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Abstract

We study mechanism design for the budget-
feasible procurement problem, a natural prob-
lem that arises when a buyer wants to procure
goods or services from multiple strategic sellers
who each have a cost to provide that service, the
buyer has a value for each service procured, but
is constrained by a budget. In contrast to prior
work, which has focused on buyer value maxi-
mization for this problem, we solve for optimal
and approximately-optimal mechanisms for the
objectives of buyer utility (value of procured ser-
vices minus payments), welfare (value minus pro-
duction costs), and generalizations of the two. For
welfare, we design a simple mechanism that ob-
tains a constant-factor approximation for the prior-
free (worst-case) setting. As prior-free mecha-
nisms fail to provide any guarantee for utility,
even for a single seller, we consider Bayesian
settings, where the buyer has distributional knowl-
edge over sellers’ costs. We first provide a utility-
optimal mechanism that satisfies the buyer’s bud-
get constraint in expectation, then we show how to
modify the mechanism to satisfy the budget con-
straint ex-post, for every realization of seller costs,
while still obtaining near-optimal utility guaran-
tees. Finally, we generalize our mechanisms to
other objectives.

1. Introduction

Consider a company that wishes to procure compute from
some of n possible sellers. The buyer has some value v;
for each compute contract that they procure depending on
the seller 7. However, each seller also has their own private
cost ¢; to supply compute—e.g., due to electricity, hardware
usage, and system maintenance. Finally, the buyer has a
budget B that they have set aside for spending on compute,
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and the sum of payments that they make to the sellers cannot
exceed this budget.

This is the budget-feasible procurement problem, relevant
in any scenario where a buyer seeks to procure goods or
services from self-interested sellers and is constrained by a
budget. Such a scenario arises in many settings relevant in
today’s modern computing ecosystem:

* Online crowdsourcing task: a requester in Mechani-
cal Turk seeks to procure taskers subject to some bud-
get (Anari et al., 2014; Balkanski & Hartline, 2016;
Singla & Krause, 2013; Singer & Mittal, 2013).

* API access to language models: a user wants to access
specialized language models through an Application
Programming Interface (API) to perform a task, where
every access to the API is monetized by the company
training the language model (Bhawalkar et al., 2025a).

¢ Distributed/Federated learning: a model trainer
wants to purchase models trained locally by users
on their private data in order to train a global
model (Zhang et al., 2021).

This problem was first introduced by Singer (2010) and has
since been extensively studied in algorithmic mechanism
design, receiving particular attention from researchers at
large technology platforms (Deng et al., 2025; Anari et al.,
2018; Bei et al., 2012; Bhawalkar et al., 2025a; Chen et al.,
2011). However, the vast majority of work focuses only on
the objective of value maximization. The justification is that
the buyer has set aside the budget to procure this service,
and so there is no harm in using the full budget, only in
maximizing the buyer’s value given what is spent.

This paper questions that assumption by studying other well-
motivated objectives, such as welfare and utility maximiza-
tion. In many settings, unused budget could be reused else-
where, making buyer utility—buyer value minus payments—
a more appropriate objective. For instance, when the value
of procured services represents the additional revenue the
business can obtain from procuring these services, then the
buyer’s utility is the actual profit of the buyer, subject to
their liquidity. This assumption is prevalent in the standard
forward auction setting (1 seller, n buyers), where it is as-
sumed that a budgeted buyer wants to maximize their utility
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subject to budget constraints (Borgs et al., 2005; Dobzinski
et al., 2008; Bhattacharya et al., 2010). This requires more
careful consideration to trade off the value that the buyer
receives with the money spent procuring the services. A
second natural objective is social welfare, defined as the
buyer’s value minus the sellers’ costs of the allocation. This
objective is particularly relevant when the buyer’s value
benefits society (e.g., economically) and the sellers’ costs
capture societal harms, such as the environmental costs of
compute. Moreover, while the procurer individually cares
about their utility, they may instead choose to maximize the
system’s welfare for the longevity of the system, to ensure
that sellers stay in the system and they can continue to earn
utility from them.

In addition, we look at generalizations of these objectives.
We consider a generalization of social welfare where seller
costs are weighted by a parameter o which serves as a knob
for social cost concerns: setting o = 0 represents pure value
maximization, as in prior works, while o € (0, 1) represents
an intermediate regime where value is prioritized but some
weighted cost consideration is given, and «« > 1 represents
a cost-aware regime, where societal harms are given extra
consideration. Additionally, we consider a generalization of
the utility objective where each agent’s value is weighted
by a; > 0 and their payment by b; > 0. We can retrieve the
pure value maximization objective by setting a; = 1 and
b; = 0, while increasing b; captures regimes with greater
concern for the implications of payments.

Due to their great relevance, both the utility (Cary et al.,
2008) and welfare (Deng et al., 2025) objectives have been
studied in the procurement auction setting already, only
without budget constraints. The goal of this paper is to solve
the budget-feasible procurement problem for welfare, utility
and a variety of other well-motivated objectives.

Our Results. We study the budget-feasible procurement
problem for welfare, utility, and generalizations thereof.
First, in Section 3, we investigate the prior-free setting of
the original (Singer, 2010), that is, we maximize our ob-
jective over worst-case inputs of seller costs. We provide
a simple mechanism that obtains a Tlﬂ—approximation
to the optimal social welfare. We show that this extends
for various objectives such as maximizing value minus «
times production costs for a > 0, as well as some con-
cave function of such objectives, representing decreasing
marginal gains of accumulated welfare. Then, we turn to the
larger technical challenge of utility maximization; however,
no guarantee for utility is possible in the prior-free setting
(Proposition 6).

Thus to maximize utility, in Section 4, we investigate the
Bayesian setting, where seller costs are drawn from a known
prior distribution. In Section 4.1, we solve the optimization

problem optimally when the buyer’s budget constraint is soft,
and need only be met in expectation over the realization
of seller costs. In Section 4.2, we investigate the more
challenging problem when the buyer’s budget constraint
must be satisfied for every realization of seller costs. We
use our solution from Section 4.1 to construct our main
result: a simple posted pricing mechanism that guarantees
a %-approximation. Finally, in Section 4.3, we illustrate
how to expand the above to handle more difficult prior
distributions via “ironing,” or forcing monotonicity, and
extend this framework to more general objectives that are
convex combinations of value and payment.

Technical Contribution. Our prior-free analysis for welfare
parallels that of the approach introduced in (Papadimitriou
& Singer, 2010; Chen et al., 2011) for value maximization
when the buyer’s valuation is additive. A key idea in their
mechanisms is to construct a high-value set of sellers W
using conditions on the value-per-cost ratio of the agents,
which ensures budget-feasibility. Our main challenge is in
showing that, even though the condition of adding sellers to
W is based on their value, which can be arbitrarily larger
than their associated welfare, the set W has strong welfare
guarantees as well.

Our Bayesian analysis for utility parallels that for value of
Balkanski & Hartline (2016) in many places. However, their
ex-post solution requires a “k-large market” assumption, i.e.,
it only considers when all sellers have small enough ex-ante
posted prices that they consume at most 1 /k-th of the budget.
Instead, we produce a general constant-factor approximation
by using their k-large market approach when the smaller
sellers produce a good fraction of the optimal utility, and
contributing a different mechanism when the majority of
utility comes from the large sellers. Note, however, that in
using their k-large market analysis (Lemma 2), we discover
a minor hole in their analysis. Our solution patches their
hole, and also fixes a slight error with budget-feasibility.
(See details in Remark 1.)

The most related literature is mentioned above and through-
out our analysis where there are similarities, but we include
an expansive review of related work in Appendix A.

2. Model and Preliminaries

In our model, we have a single buyer with expenditure (or
budget) of B € R>( and a set of n sellers (henceforth, the
agents). The buyer wants to purchase services from the
sellers, subject to the buyer’s budget constraints. Each seller
can produce a (single) service at cost ¢; € R>q, privately
known to the seller, and the buyer values each service at a
known v; € R>(. The buyer has an additive value over ser-
vices, that is, when procuring a set S C [n] of services, they

obtain value of ), _¢ v;. The buyer wants to devise DSIC-
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IR mechanisms to procure services from agents, in order
to maximize various objectives subject to their expenditure
constraints, as described below.

For a vector t = (t1,...,t,), we denote by t_; the vec-
tor when excluding the ith coordinate, and by (t_;,#;)
the vector that inserts #; at the ith coordinate. A mech-
anism receives the reported production costs of sellers
¢ = (c1,...,¢n), and returns a (possibly fractional) al-
location vector x : RZ, — [0,1]™ and a payment vector
p: RZ, — RZ, z;(c) and p;(c) return ith coordinate of
x(c) and p(c), respectively. The utility of a seller with cost
¢; for reports ¢ in mechanism (x, p) is

u;i(Ci,¢) = pi(c) — & - zi(c).

We next define our incentive guarantees.

Definition 1 (DSIC-IR). Consider a mechanism M =
(x,p).

* M is Individually Rational (IR) if for every 7 and ¢ =
(c1y...,¢n), ui(c;, €) > 0, that is, the utility of a seller
from reporting their true cost is non-negative.

¢ M is Dominant-Strategy Incentive Compatible (DSIC)
if for every i, ¢ = (c1,...,¢p), and &, u;(c;,c) >
u; (¢, (€4, ¢;)), that is the agent cannot obtain a
higher utility from reporting a different cost than their
true cost.

A mechanism that is both DSIC and IR is said to be DSIC-
IR.

In order to devise DSIC-IR mechanisms we use Myerson’s
canonical characterization of such mechanisms, adapted to
our setting. An allocation function x is called implementable
if there exist payments p such that (x, p) is DSIC-IR.

Lemma 1 (Myerson’s Lemma (Myerson, 1981)). An alloca-
tion function x is implementable if and only if x;(-,c_;) is
monotonically non-increasing for every c_;, and payments
are given by the following formula:

pi(c) = ¢ - xi(c) + /OO xi(z,c_;) dz. e))

7

Consider the special case of deterministic monotone alloca-
tion functions (that is x;(c) € {0, 1}). In this case, it is easy
to show that the payments are simply threshold payments,
and the following holds.

Observation 1. Consider a deterministic and monotone X,
if for some ¢ = (c1,...,cyn), xi(c) = 0, then when using
Myersonian payments as defined in Eq. (1), for every ¢é;,
pi(Gi,c—;) < ¢

In the Bayesian setting, in order to use the virtual cost
formulation of the objective, we consider the appropriate
definition of regularity for procurement auctions.

Definition 2 (Regularity). Let F; be the cumulative dis-
tribution function of agent i’s cost with density f;. The
distribution Fj is said to be regular if the associated virtual
cost function ¢;(¢;) is monotonically non-decreasing in ¢;:

Fz(cz)
filei)

oi(c) =i + )

Budget feasibility. The buyer aims to procure items from
a set of agents subject to a budget constraint B. Let ¢ =
(c1,...,¢pn) denote the vector of the reported costs, and
let p;(c) denote the payment made to agent i. There are
two main definitions, Ex-Post (Hard) and Ex-Ante (Soft),
distinguished by the strictness of the constraints.

Definition 3 (Ex-Post Budget Feasibility). A mechanism
M is Ex-Post Budget Feasible (or satisfies a Hard Bud-
get Constraint) if, for every possible vector of reported
costs c, the total payments never exceed the budget B:
Z:‘L:1 pi(c) <B.

Definition 4 (Ex-Ante Budget Feasibility). A mechanism
M is Ex-Ante Budget Feasible (or satisfies a Soft Budget
Constraint) if the expected total payment, taken over the
joint probability distribution of the agents’ costs D, does
not exceed the budget B: Ec.p [> ., pi(c)] < B.

Objective Functions. Consider an instance with sellers’
costs ¢ and values v. In the following, we define our main
objectives with respect to a mechanism M = (x, p).

Definition 5 (Welfare). The welfare obtained by mechanism
MisW(c,v,M)=33" z;(c) (v; — ¢;).
Definition 6 (Utility). The utility obtained by mechanism
MisU(e,v,M) =3""  zi(c) - v; — pi(c).

Approximations. Since we are bounded by incentive and
computational constraints, we devise mechanisms that pro-
vide a guaranteed fraction of the optimal solution. Consider
some objective function G(c, v, M) (e.g., welfare or utility).
Given an allocation function x, consider a (non-truthful)
mechanism M that allocates using x, and sets payments
exactly as the reported costs, that is, p;(c) = z;(c) - ¢;. In
the prior-free setting, we say that a mechanism M = (x, p)
a-approximates the optimal mechanism for objective G (for
a € (0,1)), if for every ¢, v

Glc,v,M) > a- G(c, v, Mx).

max
budget-feasible M x

Note that the right-hand side is an overly optimistic bench-
mark that has full information of the costs of the sellers.

