1) be small, and define ¢g; = 1 — ¢, h = €. We have

—1)(1— -1 1 -
flasl—e,e) = (p )2( 2 +p2 logeJr%

— % (log [v2(1 =) + 0(1)71/2)) :

By eq. (129), v2(1 — €) = eL(e, o), where

L(s,a):Z(u{;)l Z /-7’7 € [Z —’jz (k;—kl)!]' (135)

=0 k=141 k=1 k=1

Therefore, if @ = a/p = ©(1), the leading order (as p — o) of f(«a;1 — ¢,¢) is given by

1 1—alogL 11—«
];f(a;l_&E)N a0§ (5,0)+ 2alog5+0(p_1/2)~

Since L(e, o) is bounded away from zero as € — 0 by eq. (135), and by eq. (134), if & > 1 it suffices to take € > 0 small
enough to have f(a;1 —g,e) > f(a;0,(1), R).

Notice that for € | 0, this solution actually corresponds to a perfect recovery of W*. Since we show that (1/p) f(co;1 —
€,€) = +ooase | 0 for & > 1, our computation actually suggests that perfect recovery is statistically possible as soon as
a > p(1 + n) for any finite > 0 as p — oo.
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