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Abstract

Observational studies are a key resource for causal
inference but are often affected by systematic bi-
ases. Prior work has focused mainly on detecting
these biases, via sensitivity analyses and compar-
isons with randomized controlled trials, or mitigat-
ing them through debiasing techniques. However,
there remains a lack of methodology for uncov-
ering the underlying mechanisms driving these
biases, e.g., whether due to hidden confounding
or selection of participants. In this work, we show
that the relationship between bias magnitude and
the predictive performance of nuisance function
estimators (in the observational study) can help
distinguish common sources of bias. We vali-
date our methodology through extensive synthetic
experiments and a real-world case study, demon-
strating its effectiveness in revealing the mecha-
nisms behind observed biases. Our framework
offers a new lens for understanding and character-
izing bias in observational studies, with practical
implications for improving causal inference.

1. Introduction

Observational data from electronic health records and insur-
ance claims offer compelling advantages for causal infer-
ence. They incur less cost to collect and provide broader
population representation than randomized controlled trials
(RCT), allowing analyses in subgroups not supported in
RCTs (GOVC, 2019; NICE, 2022). However, observational
studies (OS) are plagued by biases that undermine their reli-
ability, such as hidden confounding or selection bias from
loss to follow-up (Hernan et al., 2008; Imbens & Rubin,
2015; Pearl & Mackenzie, 2018; Lodi et al., 2019).

It is crucial for practitioners to have a nuanced understand-
ing of the bias within an OS to improve the study design. A
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good example is Dagan et al. (2021), where the authors iter-
atively refine their covariate adjustment set via calibration
with negative controls to estimate the efficacy of COVID-19
vaccinations (see Section 3). To tackle this issue, we de-
velop methodology to distinguish between a set of causal
bias mechanisms commonly found in OSes.

Our approach is related to two lines of work' ?: i) bench-
marking OSes against RCTs (Hartman et al., 2015; Kallus
et al., 2018; Forbes & Dahabreh, 2020; Hussain et al., 2022;
Demirel et al., 2024b), and ii) recovering a causal graph
structure (Shimizu et al., 2006; Shanmugam et al., 2015;
Heinze-Deml et al., 2018; Glymour et al., 2019; Vowels
et al., 2022; Choo et al., 2022; Squires & Uhler, 2023).
While the benchmarking literature focuses on spotting bi-
ases, it does not provide insights as to the underlying reasons.
The structure learning literature attempts to retrieve a causal
graph from observed data, which would describe the exact
bias mechanism. However, it requires strong assumptions
which are unrealistic in practice.

Instead of recovering an exact graph, we distinguish be-
tween families of causal graphs corresponding to different
bias mechanisms (see Section 3), affording practitioners
actionable insights to improve their study design. This task
is more tractable, as it groups together several graphs that
exhibit equivalent bias patterns. To that end, we first esti-
mate the bias function in the OS using data from an RCT
conducted on a population represented in the OS. We then
examine how bias varies across patients as a function of the
predictive performance of the nuisance function estimators
in the OS. This relationship gives rise to statistics that can
characterize distinct bias mechanisms.

Contributions First, we establish a comprehensive tax-
onomy of common causal biases, each corresponding to a
distinct class of graphs (Section 3). We describe a generative
model for the OS in the context of these graphs motivated
by clinical decision-making (Section 4.1). Next, we demon-
strate a relationship between the predictive performance
of the nuisance functions and the bias function in the OS
(Section 4.2). To quantify this relationship, we use the co-
variance between the prediction error and magnitude of the
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bias, which enables provable discrimination of different bias
mechanisms (Section 4.3). For practical implementation,
we propose consistent estimators of the covariance (Sec-
tion 4.5). Finally, we conduct both synthetic experiments
and real-world analysis using data from Women’s Health
Initiative (TWHI, 1998) (Sections 5 and 6).

2. Notation and Background

Let A denote a treatment action, X the set of measured set
of patient covariates, and Y the outcome of interest. We
denote by Y* the potential outcome under the treatment
action A = a. For each patient i, we observe only one of
their potential outcomes, that is, Y; = yAi

We assume access to patient-level data from an RCT and an
OS, and use R = 1 and R = 0 to represent the underlying
RCT and OS populations, respectively. We use S to de-
note whether a patient was selected into the study cohort for
analysis. For instance, a patient may be excluded from the
analysis in an RCT if they did not adhere to their treatment
assignment (i.e., R; = 1 and S; = 0). From a large insur-
ance claims dataset, a patient may be selected into the OS
cohort when emulating an RCT if they meet the eligibility
criteria (i.e., R; = 0 and S; = 1). We assume that X is
available for all patients, and that A and Y are available for
those selected into the analysis (S; = 1).

Finally, we let U denote the set of unmeasured covariates
that can influence the downstream variables S, A, and Y°.
Such omitted variables are the reasons behind common
causal biases in OSes, which are described in Section 3.

The causal estimand we focus on is the conditional average
treatment effect (CATE), defined as

CATEq(z,a) =EY* | X =2,R=1]. (1)
CATEy(z,a) =E[Y* | X =2,R=0]. 2)

We use the term CATE slightly differently from the con-
ventional contrast-based definition. Traditionally, the con-
ditional average treatment effect is defined as E[Y! — Y |
X, R]. In this work, we instead refer to the action-specific
conditional potential-outcome means E[Y* | X, R] as
CATE functions indexed by the treatment action a. This is
for analytical convenience: our covariance signatures are
derived separately for each action a, and the usual contrast-
based CATE can be recovered by taking the difference be-
tween the corresponding action-specific functions.

Estimating the CATE function is challenging when unob-
served covariates, U, influence the treatment assignment
(A), outcome (Y'), and selection into the study cohort (5).
We list below necessary conditions to identify the CATE
function in a population, which are often satisfied in RCTs,
but can be violated in OSes.

Assumption 2.1 (Internal validity of RCT). The following
hold in the RCT (R = 1) for all a € {0, 1}.

Ignorability of selection-Y* 1L S| X,R=1.
Ignorability of treatment - Y* 1L A| X,S,R=1.
Positivity— P(S=1,A=a | X,R=1) > 0.

Under Assumption 2.1, CATE,(z, a) is identified with

9o(X) =E[Y | X,R=1,5=1,A=4q] 3)
= CATE,«(z, a),

which can be estimated from the RCT. The outcome model
in the OS population is defined similarly below.

fo(X) =E[Y | X,R=0,5=1,A=q], “)

which in general is not a valid identification of
CATE(z, a). We define the bias function in the OS,

ba(2) = ga(x) — fa(x) = CATEq(2,a) — fo(x)
Internal bias in the OS
+ CATE,(z,a) — CATEys(z,a). (5)

Transportability bias

There could be various mechanisms underlying the bias,
which cannot be inferred from b, (z) alone. We develop
methodology to uncover which mechanism could be driving
the bias. To that end, we first give a taxonomy of common
bias mechanisms in the next section.

3. A Taxonomy of Biases

We bucket the causal bias mechanisms into two categories.
The first bucket involves an unobserved covariate affecting
downstream variables. The second category is “collider”
bias, where conditioning on a downstream variable induces
spurious associations between the treatment and outcome.

3.1. Category 1: Unobserved Covariates

Transportability Bias Transportability bias arises when
an unobserved covariate U affects outcomes Y * and has
different distributions across the OS and RCT popula-
tions (Figure 1a), even if the OS has internal validity, i.e.,
fa(X) = CATEy(z, a). Observe that

P(Y*|X,R) =Y P(Y*X,U=u,R)P(U=u|X,R).

When P(UIX,R = 0) # P(U|X,R = 1), we have
CATEs(z,a) # CATE,y(z,a), hence b,(X) # 0 due to
Eq. (5). For example, age could be an effect modifier,
whereby a chemotherapy for breast cancer has a larger ef-
fect on younger women (studied in RCT) compared to older
women (studied in OS) (Ring et al., 2021). If age is not
adjusted for, transportability bias will occur.
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Figure 1. Graphs of common biases in observational studies. U
denotes unmeasured covariates.

Confounding Bias Confounding bias is a core imped-
iment to causal inference in an OS. When covariates X
miss factors (U) that affect both the treatment assignment A
and outcomes Y (Figure 1b), the “ignorability of treatment”
condition in Assumption 2.1 is violated in OS (R = 0).
This violation implies f,(X) # CATEq(z, a), leading to
non-zero bias b, (X).

To illustrate, consider COVID-19 vaccination studies: pa-
tients with higher socioeconomic status (SES) may be more
likely to both receive vaccines and implement preventive
health precautions. When an OS inadequately captures SES
variations (U), we risk introducing confounding bias that
inflates vaccine effectiveness estimates (Dagan et al., 2021).

Selection Bias Type 1 Selection bias emerges when the
inclusion criteria lead to a cohort that does not represent the
entire population. We examine two graphs capturing a di-
verse set of selection mechanisms. The first type (Figure 1c)
arises when an unmeasured covariate U affects selection
S and outcome Y, violating “ignorability of selection” in
Assumption 2.1 in the OS (R=0).

Excluding patients who were lost-to-follow-up from the
cohort can lead to this bias. As an example, Hernén et al.
(2004) give antiretroviral therapy for preventing AIDS in
HIV-infected patients, where true unmeasured immunosup-
pression level, U, affects both the AIDS risk (Y"), and follow-
up (S) through adverse side effects.

As another example, consider studies where participants opt-
in to share their health data via a smart watch. Individuals
with healthier lifestyles, such as a balanced diet () may be
more likely to participate (S = 1). Since these individuals
typically experience lower heart failure (HF) rates, Y, the
study may underestimate the interventions’ benefits (e.g.,
regular jogging) for reducing HF rates in wider population.

3.2. Category 2: Conditioning on Colliders

Selection Bias Type 2 This bias (Figure 1d) arises when
selection is affected by the treatment assignment and out-
come, and it is particularly elusive (Holmberg & Andersen,
2022; Lipsky & Greenland, 2022). Initial analyses of the
Women’s Health Initiative OS showed protective effects
of post-menopausal combined hormonal therapy against
coronary heart disease and stroke (Barrett-Connor & Grady,
1998). However, subsequent analysis of the RCT compo-
nent revealed increased risk (Manson et al., 2003). The dis-
crepancy stemmed from selective enrollment: patients who
initiated treatment pre-enrollment and continued without
early adverse events were preferentially selected (A4 — 5),
while early events precluded selection into the treatment
group (Y — 5), deflating event rates in the treatment co-
hort (Prentice et al., 2005).

4. Identifying the Bias Type via Alignment
with Predictive Performance

Here we present our methodology to distinguish between
the bias mechanisms in Figure 1. We begin with a clinical
example to motivate the data-generating process and lay out
key assumptions in Section 4.1. In Section 4.2, we identify
statistics that uniquely characterize bias mechanisms and
derive guarantees in Sections 4.3 and 4.4. In Section 4.5,
we develop consistent estimators of those statistics.

The next section introduces clinically-grounded data-
generating assumptions that facilitate sharp theoretical anal-
ysis (Theorems 4.4, 4.6). However, our methods’ practical
utility and core insights from our analytical results extend
beyond these assumptions. Table 1 provides a list of the
assumptions with their role in our analysis and how much
they can be relaxed in practice.