In the Bayesian setting, we say that M = (x,p) a-
approximates the optimal mechanism for objective G if for
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every v and distribution over costs D,

Eep[G(c, v, M)] > a- Ee~p[G(c, v, M)].

max
budget-feasible M’

3. Prior-free Procurement for Welfare
Maximization and Generalizations

In this section, we present a mechanism that guarantees
an approximation to the optimal welfare (integral knap-
sack solution) in the prior-free setting. We then show that
lower bounds from value maximization extend to the wel-
fare objective, giving a nearly matching lower bound for
our mechanism. Finally, we discuss how to adapt the mech-
anism to handle generalizations of the welfare objective.
Our proposed mechanism and analysis closely resemble the
mechanisms in (Papadimitriou & Singer, 2010; Chen et al.,
2011) for the case of additive value maximization.

The formal description follows, but first, we describe it intu-
itively. The mechanism initially restricts attention to agents
with cost smaller than their value (otherwise, procuring their
items only hurts the objective), and smaller than the overall
budget B (otherwise, the approximation can be arbitrarily
bad). Then, we consider two candidate solutions. The first
candidate solution just exclusively procures from the agent
with the highest individual welfare that is feasible to serve.
The second candidate solution orders agents by decreasing
value-per-cost % (or equivalently, welfare-per-cost “fc;“)
and then greedily includes agents so long as each agent’s
cost is no higher per unit of value than what the budget can
support on average for those added so far. If the welfare-
maximizing agent has high enough welfare compared to
the optimal fractional solution without it, we procure from
this agent, otherwise we procure from agents in the greedy
solution. Payments come directly from Myerson’s formula.

Our mechanism is formally presented in Mechanism 1. Let
FOPT(-, -) be a function that takes a set of value-cost tuples
as the first parameter, and a budget as a second parameter,
and computes the optimal greedy fractional solution to the
knapsack problem for the parameters given.

Mechanism 1 is a DSIC-IR and budget feasible mecha-
nism that gives a 2; \/i-approximation to welfare, and is
computable in O(nlogn) time (see Appendix E for de-
tails). Due to space limitations, we defer the full proofs
to Appendix B, and give the proof sketches of the obtained

guarantees.

We first show that the mechanism is DSIC-IR and budget
feasible.

Theorem 2. Mechanism I is a DSIC-IR and budget feasible
mechanism.

Proof sketch. To show the mechanism is DSIC,
by Lemma 1, we need to show that the allocation is

Mechanism 1 Welfare-maximizing Budget Feasible Auc-
tion

1: Input: Reported costs ¢ = (cy, . ..
tions v = (v1,...,v,), Budget B
2: Output: Allocation set and payments

Let F = {i:¢; <min(v;, B)} > Restrict to sellers
with positive welfare and feasible cost.

, Cn ), Known valua-

b

4: Rename bidders in F such that 2+ > 2 > ... > Z“;‘
5:SetW <+ 0,k <+ 1
6: while k < |F|and & < <Z— do
Vg ngkvj
7. W+ WUk}
8 k<« k+1
9: end while

10: Foreveryi € F,letw; = v; — ¢;

11: Let¢* € argmax;cr w;

12: Compute FOPT" = FOPT({(w;, ¢;) }iep\fivy, B)  ©
Compute the optimal fractional solution of all agents
but 7*.

13: if wi« > FOPT'/ (1 + v/2) then

14:  Allocate {i*} > Allocate ¢* if ¢* has high welfare

15: else

16:  Allocate the set W

17: end if

> Otherwise, allocate W

18: Pay agents using Myersonian payments

non-increasing in a seller’s reported cost. Whenever some
1 € F is allocated, if ¢ is a part of the constructed set W,
we show that decreasing their reported cost will keep the
set W the same, and increases their welfare w;. Therefore,
the only change in the allocation might be that 7 is the
welfare-maximizing agent ¢* and is the sole seller allocated.
If i ¢ W and is allocated as the welfare-maximizing seller
1*, decreasing their reported cost will only increase w;«
while keeping FOPT’ the same, and therefore i* is allocated
in this case as well.

To show budget-feasibility, we first consider the case W is
allocated. In this case, we show that for every i« € W, in case
they report a cost higher than 7; = v; - ﬁ, they are
no longer in W, and no longer allocated. By Observation 1,
this implies that when W is allocated, for each : € W,
p; < T; (Lemma 5 in Appendix B), and the total payment is
atmost ),y Ti = D ey Vi - ﬁ = B. When i* is
the sole seller allocated, since we filter-out sellers with cost
larger than B, budget-feasibility is trivial in this case. [

We next sketch the proof of approximation.

Theorem 3. The welfare obtained by Mechanism 1 is a

1 . . .
573 approximation to the optimal welfare.
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Proof sketch. Interestingly, in our mechanism, the sellers
were considered to be added to W sorted by the value-over-
cost ratio, and added while the value-over-cost of the current
seller considered is higher than the total-value-over-budget
of all agents considered until now. At first glance it might
be surprising that the set W has good welfare guarantees,
while it was constructed only using value considerations,
where the value from a seller might be arbitrarily larger than
the welfare from the same seller. We first observe that after
filtering agents with negative welfare, the welfare-over-cost
ordering is the same as the value ordering, as

wi/ci :’UZ'/CZ' -1 Z ’Uj/Cj -1 :'lUj/Cj

— Ui/Cl' > Uj/Cj.

An additional step is needed to prove that the welfare ob-
tained from the sellers in W is a constant approximation to
the optimal fractional welfare of all agents minus the wel-
fare of the highest-welfare seller (this is essentially proved
through Lemmas 6 and 7).

With this at hand we inspect the two possible solutions:
whenever ¢* is the sole seller allocated, by the explicit con-
dition of the algorithm, we know the welfare of ¢* is close
to the welfare of the optimal fractional allocation (and thus,
of the optimal integral allocation); otherwise, as ¢* cannot
contribute too much to the optimal fractional allocation, we
can use the welfare guarantees proved for W in order to
show that the obtained welfare is near the welfare of the
optimal allocation. O

We complement Mechanism 1’s guarantee with a lower
bound of 1+1 75 We prove this by showing that any lower
bound for the (widely-studied) value objective automatically
transfers to the welfare objective as well, and thus our lower
bound is due to (Chen et al., 2011). The proof of Theorem 4

can be found in Appendix D.I.

Theorem 4. Let 5 € (0,1). If no budget-feasible mecha-
nism can achieve a better than B-approximation to the value
objective, then no budget-feasible mechanism can achieve a
better than [-approximation to the welfare objective.

Corollary 5. No deterministic budget-feasible mechanism
for welfare maximization can achieve an approximation

. 1
ratio better than VoL

In Appendix B.3, we introduce minor adaptations to the
mechanism that extend the guarantees to a general family
of objective functions, where for each i, w; = v; — a - ¢;
for some o > 0, and we want to maximize G(3 ;. g w;),
where G : R>¢ — R>( is a non-decreasing, concave and
normalized (G(0) = 0) function. Our mechanism follows
the footsteps of Mechanism 1, where the filtering step keeps
agents where w; > 0 and ¢; < B, and FOPT now takes

the new weights w;’s. The proof of DSIC-IR and budget-
feasibility remains identical, while the proof of approxima-
tion requires subtle modifications. First, we show that the
mechanism outputs a set of agents S whose sum of weights
> icg wi f-approximates the optimal budget-feasible sum
of weights for 3 = 1/(2 + v/2). To do so, we notice that
the weight-over-cost ordering is identical to the value-over-
cost ordering, and that the constructed set W has the same
approximation guarantees with respect to the optimal sum
of weights. We conclude by noticing that since G is mono-
tonically non-decreasing, then the optimal G'(_, . w;) is
just the function G applied on the optimal budget-feasible
> icg+ Wi, and that

GO wi) =GB w) > 8-GO w),

i€S i€S* i€S*

where the last inequality follows concavity and normaliza-
tion of G, and 5 € (0,1).

The following proposition shows that the buyer’s utility
objective cannot be approximated when using a prior-free
mechanism, motivating switching to the Bayesian setting
for this objective. The proof is deferred to Appendix B.5.

Proposition 6. In the prior-free setting, optimal utility is
inapproximable even for a single agent.

4. Bayesian Procurement

In this section, we circumvent the impossibility result from
Proposition 6 by relaxing the guarantee from worst-case
(prior-free) to in expectation (the Bayesian setting). In the
Bayesian setting, each seller ¢ has a private cost parameter
¢;, which is (independently) drawn from a publicly known
distribution Fj.

We are interested in designing a mechanism (x, p) that max-
imizes expected buyer utility, while respecting the budget
constraint. We distinguish between ex-post (or hard) budget-
feasibility and ex-ante (or soft) budget-feasibility, as defined
in Definition 3 and Definition 4.

Our primary focus is on designing mechanisms that satisfy
the hard-budget constraint, since this is the more meaningful
requirement: the buyer should never exceed the available
budget. To illustrate the distinction, even in the single-seller
case, the optimal ex-ante solution might post a price of
B/q > B, where the seller accepts with probability ¢. In
that case, the budget constraint is satisfied only in expec-
tation, while whenever the buyer obtains non-zero utility,
the realized payment exceeds the budget. However, we
study the soft-budget formulation first en route to an ex post
solution: the ex ante problem is analytically tractable and
provides a useful relaxation that we leverage to design and
analyze approximately utility-optimal mechanisms subject
to a hard-budget constraint. Note, however, that in repeated
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environments, it may be relevant to study ex-ante feasibil-
ity, where temporary budget overruns may average out over
time and only long-run expected expenditure must remain
bounded.

4.1. The Optimal Soft-Budget Mechanism

In this subsection, we provide a solution for the Bayesian
soft-budget utility maximization procurement problem. The
high-level idea is that because both the objective and the
budget constraint are expressed ex ante—in expectation
over the agents’ costs—the optimal mechanism decomposes
across agents: the designer effectively allocates budget to
agents in expectation and optimizes each agent’s allocation
independently. As a result, the global problem reduces to
a collection of single-agent optimization problems, whose
solutions take the form of posted prices.

The optimization problem at hand is:

max E¢
z,p

Z (vizi(c) — pi(c))

| i€[n]

Z pi(c) < Ba
i€[n]

(x,p) is DSIC-IR

(3)
s.t. E¢

Previous works (Ensthaler & Giebe, 2014; Balkanski &
Hartline, 2016) provide solutions for Bayesian value maxi-
mization (i.e., the optimization objective of formulation (3)
without the payment term) subject to a soft-budget con-
straint. The solutions to the value and utility optimization
problems end up sharing nearly all of their structural fea-
tures: under regularity of the virtual cost functions, both
admit optimal solutions in the form of independent posted
prices. One small conceptual difference is that, in value max-
imization, it is always optimal to exhaust the entire budget,
since allocating additional budget can only increase total
value. However, for utility maximization, the soft-budget
constraint need not bind: offering an agent too high a price
may reduce expected utility, hence a budget surplus may be
preferable.

We are able to circumvent this issue using the following
observation. If a utility-optimal mechanism spends strictly
less than the budget B in expectation, if B’ denotes its
expected expenditure, the same mechanism is feasible and
optimal for the problem with budget B’. Consequently, it
is without loss to restrict attention to utility maximization
in instances in which the budget constraint is tight (we
formalize this intuition in the proof of Theorem 7).

Using virtual cost functions, we reformulate the optimiza-
tion program into a simpler one-variable optimization pro-
gram, and then characterize the optimal soft-budget mech-

anism with the following theorem. The reformulation and
the proof are deferred to Appendix C.1.

Theorem 7. Assuming regular cost distributions, there ex-
ists a utility-optimal mechanism M gt for the soft-budget
constraint that independently posts prices ¢; to each agent
i. Furthermore, these optimal prices ¢; can be computed
efficiently.

4.2. A Constant Approximation Subject to a Hard
Budget Constraint

In this section, we construct a mechanism that gives a
constant-factor approximation to the ex-post budget-feasible
optimal utility. Notice that enforcing budget feasibility ex-
post is only more restrictive than enforcing the budget only
in expectation, since every ex-post budget-feasible mecha-
nism is also feasible ex-ante, while the converse need not
hold. Consequently, the optimal utility subject to ex-ante
budget-feasibility upper bounds the optimal utility subject
to ex-post budget-feasibility, that is OPT ¢ > OPT)s.

At a high level, our mechanism will take as input a price
vector p that is ex-ante budget feasible and satisfies p; < B
for every agent. For these prices, define the ex-ante posted
pricing utility benchmark Upsice(p) = > (v; —pi)q;." Using
p, we partition agents into high-price agents H and low-
price agents L: if Upyice(p) derives most of its utility from
H, we run a sequential posted-price procedure on H in
decreasing order of utility v; — p;; otherwise, we run a
sequential posted-price procedure on L in decreasing order
of utility-per-payment (v; — p;)/p;. The formal description
appears in Mechanism 2.