For example, we assume a single binary U variable for theo-
retical convenience. However, we run synthetic experiments
where U is continuous and show that the results closely align
with our theoretical predictions (see Section B.1). Similarly,
our real-world case study in Section 6 involves multiple,
continuous unmeasured confounders, yet our methodology
provides clinically meaningful insights. Further, while we
assume that only one of the biases in Figure 1 is at play for
theoretical analysis, we provide experiments and interpreta-
tions under multiple bias types in Sections 6 and B.1.

4.1. Clinically Motivated Generative Model

We consider a binary treatment A, outcome Y, unmea-
sured covariate U, and a general covariate set X € X
which can include both categorical and continuous fea-
tures. The generative model for downstream variables is
given in Algorithm 1. Effectively, U-bias =False for
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Algorithm 1 Generative Model in the OS

Input: 7' € {S, A, Y°, Y1}; Boolean [/-bias;
Bernoulli Parameter Distribution 7 (p).

Letp! , =PT=1|X=2,U=u,R=0)

for x € X do
pg,u:O ~ ]:(p)
if U-bias then
pg-‘,u:l ~ ‘F(p)
else
pg,u:l = Pf,uzo
end if
end for

T € {S,A, Y% Y'} means that U has no residual effect on
T after conditioning on X, and vice versa if U-bias =True.

Magnitude of U’s effect varies across X. The influence
of an unmeasured covariate U on a downstream variable
T € {S,A,Y° Y} may vary across patients X = .
Specifically, its effect is small when p ,_, ~ pL ,_,, and
large otherwise (see Algorithm 1). This property forms the
foundation of our methods as we discuss in Section 4.2,
which we illustrate with an example from clinical practice.

Clinical reasoning induces contextual independencies.
When a patient presents, the clinician follows a systematic
approach, beginning with their history and symptoms, fol-
lowed by diagnostic tests. This process involves evaluating
clinical findings and test results. Based on these initial
findings, distinct diagnostic pathways emerge, where the im-
portance of subsequent variables may change dramatically.

For example, consider the evaluation of thyroid nodules.
The initial assessment includes demographics, medical his-
tory, physical examination, and thyroid function tests. In a
young male patient with normal thyroid function and a soli-
tary thyroid nodule (X)), the family history (U) of thyroid
cancer is critical in guiding immediate fine-needle aspiration
(FNA), while menopausal status is irrelevant. Conversely,
in a post-menopausal female patient with the same nodule
but a history of radiation exposure (X), the family history
(U), becomes relatively less influential in the diagnosis, as
they already are in the high-risk group requiring a biopsy.

Conditioning induces low uncertainty. The vignette
above reveals a key property of clinical decision-making:
given more context for a patient, downstream uncertainty de-
creases. In our example, probability of getting a FNA treat-
ment (A) is high for the male patient (given observed context
X). That is, variance in management is low. Whereas for
the female patient, uncertainty in treatment decision (A)
may be higher due to the profound impact of unobserved
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Figure 2. Treatment assignment probabilities in three subgroups in
the WHI (TWHI, 1998). As the conditioning set is expanded and
patient context is better specified, uncertainty in the decisions tend
to decrease.

family history (U). Figure 2 illustrates this in real-world
data, and we present detailed analyses in Sections 6 and B.2.

Thus, to model the “informed” nature of clinical decision-
making, we focus on the scenarios where P(T' =1 | X =
z,U = u, R = 0) in Algorithm 1 is away from 0.5. To that
end, we first define,

F(p) =unif([0.1,p]U[1—p,0.9]), p € (0.1,0.5]. (6)

which is a uniform distribution over the union of a low-
probability and a high-probability range. This ensures that,
given X and U, the uncertainty in downstream variables
T € {S,A, Y% Y'}islow.* Next, we define the following
family of distributions

F={F(p)|pe(0.1,0.5]}. (7

Note that F is quite rich and also includes
Uniform(]0.1,0.9]) for p = 0.5 (i.e., the whole in-
terval). We fix 0.1 and 0.9 as lower and upper bounds
to ensure positivity, which is a common and central
assumption in causal inference. Finally, we state additional
assumptions of our setting, which are also reflected in
Figures la-1c (Figure 1d is studied in Section 4.4).

Assumption 4.1. For all r, s, a,u € {0, 1}, we have

Exogeneity of unmeasured covariates — X 1l U | R.
Weak transportability—Y* 1L R | X, U.

Weak ignorability-Y* 1L S Il A| X,U,R.
Positivity— P(R=r,S=s,A=a,U=u|X) > 0.

The prefix “weak” emphasizes the additional conditioning
on the unmeasured covariate U.
4.2. Downstream Variance Drives the Bias

DAGs miss contextual independencies. While DAGs are
useful it to depict causal biases, they paint an incomplete

3Entropy of a Bernoulli random variable B, which can be
thought of as a measure of its “uncertainty”, is maximized at
P(B =1) = 0.5, and shrinks toward 0 or 1.



Uncovering Bias Mechanisms in Observational Studies

Table 1.

Summary of assumptions with their analytical role and practical implications.

Assumption

Role in our Analysis

Relaxable in Practice?

Assumption 2.1 (RCT inter-
nal validity)
P(X=xzlR=r) > 0,

x e X,re{0,1}
Consistency of Nuisance
Estimators (Eq. 15-18)

Binary & Univariate U, S

Distribution of U: P(U =
1|R=r)=1/2,r€{0,1}
Binary treatment A and out-
come Y variables

Exogeneity: U L X (As-
sumption 4.1)
Weak transportability and

ignorability (Assump-
tion 4.1)

Data-generating  process
(Algorithm 1 & Eq. 6-7)

Single source of bias (in-
cluding Assumption 4.5)

Ensures that RCT is a reliable source
to estimate true effects.

Limit analyses to overlapping pa-
tient population in RCT and OS.

Required for our estimators’ con-
sistency and asymptotical unbiased-
ness (Theorem 4.8).

Simple analytical modeling of all
unmeasured confounding, closed-
form derivation of the bias function
(Lemma 4.2).

Simple bias expressions, assumed
for analytical convenience.

Common assumptions in litera-
ture. Primarily made for analytical
tractability.

Isolates the effect of U from mea-
sured covariates X .

Derivation of the bias function an-
alytically (Lemma 4.2), and study
how it changes with X.

To encode low-uncertainty in target
variables. Key to results in Table 1.
Supported with real data (Figures 2,
13).

We guarantee identification when
only one of the four bias mecha-
nisms in Figure 1 is at play.

No. If RCT is biased, the relative bias in OS cannot be
disentangled.

No. For patient types that never appear in one of the
cohorts, the bias (b(X)) cannot be estimated.

No. Inconsistency (e.g., model misspecification) in-
troduces additional statistical bias on top of the causal
bias, which then cannot be disentangled.

Yes. Our method works with non-binary/continuous
U, S, as we show in our experiments in Appendix B.1.
Multivariate U, S also does not constitute any problem.

Yes. Does not affect practice. Theoretical results can
also be extended to different U distributions.

Yes. As long as a measure of “predictive error” in
nuisance estimators can be calculated, practical imple-
mentation remains feasible.

Yes. The method would capture the signal from the
part of U not explained by X.

Yes. Since U is not assumed to be observed and is
not a part of our estimators, these assumptions have
limited effect in practice.

Partially. Our most substantive assumption. As long
as a low-uncertainty distribution (on S, A, Y, given
X) can be assumed for F(p), the insights from Table
1 still apply.

Partially. Under multiple biases, interpretation of
signals changes, but remains useful. Section B.1 illus-
trates synthetic and real-world examples.

picture. Specifically, they miss contextual independencies.

Consider Figure 1b where U influences the treatment A in

general. However, we might have
AL U|X =x,,R=0, whereas

AJU|X =2, R=0. 8)

That is, U affects A only for some patients, X = z,,, but
not others, X = x,, (as in our clinical vignette). We discuss
a direct result of this observation next.

The bias in the OS varies across patients. Contextual
independence of U and T € {S, A, Y°, Y} leads to a key
observation: the magnitude of bias will vary across patients.
Consider Figure 1b and assume that U has an effect on Y'!
forall X = z. Thatis, Y* X U | X, R = 0. We have,
together with Eq. (8),

Y'UA|X =z, R=0,
Y'UA|X=2,R=0. )

whereas

since the “ignorability of treatment” condition in Assump-
tion 2.1 holds for X = z,,, but not for X = x,, in the OS
(R = 0). One then has, fi(x,,) = CATEw(2m, A = 1)
but fi(x,) # CATE(z,, A = 1). Consequently, when
transportability bias is not an issue, we have by (z,,) = 0,
but by (x,) # 0.

More generally, for patients where the effect of U on
T € {S, A, Y° Y} is stronger, we will observe two key
phenomena: (i) the magnitude of the bias, |b(X )|, shall be
larger. (ii) Large-bias regions also exhibit greater variability
in T, due to the residual influence of U.
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Table 2. Covariance between the magnitude of bias and conditional
variances of downstream variables under different bias mechanisms
(see Theorems 4.4 and 4.6).

Bias Type p(b1, S) p(b1, A) p(br,Y)
No Bias =0 =0 =0
Transportability =0 =0 >0
Confounding =0 >0 >0
Selection Typel >0 =0 >0

Selection Type2 #0 #0 #0

For instance, with confounding bias in Figure 1b, we
expect larger variances in A and Y in severely biased
regions. One can formalize this idea through the co-
variances of the absolute bias function and conditional
variance functions: Cov (|by(X)|, Var(A|X,S = 1)) and
Cov(|b1(X)|, Var(Y]X,S5=1,A=1)).

4.3. Covariance of the Bias and Conditional Variances
in Downstream Variables

We analyze the covariance between the magnitude of bias,
|bo (X)], and the conditional variances of S, A, and Y, under
different bias mechanisms in Figure 1. Our main result is
that covariance signals construct a “hash table”, allowing us
to differentiate between the bias mechanisms (Table 2).

Table 2 is derived assuming only one bias mechanism is
present. When multiple biases are present, the covariance
signal patterns need not identify a unique source of bias.
In such cases, we interpret the signals as evidence about
plausible dominant mechanisms rather than as an exhaustive
classifier. We study multiple-bias settings synthetically in
Section B.1 and in a real-world study in Section 6.

For simplicity, we focus on treatment A = 1 and define

pl = P(T=1|X,U=u,R=0), T € {S,A,Y'}. (10)
pY = P(U=1|R=r). (11)

Lemma 4.2 (Quantifying the Bias). Suppose that Assump-
tions 2.1 and 4.1 hold, and that p¥ = 1/2 for r € {0,1}
(see Eq. (11)).

1. Transportability Bias— Consider Figure 1a where S, A,
and U are independent of each other given X, in the OS
(R =0). We have,

bi(X) =, — o) (pley —pig).  (12)

2. Confounding Bias— Consider Figure 1b where S 11
AU | X,R = 0and assume that pt_; = p_, = 1/2.

We have,

Yy _ .Y A _ A
bl (X) _ (pu=1 pu=0)(pu=1 pu:O) ) (13)

2(pi_y + pi—o)

3. Selection Bias, Type 1- Consider Figure I1c where A 11
S, U | X,R = 0 and assume that p__; = p_, = 1/2.
We have,

Yy _ .Y S S
bl (X) _ (pu:1 pu:O)(puZI pu:O) . (14)

2(pi_1 +p5_o)

The results are intuitive. In Eq. (12), bias is larger if the
distribution of U in the RCT and OS differ significantly,
ie., pU_; — pU_, is big (weak transportability). The con-
trast between the outcomes for different values of U, i.e.,
pY_, —pY_,, is another driver of the bias. Confounding and
selection biases react similarly to the strength of interaction
between U and S, A, Y.

Building on Lemma 4.2, we derive covariance relations
between by (X ) and the conditional variances of downstream
variables S, A, Y. Let us first introduce a shorthand notation
for the covariance signals.

Definition 4.3 (Covariance signals).

p(b1, ) :=Cov(|by(X)|, Var(S| X, R=0)).
p(by, A):=Cov(|by(X)|, Var(A| X, S=1, R=0)).
p(b1,Y):=Cov(|b1(X)], Var(Y|X,S=1,A=1, R=0)).

Theorem 4.4. Suppose that Assumptions 2.1 and 4.1 hold,
and downstream variables T € {S, A,Y°, Y1} are sam-
pled according to Algorithm 1 sfor some F(p) € F. For
confounding and type-1 selection biases (Figures 1b, Ic),
assume that p¢ = 1/2 (see Eq. (11)) for simplicity. For
transportability bias (Figure la), let p_, # p?_, and
pU ~ F(p). Then, these three bias mechanisms are
uniquely characterized by the covariance signals (see Defi-
nition 4.3) as in Table 2.

4.4. Covariances Under Type 2 Selection Bias

The bias mechanisms in Figures la-1c originate from an
unmeasured covariate U. This commonality enabled us
to employ consistent analytical approaches to derive the
bias expressions (Lemma 4.2) and covariance signals (The-
orem 4.4). Here, we investigate type 2 selection bias (Fig-
ure 1d), where the root cause is not an unmeasured covariate,
but the selection variable S acting as a collider instead.

This form of bias, while challenging to detect, is prevalent.
Understanding how covariances behave under its various
manifestations is therefore crucial. First, given the distinct
graph structure (absence of U), we present a modified ver-
sion of Assumption 4.1.
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Assumption 4.5. We have transportability Y 11 R| X; and
ignorability Y* 1L A|X, R for a € {0,1}.

Note that due to the A — S and Y — S edges, ignorability
does not hold: Y* X A | X, R, S, which leads to bias as
fa(X) # CATEy(z, a) (see Eq. (5)).

Covariance signals in this case depend on the specific se-
lection probabilities: P(S = 1|X,Y, A). We defer the bulk
of the technical analysis to Section A.3 and give the main
result directly, which states that the covariance signals will
be non-zero in general.

Theorem 4.6. Suppose that Assumption 4.5 holds and the
downstream variables T € {S, A, Y° Y'} are sampled
according to Algorithm 1 for some distribution F(p) € F.
Consider type 2 selection bias in Figure 1d where Y* )L A |
X, S, R = 0. Then, covariance signals (see Definition 4.3)
will be non-zero in general.

For example, consider P(S=1Y =1,A=1) = 0.9 and
P(S=1|Y =0,A=1) = 0.1, where there is preferential se-
lection of patients who experience the outcome. We discuss
why this yields a positive signal p(b1,Y"). This selection
mechanism systematically overestimates event rates. Impor-
tantly, bias magnitude will vary by baseline risk: For those
with low event rates, e.g., P(Y!'=1|X =z) = 0.1, the esti-
mate will gravitate toward 0.5 (potentially large bias) where
the variance is higher. Conversely, in high-risk groups, e.g.,
P(Y'=1|X =z5) = 0.9, the bias is smaller (at most 0.1)
and the variance in outcomes will also be smaller.

4.5. Consistent Estimators of Covariance

Estimating the covariances is not straightforward, particu-
larly when X contains continuous variables. We construct
an estimator based on instance-wise squared-errors, which
is strongly consistent when the nuisance function estimators
in the OS are strongly consistent.

Definition 4.7 (Nuisance estimators in the OS).

Ms(X)=P(S=1|X,R=0). (15)
Ma(X)=P(A=1|X,5=1,R=0). (16)
W(X)=PY=1|X,5=1,A=1,R=0). (17)
bi(X) = g1(X) = fi(X), (18)

where ¢g1(X) and f1(X) are defined in Eq. (3) and (4).
g1(X) is estimated from the RCT, and the remaining are
estimated from the OS. We use the following estimator,
which is for the covariance between the bias function and
the squared-error of the nuisance function estimators for

the target variables 7' € {S, 4,Y }.

PO T) = (£ SO — ()2
=1
- Y SR - A (X))

i=1 j=1

Theorem 4.8. Assume that the estimators in Egq. (15)-
Eq. (18) are strongly consistent, and are dominated by an
integrable function H(X). Then, for all T € {S,A,Y},
p(b1, T) are asymptotically unbiased and strongly consis-
tent estimators of p(by,T).

5. Synthetic Experiments

The synthetic experiments serve two purposes. First, they
verify that the empirical covariance estimates recover the
population-level signatures predicted by Table 2 under the
generative model used in the analysis. Second, the addi-
tional experiments in Section B.1 stress-test the diagnostic
signals beyond the simplest theoretical setting, including
smaller RCT sample sizes, different dimensions of X, con-
tinuous unmeasured covariates, alternative type-2 selection
mechanisms, and mixtures of multiple bias types. These
experiments do not provide formal guarantees outside the
stated assumptions, but they help characterize when the pro-
posed signals remain informative in more realistic settings.

We run several synthetic experiments under the genera-
tive model in Section 4. We consider binary covariates,
X € {0,1}%, and denote by X (j) the j-th covariate. We
experiment with d € {5,6,7}. We set P(X(j) = 1|R =
1) = 04 in RCT and P(X(j) = 1|R = 0) = 0.6 in
OS to simulate covariate shift between two populations.
In the RCT cohort, we use P(A =1|R =1) = 0.5 and
P(S =1]R =1) = 1. We set the OS cohort size to
nes = 50000 for fitting fl(X ), and set aside 1y, = 2000
OS participants to estimate the correlation signals in Defi-
nition 4.3 once the nuisance functions in Eq.15 - 18 are
fitted. We experiment with different RCT cohort sizes,
neee € {2000, 50000}, for fitting g4 (X).

For each bias mechanism in Figure 1, we make 200 inde-
pendent runs, where we sample a p ~ Uniform[0.2,0.5]
and specify F(p) in Algorithm 1 accordingly, from which
downstream variables are sampled.

When simulating transportability bias in Figure 1a, we sam-
ple P(U =1| X, R) ~ F(p) to induce a different distribu-
tion of U in the RCT and OS. We set U-bias to False for
S, A and True for Y'! in Algorithm 1.

In other experiments, we set P(U | X, R) = 1/2 to ensure
transportability. When simulating confounding bias in Fig-
ure 1b, we set U-bias to False for S and True for A, Y
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Figure 3. Pearson’s R (normalized covariance) values in synthetic
experiments. Percentages denote the ratio runs in shaded area.
p-values clipped at p=1075.

in Algorithm 1. For type 1 selection bias in Figure lc, we
set U-bias to False for A and True for S, Y!. Finally, for
type 2 selection bias in Figure 1d, we set U-bias to False
for Aand Y. We set P(S=1]Y =1,A=1)=0.9 and to
0.1 for other combinations of Y and A. In Section A.3, we
study different parametrizations of type 2 selection bias.

We set n, = 50000 and d = 6. The results for n,, = 2000
and d € {5, 7} are presented in Section B.1. The (Pearson’s
R, p-value) pairs computed from 200 experiment runs are
presented in Figure 3 (each dot is a run). We draw a nominal
threshold for the significance of the estimated correlation
coefficients at p = 0.01.

The percentages shown in Figure 3 are computed across the
200 independent simulation runs for each bias setting. They
report the fraction of runs in which the estimated correla-
tion falls in the theoretically predicted region and is statisti-
cally significant at the nominal threshold p < 0.01. These
percentages should not be interpreted as effect sizes or as
thresholds for deciding whether a single observational study
contains bias. Rather, they summarize the finite-sample
alignment between the empirical covariance signals and the
qualitative patterns predicted by Table 2. Thus, a smaller
percentage for a signal predicted to be nonzero indicates
that this particular covariance is harder to detect reliably
in that setting, not that the reported percentage itself is a
measure of statistical significance.

The results corroborate our findings: correlations between
magnitude of the bias, |b1(X)|, and squared errors of the
nuisance function estimators (see Definition 4.7) can charac-
terize the underlying bias mechanism as laid out in Table 2.

We experiment with multiple bias mechanisms in Sec-
tion B.1. Further, we report the results for experiments
where U is continuous, which yield similar observations,
showing that empirical insights from our methods generalize
beyond the settings for which we derive our theory.

Finally, the reliability of these empirical signatures depends
on the amount of information available to estimate both
the bias function and the nuisance functions. In additional
experiments in Section B.1, we find that the covariance sig-
nals become weaker as the RCT sample size decreases or
as the dimension of X increases. This is expected: esti-
mating §1(X) from the RCT and the nuisance functions
from the OS becomes more difficult in smaller or higher-
dimensional settings, which reduces the power to detect the
predicted covariance patterns. Thus, while Table 2 describes
population-level diagnostic signatures, finite-sample use of
the method should account for uncertainty in the estimated
signals, especially when RCT sample sizes are limited.

6. Real-world Experiments

The OS and RCT components of Women’s Health Initiative
(WHI) yielded conflicting results regarding the effect of
combined hormonal therapy (HRT) on coronary heart dis-
ease (CHD) and stroke outcomes, where the OS suggested
a protective effect while the RCT revealed increased risk.
Follow-up studies found that the might have OS suffered
from “immortal time” bias, which can broadly be thought
of as a subcategory of type 2 selection bias (Prentice et al.,
2005) (see Section 3.2).

Setup Following Prentice et al. (2005), we attempt to cor-
rect for the immortal time bias by only selecting patients into
the “treatment group” who were not past users of combined
HRT but started shortly after enrollment (see Section B.2
for our reproduction of results). We refer to the setting prior
to correction as the “Baseline” analysis. We refer to the
setting after the correction as “Corrected,” although it may
not be fully unbiased as other types of biases may still be
present. Finally, we run experiments where we conceal age
and menopausal status in the “Corrected” setting and refer
to this setting as “Manual bias”.

To compute the correlation signals, we have the following
definitions of S and Y: Y =1 if the patient experiences
the event within the follow-up period, and Y =0 otherwise.
S = 0 for patients who are censored or past HRT users
who do not meet the inclusion criteria, and S =1 for those
included in the analysis.
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Figure 4. Left: Pearson’s R between bias functions and downstream variables for CHD and stroke in WHI experiments. Right: Average
correlation signals under different synthetic settings: 1) type 2 selection bias (with selection probabilities matching WHI setting) and

transportability bias, 2) minimal selection bias.

Results In Figure 4 (left), we show covariance signals for
all cases. 95% confidence intervals are computed using 20
train/validation splits of the RCT and OS.

In baseline analyses, we see a type 2 selection pattern:
p(b1,S) > 0, p(b1,A) <0, p(b1,Y) > 0. Focusing on
p(b1, A), we note the treated group in the OS is largely
composed of patients more likely to benefit from the treat-
ment, which explains the high bias and low variance in their
management, hence a negative p(by, A).