Mechanism 2 Utility-Maximizing Ex-post Budget-Feasible
Auction Meonsi(cv, 3; P)

I: Partition the agents into H = {i : p; > £} and
L = {i : p; < £}, denote their respective ex-ante
posted pricing utility as Upme( ) =2 ien (Wi —Di) G
and Uk.(p) = > icp (vi—pi)g, and the to-

tal ex-ante posted pricing utility as Upice(p) =
ZieLuH( i —pi) qi-

2 iU (p) = (1= 1)  Upice(p) then

3:  Order agents in H by decreasing v; — p;. Iterate in
this order and offer agent ¢ price p; if the remaining
budget is at least p;; otherwise, skip ¢ and continue.

4: else

5:  Order agents in L by decreasing * pl. Iterate in

this order and offer agent ¢ price p; 1f the remaining
budget is at least p;; otherwise, skip ¢ and continue.
6: end if

'¢i = qi(p;) = Fi(p:), but for ease of notation, we omit
dependence on p.
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The ex-ante prices from Section 4.1 may not be suitable for
our ex-post mechanism: while they always satisfy ¢; < v;,
they may individually exceed the budget (i.e., ¢; > B). We
therefore instead use the prices obtained by solving the soft-
budget problem on the truncated instance F'<" where costs
above B are capped at B.

This solution may no longer be optimal for the original soft-
budget problem, but preserves the posted-price structure
under regularity, guarantees ¢; < B, and remains a valid
relaxation because any ex-post budget-feasible mechanism
never offers prices above B. Hence:

OPT ute(F=P) > OPTpost (F<P) = OPTpost.  (4)

Our analysis distinguishes between two cases. When low-
priced agents contribute most of the utility, we adapt the
analysis of Balkanski & Hartline (2016), that addresses
the Bayesian value-maximization problem to the utility ob-
jective. Importantly, we identify and correct a subtle but
important error in the analysis of one of their lemmas (Re-
mark 1). This issue does not undermine the validity of their
main theorem; rather, we revisit the argument and supply
a modified proof for clarity, correctness, and completeness.
The approach of (Balkanski & Hartline, 2016) holds when-
ever the maximal price is not too high, and does not give a
constant factor approximation for high-priced agents. When
the high-priced agents contribute most of the utility to the ex-
ante objective, we show that a posted price mechanism that
orders agents according to their utility extracts a constant
factor of this value.

We first address the case where low-priced agents contribute
the most to the ex-ante objective. As in Balkanski & Hart-
line (2016), let £ = min, g. The smaller k is, the higher

the maximal price is.> Consider M (p), a sequential posted
pricing mechanism that orders agents by decreasing Pt
and offers them prices p;, as described in Line 5 of Mecha-
nism 2. The next lemma analyzes the approximation ratio
of this mechanism (proven in Appendix C.2).

Lemma 2. Assuming prices p that satisfy the budget con-
straint ex-ante and p; < 2 individually, M(p) achieves

a (1 —e7F ’EZ{) (1 — %)—approximation to the ex-ante
posted pricing utility Uyyice(P).

We now provide our approximation guarantee and analysis
of Mechanism 2, and afterward, in Corollary 9, we opti-
mize these values to show that our guarantee is in fact at

?In fact, the domain of parameter % is not explicitly addressed
in (Balkanski & Hartline, 2016): their approximation guarantee
is meaningful only when k£ > 1, while the methodology used to
generate prices may induce instances with k£ < 1, for which no
guarantee is provided, and the mechanism may return an empty
outcome despite feasibility. In contrast, our approach applies
uniformly regardless of k.

least a 1/5-approximation. We note that Mechanism 2 is
computable in O(n logn) time (see Appendix E).
Theorem 8. Assuming prices p that satisfy the budget
constraint ex-ante and are individually ex-post feasible
(p: < B), for any parameters o > 1 and 3 > 1, the utility-
maximizing ex-post budget-feasible auction M cons(cv, B; D)
approximates the ex-ante posted pricing utility Upyice(D)
with an approximation ratio of

(5 (-2) (- fa)- 0-5) =)

Proof. Let the expected utility of mechanism Meonst” be

Uconst(p). We consider the two cases of the mechanism
MCOHS[‘
Case 1: The ex-ante posted pricing utility of the high

agents H is a good approximation to the total ex-ante posted
pricing utility, that is, U (p) > (1 — %) - Uprice (P)- We

price
will lower bound the performance of mechanism M cqng
using the following lemma (the proof of which is deferred

to the Appendix C.2).

Lemma 3. Assuming prices p that satisfy the budget con-
straint ex-ante, are individually ex-post feasible (p; < B)
and additionally satisfy p; > g, the sequential posted pric-
ing mechanism that orders agents by decreasing v; — p; and
offers them prices p;, achieves a i-appmximation to

the ex-ante posted pricing utility Upyic.(D).

The assumptions of the lemma are met by agents in H and
prices p, and as such, combining the lemma with the case
assumption, we get:

1—e ¢ 1
Uconst(p) 2 Te : (1 - B) : Uprice(p) (5)

Case 2: The ex-ante posted pricing utility of the low
agents L is a good approximation to the total ex-ante posted
pricing utility, that is, Uerice (p) > U"%@. By definition of
the set L, the posted prices used by the mechanism (in this
subcase) satisfy p; < g. Then in this case, Lemma 2 with
k=o:

o]
Usons(p) = % <1 - ;) (1 _ ely) Uprice(D)- (6)

In conclusion, the expected utility of mechanism Mgy 1S
always at least the minimum of the approximation guaran-
tees of the two cases, Equations (5) and (6), so we get:

UCLt(p) minl 1 ,efoeo‘taJ
Uprice (P) S {ﬂ(l a>(1 \_aJ!)’ o
1., 1—e¢
(1= )

3For ease of notation, we omit the dependence a, 3.
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Finally, for the special case where p = ¢ (where ¢ are the
prices of the optimal solution of the ex-ante problem on
the truncated distributions F'<5) we note that Upice (p) =
Uprice(€) = OPTgpie (F<5) and by Equations (4) and (7)
we get:

Uconst(€) o1 1 _alal
OPT,y, ~ "M 0 )
1. 1—e @
(1- 3)( o)

O

The above theorem holds for regular cost distributions and
with ¢ being the optimal prices of the ex-ante problem on
the truncated distributions F<5 as prices p. We get the
following corollary.

Corollary 9. The approximation guarantee in Theorem 8
is maximized by oy ~ 2.39 and By ~ 2.13. For these
parameters, the mechanism M ons (o, Bo; €) achieves a
constant approximation ratio of at least 0.2015 to the utility-
optimal ex-post budget-feasible OPT .

The corollary follows by equating the two expressions in
the minimum of Theorem 8, substituting for 8 = f(«) and
optimizing numerically over «.. Finally, we note that the
standalone mechanism’s M (p) approximation implied by
Lemma 2 becomes better than the one proved in Theorem 8
for Mechanism 2 whenever k > 1.45.

Additionally, we highlight the components of our analysis
that are tight, pertaining to the conversion of ex-ante posted
prices into sequential posted-price mechanisms that are ex-
post feasible. Specifically, we show in Appendix D.2 that

the 1 — % factor in Lemma 3 is tight (see Lemma 13), while

the (1 —e7F ’E :]J, ) guarantee in Lemma 2, whose loss from

lis O(ﬁ) is tight up to constants (see Lemma 14). Both re-
sults are proven using simple symmetric instances in which
posted prices are identical across agents, and hence the
expected utility of any sequential posted-price mechanism
depends only on the set of accepting agents, rather than on
the ordering rule.

4.3. Generalized Objective - Irregularity

In this subsection, we relax the regularity assumption of
Sections 4.1 and 4.2 and we generalize the analysis and
results to a larger class of objectives.

4.3.1. IRREGULAR DISTRIBUTIONS

Soft-budget Optimal Mechanism (Irregular Distribu-
tions). When cost distributions are irregular, we apply the
standard ironing reduction Myerson (1981) (as in Balkanski
& Hartline, 2016 for welfare). Concretely, we define an

auxiliary optimization program obtained by replacing each
virtual-cost function with its ironed virtual-cost function,
which satisfies regularity. The key step is to show that an
optimal solution to this ironed program can be converted
into a solution for the original program while preserving
feasibility and the achieved objective value; hence the two
programs have the same optimum. We defer the definition
of the ironed program and the ironing-to-original conversion
argument to Appendix C.3. The resulting optimal mecha-
nism is characterized by the following theorem.

Theorem 10. There exists a utility-optimal mechanism
Mnte for the soft-budget problem that posts prices in-
dependently across agents. For each agent i, M. either
(i) posts a single price ¢;, or (ii) randomizes between two
prices by posting &; 1 with probability 6; € [0,1] and é; o
with probability 1 — 6;. Moreover, the corresponding opti-
mal prices and mixing probabilities (€, 0) can be computed
efficiently.

Hard-budget Approximately Optimal Mechanism.
Mechanism 2 requires a single posted price for each agent.
Under irregular cost distributions, however, the optimal ex-
ante mechanism from Theorem 10 may randomize for some
agent ¢ between two prices. To reconcile this with Mech-
anism 2, we define the sets H and L over all candidate
prices rather than over agents, and modify U . and Uk,
by weighting each term with the probability with which
each candidate price is used. The mechanism will then use
the modified UpILrIice7 Uerice to decide which branch of Mecha-
nism 2 to execute; it then realizes one price for each agent
and runs the selected branch only on the realized agents
whose sampled price belongs to that branch. We denote this
mechanism by M4 (defined formally as Mechanism 4 in
Appendix C.3), and provide the proof sketch for the follow-
ing corollary:

Corollary 11. Let (é,0) be an optimal solution
of Theorem 10 on the truncated distributions. The
utility-maximizing  ex-post  budget-feasible  auction
Mand(q By: &, 0) achieves a constant approximation
ratio of at least 0.2015 to the utility-optimal ex-post
budget-feasible OPT .

Proof sketch. To prove this result we need to consider the
two cases of the mechanism. In the high-price case, where
the mechanism orders by utility (Line 4), all arguments in
the proof of Lemma 3 go through if we write g; and p; in
terms of #; (see Lemma 12 in Appendix C.3). In the low-
price case, where the mechanism orders by utility over price
(Line 6), we can apply Lemma 2 to a deterministic instance:
each agent with a randomized price is replaced by one copy
for each candidate price, with the same value and appro-
priately weighted (by 6;) acceptance probability. This pre-
serves ex-ante utility and expected payments, but removes



From Welfare to Utility: Generalized Objectives in Budget-Feasible Procurement

the mutual exclusivity among price realizations, thereby (po-
tentially) increasing ex-post budget contention. We can then
prove that the deterministic instance has weakly lower ex-
pected budget-feasible utility than the original randomized
instance (see (Balkanski & Hartline, 2016, Theorem 32) for
the full argument). O

4.3.2. DIFFERENT OBJECTIVES

Generalized Utility Objective. The mechanisms and
guarantees in Sections 4.1 and 4.2 extend to any additively
separable affine objective with nonnegative weights on val-
ues and payments: for coefficients {a;, b; }i[,,), maximize
the generalized utility

Ee|> (avizi(c) — bipi(c))

under the same DSIC-IR and budget constraints.

Under regularity, the optimal soft-budget mechanism re-
mains independent posted pricing (and under irregularity,
possibly randomizing over two prices for each agent); the
hard-budget reduction applies verbatim by replacing per-
agent utility with g; = a;v; — b;¢;, yielding the same
constant-factor approximation (details in Appendix C.3).

Ironing limitations. Ironing worked above because both
the objective and the (ex-ante) budget constraint depend
on the interim rule through the same linear function
[ ¢i(q) zi(q) dg (and thus [(v; — ¢;(q))zi(q) dg), so av-
eraging on ironed intervals preserved value. If the objective
is not linear in ¢; (-)z;(-), then Lemma 11 need not be tight
for the objective and constraint simultaneously: flattening to
preserve feasibility can strictly decrease the objective, while
averaging to preserve the objective can violate the budget
constraint. This suggests that our generalized utility fam-
ily may capture the natural frontier of objectives for which
ex-ante optimality via ironing continues to hold.

Other objectives. Regularity in Section 4.1 was used to
ensure that each single-agent Lagrangian subproblem is
optimized by a single posted price; more generally, this
conclusion continues to hold for any objective that is ad-
ditive across agents and (weakly) decreasing in cost, so
the resulting ex-ante optimal mechanism remains indepen-
dent posted pricing (and can again be used as input to our
hard-budget reduction to obtain an approximately optimal
ex-post mechanism). Additionally our ex-post approxima-
tion framework does not require exact optimality of the
ex-ante solution: for any additive objective admitting in-
dependent posted prices that are ex-ante budget feasible,
individually ex-post feasible (i.e., each price is at most B),
and achieve an a-approximation to the corresponding ex-
ante truncated benchmark, these prices can be used as input

to M onst to Obtain a constant-factor approximation to the
optimal ex-post value.