As we implement the bias-correction step, the p(by, S) and
p(b1, A) signals tend to deflate, as expected. A more subtle
observation is that p(b1,Y") does not decrease. We hypoth-
esize that this may reflect the presence of two bias mech-
anisms: type-2 selection bias and transportability bias. If
the correction primarily removes the selection component,
then the remaining bias may be driven more by transporta-
bility. One may then observe an increase, or no decrease,
in p(b1,Y") after correction, since transportability bias is ex-
pected to mostly align with outcome-prediction uncertainty.

To probe this hypothesis, we conduct a synthetic experiment
that combines type-2 selection bias with transportability
bias, using selection probabilities chosen to mimic the WHI
setting (p5; = 0.9, p5; = 0.9, p7y = 0.3, p7; = 0.1), as
shown in Figure 4 (right). The combined synthetic setting
reproduces the qualitative signal pattern observed in the
real-world “Baseline” WHI analysis. Moreover, after cor-
recting only for selection bias, p(b1, A) and p(by, S) move
toward zero, while p(by, Y) slightly increases, mirroring the
behavior seen in the real-world results. Further details of
this experiment are provided in Section B.2.

Finally, we conduct positive-control experiments, manu-
ally concealing age and menopausal status, which are con-
founders for treatment assignment and outcome (“Manual
Bias” in Figure 4). As expected, we note a significant boost
in p(bl, A) > 0 and p(bl, Y) > 0.

7. Conclusion and Limitations

We uncover a novel connection between the predictive per-
formance of nuisance function estimators and bias in obser-
vational studies, enabling identification of the underlying
bias mechanism. More broadly, our results suggest that
model performance diagnostics can be leveraged to diag-
nose flaws in observational study design. Our analyses
rely on a specific generative model, which is a limitation.
However, we empirically support our data-generating as-
sumptions in real-world data (see Table 1) and show that
the resulting insights extend beyond this theoretical setting
(see Section B.1). Another limitation is the dependence on
patient-level RCT data. Removing this requirement is a non-
trivial future work. Finally, we do not address measurement
bias—systematic errors in variable observation—which re-
mains an important avenue for future study.

Our covariance-based statistic is not the only possible mea-
sure of the relation between bias and nuisance prediction er-
ror. We use it because it is simple and analytically tractable,
but other nonlinear measures could be considered. Similarly,
while our plug-in covariance estimators are consistent under
consistent nuisance estimation, we do not establish semi-
parametric efficiency or optimality guarantees. Developing
more efficient, orthogonal, or cross-fitted estimators of these
signals is an important direction for future work.
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Impact Statement

This paper advances methodological understanding in causal
inference by proposing a principled framework for diagnos-
ing bias mechanisms in observational studies using model
performance diagnostics. By improving researchers’ ability
to distinguish among sources of bias such as confounding,
selection bias, and lack of transportability, our work has the
potential to improve the reliability and interpretability of
observational analyses, particularly in high-stakes domains
such as healthcare. While the methods are intended to sup-
port better study design and analysis rather than automated
decision-making, incorrect use or over-interpretation could
still lead to misleading conclusions if underlying assump-
tions are violated. We therefore emphasize the importance
of careful validation and domain expertise when applying
our approach. Overall, we believe the societal implications
of this work are aligned with well-established goals in ma-
chine learning and causal inference, namely improving the
robustness and credibility of data-driven scientific findings.
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Uncovering Bias Mechanisms in Observational Studies

A. Proofs

Detailed proofs for the theoretical results in the main paper are provided here. All results in the main paper are re-stated in
this section for clarity.

A.1. Useful Lemmas

We start by deriving some auxiliary results that hold true under the general weak Assumption 4.1 we make throughout the
paper.
Lemma A.1. Under Assumption 4.1, we have

fa(X)

=N PY=1,U=u|X,R=0,S=1,4=a)
0,1
= PY*=1|X,U=u4,R=0,S=1,A=a)PU=u|X,R=0,S=1,A=a)
0,1

= PY*=1|X,U=u,R=0P(U=u|X,R=0,S=1,A=aq) (19)
0,1

<
I

IS
Il

u

PU=u,S=1,A=a|X,R=0)

= PY*=1|X,U= 2
u:01< XU =) = T A= X.RE=0) 0)
P(S=1,A=a|X,U=uR=0)PU=u|R=0)
= PY*=1|X,U= 21
P ( | XU =) P(S=1,A=a| X,R=0) @
=N PU=u|R=0)P(Y*=1|X,U=u)
u=0,1
L PS=1|XU=uR=0PA=a|X.U=uR=0) o)

P(S=1,A=a|X,R=0)
Eq. (19) follows from weak ignorability, Eq. (20) from weak transportability, Eq. (21) from exogeneity of X and U, and
Eq. (22) from weak ignorability again.
Lemma A.2. Under Assumption 4.1, we have
P(S=1|X,R=0)
=PS=1U=0|X,R=0)+P(S=1,U=1|X,R=0)
=PS=1|X,U=0,R=0P{U=0|R=0)

Y P(S=1|X,U=1,R=0)P(U=1|R=0) 23)
= szo(l - Pg:o) + Pf:lPrU:O
= Ph_o + P o(Pi—1 — Do) (24)

where Eq. (23) follows from exogeneity of X and U, and Eq. (24) from Eq. (10),Eq. (11).

Lemma A.3. Under Assumption 4.1, we have

P(A=1]|X,§=1,R=0)
=P(A=1,U=0|X,S=1,R=0)+PA=1,U=1|X,S=1,R=0)
—P(A=1|X,U=0,S=1,R=0PU=0|X,S=1,R=0)

+PA=1|X,U=1,8§=1,R=0P(U=1|X,5=1,R=0)
—PA=1|X,U=0,R=0P(U=0|X,5=1,R=0)

+PA=1|X,U=1,R=0P(U=1|X,5=1,R=0) (25)
=pioPU=0|X,S=1,R=0)+p;P(U=1]|X,S=1,R=0) (26)

where Eq. (25) follows from weak ignorability, and Eq. (26) from Eq. (10).
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Lemma A.4. Under Assumption 4.1, we have

PY=1|X,S=1,A=1,R=0)
=PY=1,U=0|X,S=1,A=1,R=0)+P(Y=1U=1|X,S=1,A=1,R=0)
=PY'=1|X,U=0,S=1,A=1,R=0P(U=0|X,S=1,A=1,R=0)

+PY'=1|X,U=1,S=1,A=1,R=0PU=1|X,S=1,A=1,R=0)
=pY PU=0|X,S=1,A=1,R=0)+p,_PU=1|X,S=1,A=1,R=0) 27

where Eq. (27) follows from weak ignorability.

A.2. Proofs of the Results in Section 4.3

Lemma A.5 (Quantifying the Bias). Suppose that Assumptions 2.1 and 4.1 hold, and that p¥ = 1/2 for r € {0, 1} (see
Eq. (11)).

1. Transportability Bias— Consider Figure 1a where S, A, and U are independent of each other given X, in the OS (R = 0).
We have,

bi(X) = () — po)(Phey — Ph—o)- (12)

2. Confounding Bias— Consider Figure 1b where S 1. A,U | X, R = 0 and assume that p?_, = pU_, = 1/2. We have,

bl(X) — (275:1 7p3L/:O)(pﬁ:1 7pﬁ:0) (13)
2(pa=1 + Pao) '

3. Selection Bias, Type 1— Consider Figure I1c where A 1. S,U | X, R = 0 and assume that p?_, = p7_, = 1/2. We
have,

Yy _ .Y S )
bl(X) — (puzl pu:O)(puzl pu:O) (14)

2(pa_1 +Pi—o) '

Proof of the Transportability Bias. We consider Figure la where S 1l A 1l U | X, R = 0. That is, X explains everything
in the OS that we are interested in. However, we allow U J{ R, that is, the unmeasured covariate has different distributions
in the RCT and OS. Following Eq. (22), we have

faX)= > PU=u|R=0PY*=1|X,U=u) (28)
u=0,1
><P(S:1|X,U:u,R: =a|X,U=u,R=0) S U AILU|X R=0)
= (29)
u=0,1
Combining Eq. (33) and Eq. (29) we have
ba(X) = ga(X) - fa(X)
=PY*=1|X,U=0)(P(U=0|R=1)—P(U=0|R=0))
+PY*=1|X,U=1)(PU=1|R=1)-PU=1|R=0))
=(PY*=1|X,U=1)-PY*=1|X,U=0))
(PU=1|R=1)—P(U=1|R=0))
= (pr=1 = o) (Puz1 — Pio)- (30)
The result then follows from Eq. (36) and Eq. (10),Eq. (11) for a = 1. O]

14
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Proof of the Confounding Bias. We consider Figure 1b where S 1L A, U | X,R=0and PU=0| R=0)=P{U =
1| R =0) = 1/2. Following Eq. (22), we have

fa(X)

P Er s == = D CIRIE
_ ;u_o)lp(ya 1 X U= “)P(APzAa:fﬁg_Ru’:RO)_ 0) LUl xno
= ;u_o’lp(ya =1|X,U =u) Zﬂi?};:g:g z Z7|RX7=]§): 5

i ;uo,l PO 0 =) e T R P S TR AT

P(A=a|X,U=u,R=0)

P(Y*=1|X,U =
( | XU U)Zuzo,lp(A:a‘X,U:uvRZO)P(U:u|R:O)

8
S
—

|
™

(P(Y“:l|X,U:O)P(A:a|X,U:O,R:0)

+P(Ya:1|X7U:1)P(A:a|X,U:1,R:0))
_ . 31
PA=a| X, U=0,R=0)+ P(A=a|X,U =L, R=0) S

Next, note that

ga(X)=P(Y*=1|X,R=1)
=) PY*=1U=u|X,R=1)

u=0,1

=Y PY*=1|X,U=u,R=1)P(U=u|X,R=1)
u=0,1

=Y PY*=1|X,U=u,R=1)P(U=u|R=1) (32)
u=0,1

=) PY*=1|X,U=u)P{U=u|R=1) (33)
u=0,1
PY*=1|X,U=0)+PY*=1|X,U=1)

= 5 : (34)

where Eq. (32) and Eq. (33) follow from the exogeneity of X and U and weak transportability, respectively, in Assumption 4.1.
Eq. (34) follows from the distribution of U given above.

Combining Eq. (31) and Eq. (34), we have

ba(X) :ga(X)_fa(X)
(P(Y*=1|X,U=0)-PY*=1|X,U=1))
x (P(A=a| X, U=1,R=0)—-P(A=a|X,U=0,R=0))

- 35
2(P(A=a| X,U=1,R=0)+P(A=a| X,U=0,R=0)) 52

The result then follows from Eq. (35) and Eq. (10) for a = 1. O

Proof of the Selection Bias. We consider Figure 1b where A Il S,U | X,R=0and P(U =0|R=0)=P(U =1

15
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01 —a— p(b, Y} - Transportability bias

p(b, ¥) - Confounding bias
00 —emmmmmm el —4— p(b,A) - Confounding bias  _______________
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p

Figure 5. Different values of the correlation between the absolute bias function and the variance of downstream variables for different
values of p € (0.1,0.5) that parametrize F (p) in Eq. (6).

R =0) = 1/2. Following Eq. (22), we have

fa(X)
1 PS=1|X,U=uy,R=0PA=a|X,U=u,R=0)

= PY*=1|X.U = ALl S| X, R=0
2 Lo ( | XU =) P(S=1|X,R=0P(A=a|X,R=0) ( X, )
1 PS=1|X,U=u4,R=0)

== PY*=1|X.U = ALU|X,R=0
2u:01 ( | ’ U) P(S:HX;R:O) ( | ’ )

Rest of the steps follow similarly to confounding bias case and we have

ba(X) :ga(X) _fa(X)
(P(Y*=1|X,U=0)-PY*=1|X,U=1))
x(P(S=1|X,U=1,R=0)-P(S=1|X,U=0,R=0))

pr— . 36
2(P(S=1|X,U=1,R=0)+P(S=1|X,U=0,R=0)) (36)

The result then follows from Eq. (36) and Eq. (10) for a = 1. O]

Theorem 4.4. Suppose that Assumptions 2.1 and 4.1 hold, and downstream variables T € {S, A, Y° Y1} are sampled
according to Algorithm 1 sfor some F(p) € F. For confounding and type-1 selection biases (Figures 1b, 1c), assume that
pU = 1/2 (see Eq. (11)) for simplicity. For transportability bias (Figure 1a), let p_, # p"_, and p¥ ~ F(p). Then, these
three bias mechanisms are uniquely characterized by the covariance signals (see Definition 4.3) as in Table 2.

Proof of Covariance Results for the Transportability Bias Case. In this case, we have
bi(X) = (szl - Pg:()) (PZ:1 _P)u/:o)» 37
by Equation (12) in LLemma 4.2. Next,

P(S=1|X,R=0)=p_o+pLo(p_, —p3_,) (Lemma A.2, Eq. (24))

u=

= pi_o- (38)
where the last step is due to pﬁzo = ple since S 1L U | X, R = 0 (see Figure 1a). It follows from Eq. (38) that
Var(S | X, R =0) = pj_o(1—pi_)- (39)
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Since p%_;, p_1, pY_;, p¥_,, and p5_, are independent random variables sampled via Algorithm 1, it follows from
Eq. (37) and Eq. (39) that

(b1, S) = Cov(|b1(X)], Var(S| X, R = 0)) = 0. (40)
Similarly,
P(A=1|X,5S=1,R=0)
=p2 P(U=0|X,S=1,R=0)+p,PU=1|X,S=1,R=0) (Lemma A.3, Eq. (26))
= pio (41)

where the last step is due to pﬁzo = ple since S 1L A | X, R = 0 (see Figure 1a). It follows from Eq. (41) that
Var(A | X,8 =1,R = 0) = pi_o(1 — piiy)- (42)
Since p_,, pU_1, pY_,, pX_,, and p/A_, are independent random variables, it follows from Eq. (37) and Eq. (42) that
p(br, A) = Cov(|b1 (X)], Var(A|X, S = 1, R = 0)) = 0. 43)
Next,

P(Y=1|X,§=1,A=1,R=0)
=pr PU=0|X,S=1,A=1,R=0)+p,_PU=1|X,S=1,A=1,R=0) (LemmaA.4, Eq.(27))

=po_oPU=0|X,R=0)+pl_P(U=1|X,R=0) (44)
=pi_oPU=0|R=0)+p,_P(U=1|R=0) (45)
=pr_o+ P oPh_1 — Ph_g)- (46)

where Eq. (44)isdueto S 1L A 1l U | X, R = 0 and Eq. (45) is due to the exogeneity of X and U. It follows from Eq. (46)
that
Var(Y | X,5=1,A=1,R=0) = (pizo +pg:0(p5:1 —pZ:o))(l - pZ:o _pg:()(pq}jzl —pz/:o))- 47

We can then write

p(by,Y) = Cov(|by(X)|,Var(Y =1| X, S =1,A=1,R=0))
= E[|by(X)|Var(Y | X, 8 =1,A = 1, R = 0)]
— E[|by(X)||E[Var(Y | X,S =1,A =1,R = 0)]

:/ 2z —yllz —w|(y + w(z —y)) (1 -y — w(z — y)) dPxdPydPz dPw
F(p)*
—/ |z —y||z — w|dPx dPydPz dPw
F(p)*
x/ (erw(a?fy))(lfyfw(xfy)) dPx dPy dPw (48)
F(p)?

which is nonnegative for all 7(p) € F (see Figure 5 for normalized covariance, i.e. correlation, p(b1,Y")).

Combining Eq. (40), Eq. (43), and Eq. (48) concludes the proof. L]

Proof of Covariance Results for the Confounding Bias Case. In this case, we have

(293;:1 - PX:O) (pf:1 - PZ‘:O)

b (X) = , (49)
2(poy +pio)
by Equation (13) in Lemma 4.2. Next,
P(S=1|X,R=0)=p)_+po(pi=1 — Pi=o) (Lemma A.2, Eq. (24))
= Puo- (50)
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where the last step is due to Pizo = pf;:l since S 1L U | X, R = 0 (see Figure 1b). It follows from Eq. (50) that
Var(S | X, R = 0) = p_o(1 — pli—o)- (51)

Since pt_,, py. pY_1, pY_o, and p>_, are independent random variables sampled via Algorithm 1, it follows from
Eq. (49) and Eq. (51) that

(b1, S) = Cov(|by (X)], Var(S|X, R = 0)) = 0. (52)
Next,

P(A=1]|X,S=1,R=0)

=pA PU=0|X,S=1,R=0)+p ,PU=1|X,S=1,R=0) (Lemma A.3, Eq. (26))

= pioP(U=0]R=0)+p,_PU=1|R=0) (53)
A A

_ Pu=o ;‘puzl (54)

where Eq. (53) follows from S 1L U | X, R = 0 (see Figure 1b) and the exogeneity of X and U, and Eq. (54) from
P(U =0]R=0)=1/2. It follows from Eq. (54) that

Ao+l 2 —piy — pi
Var(A|X,S:1,R:0):p"*0;p“*1 Fusg Pt (55)

We start with the following key observation: both the bias in Eq. (49) and the conditional variance of A in Eq. (55) are
functions of p2_; and p7\_,. Hence, their covariance p(b;, A) will be nonzero in general. We give an intuitive explanation
before the formal result.

Note that |by (X)| o< [p_; — p2_,|, and that Var(A | X, S = 1, R = 0) is effectively the variance of a Bernoulli random

variable with p = %, which increases toward p = 0.5 and decreases toward p = 0 and p = 1. Since probabilities
are confined in the [0, 1] range, |b;(X)|, is maximized when p/'_, = 0 and p/_; = 1, or vice versa. In those cases,

A A
% = 0.5, that is, Var(4 | X, S = 1, R = 0) is also maximized.

In short, |b1(X)| and Var(A | X, S = 1, R = 0) tend to align. This is intuitive: when U’s effect on A is significant, the bias
is expected to be larger. Also, not accounting for U induces more uncertainty on the estimated probability of treatment
assignment, which is reflected in its variance.

Formally, we are interested in

p(b1, A) = Cov(|b1(X)], Var(A | X,S =1,R =0)))
— E[lby (X)[Var(4 | X, S = 1, R = 0)] — E[jby (X) |E[Var(4 | X, S = 1, R = 0)]

:/ vyl —wlz w22 2w b by aps dpw
F(p)* 2(Z+w) 2 2

T 2—z-
_/ demdPyszdex/ 222 paapw (56)
F(p)*

which is nonnegative for all 7(p) € F (see Figure 5 for normalized covariance, i.e. correlation, p(by, A)).

Next,

PY=1|X,S=1,A=1,R=0)
=pY_PU=0|X,S=1,A=1,R=0)4+p _PU=1|X,S=1,A=1,R=0) (Lemma A.4, Eq.(27))

18
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Here, observe that

P(U|X,S=1,A=1,R=0)
P(U,S=1,A=1|X,R=0)

T P(S=1L,A=1|X,R=0)
PU,A=1|X,R=0)P(S=1|X,R=0)

T PS=1|X,R=0P(A=1|X,R=0)

=P(U|X,A=1,R=0)
P(A=1|X,U,R=0)P(U| X,R=0)

- P(A=1|X,R=0)

P(A=1|X,U,R=0)P(U|R=0)

= XULUU|IR=0
PA=1|X,0U=0R=0P(U =0 R=0)+ PA=1|X,U,R=0)P({U=1]R=0) [E=0)

(S AU|X,R=0)

i
= — " (57)
Pi—o + Py
where Eq. (57)is due to P(U = 0| R = 0) = 1/2. Plugging Eq. (57) back in we have
Y A Y A
P(Y =1 | X’ S = ]_7A =1,R= 0) — puzopzz() +p2‘:1pu:1 (58)
Pu=o + Pu=1
It follows from Eq. (58) that
vy A vy A Y A Y A
Var(Y | X,§ = 1,4 =1, R = 0) = Pu=oPuco TPuciPuzt () PucoPuco T PuciPuc ) (59)
pu:O +pu:1 pu:O +pu:1
We can then write
p(b1,Y) = Cov(|b1(X)|,Var(Y =1 | X,S=1,A=1,R=0))
=E[|b1(X)|Var(Y | X, S =1,A=1,R=0)]
—E[|by(X)||JE[Var(Y | X,S=1,A=1,R =0)]
_ / v yllz —wleztyw 224V 4 apy aps dpw
Fpr 2z +w) z4+w z4+w
— / lz=yllz=wl p, dPydPz dPw (60)
F(p)* 2(2 + w)
x/ PREYW TRV 1pydPydPz dPw 61)
Fpyr Ztw z+w
which is nonnegative for all 7(p) € F (see Figure 5 for normalized covariance, i.e. correlation, p(by,Y")).
Combining Eq. (52), Eq. (56), and Eq. (61) concludes the proof. O]
Proof of Covariance Results for the Selection Bias Case. In this case, we have
~(phi = ph o) (PE_1 — Pi—o)
bl (X) - S K ) (62)
2(pu:1 =+ pu:O)
by Equation (14) in Lemma 4.2. Next,
P(S=1|X,R=0)=pi_o+polpi_ — Pio) (Lemma A.2, Eq. (24))
s s
2
where the last step is due to from pTU:o = 1/2. Tt follows from Eq. (63) that
S S (9_pS _pS
Var(S -1 | X, R _ 0) _ pu_O +pu_1 ( p’LL—O pu_l) . (64)

2 2
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Notice that Eq. (62) and Eq. (64) follow the same formats as Eq. (49) and Eq. (55), respectively. Then, following the same
steps in the derivation of Eq. (56), we have

p(b1,S) > 0. (65)
for all F(p) € F.
Next,
P(A=1|X,S=1,R=0)
=pA P(U=0|X,S=1,R=0)+p ,PU=1|X,S=1,R=0) (Lemma A.3, Eq. (26))
=pa PU=0|X,S=1,R=0)+p;_oP(U=1|X,S=1,R=0) (66)
= pio (67)

where Eq. (66) follows from A 1l U | X, R = 0, hence pfzo = ple (see Figure 1c). Eq. (67) follows simply because
PU=0|X,S=1,R=0)+PU=1|X,S=1,R=0) = 1. It follows from Eq. (67) that

Var(A| X, =1,R=0) = Pﬁ:o(l - pf=0). (68)
Since p>_,, pS_y» PY_1, pY_,, and pA_, are independent random variables sampled via Algorithm 1, it follows from