5. Discussion

In this work we extend the literature on budget-feasible
procurement to more general objectives. In the prior-free
setting, we provide a class of extremely simple, efficient
mechanisms with constant-factor guarantees for welfare (or
generalizations where seller costs are weighted by a > 0).
In the Bayesian setting, which is necessary for the objective
of buyer utility, we also provide a class of extremely sim-
ple, efficient mechanisms with constant-factor guarantees,
this time for any objective where value and payment are
weighted by a;, b; > 0 respectively.

There are many interesting directions for future work. One
such direction may be to split the gap between the prior-
free and Bayesian settings by examining prior-independent
mechanism design or learning from samples: both (1) how
many samples are required to effectively learn the sellers’
cost distributions to approximately implement this optimiza-
tion and (2) whether one can effectively use samples to run
a mechanism without learning the distributions first. Both of
these directions have been tackled for other areas of mecha-
nism design (e.g., revenue maximization, see for example
the introduction of (Guo et al., 2019)). Armed with the
solution of the Bayesian problem to use as a benchmark,
one can now investigate sample complexity questions and
best understand how sample-complexity bounds trade off
with approximations and fit into the bigger picture.

Another interesting direction is to study simple mechanisms
for general objectives beyond the additive (knapsack) setting.
While additive valuations are frequent in practice, there are
also some scenarios where they do not capture a buyer’s
value, i.e., where the marginal value of procured goods
might depend on other procured goods. In such cases, the
mechanisms will need to be adapted. However, we believe
that basic ideas used in our mechanisms, such as (marginal)
value-over-cost ordering and pricing based on soft budget
relaxation, will be useful in such settings as well.

One other interesting question is to consider production
constraints on the part of the sellers. For instance, in the
example of API access to language models, in some cases,
specialized LLMs might have limited compute, which might
introduce an additional layer of competition among buyers,
and which buyers need to take into account when setting
prices. However, the way to model this would be in a multi-
buyer setting, which in addition to a procurement setting,
becomes a two-sided market with budgeted buyers. This
would be a very interesting problem for future work, in-
troducing all of the additional complexities that come with
two-sided markets.
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From Welfare to Utility: Generalized Objectives in Budget-Feasible Procurement

A. Additional Related Work

Our work is situated at the intersection of budget-feasible mechanism design and optimal auction theory. In this section,
we review the development of budget-feasible mechanisms, distinguishing between works in the prior-free setting, the
Bayesian setting, and more general settings whose approaches we cannot use. We refer the reader to Liu et al. (2024) for a
comprehensive survey of budget-feasible procurement mechanisms. We also review what is known for Bayesian utility
maximization.

Value Maximization in Prior-Free Budget-Feasible Procurement. The prior-free budget-feasible procurement problem
was first introduced by Singer (2010), who observed that classic techniques (such as the VCG mechanism) cannot be used as
they may violate the budget constraint. Singer (2010) aims to maximize the buyer’s value subject to budget-feasibility, and
for submodular valuations, develops randomized mechanisms that achieve constant-factor approximations to the optimal
value. Notably, an early preprint (Papadimitriou & Singer, 2010) includes a much simpler mechanism for the case of additive
(“knapsack”) values.

Follow-up work by Chen et al. (2011) gives deterministic and randomized mechanisms with improved approximation ratio
for submodular functions. For additive values, they refine the techniques introduced in (Papadimitriou & Singer, 2010)
and provide a 1/(2 + /2)-approximate deterministic mechanism and a %-approximate randomized mechanism. They also
provide impossibilities of 1/(1 + v/2) and 1/2 for deterministic and randomized mechanisms, respectively. Gravin et al.
(2020) further improve the approximation ratios for additive valuations, provide an optimal %-approximation randomized
mechanism, and an improved %-approximation deterministic mechanism.

Anari et al. (2018) and Rubinstein & Zhao (2023) study value maximization in the prior-free setting subject to a hard budget
constraint under a large market assumption and provide tight (1 — é)—approximate mechanisms for additive valuations.
Anari et al. (2018) additionally provides constant approximation mechanisms for submodular valuation functions.

Finally, concurrently and independently of our work, Cui et al. (2026) study budget-feasible mechanisms for submodular
welfare maximization in procurement auctions. They provide mechanisms that guarantee constant-factor approximations
subject to a small additive error for settings with both monotone and non-monotone submodular welfare.

Bayesian Budget-Feasible Procurement. As we show in Proposition 6, for the budget-feasible procurement problem,
obtaining any approximation to the optimal buyer utility in the prior-free setting is hopeless. As a result, we turn to the
Bayesian setting. For the setting without a budget, Myerson (1981) gives a complete characterization of the optimal auction,
as well as unique payments that satisfy incentive compatibility and truthfulness.

The budget-feasible procurement problem has been studied in the Bayesian setting before, but primarily for the objective of
value maximization. The first work in this space is by Ensthaler & Giebe (2014), who solve the Bayesian value-maximizing
problem subject to a soft budget constraint (that need only hold in expectation over the realization of seller costs); their
work also assumes that seller cost distributions satisfy regularity. Balkanski & Hartline (2016) extend this work for irregular
distributions, and use it to address the problem with a hard budget constraint, that is, when the budget must be satisfied
for every realization of the sellers’ costs (ex-post). They construct a simple posted pricing mechanism that achieves a

(1 — O(ﬁ)) -approximation when all optimal ex-ante prices take up at most 1/k-th of the budget B (see Section 4.2 for
details).

Most related to our work is Jarman & Meisner (2017) that studies the ex-post budget-feasible procurement problem for
the objective of utility maximization. Importantly, they restrict themselves only to deterministic mechanisms. They devise
properties of the optimal mechanism (characterizing it fully for symmetric agents and partially for asymmetric), and detail
how they can implement said mechanism using descending clock auctions. They additionally remark on how their ideas
extend to objectives that are convex combinations of values minus payments, similarly to our work. We emphasize that our
results approximate the randomized (unrestricted) utility-optimal mechanism subject to ex-post budget-feasibility, which is a
harder benchmark to understand and approximate.

Bei et al. (2012) study ex-post budget-feasible combinatorial procurement with subadditive and XOS valuation functions,
in both the prior-free and Bayesian settings. In the prior-free model, they give mechanisms achieving constant-factor
approximations for XOS valuations and sublogarithmic approximations for subadditive valuations. In the Bayesian model,
they give a constant-factor approximation for subadditive valuations.
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Most recently, (Bhawalkar et al., 2025b) studied a Bayesian value-maximization procurement setting in which sellers can
offer multiple services. They develop a general framework that uses (modified) online contention resolution schemes
(OCRS) to convert interim allocations and prices into an ex-post feasible procurement mechanism. Instantiating this
framework with the OCRS of (Jiang et al., 2025) yields a 0.319-approximation, while their own newly developed OCRS
gives a 1/6-approximation overall, together with improved guarantees on certain subinstances. Their setting is inherently
more challenging than ours, since sellers are multidimensional rather than single-dimensional. However, the resulting
OCRS-based mechanisms are also considerably more complicated and harder to implement in practice. Moreover, their
mechanisms satisfy the weaker truthfulness notion of Bayesian Incentive Compatibility (BIC), whereas our mechanisms
satisfy the strongest standard notion, namely Dominant-Strategy Incentive Compatibility (DSIC).

Other Input Models. Charalampopoulos et al. (2025) study prior-free, random-order online budget-feasible procurement,
giving a randomized posted-price mechanism with a constant competitive ratio for monotone submodular valuations (with a
large constant even for additive valuations). Amanatidis et al. (2025) augment this setting with predictions, designing truthful,
budget-feasible mechanisms with improved competitive ratios for monotone and non-monotone submodular objectives
given a prediction of offline OPT.

Utility Maximization. One of our primary objectives in this paper is maximizing the buyer’s utility: value minus payments
to the sellers. This objective, known by many names (buyer utility, consumer surplus, residual surplus, money burning,
settings with ordeals) was first explored in the algorithmic community by Hartline & Roughgarden (2008). They study a
forward auction, where the mechanism designer is a single seller determining how to sell k identical goods to unit-demand
buyers. In the Bayesian setting, they give an Myersonian-like characterization of the optimal mechanism, and they also
provide a prior-free mechanism that gives a constant-approximation to the prior-free benchmark they offer and a tight
O(1 + log ;> )-approximation to social welfare. Qiao & Valiant (2023) consider an online pen testing in the random order
setting, which is equivalent to using posted price mechanisms. They provide an O(1/log n)-approximation to the optimal
social welfare. Goldner et al. (2026) consider the random-order single-item utility maximization problem, but augmented
with predictions. They provide mechanisms that achieve a constant-factor approximation to the optimal social welfare when
the predictions are accurate (consistency) and a constant-factor approximation to the optimal utility when the predictions are
arbitrarily bad (robustness).

Additional work has studied Bayesian utility maximization in increasingly complex environments—service feasibility
constraints (Ganesh & Hartline, 2025), i.i.d. heterogeneous items (Goldner & Lundy, 2025), general unit-demand (Ezra
et al., 2025), or general outcomes (Fotakis et al., 2016)—providing approximation guarantees to the upper bound of social
welfare. Related work by Berzack et al. (2025) studies dynamic rental mechanisms, including mechanisms that maximize
consumer surplus. Recently, Berzack et al. (2026) study Bayesian utility maximization with constrained buyers, focusing on
constraints on how buyers bid or spend, but without hard budget caps. Notably, all of these works are for the setting of
forward auctions (1 seller, n buyers). One relevant work focuses procurement auctions (1 buyer, n sellers), but does not
have a budget constraint, and is focused on equilibrium analysis rather than mechanism design Essaidi et al. (2024). In
contrast, we focus on mechanism design in the procurement setting (1 buyer, n sellers) with a budget constraint.

B. Missing proofs of Section 3
B.1. Proof of DSIC-IR and Budget-Feasibility

For every i € W, we define T; = v; - %. The values of T; serve as an upper bound on the payment of the sellers in
tew Yt

W in the case that W is allocated, ensuring budget-feasibility. We first show that every seller who reports a cost greater than
T; will not be included in W.

Lemma 4. Consider the case where i € W reports ¢; > T;, and all other sellers’ reports are fixed. Let W be the newly
constructed set W, when Mechanism 1 receives the new reports. Then W_; C W and i ¢ w.

Proof. Consider ¢ changing its reported cost to & > T;, while all other agents fix their reports. If ¢; > min(v;, B), then
i ¢ F,and clearly i ¢ . Otherwise, we first show that 7 is after all agents in W_; in the value-over-cost order. Denote by
k the last item inserted in W when agents report c. We know that for every j € W_;, we have that

B
ZteW Ut
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where the first inequality follows the greedy ordering, the second inequality follows from the fact that & is added to W when
bidders report c, and that k is considered after W_, is added to W, the equality follows the definition of T}, and the last
inequality follows from ¢; > T;.

We notice that W_; C W. Consider some j € W_;; notice that until 5 is considered, either the exact same set of agents is
considered to be added to W, or the same set without ¢. Therefore, the condition they face can only be made less strict, and
the algorithm adds them to W as well.

We finally claim that ¢ will not be added to W for reports (¢;, c_;). Either the algorithm does not consider 7 because some
earlier agent in the value-over-cost order does not satisfy the condition to be added to W; otherwise, by the above, when ¢ is
considered, the constructed set W already contains agents in W_;, and we have that

éi/vi>Ti/vi:B/thZB/ Z Vy.

teWw teWwu{i}
Therefore, 7 is not added to w. O

The following lemma establishes that 7; indeed bounds the payment of agent ¢ € W in case W is allocated.
Lemma 5. Foreveryi € W, if W is allocated, then p; < T;.

Proof. We show that for every ¢ € W, whenever they report ¢; > Tj, they are not allocated. By Lemma 4, whenever : € W
reports & > T, they are excluded from W. For agents i € W \ {i*}, it is clear that reporting a higher cost will keep them
unallocated since they would not become *. For +* € W, since W is allocated, we know that

Wi+ = Vgx — Ci* S FOPT//(I + \/5) (8)

If i* reports a higher cost, then w;= = v;+ — ¢;« decreases, and FOPT’ stays the same. Since i* ¢ W, i* is not allocated
when reporting ¢; > T;.

As no agent in W is allocated when reporting ¢; > T;, by Observation 1, it follows that p; < T; for every such agent. [

Observation 12. Ifi € W when reporting c;, then the same set W is constructed when reporting ¢; < c;.