Eq. (62) and Eq. (68) that
p(b1, A) = Cov(]by (X)], Var(S| X, R =0)) = 0. (69)
Next,
PY=1]|X,S=1,A=1,R=0)
=pl _PU=0|X,S=1,A=1,R=0)+p,_PU=1|X,S=1,A=1,R=0) (LemmaA.4, Eq.(27))
Here, observe that
PU|X,S=1,A=1,R=0)
_P(US=1,A=1|X,R=0)
- P(S=1,A=1|X,R=0)
_PWU,S=1|X,R=0P(A=1|X,R=0)
 P(S=1|X,R=0P(A=1]|X,R=0)
=P(U|X,S=1,R=0)
P(S=1|X,U, R=0)P(U|X,R=0)
P(S=1|X,R=0)
P(S=1|X,UR=0)PU|R=0)

PS-1[X.U-0R=0)PU =0 R=0)+ PS—1|XUR=0PU-1]E=0 XLUIE=0

(AL S,U|X,R=0)

43
= U (70)
Pa—o+ Pazs
where Eq. (70) is due to P(U = 0 | R = 0) = 1/2. Plugging Eq. (70) back in we have
Yy .S Y .S

PY=1|X,S=1,A=1,R=0) = Pu=0Pu=0 T Pu=1Pu=1 (1)

S 5

Pu=o0 + Pu=1
It follows from Eq. (71) that
v .8 Y .8 Y .S Y .S
Var(Y | X, = 1,4 =1, R = 0) = Pu=oPuz0 T Pusiluzy (y_ PuoPuco T Pucilicy ) (72)
pu:O +pu:l pu:O +pu:1

Notice that Eq. (62) and Eq. (72) follow the same formats as Eq. (49) and Eq. (59), respectively. Then, following the same
steps in the derivation of Eq. (61), we have
(b1, Y) > 0. (73)

for all F(p) € F.
Combining Eq. (65), Eq. (69), and Eq. (73) concludes the proof. O
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S5 ~ Bern(O )| |®@S ~Bern(0.9)| @S~ Bern(O 9)| @S~ Bern(O )

Figure 6. Four different specifications of the selection model. See Eq. (85) - (88) for the values of the correlation signals in each case.

A.3. Proof of the Results in Section 4.4

As alluded to in the main paper, type 2 selection bias requires modified assumptions given its distinct graph structure, i.e.
absence of U. We repeat Assumption 4.5 here for clarity.

Assumption A.6. We have transportability Y 1L R| X ; and ignorability Y* 1. A| X, R for a€{0,1}.

The covariance signals in this case depend on the specific selection mechanism characterized by P(S = 1|Y =y, A = a).
We consider the specifications shown in Figure 6 of the selection model in our synthetic experiments as well as in our
theoretical analysis. Conceptually, in our analysis, we show that the sign of the covariance signals differ based on the
selection mechanism, implying that the covariances are nonzero, in general. First, we give adjusted definitions that we will
use in our derivations.

Definition A.7. (Abbreviations for treated group in OS, selection bias type 2)

P( = 1|X,R=0) (74)
Pa = P( = 1\X) (76)

We need not condition on A and R in (76) due to our assumptions of ignorability and transportability, respectively.
Furthermore, we are unable to eliminate the conditioning on A and Y in (75) due to the lack of conditional ignorability in
the type 2 selection bias setting.

We can express the bias mechanism, by (X), under type 2 selection bias as follows,

Lemma A.8 (Selection Bias Type 2). Consider Figure 1d where Y* L. A| X, S, R = 0. Then, we have,

s
Py=1,4=1
bi(X)=p) (1- : 77)
p?’:l,A:lp%/ + Pigfzo,Azl(l -py)

Proof. As a shorthand, we will define pgg/:y’A:a = pia. We begin by showing expressions for g,(X) and f,(X)
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individually. We have,
da(X)=P(Y*=1|X,R=1)
= Y PY*=1S=s|X,R=1)
s€{0,1}
Y PY*=1|X,S=sR=1)P(S=s|X,R=1)
s€{0,1}
= > PY*=1|X,R=1)P(S=s|X,R=1), givenY* 1 S|X,R
s€{0,1}
= > PY*=1|X)P(S=s|X,R=1), givenY" L R|X
s€{0,1}
=P(Y"=1|X) Y P(S=s|X,R=1)
s€{0,1}
=P(Y*=1]|X)

Next, we have,

foX)=P(Y=1|X,5=1,A=a,R=0)
PY=18=1|X,A=a,R=0)
P(S=1|X,A=a,R=0)

PS=1|X,Y=1,A=a,R=0)P(Y =1| X,A=a,R=0)
P(S=1|X,A=a,R=0)

P(S=1|X,Y=1,A=a,R=0P(Y*=1|X,A=a,R=0)
P(S=1|X,A=a,R=0)

_P(S 1|X,YP(SLA1|;:§(C)L)’I;(Y0) L X, R=0) given V* 1L A| X, R

P(S=1|X,Y=1,A=aq,R=0)P(Y*=1]|X)

= i YU R|X
P(S=1|X,A=a,R=0) o Ehven |

Combining the above two expressions, we have,
ba(X) = ga(X) — fa(X)
PS=1|X,Y=1,A=aq,R=0)P(Y*=1]|X)
=PY*=1|X) -
( | X) PS=1|X,A=a,R=0)
S=1]X,Y=1,A=aq,R=0)
P(S=1|X,A=a,R=0)

:P(Ya:1|X)(1—P(

= P(Y*=1]|X)
- P(S=1|X,Y=1,A=a,R=0)
Y yeroy PE=11XY =y A=a,R=0)P(Y =y | X,A=a,R=0)
=P(Y*=1]|X)

- P(S=1|X,Y =1,A=a,R=0)
Yoy P =11XY =y A=a,R=0)P(Y*=y|X,A=a R=0)

P(S=1|X,Y=1,A=a,R=0)
=PY*=1|X)(1-
=1l >< zye{o,l}ms:l|X,Y:y,A:a,R:o>P<Ya:yX))

S
— pY <1 _ pla )
a
PraPy + 15, (1= pY)
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completing the proof. O

Theorem 4.6. Suppose that Assumption 4.5 holds and the downstream variables T € {S, A, Y°, Y1} are sampled according
to Algorithm 1 for some distribution F (p) € F. Consider type 2 selection bias in Figure 1d where Y* L. A| X, S, R = 0.
Then, covariance signals (see Definition 4.3) will be non-zero in general.

Proof. From Lemma A.8, we have,

o = (1 mo )

piipy + 05 (1—p))

We will compute the variance of each of the target variables, Y, A, and S, followed by the covariance of the bias and the
conditional variances. Starting with Y, we have,

PY=1|X,S=1,A=1,R=0)
PY=1,S=1|X,A=1,R=0)
P(S=1|X,A=1,R=0)
P(S=1|X,Y=1,A=1,R=0P(Y=1|X,A=1,R=0)
P(S=1|X,A=1,R=0)
P(S=1|X,Y=1,A=1,R=0PY'=1|X,A=1,R=0)
P(S=1|X,A=1,R=0)
P(S=1|X,Y=1,A=1,R=0PY'=1|X
= ( |P(S:1|X7A=1,R):(()) | ), by Assmp. 4.5
PS=1|X,Y=1,A=1,R=0PY'=1|X)

Y, P(S=1[XY=yA=1LR=0P(Y =y|X,A=1,R=0)
PS=1|X,Y=1,A=1,R=0P(Y'=1]|X)
:ZyP(S:I|X,Y:y,A:1,R:O)P(Y1:y|X,A:1,R:O)

P(S=1|X,Y=1,A=1,R=0P(Y'=1]X)

_ by Assmp. 4.5
S PS=1[X,Y =y A=LR=0)PY =y X) %0
Y +p5i(1—pY)
It follows from Eq. (78) that,
S .Y S .Y
P11P1 P11P1
Var(y X,S—l,A—l,R—O—( )(1— ) (79)
¥ ) Y +p5(1—pY) piipy +r5(1—p1)
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Next, we consider S. We have,

P(S=1|X,R=0)
=Y P(S=1|X,Y=y,A=a,R=0)P(Y =y,A=a|X,R=0)
y,a

=Y P(S=1|X,Y =y, A=a,R=0)
Yy,a

PY=y|X,A=a,R=0)P(A=4a|X,R=0)
:ZP(S:1|X,Y:y,A=a,R=0)
y,a

PY*=y|X,A=a,R=0)P(A=a|X,R=0)
=Y P(S=1|X,Y*=y,A=0a,R=0)
Yy,a

PY*=y|X)P(A=a|X,R=0) byAssmp.4.5
= ptipy p* + piopy (1 — ™) + pg (1 — pY )p™ + pfo(1 —py ) (1 — p?) (80)

pSIX

It follows from Eq. (80) that,
Var(S | X, R = 0) = p¥¥ (1 - p*1¥) 81)
Next, we consider A. We have,

P(S=1,A=1|X,R=0)
—P(S=1|X,A=1,R=0P(A=1]|X,R=0)
=Y P(S=1|X,A=1Y =y, R=0PY'=y|X,A=1,R=0)P(A=1|X,R=0)

Yy
=Y P(S=1|X,A=1Y =y, R=0)P(Y' =y | X)P(A=1|X,R=0) by Assmp.4.5
y
= piipy p* + P (1 — pY )p? (82)
Hence, we have from Eq. (80) and Eq. (82),

P(A=1|X,S=1,R=0)
 P(S=1,A=1|X,R=0)
P(S=1|X,R=0)
pSupYipA 4 pSor(1 — p¥1)pA

= 83
pSqulpA + pslopyn(l _ pA) _|_p501(1 _ pY1 )pA _|_p5'00(1 _ pYO)(]_ _ pA) (83)
pAlX,S
It follows from Eq. (83) that,
Var(A | X, 8 = 1,R = 0) = p*1*5(1 — pA1%5) (84)

We compute each covariance signal as in the prior proofs for ' € {A,Y, S} and for each of the selection mechanisms
specified in Figure 6,

p(by, T) = Cov([br (X)], Var(T'[ -))
= E[|br (X)[Var(T [ -))] — E[|b1 (X)[JE[Var(A | -))]
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followed by normalization by the standard deviations of the bias and variance. We get the following results for each selection
mechanism,

{mP5 = 0.1, Py = 0.1, P = 0.1, P = 0.9}

— p(b1,S) = —0.66, p(b1, A) = 0.013, p(by, V) = 0.98 (85)
{aP§, =0.1,P5 = 0.5, P = 0.5, P = 0.9}

— p(b1,S) = 0.33, p(by, A) = —0.010, p(by, Y) = 0.95 (86)
{ P§,=0.9,P5 =0.5,P=05,P =0.1}

— p(b1,8) = —0.37, p(by, A) = 0.058, p(b1,Y) = 0.98 (87)
{oP}, = 0.9, Py = 0.9, Py = 0.9, P = 0.1}

— p(b1,8) = 0.63, p(b1, A) = 0.052, p(by, Y) = 0.97 (88)

The above implies that the covariance signals are nonzero, in general, completing the proof.

A.4. Proofs of the Results in Section 4.5

We repeat our shorthand notation of the covariance signals as well as the definitions of the nuisance function estimators for
clarity.

Definition A.9 (Covariance signals).