Proof. i is no later in the value-over-cost ordering when reporting é;, and ¢é; /v; < ¢; /v;. Therefore, if the condition to be
included in W is met when reporting c;, it is met when reporting ¢; as well. Now consider j < 7. Obviously, 5 € W when ¢
reports c;. If 7 is considered before 7 in the greedy ordering when 7 reports ¢;, then j is still added to W. If j is considered

after ¢, then
cjfvj <cifvi<B/Y v <B/ Y w,
t<i {t<jru{s}

and j is still added to W. Notice that if 7 > 4, then the same agents will be added to W until j’s turn when ¢ reports ¢;, and
therefore, j will be added to W in this case as well. Whenever the first j € F'\ W is considered, all the agents of W are
already added, so j would not satisfy the condition to be added to W, as before. O

Theorem 2. Mechanism 1 is a DSIC-IR and budget feasible mechanism.

Proof. We first show that each seller’s allocation is monotonically non-increasing in their reported cost, which implies
DSIC-IR, as we use Myersonian payments. Consider an agent that is allocated when reporting c¢;. We show that for every
report ¢; < ¢;, 1 is still allocated. Consider the case ¢ is ¢*, the agent maximizing w; = v; — ¢;. If ¢ lowers their cost to
¢;, it remains ¢*. If ¢* is in W when reporting ¢;-, then it is allocated in any case. If ¢* is not in W when reporting ¢;«,
by Observation 12, i* is not in T when reporting c;- as well. Thus, v;« — &+ > v« — ¢;« > FOPT'/(1 4 /2), implying
that 7 is still selected. Now consider ¢ which is different than ¢* for report ¢;, and ¢ € W. For a lower report ¢; < ¢;, by
Observation 12, the same set W is constructed for report ¢;. Therefore, if i becomes ¢* when reporting ¢;, it is allocated in
any case. If ¢ does not become i*, since * was not selected before, it is not selected in this case as well, and ¢ is allocated.
We get that the allocation is monotone, and by Myerson’s Lemma, DSIC-IR follows.
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It is only left to show budget-feasibility. Assume that 11 is allocated. Then, by Lemma 5, since every ¢ € W is not allocated
for ¢; > T;, then p; < T;. Thus, the total payment of all allocated bidders is at most

Y=Y =B

. Vs
iew iew dew J

Whenever W is not allocated, and ¢* is allocated alone, since every agent with ¢; > B is not in F', then p;« < B. In both
cases, the mechanism is budget feasible. O

B.2. Proof of Approximation

Let k be the index of the last agent inserted to 1V and ¢ the largest index such that > ._,¢; < B. If £ < |F

!
Cot1

/ _ oo _ . / o o _ .
Coy1 =B — Zigz Cis Vo1 = Vel 5,0 and wy | = Vg — Cppq = Wiy
optimal fractional greedy allocation is exactly 0, ., w; + Lyc | - wy ;.

, let

’

“tL Note that the welfare obtained by the

C
Co+1

The following lemma formalizes the intuition that the welfare-over-cost ratio of the tail of the agents that we do not add to
W with index < / is no better than the welfare-over-cost ratio of the first agent we do not take.

Lemma 6. When { > k,
¢
Zi:k-ﬂ wi +Tocip) - Wiy < W+l

£ / - :
Zi:k+1 ¢i +Tocip) - iy Ck+1

Proof. Notice for every agent ¢, w;/c; = v;/c; — 1. Thus, for every 4, j w;/c; < w;/c; <= v;/c; < v;/c;. This means
that sorting the agents according to value-over-cost ratio, also sorts them according to welfare-over-cost ratio, implying that
forevery i € [k + 1,4,

w; /¢ < Weg1/Chr1 = Wi < ¢ - Wip1/Cht1-

Whenever ¢ < |F|, we also have that wy, , /¢, | = wey1/cop1 < Wry1/cry1, implying that wy, < ¢j, | - Wri1/chyr as
well. Summing over all such i’s, we get

14 14
Wr+1
/ /
Z Wy +H£<|F| “Wpyq < : < g C; +H1€<|F\ 'Ce+1> )

¢
i=k+1 kol i=k+1

as desired. O

The following lemma shows that with the welfare of the first item not added to ¥ by the mechanism, the obtained welfare is
a good approximation of the optimal welfare.

Lemma 7. When ¢ > k,

Z w; > Z wi+H£<\F|'w2+1~

i<k+1 k+1<i</t

Proof. Assume towards contradiction that

STwi< Y wit ey wpy ©

i<k+1 k+1<i<e
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We have that
Vk+1 — Ck+1 Wk+1
Vkt1/Crt1 = t1l= +1
Ck+1 Ck+1
¢ /
> Dickr1 Wi + Lo pp - Wiy +1
i
0 > 1€+ Locp) - ¢y
Yi /
. D ik Wi + Locyp) - wy gy +1
an B
k+1 k+1
Lio Wiy L Vi)
a2 B B
k+1 k+1
_ Do Vi + B -3 icy ¢
B B
k+1
S =i Ui
a3 B

In the above, (10) follows Lemma 6, (11) and (13) follow from Zle ci + Loqpy - 02+1 < B, and (12) follows Eq. (9).
Rearranging Eq. (13) gives

B
Cht1/Vkt1 < Py
i=1 Vi
implying Mechanism 1 would have added & + 1 to W as well, contradicting k’s maximality. O

Using the above lemma, we’re able to prove the welfare guarantees of the mechanism.

Theorem 3. The welfare obtained by Mechanism 1 is a 2_: ﬁ-approximation to the optimal welfare.

Proof. Recall that
FOPT/ = FOPT({(wi, Ci)}ieF\{i*}a B)

Let ALG denote the welfare obtained by Mechanism 1 and OPT denote the optimal welfare. Moreover, with slight abuse of
notation, let FOPT = FOPT({(wj, ¢;) }icr, B) be the fractional optimal solution with all agents (agents not in F' can only
decrease the objective).

First, consider the case where i* was allocated, which implies that w;« > FOPT' /(1 + \/5) We have that
(2+V2)ALG = (14 V2)wi- + w;

> FOPT' + w;- > FOPT
> OrPT.

For the case W was allocated, recall that

FOPT = Zwi +]Ig<‘p| -w2+1.

i<e

If £ > k, we bound OPT by

OopT < FOPT = Zwi + Loy - Wy

i<t

= D wit > witLcip - why
i<k k1<i<t

< 22w1+wk+1§2ALG+wz*

i<k
< 2-ALG+ FOPT/(1 4+ V2),
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where the second inequality follows Lemma 7. Rearranging and using FOPT > OPT gives the desired bound.

When k£ = ¢, we get even a stronger bound since

ot < FOPT = sz + o)) - Wy

i<t

/
= E wi + Loc|p) - Wiy

i<k

< ALG +wi- < ALG + FOPT/(1 +/2).

Thus, we show the desired bound.

B.3. Generalized Welfare Maximization

We consider the problem of maximizing a generalized objective subject to a hard budget constraint B. Let each agent ¢
have a public valuation v; and a private cost c;. We define the weight of agent ¢ as w; = v; — ac; for a known scalar a > 0.
Our goal is to maximize G(} ;. g w;), where G : R>¢ — R is a non-decreasing, concave and normalized (G(0) = 0)
function.

Our mechanism is an adaptation of the welfare-maximizing mechanism that incorporates the parameter « into the selection
criteria while maintaining budget feasibility via value-based thresholding.

As before, FOPT(+, -) denote the value of the optimal fractional solution to the Knapsack problem given a set of weight-cost
tuples and capacity B.

Mechanism 3 Generalized-Welfare Budget Feasible Auction

_.
=4

—_ e = = = =

—_
o0

R A A o s

Input: Reported costs ¢ = (c¢y, . .., ¢, ), Known valuations v = (v1, . .., v, ), Budget B, parameter o > 0

Output: Allocation set and payments

Let F' = {i: ¢; < min(v;/cr, B)}

Rename bidders in F' such that Z—i > 'c’—z > > 1A

Set W« 0,k «+ 1

while k£ < |F|and & < B do
Vg 2 i<k Vi

W+~ W u{k}

k+—k+1
end while

Foreveryi € F,letw; =v; —a - ¢;

: Let* € argmax;cp w;
: Compute FOPT = FOPT({(ws, ¢;) }icr\ (i}, B)
o if w;- > FOPT'/ (1 + V2) then

Allocate {i*}

: else

Allocate the set W

. end if

: Pay agents using Myersonian payments

> Restrict to sellers with positive welfare and feasible cost.

> Compute the optimal fractional solution of all agents but ¢*.

> Allocate ¢* if +* has high welfare

> Otherwise, allocate W

B.4. Analysis

As the analysis of the generalized mechanism closely resembles the analysis for the welfare objective, we shortly state how
the proof would adapt to this case.

Theorem 13 (Budget Feasibility and Truthfulness). Mechanism 3 is DSIC, IR, and Ex-Post Budget Feasible.
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Proof. The proof of monotonicity is identical to that in Theorem 2, which implies DSIC-IR as we use Myersonian payments.

An identical proof to that of Lemma 5 establishes that when W is allocated, every agent ¢ € W receives payment of at most

T, =v;- %, implying a total payment of at most ), _,, T; < B. When i* is the only agent allocated, then as we
jew Vj

filter agents with cost larger than B, budget-feasibility is immediate. O

Theorem 14 (Approximation Guarantee). Mechanism 3 provides a

2+1 5 “approximation for the objective G(}_,;. g w;).

Proof. We first consider the objective of maximizing ), w; subject to budget-feasibility, where OPT is the optimal sum
of weights, and ALG is the sum of weights of agents allocated by our mechanism. We analogously define k and ¢ as
in Appendix B.2. The proof of Lemma 6 is identical, as the sorting of weights-over-costs is identical to the sorting of
values-over-costs. The statement of Lemma 7 stays the same, but the proof needs minor adaptations, as now vj11/cg+1 =
Wg+1/¢k+1 + «, and applying the contradictory assumption and budget feasibility yields that

k+1 k+1
27‘:1 Vi n a(B — 27:1 ci)
B B

k+1
> Toiu i
- B

As in Lemma 7, rearranging shows that agent k& 4 1 should have been added to W, implying a contradiction.

Vgg1/Chr1 >

With Lemmas 6 and 7, the proof of approximation holds, and we can show ALG > OPT/(2 + \@) In order to generalize to
concave, monotone and normalized objective G(}_, w;), we note that since G is monotone, G(OPT) is the optimal solution
for the new objective. The value our mechanism obtains is:

G(ALG) > G(OPT/(2 4 V2))
> G(OPT) /(2 + V2),

where the last inequality holds because G is concave and G(0) = 0. O

B.5. Prior-free Inapproximability of Buyer’s Utility

Proposition 6. In the prior-free setting, optimal utility is inapproximable even for a single agent.

Proof. Consider a single seller with value v = B = 1, and cost ¢ € [0, 1]. For any truthful mechanism, under a reported
cost ¢, the buyer’s utility can be upper bounded

1
o(0) = ple) < (1= () - [ a(z)d,
c
where x is a non-increasing function in ¢, and the inequality is by Myerson’s payment formula and individual rationality at
c=1.

The optimal budget-feasible utility is 1 — ¢, given by a payment set exactly at cost. Suppose, toward contradiction, that a
mechanism is an a-approximation for some o > 0, meaning that for every ¢ < 1,

(1—c¢)x(c) — / x(z)dz > a(l —c).

Let G(c) = fcl x(z) dz, and note that G’ (c) = —x(c), and rewrite the previous inequality as

d (G(C)) _(1-9G©+Gl) ___a

de \1—¢ (1—1c¢)? - 1-c

Integrating from cg to ¢; < 1, we get

G(er) _ Gleo) Laln (1_61> :

1-— c1 1-— Co — Cp
As ¢1 — 1, the logarithmic term tends to —oo, while G(c1)/(1 — ¢1) > 0, a contradiction. Therefore no truthful
budget-feasible mechanism can achieve a positive prior-free approximation. O
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C. Additional Material from Section 4

C.1. Missing Proofs from Subsection 4.1

We will rewrite program Equation (3) using standard Bayesian mechanism-design tools. Myerson (1981) dictates that to
satisfy DSIC and IR, the mechanism needs to have an allocation function x(-) that is monotone non-increasing in cost, and
a payment function p(-) that satisfies the Myersonian formula (from Lemma 1). Furthermore, we can rewrite the expected

payment to an agent ¢ using the virtual cost functions ¢;(c;) = ¢; + 1;?' ((Zl)) and the allocation function x(-) as

Ec[pi(c)] = Ec[gi(ci) - wi(c)]-

Using these tools, we reformulate the optimization problem in terms of only one variable, the allocation rule x(-):

max E. Z (vi — ¢i(c;)) - zi(c)
Licin]
s.t. Ee Z oi(ci)xi(c) | < B, (14)
Li€ln]
zi(ci,c—y) > xi(cl,c_y) Ve <, Ve, Vi € [n)
0<zi(c)<1 Ve,Vi € [n].