I
—
=
=
)
I

Cov([by (X)), Var(S| X, R=0)).
p(by, A):=Cov(|by(X)|, Var(A|X,S=1, R=0)).
p(b1,Y):=Cov(|bs(X)], Var(Y|X,S=1,A=1, R=0)).

Definition A.10 (Nuisance estimators in the OS).

Ms(X):=P(S=1|X,R=0). (15)
a(X)=PA=1|X,S=1,R=0). (16)
W(X)=PY =1|X,S=1,A=1,R=0). (17)
bi(X) = Gi(X) - Ai(X), (18)

Lemma A.11. Assume that Eq. (15)-Eq. (18) are strongly consistent estimators, and are dominated by an integrable function
H(X). Then, for any T € {S, A, Y}, we have in the limit as n — o0,

Ex.r |[bOONT; = ir(X))?] = Ex [Jba (X) Vary x (TIX., )] (89)
whereT | X,-€{Y | X,S=1,A=1,R=0,A|X,S=1,R=0;S| X,R=0}, forY, A, and S, respectively.
Proof. For simplicity, we set T' = Y, since the analysis for T' = { A, S} is the same. Further, we use an n-subscript to make
limiting arguments more explicit, where n refers to the estimator fit using n-many independent samples in the observational
study. Observe,

Exy |[brn (O = fiyon(X))2] = Ex[lbr,n (X) By x[(Y = iy (X))?]
= B [[b10 ()| (Vary x (V| X,) + oy (X) = Tivn(X))?)] - 0)
Here, let us define

B (X) = b1 (X)] (Vary x (Y | X, ) + (v (X) = Gy, (X))?). o1)
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By the algebra of limits we have
lim f (X) = (Lim [b1,(X)]) x (Vary (x (Y | X, ) + Hm(ny (X) = r.n(X))?)
= |b1(X)|Vary | x (Y | X, ). (92)
almost surely in X, due to the strong consistency of the nuisance function estimators and the bias function. That is, En (X)
is strongly consistent.

To apply the Dominated Convergence Theorem, one also needs ?Ln(X ) to be dominated by an integrable function. This
follows after we assume that our nuisance functions estimators are individually dominated by an integrable function H (X).
By triangle inequality, we have

o~

(b1, (X) | Vary | x (Y | X, ) + [b1,0(X)| (ny (X) = Gy, (X))? 93)
H(X)Vary|x (Y | X,-) + H(X)(Iny (X)| + H(X))? (94)

7 (X))

IN

This upper bound is an integrable function when H (X)Vary | x (Y | X, -) is integrable and 7y (X) is bounded. Therefore,
T (X) are dominated by an integrable function for all n.

Finally, since ﬁn(X ) is strongly consistent (i.e., almost sure convergence) and is dominated by an integrable function, we
can apply the Dominated Convergence Theorem to interchange the limit and expectation:

o~

lim Ex [, (X)] = Ex[lim A, (X)]
= Ex[[by (X)|Vary x (Y [ X, )] 95)

almost surely in X, where the last step follows from combining Eq. (90), Eq. (91), and Eq. (92), completing the proof.

O
Consider the estimator of the covariance between the magnitude of the bias and the conditional variance of the target
variables,

-

p(b1,T) =

n 1 <~ R 1 I ~
— (n Db (XONTs = (X)) = 5 > 0> b (X)[(T; W(}g))?).

=1 i=1 j=1
Theorem 4.8. Assume that the estimators in Eq. (15)-Eq. (18) are strongly consistent, and are dominated by an integrable

function H(X). Then, forall T € {S, A, Y}, p(b1,T) are asymptotically unbiased and strongly consistent estimators of
p(bl ’ T)

Proof. For simplicity, we will proceed for 7' =Y and 7y (X), i.e. the estimator of the outcome function. The analysis is

the same for S and 75 (X) as well as A and 774(X). We consider the terms of the expectation below separately. We will first
show the asymptotic unbiasedness of our estimator. Note,

Exy {ﬁ(b/l,\Y)}

n
= E
n—l( XY
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Consider term (1), where we have,
1 e~
Exy |~ > hi(X)]- (%~ ] ZEXY |10 (% =y (X7
i=1

= len (Y; — iy (X,))?
=Exy [|b1<x>| (Y = (X))
=Ex [|b1(X)] - Var(Y|X,S =1,A=1,R = 0)],

by Lemma A.11

Subsequently, we will write Var(Y|X,S =1, A =1, R = 0) as Var(Y| X, -). For term (2), we have,
1~ 1 ~ 2
- Z|b1(Xi)| = Z(Yi — 1y (Xi))
n < n 4

1
=Ex [ Z\bl

o Z(Yi — 7y (X3))?
=1
= Ex [[bi (X)]| Ex [Var(YX, ) +cOv< Dbl 23 ny(X))2>,
by Lemma A.11
n 1 n
ol 2 [ 3505 o]

%Z‘/b\l(xiﬂ : %Z(Yz - ﬁY(Xi))Q]

i=1 i=1

Exy

Exy

+COV< Z|b1 Z(Y 77Y(X))2>

i=1

:\H

x[[b1(X)|Ex [Var(Y|X, )] l

=

+E

= Ex[f GO [Ex Var(¥|X, )] ~ Ex [15: ()] Exy [(v = iy (X))?]

n

+E fzwbl LS (X))

=1

= EXHEI(X)HEX [Var(Y| X, )] = Ex[[br (X)||Ex [Var(Y'| X, )]

n

+E fZ\bl Z(Y Ny (X;))?|, by Lemma A.11
=B |5 SO B Xl — i (X))
i=1j=1
T2 Z Z|b1 — iy (X;))?
= — (#EIB O = Ay ()] + (02 — BB (B — v (X))?)) 96)
= L (nEby () Nar(Y X, )] + (n? — m)E[Joy (X)[EVar(Y |, ).

by Lemma A.11 and consistency of /b\l

Eq. (96) is derived from the fact that when i # j, |b1(X;)| and Y; — iy (X;) are independent, which occurs in n? — n of the
n? terms. The remaining n terms are dependent, since i = j and they rely on the same X;. We combine the terms to get the
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desired result,

Exy [ﬁm)}

n n—1

= 2 (B CNary1X, ] - B O Nar(v 1) -

E{Jby (X) | E[Var(¥ X, -)1)
— E [Jby ()| Var(Y | X, )] — E[}by (X)[E[Var(¥ X, ]

— Cov([b(X)], Var(Y| X, ))

= ﬁ(blay)

Next, note that our estimator’s variance converges to zero since it is a linear combination of sample means of i.i.d. bounded
random variables. Asymptotic unbiasedness, which we show above, together with the vanishing variance imply consistency.
The result follows in a few lines using Chebyshev’s inequality and the triangle rule as follows.

Let 6, be a sequence of estimators for 6 such that:

lim ]E[én,] =6 (asymptotically unbiased)

n—roo

lim Var(f,) =0 (vanishing variance)
n—oo

For any € > 0, by Chebyshev’s inequality:

P(16, —E[d,]] > ¢) < Var(0,)

£2

By triangle inequality:

10 = 0] < |6 — E[0]] + [E[0,] — 6]

For sufficiently large n, by asymptotic unbiasedness, [E[0,,] — 0] < 5. Therefore:

) < 4 Var(f,)

P(f, — 0] >e) <P (|én ~Ef)l > 5) < =

£
2

Taking the limit as n — oo:

A 4 - Var(d,
lim P(|f, — 0] > ¢) < lim $ ~0
n—o0 n—o0 g
which proves 0,, is consistent and we are done. O

A.5. Additional DAGs for Selection Bias Type 2

See Figure 7 for additional DAGs reflecting type 2 selection bias.

B. Additional Experimental Results

We ran all experiments on a standard 12-core CPU machine.
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(a) Selection Bias — Type 2 (b) Selection Bias — Type 2 (c) Selection Bias — Type 2 (Downstream
(Base) (Mediator) Effect)

Figure 7. Common equivalent variants of Selection Bias Type 2.

B.1. Synthetic Results

Synthetic settings with varying dimensionalities and selection mechanisms: We conduct the experiments in Figure 3
with different dimensionalities of the covariates d € {5,7} (d = 6 in the main paper) and RCT sample size ny; €
{2000, 50000}. The results are presented in Figure 8. As dimensionality d increases, the power decreases (and type-1 errors
increase), i.e, it becomes harder to spot the correlation signal statistically significantly. As expected, we observe a similar
trend when n,, decreases, as that leads to larger uncertainty in estimating g1 (X).

We additionally give results for different versions of type 2 selection mechanisms in Figure 9 (see Section A.3 for analytical
results). In general, we find that the sign of the correlations changes with the type of selection mechanism, though is always
non-zero.

Synthetic settings with combinations of biases: In real-world settings, there may be multiple biases present. We
experiment with four different combinations of biases: 1) selection bias type 1 and confounding bias, 2) transportability bias
and confounding bias, 3) selection bias type 2 and confounding bias, and 4) selection bias type 1 and selection bias type 2.
We separately consider the setting with both selection bias type 2 and transportability bias in the next section, Section B.2.
Simulation of each bias in a combination is done as described in the main paper in Section 5.

Our experiments, shown in Figure 10, yield several note-

worthy insights. Firstly, when transportability bias is  Algorithm 2: Generative Model in the OS

combined with confounding bias, the resulting signals Input: 7' € {S, A, Yo, yl}; Boolean [U-bias:
can be a blend of the individual effects. Recall that in our Bernoulli Parameter Distribution F.
analysis, we observed that with only transportability bias, Let ,1' ,=P(T=1X=2,U=u,R=0)
p(b1,Y) > 0and p(by, A) = 0, and with only confound- for x € X do

ing bias, p(b1,Y) > 0 and p(by, A) > 0. Consequently, u ~ Unif(0,1)

when both biases are present, we expect p(b1, A) to be if U-bias then

somewhat reduced compared to the confounding-only pr~F, po~F

case. This effect is reflected in our results, where the pg,u =u-p;+(1—u) py
percentage of runs showing statistically significant corre- else

lations in the biased region drops from 96% (single bias) pl, ~F

to 48% (combined biases). end if

Secondly, we find that the effect of having only selection end for

bias type 2 on the correlation signals is relatively indis-

tinguishable from the effect when selection bias type 2 is combined with another bias (such as selection bias type 1 or
confounding bias). Finally, when selection bias type 1 is combined with confounding bias, all examined correlations turn
positive, i.e. p(b1,S) > 0, p(b1, A) > 0, p(b1,Y) > 0. This is a natural result given that there is an unobserved covariate,
U, influencing A,Y and S.

Synthetic settings with continuous U: In the main paper, we assume a binary, unobserved confounder U that captures
residual effects of multiple unmeasured confounders, primarily to simplify the theoretical analysis. Here, we relax this
assumption and extend our synthetic experiments to allow for a continuous U. The revised generative model is shown in
Algorithm 2. Intuitively, when unobserved confounding is present in a patient subgroup (indicated by the U-bias flag), the
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probability of the target variable becomes a convex combination of two samples from F, weighted by U ~ Unif (0, 1).

We retain the same parameters as in the main paper: X € {0, 1}d with d = 6, n,e = 50000, n,s = 50000, and 1y, = 2000.
The resulting covariance signals, shown in Figure 11, align with our theoretical predictions, offering further empirical
evidence that our framework extends to settings with continuous unobserved confounding.