Theorem 7. Assuming regular cost distributions, there exists a utility-optimal mechanism M pe for the soft-budget
constraint that independently posts prices ¢; to each agent i. Furthermore, these optimal prices ¢; can be computed
efficiently.

Proof. The proof parallels the one in (Balkanski & Hartline, 2016), which is closely related to the one in (Ensthaler &
Giebe, 2014), and is presented for completeness.

The optimal (randomized) allocation rule z(-) induces a distribution over sets of allocated agents .S; call this distribution D.
Then let g be the marginal probability that each agent is allocated, i.e., ¢; = Prg.p[i € S]. We now state a crucial lemma
from (Balkanski & Hartline, 2016) that restricts the optimal mechanism.

Lemma 8. Let agent i have cost c; drawn from a regular distribution F;. For any incentive-compatible mechanism that
allocates to agent © with (ex-ante) probability q;, the expected payment paid to agent 1 is at least q;¢;, where ¢; = F;l ()-

Unlike the value objective, under utility maximization we must address whether the optimal solution necessarily expends
the entire budget. Exploiting the structure of (14) together with the regularity of the virtual cost functions, we can solve

= ¢;(c¢;) to identify, for each agent, the price beyond which offering a higher price would decrease the objective. Let ¢;
denote this price and let §; := F;(¢;) be the probability that agent 7 accepts it. This yields an upper bound on total useful
expenditure, B :=Y", q; ¢;. If the available budget satisfies B < B, then the optimal mechanism expends the entire budget;
if B > B, we can equivalently solve the problem assuming that the budget is 3. Consequently, without loss of generality,
we may restrict attention to instances in which the budget binds for utility maximization as well.

Lemma 8 implies that among all incentive-compatible mechanisms that induce the same marginal allocation probabilities
q, independent posted pricing minimizes the expected payments. Consequently, for any feasible mechanism, there exists
an independent posted-price mechanism that induces the same marginals, expends weakly less budget, and achieves the
same expected utility. As a result, the mechanism design problem reduces to optimizing directly over marginal allocation
probabilities q, with the understanding that any optimal choice of marginals can be implemented by an independent
posted-price mechanism.

Following the methodology of (Balkanski & Hartline, 2016), we adopt a Lagrangian virtual-surplus framework for Bayesian
budget-feasible mechanism design. In contrast to their value objective, our objective is expected utility. Introducing a
Lagrange multiplier A > 0 for the budget constraint, the resulting Lagrangian objective is
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max AB + ZEC[(% — A+ 1)gi(ci)) wi(c)] -

For any fixed A, this objective decomposes pointwise and is maximized by selecting agent ¢ whenever v; > (A + 1)¢;(c;),
which assuming regularity induces an independent monotone allocation rule with threshold ¢; = ¢; 1(vi J(A+ 1)), that is, a
posted price. As such, the maximizer of the Lagrangian objective satisfies IC and IR as well, so it is also a maximizer of the
original program.

Let §; = Fj(¢;) denote the acceptance probability of the price ¢;. The expected payment is ) _, ¢;G;, which is monotonically
decreasing in \. Hence, we can (efficiently) binary search for the Lagrange multiplier for which ). ¢;¢; = B.

O

C.2. Missing Proofs from Subsection 4.2

We now present the proof of Lemma 3.

Lemma 3. Assuming prices p that satisfy the budget constraint ex-ante, are individually ex-post feasible (p; < B) and

additionally satisfy p; > g, the sequential posted pricing mechanism that orders agents by decreasing v; — p; and offers

1—e”
«@

them prices p;, achieves a -approximation to the ex-ante posted pricing utility Uyic.(D).

Proof. We will lower bound the expected utility U of this mechanism by the expected value of the first agent that accepts
their offered price. Without loss of generality, assume that agents are ordered in decreasing expected utility u; = v; — p;.

Define Ay := up — ugy1 > 0 with w11 = 0,and let Q = Z:l ¢; and Q¢ = Zle q;- We rewrite the ex-ante posted pricing
utility as:

Uprice() = D wigi = > [ D A -ai =) Ac-d ai=) Ar-Q
; ; >i =1 =1

i<t

where the second inequality is by the Lemma’s assumption.

We now lower bound the utility of the mechanism with the expected utility of the first agent to accept their price:

Ulp) > wig; [[(1 - q))
=1

Jj<i
= Z JAV) Z qi H(l —qj) (rewrite using Ay)
=1 i<t j<i
= Z Ag|1- H(l —q5) (rewrite probability using the complement event)
=1 j<t
n
22Ag(1—672]’ﬂq1) l—x<e™
(=1
I (1 _ e—QZ) (definition of Q).
=1
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Combining all three inequalities, we get:

o ZeAl—e?)

U U rice
(p) = S A, O price (P)
(1= @)

> R—— .

=z Hleln QZ Uprlce(p) (15)
1—e @

> T . Uprice (p)
1—e @
T . Uprice (p)u

1—e”
xr

where the fourth inequality follows because is a decreasing function in x.

We now present the proof of the approximation guarantee of the standalone mechanism M.

Lemma 2. Assuming prices p that satisfy the budget constraint ex-ante and p; < % individually, M(p) achieves a

(1 —e7k ’E,L;]J, ) (1 — %) -approximation to the ex-ante posted pricing utility Uyyice(p).

Proof. For the analysis, let N denote the agents ordered in decreasing ratio (v; — p;)/pi.

In this proof of Lemma 2, we will use the concept of “fractional-knapsack utility”. If we fix the payment to each agent ¢
as p;, then our utility maximization problem is just a knapsack optimization problem, constrained by our budget B and
payments. However, if each payment is accepted with (independent) ex-ante probability ¢;, and we allow for fractional
allocations, this is instead the independent fractional knapsack problem, which admits a greedy solution: serve agents in
decreasing order of utility-per-payment ”p%p The utility of this fractional solution is what we call fractional-knapsack
utility, and is formally defined as:

Us(P) = Egind(q) [u(S)]

Ui — D
= ESNind(q) Z lipl min § B, Z Pj ¢ — min § B, Z pj )
ien Pi jesn{l,...,i} jesn{l,...,i—1}

(16)

where S denotes the realized set of agents that will accept their price should they be offered it and ind(q) the product
distribution, where each agent is realized independently with probability g;.

Let us denote the expected utility of the mechanism M as Ua(p) = Egind(q)[uat(S)]. This expected utility is almost
equal to the optimal independent fractional-knapsack utility Ug (p) (losing out only on the contribution of the (at most) one
agent that would be fractionally served). We first prove this pointwise, for a fixed set .S. Let the fractional agent be agent ¢,
and them being served fractionally at v € [0, 1). We lower bound the fractional-knapsack utility u 5 (S):

Vi — P Ve — P Ve — Py Vg — Py
ug(9) = Y B TR R LT Yo | =B an
i€Sn{1,....0—1} pi ¢ i€SN{1,....0—1} pe

where the inequality uses the fact that agents are ordered by decreasing %, and the last equality uses the fact that for a

fractional agent to exist, the expenditure for all agents should be equal to the budget B.

We now lower bound the mechanism’s utility using the fractional-knapsack utility:

um(S) > ug(S) — ”‘;@” e > (1 - %) Cup(S) > <1 _ ;) Cug(S), (18)
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where the first inequality is because M loses out at most the utility of the fractional agent compared to the fractional-knapsack
utility, the second inequality is due to Equation (17), and the third inequality is due to the p, < %.

Taking expectations over the set S yields the desired lower bound for mechanism’s M expected utility:

Um(p) 2 (1_k:> Us(p) 19)

We now focus on the performance of the optimal independent fractional-knapsack utility Ug (p). We can rewrite Ug (p)
starting from its definition (16) as:

Up(P) = Esmind(q)[uB(9)]

= Es~ind(q) Zw min ¢ B, Z p;j ¢ —min{ B, Z Dj

ien P jesn{l,...,i} jesn{l,...i—1} (20)

Di Vi — P .
_Z ( _ Vit +1>']ES~ind(q) min | B, Z D

iEN Pi+1 jeSN{1,....i}

The third equality follows from rearranging the terms in a telescopic sum, using linearity of expectation, and using the
convention that % =0.

Now, for our benchmark, we will be comparing the performance of our mechanism to Upyice(P), the ex-ante posted pricing
utility of the prices p. The ex-ante posted pricing utility can be rewritten as:

Uprice(p) = ESNin,d(q) [U(S)] = ]ESNind(q) Z(vz - Pz)‘|

= ]ESNind(q) sz ]
Li€S
i ) 2D

= Esvind(q) Z (vi _pl) : , Z pj

— Z < Pi Vi1 _le) “Es~ind(q) Z il

iEN Pit1 Ljesn{L,....i}

where the last equality is rearranging terms in a telescopic sum and uses linearity of expectation.

We now present a technical lemma that we will use to lower bound the optimal independent fractional-knapsack utility with
the ex-ante posted pricing utility (the proof of which we will present later).

Lemma 9. For any budget B > 0, k > 1, prices p; < B/k and marginal probabilities q; that satisfy the ex-ante budget
constraint ) q; - p; < B, we prove

Es~ind(q) [min (BazjeSm{l,...,i} pj)} S Esind(g) {mm (B deSm{l

11}
Es~ind(a) [21650{1,_.@}19]} ESNind(q' { JESN{L,...,i} %}

%)} > (1 _e—kkw> 7

L
where ¢} = % - p; - q;.

Using this Lemma 9, we now compare the optimal independent fractional-knapsack utility Ug(p) to the benchmark
Uprice (p):

23



From Welfare to Utility: Generalized Objectives in Budget-Feasible Procurement

Vi —Pi  Vig1 — Pi .
Up(p) = <Z o Z+1)'E5~ind(q) min (B, Y p

iEN pi Pit1 JE€SN{L,....i}
Vi =P Vigl — Pitl k] (22)
> - 1= | Escind(q) Z Dj
Y23 Pi+1 |k]! B !
iEN FE€SN{L,....i}
L klLE]
= (1 —€ kw> : Uprice(p)

We now express mechanism’s M expected utility guar antee:

vaw) > (1- 1) vstp) > (1-7) - (1= 50 ) et

where the first inequality is due to Equation (19), the second is due to Equation (22).

We now present the proof of the technical Lemma 9.
Proof. Define:

B Es~ind(q) {min (B, ZjeSm{L...,z‘}pj”

. Egind(q) {min <B7Zje5m{1,...7i %)}

)

We first prove that L; > L/, and then prove that L) > (1 — ek ’E,L;]J, )

Proving L, > L. We prove the first inequality by an iterative coordinate replacement argument. Fix an index ¢ < i and

replace (g¢, p) by (qz, %), where ¢ := % -pe - q¢, while keeping all other coordinates fixed. Note that by this transformation
/

Qo < qe < 1.

Notice that this replacement preserves the denominator, since gy, - % = qupy, and all other terms remain unchanged.

For the numerator, define function h(z) = min(B, t 4+ ) — min(B, t), which for any fixed constant ¢ > 0 is concave in
x. Now, condition on the realization of all other marginals besides the /-th one, which fixes set S (besides the /-th agent).
This fix induces some ¢ such that jesn{l,....ih\{e} Pj = t. We now quantify the expected contribution of agent ¢ with

parameters (¢, p¢) and with parameters (g, £):

E,, |min(B,t+ pe) Z pj =t| =q¢-min(B,t+p;) + (1 — q¢) - min (B, t)
JESN{L,...i}\ {0}
= qeh(pe) + min(B, )

B
> gih(7) + min(B, 1

) B
:qu mln(B,t+k> | Z pj=t|,
JjeSN{1,....i}\{¢}

where we have used the concavity property 2(Az + (1 — A)y) > Ah(z) + (1 — A)h(y) withe = 2,y =0, A= £ - p, and
h(0) = 0.

Taking expectations over the realizations of ¢ (or equivalently S) proves the claim for a single coordinate change, and
iteratively applying this approach for all coordinates yields the desired inequality.
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As a result, we have proven the first inequality of the lemma L; > L, as required.

Proving the lower bound on L. We rewrite L} as follows

I E [min (B, 2X)] _ E[min(k, X)] _ E[min(k, X)]
i E[BX] E[X] peoo

where X is the sum of independent Bernoulli random variables with probability q; and p = E[X].

We will make use of the following lemma from (Cominetti et al., 2014) to bound the numerator using the expectation of a
Poisson random variable.

Lemma 10. (Cominetti et al., 2014) Let S = Z?zl X; be a sum of independent Bernoulli random variables, and let
w=1E[S]. Let Y ~ Pois(u) be a Poisson random variable with the same mean. Then, for every convex function g : N — R,

Elg(5)] < E[g(Y)].
Let Y, ~ Pois(u). Apply the lemma to L for the convex function g(t) = (¢t — k)*:

1 Emin(k, X)]  p—B(X —K)T]  p—E[(Y, — k)] _ Emin(k, Y,)]
T Iz I - jz I
_ E[min(k,Y,)]
"

Claim 1. Let Y, ~ Pois(u). Function h(u) is non-increasing on (0, k.

Proof. We will show that h/(p) < 0in (0, k]. Let m = | k] and 6 = k — m. Define the auxiliary function

A(p) = Elmin(k,Y,)] = puPr[Y, <m — 1]+ kPrlY, > m+1].

Using the identity of Poisson random variables and convex functions %E[g(YM)] =E[g(Y, +1) — g(Y,)], we compute the
derivative of this function
A'(p) =PrlY, <m —1] + 6Pr]Y, = m].

Putting both together,
W () = A ) - A(p) _ poPr[Y, =m] — ’;Pr[Yu 2m+1] (5 __k ) Prfu=ml
% Iz m+1 Iz
where the first inequality is because Pr[Y,, > m + 1] > Pr[Y, = m + 1] = 5 Pr[Y,, = m] and the second because
<1
O
Finally, notice thatby >,y ¢ *Pj = D jen €5 % < B,wegetthat p =} ., q; < k, meaning that we can argue:
, E[min(k, V)] _pklk]
L >h(p) > h(k)=——F"—==1-Pr[Ypy=lk]]=1—-e"—,
k Lk]!
where the second inequality is by monotonicity of A(-) and p < k and the second equality is because E[min(k, Y})] =
E[Ykl{Yk < m}] + k‘PI‘[Yk >m+ 1] and E[Ykl{Yk < m}] = kZPI‘[Yk <m— 1}.
O

Remark 1 (Correction to (Balkanski & Hartline, 2016) Analysis). The methodology we have employed in proving Lemmas 2
and 9 uses the same tools presented in Balkanski & Hartline (2016). The crucial difference (besides of course the difference
in objective) is that in our approach, we state Lemma 9 in the form of a lower bound, which we subsequently use in

25



From Welfare to Utility: Generalized Objectives in Budget-Feasible Procurement

Equation (22). In contrast, Balkanski & Hartline (2016) use Lemma 9 to argue the following quantity is minimized when
B
pi = %

>ieN ((;* - ﬁ) “Esnind(q) {min (B’ZjESﬂ{l,.“,i}pj)])
ZieN ((% - ﬁ) Esind(q) {ZjeSﬂ{l,m,i}pj}>

In order to deduce that the global ratio is minimized at p; = % for all ¢, we would require that the coefficients are fixed
(independent of p). As such, these arguments do not suffice to prove their claim, and so to the best of our understanding,
their claim is inaccurate. Fortunately, our approach fixes this concern and nevertheless recovers the same guarantee. As
such, their proposed theorem remains valid despite this unresolved step in the original reasoning.

C.3. Missing Material from Subsection 4.3

In this subsection, we discuss ironing and showcase how it can be used to produce optimal solutions for soft-budget
feasibility problem. We also provide the formal definition of mechanism A:2nd,

Ironing and Irregular Distributions. In the previous subsections, we assumed regularity to keep the exposition focused
on the budget-feasibility aspect of the ex-ante problem. When cost distributions are irregular, we handle this with the
standard ironing step: we solve the closely related ex-ante program defined by ironed virtual cost functions ¢;(c;) (which
satisfy regularity and differ to ¢;(c;) only on ironed intervals), and then translate its solution back to the original instance
with minor (and standard) modifications. We define now the ironed optimization program as well as the standard lemma that
ties functions ¢;(-) and ¢;(-).

max E Z (vi — bi(c;)) - w4(c)
’ Licln]
st. Ee | Y dilei)aile) | < B, (23)
ictn)
zi(ciyc—i) > wi(ch,c—y) Ve <, Ve, Vi € [n]
0<zi(c)<1 Ve, Vi€ [n].

For the remainder of the subsection, as is customary in Bayesian mechanism design, we translate our problem from cost
space (where seller costs are our Bayesian random variables) to quantile space, where ¢ = Fj(c;), ¢; = F; *(q). Note that
higher costs correspond to higher quantiles, and thus, monotonicity of the allocation rule in cost translates to monotonicity
in quantiles. We additionally express the virtual cost function as ¢;(q) = ¢;(q) + ?((27’((3)))) =Fq) + ﬁ. To
facilitate the ironing procedure, we define the cumulative cost function ®;(q) = |, Uq ¢;(t) dt and the ironed cumulative cost
function ®;(q) to be the lower convex envelope of ®,(q) pinned at the endpoints (that is ®;(0) = ®,(0) and ®,(1) = ®;(1))

and finally the ironed virtual cost function as ¢;(q) = d—dq@(q).

We now prove the following lemma that ties the expenditure of an allocation rule, under functions ¢;(-) and ¢;(-).

Lemma 11. For any non-increasing allocation function x(q) it holds:

Eq[0i(q:)2(q)] > Eqloi(qi)x(q)], (24)

with equality holding as long as x'(q) = 0 on all ironed interval.

Proof. We express in quantiles, write the expectations with integrals and integrate by parts the difference of the functions:

/O (9i(q) — di(q)) - z(q) dg = [(®i(q) — Pi(q))z(q)] +/0 (®i(q) — ®i(q)) - (—2'(q)) dg > 0.
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Note that by construction ®;(0) = ®;(0) and ®;(1) = ®;(1), which implies that the first term vanishes. Notice that the
second term is positive since x(q) is non-increasing and ®;(q) — ®;(g) > 0 by definition. Finally, notice that if 2’(¢) = 0
on every ironed interval, the second term is in fact 0. O

We now proceed with proving the theorem about the optimal mechanism that satisfies the budget constraint ex-ante:

Theorem 10. There exists a utility-optimal mechanism M. for the soft-budget problem that posts prices independently
across agents. For each agent i, M g either (i) posts a single price ¢;, or (ii) randomizes between two prices by posting
¢; 1 with probability 0; € [0,1] and &; o with probability 1 — 6;. Moreover, the corresponding optimal prices and mixing
probabilities (&, 0) can be computed efficiently.

Proof. We start by comparing the optimization formulations induced by the virtual cost functions ¢;(-) and the ironed
virtual cost functions ggl() Lemma 11 allows us to compare feasibility between (14) and (23): for any monotone allocation
rule, evaluating expected expenditure with ¢; is never more restrictive than evaluating it with ¢;. Consequently, every
solution feasible for the original program (14) remains feasible for the ironed one (23). In addition, for the same reason,
the ironed objective weakly upper bounds the original objective when evaluated at the same allocation rule. Therefore, the
optimal value of the ironed program upper bounds the optimal value of the original program.

Now, it suffices to show that an optimal solution of the ironed program can be modified into a feasible solution for the original
program while preserving its (ironed) objective value; combining this with the above upper bound yields that this solution is
optimal for the original program. Since the ironed program has regular virtual cost functions ¢;, its optimum decomposes
across agents (as per Theorem 7) into independent posted prices ¢; thus, it is enough to carry out this modification at the
level of a single-agent, and then apply it independently to each agent.

Fix an agent i. Let 2} (¢) be the optimal solution of the ironed program (23) for agent ¢ (which corresponds to a posted
price ¢;, or equivalently a quantile ¢}'). We now convert z () into a solution feasible for the original program (14) without
changing its objective value. If ¢ does not fall on an ironed interval of ¢;, then Lemma 11 is already tight for =}, and
agent i’s expected expenditure is the same under both ¢; and ¢;.

Otherwise, ¢ falls on some ironed interval [a, b] of ¢;. Note now that on an ironed interval [a, b], the ironed cumulative
function ®; coincides with the straight-line (chord) connecting (a, ®;(a)) and (b, ®;(b)). Since ®; is linear on [a, b], its
slope is constant there; hence the ironed virtual cost ¢;(g) is constant throughout [a, b].

Let6; : / b x¥(t) dt € [0, 1]. Define Z; by replacing the jump of =} inside [a, b] by a constant level that preserves the

- b aJa
total mass on that interval, as seen in Figure 1 (notice that Z; remains non-increasing):
zi(q), q<a,
jl(q) = 0;, a<q<hb,
zi(q), q>b.

We rewrite agent ¢’s contribution to the (ironed) objective in quantile space:

/O (vi — $4(a)) z:(q) dg = v; /0 zi(q) dg — /0 3:(q) z:(q) dq. 25)

We claim that =} evaluated under ¢; yields the same (ironed) objective value and the same expected expenditure as F;
evaluated under ¢;. In particular, we will show the equalities Equations (30) and (31).

First, by construction #;(q) = x(q) for ¢ ¢ [a, b]. On [a, b], Z; is constant with value Z;(g) = 6;, and thus

b b b
/i‘i(q)dq:(b—a).@i:(b—a)-bia/ xf(t)dt:/ x}(q) dq. (26)

Next, since ¢; is constant on the ironed interval [a, b], say ¢;(q) = & for q € [a, b], Equation (26) also implies

/abqﬁi(q)i"i(q) dg = H/abji(Q) dq:ﬁ/ dq—/ dilg (27)
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1
— z(q)
z A — Zi(q)
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Quantile ¢

Figure 1. Allocation functions #;(q) and z; (q).

Since &; = z} outside [a, b], Equations (26) and (27), we get
1 1 1 1
[ awdi= [ w@d. [ a@an@di= [ G@ai@d. 28)
0 0 0 0
Plugging Equation (28) into Equation (25) (with z; = Z; and x; = z, respectively) gives

/(w—@@ﬂ@@ﬂqz/(w—@@ﬁﬁwmq 29)
0 0

Next, we show that Z; achieves the same expenditure when evaluated under ¢; or under (,2_51 by tightness of Lemma 11 for z;
and the second equality in Equation (28),

1 1 1
[ s@a@di= [ 6@ a@di= [ éia)eiada (30)
0 0 0
Combining Equations (28) and (30) and expanding both sides as in Equation (25) yields

/(w—@@ﬂ@@ﬂqz/(w—@@ﬁﬁwmq 31)
0 0

It remains to argue that the interim rule Z,(-) can be implemented by (at most) two posted prices. If ¢} does not lie in an
ironed interval, then Z; already corresponds to posting a single price é;. Otherwise, if ¢ in an ironed interval [a, b], define
the prices at the endpoints, & 1 := Fi_l(a) and ¢; o :== Fi_l(b) (s0 &1 < &.2). Notice that posting the larger price ¢; o with
probability 6; and the smaller price ¢; ; with probability 1 — ; implements ;, wrapping up our claim. O

We now define the ex-post budget feasible mechanism M:21¢. Note that for deterministic prices, we set p; 1 = ¢&;, 6,1 = 1,
and add a dummy option p; 2 = 0, 6; 2 = 0, while for randomized prices we set p; 1 = ¢ 1, ;1 = 6;, pi2 = i 2,
91‘72 =1-6,. Flnally let qi,j = Fz(pz,])

We now provide the following lemma, that extends Lemma 3 to account for randomized pricing that the optimal ex-ante
mechanism may require on instances with irregular distributions.

Lemma 12. Consider a randomized posted-price solution where each agent i posts price p; , with probability 0; ., with
Yoo bir =1, andlet ¢;, = Fi(pir). Let H = {(i,7) : pip > g} be the set of high candidate prices. Assuming

the randomized posted prices satisfy the budget constraint ex-ante and are individually ex-post feasible (p; , < B), the
sequential posted pricing mechanism that first realizes one price for each agent and then orders the realized prices in

. . lee @ . . . . . .. re
H by decreasing v; — p; ;- achieves a =————-approximation to the high-price randomized ex-ante posted pricing utility

U[ffice(l’? 0) = E(i,'r')EH eiquin(Ui _pi,T)'
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Mechanism 4 Randomized Utility-Maximizing Ex-post Budget-Feasible Auction M (o, 3;p, 9)

1: Define H = {(7’7]) pl] = a} and L = {(7’ ]) : pi-,] B} Let prlce( ) Z(z])EH 1]( pl])q’LJ’

Uance( 9) - Z(z j)EL 9 ( pl,]) Qi,j> and Upnce(p7 6) Upl;{ce( 0) + Uerlce( 0)
2: Independently draw a reahzed price pZ for each agent i according to p;, 8;. Correspondingly, partition the agents into

H={i:p; > }andL {i:pi < }
3. ifUH (p,0) > (1 — E) - Uprice (P, ) then

prlce
4:  Order agents in H by decreasing v; — p;. Iterate in this order and offer agent i price p; if the remaining budget is at
least p;; otherwise, skip i and continue.
5: else B B
6:  Order agents in L by decreasing ”p%” Iterate in this order and offer agent ¢ price p; if the remaining budget is at
least p;; otherwise, skip 4 and continue.
7. end if

Proof. We follow the proof of Lemma 3. For every high candidate price (i, 7) € H, define u; , = v;—p; » and a; , = 0; +q; r
Order high candidate prices by decreasing utility, relabel themas h = 1, ..., m, define Ay := up—upy1 > 0 with U1 = 0,
and let () = Zh 1 ap, and Qf = Zh 1 Gp. Asin Lemma 3,

prlce Z A@Qe

Moreover, ex-ante budget feasibility and the definition of H imply
B
B> 0;i Qi rDi > —
= Z 7.,TQZ,rp1,r = Qa
(i,r)eH
and therefore Q < a.