B.2. WHI Results

Type 2 selection bias and transportability bias: To test the hypothesis that residual transportability bias in the WHI
experiments yields an amplified p(b1,Y") signal after correcting for the type 2 selection bias, we conduct a synthetic
experiment that incorporates both type 2 selection bias and transportability bias to replicate the WHI setting.

For the type 2 selection bias*, we experiment with two different configurations: 1) pgo = 0.1, pgl = 0.1, pfo =0.1,pf, =
0.9 and 2) pgo = 0.9, p()gl = O.9,p150 = 0.3,plS1 = 0.1. One example of the former configuration is Berkson’s bias, where
people who get exposed to the treatment and have the outcome, e.g. hospitalization, are more likely to be selected. The latter
configuration is a rough approximation of the selection mechanism in the WHI OS. Specifically, it is designed to mimic a
scenario where patients who are treated and subsequently experience an adverse event are more likely to be filtered out,
while patients who either were treated without adverse outcomes or did not receive treatment are preferentially selected.

Following the approach used in our previous experiments, we generate plots that show pairs of Pearson correlation
coefficients and their corresponding p-values for each run. These plots indicate the percentage of runs where the observed
correlation coefficients match the predictions outlined in Table 2 and Equation (85) (detailed in Section A.3), using a
significance threshold of p < 0.01. We repeat this experiment under the alternative selection probabilities (second row) as
well as under conditions designed to minimize selection bias by increasing the selection probabilities to 0.99 (third row).
In all scenarios, we calculate the average correlation for runs falling within the positive or negative region depending on
signal, e.g. negative region for p(b1, A)), with error bars representing standard deviation across these runs. The complete
results are shown in Figure 12. Importantly, we find that p(b1,Y") tends to increase when minimizing the type 2 selection
bias regardless of the selection probabilities, supporting our hypothesis.

Testing distributional assumption in the WHI data: One important question is how well our theoretical results apply to
a real-world dataset like WHI, given that our analysis relies on a specific generative model that may not perfectly capture
reality. To further justify our generative model, we perform a simple analysis to test our assumption about the underlying
sampling distribution in our real-world experiment—specifically the feasibility of modeling the conditional distributions of
downstream variables, such as p(A4 | X, U), with a low-uncertainty distribution, F(p) ~ F (see Equation (7)).

As shown in Figure 13, we plot P(A | X)) conditioning on different “sequences” of subgroups after starting initially with
the marginal distribution in the overall population. These subgroups are LLM-generated with a prompt focused towards
subgroups that confer an increased or decreased risk for CHD. We use Claude-3.7-Sonnet to generate subgroup sequences.
By way of example, the probability of treatment assignment is 33% for the overall WHI observational cohort, relatively
close to 50%. In the age-based subgroup sequence, the uncertainty in treatment assignment decreases, and the empirical
probability of treatment assignment drops. For instance, when first conditioning on age > 65, P(A = 1 | X) decreases
from 33% to 22%, and then decreases further when conditioning on both age > 65 and elevated BMI. In the case where the
subgroups are protective against CHD (bottom row of Figure 13, we see that the probability increases towards the “higher”
region of certainty (i.e. P(A | X) > 0.5). These patterns show that adding covariates reflecting relevant clinical subgroups
reduces uncertainty in treatment assignment, albeit in different directions depending on the baseline risk (for the outcome)
in the subgroup.

Additional details for WHI experiments: In Table 3, we report the average hazard ratios measuring the effect of
combined HRT on coronary heart disease (CHD) and stroke outcomes in post-menopausal women.

For the nuisance function estimators, we use logistic regression for 7js and 74, and random forest models for 7y (see
Eq. (15)-Eq. (17)). We use the default hyperparameters in the scikit-learn implementation of the logistic regression model
with maximum iterations of 1000 (Buitinck et al., 2013). For the scikit-learn implementation of the random forest, we tune
the following hyperparameters on a subset of the training set:

*for ease of notation, we denote P(S = 1|Y =y, A = a) as pj,
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Table 3. Hazard ratios averaged over population in RCT and OS. We consider “baseline” and “corrected” settings in OS.

CHD (Baseline) CHD (Corrected) Stroke (Baseline)  Stroke (Corrected)
HR 95% C1 HR 95% CI HR 95% CI HR 95% CI

RCT 1.28 (1.01,1.61) — — 1.37  (1.04,1.8) — —
oS 0.87 (0.73,1.03) 1.09 (0.81,1.45) 0.86 (0.71,1.04) 1.29 (0.95,1.75)

Estrogen plus progestin

¢ n-estimators: [100,500]
* max-depth: [None, 10, 20]

¢ min-samples-split: [2,10]

C. Related Work

C.1. Latent variable models

In the context of latent variable models and graphical models more generally, the main problems, at least relevant to
our setting, of interest are parameter estimation. Using method of moments for parameter estimation in latent variable
models is a common technique. The method of moments paradigm involves 1) computation of certain statistics of the
observed data, i.e. means and correlations and 2) finding the model parameters that give rise (approximately) to the same
corresponding population quantities. One example of how these operations are executed is through tensor decomposition
techniques, as in Anandkumar et al. (2014). At a high level, these methods store low-order moments of the observable data in
multidimensional tensors; then, the parameters of the desired model are recovered using tensor decomposition. Anandkumar
et al. (2011) assume a causal tree structure, where hidden variables serve as internal nodes and observed variables as leaves.
They analyze correlations between observed variables (often through singular values of second moment matrices) to infer
relationships through latent variables. See also Ruffini et al. (2018), who give a nice overview of these kind of methods.

C.2. Causal Structure Learning

Our work is closely related to the line of work whose goal is to learn a causal structure from observational data and
(potentially) experimental data. Our method differs from these approaches in a crucial way. Rather than identifying exact
causal DAGs, we focus on categorizing types of bias, where multiple DAGs may be equivalent. There are two broad classes
of approaches for structure learning: constraint-based methods and score-based methods. Below we provide an overview.

Score-based methods The general idea in this line of works is to assign a score to each potential graph, which reflects
how well it explains the observed data (Ng et al., 2022; Chobtham & Constantinou, 2020). For instance, Ng et al. (2022)
utilize a scoring function based on the degrees of freedom of a graph (i.e. number of edges in the graph) measuring how
well a particular graph explains the empirical covariance matrix derived from the observed variables.

Constraint-based methods This line of work uses conditional independence tests of the observed data to infer the
underlying causal structure. Some approaches assume causal sufficiency, i.e., assume no selection variables and no
unmeasured common causes (e.g., PC, CCD algorithms), while others simply assume the graph is acyclic (e.g., FCI and
RFCI algorithms). See Colombo et al. (2014); Akbari et al. (2021); Sadeghi & Soo (2022) for examples of this approach.
The main drawback with these methods in our setting is that the CI-based tests will result in potentially multiple graphs
that are Markov equivalent (and there is no way to tell if implied relationships between observed variables are due to e.g. a
hidden confounder or selection bias). In contrast, our method can allow practitioners to make this distinction.

C.3. Distribution Shifts

Our work is similar in spirit to some papers in the literature on distribution shifts but differs in its goals. For instance, Cai
et al. (2023) investigate how much of the decline in prediction performance can be attributed to covariate shift. Similarly, Jin
et al. (2023) attempt to diagnose discrepancies between different studies by breaking them down into components such as
sampling variability, observable distribution shifts, and residual factors. However, while their work focuses on quantifying
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how much of the discrepancy between studies is due to distribution shifts in observed covariates—a specific form of selection
bias—we take a broader approach by examining several potential biases, particularly those relevant to the medical domain.

C.4. Integrating Evidence from Across Experimental and Observational Studies

Combining information from RCTs and OSes to develop causally reliable and statistically powerful methods has been of
great interest recently. Target trial emulation (TTE), for instance, is a commonly adopted framework to analyze observational
data in a principled way (Herndn & Robins, 2016; Franklin et al., 2021; Hernan et al., 2022; Wang et al., 2023).

There is a growing body of work focused on integrating observational and experimental data to enable more reliable,
generalizable, and statistically efficient causal inference (Bareinboim & Pearl, 2016; NICE, 2022; Colnet et al., 2024,
De Bartolomeis et al., 2024a; Boughdiri et al., 2025). Several studies investigate how potentially biased outcome mod-
els—learned from observational data—can enhance the statistical power of randomized controlled trials (RCTs) and support
the generalization of findings to target populations or novel experimental settings (Kallus et al., 2018; Schuler et al., 2022;
Hatt et al., 2022; Demirel et al., 2024a; Cadei et al., 2025). Along similar lines, Kaul & Gordon (2025) leverage observational
data to construct an untrusted prior, which is then combined with experimental data via conformal prediction to yield valid
and tighter confidence intervals for treatment effects. Guo et al. (2022) propose using observational data to construct control
variates, reducing variance in ATE estimation within RCTs. Similarly, Wang et al. (2025) study the derivation of tighter
confidence intervals for the ATE when multiple OSes are available. Lastly, Oberst et al. (2023); Rosenman (2025) offer a
comprehensive overview of methods that adaptively combine ATE estimates from both experimental and observational data
to produce improved hybrid estimators.

C.5. Benchmarking Observational Studies

Another line of work focuses on benchmarking, which involves comparing treatment effect estimates from observational
studies (OSes) to those from randomized controlled trials (RCTs) (Hartman et al., 2015; Dahabreh et al., 2020). Benchmark-
ing methods play a crucial role in assessing the reliability of OSes before they are used in downstream decision-making.
Moreover, systematic reviews of benchmarking efforts can offer broader insights into the practical strengths and limitations
of OS-based analyses (Forbes & Dahabreh, 2020; Wang et al., 2023).

De Bartolomeis et al. (2024a;b) quantify the bias in an OS by directly comparing its estimates to those from an RCT. Rather
than focusing on population-level comparisons, Hussain et al. (2022) assess ATE estimates across various subgroups in both
studies. Expanding on this approach, Hussain et al. (2023); Demirel et al. (2024b) compare conditional ATEs, while enabling
automatic identification of patient subgroups where the OS and RCT estimates diverge. Other work sidesteps the need for
individual-level RCT data entirely: Karlsson & Krijthe (2024; 2025); Xiao et al. (2024) show that hidden confounding can
be detected—and in some cases mitigated—using multiple OSes under alternative assumptions. Finally, Fawkes et al. (2025)
establish fundamental limits on the extent to which RCTs can be used to falsify or validate observational findings.
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Figure 8. Covariance signals for synthetic experiments with different covariate dimensionalities d and RCT sample size 7.
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Figure 9. Covariance signals for synthetic experiments with different selection mechanisms and covariate dimensionalities d.
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Figure 10. Covariance signals for synthetic settings involving different combinations of biases.
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Figure 12. Left: Covariance signals under different synthetic settings: top two have type 2 selection bias (with differing selection
probabilities) and transportability bias, bottom has minimal selection bias. Right: Average correlation over runs in positive or negative
region depending on signal.
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Figure 13. Probability of giving HRT in different sequences of subgroups. On the x-axis, we stratify into a specific patient subgroup by
adding a constraint on a covariate. Top: Patient subgroups are higher-risk groups for CHD and stroke. Bottom: Patient subgroups are
lower-risk groups for CHD and stroke.
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