It remains to justify the first-acceptance lower bound. The only technical difference from Lemma 3 is that high candidate
prices corresponding to the same agent are not independent. For every prefix ¢, define the probability that agent ¢ realizes
and accepts one of its high candidate prices in the prefix

L. _ E
Qi = ap,.
h<t
h corresponds to agent %

Since different agents remain independent,

Pr[no high candidate in the prefix is realized and accepted] = H(l -QH < e

Thus, exactly as in Lemma 3, with U (p, €) now denoting expectation over both the agents’ costs and the price randomization,

0) > Afl—-e @
=1

The remaining comparison is identical to Lemma 3; using Qz < @ < « and that l—e

—x

is decreasing in x, we get

1—e™@
U(p, 0) 2 T Uplr{lce( 0)

C.4. Adapting proofs for the Generalized Utility Objective

This subsection records the modifications required to extend the arguments for the generalized utility in the Bayesian setting.
The purpose is not to redo any derivations, but to make explicit which proof steps must be adjusted and why the adjustments
are valid.
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Lagrangian reduction and the posted-price structure We need to verify that the Lagrangian relaxation continues to
yield a separable optimization problem, and that each single-agent problem continues to admit an optimal threshold rule.
The new Lagrangian objective is

mgx AB + ZEC [(aﬂ]i — (bz + /\)qbz(cl)) Il(C)] .

For any fixed ), the objective separates across agents and cost realizations and is optimized pointwise. In particular, for each
agent ¢, the maximizer selects
;U4
=o' (55%)
bi + A

Ironing: feasibility comparison and preservation on ironed intervals We need to verify that ironing carries over under
the generalized objective. Since Lemma 11 still holds and coefficients a;, b; are non-negative, the feasibility and optimality
properties between the ironed and non-ironed programs remain. As such we need to argue that the transformation from
solution x; to Z; retains its objective guarantee and its expenditure. The crucial note here is that under the generalized
objective, coefficients a;, b; appear as constant multipliers of expectations in the objective, and by linearity of expectation,
all previously proven equalities still hold.

Ex-post mechanism: definition changes under generalized utility We now define the modified ex-post mechanism
Minodified:

Mechanism 5 General-Utility-Maximizing Ex-post Budget-Feasible Auction M yogifiea (v, 55 D)

1: Partition the agents into H = {i : p; > g} and L = {i : p; < } denote their respective ex-ante posted pricing
generalized utility Uplrfce( ) = > icn (@ivi — bip;) q; and Upme( ) = > icr (aiv; — bip;) gi, and the total ex-ante

posted pricing generalized utility as Upice(P) = > _;cpum (@ivi — bipi) gs-
2 iU (p) > (1 - %)  Upice (p) then

pnce
Order agents in H by decreasing a;v; — b;p;. Iterate in this order and offer agent ¢ price p; if the remaining budget is
at least p;; otherwise, skip ¢ and continue.

4: else

5:  Order agents in L by decreasing
least p;; otherwise, skip ¢ and continue.

6: end if

%_b”’”. Iterate in this order and offer agent ¢ price p; if the remaining budget is at

The approximation ratio of this mechanism is the same as the one proved in Theorem 8. In the case analysis of the theorem,
Case 1 directly follows by setting u; = a;v; — b;p;. For Case 2, we need to decompose for the generalized utility objective
similarly to Equations (20) and (21). We now give the analogous decompositions for the generalized objective. For notational
convenience, define the generalized utility per payment ratios (assumed to be decreasing)

Wvs — bims
pi = M, and set p,, 1 := 0.
Di

The optimal independent fractional knapsack benchmark U (p) admits the same telescoping decomposition:

Us(P) = Es~ina(q)|us(9)]

= Es~ind(q) Z pi - (mln{ Z pj} — min{B7 Z Pj})

ieEN jesn{1,...,i} jesn{l,...,i—1} (32)

= Z( Pz+1) - Esnind(q) min(B7 Z pj>

iEN JjeSN{1,...,i}

The last equality follows by rearranging into a telescoping sum, using linearity of expectation, and the convention p, 41 = 0.
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Likewise, the ex-ante independent posted-pricing benchmark Upice (p) rewrites as

Uprice(P) = Escind(q) | D _ aivi — bipi]

Lies
= Egnind(a) | Y Pi 'pi]

Lics

- (33)
= Egmind(q) Z pi Z Pj

[iEN jesn{i}
= Z (pz' - Pz’+1) “Esnind(q) Z Pj

ey JjESN{1,...,i}

Comparing Equations (32) and (33), we see that both expressions have the same coefficient sequence (p; — p;+1) multiplying
the same two cumulative expenditure terms; hence Lemma 9 applies unchanged to relate the two expectations.

D. Inapproximability & Lower Bounds
D.1. Welfare Prior-Free Lower Bound

In this subsection we prove that inapproximability results for the value objective naturally extend to the welfare objective as

well. This implies a 1+1 7 lower bound for deterministic mechanisms for prior-free welfare maximization (based on the

1
24+/2

value maximization lower bound result from (Chen et al., 2011)), implying a small gap between our
and the best-possible mechanism.

-approximation

Theorem 4. Let 8 € (0,1). If no budget-feasible mechanism can achieve a better than [3-approximation to the value
objective, then no budget-feasible mechanism can achieve a better than -approximation to the welfare objective.

Proof. Assume by contradiction there exists a DSIC-IR budget-feasible mechanism that gives a p > 3 approximation to the
welfare objective for some p € (0,1). We will use this mechanism to construct a p’ = # > (3 approximation DSIC-IR
budget-feasible mechanism to the value objective.

Letd = % Consider an instance I = ({v; }ie[n], {¢i}ie[n), B) for the value objective. We transform this instance to
an instance for the welfare objective I’ = ({v] }ie[n]; {¢i }ie[n], B), Where v; = v; - A for A = ’im (without loss of
generality we may assume that v,,,;, > 0). Consider the outcome of a p-approximate budget-feasible mechanism for the
welfare objective on instance I’. Since I’ has the same sellers’ costs as the original instance and the same budget constraint,
this mechanism is DSIC-IR and budget feasible for the original instance 1.

Let S be the set of agents selected by running the mechanism on I’ and let T be the optimal set of agents for the value
objective for the original instance I. Since S' p-approximates the welfare objective, we have that for every other set .S’ that
satisfies ) 7, ¢, ¢; < B, the welfare of agents in .S for instance I” p-approximates the welfare of S’. Specifically, for set T,
we have that

Z(Ué—ci):Z(A'Ui—Ci)ZP'Z(“Q—Q)ZP'Z(A'%—Q)-

i€s i€s i€T i€T
Rearranging gives that

A'ZviZPA'Z%—PZQ-FZ@ZPA'ZW—P'B>PA'ZUz‘—37

icS i€l i€l €S €T i€l
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where the second inequality follows budget feasibility. Dividing by A gives

v P'Zvi—gzp'zvi—(S'vmin

= i€T i€T
- B + 5
> P'Zvi*pT~Zw:pT~Zw
€T €T €T
= P/'ZUT:,
ieT

as desired, a contradiction to the assumption that no budget-feasible mechanism can obtain a better than S-approximation to
the value objective. O

Corollary 5. No deterministic budget-feasible mechanism for welfare maximization can achieve an approximation ratio

1
better than VoL

D.2. Bayesian Lower Bounds

We next provide two simple symmetric instances that clarify how tight our analysis is for the framework that converts ex-ante
posted prices into a sequential posted-price mechanism. In these instances, the posted prices will be identical across agents,
meaning that the behavior of the sequential posted-price mechanism depends only on the set of accepting agents and not on
the ordering rule; thus, any ordering yields the same expected utility against the ex-ante posted-pricing benchmark. For the
first instance (high prices), we prove that our analysis is tight at the 1 — % factor, matching the guarantees of Lemma 3. The

second instance (low prices) shows that the 1 — O(1/ \/@) approximation guarantee in Lemma 2 is tight up to constants.

Lemma 13. There exist instances with ex-ante optimal prices € that are individually ex-post budget feasible (¢; < B), for
which the best approximation to the ex-ante posted pricing utility U,ice(€) achievable by any sequential posted-pricing
mechanism using these prices converges to 1 — é

Proof. Fix n agents and consider the symmetric instance

B=—, v; = 2B, ¢; ~U[0,1] foralli € [n].
n
For this instance, the ex-ante optimal prices ¢; and quantiles g; are ¢; = ¢; = B while the ex-ante posted pricing utility

benchmark is
n

N . 1
Uprice(c) = Z(Ui - Ci)qi =n-B-—=B8.

: n
=1

Now consider any sequential posted-pricing mechanism that uses these prices. Notice that since everything in this instance
is symmetric (values, distributions, prices) no ordering rule can differentiate between agents. Additionally, since each posted
price equals the full budget, once an agent accepts, the mechanism can serve no further agents. Therefore for any sequential
posted-pricing mechanism the realized utility U®®9(¢é) is B if at least one agent can accept and 0 otherwise, so

Q 1 n
U*®4(¢é) = B - Pr[3 at least one agent that can accept] = Upyice (€) - (1 - (1 - ) ) .

n

Since

1\" 1
1—(1—) —1—-- asn — oo,
n e
the approximation ratio of any sequential posted-pricing mechanism using these prices converges to 1 — é, proving the
claim. O

Lemma 14. For any integer k > 1, there exist instances with ex-ante optimal prices ¢ that are individually ex-post
budget feasible (¢; < B), for which the best approximation to the ex-ante posted pricing utility Up,ic.(€) achievable by any

sequential posted-pricing mechanism using these prices is at most 1 — 4%/;.
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Proof. Fix n = 2k agents and consider the symmetric instance

For this instance, we can compute the ex-ante optimal prices ¢; =
posted pricing utility benchmark is

2B
v = — ci ~ { ] forall i € [n].
f and the ex-ante probability ¢; = %, while the ex-ante

2k

Uprice (&) = Y (v — &)q; = 2k -

=1

>~
DN | =

Notice again that any sequential posted-pricing mechanism that uses these prices cannot differentiate between agents (due
to symmetry). Under the corresponding sequential posted-pricing mechanism, each accepting agent contributes utility
v; — & = B/k, and the mechanism can serve at most & agents. Let X ~ Bin(2k, 1/2) and U5°4(é) the expected utility of
any sequential posted-pricing mechanism. Then

Ex [min(X, k)] .

N :
U*9(&) = — Ex[min(X, k)] = Uprice(€) 2

We can rewrite min(X, k) = k — (X — k), and simplify E[(X — k)] =  E[|X — k|] (because X is symmetric around
2k
kyandE[|X — k| =kPr[X =k] =k - (2’;,2 (by the definition of X). Therefore,

E[(X —F)"]

1
el G L) N — 1 SPr[X =k =1— k)
k k A ]

Finally, using a standard bound (we can prove this from Stirling’s inequality)

(2k> o 22k
k)~ ovk’

we can prove our claim

E. Computational Considerations

Runtime of Mechanisms: The welfare-approximate Mechanism 1 is extremely efficient, and can run in time O(nlogn),
since sorting 7 is the only non-linear step. Similarly, the utility-approximate Mechanism 2 is efficient and runs in time

O(nlogn), W1th sorting (either ”’i;p i, or v; — p;) being the only non-linear step.

Computing Ex-ante Prices: Following the discussion in Appendix C.1, under regularity, the optimal prices are easy to
compute: for any fixed A, each ¢; is obtained independently as ¢ ' (v; /(A + 1)), so the Lagrangian program decomposes
across agents and can be solved efficiently. Since the total expected payment is monotone in ), the budget-binding multiplier
can then be found by a simple binary search over ), and hence the entire computation is efficient.

Cases with irregular distributions require slightly more computation, but overall remain efficient. The ironing process needs
to be performed only once, after which the ironed virtual function is used in the previously described approach (for regular
distributions). The computational burden of ironing amounts to computing a concave hull. In the discrete finite-support
setting there exists an O(? log v) construction (Elkind, 2007) (where v is the maximum value of the distribution). In the
continuous setting, we can choose a e-discretization of the distribution (in O(@/¢) time) and then follow the same process as
for discrete distributions.
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